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ABSTRACT

Using complex variable techniques, the inverse Bessel trans-

formation is performed to obtain the actual Green's Function expression

characterizing a semi-infinite liquid overlying a viscoelastic halfspace.

The two media are assumed to be homogeneous and the discontinuity between

them is considered to be plane. The integral representing the inverse

transform is evaluated for normal incidence, where excitation is provided

by a simple harmonic point source in the liquid. The resulting response

is the sum of a direct wave, i.e., a wave passing directly from the source

to the receiver; and a reflected wave term. The actual Green's Function

is then separated into real and imaginary components, so that the effect

of introducing viscoelasticity into the model may subsequently be analyzed

by computer methods. Damping in the viscoelastic layer is assumed to be

small for our frequence range.



CKVVER I

2FRODUCTION

The necessity to develop economically feasible means to c" assifr

and extrsct subbottom sediments has Increased steadily In recenC vears.

Coupled with mineral, sand, and gravel extraction Is the desire to

determine the engineering properties of the sediments for offshore con-

struction purposes. Some data on the elastic nroperties of ocean sedi-

ments has recently been obtained by IIazrd.lton [4]. The sediments analyzed

were from North Pacific areas, however, the measured and comnuted prorer-

ties should be valid for similar sedirrents elsewhere. Table l ~mdicates

Hamilton's insults which are of interest in our theoretical formulation.

Using a simple harmonic ooint source for excitation, ire will develop

an acoustic response system for a semi-infinite liauid overlving a v'sco-

elastic halfspace. The theoretical model errployed in this thesi Is

governed closelv by the experimental vie.noin . Surface reflections occur

well after first ret~s for near bottom sensinp;, thus enabling us to con-

sider the hydrodynamic field as bet.n~ infinite in depth. o account for

attenuation phenomena, It is desirable to consider Voigt damrinv: <n the

viscoelastic field. This is Introduced bv taking the ~ narame ers o

�
be of the form A = k + ! � or X = X + I~! in the fre~uenc.~ do~sin.

a+ '

Theoretical develor>ment ber.ins bv comoutim .he nroner ~ourier-

Bessel transformed Green's unction for one viscoelastic layer and infinite

liquid depth from the general expression obtained by t'Iamuson and, tewaM I R'.

Subsequently, the oroper contour is chosen and the inverse transform Is

performed. IIipher order branch line contributions are expressed as a series
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of' Gamma Factions, and perturbation theory is used to compute the un-

darrped Stoneley wave velocity.

Previous investigations of this tvpe have been under taken by

Pekeris I 10], who investigated the response due to a ooint source in a

liquid overlying another liquid. Similarly Press and P~ [2] investi-

gated the model discussed in this thesis, but neplected branch line con-

tributions. The branch line intevrals wem later evaluated br F'onda an~.

Nakamura 35]. Most recently, Y~uson and Stewart [8] have developed a

general multilayer recurrence relation suitable f' or computer analvsis.



CHAPTER IZ

THEORETICAL DEVELOPl'KTZ

1. Green's Functus.on Porr,elis~

We will determine the actual Green's Function for a st-infinite

liquid over+ing a v'scoelastic halfsvace f' or the soecial case of normal

incidence. The general Fourier-Hessel transformed,.reen's ~ction as

taken from equation �8! of V~uson and Stewart; [8] read" as fo11c:,s:

where for one viscoelastic layer

K = ~ ~[�. -1 ! � Jla ~ ~ j  l.l-a!
2 2 2 2 2

1 1 x 'T

K2 = -a K  l.l-b!,2

The functions a L T are proven bv the following exrressio, s'.
o,L,T

a = ~<-K'
0 0

 l. 1-c!

a = q-K  l.l-d!

 l.l-e! .

For the case of an unbounded fluid, h is tal:en to infinity and eauat'on
0

�.1!  upon exp~~ision of sinh and co h term"! reduces to:

2
-a  z,-z,! -ao z, z ! 1 o 2 oKa+K n

a ~,z�z�~! = ~[e o ' +e ' ' '   � 2! 3
0 Kla -K2P

�.2!

Kla cosh[a z j-K2p ~ sinh[a z2

G q,z ,z , u! = ~ sinh[a  h -z !]  ! �.1!
" o Kla cosh[a h j-K2o ~ sinh[a h j

1 o oo 20 oo



%he first term in equation �.2! represents the wave traveller

directly from the source to the receiver, while the second term represents

the contribution due to the viscoelastic halfspace. Substitutinp, equa-

tions  l.l-a! and  l.l-b! into equation �.1! and noting from Fi~e 1

that z = z ~ h and z ~ z~ = z, the Green's Function becomes.
NSX C

-a  h-z! -a {h~z!G <, ,h, ! ~1 e o + e o N{g !
0 o D < !

�. 3!

where

N c ! = a mt�< -p! -4aza ~ 3 - a K2 2 > 2 2 4
�.3-a!

D ~ ! = a, L�~ -q! -4y@~ ] + ~V2 2 22 2
�. 3-h! .

-a  h-z! -iK  h-z!
J  < !< Z=~{h ! e

0 0
�.4!

The main objective of this investigation is to determine the inverse

transform for the second term in equation �.3!. Noting this residual

tervn as G we may write:

'l I
G  r,z,h,~! = G  q,z,h,~!,T  t:r!ddt:

0

�.5!

For the case of normal incidence  r-o! , .T {gr! ~ 1 , and equation {1.5!
0

Performing the inverse transform on the prim~ stimulation or direct -rave

term in equation �. 3! will yield accordinr, to Sommerfeld I.11j:
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simplifies to:

G ~ G qd<

0

 l. 6!

2. A &cation of Cmtour Intepration

We choose to inte@ate the internal �.6! in the corrplex

  =g+iq! plane. We write a contour intepzal from equation �.6! as

follows:

-a  h+z!
z - N g !

o D g !

Branch point sin~larities of Che inte~and occur at < = +K < > ..he
0$ >7

poles of equation �,1! are given by

Strick and  "disbar� tl2] nur..erically obtained one real root, re~resenti"

a Stoneley wave contribution, for equation �.2! ..he effect of the 'Joi.

type da;,....ip; employed in this Creatment is that the pole and Y «ere
L,T

pulled slip+Cly off the real axis into the fourth quadrant.

Havtnp determined the singularities M equation �.1!, we ru;;t;.o,;

select an appropriate contour. Careful examination of the exr.oncntia.l 'e~

in equation �.l! shows that we must keep R  a ! > 0 for convert ence,
e o

Sorter feld's I ll] radiation condition is satisfied by keeninr .'  a '.I > ', .
0

we draw the contour as shorn in P'irure 2. Applvin~ Cauchy's cheor..m co

equation �.1! for the path sholem in M~c 2 and notinr that Che contr t, ut'..":n
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along the quadrant vanishes  see Appendix A! we obtain as follows:

-a  zth!   2! -a  z+h! ,  2! -a  z+h!, !  
!

�.3!IL + IL + IL = -2 i Residue
1 2 3

Solvinp; for the real Ms contribution, wh'.ch mpresents the Green's -unc-

tion, will yield

0

i I
e-ao z+h! �~  2! -ao z+h! NI.  iz


ZdC = � 2 i~din IL I TL -2mi R
o D < ! i o D[  iq! l 2 3

�.4!

3. Evaluation of Residue ~ontribution

The residue term in equation �.4! is given by the formula;

-a  z+h! ,, 2
 c-c ! '  ' ! z3

' n ~'!
�.i!

-ao  +h! !!  2!
R= lim I �] �.l-a!

where g is the value at which D E ! ~ 0 .
0

residue in its present form is indeterminate.

we obtain:

It should be clear that the

Apt.lying L Hosnital' s Pulp.
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In general any point in the g plane represents a wave number for

a certain mode of vibration; i.e., g ~ � . At the pole, the phase
C

velocity represents the propagation speed of Stoneley waves at the inter-

face. To evaluate the residue contribution, we first detenu'.ne the r!hase

velocity of these surface waves. Prem equation �.3-b! we write:

2 2 2 2 2 2 2D Z ! = O = m C -K,! L Z< -K ! -CC  C -g!  C -f!
2 1/2

q ~ -K,! �.2!

Recalling the expressions for the wave n~ers:

td
K

'o
�. 3-a!

�.3-b!

�.3-c!

Using equations �.3a-c!, equation �.2! simplifies to read

2 1/2 2 2 2 1/2 2 1/2
0 = m l-  � ! ! L�-  � ! ! - 4�-  � ! ! �-  � ! !

c 'T C~ cT

2 1/2
  � '! �-  � '! !
'T 'r.  >. 4!

Equation �.4! represents the frequency independent model enuation

at the pole. The undamped phase velocity is determined by usinp; t ertuz-ha-

tion techniques  see Arpendix H!. The result is that the phase velocity

equals the transverse wave velocity to first order in c . The fact that
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c ~ c enables us to conclude that:

21/2 2 V2
a - < � � ! = ~- � ! =O2   !   !  d

2 2
�.5!

'Ihe residue is evaluated bv first comoutinp d D   ! . Using the chaind 2

rule we may write

d D  2! d  d~D  !
dg d  dQ

�.6!

where

� ' 6-a!

1/2 2 2 1/2 2 1/2 4 2 1/2
D e! =  e-~! mh�e-~ ! � e e-K WK j + K  O-I' ! �.6-'.}

2 1/2 ~ 1/2
d� �D   ! = 2K ~2� -  T! �     -! L!   -g! ! +

0

4

ma [4� r-K ! � 4 a a + - + !j + !2
a0 av

0
L 'T L

�. 7}

Applying the result in equation �.5! to equation �.7! we note that th

te~ � ~ ~ . lt follows from equation �, l-a! that the residue con-2'T
tribution vanishes, Computing the exact value of the r.hase velocitv from

equation �.4! would yield a small residue contribution.

Branch L&e Znte~ations

We vrIsh to evaluate the U.nc intcp-als I l, I2, end I

equation �.4! on the pat!is shown in T'i~re 2. Ne he~in hv

Using equations �.6-a! and �.6-b! we mav expand equation �.6! as follows:



C.scussing the Inte~l for the branch point at   = K
0

1! Line Interval for Path L2. Prom equation �.4! we mav write

the integral as

-ao z+h! ~  2!
I 2  dg

'o D ]2!
�.1!

The path of intepz.ation for equation �.l! is indicated helmr.

We recall that a and < are related as follows:
o

2 2 2
a =g -K

0 0 �.2!

lt foll~ra that

�.3!a da = gd 
0 0

-ao z+h! oX a !

2 D a,!
�,4!

Applying; equations �.2! and �.3! to the inte~al �.1! ~re mv chanm

vm>iables of Mtemation so that the Mte~al reads



Along the path AB we write

a 0 0

i2m
a =-ice

0 0

It should be clear that a = � q on both sides o. the branch cut.
2 2

0 0

tempting along q gives us symbolically
0

I =   !dn +   !dn =   !dz +   !dn = 0
0 0 0 0

AB CD co Q

�.<!

Contribution" on the two "ides of' the cut cancel., rcsu3tinp in IL
'2

2! Line Wte~al f' or Path Tl. The ~ath of intepration Ll for

the branch point E = KL is indicated below.

Again we choose to Mteyrate with respect to the variable a . ~m
0

where z is the distance from the branch @oint. The ar~nt of' a
0 0

increases by 2m when passing from AB to CD, FIence, we ma> say that

along CD
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equations �.4! and �.3!, the integral reads

-ao z+h! oV a !
e 2 da

2 D a !
0

� b!

1/2 2 1/2~ =  g2-K ! =  z -K,! �.7!

Using equation �.7!, on the portion AB we 'ra'ite

�. R!a =e -in
o L

and on CD

i2ma SL � i /Le �.S!

1/2
Applying the change in variables for the ouantity � -K ! will yield

the following on PH:

2 2 ' ' 2 1/2
 g -Q! =  -2in ~ -n ! = a

L L L
�.1~!

and on CD:

2 2 im 2 1/2
 C -K ! = e ' -2in . � . !

L L L L
�.11!

Since the quantity a changes sip@ from one side of the cut to the

other, there is a discontinuity in the integrand. Using equations  'I.lC'!

and �.ll! one writes the integral �.6! as follows:

aL-i~
-- "! '',, ' -- "! '-~,N a ! I< a � !

e e

2 i D a,aL! D a,-a> !
L

o m o L

The value of the inte~ation variable a at the branch point is riven bv
0
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�.12!

Ve now exoand

F R ! = F  a -in ! ! = A + Bn + Cn + ~ ~ '2 2 2

o L L L 'L �.13-a!

2 1/2 3/2 V2 l/2 In>
a = -2ina-n ! =i  »!  q ! � � � !=L L L I L 2K

3/2 1/2 l/2
�.L!  n,! [1 � Z � ' + ~ " l

QL
�.13-b!

Recall&p that da = -idnL, we inte~te equation   !.12! alone nL an i
0

obtain

- g -in ! z+h! 3/2 1/2 1/2
 »L!  nL! � � ~+ '''! ~+[~n[ + '''!di,2 I L eL I

0

 z+h! in  z+»! i i . 2� L! " ' t 1 2nL 3nL 3 nL!
0

j � ! L  +h! 'nL  +h!g'1/2 1/2
e

0

�.14!

To obtain the expression f' or the inte~als in enuation �.14!, we choose

to inte~ate ie the complex  a = n + ip! plane on the contour" ho..m
L

in Fi~ 3. Anply&~ Cauch~r's Theorem arour.A the rath, and notin~ that

a -i-
2

r
-a  z+h!~ o'N a , � !

e
2D a,-y

CL 0

>t a,a !

D a,,a !

iao

t e o a > a !da

L



Contour of' Integration for ruat'cn  'i.lh!



the cmtribution along the quadrant attain vanishes, ~re obtain the

follminp'

Solving for the real axis contribution in equation �.1$! ~<11 yield

2n-1 Co 2n-1

ivL z+h! 2 <   i~/l�n-1! -R z+h!> 2 ~e nL doL = i ! e e

0

Recalling the expression for the Gamma Function

r z! = e-"u'-'du
0

Applyinp; epuation  >I.17! to equation  'I.16! ~rill yield

2n-1 iQ 2n-1!
  inL z+h! 2 - 7 ie   ~i!

n=l

 lJ lg!

The constant A in equation  >I.14! must be determined to complete
n

the solution of the branch line Mte~al L2 . It should be clea that
I

the lov.est order constant A may be obtained by evaluatin~ e~uation

�.13-a! at the branch point  qL=O! . The result  see Appendix C! is

Qven by

2n-1
2n-1 ~ 2n-1 0

r
ia z+h! 2 "L + 2 d I iRe  z+h!,F f.~/2! i~/2~

e

0 CO
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Using the results of equations �.18! and �.19! the branch 1%ne intef,al

1n lowest order form will read as followers:

3/2 1/2 -a  z+h! 4Y~ i~/4 1/24

I = i � L! e [ > 3 + h  !
rnoL� -K !

�.20!

3! Line Inte~l for Path L . The path of integration L for

the branch mount F, = P<, is indicated below.

The inte~al upon chang]np variables we' ll read

TI~ value of the variable a at the branch point is piven bv
0

2 1/2n = g-K! �.22!

Usinp; equation �.22!, on the poriion Ail we r..-~r write

a =a,� iq

and on CD

a = 0
i2m

�,2h!

-a  z+h!
IL = e

L
3

tt a !
2

da

D  !





2 1/2
i . +K,!

Since the inte~d in equatfon �.2! is odd in q , the upper limit mav be

chanped from � ~ ~ + ~ without any loss of penerality. Eciuation  '5.2!

ncM reads

2 21/
-i q +K !  z+h!

o ~ -~2!

0 i  +K !

�.2-a!

where from equations �.3-a! and �.3-b!

2 2 2 1/2 2 2 2 2 2 2 1/2 2 2 1/2 4 2 2 1/2
I -n ! = it n +K ! m �v +K ! -4n  n +K !  e +K ! !-X  v +K ! l �,3-a!

2 2 1/2 2 2 2 2 2 2 1/2 2 2 1/2 4 2 2 1/2
D -r! ! = i[ q +K ! m �~ +1 ! -4q  n +K !  ~ +Ij ! !+K  ~ +I~ ! ] �.3-b!

b

Since the inteprand of equation �.2-a! is of the form e 'r q!dni~~ n!

where x is 1~pc, it is desirab1e to intr-.prate by the method o~ station-

ary phase, The major contribution to the hntepe.ral results ~m the noint

of stationarity, i..e., h q! = 0 . From equation �.2-a! we write

2 2 1/2 2 2 1/2
h rl! =  n+K ! = K �+@K !

0 0 0
�.!-a!

It follows that

h n! = �.4-b!2 -2 1/2
o  +n K !

Xf we integrate alonp the variable

1/2
O -i ~ +Z !  z+h!

e ~ -. !
1 1/2 2

  2~K2! D -. !
0

, equation �.1! becomes

1/2
-i n +K !  z+h!

0f e � 2!

0 i~ -n !
2
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2 2 -2 3/2 1 2 -2 1/2
h  ~! = ~  l+ K ! ~ �  l+n K !

K
0 K o

0
0

�.4-c!

Pram equation �.0-b! we note that the point of stationarity is rPven b<

~ 0 . Expandinp equation �.0-a! about this ~orant will yield
0

h  n ! 2
h ~! = h ~ ! + 2  n-~ ! + ''' = K + 2"

0
�,5!

From equation �.2-a!, the function p; n! is p;iven bv

N -~ !
2

D -~ !   ~K !+

Expandinp equation �,6! about the noint of statiowaritv will <ield

g n ! = p�! + p: n ! � + ' "d 2

o ' dpi ' 2 � ~ 7!

where from equation �.6!

l N�! l l L o o
K DD~D ~Kg c +p c

0 o lL oo

Substitutinp the exomded functions in equations �.5! and �.7! into

equation �.2-a! will yield

o -i/2K q  z+h! Dice 9 c-iK  r+h! 2
-ie o 1 L 0 0!

K oc+pc
0

0
1L oo

The inte~and of' equation �.9! is of the orm e du . Arnlyinp; th3., resultU





2 1/2
a = g-K! =0

0 0
�.2-a!

2 1/2
s =  lP-K !

2 1/2a = g-K!

�.2-b!

�.2-c!

We sinpularities of equation �.2! are mapped into the a plane as

shown in the following diapram.

Coordinates in the a plane have special si~Pcance in the contour
0

inte~al of equation �.4!. We condition Re a } > 0 accounts for»ave
0

attenuation. Since the branch point K apoears on the Imap;ina~ a~Is

in the a plane, we ar corer elled to define this branch point as an
0

improper sin~larity. J!pplyinp; this result, equation �. l! becomes

I!/2 i /0 -gp h+z!� ! lg 21/2 l/2
e e 2 ! 1 r!T a a

G  r,z,h,b!!�

-iK, h+z!

~h4z pic +p c
1I, oo





CHA~ III

RESULTS AVD DISCUSSIOH

The expmssion for the actual Green's ~ction characterizin~ a

semi-infinite liquid omrlyinp; a viscoelastic halfsnace  for the special

case of no~ incidence! has been determined. The resultant ~ourier

inte~al is expressed as the sum of a direct wave contribution, a branch

line integration, and an imav;inarv axis internal. The branch linc inte-

gt'al was evaluated and the result is emressed as a series of "ar~v.

Functions  equation 9.18!. Results for the branch l'ne inte~at< on concur

with those of Honda and lfakamura [g!, except that 3n our case there "s «!o

radial dependence and the wave numbers of the viscoclastic fie'3d are co...�

plex. The integral along; the ima~inarp axis was shown to be r~r ortion~l
0lcL � o c

to the plane wave reflection coefficient t j . he «hase veloc'tv
plcr+o c

of the Stoneley waves at the interface wa deterrr1ncd usin~ ventured at~on

techniques. The result was that the Stoneley waves propagated at a sreed

equal to that of' the transver e shear waves. The analytic detert.'nat4o-.,

of the Stoneley waves may sue;«;est a basis for comouter,nalvsis o" the

Stoneley;:ave equation,

The Green's Function obta~aed in this thesis clearly indicates

the feasibility of' classi vtn~ subbottom sedi~ents in ter! .. o" the1r

physical parameters.  le have determined the proper'ies of' the svstem

must now analyze the various outputs. The theoreti;al model employed ',n

this thesis has been closely governed bv tho cmcrir..-.ntal vie;e.oint s'nce

normal incidence t stinI, mav be accomplished ~rom a ~van!. research vess l.

Recent corwuter analyses at the University of '.Jew f -.~shire indicate that



the normal incidence case mav be valid for incidence angeles as 1arm as

l8'.

Subsequent analyses should account for a corrugated interface and

irhomo~neitics in the viscoelastic medium. .hese generalizations may

be introduced uslnp statistical methods and nerturbation theorv. Usinp.

corrputer analysis and the work of l4muson and Htesvart [R], the model should

be modified to account for the effects of an unlimited roxmher of layers.
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APPEVDZX A

VANISHLKl INTEGRI' AUXK 7FE QI.'AD>hler'

Along the quadrant in Tlipure 2 the exponential of the intemand "n

equation �.3! of the text i.s simnlif<ed as folio~;s:

-a  z+h! -F  z+h! -R coso+isine!  z+h! -Rcose z+h! -1 Psh n9 r+h~
0 = e = e e  h g!

-iRsine z+h!
As R is tal<en to 3nf$nitr, e i~'ouM mar sent a rariVLv

no contribut'.on to the inte~al alone the ouaP~e~t.

oscillatin~ unction with self � cancellin~ contrihut'ons. ~~mltaneou"-,~"
-RcosO',r+h!

the e terre, converpes to zero. Thus ere m~v conclud. the-e 's
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k>PB'!DIX B

ANALYT1CAL D~1Z/ATTY!3 Or FK~ZLV' ".PVE K'FZf7CI. USQUE'

PEPPY'PBA'VIOll TECkPJI~U S

Ve note that for our oarticular case of interest, as seen from

the values in Table 1, the following inequalities hold:

 a-la!c

 P- lh!

Pram equation  8-lb! we define the small parameter

 n 2!

HecallinF. the expressions for the crowbar ation velocities

2 0
c

0 n
0

 V 3a!

2p
2 l

c~ =  p >p!

2 ul
p

 ~3c!

2
T "1 11

1+ ~1 .Al+ 2Alcl 'lC~

or

2= 2
c lcI  P 4a!

'Ihe ratio of the squares of the vror.a~ation velocities in the viscoelas.ic

medium may be anvrox~rnated as folio..e:
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Using the results of' EIam7lton t '>] in .able 1 the comressional ~reve

velocities in the two media rr~y be related bv a second nerturbat! on

parameter as folio~vs:

cL = c �+~2!2= 2
0

 ~s!

Table 2 contains exnlicit value- o" the nertu.,bati~w parxreters c, and

c2 for the sedArnents considered ~n Table 1, Also included are t~e

correspondinp Ftonelev ~rave velocities as obtained from the exoerimenta'

data of Strick and C'insbarr, [1?j. '.,'e recal1 that the moc',al enuat1on et

the pole is driven bv

Yfe mav formallv a~nly perturbation theory to the nroblem bv a, t"rox',~atin~

the souare of the phase velocity ." folic;.s:

2 �2
C � C + E C

1
 ;~-7!

Prom equation  B-4a! Me note that the zeroth order r>hase velocity is
'3

obtained from enuat5on  H-6! by setting. c, = 0 . The modal ~~t.~c.n

reduces <0

2 1/2 < 2 1/2
m l-  �,c-! ! + �- -,'-! ! = D

0 L

 !.-~a}

or
2 1/2

-�-  � ! !
cL

 !'-Rw!
1/2

�-  � ! !
C

o

Reqall&p- that cL > c, ere consider the various rossible values d'or

2 1/2 2 2 2 1/2 2 1/2 !i ? /?
0 = m�-  � ! ! L�-  � ! ! � ~I l- - � ! ! �-  � } ! !+  � '--! �-  � '-} !  P-~}

C c~ cL 'T cT cE
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Sediment Tvre

224Coarse . 5100

. 3560.0485

.0865Very Fine

Silt! Sand

Sandy Silt

Sand-Silt-Clzv

Clavey Silt

Silty Clav

,2450~ 0750

~ 0595 0755

.0649 .1100

.0489.0430 g] 4

.0358

TABKZ 2. Perturbation Parameters and Stonelev I.'ave Velocities fo"

North Pacific Sediments

 From Hamilton [4] and,trick and ~insula~ $12j.!
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I
c as follot.s:

If c > cL, the rirht-hand side of equation  H-8b! is ne~ativc.

lf c < c, the ri~t-hand side of' ruat/on  ~Pl! is ne~ative.
0
'I

If c < c < c, the right-hand side of' equation  9-8b! 5s <r.a~ina~t.
0

 c!

Since m is a density ratio, each of these t ossibilf.ties represents a

nhvsicallv imnossible s'tuation. '«Je conclude that the zeroth order r hase

velocity does not exIst and eouat1on  P 7! reduces to

'll 2
C = c C

1
 g g!

Substitutinr equations  ." 'Ia!,  B-~g!, p~D  T'-'-1! Into the ~al e~u~

 W6! will yield:

~~ 2 1/2 " 2 2 1/2 tl 2 7/
0 = m�-c �+c !  � ! ! [�- '� ! ! -~~�-.   � ! ! �-  � ! !1 2 c1 cL 1 c C 

» 2 1/2
+   � ! �-.   � '! !

c7 1 c1

Aoplyinp the bfnortalthcomrr. to this result ..e obtain

p. +g tl 2 2 g '1 2 11 2 7/2
0 = rn�   ! ! �-  � ! ! -~ �- �  --! !  -  � ! !

2 c~ c1 2 c~ c~

 ~ln!

Hquatinp; each order in equation �7-10! to zero will r ive the ~o71n~rin -. su"s:

7/2
[�- - � ! ! -~�-  � ! ! ] = -  � !

L I, C~
 mila!

22 "21/2»2 ~~ >7/2
E L- �   � ! I�-  � ! ! -'~�-  � ! ! ]+2m ---! � �   � ! ! � �   � � ! j = ~  "=7.1b!1 2c1 c c 2 c

J Ii L I.
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CambinInp; eouations  B-lla! and  B-lib! ve obtain

c ~ CL  P llc!

Applylnp this result, It folly from equations  P,� 8c! and  9-4a! that

c ~ c to first order In e
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APPBVIX C

DETER'GNATIO~< Or' TIP LOltK~T OLDE COyTSTA'.~ ~a ~~

DISCOlZI'EQUITY ACROSS PRAilCH LT'JE L
1

The discontinuitv across the bmnch leone Ll is given by the

following relation

 C-1!

It should bc clear' that the lorrest oWer constant A is dote~'ned bv

setting nL = 0 . It folio,rs that

2 2 1 1 L 1 I l ' 'TF '.'! = p .L! = A = KID =.,~- g.,'~] � ~ ' D&TDP-T "]  ""-'-'
'L 'L L I L

Recalling that   = K at the branch voint, we ~av m"Ite

,2 .2 2N a ! = aLm[ �+-g,! -4a K j � l'; a  C

2 22 li '2D a ! = +Lm/�K � h,~! � ha a y+] + y~  C qb!

~ -,! = ., t�.,-l,! ~ym�j  C-3c!

D -a ! = aLrr[�K -K ! +4a B~L2 22 2,4
 C ~q!

It follows that

X -a D ,! =   , ! f�1 -V, ! -ZF~@., ]- .  , - y-!

N aL!D  � aL! aLr ~ 2KT � Yj,! -3 6aT aTl'+] � 2aI r +I fj��Y~ -1+ + 'rr

D -y!D ;,! =   . ! [� -g! � ~~ +�l-", .=,M,

 r 4a!

 C-4b!

 ~-4c!

2

F ao! =   'L-I'LL! ! � a [ 2
L D a,-a> !

2:< a�,a, !
A + Bq + Cq +

V a,a,
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Substitutinp; eouations  C-4a-c! i~to ~u~t.ion  C-2! vill vteld:

Ia mK �K -Y
 c-5!

 ~m! [�V -q! -16a ~j-9+ma,~ yV -V a2 2 .2~ 22~i 2 .aN 82

ife note that at the branch point

2 1/2
a =  -2<~ ~ -< ! = O

L L L
 C-6!

Apply~ this result, equation  C-5! reduce.", to

,2 22a!m�+-K !
A=A

1

4Q
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