
(j mAA T.ex::HNICAL MEMJRANDOM N-I'S CR-101 

NUMERICAL &:JLUl'IONS '10 'lHE SHliLiru WATER E;2UATIONS 
AS APPLIED '10 A I.IXAL MEI'IDROLOGICAL FamCAS'l' EROBLEM 

Eric R. 'l'haler 
Natioz:al Weather Service Forecast Office 
Denver, Co1or.3do 

MARCH 1990 

~- --- .... -----·--·-·----· ----- ----··--· ----- _,.._----.. ---""C) 

• 
QC 
995 
.U61 
No.lOl 

National Oceanic and 

Atmospheric Administration I National Weather 

Service 



r "'pe.l, ot N:lAA TmlNICAL ~ 
NOM u:~.'.RY, E/OC4~ National. Weather Service, Central Region Subseries 
7600 s~.d P~T~ .V!a'l ! 

'lbe Natiooal weather Service central Regial (~} sWseries p:wides an informal mediun fer the dc:cmentaticn and quick dissan
ination of results mt aR;lt'OIE'iate, or mt :yet ready, far fc:zarel p.;blica.ticn. '!he aeries is used to np::xrt a1 work in prog
ress, to describe teclmical procedures an:l practices, or to relate progress to a limited audielK::e. 'ttlese Technical Mstoranda 
report en investigatioos devote:l primarily to regional and local ~ans of interest mllnly to regiooal persc::rmel, ani hence 
will not be widely distributei. 

Papers 1 through 15 are in the former series, ESSA Technical HEm:lranda, Central Region Technical MBmraOOa (CR'IM) r Papers 16 
through 36 are in the former series, ESSA Technical Msroran3a, weather Bumau Technical Merrcran3a (WB'IM). Beginning with 
Paper 37, the papers are prrt of the series, NJM. Technical Men::lranda N<JS. 

Papers that have a PB or aJol nmi:ler are available fran the Na.ticmal Technical. InfOIIM.tion Service, u. s. Department of 
O::mrerce, 5285 Rlrt Ray.U Road, Springfield, VA 22151. order by accessicn IUri::ler shcr.m in parenthesis at the end of each 
entry. Prices vary for all paper copies. Microfiche are $(.50. All other papers axe available fran the Natialal weather 
ServicE! Central Region, Scientific services, Roan 1836, 601 El.St 12th Street, Kansas City, m 64106. 

CR'!M 1 
CR'!M 2 

CR'!M 3 

CR'!M 4 
am! 5 
CR'!M 6 

CR'!M 7 
CR"'I 8 
CR'!M 9 
CR'l>l 10 
CR'!>I 11 
am! 12 
CR'!M 13 
am! 14 

CR'!M 15 

Wll'JM CR 16 
WB'Il.f CR 17 
WEm4 at 18 
WBit-1 CR 19 
WB'It.f ffi 20 
WB'IM CR 21 
Mmt CR 22 
WBIH CR 23 
WB'IM at 24 

Wimf CR 25 

WB'1M at 26 
1om! CR Zl 
WBIH CR 28 

WB'IM at 29 
WB'IM CR 30 
WBIM CR 31 
WB'IM rn. 32 
WB'IM CR 33 
wen-t rn 34 
WB'lM CR 35 

WB1M CR 36 

N<S CR 37 

N<S CR 38 
!'<'CR 39 

N<S CR 40 
NI'IS CR 41 
ms CR 42 
..., CR 43 
ms CR 44 

NiS CR 45 

NiS CR 46 
N<S CR 47 

NiS CR 48 
N<S CR 49 

N<S CR 50 
ms CR 51 

N<s CR 52 
,..., CR 53 

N<s CR 54 

ESSA Technical. -.oranda 

Pre:::ipitation Probability Forecast Verificaticm SWtmuy N:Jv. 1965 -Mar. 1966, SSD Staff, WBaUI, May 1966. 
A Study of SUmer Sl'latlers Over the Colorado M:mltains. William G. SUllivan, Jr., and Janes o. Severson, June 
1966, . 
Areal Sb:::Mer Distribution- M:Juntain Versus valley Q:Jverage. William G. SUllivan, Jr., and Jarres 0. Seversoo, 
June 1966. 
Heavy Rains in Colorad:::l June 16 and 17, 1965. SSD Staff, WBCRH, July 1966. 
The Plun Fire. William G. SUllivan, Jr., AUguSt 1966. 
Precipitation Probability Forecast Verification Sllmary lb!. 1965 -July 1966. SSD Staff, weaut, septEllber 
1966. 
Effect of Diumal Weather variations en Soybean HarVest Efficiency • Leooard F. Harrl, C::Ctcber 1966. 
Clinatic FrEQUen::y of Pre:::ipitatioo at Central Region Statioos. SSD Staff, wsam, N::wmber 1966. 
Heavy SncM cr Glazing. Harry w .. waldheuser, DecB'tber 1966. 
Detectioo of a weak Fl:Cnt by WSR-57 Radar. G. w. Polensky, DecEmber 1966. 
Public Probability Forecasts. SSD Staff, WBCRH, January 1967. 
Heavy Sncw Forecasting in the Central United States (an Interim ~t). SSD Staff, January 1967. 
Diurnal SUrface Geoetrophic Wim. Variations Over the Gr:ea.t Plains. wayne E. Sangster, Mal:ch 1967. 
Forecasting Prcbability of SUrmertilre Precipitat.i.cn at Denver. \in. G. SUllivan, Jr., and Janes o. severson, March 
1967. 
Irrproving Pre:::ipitation Probability Fore:::asts Using the Central Region Verification Printo:lt. tawrerx::e A. Hughes, 
May 1967. 
Sra.ll-scale Circulations Asscx::iated with Radiaticml. O:Oling. Jack R. Cboley, June 1967. 
Probability Verification Res\JJ.ts (6-mcnth and 18-m:::nth). I..oawretx::e A. Hughes, June 1967. 
On the Use and Misuse of the Brier Verificaticn Score. Iawrence A. Hughes, llugust 1967 (PB 175 771}. 
Prob:iliility verification Results (24 nonths). Lawrence A. HUghes, February 1968. 
Radar Predicticn of the Topeka Tornado. N:»:man E. Prosser, April 1968. 
WiOO Waves an the Great Lakes. Lawrence A. Hughes, May 1968. 
Seasooal Aspects of Probability Forecasts: 1. Slmrer. tawrerce A. Hughes, JUne 1968 (FB 185 733). 
Seasonal Aspects of Probability Forecasts: 2. Fall. Lawrence A. Hughes, SE:ptatber 1968 (PB 185 734). 
'lhe J:rrpJrtan::e of Areal coverage in Precipitation Prcbability Forecasting. John T. OJn:an and Lawrence A. Hughes, 
SE!ptember 1968. 
l.Jeteorological a:nxlitions as Related to Air Ibllutioo, Odcago, :Illinois, April 12-13, 1963. Charles H. 9tlan, 
OCtober 1968. 
Seasooal AspeCts of Probability Forecasts: 3. Winter. Lawrert:e A. HugheS, tlecerber 1968 (FB 185 735). 
seasonal Aspects of Probability Forecasts: 4. Spring. Lawrence A. Hughes, February 1969 (FB 185 736). 
Mininun 'l'Enlperature Fore::asting During IOssible Frost Pericxls at Agricultural weather Stations in Western 
Michigan. Marshall E. SOderberg, March 1969. 
An Aid for 'lbrnacb warnings. Hany w. waJ.dheuser and Lawren:e A. Hughes, April 1969. 
An Aid in Forecasting Significant Lake sncws. H. J. Rothrock, November 1969. 
A Fore:::ast Aid fcc Boulder Wilds. wayne E. Sangster, February 1970. 
An Cbje:::tive Methcd for Estilrating the Prtbability of Severe !l'hunderstcmns. Clarence L. David, February 1970. 
Kentucky Air-Soil 'l'EIY{:larature Climatology. Clyde B. Lee, Febnlary 1970. 
Effective use of N:m-Structural Methods in water Managerrent. Verne Alexander, Mlrch 1970. 
A Note m the C'ateg::n:ical verificaticn a. Prd::rability Forecasts. Lawren:::e A. HUghes and wayne E. sangster, AUguSt 
1970. 
A Ctlrlpariscn of (bserved and calculated Ul:ban Mixing Depths. D:mal.d E. WUerch, August 1970. 

N:li\A Technical MBoclraWa lOiS 

Forecasting MlX.inun and Mininun surface 'l'eltrperatures at Tq::eka, Kansas, Using Guidance fran the PE lbrerical 
Prediction l-bdel (FOOS) • !ob:ris s. webb, Jr., N::wad::ler 1970 (a::M 71 00118) • 
Sroi Forecasting for SOUtheastem WiS(X)IlSin. Rheinhart w. Harms, ~ 1970 (o:M 71-00019}. 
A Synq;:ltic Cl:inatology of Blizzards oo the North-Central Plains of the United States. Rebert E. Black, Februal::y 
1971 (CXM 71-00369). 
Forecastin'jJ the Spring 1969 Midwest SrK:Hnelt Floods. Hentan P. M::Jndscbein, Februa:cy 1971 (en! 71-00489). 
'lbe ~ture Cycle of Lake Michigan 1. (SJ;ring and Sumer}. Lawrence A. Hughes, April 1971 ICIM 71-00545}. 
Dust DeVil Meteorology. Jack R. Cboley, M:Ly 1971 (a:Jot 71-00628) • 
sumer SlDler Prd:lability in Colorado as Related to Altitude. Aloia G. Topil, May 1971 (crM 11-00712). 
An Investigatioo of the Resultant TranspJrt Wiai Within the urban D::lrplex. tbnald E~ \'l.lerch, June 1971 (CI:M 71-
00766). 
'lbe Relationship of Sane Cil:rus Fomatials to Severe LoCal Storms. William E. Williams, July 1971 (o:M 71-
00844). 
The 'I'el:l'perature Cycle of Lake Michigan 2. (Fall and Winter). r.awren:::e A. HUghes, septmber 1971 (CI:M 71-01039). 
Practical Applicatioo of a Graprlcal Methcxl of Geostrophic Wind Dete:anination. C.B. Johnsco, N:Natber 1971 (c:n! 
71-01084). 
Mmua1 of Great Lakes Ice Forecasting. c. Robert snider, Deceltber 1971 (a:M 72-10143). 
A Prelimil'1ary Transport Wind and Mixing Height Climatology, St. Louis, MisSOI.U"i. Donald E. wuerch, Albert J. 
O::Jurtois, Carl E.oiald, Gary Ernst, June 1972 {CJ:Io! 72-10859). 
An tbjective Forecast 'l'echnique for Colorado Dcwnslope Winds. wayne E. Sangster, DecE'Ili:er 1972 (CIM 73-10280). 
Effect en 'I'EI't;;lerature and Precipitation of Cbservation Site Change at COlurbia, Misscuri. warren M. Wisner, loBrch 
1973 (CXM 73-10734). 
Cl:>1d Air PUnne1 Clouds. Jack R, Cl:X>1ey mxl -.hall E. Soderl>erg, 8epta!i>er 1973, (CXM 73-11753/AS). 
'lhe Fl:eqUen:::y of POtentially Un£avorable ~ture Q:::njitials in St. Louis, Missouri. warren M. Wisner I O::tober 
1973. 
Cbjective P.rcbabilities of severe llbun:lerstozms USing Predictors fran FOOS and O:laerved Surface Data. Clarence 
A. David, May 1974 (CXM 74-11258/AS), 

(Cbntinued. on Back Inside o:wer) 

c 



CJ 

() 

TABLE OF CONTENTS 

LIST OF FIGURES 

ABSTRACT 

Chapter 

1. 

2. 

3. 

INTRODUCTION 

THE PHYSICAL MODEL 

THE NUMERICAL MODEL 

Space Discretization 

Time Discretization 

Summary 

4. BOUNDARY AND INITIAL CONDITIONS 

5. MODEL IMPLEMENTATION AND DISCUSSION OF RESULTS 

REFERENCES CITED 

SELECTED BIBLIOGRAPHY 

i 

Page No. 

ii 

iv 

1 

4 

23 

24 

55 

63 

64 

79 

111 

114 



() 

(J 

LIST OF FIGURES 

Figure 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

The distribution of variables over the grid domain 
(after Arakawa and Lamb, 1981). 

Computational stencils. A) eqn. (3.43)7 B) eqn. 
(3.44)7 C) eqn. (3.45). 

Counties in Colorado. Important features in subse
quent figures will refer to these. 

Results after 10 minutes of simulated time using full, 
unsealed terrain (see text for details. 

Initial test data wind field. Integration performed 
with flat bottom surface (no terrain). 

Forecast wind field after 1 hour of simulated time 
using initial wind field in Figure 5. 

Forecast wind field after 2 hours of simulated time 
using initial wind field in Figure 5. 

Forecast wind field after 3 hours of simulated time 
using initial wind field in Figure 5. 

Initial real data wind field. Bottom surface is 
scaled topography (see text for details). 

10. Forecast wind field after 1 hour of simulated time 

Page No. 

25 

55 

87 

88 

90 

91 

92 

93 

95 

using initial data shown in Figure 9. 96 

11. Forecast wind field after 2 hours of simulated time 
using initial data shown in Figure 9. 97 

12. Forecast wind field after 3 hours of simulated time 
using initial data shown in Figure 9. 98 

13. Initial real data wind field. Bottom surface is 
scaled topography (see text for details). 101 

14. Forecast wind field after 1 hour of simulated time 
using initial data shown in Figure 13. 102 

15. Forecast wind field after 2 hours of simulated time 
using initial data shown in Figure 13. 103 

16. Forecast wind field after 3 hours of simulated time 
using initial data shown in Figure 13. 104 

ii 



17. Actual winds observed 1 hour after initial data in 
Figure 13. Compare with Figure 14. 105 

.~ 
18. Actual winds observed 2 hours after initial data in __) 

Figure 13. Compare with Figure 15. 106 

19. Actual winds observed 3 hours after initial data in 
Figure 13. Compare with Figure 16. 107 

iii 



(J 

0 

0 

NUMERICAL SOLUTIONS TO THE SHALLOW WATER EQUATIONS 

AS APPLIED TO A LOCAL METEOROLOGICAL FORECAST PROBLEMl 

Eric R. Thaler 

National Weather Service Forecast Office 

Denver, Colorado 

ABSTRACT 

An initial-boundary value problem comprised of a coupled system 

of three nonlinear, nonhomogeneous, hyperbolic first order partial 

differential equations is solved by numerical methods. The equations 

arise in geophysical fluid dynamics and describe the two-dimensional 

flow of a shallow, inviscid, homogeneous, incompressible fluid which 

is in hydrostatic balance. Their solution is used to describe the 

time evolution of winds at the earth's surface. 

The solution is obtained numerically using a first order in 

time, second order in space finite difference scheme which is capa

ble of simulating flow over steep topography. Initial conditions for 

1 This is a reprint of Mr. Thaler's Masters Thesis for the 

Colorado School of Mines. 
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the integrations are obtained from a recently developed analysis 

scheme which provides high temporal and spatial resolution wind 

fields. 

Results indicate that the model produces satisfying mathemati-

cal solutions to the problem. However, since the physical model is 

very elementary, it has difficulty producing useful meteorological 

wind forecasts when the flow is dominated by factors not included in 

it, most notably thermal and frictional effects. If these forces are 

secondary, the model is capable of providing useful wind forecasts. 
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CHAPTER 1 

INTRODUCTION 

The surface winds along the Front Range of the Colorado 

Rockies and over the adjacent plains to the east, coupled 

with the highly varying terrain in this area, play a very 

prominent role the local meteorology. For example, winds 

blowing from the mountains onto the plains usually bring 

warm and dry weather conditions, while winds blowing upslope 

from east to west, under proper conditions, can lead to 

clouds and precipitation. 

Thus, by increasing the accuracy of the surface wind 

forecasts for this area, better forecasts of the actual 

weather conditions can be made. Unfortunately, extrapola-

tion of current conditions, extremely rough numerical guid

ance from large scale models, climatology, and forecaster 

experience have been the sole means of producing surface 

wind predictions. Numerical modeling on small scales, which 

takes local effects such as topography into· account, is 

currently being done, (see for example Abbs and Pielke 1986, 

Wilczak and Glendening 1988) but for the most part is con-

fined to the research community. (Note also that these 

models have not had access to the high resolution data set 

described below.) 
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Within the last five years or so, a new analysis scheme 

has been devised (McGinley 1989) which produces, on an hour

ly basis, a very fine spatial resolution gridpoint analysis 

of surface winds over a large portion of Colorado. This 

data set has proven to be very useful in diagnosing current 

weather conditions. Could it now be taken one step further 

and used to help obtain forecasted weather conditions? 

Numerical prediction of the wind involves a great deal 

of mathematics. A numerical wind forecast, in theory, re

quires the solution of an initial-boundary value problem 

consisting of a coupled system of nonlinear, nonhomogeneous, 

hyperbolic, first order partial differential equations 

derived from the laws of geophysical fluid dynamics. Since 

this problem cannot be solved analytically, numerical 

methods must be employed to find a solution. 

This thesis will describe a rather novel approach to 

this formidable problem. By using a selection of methods 

from various sources, a simple physical and numerical model, 

one based on techniques normally reserved for modelling 

larger scale atmospheric processes, is developed which 

solves this mathematical problem and produces real time 

surface wind forecasts that can be used in day-to-day 

weather prediction operations. 
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The thesis is divided into five chapters. Chapter 2 

develops the differential equations which describe the 

physics of the problem. Chapter 3 then transforms the 

differential equations into difference equations capable of 

being solved on a computer, subject to proper initial and 

boundary conditions which are discussed in Chapter 4. Chap

ter 5 covers the actual implementation of the model and dis

cusses the results obtained from it. 
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Chapter 2 

THE PHYSICAL MODEL 

Three dimensional motion in the atmosphere is governed 

by a complicated set of nonlinear, nonhomogeneous partial 

differential equations (see Holton 1979). Since analytic 

solutions to this set of equations are not known, one must 

resort to numerical methods in order to solve them. 

Including all of the physical processes that occur in 

the atmosphere in a numerical model requires an enormous 

amount of effort and computing power. In this study, we 

would like to use a physical model (set of differential 

equations) which retains most of the important physics of 

the motion (including nonlinear effects) while requiring 

only modest computing resources for its numerical solution. 

The simplest physical model satisfying the above require

ments is the primitive equation barotropic model, also known 

as the shallow-water model. This model governs the motion 

of an inviscid, homogeneous, incompressible fluid with a 

free surface which is in hydrostatic equilibrium. 

The model equations, which represent conservation of 

fluid mass and horizontal momentum, are derived from the 

complete set of governing equations through scale analysis. 

Scale analysis is performed by substituting into the equa-

J 
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tions characteristic values of each of the variables and 

then comparing the magnitude of each term. Those with small 

magnitude are disregarded and the simplified equations are 

then assumed to sufficiently describe the motion. 

As the name implies, scale analysis uses characteristic 

values for the variables based on a certain scale of the 

motion. Scales of atmospheric motion range from several 

thousand kilometers for large planetary wave motions down to 

just a few millimeters for minute turbulent eddies (Holton 

1979). The scale used to derive the shallow-water equations 

is on the order of 1000 km, or roughly the size of a major 

midlatitude weather system. 

In this study we are dealing with a square domain 

roughly 500 km on a side. Thus, the physical model will not 

be totally representative of motions in this domain. The 

choice of the shallow-water model was based on its math-

ematical and physical simplicity with the implicit 

assumption that it should be sufficient to describe at least 

the basic flow pattern in the domain. 

Along with the assumptions used in the scale analysis 

of the complete governing equations (Pedlosky 1987), the 

following assumptions concerning the fluid (air in this 

case) are made: 



6 

1. The fluid is inviscid, so that no frictional effects 

are involved. 

2. The fluid is homogeneous, meaning it has constant 

and uniform density which for convenience, will be 

set equal to unity. Since spatial gradients in the 

density field are absent, the fluid is termed baro

tropic. From this assumption it will be shown that 

the fluid is incompressible. 

3. The fluid is in hydrostatic equilibrium, that is, 

the vertical pressure gradient force per unit mass 

exactly balances the acceleration of gravity. The 

main implication of this is that if the horizontal 

velocity is initially independent of height, it will 

remain so for all time. This in turn implies that 

the fluid moves as a set of vertical columns. 

4. The fluid is situated on a plane tangent to the 

earth's surface and is rotating at the constant 

angular velocity of the earth. This eliminates all 

effects of the earth's sphericity. 

5. The vertical component of the earth's vorticity 

vector, the Coriolis parameter, is assumed constant. 

In reality it is a function of latitude. 

J 
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6. The fluid is considered to be shallow, that is, the 

fluid depth is assumed to be much smaller than the 

scale of horizontal motions in the fluid. 

The complete derivation of the equations will not be 

presented here but may be found in Pedlosky (1987), upon 

which much of the following is based. 

The differential equations are written in a Cartesian 

coordinate system with the unit vectors i, j, k pointing 

east along the x-axis, north along the y-axis and vertically 

up along the z-axis respectively. The variable t stands for 

time. 

The horizontal momentum conservation equations govern

ing the motion can be written in component form as 

au au au a~ 
fv o, + u- + v- + - = 

at ax ay ax 
(2 .1) 

av av av a~ 
fu o, + u- + v- + + = 

at ax ay ay 
(2.2) 

or in vector form as 

av 
(V•V) V + fkXV + v~ o, -+ = 

at 
(2.3) 

where: 



u(x,y,t) = 
dx 
dt 

v(x,y,t) =~ 
dt 

is the east-west wind component, 

positive for a west wind; 

is the north-south wind component, 

positive for a south wind; 

8 

V(x,y,t) ~ ui+vj is the horizontal velocity vector; 

is the horizontal gradient operator; 

f = constant is the Coriolis parameter; 

t(x,y,t) = g[h(x,y,t)+hs(x,y)) 

is the geopotential of the free sur

face, with g the constant accelera-

tion of gravity, h(x,y,t) the height 

(above the ground) of the free sur

face of the fluid (the fluid depth), 

and hs(x,y) the height of the terrain 

above sea-level (z=O). 

The usual form of the mass continuity equation for a 

fluid with no mass sources or sinks can be -written as 

(2.4) 

where p(x,y,z,t) is the density of the fluid and v 3 is the 

three dimensional velocity vector (=ui+vj+wk 
dz 

with w-dt the 

J 
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vertical velocity, positive for upward motion: also v3 = 

a 
V+kaz ). Since we are dealing with a homogeneous fluid in 

this model, p is a constant and (2.4) becomes 

au av aw + + = o, ax ay az (2. 5) 

the incompressibility condition. This is not a very useful 

form of the continuity equation but can be transformed into 

an equation for the depth of the fluid as follows. 

Since the horizontal velocity is assumed independent of 

height, (2.5) can be integrated over the depth of the fluid 

to get 

[
au av] w(x,y,h+hs,t) - w(x,y,hs,t) = -h ax ay • (2. 6) 

At the free surface of the fluid z=h(x,y,t)+hs(x,y) and 

by requiring this to be a material surface (fluid particles 

once on the surface remain there for all time) implies 

= :t(h+hs) 

= :t(h+hs) + V•V(h+hs)• (2.7) 
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In addition, at the ground z=hs(X,y) and since no fluid 

can flow into the ground, the velocity vector must be tan-

gent to the terrain. Mathematically, this condition is 

represented by letting F(x,y,z)=z-hs(x,y)=O describe the 

terrain and requiring v 3 .v3 F=O. This gives 

ah ah 
(ui+vj+wk) • (-i__! -j__! + k ) = 0 ax ay 

implying 

Substituting (2.7) and (2.8) into (2.6) yields 

or 

ah 
+ V•Vh + hV•V = 

at 
ah 
at+ V•(hV) = O, 

(2. 8) 

(2.9) 

which is the mass continuity equation for this shallow-water 

model. 

Note that this equation is completely analogous to 

(2.4) with p being replaced by h and v 3 replaced with v. In 

fact, since we are considering the fluid density to be one, 

multiplying (2.9) by this density gives h the units of mass 

per unit area. 
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To see that (2.9) does indeed describe mass continuity, 

assume for the moment that the flow is nondivergent in a 

neighborhood of a point P0 , but that a spatial gradient in 

the fluid depth (mass per unit area) exists. Then equation 

(2.9) becomes 

ah = -V•Vh, at 

showing that the local change in the depth of the fluid is 

equal to the horizontal advection of fluid depth. Thus, if 

deeper fluid is upstream from P0 , the fluid depth at Po must 

increase with time in order to balance the equation. Since 

no fluid can flow into the ground, this depth increase comes 

about by a rise in the free surface of the fluid. Looked at 

another way, if more mass per unit area is upstream from P0 , 

the mass per unit area at Po must increase with time since 

there are no mass sinks. 

Next assume that the flow is divergent in a neighbor

hood of Po but that the fluid has uniform depth in this 

neighborhood. In this case (2.9) becomes 

ah 
at = -hV•V, 

showing that the local change in the fluid depth is propor

tional to the divergence of the flow. Since V•V and h are 

both positive the local fluid depth at Po must decrease with 
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time. Again since there can be no flow into the ground, 

this depth decrease comes about through a fall in the height 

of the free surface. In terms of mass, if fluid is diverg

ing from the neighborhood of P0 , the mass per unit area at 

Po must decrease with time. 

The equations of horizontal momentum conservation, 

(2.1) and (2.2), and the mass continuity equation (2.9) are 

known as the shallow-water equations or barotropic primitive 

equations (primitive meaning u and v are dependent vari

ables). However, the equations in this form are not the 

ones used in the numerical integrations. Further manipula

tions of the equations are now undertaken to bring them into 

a form suitable for numerical integration. These transfor

mations (Pedlosky 1987; Arakawa and Lamb 1981) will also 

yield important physical properties of the fluid which will 

be exploited in the development of the numerical scheme. 

A quantity of utmost importance in meteorology is the 

vorticity of the wind. Vorticity is a vector and is defined 

mathematically as the curl of the velocity vector, in two 

dimensions 

vxv = k(av ...£!!) • 
ax ay 

For convenience let r = k•VXV 
av au = ---. ax ay 

CJ 
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{ is called the relative vorticity, since it describes 

the rotation of the wind field relative to the earth's sur-

. face. However, since the fluid is rotating with the earth, 

there is another contribution to the vorticity, namely the 

Coriolis parameter f, which is the vertical component of the 

earth's vorticity vector. Combining these two gives {+f, 

the vertical component of the absolute vorticity (hereafter 

referred to simply as absolute vorticity). 

With vorticity now defined, an equation is derived 

describing the absolute vorticity dynamics of the shallow

water model. Taking the partial derivative with respect to 

x of equation (2.2) and subtracting from it the partial 

derivative with respect to y of equation (2.1) (assuming the 

proper continuity requirements to assure the reordering of 

partial derivatives) gives 

a [av + uav + vav + at + fu = o) 
ax at ax ay ay 

a av a av au av a av av av 
+ u-- + -- + v-- + -- --at ax ax ax ax ax ay ax ax ay 

a2t 
+ fau 0; + = axay ax 

and for (2.1) 



a [au + au au a~ u-- + v-- + - fv ay at ax ay ax = o) 

a au a au au au a au av au 
---- + u-- + -- + v---- + ----at ay ax ay ay ax ay ay ay ay 

a2~ fav 01 + ----- = axay ay 

hence, the subtraction yields 

+ (au av] (av _au f) = 0 ax ay ax ay 

or in vector form 

a(C+f) + V•V(C+f) + (C+f)V•V 
at 

14 

= a(~~f) + V•[(C+f)V] = 0. (2.10) 

Equation (2.10) is the vorticity equation for the 

shallow-water model. It states that absolute vorticity at a 

point can change through advection of absolute vorticity by 

the wind or through divergence/convergence of the wind. 

Another useful quantity is the (absolute) potential 

vorticity q, defined as 

q = (C+f) 
h 

··~ 
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Using this quantity to combine equations (2.9) and 

(2.10) yields a very interesting property of this model 

which serves as a basis for the numerical scheme. Equation 

(2.10) can be written as 

a(hq) 
+ qV•Vh + hV•Vq + hqV•V = 0 1 at (2 .11) 

while multiplication of (2.9) by q gives 

ah 
qat + qV•Vh + qhV•V = 0. (2.12) 

Subtracting (2.12) from (2.11) and noting that a(hq) - qah = 
at at 

h~ we get, after division by nonzero h, 

£.!I+ V•Vq 
at =.!!s=o dt I 

(2.13) 

showing that the potential vorticity of the fluid is con

served following the ·motion or, at a point, the potential 

vorticity can change only through advection. Thus if there 

are no spatial gradients in the potential vorticity field, 

it cannot change with time. Looked at another way, if a 

fluid column stretches (shrinks) as it is flowing along, its 

absolute vorticity must increase (decrease) so as to keep 

its potential vorticity constant. An important consequence 

of this is that absolute vorticity can be generated by the 

movement of fluid columns over uneven terrain. 
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To conclude this chapter, several important integral 

constraints on the fluid (conservation laws) will be de

rived. Some of these will be used to test the numerical 

model, while others actually form the basis for the finite 

difference scheme. 

A vector identity that is quite useful in these deriva

tions states that for any two dimensional vector V 

dv av 
dt = at + (V•V)V = aV + V~IVI2 + (k•VXV)[kXV) 

at 

With this definition, equation (2.3) can be written as 

avt + v~1v12 + v~ + cr+f)(kXV) = o. a . (2.14) 

Since hV·:~ = h:t(~V•V) = h:t(~IV12) and (r+f)hV• (kXV) = 

-(r+f)hk•(VXV) = o, the scalar product of hV and (2.14) is 

(2 .15) 

Noting that V•(~hiVI2V) = ~hiVI2V•V + hV•V~IVI2·+ ~IVI2V•Vh, 

we add ~1v12 times equation (2.9) to (2.15) yielding 

:t(~hiV12) + V•(~hiVI2V) + hV•V~ = 0. (2 .16) 

Furthermore, V•(h~V) = hV·V~ + ~V•(hV), which with (2.9) and 

the fact that ~:~ = :t[g(~h2+hhsl] gives 
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Substituting this into (2.15) we obtain 

(2.17) 

since h can be interpreted as the mass per unit area, 

and XIVI2 is the kinetic energy per unit mass, Xhlvl2 is the 

kinetic energy per unit area. 

·Moreover, g(Xh2+hhsl is the potential energy per unit 

area. To see this, consider a column in the fluid which 

extends from the surface (z=hsl to the top of the fluid 

(z=h+hsl· Within the column, suppose there is a slab of 

thickness dz' located at a height z=z' above sea-level. 

since the fluid in the slab has unit density, its potential 

energy per unit area is gz'dz'. Hence the potential energy 

per unit area of the entire column is 

h+hs 

J gz'dz' = Xg(h2+2hhsl = g(Xh2+hhsl• 

hs 

Consequently, equation (2.17) gives the local time rate of 

change of the total mechanical energy of the fluid. 

For the integrations that follow, let R be a fixed, 

closed, finite, rectangular region in the xy-plane which has 



18 

boundary oR. Let n be the outward pointing normal (unit) 

vector to the region and let ds be a vector line element on 

. oR. Furthermore, assume that the boundary of the region is 

impermeable to fluid motion so that V•n=O everywhere on oR. 

Integrating (2.17) over R, applying Gauss' divergence 

theorem and recalling that R is fixed in time gives 

since 

- f [(~hiVI2+h~)]V•nds = O, 
oR 

-f [(~hiVI2+h~)]V•nds. 
oR 

where the overbar indicates the area averaged total mechan

ical energy over the domain R. Equation (2.18) says that if 

no fluid is allowed to pass into or out of a given fixed 

domain, the average value of the total mechanical energy of 

the fluid, kinetic plus potential, is constant with time. 
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Next, multiplying (2.13) by hq, (2.9) by ~q2 and adding 

the results yields 

hq~ + hqV•Vq + ~q2:~ + ~q2v•(hV) 

(2.19) 

Integrating this equation in the same manner as for the 

energy equation gives 

so that 

-f ~hq2V•nds = o 
aR 

(2.20) 

Thus the area averaged value of the quantity.~hq2, called 

the potential enstrophy, over the domain is conserved. 

Performing an analogous procedure on equation (2.9) 

shows the obvious conclusion that 

£_JJ hdxdy = o, 
at R 
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stating that the total mass of fluid in the domain remains 

constant if none leaves or enters. 

Finally, taking the scalar product of (2.14) with ds 

and integrating around aR gives 

f [aavt + 2 J V{.ISIVI +~) + ({+f) (kXV) •ds 

aR 

= £_ l V•dS = 0. 
at JaR 

(2.21) 

The gradient term vanishes since it is a perfect differ

ential integrated around a closed curve. The last term in 

the integrand vanishes because the velocity is parallel to 

the boundary (V•n=O) so that (kXV)•ds = k•(VXds) = 0. 

Equation (2.21) shows that the circulation of the 

velocity vector around the boundary of the domain is 

independent of time. 

Applying Stokes' theorem to (2.21) we have· 

which states that the area averaged relative vorticity in 

the domain is constant with time. Since the Coriolis param

eter is constant (in time and space), we also have 
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or the area averaged absolute vorticity over the domain is 

independent of time. 

In summary then, the physical model we have developed 

can be described by the following equations: 

au au + au a~ fv + u- v- + - = o, at ax ay ax 

av + av + av u- v-
at ax ay 

+ a~ 
ay 

+ fu = o, 

ah 
v • (hV) o, -+ = at 

which collectively are the shallow-water equations and 

describe conservation of mass and horizontal momentum; 

~= 
dt 

£.Sl + V•Vq = 0 
at ' 

which is the conservation of potential vorticity, and 

:tJLhdxdy = o, 

acr+f> = 
at 

0
' 
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which state, respectively, that area averaged total mech

anical energy, total mass, area averaged potential enstrophy 

and absolute vorticity are conserved if the fluid is 

confined to an area with solid walls. 

In the next chapter we derive the numerical scheme used 

to integrate the shallow-water equations. These conserva

tion laws play an important role in the formulation of the 

finite difference approximations used in the integration. 
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CHAPTER 3 

THE NUMERICAL MODEL 

During the relatively short history of numerical 

of finite differencing 

both time and space 

Grammeltvedt 1969). 

weather prediction, numerous methods 

the barotropic primitive equations in 

have been developed (see for example 

Most of these methods were created for atmospheric models 

without terrain effects, that is, free-surface models where 

the fluid was overlying a flat domain. 

For the study undertaken here however, terrain effects 

play a major role in determining the flow. For example, as 

pointed out in Chapter 2, conservation of potential vortic

ity dictates that if fluid columns are stretched, then 

absolute vorticity must increase. Thus, if fluid is flowing 

over a mountain range, its vorticity must decrease on ascent 

and increase again as it descends on the lee side. This 

phenomenon is responsible for the development of the "lee 

trough", an area of low pressure often observed along the 

east slopes of the Rocky Mountains. 

Consequently, most of the finite difference methods in 

the literature that deal with the shallow-water model are of 

no use here. In fact, using some of the standard finite 

differencing schemes in the presence of high terrain can 

lead to useless results due to large truncation errors. 
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Furthermore, schemes which don't retain the conservation 

properties possessed by the original differential equations 

can exhibit nonlinear computational instability, whereby, 

through nonlinear interactions, energy cascades into wave

lengths too small to be represented on the finite difference 

grid, ultimately causing the integration to become unstable. 

However, a scheme has been developed by Arakawa and 

Lamb (1981) which can be used with terrain. Like the dif

ferential equations themselves, the scheme conserves poten

tial enstrophy and total energy and is immune to nonlinear 

computational instability. This scheme differences the 

space derivatives in the shallow-water equations while 

leaving the time derivatives in continuous form. This has 

the added advantage of allowing one to independently choose 

a time differencing scheme which possesses desirable proper

ties. 

SPACE DISCRETIZATION 

The discretization in space of the shallow-water equa

tions is now presented and follows the development in Ara

kawa and Lamb (1981). 

The (spatial) finite difference approximations are de

veloped on what is known in the meteorology literature as 

the C grid (Arakawa and.Lamb 1977) which defines the vari

ables over the gridpoints as shown in Figure 1. The grid-

J 



() 

(J 

cJ 
' 

25 

length d is the distance between two gridpoints carrying the 

same variable. 

.q 

•U 

•q 

•U 

•q 

•q 

0 

Figure 1. 

•V •q .q •q 2L 

.q •V •q •V .q •q 2n+2 

•U •h •U •h •U •U 2n+1 

•q •V •q •V •q •q 2n 

•U •h •U •h •U •U 2n-1 

•q •V .q •V •q •q 2n-2 

.q •V •q •V •q 0 

2m-2 2m-1 2m 2m+1 2m+2 ··· 2L 

The distribution of variables over the grid 
domain (after Arakawa and Lamb 1981). 

The variables h, u, v, and q were defined in Chapter 2. 

Note from the figure that h is defined only at gridpoints 

where i and j are both odd, q only at gridpoints where i and 

j are both even, etc. 

The equations to be differenced on the grid are equa

tions (2.9) and (2.14) written in slightly different form as 

follows. Let v*=hV=hui+hvj=u*i+v*j, K=~IVJ2 (kinetic energy 

per unit mass) and recall that hq=r+f. Then equation (2.9) 

can be written as 



ah * + V•V = 0 1 at 

and (2.14) as 

:~ + V(K+t) + qkXV* = 0; 

or in component form as 

au * :x(K+t) -- qv + = 0 
at 

av * ~(K+t) + qu + = o. 
at ay 
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{3 .1) 

(3.2) 

(3.3) 

Throughout the derivation, all space derivatives will 

be approximated using standard second order centered differ

ences. Thus, equation (3.1) is approximated by 

~h + (v v*> = o 
at 2m+1,2n+1 • 2m+1,2n+1 

( 3. 4) 

where 

* {V•V ) 
2m+1,2n+1 

= ![u* - u* 
d 2m+2,2n+1 2m,2n+1 

+ v:m+1,2n+2 - v:m+1,2nJ (3. 5) 

and 

( 3. 6) 

* u 
2m,2n+1 * v 

2m+1,2n 
- [h (v) ] 

v 2m+1,2n· 

\~ 
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h(u) and h(v) are h values at the u and v points respec

tively. Their form will be obtained later by requiring 

energy conservation in the scheme. 

A general approximation to (3.2) and (3.3) can be writ-

ten as 

a * * --:-u -a v -8 v 
at 2m,2n+l 2m,2n+l 2m+l,2n+2 2m,2n+l 2m-1,2n+2 

* * -7 v -11 v 
2m,2n+l 2m-1,2n 2m,2n+l 2m+l,2n 

* * +E U -E U 
2m+l,2n+l 2m+2,2n+l 2m-1,2n+l 2m-2,2n+l 

+ ~[(K+t)2m+l,2n+l- (K+t)2m-1,2n+l] = 0 (3. 7) 

and 

a * * --:-v +7 u +~ u 
at 2m+l,2n 2m+2,2n+l 2m+2,2n+l 2m,2n+l 2m,2n+l 

* * +a u +8 u 
2m,2n-l 2m,2n-l 2m+2,2n-l 2m+2,2n-l 

* * +t v _, v 
2m+l,2n+l 2m+l,2n+2 2m+l,2n-l 2m+l,2n-2 

+ ~[(K+t)2m+l,2n+l- (K+t)2m+l,2n-l] = 0 ' (3. 8) 

where the various weighting factors (a,8,7,11,E,t) are linear 

combinations of q values to be specified later by requiring 

the scheme to conserve potential enstrophy. 

Before finding expressions for the as yet undefined 
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variables in (3.6), (3.7), and (3.8), a lemma will be stated 

without proof (the conclusions are just summation by parts 

or variations thereof) which will be very useful in the 

subsequent analysis. 

LEMMA 3.1 

Let the variables a 2k (0 ~ k ~ L) and b 2k+l (0 ~ k ~ L-1) be 

defined on a set of gridpoints. a = a - 0 
0 2L- then 

L-1 

~ a2k(b2k+1 - b2k-1) 
k=1 

L-1 

L-1 

= -~b2k+1(a2k+2- a2k); <3 • 9 > 

k=O 

~ a2k(a2k+2b2k+1 - a2k-2b2k-1) = o; 
k=1 

(3.10) 

L-1 

~a2k(b2k+l + b2k-l) 
k=l 

L-1 

= ~b2k+1(a2k + 8 2k+2). <3 • 11> 
k=O 

Throughout what follows, it will be assumed that the 

finite difference grid has rigid walls as boundaries. Thus 

all normal velocities will be zero at their respective 

boundary gridpoints implying that u* * and v vanish as well, 

regardless of how h(u) and h(v) are defined. 

The first constraint imposed on the finite difference 
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equations is that they conserve total mechanical energy when 

there is no flow into or out of the grid, analogous to what 

was done using the differential equations. Recall that the 

differential form of this conservation law is 

(3 .12) 

We now derive the discrete version of (3.12), and in 

doing so will obtain expressions for h(u), h(v), and K. To 

start, multiply (3.7) by 
.,. 

u 2m, 2n+l and sum the product over 

all of the interior u points in the grid. This gives 

a J [ .,. -u + u 
at 2m,2n+ 2m,2n+l 

X (e U 1c - E · U 1c J] 
2m+1,2n+1 2m+2,2n+1 2m-1,2n+1 2m-2,2n+l 

+ 
1 {u* [(KH) - (KH) J} d 2m,2n+1 2m+1,2n+1 2m-1,2n+1 

[ .,. [ + u -2m, 2n+1 

.,. .,. 
(l v -13 v 

2m,2n+1 2m+1,2n+2 2m,2n+1 2m-1,2n+2 

- '2m,2n+1•=•-1,2n- •,m,2n+1v:m+1,2.Jl}" 0
" 

(3.13) . 
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Application of (3.10) with a=u* and b=E shows that the term 

in brackets involving E is zero since * u vanishes at all 

boundary gridpoints where it is defined. Using (3.9) to 

rewrite the K+~ terms along with the fact that (u*:i8 = 

L-1 L-1 

I: I: 
n=O m=1 

[
1 2ah(u)] 
2u at , equation (3 • 13) becomes 

{
a [1h (u) 2] 
at 2 u 2m,2n+1 - [

1 2ah (u)] 
2u at 

2m,2n+1 

* + [u* (-cr. v* 2m,2n+1 2m,2n+l 2m+l,2n+2 - 8 v 2m,2n+l 2m-1,2n+2 

L-1 

-!I: 
n=O 

L-1 

I: (K+~)2m+l,2n+l(u:m+2,2n+l 
m=O 

(3.14) 

Next multiply (3.8) * by v and sum this product 
2m+1,2n 

over all the interior v points. Then using (3.9) and (3.10) 

in Lemma 3.1 to rearrange the K+~ and eliminate the ~ terms 

* and recalling that v is zero at boundary gridpoints where 

it is defined gives 
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{
a [1h (v) 2] [1 2ah (v)] 
at 2 v 2m+1,2n - ~ at 2m+1 , 2n 

* + IS u 2m,2n+1 2m,2n+1 

L-1 

L (K+~.) 2m+1,2n+1[v;m~1,2n+2 - v:m+1,2J = o. 
n=O 

( 3. 15) 

* * Since u and v are assumed to vanish at all boundary 

gridpoints where they are defined, we can add the m=O and 

n=O terms to the first sums in (3.14) and (3.15) respective

ly. The indices of the resulting sums then run over the 

same values so that (3.14) and (3.15) may be added together 

to obtain 

n=O m=O 
{

a [1h (u) 2] 
at 2 u 2m,2n+1 + 

a [1h (v) 2] 
at 2 v 2m+1,2n 

L-1 L-1 

LL 
_ [! 2ah (u)] 

2u at 
2m,2n+1 

_ [.!v2ah(v)] 
2 at 2m+1,2n 
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1[ [ * -- K+~ u -d ( )2m+1,2n+1 2m+2,2n+1 * * u2m,2n+1 + v2m+1,2n+2 

·~m+1,,.Jl}- o. 

Note that the «,8,7,~ terms have exactly cancelled since 

they are equal but oppositely signed in (3.14) and (3.15). 

Furthermore, using (3.4) and (3.5) this becomes 

[
l 2ah (U)] 

+ -u + 
2 at 

2m, 2n+1 
[
1 2ah (v)] } 
~ at 2m+l,2n 

(3. 16) 

a (1 2 J Now at ~h +ghhs = Multiplying (3 .4) by 

~ and summing the resulting product over all the h 
2m+l,2n+l 

points yields 

L-1 L-1 

LL *] ~V•V 

2m+1,2n+1 
= o. (3.17) 

n=o m=O 
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Next, adding (3.16) to (3.17), gives 

L-1 

:t L 
n=O 

L-1 { . 
1h(u) 2 ~ [2 u J2m,2n+1 

+ [1h (v) 2] 
2 v 2m+1,2n 

[
1 2ah (u)] + -u =:,----
2 at 

2m, 2n+1 
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+ [1 2ah <v>] } 
~ at • (3.18) 

2m+1,2n 

The left hand side of (3.18) is the discrete version of 

the left hand side of (3.12), that is, the local time change 

of the total mechanical energy in the grid. Thus the neces

sary and sufficient condition for this quantity to be con

served in the finite difference scheme is that the right 

hand side of (3.18) vanish identically. To achieve this 

make the following definitions: 

h(u) 
2m,2n+1 

h(v) 
2m+1,2n 

- .![h + h J 2 2m+1,2n+1 2m-1,2n+ 

- .![h + h ] 2 2m+1,2n+1 2m+1,2n-1 

_i 
= h 

_j 
= h 

2m,2n+1 

(3 .19) 

2m+1,2n· 
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(Note that _i and _j are just averaqinq operators usinq the 

two surroundinq points in the x and y directions respect-

ively.) 

Use of equations (3.19) and (3.4) allows the riqht hand 

side of (3.18) to be written as 

~ ~ {l~':t[biJ],.,2n+l [
1 2a [_j]] . 

+ ~ at h 2m+1,2n 

_ [xah] } 
at 2m+1,2n+1 • 

(3. 20) 

Usinq (3.11) in Lemma 3.1 and recallinq that u = 0, the 0,2n+1 

first term in (3.20) becomes 

L-1 L-1 

~~ 
n=O m=O 

[ i] 1 2 a -
-u - h 
2 2m,2n+1 at 

2 2 1 m, n+ 

L-1 L-1 

=~~ 
n=O m=O 

1 2 [a (h ] + 
4u2m,2n+1 at 2m+1,2n+1 

L-1 L-1 

=LL £.-(h . J X 1[!u2 + 1u2 J 
at 2m+1,2n+ 2 2 2m,2n+1 2 2m+2,2n+ 

n=O m=O 

L-1 L-1 

=LL a (h J x at 2m+l,2n+ 

i 

(Jiu
2 

)2m+1,2n+1" 

n=O m=O 

(J 
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With an analogous argument for the second term, equation 

(3 • 2 0) becomes 

L-1 L-1 a [ ___ i 

~ ~ ath2m+1,2n+1 (~u2 ) 
n=O m=O 

_j 
+ (~v2 ) 

This sum wi11 vanish identically if 

K = [c~u2\ + 2m+l,2n+1 
_j ] 
(~v2 ) • 

2m+1,2n+1 

- K] 
2m+1,2n+1. 

and only if 

(3.21) 

Hence, using the definitions in (3.19) and (3.21), the 

right hand side of (3.18) is zero, and the numerical scheme 

disallows (in exact arithmetic) any increase or decrease in 

the total mechanical energy over the grid as long as the 

quantities u and v vanish at boundary gridpoints where they 

are defined. Note that a,~,7.~ 1 E,t did not enter into this 

part of the derivation. They will be determined next by 

requiring the difference scheme to conserve potential 

2 
enstrophy, J{hq • 

We begin by recalling that the differential form of the 

absolute vorticity is 

r+f = av 
ax 

au - -- + f. ay 

Define the absolute vorticity at q points in the 

gridded domain using centered differences as 
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(f+f)2m,2n = ~[v2m+l,2n- v2m-1,2n- u2m,2n+l 

(3. 22) 

where f
2 2 

= constant for all m and n (see Chapter 4 for m, n 

definition). The potential vorticity is then defined as 

(f+f) 2m,2n 
= h (q) 

2m,2n 

, (.3.23) 

where h(q) is the value of h at a q point in the grid and 
2m,2n 

is a linear combination of the surrounding h's, to be pre

scribed later. 

To derive the finite difference vorticity equation we 

use (3.23) to write 

and then take the partial time derivative of (3.22) yielding 

£..._[h (q) J - .![~ -~ 
at q 2m,2n - d at 2m+1,2n at 2m-1,2n 

_£..._u +~ J. 
at 2m,2n+l at 2m,2n-

(3. 24) 

.we now substitute the appropriate forms of (3.7) and (3.8) 

into (3.24) to obtain the vorticity equation for the scheme: 
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.£._[h (q) ] 
at q 2m,2n = ![v* (« - ~ ) d 2m+l,2n 2m,2n-l 2m,2n+l 

+ v* [8 - 7 ) + v* (~ 2m-1,2n 2m,2n-l 2m,2n+l 2m+l,2n-2 2m,2n-l 

+ t J - v* (t + « ) 2m+l,2n- 2m+l,2n+2 2m+l,2n+l 2m,2n+l 

v* [8 - 'It J + v* 2m-1,2n+2 2m,2n+l 2m-1,2n+ 2m-1,2n-2 

x ( 72m,2n-l - "'2m-1,2n-1J - u;m+2,2n+l(72m+2,2n+l 

- £ J 2m+l,2n+ * [ ] u £ + 8 2m+2,2n-l 2m+l,2n-l 2m+2,2n-l 

+u ~ -£ +u * [ . J * 2m-2,2n+l 2m-2,2n+l 2m-1,2n+ 2m-2,2n-l 

X [£2m-1,2n-l + «2m-2,2n-l) - u;m,2n+l[~2m,2n+l 

J * [ -7 -u « -
2m,2n+ 2m,2n-l 2m,2n-l 

(3. 25) 

Note that the (K+~) terms are absent from (3.25) which is 

consistent with the differential equation, since they appear 

there as a gradient vector which vanishes under the curl 

operator. 

Recalling that «,8,7,~ 1 £,'/t are linear combinations of q 

values, we can write them in a general form as 
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·.~ 

A A 

(ll = 
2m,2n+1 ct1q2m+2,2n+2 + ct2q2m,2n+2 

A A 

+ ct3q2m, 2n + ct4q2m+2,2n (3.26a) 

A A 

82m,2n+1 = 81q2m,2n+2 + 82q2m-2,2n+2 

A A 

+ 8 3q2m-2,2n + 84q2m,2n (3.26b) 

A A 

7 2m,2n+1 = 71q2m,2n+2 + 7 2q2m-2,2n+2 

A A 

+ 7 3q2m-2,2n + 7 4q2m, 2n (3.26c) 

··~ A A 

3 = 31q2m+2,2n+2 +. 3 2q2m,2n+2 2m,2n+1 

A A 

+ 33q2m,2n + 34q2m+2,2n (3.26d) 

A A 

E = E1q2m+2,2n+2 + E2q2m,2n+2 2m+1,2n+1 

A A 

+ E3q2m,2n + E4q2m+2,2n (3.26e) 

A A 

"'2m+1,2n+1 = t1q2m+2,2n+2 + "'2 q2m, 2n+2 

A A 

+ t3q2m,2n + t4q2m+2,2n· (3.26f) 
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Also let 

4 4 4 

"'""'" A= L Ilk I B = L 8k I "'""'" c = L 7k 

k=l k=l k=l 
(3.27) 

4 4 4 

D = L ~k I '" E = L fk I F = L ;k 

k=l k=l k=l 

Recall that in the physical model potential vorticity is 

conserved, that is, ~ = £9 + v.vq = o. 
dt at 

If q were constant 

in space this would require that £9 
at 

= o. Imposing this 

constraint on (3.25), noting that 

£....(h (q) ] £....h (q) + h (q) a 
at q 2m,2n = q2m,2n at 2m,2n 2m,2n atq2m,2n' 

and using equations (3.26) and (3.27) gives 

= 1[ * * d (A-D)v2m+l,2n + (B-C)v2m-1,2n 

* * * + (D+F)v2m+1,2n-2 - (F+~)v2m+1,2n+2 - (B-F)v2m-1,2n+2 

* + (C-F)v2m-1,2n-2 * (C-E)u2m+2,2n+l * (E+B)u2m+2,2n-1 

* * * + (D-E)u2m-2,2n+l + (E+A)u2m-2,2n-1 - (D-C)u2m,2n+l 

- (A-B)u~m,2n-1]· (3. 28) 
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Now (3.28) gives an expression for the local time rate 

of change of the fluid depth at a q point, which must be 

consistent with (3.4) no matter how we define h(q). For 

simplicity and geometric symmetry choose 

h (q) 
2m,2n -

1
[h + h 4 2m+1,2n+1 2m-1,2n+1 

+h +h ]. 2m-1,2n-1 2m+1,2n-1 ( 3. 29) 

Taking the local time derivative of (3.29) and using 

(3.4) and (3.5) yields 

.Lh (q) 
ot 2m,2n = -l(u* + v* 

4d 2m+2,2n+1 2m+1,2n+2 * - u 2m-2,2n+1 

* * * +v -u -v 
2m-1,2n+2 2m-2,2n-1 2m-1,2n-2 

* + u 
2m+2,2n-1 

* . ] v • 
2m+1,2n-2 

(3.30) 

Thus, equating like coefficients in (3.28) and (3.30), 

A-D = 0 : B-C = 0 • C-D = 0 . B-A·= 0 . , , , 

1 
D-E 

1 1 
C-F 

"1 
D+F = • = • A+E = : = : 4 

, 
4 

, 
4 4 

1 E+B 1 F+A 1 
B-F 

1 
C-E = • = • = • = . 

4 
, 

4 
, 

4 
, 

4 
, 

from which we conclude that A = B = c = D = ! and E = F = o. 

,:] 
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Next, substituting (3.26) into (3.25) and gathering 

like terms of the q's yields 

.L(h (q) J 
at q 2m,2n 

A ] * + Ill v 3 2m+l,2n+2 

A ] * - 7 v 4 2m-1,2n 

AJ * -"' v -2m-1,2n-2 
A ] * - E u 3 2m+2,2n+l 

A ] * 
- 74 u2m,2n+l 

A ] * - E u 4 2m-2,2n+l 

- (~2 + 82]u;m+2,2n-l- (;2 - 8Ju;m,2n-l 

+ (~ 1 + ;l]u;m-2,2n-l] 

+ q2m+2,2n[-(t4 + ~ ]v* + [;
1 

- ~ ]v* 4 2m+l,2n+2 4 2m+l,2n 

' 
A * ] Ill u 1 2m,2n-l 
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+ q2m-2,2n[-(83 
" ] * 

- '~'3 v2m-1,2n+2 + (82 " ] * - 7 v 3 2m-1,2n 

+ (;2 " ] * - t v 2 2m-1,2n-2 + (~3 - " ] * E U 
3 2m-2,2n+1 

+ [;2 + " ] * ex u 2 2m-2,2n-1 + "* "* ] 7 u + II u 3 2m,2n+1 2 2m,2n-1 

+ q2m,2n+2[-[t2 + " ] * ex v 2 2m+1,2n+2 - [81 " ] * 
- ~~'1 v2m-1,2n+2 

" * ,.. * 11V -7v 
2 2m+1,2n 1 2m-1,2n [,.. "J * 11 - 7 u 2 2m, 2n+1 

"J * ] - E u 2m-2,2n+1 

+ (~ 3 + t ]v* + (; - t )v* 3 2m+1,2n-2 4 4 2m-1,2n-2 

- (~ + 8 ]u* + (; 4 + ; ]u* ] 3 3 2m+2,2n-1 4 2m-2,2n-1 

" ] * + ex v 1 2m+1,2n+2 
" * 11 v . 

1 2m+1,2n 

[" "J * ,.. * ] - - E U - 11 U 71 2m+2,2n+1 1 2m,2n+1 
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+ 8 u* + (~3 + ~ ]u* ] 3 2m,2n-1 3 2m-2,2n-1 

+ q [ [8 - t J v* - ; v* 2m-2,2n+2 - 2 2 2m-1,2n+2 2 2m-1,2n 

+ ; u* + [~2 2 2m,2n+1 

[
A * [A + av +II + q2m+2,2n-2 4 2m+1,2n 4 

A ] '/c 
'~4 v2m+1,2n-2 

[

A A ] '/c 
- E4 + ~4 u2m+2,2n-1 A * J} -cx.u • 

4 2m, 2n-1 
(3.31} 

Letting b 
2m,2n 

be the coefficient of q and 
. 2m,2n 

a2m+2i' • 2n+2j' the coefficient of q equation 
2m, 2n 2m+2 i' , 2n+2j' ' 

(3.31} can be written as 

£...(h (q} ] -
at q 2m,2n -

1 2m+2i',2n+2j' . 
d ~ a2m,2n q2m+2i' ,2n+2j' [ . [ ] 

(3.32} 
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where ~·=t t excluding the term i'=j'=O. 

i'=-1 j'=-1 

If q is constant over the entire grid, (3.32) becomes 

.£_h (q) = 1 [b 
at 2m,2n d 2m,2n 

+ ~·a2m+2i' ,2n+2j'] 
L._. 2m,2n 

Multiplication of (3.33) by -q2m,2n 

result to (3.32) gives 

.£_[h (q) J . .£_h (q) 
at q 2m,2n - q2m,2n at 2m,2n 

and addition 

1[~·[ 2m+2i' ,2n+2j· 
= d L._. a2m,2n q2m+2i',2n+2j' 

_ a2m+2i' ,2n+2j' ]] 
2m,2n q2m,2n 

(3.33) 

of this 

(3.34) 

Noting that the left hand side of (3.34) is equivalent to 

h(q) .£_q , we multiply (3.34) by q and add it to 
2m,2n at 2m,2n 2m,2n 

!q
2
2 times (3.33) to obtain 

2 m,2n 

.• :) 
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a (1h (q) 2) 1 2 a h (q) (h (q) J 
at 2 q 2m,2n = 2q2m,2n at 2m,2n + q 2m,2n 

a 1[~'( 2m+2i' ,2n+2j' 
x atq2m,2n = d ~ a2m,2n q2m+2i',2n+2j'q2m,2n 

1 2m+2i • , 2n+2j • 2 ] + 1b 2 ] 
- 2a2m,2n q2m,2n 2 2m,2nq2m,2n (3.35) 

Since the left hand side of (3.35) is the local time rate of 

change of potential enstrophy at a q point in the grid, 

summing this equation over all q points gives the local time 

rate of change of the (discrete) total potential enstrophy 

over the grid. Conservation of this value is expressed as 

a 
at 

L-1 L-1 

L:L: 
n=1 m=l 

requiring 

L-1 

I: L-1 [ , ] 2m+2i' ,2n+2j' · ~ L [a2m,2n q2m+2i' ,2n+2j'~2m,2n 
n=l 

+- b -l 2 [ 
2q2m,2n 2m,2n 

2m+2i' ,2n+2j' 
a 2m,2n 

which will be satisfied by forcing 

J l = o, 
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L-1 L-1 
2m+2i' ,2n+2j' L:L:L: a q . . q 2m,2n 2m+21' ,2n+2J' 2m,2n 

n=l m=l 

and 

L-1 

L: 
n=l 

-~·a2m+2i' ,2n+2j']] 
L 2m,2n 

.,. .,. 
to vanish for arbitrary u and v 

(3.36) 

(3.37) 

Due to the nature of the sum in (3.36), the q terms 

will appear twice but with different "a" coefficients each 

·time. For example, at the (2m,2n) gridpoint, the term 

involving the (2m+2i' ,2n+2j') coefficient will be 

2m+2i' ,2n+2j' 
a2m,2n q2m+2i' ,2n+2j'q2m,2n' 

Furthermore, at the (2m+2i',2n+2j') gridpoint, the term 

involving the (2m,2n) = [(2m+2i')-2i' ,(2n+2j')-2j'J coef

ficient will be 

2m,2n 
a2m+2i' ,2n+2j'q2m,2nq2m+2i' ,2n+2j'' 

By choosing these "a" coefficients to be equal but opposite

ly signed, when summing over all the q gridpoints (3.36) 

will vanish. Thus we require 

CJ 
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2m+2i',2n+2j' 
a = 2m,2n 

2m,2n -a 2m+2i',2n+2j' 

First, with i'=-1 and j'=O we want 
2m,2n 2m-2,2n a = -a • 2m-2,2n 2m,2n 

The terms involving 2m,2n 
in equation ( 3. 31) a are 2m-2,2n 

[;4 + A ] * C1 v 
4 2m-1,2n+2 + [~1 A ] * - t; v 4 2m-1,2n 

(;1 AJ * 
[;4 

A ] * + + ~ v - - £ u 2m-1,2n-2 4 2m,2n+1 

A * t; u 
4 2m-2,2n+1 [~ + p )u* - ~ u* 

1 1 2m,2n-1 1 2m-2,2n-1 ' 

2m-2,2n while those involving a are 
2m,2n 

[p - ; )v* + [P - A7 )v* 
3 3 2m-1,2n+2 2 3 2m-1,2n 

; )v* + ; u* + p u* 
2 2m-1,2n-2 3 2m,2n+1 2 2m,2n-1 

+ (;3 - ; )u* + (~2 + ~ )u* 3 2m-2,2n+l 2 2m-2,2n-1 

Equating like coefficients yields the following seven equa

tions 

A A A A A A A 
t;4 + £3 - t; = 0 111 + 72 + tl - t2 = 0 3 

(3.38) 
A A A A A A A 
Ill + El - tl = 0 63 + t4 + 114 - "'3 = 0 

2 
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A A A A A A A 

.,.4 E4 .,.3 = 0 fJ2 .,.3 + 111 B4 = 0 

A A A 

111 112 E2 = 0 (cont'd) (3.38) 

Next, with j'-=1 and i'=O we want 2m,2n = 2m,2n+2 a -a • 2m, 2n+2 2m,2n 

Following a similar procedure as above gives 

A A A A A A " 
"'2 + 112 113 = 0 E3 + fJ3 E2 + .,.2 = 0 

" " A " A A A 

fJ1 11-1 fJ4 = 0 113 fJ4 + ~2 .,.1 = 0 

" A A " A " " B2 11-3 ~3 = 0 E4 + 114 E1 + B1 = 0 
·:] 

" " " 
"'4 .,.4 + .,.1 = 0 (3.39) 

Next, with •• and j'=1 we want 2m,2n 2m+2,2n+2 
~ =1 a = -a • 

2m+2,2n+2 2m,2n 

As before we get 

" A " A A A 

"'1 + 111 fJ3 = 0 B1 .,.3 + 11-3 = 0 

(3.40) 
A A " A A A 

.,.1 E1 fJ3 = 0 B1 111 E3 = 0 

and j'=1 we want 2m,2n 2m-2 2n-2 Last, with i'=-1 a = -a , . 
2m-2,2n-2 2m,2n 
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Thus, 

A A A A A A 

132 "'2 - "'4 = 0 72 - 114 "'4 = 0 

A A A A 
(3.41) 

A A 

72 - E4 /34 = 0 112 - E2 0.4 = 0 

To force (3.37) to vanish, it is sufficient to have 

b = ~ 
2m,2n L 

2m+2i' ,2n+2j' 
a 

2m,2n 

Thus we set the coefficient of q equal to the sum of 
2m,2n 

the coefficients of the remaining q terms in (3.31), 

recalling that the condition is to hold for arbitrary u* and 

* v • This yields, upon using (3.27) and the known values of 

A,B,C,D,E, and F: 

A A A A A A A A 

0.2 - 113 = /31 - 74 = 0 113 74 = "'2 - /31 = 0 

A A A A 1 ·A A A A 1 
112 + "'2 = 71 - "'1 = 0.3 + "'3 = /34 - "'4 = 8 8 

A A A A 1 A A A A 1 
73 - E3 = 114 - E4 = 132 + E2 = "'1 + E;L = 8 8 

(3.42) 

Equations (3.38)-(3.42) form a nonhomogeneous linear 

system of 34 algebraic equations in 24 unknowns. Gaussian 

elimination reduces this system to the following under-

determined system of 20 equations in 24 unknowns: 



1 
Cl.1 + E1 = 8 

A A 1 
,92 + E2 = 8 

A 

~4 

• 
' 

• 
' 

; 

. 
' 

= 0 ; 

A 

,91 = 0 

= 0 

-1 

. 
' 

. 
' 

. 
12 ' 

-'/11 + "'2 + "'3 

. 
' 

A A A A 

1 
12 

1 
6 ' 

; 

; 

. 
' 
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which can be solved in terms of e
1

, e
3

, t
1

, and t
3 

to obtain 

1 
12 

1 
= 24; 

1 A 

= 24 + E1; 

A 

~2 

-1 
12 

1 A 

= 24 + '/13; 
A 

~3 

1 

12 

-1 A A 

= 24 + E1 + '/13 

1 

24 

A 1 
~ = 4 24 

-1 
12 

!~ 
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To keep £ and t symmetric, arbitrarily choose 

which 

as 

A 1 
£1 = 24 I 

-1 
24 I 

-1 
24 I 

1 
24 I 

allows complete specification of a.,8,7,5,£,t in (3.26) 

a. = 1[ 2 + + 2q + q J 2m,2n+l 24 q2m+2,2n+2 q2m,2n+2 2m, 2n .2m+2, 2 

82m,2n+l = - + 2 + 1[ 24 q2m,2n+2 q2m-2,2n+2 q2m-2, 2n + 2q2m, 2J 

72m,2n+l = 1[ 2 + + 24 q2m,2n+2 q2m-2,2n+2 2q2m-2, 2n + q2m, 2J 

5 = 1[ + 2 + q2m,2n+ 2q2m+2,2J 2m,2n+l 24 q2m+2,2n+2 q2m,2n+2 

£2m+l,2n+1 = 2![q2m+2,2n+2+ q2m,2n+2- q2m,2n- q2m+2,2J 

t2m+l,2n+1 = 2![-q2m+2,2n+2+ q2m,2n+2+ q2m,2n-q2m+2,2J 

By substituting (3.19), (3.21) and the above expres

sions for a.,8,7,5,£, and t into (3.4)-(3.8), we obtain the 

following system of ordinary differential equations: 

~h 
at 2m+1,2n+1 

-- h -1[[ 
- 2d 2m+1,2n+1 

- [h2m-1,2n+1 + h2m+l,2n+Ju2m,2n+1 

+ [h2m+1,2n+3 + h2m+1,2n+1Jv2m+l,2n+2 
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- [h + h Jv 2m+1 1 2n+1 2m+1 1 2m-1 2m+1 1 2n 1 (3.43) 

at the gridpoints 3 ~ 2m+1 ~ 2L-3 and 3 ~ 2n+1 ~ 2L-3; 

+ q + 2q 
2m 1 2n+2 2m 1 2n 

+ q2m+2 1 2J [h2m+1 1 2n+3 + h2m+1 1 2n+Jv2m+1 1 2n+2 

+ [q2m
1
2n+2 + 2q2m-2

1
2n+2 + q2m-2 1 2n + 2q2m 1 2J 

x [h + h Jv + (2q . 2m-1 1 2n+3 2m-1 1 2n+ 2m-1 1 2n+2 2m 1 2n+2 

+ q2m-2 1 2n+2 + 2q2m-2 1 2n + q2m 1 2J[h2m-1 1 2n+1 

+ h Jv + [q + 2q 2m-1 1 2n- 2m-1 1 2n 2m+2 1 2n+2 2m 1 2n+2 

+ q2m 1 2n + 2q2m+2 1 2J [h2m+1 1 2n+1 + h2m+1 1 2n-:Jv2m+1 1 2n 

+ (q2m
1
2n+2 + q2m-2

1
2n+2 - q2m-2 1 2n- q2m 1 2J 

X (h2m-1
1
2n+1 + h2m-3 1 2n+1Ju2m-2 1 2n+1 - (q2m+2 1 2n+2 

+ q2m
1
2n+2 - q2m 1 2n - q2m+2 1 2J (h2m+1 1 2n+1 

+ h2m+3 1 2n+J u2m+2 1 2n+1] 
1[1[ 2 -- u + d 4 2m+2 1 2n+1 

2 
u 2m 1 2n+1 

+ v
2 

+ v
2 l + g(h + h J · ] 2m+1 1 2n+2 2m+1 1 2nJ s 2m+1 1 2n+1 



0 

(J 

0 

+ ![!(u~m-2,2n+l + 
2 2 u + v 
2m,2n+l 2m-1,2n+2 

+ 2 l 
v2m-1,2nJ 
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+ g(h + hsJ2m-1,2n+l] ' (3.44) 

at the gridpoints 2 ~ 2m ~ 2L-2 and 3 ~ 2n+l ~ 2L-3; 

q + 2q 
2m,2n+2 2m,2n 

+ q2m+2,2J(h2m+l,2n+l + h2m+3,2n+l)u2m+2,2n+l 

+ (q2m+2,2n+2 + 2q2m,2n+2 + q2m,2n + 2q2m+2,2J 

x (h2m+l,2n+l + h2m-1,2n+l)u2m,2n+l + ( 2q2m+2,2n 

+ q2m,2n + 2q2m,2n-2 + q2m+2,2n-2J (h2m-1,2n-l 

+ h J u + (q . + 2q + q 2m+l,2n- 2m,2n-l 2m+2,2n 2m,2n 2m,2n-2 

+ 2q2m+2,2n-2J(h2m+l,2n-l + h2m+3,2n-Ju2m+2,2n-l 

+ (-q2m+2,2n+2 + q2m,2n+2 + q2m,2n- q2m+2;2J 

x (h2m+l,2n+3 + h2m+l,2n+Jv2m+l,2n+2 - (-q2m+2,2n 

+ q2m,2n + q2m,2n-2- q2m+2,2n-2J(h2m+l,2n-l 

+ h Jv ] _ .![l(u2 + 
2m+l,2n-3 2m+l,2n-2 d 4 2m,2n+l 

2 
u 2m+2,2n+l 
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+ ~[~[u~m,2n-1 + u2 + v2 + v2 ) 
2m+2,2n-1 2m+1,2n 2m+1,2n-2 

+ g[h + h ] ] s 2m+1,2n-1 ' 
(3.45) 

at the gridpoints 3 ~ 2m+1 ~ 2L-3 and 2 ~ 2n ~ 2L-2. 

Note that (3.43)-(3.45) are only defined at interior 

gridpoints, that is, the first row of each variable along 

all the boundaries are determined by the boundary condi

tions, to be discussed in Chapter 4. In addition, there is 

no forecast equation for the potential vorticity. Instead, 

the diagnostic equations (3.23) and (3.29) are used at each 

time step to determine these values. 

Figure 2 shows the computational stencils for equations 

(3.43)-(3.45). As can be seen, quite a bit of.smoothing in 

space is implicit in the equations, especially those for the 

u and v wind components. Actual experiments seem to suggest 

that this smoothing helps to damp unwanted computational 

noise without the use of an explicit space filtering scheme. 
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•h •h •h 
•V •q •V •q •V .q 

•h •U *h •U ·h •h •U ·h *u •h •U •h 
•V .q •V •q •V •q 
•h •h ·h 

A) B) 

·h 
•q •V •q 

•h •U ·h •U ·h 
.q *V .q 

•h •U •h •U ·h 
•q •V •q 

•h 

C) 

Figure 2. Computational stencils. A) eqn. (3.43); 
B) eqn. (3.44); C) eqn. (3. 45) 

TIME DISCRETIZATION 

With the original differential equations now discretiz

ed in space, it is necessary to find a proper time differ

encing scheme to perform the integrations. Since numerous 

methods are available (Kurihara 1965, Lilly 1965, Young 

1968), the proper choice will depend on what properties we 

want the scheme to possess. 

Initial experiments were conducted with the usual leap

frog or centered scheme. Results with rigid wall boundary 

conditions indicated that the computational mode quickly 

contaminated the physical solution near the boundaries, and 

lead to fairly rapid computational instability. Decreasing 

the timestep only served to delay the onset of the instabil-
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ity. Applying an artificial filter kept the instability 

under control but dissipated the energy in the system 

unrealistically. Knowing that the terrain in the model 

would generate perturbations similar to those created by the 

rigid walls and thus possibly excite the computational mode, 

the idea of using a multistep method was abandoned. 

Before describing the one step method that was imple

mented in this study (Kurihara and Tripoli 1976), note that 

equations (3.43)-(3.45) can be written symbolically as 

y• (t)= F(y(t)) 

where y symbolizes the dependent variables 

represents the right hand sides. 

u, v, or h and F 

Letting y denote the approximate value of y(t ), the n n 

method can be written as 

where w is a weight parameter to be chosen later. Note that 

the method is an iterative scheme and requires two F evalua-

tions per timestep. This is certainly a disadvantage when 

compared to the leapfrog scheme which only requires one F 

evaluation per timestep, but the scheme does possess other 

desirable properties, most notably no computational mode. 

Equation (3.46) describes a first or second order time 
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differencing method depending on the choice of w. To see 

this, let T 
1 

be the local truncation error at the (n+l)th n+ 

time step. Then 

T n+l = 
y(tn+l) - y(tn) 

At - (l-w)F(y(tn)) 

- wF(y(tn) + AtF(y(tn>>)· 

Assuming that y and F are sufficiently smooth, we can expand 

the first and last terms in Taylor series about the points 

t and y(t ) respectively to obtain 
n n 

Tn+l = A![y(tn) + y' (tn)At + ~ y'' (tn)At
2 

+ O(At
3

) 

- y(tn>J - F(y(tn)) + wF(y(tn)) - w[F(y(tn)) 

+ F' (y(tn))At + O(At
2

)] , 

which simplifies to 

Thus the time differencing scheme (3.46) is first order 

unless w = l/2 (in which case the scheme becomes the 

modified Euler scheme). 

To determine some of the properties of this time 

differencing scheme, consider the following cauchy problem: 
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az az ikx 
at + c 0x = o, z(x,O)= e (3.47) 

where c>O, the phase speed, is constant and k=2~/~ is the 

wavenumber (~wavelength). By assuming a general solution 

of the form ikx z(x,t)= t(t)e , substitution 

yields the following initial value problem 

dt = 
dt -ikct , t(O)=l. 

into (3.47) 

(3.48) 

The exact solution to this problem is -ikct 
t(t)= e giving 

z(x,t)= eik(x-ct) as the exact solution to equation (3.47), 

which describes a sinusoidal wave of constant amplitude 1 

and wavenumber k moving to the right along the x-axis at 

constant phase speed c. 

Now using (3.46) to approximate the solution to (3.48) 

yields 

which can be written as 

where the expression in brackets is the amplification factor 

of the scheme. 
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Hence the approximate solution to equation (3.47) is 

[ 
2Jn ikx z(x,nAt)= 1 - ikcAt - w(kcAt) e • 

For discrete values of the variable t, the exact solution to 

( t) [ 
-ikcAt] n ikx equation (3.47) can be written as z x,nA = e e • 

From this then we see that the time differencing scheme has 

just approximated the exponential term in parentheses by a 

weighted Taylor polynomial. Notice now that instead of 

having a constant amplitude of unity, the wave's amplitude 

will change with time and is dependent upon the timestep 

size and the weight parameter. 

To keep the amplitude of the wave from growing arbi

trarily large, and thus to insure stability of the differ

ence scheme, the magnitude of the amplification factor must 

be bounded above by unity, that is, 

~ 1 + 
2 2 4 I 

(1-2w)(kcAt) + w (kcAt) ~ 1 (3.49) 

Ideally we would like to have the equality hold in 

(3.49) since the scheme would then be neutral, neither 

amplifying nor damping the wave solution of (3.47). For an 

equation as simple as (3.47) values of w and At could be 

found to make the time differencing scheme neutral for 

wavenumber k. Unfortunately, equations (3.43)-(3.45) are 
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not this simple since they may contain many wavenumbers and 

phase velocities and are nonlinear. Consequently, w and At 

cannot be chosen a priori but must be chosen experimentally 

based on the following arguments. 

It can be shown (Haltiner and Williams 1980) that a 

linearized version of the shallow-water equations contains 

three different solutions: one slow moving, low frequency 

meteorological solution (the one of most importance), and 

two fast moving, high frequency waves known as inertial

gravity waves. These high frequency waves may at times play 

a relatively important role in determining the flow in a 

domain such as that used in this study, especially in the 

presence of high topography. However, since their ampli

tudes can become quite large, both in reality and more 

importantly in a numerical model, we must damp them in the 

model in order to assure computational stability. 

Kurihara and Tripoli (1976) point out that the advec

tion terms in the shallow-water equations are usually 

responsible for the meteorological solution, · whereas the 

remaining terms in the equations (Coriolis, divergence, and 

geopotential gradient) produce the inertial-gravity wave 

solutions. Thus it would be desirable to have the time 

high frequency waves but differencing scheme damp the 

preserve the amplitude of the meteorologically significant 

To accomplish this task, the waves as much as possible. 

0 
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scheme in (3.46) is modified and written as 

yn+1 = yn + At[(1-w1 )F1 (yni + w1F1 (yn+AtF(yn>J] 

+ At[(1-w2 )F2 (yn) + w2F2 (yn+AtF(yn>)], (3.50) 

where F1 represents the advection terms in equations (3.43)

(3.45), F
2 

represents the remaining terms in the equations 

and F=F
1

+F
2

• Due to the nature of the space differencing 

scheme, the Coriolis terms are included in F
1 

rather than 

F
2

• This does not appear to pose much of a problem since on 

the time and space scales dealt with in this study, Coriolis 

effects as they relate to inertial waves are not that 

important. 

During the actual implementation of the scheme the 

following choice of the weight parameters was used: w
2 

= 1.0 

for all gridpoints and w = .5055 
1 

the boundaries and wl = 1.0 

for gridpoints away from 

for gridpoints near the 

boundaries (see Chapter 4). When w
1 

= w
2 

= 1.0, ·the scheme 

becomes what is known as the Matsuno (1966) scheme. 

To get a rough idea of the damping characteristics of 

the actual time differencing scheme, and to show why the 

specific weights were chosen, consider the magnitude of the 
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amplification factor for the scheme (3.46), with w=1.0 and 

w=.5055, viz., 

-J 2 4 I 
A - 1 - (kcAt) + (kcAt) (3.51) 

A=~ 1- .011(kcAt) 2 + .25553025(kcAt) 4 1 

(3.52) 

respectively. 

A in equation (3.51) is less than or equal to one and 

consequently the scheme is stable for 0 ~ kcAt ~ 1. The 

minimum value of A is .8660, occuring when kcAt=.7071. Thus 

given a At, waves satisfying kc=.7071/At will have their 

amplitude decreased by a factor of .8660 at each timestep 

with all other wavenumbers experiencing less damping. '~ 

For equation (3.52) stability is assured for 0 ~ kcAt ~ 

.2075 with the minimum value of A (maximum damping) occuring 

at kcAt=.1467 and equal to .9999. In this case then, given 

a At, waves satisfying kc=.1467/At will have their amplitude 

decreased by .9999 at each timestep with all other waves 

experiencing less damping. 

With these results then it can be seen that the scheme 

defined by equation (3.50) should preserve the amplitude of 

waves associated with the advection terms in (3.43)-(3.45) 

quite well while strongly damping waves associated with the 

remaining terms in those equations. 
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SUMMARY 

In conclusion, this chapter has described the method 

used to transform a coupled system of three partial 

differential equations into a set of algebraic equations 

through finite differencing in time and space. The 

discretization in space and time were done independently, 

yielding a first order in time, second order in space 

scheme. Finite differencing in space was accomplished by 

requiring the difference equations to retain some of the 

conservation properties of the original partial differential 

equations. Differencing in time was done in such a way as 

to control the noise inherent in the equations without 

adversely affecting the meteorological solution. The 

results of the discretization are equations (3.43), (3.44), 

(3.45) and (3.50). 

Prior to actual implementation of these 

initial and boundary conditions must be specified. 

the subject of the next chapter. 

equations, 

This is 
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CHAPTER 4 

BOUNDARY AND INITIAL CONDITIONS 

The barotropic primitive equations ([2.1],[2.2],[2.9]) 

whose solutions we are seeking form a coupled system of 

three nonhomogeneous, nonlinear, hyperbolic, first order 

partial differential equations in the unknowns u, v, and h. 

Ideally, one would like to solve this set of equations on an 

infinite domain, giving rise to an initial value problem. 

Since this is often not feasible, artificial boundaries must 

be introduced to create a domain on which solutions can be 

found. This then requires the use of boundary conditions in 

addition to the initial conditions. From both a theoretical 

and practical standpoint this creates a number of difficul

ties. For example, how should the boundary conditions be 

chosen so as to make the problem well-posed? Can the bound

ary conditions which make the problem well-posed theoreti-

cally be implemented numerically? Should the artificial 

boundary physically be impermeable to the fluid (simple in 

theory but unrealistic for atmospheric problems) or should 

it be open, allowing air to flow freely through it? 

Many authors, have provided theoretical solutions to 

this problem (Davies 1973; Elvius and Sundstrom 1973; Sund

strom 1977; Oliger and Sundstrom 1978). From a practical 

standpoint, however, a modification of the boundary con-
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dition scheme developed by Perkey and Kreitzberg (1976) was 

chosen for this study. 

Prior to implementation of this scheme, experiments 

were conducted using the rigid wall boundary conditions 

whereby the normal velocity was set to zero at all the 

boundary gridpoints. In addition, the potential vorticity 

at the boundary gridpoints was made zero. These boundary 

conditions very nicely proved the conservation properties of 

the space differencing scheme developed in Chapter 3. 

Stable integrations for over 30 hours of simulated time were 

made during which the total mass, and area averaged total 

energy, potential enstrophy and absolute vorticity were 

exactly conserved. Although the conservation properties of 

the finite difference scheme were displayed well using these 

boundary conditions, the rigid walls proved to be very 

effective but unrealistic reflectors of incident inertial

gravity waves. 

The boundary scheme is designed to prohibit this un

realistic reflection and also.to control other noise gen

erated by the artificial boundaries. This is accomplished 

by creating a "sponge zone" near the edges of the domain 

which serves to absorb reflected waves and unwanted noise 

while allowing the low frequency solution to pass through 

relatively unimpeded. 
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Mathematically, the boundary conditions are implemented 

by modifying the time tendencies of the model prediction 

equations. To this end, equation (3.46) with w=1 is rewrit

ten as 

= y + W(I)At[F(y ) + F(y + W(I)AtF(y >)] n n n n ( 4. 1a) 

where 

0.0 for I= boundary gridpoints 

0.4 for I= boundary-1 grid points 

W(I)= 0.7 for I= boundary-2 gridpoints ( 4. 1b) 

0.9 for I= boundary-3 gridpoints 

1.0 for I= other interior gridpoints 

Note that use of this scheme implies that the variables 

at all the boundary gridpoints remain constant throughout 

the integration. The boundary conditions are thus overspec

ified and the whole problem becomes ill-posed. This in it

self leads to the creation of high frequency disturbances. 

which propagate into the interior of the domain and can 

contaminate the solution. Consequently, a method of remov

ing these disturbances as well as controlling reflected 

waves must be implemented to complete the boundary speci

fication. 

In their paper, Perkey and Kreitzberg (1976) suggest 

using a spatial smoother in the "sponge zone" to filter out 

~ 

"__/ 
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this high frequency noise before it can move into the in

terior of the domain. The modification of their original 

scheme, equation (4.1), appears to accomplish this task by 

exploiting the strong damping characteristics of the Mat

suno (1966) time differencing scheme, thus eliminating the 

need for an artificial spatial smoothing device. (This is 

the reason for setting w =w =1 in equation 
1 2 

points near the boundary.) 

(3.50) at grid-

With the boundary conditions now in place, it is nec

essary to determine the initial values of the variables 

before the time integration can begin. Phillips (1960) has 

pointed out that primitive equation models are very sensi

tive to the initial fields of wind and mass (equivalent to 

fluid depth h in our case). If these fields are not balanc

ed at the beginning of the integration, they will try to 

obtain a balance during the integration through the develop-

ment of high frequency inertial-gravity waves. In fact, 

even when the imbalance between these fields is small, these 

waves can completely mask the low frequency m~teorological 

solution. Thus it is extremely important to properly 

initialize the model prior to beginning the integration. 

Model initialization begins by placing the initial wind 

components (u and v) from the output of McGinley's (1989) 

analysis scheme onto the staggered grid (Figure 1). Initial 

values for the potential vorticity q are calculated through 
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the diagnostic equations (3.22), (3.23), and (3.29) after 

the initial mass field has been determined. The value of q 

at boundary gridpoints is zero throughout the integration. 

Several methods for obtaining the initial mass field 

from the observed winds have been developed (e.g. Ellsaes

ser 1968). Many of these are quite complicated and require 

sophisticated procedures for their use. The method used in 

this study is very simple and is based on the assumption 

that the wind at initial time is in geostrophic balance, a 

steady-state flow in which the Coriolis force exactly bal

ances the force produced by the geopotential gradient. 

Since we are also assuming a constant Coriolis parameter, 

this implies that the wind is initially nondivergent. 

The assumption of geostrophic balance is not totally 

valid when considering motion on the space scale of this 

study. Other forces, not accounted for in the differential 

equations themselves (e.g. friction and thermal effects), 

can be acting on the fluid and at times can completely dom

inate the coriolis force and geopotential gradient force. 

In addition, small scale divergence can be quite. important. 

However, for large scale flows which are more accurately 

depicted by the shallow-water equations, the assumptions of 

nondivergence and geostrophic balance are quite good (Dutton 

1986). Hence, their use here is consistent with the use of 
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the shallow-water model, and greatly simplify the initial

ization procedure. 

A theorem of Helmholtz (Bourne and Kendall 1968) states 

that any two-dimensional vector field can be decomposed into 

the sum of a nondivergent part and an irrotational part, 

that is, 

V = (k X V~) + VX 1 

where ~ is the streamfunction for the rotational part of the 

wind and X is the velocity potential for the divergent 

portion of the wind. Since we are assuming the flow to be 

initially nondivergent, X is set to zero. Thus the initial 

wind field can be written as 

V = ui + vj = k x v~ 

with relative vorticity 

r = av 
ax 

au --ay 

. a~ . a~ 
= - 1 ay + lax 

2 
v ~. 

( 4 .1) 

( 4. 2) 

From the geostrophic assumption, an expression for ~ is 

known, given by the poor man's balance equation (Ellsaesser 

1968) as 

~ = g(h+h )/f. s 
( 4. 3) 
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Here h is the height of the terrain above sea-level, g = s 

2 
9.8 mjsec is the acceleration of gravity and f is the con-

stant Coriolis parameter defined by 

f = a 9.2554 X 10-5 -1 
sec 

¢ and ¢ are, respectively, the latitude of the north and n s 

south boundary of the domain and n is the constant angular 

velocity of the earth. 

Since the initial relative vorticity can be calculated 

from the initial winds, we need only find appropriate 

boundary conditions to solve the Poisson equation in (4.2) 

by a proper numerical scheme. Then, from (4.3), the initial 

mass field which will be in geostrophic balance with the 

initial winds can be found. 

Perhaps the most natural boundary conditions to sup

plement equation (4.2) are the Neumann boundary conditions, 

whereby the normal derivative of ~ is prescribed. Since we 

are dealing with a rectangular domain, from (4.1) it is seen 

that this normal derivative is just equal to the tangential 

wind component along the boundary. However, there is a 

problem with this method. The Poisson equation with Neumann 

boundary conditions is subject to a compatability condition, 
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namely, the line integral of the normal derivative of the 

streamfunction around the entire boundary of the domain must 

be equal to the double integral of the forcing function over 

the domain. In our case, this requires the line integral of 

the tangential wind component around the boundary of the 

domain to be equal to the double integral of the relative 

vorticity over the domain. With real data, this condition 

is not likely to be satisfied. 

To avoid this difficulty we instead impose Dirichlet 

boundary conditions, whereby the actual value of t is 

prescribed along the boundary. This requires finding the 

streamfunction along the boundary prior to actually solving 

the Poisson equation (4.2) 

Recalling that the u and .v wind components are defined 

only at every other boundary gridpoint (see Figure 1), by 

using the average value at the two neighboring boundary 

gridpoints, we can obtain a u value for all the "missing" 

gridpoints (actually q gridpoints in Figure 1) along the 

left (west) and right (east) boundaries and a· v value for 

all the "missing" boundary gridpoints along the top (north) 

and bottom (south) boundaries. 

A value for to,o is then guessed. 
at Recalling that u=--
ay 

at and v=-- , we use forward differences to calculate t along ax 
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the boundaries through the formulas 

"'o . = "'o,j-1 - uo,j-l.o.y west boundary ,J 

"'i,2L = "'i-1,2L + vi-1,2Lt.x north boundary 

( 4. 4) 
1/1 2L, j = l/12L,j-l - u2L,j-lt.y east boundary 

"'i,o = "'i-1,0 + vi-l,Ot.x south boundary 

where t.x=t.y is the distance between adjacent gridpoints 

(half the actual gridlength d on the staggered grid). 

This method virtually guarantees a discontinuity in 1/1 

along the boundary. To eliminate this discontinuity and the 

imbalances in the mass and wind fields that it would pro

duce, the difference between the initial guess of "'o,o and 

the final value of 1/1 obtained after using (4.4) along the 
o,o 

entire boundary is averaged over all the boundary grid

points. This average is then evenly distributed among the 1/1 

values on the boundary by executing equation (4.4) again, 

but this time subtracting this average difference from each 

calculation. 

By removing the discontinuity in the streamfunction 

along the boundary, the original winds at boundary grid

points are now out of balance with the streamfunction field. 

To correct this imbalance, the winds at boundary gridpoints 

are adjusted to the continuous streamfunction field by 
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applying the following equations along the west and east 

boundaries, respectively 

with 

v. 
l.,O 

"'o ·-1 - "'o '+1 I) I) 

2Ay 
• I 

; 

= '12L,j-l - '12L,j+l 
2Ay I 

'li+1,2L - "'i-1,2L 
v = 

i,2L 2AX 

applied along the south and north boundaries, respectively. 

The indices i and j run over the odd numbers from 1 to 2L-1 

since u and v values for the time integrations are needed at 

only odd grid points on the boundary. 

With the appropriate boundary conditions now available, 

to solve equation (4.2) numerically we need only prescribe 

the forcing function at all the interior gridpoints. As 

previously mentioned, this can be done using the initial 

wind field. At q points in Figure 1, centered differences 

are used to approximate (ov;ax-au;oy). To obtain the rel

ative vorticity at the interior u (v) gridpoints·, the aver

age value of r at the two nearest q points in the y (x) di

rection is used. At h points, the average of r at the four 

nearest q points is used. 
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By approximating the Laplacian with the usual centered 

finite differences, equation (4.2) can be written as 

~i+l,j + ~i-l,j + ~i,j+l + ~i,j-1 

- 4~. . 
l.,J 

2 = (d/2) {. . 
l.,J 

( 4. 5) 

Allowing i and j to run over all the interior gridpoints in 

Figure 1, and ordering the equations in the lexicographic 

manner from left to right and bottom to top transforms 

equation (4.2) into the following linear algebraic system: 

Ax= b ( 4. 6) 

where )
t 

'~2L-1,2L-l ' and b is a (2LX1) 

column vector comprised of the right hand side of (4.5) and 

appropriate boundary values of ~. and A is the (2L-l)X(2L-l) 

block tridiagonal matrix 

-4 1 0 1 0 ••• 0 
1 -4 1 0 1 0 ••• 0 
0 1 -4 1 0 1 0 • • • 0 
1 0 1 -4 1 0 1 0 ••• 0 
0 1 0 1 -4 1 0 1 0 ••• 0 
0 0 1 0 1 -4 1 0 1 0 ••• 0 
0 • • • • • • • 0 
0 • • • • • • • 0 
0 • • • • • • 1 
0 ••• • • • • • 0 
0 ••• 0 1 0 1 -4 1 
0 ••• 0 1 0 1 -4 
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The initial approach to solving this linear system was 

a direct method based on fast Fourier transforms (IMSL 

1987). Although extremely fast, this method proved unsuc

cessful. Numerical tests with very simple initial wind 

fields showed that unrealistic noise developed in the wind 

field after just a few time steps implying that the mass and 

wind fields were not properly balanced. For example, with 

an initial west wind (u=5 mjsec, v=O), the free surface of 

the fluid should be a plane sloping down from south to north 

on the grid. Using this direct method produced a plane 

which not only sloped down from south to north but also from 

east to west. Consequently, the initial mass and wind 

fields were out of balance and noise in the form of gravity 

waves developed almost immediately to try to overcome the 

imbalance. 

The reasons for this poor performance were not clear. 

Roundoff error might have been the culprit based on the fact 

that if only half the gridpoints were used this method 

worked fine. Burden and Faires (1985) suggest that direct 

methods be replaced with iterative ones when the order of 

the system is greater than about 100. For the smaller 

systems, stability with respect to roundoff errors can be 

controlled by the positive definiteness and symmetry of the 

matrix A. Whether or not roundoff error was the cause of 

the problem, the direct method was abandoned and an iter

ative technique implemented. 
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The iterative technique used to solve (4.6) is the 

successive overrelaxation method, also known as extrapolated 

Liebmann relaxation (Frankel 1950). This method is very 

straightforward and since we are dealing with a rectangular 

domain, the theoretically optimum overrelaxation parameter 

which produces the most rapid convergence of the scheme is 

known. 

The technique is implemented as follows. After find

ing t at all the boundary gridpoints, two dimensional linear 

interpolation is performed using the t values at the four 

corner boundary gridpoints to find a first guess (n=O) of 

the t field at interior gridpoints. The iteration process 

consists of finding a residual vector at the nth iteration, 

defined by 

n 
whose components, r. j , are computed through 

J., 

2 n n-1 
4t. . l.,J (d/2) r. . = l.,J 

r. . . l.,J (4.7) 
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The updated t values are then given by 

n 
ti . ,J 

where w is the overrelaxation parameter. 

77 

It can be shown (Varga 1962) that the optimum over-

relaxation parameter for this iteration is given by 

2 
w = 

1 + ~ 1- [P(B))
2 1 

where p(B) is the spectral radius of the point Jacobi iter-

ation matrix associated with A. In our case, p(B) = 

cos(~/110) so that 

2 
w = 1 + sin(~/110) 

The iteration is performed until the infinity norm of 

-8 
the residual vector is less than 10 , which requires around 

640 iterations. 

After the relaxation is complete, a t field is defined 

at all the gridpoints in Figure 1. The fluid depth is then 

determined at all the h points on this grid by using (4.3). 

Upon completion of the above procedures, we have trans

formed the shallow-water equations into a set of difference 

equations, complete with initial and boundary conditions, 



78 

which can be numerically integrated. This integration will 

provide an approximate solution to the original partial 

differential equations, (2.1), (2.2), and (2.9). 
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CHAPTER 5 

MODEL IMPLEMENTATION AND DISCUSSION OF RESULTS 

The software developed to execute the model described 

in the previous chapters was written in FORTRAN-77. Exclud

ing the graphics routines, it consists of one driver routine 

and 18 subprograms, for a total of just over 1200 lines of 

code. All calculations are performed using double precision 

arithmetic. A brief discussion of the execution sequence 

follows. 

The first step in the execution is the input of the 

terrain. Values of the terrain height above sea level are 

available at all the h points on the staggered grid. There 

are 3025 such points. Unfortunately, using the actual ter-

. rain creates some computational instability problems which 

requires it to be smoothed prior to the integration. More 

will be said about this problem below. 

After the terrain is entered, the initialization proce-

dure discussed in Chapter 4 is executed. 
-8 

The value of 10 

used as the stopping criteria in the relaxation routine was 

chosen because the initial wind data is only accurate to 7 

decimal places. After the model is initialized, the actual 

integration is performed, using a timestep of At=30 seconds 

and a gridlength d=10 km. Thirty seconds was selected ex-
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perimentally as the largest timestep that would allow a 

stable integration. Ten kilometers for the gridlength is 

inherent in McGinley's (1989) output. The actual grid 

(Figure 1) contains 111 gridpoints on a side or 12,321 total 

gridpoints. Since boundary values of each of the variables 

are held constant, we see that h is forecast at 2809 grid

points, u and v both at 2862 gridpoints, while q is diag

nosed at 2916 gridpoints. The equations are integrated for 

3 hours of simulated time which amounts to 360 timesteps. 

Output in graphic form is produced at 1, 2, and 3 hours of 

simulated time. The whole numerical computation and post 

processing routine on a VAX 8800 computer requires about 15 

minutes of real time, which is very much acceptable in an 

operational weather forecasting environment. 

The three hour integration time was selected based on 

physical reasons and time constraints. Holding the boundary 

values of the variables constant throughout the integration 

is open to question. Since we have no way of updating these 

values during the integration, the integration period should 

be kept to a minimum. The lack of thermal affects in the 

model also suggests that the integration period be kept 

somewhat short. On the other hand, we would like to have a 

projection as far into the future as possible and would also 

like to have the forecast available in enough time to be 

used as a forecast. Execution time on the computer dictates 
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how far out we take the projection. Three hours seems to be 

an acceptable compromise between these opposing factors. 

The computational instability problems concerning the 

terrain are now considered. The solution of equation (4.2) 

for the streamfunction and subsequent computation of the 

initial fluid depth from (4.3) will produce values of h 

which are negative even if the surface underlying the fluid 

is flat and at sea-level (h (x,y):O). Negative values of h 
s 

would imply that the atmosphere at those points is below 

ground, an obvious impossibility in reality. consequently, 

the solution to (4.2) (which can be thought of as the free 

surface of the fluid) must be shifted up or down along the 

z-axis so as to create an atmosphere which is entirely above 

the ground. The amount we shift the solution up or down is 

determined from both physical and computational considera

tions as now shown. 

Recall from Chapter l that the differential equations 

whose solutions we are approximating describe the motion of. 

a shallow fluid. Pedlosky (1987) states that the term 

shallow implies that the ratio of the characteristic depth 

of the fluid to the characteristic length of horizontal 

motions within it (the aspect ratio) should be much less 

than 1. With a gridlength of 10 km, the smallest resolvable 

wavelength on the grid is 20 km. Using this value as the 

characteristic horizontal scale of motion implies that the 
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characteristic depth should be much less than 20 km. A 1 km 

depth would satisfy this constraint. Using a maximum depth 

of 1 km (taking into account the slope of the free surface) 

on test data with no terrain provided stable integrations. 

However, when the maximum depth was increased to 3 km the 

integration became unstable. Apparently a 3 km deep fluid 

on the horizontal scale used here is no longer shallow, 

implying that the physical model is no longer applicable. 

It would appear then that if we keep the maximum fluid depth 

at around 1 km, the shallowness assumption will hold, 

allowing stable integrations to be performed. 

The actual terrain that exists on our grid ranges from 

over 4 km in the west central portion to around .85 km in 

the northeast and southeast part. If the atmosphere we 

create has a minimum depth of 1 km over the highest terrain, 

this implies that the depth over the lowest terrain is on 

the order of 4 km. Based on the results obtained with a 3 

km maximum depth and no terrain we should expect the inte

gration to become unstable, which is exactly .what occurs. 

The instability occurs in the deep fluid, where high fre-

quency gravity waves develop. From experimental evidence 

then, it is plausible to say that an aspect ratio "much less 

than 1 11 means that the characteristic depth here should be 

around 1 km. 

~ 
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The obvious method to alleviate this instability 

problem and keep the shallowness assumption valid would be 

to make the fluid depth over the highest terrain as small as 

possible. Doing this leads to two other problems. First, 

since the fluid depth is not constant with respect to time, 

in those areas where the free surface is very close to the 

terrain we run the risk of having the fluid depth become 

negative (the terrain pops out of the top of the fluid) dur-

ing the time 

if the fluid 

integration. Second, 

was "too" shallow, a 

experiments showed that 

type of venturi effect 

developed in these areas and a fictitious increase in wind 

speed occurred. Note, in addition, that with the terrain 

values we have on the domain there is no way to satisfy the 

shallowness assumption (make the maximum fluid depth around 

1 km) by vertically shifting the free surface height along 

the z-axis. Consequently, the terrain height has to be 

lowered. (If the gridlength were larger, we could use high

er terrain since a deeper fluid would be allowed, but not 

without sacrificing horizontal resolution.) 

Faced with the task of having to lower the terrain, the 

next concern is how to go about doing it. The use of 

smoothing operators (Shapiro 1970) will accomplish this task 

but not without detrimental side effects. To lower the 

terrain sufficiently requires several hundred applications 

of these smoothers, and while they lower the terrain, they 

also unrealistically change its shape by spreading it out. 
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Thus, some of the important terrain features which exist 

over short distances get spread out over larger areas, 

changing their effects on the flow. The method used in this 

study was a more shape preserving method: before placing the 

topography in the model, the value at each gridpoint is 

scaled by .4 • While lowering the terrain substantially and 

weakening the topography gradient (Vh ), 
s 

the overall shape of the topography intact. 

this method keeps 

The scaled terrain ranges from roughly 1.6 km to .35 km. 

Assuming the free surface of the fluid is flat, setting the 

initial minimum fluid depth to .2 km gives a maximum depth 

of 1. 45 km. Experiments verified that this maximum depth 

and scaled terrain was sufficient to satisfy the shallowness 

condition and also prevent computational instability under 

rather harsh test conditions (strong winds). The aforemen-

tioned venturi effect was minimized too. Hence, these are 

the values which are used in the actual integrations. Once 

equation (4.2) is solved for the streamfunction and the 

depth at all the h gridpoints is found via equa~ion (4.3), a 

constant is added to all the h values which creates an ini-

tial atmosphere whose minimum depth is .2 km over the scaled 

terrain. 

Further experimentation with the scaling factor and in

itial minimum fluid depth revealed that the model was quite 

sensitive to these parameters. For example, scaling the 

\:) 
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terrain by .5 and making the minimum fluid .1 km led to an 

unstable integration. 

A brief explanation of the form of the output graphics 

is now in order. Since the following discussion will ref-

erence the counties of Colorado, Figure 3 contains a map of 

Colorado with county names on it. 

The dependent variables in the original partial differ

ential equations we are solving are u, v, and h. Thus the 

output from the numerical integration consists of gridpoint 

data of these three variables on the domain shown in Figure 

1. Meteorologically, this form of the solution is relative

ly useless. Instead, the graphical output shows gridpoint 

wind vectors derived as follows. 

Recalling that the vector wind V = ui + vj, we compute 

the wind vectors at every other h point in Figure 1 using 

v = iu + jv • 
2m+1,2n+1 2m,2n+1 2m+l,2n 

The wind speed is then lVI = ~ u
2 

+ v
2 

1 

and the wind direc-

tion is tan-1 [i8 + c, where c is a constant which converts 

the direction from mathematical polar coordinates to meteor-

ological polar coordinates. These vectors are what appear 

in the output. The wind speed is determined by the number 

of barbs on the vectors. Each half barb represents 5 knots, 
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each full barb 10 knots and each flag constitutes so knots. 

A vector with no barbs indicates a wind speed less than 2.5 

knots while small circles indicate wind speeds less than .5 

knots. For example, a vector which contains two full barbs 

and one half barb would indicate a wind speed of 25 knots. 

The wind direction is determined by noting that the air 

flows along the vectors from the end with the barbs to the 

end without the barbs. The barbless end is positioned at 

the gridpoint where the wind is valid. Note that the rou-

tine used to create the graphics does not display the data 

for the 3 gridlines nearest all the boundaries. 

An example of what occurs when the "full" terrain and 

an initial fluid depth of .1 km is used is shown in Figure 

4. The initial wind field was a constant west wind of 20 

knots over the entire grid with a minimum fluid depth of 100 

meters. The figure gives the results after 10 minutes of 

simulated time (20 timesteps). The solution "blew up" 

shortly after this time. ·Note the fictitious increase in 

wind speed over eastern Grand county and western Clear Creek 

county. This is in the vicinity of the Continental Divide 

(the highest terrain on the grid) and is consequently where 

the fluid is most shallow. Furthermore, in the eastern part 

of the grid, where the fluid is the deepest, noise in the 

form of extremely strong winds has developed. Although not 

displayed, very sharp gradients in the fluid depth were 
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Figure 3. Counties in Colorado. Important features 

in subsequent figures will refer to these. 
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Figure 4. Results after 10 minutes of simulated time 
using full, unsealed terrain. See text for 
details. 
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present (inertial-gravity waves) here giving rise to the 

strong winds. 

With the same initial wind field but the scaled ter

rain described above and a minimum fluid depth of .2 km, a 

stable integration for three hours of simulated time was 

carried out (not shown). The model even weakly developed 

the "lee trough" discussed in Chapter 3. 

Figures 5-8 show integration of the equations with a 

well-behaved smooth initial wind field and no terrain. In 

Figure 5 the initial wind field is given by 

u = 10 - (.0002y)exp[(-.5X10-
10

) (x
2 

+ y
2>)] 

v = (.0002x)exp([-.sx1o-
10

) (x
2 

+ y
2>)] , 

which describes 

westerly flow 

a cyclonic 

of 20 knots. 

vortex embedded in a constant 

cyclonic here means that the 

flow around the vortex is counterclockwise. Intuitively, 

since there is no friction or terrain, one would expect this 

vortex to propagate to the east with the mean flow and not 

change shape. Figures 6-8 show, respectively, the wind pat

tern after 1, 2, and 3 hours of simulated time. The numer

ical solution supports this intuition. The phase speed of 

the vortex is about 20 knots and its shape changes very lit-
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Figure 6. Forecast wind field after l. hour of simulated 
time using initial wind field in Figure 5. 
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Figure 8. Forecast wind field after 3 hours of simulated 
time using initial wind field in Figure 5. 
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tle throughout the integration. Note that the wind speeds 

in the vortex and elsewhere remain nearly constant. 

Figures 9-12 show an example of the integration with 

real data and the scaled terrain described above. Figure 9 

depicts the initial conditions. A couple of features to 

note here include the weak anticyclonic vortex (clockwise 

circulation) just east of Yuma county in Kansas, the weak 

cyclonic vortex in northeast Pueblo county and the defor

mation zone (saddle point in the wind field) centered in 

northeast Bent county. Another weak anticyclonic vortex is 

apparent over southwest Park county. 

Figures 10-12 show the results of the integration after 

1, 2 and 3 hours of simulated time. The solutions here are 

quite satisfying mathematically. No sharp discontinuities 

develop, the wind directions and speeds evolve very smoothly 

with time, and the aforementioned features remain identifi

able throughout the simulation. It also appears that the 

boundary conditions have not had any detrimental affect on 

the solution. From a meteorological standpoint, the solu

tion appears to provide a reasonable forecast. The features 

do not jump around from one hour to the next and in fact 

move only very slowly, if at all, which would be expected 

under the generally light mean flow. 

Unfortunately, when comparing 

winds that were actually observed 

this solution to the 

at the forecast valid 

0 
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Figure 11. Forecast wind field after 2 hours of simulated 
time using initial data shown in Figure 9. 
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Figure 12. Forecast wind field after 3 hours of simulated 
time using initial data shown in Figure 9. 
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times (not shown), it was seen that the forecast was rather 

poor. Of the above noted features, only the deformation 

zone remained and even that dissipated after 

Winds in other portions of the domain were 

forecast. 

three hours. 

very poorly 

One of the main reasons for the poor forecast in this 

case lies in the fact that the model has no thermal effects 

in it. In light flow situations such as this, local temper

ature (and hence density) differences, due mainly to the 

uneven terrain, tend to be the dominant forces in producing 

the winds. Thus, the assumption that the fluid is baro

tropic becomes invalid. Friction may be important here as 

well. Furthermore, the model assumes that the winds are in 

geostrophic balance and tends to preserve this balance 

throughout the integration. From this standpoint, the model 

did quite well, but in reality the winds departed substan

tially from geostrophic balance. 

Figure 13 shows initial conditions for another simul

ation with real data and the scaled terrain. Note here the 

anticyclonic vortex over southwest Weld county and the hint 

of one over northwest El Paso county. The feature over Weld 

county is a common occurrence when northwest winds like this 

are occurring. Also note the fairly uniform north to north

west flow over the eastern portion of the domain which be

comes easterly over the south central part of the grid. 
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This turning of the winds is due to the Palmer Divide, an 

area of higher terrain that runs roughly east-west from 

Teller county to Lincoln county. Figures 14-16 again show 

the 1, 2 and 3 hour forecasts based on this initial data. 

Figures 17, 18, and 19 contain the actual winds observed at 

1, 2 and 3 hours after the initial time, respectively. 

Again, a smooth mathematical solution is obtained from 

the model and this time the results are encouraging. Note 

that the vortex over southwest Weld county is forecast to 

remain there in the model and indeed does remain there in 

the observed winds, although its circulation center has 

shifted into southeast Larimer county after 3 hours. After 

1 hour, the model strengthens the vortex over northwest El 

Paso county and the observed winds verify that this feature 

did develop although not as strong as forecast. The general 

turning of the winds from north or northwest to easterly 

south of the Palmer Divide was well forecast although the 

observed winds were more southeasterly, probably due to 

thermal affects. Observed winds over the northern and 

eastern part of the domain remained constant for the most 

part and this was forecast to occur in the model. Signifi

cant differences in wind speed between forecast and observed 

did occur however over Morgan, Washington and Lincoln 

counties. 

Across the western part of the domain the forecast in 
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Initial real data wind field. Bottom surface 
is scaled topography. See text for details. 
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Figure 14. Forecast wind field after 1 hour of simulated 
time using initial data shown in Figure 13. 
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Forecast wind field after 2 hours of simulated 
time using initial data shown in Figure 13. 
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Forecast wind field after 3 hours of simulated 
time using initial data shown in Figure 13. 
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Actual winds observed 1 hour after initial 
data in Figure 13. Compare with Figure 14. 
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Actual winds observed 2 hours after initial 
data in Figure 13. Compare with Figure 15. 
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Figure 19. 
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Actual winds observed 3 hours after initial 
data in Figure 13. Compare with Figure 16. 
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general was not as good as elsewhere. For example, the 

winds in the southwest part of the grid became more north

westerly with time in reality whereas the model predicted 

them to become northeasterly. This is likely due to the 

fact that this part of the grid contains the higher terrain 

and in this case the winds there came under the influence of 

the winds higher in the atmosphere. Recall that this model 

moves the air around as a set of columns with constant wind 

throughout the entire depth of the column. In reality winds 

from higher levels in the atmosphere can mix down to the 

surface, something this model is incapable of simulating. 

All in all though, this particular case shows that the model 

can produce useful wind forecasts. 

It should be reiterated here that the conservation laws 

enjoyed by the differential and finite difference equations 

were guaranteed only in the case where no fluid was allowed 

across the boundary of the domain. With the boundary con

ditions used here, we expect that these conservation laws 

will not hold. This indeed is the case. However the chang

es in the "conserved" values throughout the three hour 

integrations were not, for the most part, extraordinary. 

Total mass and area averaged absolute vorticity and total 

mechanical energy changes were all less than about 5 percent 

in both the test cases and real data cases. Changes in the 

area-averaged potential enstrophy on the other hand varied 

widely, from 51% in one case to less than 1% in others (real 
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and test data). Interestingly enough, the 51% change 

occurred in the example shown in Figure 7. For the short 

term integrations we are considering, it appears that this 

should not be a problem. 

To summarize then, this study has taken a very simple 

physical model from geophysical fluid dynamics, placed it in 

a mathematical framework as an initial-boundary value prob

lem, and solved it by numerical techniques to produce the 

evolution of surface winds. 

From a mathematical standpoint, the results are quite 

satisfying. stable numerical integrations have been carried 

out on a number of cases using real data, yielding what 

appear to be very reasonable results based on the physics of 

the model. Smooth approximate solutions to the original 

partial differential equations have been obtained in each 

case. 

From a meteorological standpoint, the solutions have 

been less pleasing. It is felt that this is due to the 

simplicity of the physics in the model and not the mathema

tics used for its solution. Admittedly, the physical 

model's validity on the scale used here is questionable. 

Since it is normally used to describe airflow on scales of 

about 1000 km, using it on a domain whose entire length is 

only on the order of 500 km perhaps may be asking more of it 

than it can handle. 
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The most notable deficiency in the model appears to be 

its inability to describe thermal effects. Under light flow 

conditions, the winds usually are more directly a result of 

thermal (and hence density) differences which are not in-

eluded in the physical model. This, along with the assump-

tion of geostrophic balance used to initialize the model and 

the model's tendency to keep the flow geostrophic, is least 

valid in these situations. However, under stronger flow 

regimes, thermal effects are not as important and the gee

strophic assumption is not unreasonable. Results appear to 

indicate that useful surface wind forecasts can be had from 

the model under these conditions. 

Current plans call for implementation of this model on 

an operational basis at the National Weather Service Fore

cast Office in Denver, Colorado in the near future. Since 

forecasters there have little in the way .of objective wind 

forecasts to help in day-to-day weather predictions, it is 

hoped that the output from this model will serve as helpful 

guidance in their work. In addition, since the physics of 

the model are so simple, using the model on a routine basis 

may lead to a better understanding of the causes and evolu

tion of wind patterns over its domain. 
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