Supplementary Material B – Specification of a Generalized Spatial Assessment Model for Alaska Sablefish
Process Models
The generalized spatial assessment model developed in this study assumes an annual time-step cycle which applies, in order, the following dynamics:
1. Recruitment and tag releases, 
2. Total mortality and ageing,
3. Markovian movement, and
4. Tag-shedding
The untagged partition (i.e., the untagged population) has four attributes: age (, and  denotes the plus group), region (), year (), and sex (). Recruitment processes occur first and do not assume a stock recruitment relationship. Recruitment is parameterized as:

where  is the estimable average recruitment for region ,  is an estimable regional annual recruitment deviation in year y, and  is the input recruitment variance. Thus, recruitment deviations follow a lognormal distribution []. Recruitment is then partitioned to sex by:

where  represents the numbers at recruitment (assumed to be age-2 for sablefish) and sex s. 

Following recruitment, total mortality and ageing processes occur:

where  denotes the instantaneous total mortality, which is the sum of the annual natural mortality rate (; fixed at 0.104 across ages and sexes for the Alaska sablefish case study following Goethel et al., 2021) and fishing mortality (). Fishing mortality here is region-specific and is summed across fleets (f). Fishing mortality is assumed to be separable, allowing it to be expressed as the product of fishery selectivity ( and an annual fishing mortality rate for each fishery and region (. Annual regional fishing mortality rates are calculated each year using a Newton Raphson iterative algorithm based on observed regional catch, which is assumed known without error (Methot and Wetzel, 2013). 

The population then undergoes Markovian movement dynamics: 

where  is a vector of numbers-at-age for a sex across all regions (),  is a  movement matrix, and  denotes the numbers at age and sex after the movement process has been applied. 

The tagged partition of the population assumes the same general dynamics as the untagged members of the population, but with some slight modifications. In particular, when tagged fish are released into the partition, they are indexed by the release event index , which is region and year specific (). Tag induced mortality and initial tag-loss is applied as an initial mortality rate (, specified at 0.1 for sablefish):

Ongoing annual tag-shedding (, specified at 0.02 for sablefish) is also applied as an exponential mortality process whereby tagged fish are removed from the partition as:

Individuals in the tagged partition are assumed to have known attributes of age. In the case of Alaska sablefish, a survey age-length key was utilized to convert observed lengths to known ages. Because tagging is assumed to occur at the end of each time step, released fish are allowed to move in the year of release. However, for sablefish, a one year tag mixing period was assumed, whereby all tags recaptured in the same year as release were filtered out and not fit in the model.
 
Population Initialization
An equilibrium age structure is derived by iterating the annual cycle  times with  to populate the equilibrium numbers at age for all regions and ages, except the plus age cohort. The annual cycle is then iterated an additional step to calculate the number of individuals that moved into each sex and regions’ plus age cohort (), which encapsulates the processes of ageing, mortality, and movement. The equilibrium plus age cohort for region   is then calculated assuming an infinite geometric series:

Once the initial equilibrium age-structure has been calculated, there is an option to estimate age specific deviations to allow the model to start with a non-equilibrium age-structure denoted by :

To aid in estimation processes, a penalty on  is applied to the objective function: , which assumes a central tendency of zero, with an estimable variance parameter ().

Growth Processes
Mean length at age (), weight at age (), and female maturity () are assumed known without error. Within the generalized assessment model, these values are utilized to convert numbers into weight (e.g., spawning biomass, relative indices of biomass, and catch). Given the complexity of spatially varying growth, growth is not assumed to vary among regions in this model. Similarly, maturity is assumed to remain spatially constant. Age-length transition matrices () are used to convert numbers at age to numbers at length and are also assumed known without error.

Selectivity Processes
Two selectivity options were available for parameterizing both fishery and survey selectivity. These options were logistic selectivity and dome-shaped selectivity (gamma). Logistic selectivity was described using the following functional form:

where describes the age-at-50% selection, while  describes the ascending limb (slope) of the logistic function. Dome-shaped selectivity was described using a re-parameterized gamma function:

where  denotes the age-at-maximum selection and  is a parameter describing the steepness of the descending limb. In the Alaska sablefish application, the fixed-gear fishery and surveys assume logistic selectivity, while the trawl fishery assumes dome-shaped gamma selectivity. 

Observation Models
Fishery Catch at Age (Age Frequencies) 
The expected catch at age for fishery f is calculated using Baranov’s catch equation: 

These expected catch at age values are then normalized for a given year and region to sum to one jointly across sexes and ages:

The multinomial likelihood was utilized to describe age frequencies, which is given by the following:

where  is the observed catch at age vector and is the assumed input sample size. For Alaska sablefish, the multinomial likelihood was utilized to describe age frequencies for the fixed-gear fishery and  was assumed to be 200 for single region models and 40 for each region in spatial models. 

Fishery Catch at Length (Length Frequencies)
The expected values for fishery catch at length () are calculated by converting fishery catch at age into lengths using an age-length transition matrix:

where expected values of catch at length are then normalized for a given year and region to sum to one jointly across sexes and ages:

Similarly, fixed-gear and trawl fishery catch at length observations in the Alaska sablefish application were also fitted assuming a multinomial likelihood, where  for these data were also assumed to be 200 for single region models and 40 for each region in spatial models. Note that fixed-gear fishery lengths were only fit to when age frequency information was not available (1991 – 1998). 

Survey Catch at Age (Age Frequencies)
Expected values for survey catch at age () were calculated using the following equation:

where  denotes survey catchability,  is the proportion of the year when the survey occurs (assumed to be 0.5 for sablefish, representing a mid-summer survey), and  represents the survey selectivity. Expected values for survey catch at age are normalized for a given year and region to sum to one jointly across sexes and ages:

Similar to fishery data, survey age frequencies also assumed a multinomial likelihood for Alaska sablefish, where  was assumed to be 200 for single region models and 40 for each region in spatial models.

Survey Catch at Length (Length Frequencies)
Similar to the fishery expected length values, an age-length transition matrix is used to convert survey expected catch at age into catch at length (), given by the following equation:

Expected values for survey catch at length are then normalized for a given year and region to sum to one across ages and sexes:

Although these data are available for Alaska sablefish, they were not utilized given that survey age frequencies were consistently available alongside length frequencies. 

Survey Indices
The generalized spatial model was configured to accommodate survey relative indices of abundance (or biomass). In general, these indices are derived using calculations for survey catch at age. Expected survey indices of biomass ( are given by the following equation:

where  represents survey catchability for a given survey index. Relative indices of abundance are computed in a similar manner but excludes . Survey indices then assumed a lognormal distribution: 

where  is the variance of this process, which is derived from standard errors from a design-based estimator.

Fishery Removals
Using a Newton Raphson minimization routine, annual regional fishing mortality rates are calculated such that expected fishery removals are equal to observed removals. Expected fishery removals are computed by the following: 

where  are the expected fishery removals, and  is derived following Baranov’s catch equation. 

Tag Recoveries
Given that a majority of tag recoveries primarily result from the fixed-gear fishery, all tag recoveries in the Alaska sablefish case study were assumed to result from the fixed-gear fishery. For each tag-release group (), there were a total of  possible recovery events, where  is the number of regions in the model and  is the number of years tagged cohorts were tracked within the model (15 years for Alaska sablefish). Tag recoveries in the first year of release were not considered given tag-mixing assumptions. Each potential recovery event was indexed by , which was associated with a year and region of recovery (i.e., ). Model fitted tag-recoveries for tag-release group  in recovery event  were calculated as,

where  is the tag reporting rate and  is the fishing mortality for the fixed gear fishery. Tag recoveries were release-conditioned (Polacheck et al., 2006; Vincent et al., 2020) and incorporated several likelihood options, including the Poisson, Negative Binomial and multinomial. The Poisson likelihood for tag recoveries were described by the following observation process:

 denotes the tag recovery observations, and the Poisson likelihood assumes that the mean is equal to the variance. Tag recovery observations could also be assumed to be distributed according to the Negative Binomial likelihood:

 is the estimable over-dispersion parameter for all tag recovery events. Lastly, tag recovery observations can also be described with a multinomial likelihood that accommodates recaptured and non-recaptured states:

where  is the vector of observed tag recoveries for all possible recovery events ( with an additional non-recaptured state: . Here, represents the non-recaptured component of the tagged cohort, which is computed as the following: , where  are the initial number of tags releases for release group k.  is the vector of expected tag recoveries defined as: . To minimize computational demand, tag recovery observations are fit to by grouping observations into their respective age or time blocks. Thus, negative log likelihood values for models that utilize different blocking structures for movement are not directly comparable. Initial explorations of fitting to individual tag recovery ages versus pooling recaptures into corresponding age blocks showed minimal differences in model estimates. All three likelihoods were explored in the Alaska sablefish case study and the selected spatial model utilizes the Negative Binomial likelihood to describe tag recovery observations. 
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