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Abstract

In this study, we present an extension to existing numerical retrackers of synthetic-aperture radar (SAR) altimetry signals considering
a non Gaussian antenna characteristic. To our knowledge at the time of writing, this manuscript presents the most consistent retrieval of
geophysical parameters compared to Low Resolution Mode (LRM) retracking results. The novelty is an approximation of the theoretical
antenna pattern with a sum of three Gaussian functions to mitigate the sea surface height estimation errors for Sentinel-3A and Sentinel-
6A in SAR mode. Additionally, we explain offsets in the derived closed-form equation and describe the mean along-track water velocity
u, (later mean line of sight velocity) as function of eastward and northward wind This allows us to mitigate the effects of u, in a SAR
stack and a lookup table is generated to correct the sea surface height estimates in SAR mode. Further on, we discuss how this new
approach performs with respect to different antenna pattern implementations by processing five months (cycles 72 to 76) of Sentinel-
3A and six months (cycles 17 to 42) of Sentinel-6A level 1A data on a global scale. We observe that the new retracking method is,
on average, more accurate with respect to LRM. To ensure that the results of the new retracker are not biased, we retrack using the
new and the current state-of-the-art method on Sentinel-3A and Sentinel-6A data produced in a Monte Carlo simulation. We analyze
the simulation results with respect to the accuracy of sea level anomalies as function of the significant wave height (SWH), considering as
reference the LRM sea level anomalies. We show that the accuracy of the new antenna characterization is higher compared to a single
Gaussian approximation.
© 2025 The Author(s). Published by Elsevier B.V. on behalf of COSPAR. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction surface heights and sea state parameters. In a process called
retracking, parameterized models for the expected radar
For several decades, nadir-looking satellite radar altime-  power returned from a randomly rough surface are fit to

ter missions have been routinely used to monitor ocean the averages of radar pulse echoes in order to retrieve the
parameters known as sea surface height (SSH) and
significant wave height (SWH), and the normalized radar
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Nomenclature

CRISTAL Copernicus Polar Ice and Snow Topography
Altimeter

DDA delay Doppler altimetry

DDM delay Doppler map

ECMWF European Centre for Medium-Range Weath-
er Forecasts

ERAS5 ECMWF Reanalysis v5

ESA  European Space Agency

FF-SAR fully focused SAR

FT Fourier transform

LRM Low Resolution Mode

LSA  Laboratory for Satellite Altimetry

NOAA National Oceanic and Atmospheric Administra-
tion

PDF  probability density function
PRF  Pulse Repetition Frequency
PTR  point target response

SAMOSA SAR Altimetry Mode Studies and Applica-
tions over Ocean, Coastal Zones and Inland
Water

SAR  synthetic-aperture radar

SARAL Satellite with ARgos and ALtiKa

SINC  Signal Model involving fast Numerical Convo-
lutions

SINC2 SINC based conventional altimetry retracker

SINCS SINC based unfocused SAR altimetry retracker

SINCS-OV SINC based unfocused SAR altimetry re-
tracker including orbital velocities of wave par-

ticles

SIRAL Synthetic Aperture Interferometric Radar
Altimeter

SLA  Sea Level Anomaly

SNR  Signal-to-Noise-Ratio

SSH  sea surface height

SWH significant wave height

UF-SAR unfocused SAR
ZSK  zero skewness

parameters are associated to an area of ocean surface called
the observed footprint.

In the first few decades of altimetry, only incoherent
averaging of pulse echoes was used, a technique now called
Low Resolution Mode (LRM). The parameterized model
for LRM is known as the Brown model (Brown, 1977),
and the retracker for LRM is the MLE3/4 retracker
(Amarouche et al., 2004), that uses an unweighted least
square estimator derived from a maximum likelihood esti-
mator from which 3 or 4 parameters are estimated. The
LRM footprint is in a circle of a few km in diameter,
and the diameter increases as SWH increases (Chelton
et al., 1989).

In the last 14 years, SAR altimeter missions - due to a
higher Pulse Repetition Frequency (PRF) - have provided
radar echoes that can be coherently processed to narrow
the footprint in the direction of spacecraft flights. FF-
SAR altimetry (Egido and Smith, 2016) takes aperture syn-
thesis to the maximum limit and can measure water surface
heights in rivers and canals that are very narrow (a few
meters) in the direction of flight (Kleinherenbrink et al.,
2020). However, over the open ocean, the standard
practice, known as unfocused SAR (UF-SAR) or Delay/
Doppler altimetry (Raney, 1980), synthesizes an aperture
for only a few milliseconds of the flight, narrowing the
footprint to about 300 m in the flight direction while leav-
ing the across-flight dimension the same size as for LRM
altimetry. This standard approach to ocean SAR altimetry
is the concern of this paper; here, to distinguish it from
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LRM altimetry, it is simply called SAR altimetry. While
a SAR signal model was first developed by Wingham
et al. (2004), the SAMOSA? retracker (Ray et al., 2015)
— named after the project SAR Altimetry Mode Studies
and Applications over Ocean, Coastal Zones and Inland
Water (SAMOSA) — is the current state-of-the-art algo-
rithm. It is capable of retrieving SSH, SWH, and wind
speed from the SAR altimeter return waveform power,
which is displayed as a one-dimensional function of two-
way travel time.

Geophysical parameters retrieved from SAR altimetry
can be more precise than those retrieved from LRM altime-
try, but LRM and SAR retrievals may have different accu-
racies and biases. SAR altimetry exploits Doppler shifts
arising from relative motion between the altimeter antenna
and the radar scattering points on the sea surface; this may
make the SAR parameter estimates sensitive to the
direction of ocean surface motions caused by winds and
waves. LRM gives equal weight to radar scatterers lying
at all azimuths within the circular measurement area; thus,
LRM parameter estimates should be independent of any
angle between wind or wave propagation and the space-
craft flight direction.

The first generation of SAR altimeters, CryoSat-2
(Wingham et al., 2006) and Sentinel-3 (Donlon et al.,
2012), could operate in either LRM or SAR modes, but
only by one mode at a time, exclusive of the other mode.
Differences in LRM and SAR estimates, if any, had to be
found by comparing SAR mode estimates to observations
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from so-called pseudo-LRM signals, which mimic LRM,
but are computed in SAR mode. In this way, it was found
that the CryoSat-2 SAR mode SWH retrievals differed
from pseudo-LRM by up to 20 cm. Buchhaupt (2019)
showed that the standard deviation of vertical wave-
particle velocities ¢, would blur the Doppler spectrum gen-
erated in the SAR mode; this would lead to biased SWH
estimates because one-dimensional SAR retrackers that
are in use would not be able to distinguish between the
effect of SWH and the effect of o,.

To improve the accuracy of SWH retrievals from SAR
altimetry, Buchhaupt (2019) introduced the SINCS-OV
(signal model involving numerical convolutions for SAR
introducing orbital velocities) retracker, which estimates
the geophysical parameters and o, by fitting a model to a
two-dimensional stack displaying radar echo power as a
function of both two-way travel time and Doppler fre-
quency. While this approach mitigated the differences
between pseudo-LRM and SAR estimates of SWH, the
g, estimates did not agree well with observations from
buoys and model forecasts from the European Centre for
Medium-Range Weather Forecasts (ECMWF). This issue
was addressed in Buchhaupt et al. (2023) by considering
that the SAR altimeter may be sensitive to vertical wave
motion only where wave slopes are close to radar incidence
angles, making the observable o, smaller than the actual o,
by a factor a,, which depends mainly on wave steepness,
S..; correcting o, estimates from SINCS-OV for the a, effect
resulted in ¢, values consistent with ECMWF and buoy
measurements in the German Bight.

Although the o, effect with its a, correction seemed to
solve the problem of the SWH estimation, Raynal et al.
(2019) tested the range estimate consistency between SAR
and pseudo-LRM for Sentinel-3A by generating range dif-
ference maps between both modes and they found anoma-
lies depending on the orbit direction by comparing
ascending and descending passes. The geographical distri-
bution of these differences suggested a correlation with
the global pattern of the north-south wind speed. In
Buchhaupt et al. (2023) this issue could be addressed by
introducing a mean line-of-sight velocity u, causing a scal-
ing of the unfocused SAR stack in the Doppler-frequency
domain. Considering u, as an estimable parameter in the
unfocused SAR retracking of Sentinel-6A (Donlon et al.,
2021) stacks removes those SSH differences between
pseudo-LRM and unfocused SAR. It can be shown that
u, is proportional to the wind-speed and the cosine of the
wind-direction with respect to the satellite track.

Otherwise, no additional sea-state effects seem to be nec-
essary to include into an unfocused SAR stack model at
this point. However, other sea state effects, such as the geo-
metric effects from long ocean waves, also have an impact
on SAR-mode data but are not currently accounted for in
the processing (Moreau et al., 2018; Rieu et al., 2021).
These effects violate the assumptions of sea surface homo-
geneity within the altimeter footprint considered in retrack-
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ing models and therefore need to be addressed outside of
retracking, more likely in post-processing. Mean wave-
steepness and mean square slope are, on the other hand,
already considered. The latter by assuming that wave slope
standard deviations are much bigger than the incidence
angle. On the other hand, the mean wave-steepness is
assumed to be constant such that the wave elevation dis-
placement skewness equals 0.1. This is probable not true
for low and very high sea states and is planned to be
addressed in another study. In this work we prioritize the
antenna pattern, which was for the first time investigated
thoroughly in Dinardo et al. (2022), over those issues.
The reason behind this decision is that we assume - based
on results presented in Dinardo et al. (2022) - that the
non Gaussian antenna pattern might cause bigger errors
than the other issues mentioned before. One major conclu-
sion of Dinardo et al. (2022) is that the antenna pattern
does not perfectly follow a Gaussian as proposed by
Brown (1975) but more a Bessel-like pattern as shown in
Fig. 1 showing errors of up to —2 dB for a Gaussian
antenna pattern while with a Bessel pattern only up to
—0.25 dB are observable within given elevation angles. In
this study we give an overview about how the antenna pat-
tern affects the retracking of results of pseudo-LRM and
unfocused SAR. In Section 2 we discuss a more realistic
antenna pattern and how it can be introduced in a altime-
try signal model. In Section 3 and 4 we utilize numerical
simulations to provide an overview about potential
retracking errors caused by a Gaussian antenna pattern
and if the approach presented in this study is suitable to
mitigate those errors. In Section 5 we present results from
a real data processing campaign to discuss retracking
results improvements achievable with the approach pre-
sented in this study. Finally, we conclude and summarize
our findings in Section 6.

2. Antenna Pattern

According to Dinardo et al. (2022) the antenna pattern
of a radar altimeter can be described as a combination of a
uniform circular or elliptical aperture and a tapered circu-
lar or elliptical aperture. The resulting one-way antenna
gain function can be described as (Dinardo et al., 2022;
Stutzman and Thiele, 2012):

2

1=¢ '.f(x7ya I’l)

(1)

in which G, is the nominal antenna gain, ndescribes the
tapering coefficient and Cthe pedestal coefficient describing
a nonzero illumination at the antenna edge. A tapering
coefficient of n = 0 describes an uniform electrical field dis-
tribution, n = 1 a parabolic taper, and n = 2 a parabolic
square taper (see Table 8-1 in Stutzman and Thiele
(2012)). f(x,y,n) gives the antenna pattern, which is given
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Fig. 1. Sentinel-6MF POSEIDON4 Ku-band power radiation pattern differences given in decibel between real antenna pattern and Gaussian pattern
model (left) and difference between Bessel pattern model and real pattern (right). Both Gaussian and Bessel patterns have been computed for antenna
beamwidths of 1.34 degree and 1.32 degree, respectively, along the roll and pitch axis. Source: Fig. 3 from Dinardo et al. (2022).

by a zero order Hankel transform ., of the aperture elec-
trical field distribution given by Dinardo et al. (2022, 2012):

Jn+l (,LL) (2)

'unJrl
in which J,;(x) is the Bessel function of first kind of order
n+ 1, and p a variable defined as

x—x,)\’ v=5\
() ()

with §, = o g — mha

T Ozag Y T Oaapy
0345, 1s the half power beamwidth in along-track (or pitch)
dimension and 04, is the half power beamwidth in across-
track (or roll) dimension. Additionally, 4, is the satellite
orbit altitude with respect to the reference surface, ¢, the
pitch mispointing angle, and &, the roll mispointing angle.
kg 1s an auxiliary variable to ensure that the antenna gain
function equals 0.5 at the half power beam-width. Table 1
gives kg, values for tapering coefficients used in this study.
Since an implementation of the antenna gain function as
described in Eq. 1 is difficult we approximate the squared
antenna gain function by a sum of three Gaussian:

3 e\ 2 Y=\
G(x,y)’ = Gy AG? —2a (=) —2p (2
(x7y) OIZ:; i €Xp a hs i hs

(4)
_/m2)A0, /n(2)A0; > .
= ) (0 2] AG; describes a factor
and A6; a scaling. Three terms were chosen as for four
terms or more the fitting errors did not improve enough
to justify the additional computation costs.

The implementation of the sum of three Gaussian is sim-
ple as all physical retracker already have a solution for a
single Gaussian implemented. Therefore, the sum of three
Gaussian approximation for the antenna gain function
results into the sum of three delay Doppler maps (DDMs)

f(rp.n) =2""(n+1)!

3)

X, = hstan ¢, and y, = hytang,.

with q; and b; =
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for SAR or the sum of three waveforms for LRM. Another
benefit of the sum of three Gaussian approximation is that
it can be implemented into a numerical retracker with only
a few additional calculations. This is possible because a
numerical retracker calculates the power of a SAR signal
in the slow-time/frequency domain as

;)DA(fyts):FﬁDA(fyts)'Ii)/:ﬁv(f7ts)'m2R(f7ts) (5)

with the double hats describing that a two dimensional
Fourier transform (FT) was performed to the term, a single
hat denotes a one dimensional FT from time-delay to fre-
quency, FSSRp, the flat sea surface response, PDFthe joint
probability density function of vertical wave particle veloc-
ities and wave elevation displacement, and PTRthe return
of a point target. For LRM the power is according to
Buchhaupt et al. (2018) given as a special case of the
SAR notation:

Pca(f) = FSSRpa(f,0) - PDF (f,0) - PIR(f,0) (6)
The FSSR p4 OT F§§RCA and PTR do not depend on any
considered geophysical parameters and therefore they can
be computed outside of the Levenberg-Marquardt algo-
rithm. Therefore, it is sufficient to apply the sum of three
Gaussian only once per 20 Hz surface location or even less
often. For analytical retracker such as SAMOSA?2 it would
be necessary to calculate the whole DDM three times (once
for each Gaussian) per function evaluation within the
Levenberg-Marquardt algorithm.

Table 1

kg,values for different tapering coefficients nand pedestal coefficient C = 0.
n Ksh

0 1.028993969962192
1 1.269685553346112
2 1.472712212127717
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;?1]131160? three Gaussians antenna pattern power coefficients for different tapering coefficients nand pedestal coefficient C = 0.

n 0 1 2
AG? —0.514536354097967 —0.517055781632939 —0.518308050610166
AG% +1.877670720299080 +1.877223856777140 +1.876731294335370
AG3 —0.363274928545989 —0.360249726481299 —0.358473244101736

As according to Dinardo et al. (2022) the pedestal coef-
ficient Cis usually set to zero in this study the case C # 0 is
not considered. Table 2 gives the coefficients AG?, and
Table 3 A6;. Both were derived by fitting the analytical real-
ization from Eq. 1 with a sum of three Gaussians as in Eq.
4 using a global multi-start based least-squares estimator.

Table 2 shows the power coefficients for different taper
coefficients. It can be observed that some coefficients are
negative, which implies that the sum of three Gaussians
approximation allows negative power values. However,
only in the sidelobes which are in most cases not observable
by a nadir looking instrument such as a radar altimeter as
those fall outside the range receiving window. The coeffi-
cents presented in Table 3 gives the width scaling coeffi-
cients of the sum of three Gaussians approximation.
While the width scaling parameters for the positive power
scaling are about one, the coefficients corresponding to
negative power factors are either higher or lower than one.

The accuracy of this approximation is shown in Fig. 2
for squared antenna gain functions normalized to one. As
shown in Fig. 2 within the range of +1.50s5, and
+1.50345, a Gaussian squared antenna gain function fits
the Bessel like squared antenna gain function with an error
of less than 12E — 3. It is worth mentioning that with
increasing tapering coefficient the error becomes smaller.
In comparison, the sum of three Gaussian approximates
the squared antenna gain function better with an error of
less than 2F — 04 for incidence angles below the half-
power beamwidth. Even at higher incidence angles up to
1.5 times the half power beamwidth the sum of three Gaus-
sians gives a five times lower error.

3. Simulation of radar altimetry signals

In order to test and validate our findings presented in
the previous sections, we perform numerical simulations
of radar altimetry signals using the Bessel-like antenna gain
function presented in Eq. 1.

Table 3
Sum of three Gaussians antenna pattern width coefficients for different
tapering coefficients nand pedestal coefficient C = 0.

n 0 1 2

AO, 1.286493692597880  1.244826105696910  1.216476574490750
A0,  0.979601075196802  0.985508262559527  0.988832349619966
AOs;  0.655404322621908  0.698391528915493  0.728621361997738

This is achieved by defining an observed impulse
response function Q(u, o, T') describing the convolution of
a squared sine cardinal with bandwidth 27 and a probabil-
ity density function (PDF) of a normally distributed ran-
dom variable with zero mean and standard deviation o,
given as

(4 — ) sin (qT)?
O(u,0,T) / _exp{— 752 } (n,u/T)2 dw
(7)

An analytical expression can be found with Dawson func-
tions F(z) = e Jo ¢ dy. For ¢ > 0 Q(u, 0, T) can be writ-
ten as

exp {—anazTZ} cos 2nTu)—1  ; F(z,)

Q(ﬂv g, T) = 2n262T + n2g?T (8)
22T R exp (2T} 2F (2))
z=ﬁ+\/_7UUT—Z +iz ©)

with R{z} the real part, z, the real part and z; the imaginary
part of the auxiliary variable z, and i = v/—1 the imaginary
unit.

A numerical solution for the two-dimensional power
function observed by a delay Doppler altimetry (DDA)
at given Doppler frequencies f,, and range delays 7, can
then be calculated by integrating over an equidistant sur-
face grid applying the mid-point rule:

Ppa(tr, f) ZQ(fD S 01, T)
-1 ,
X G(x,y,) Q(‘E,. — Ty, ax,rp) AxAy  (10)
=0
K—1L1-1 ,
Pey(t,) = G(xe, )" Ot — i, 05, 7,) AxAy - (11)
=0 1=0

in which 7, describes the burst duration, and 7, is the
usable pulse duration. In this study x; = —20,000m+
kAx,y, = 20 ,000m+ Ay, Ax=Ay=10m, K=L=
4001, 0, =20.,0, = a,+ ~7,, while /. is the carrier wave-
length of the emitted 51gna1. o, 1s the standard deviation
of wave elevation displacements or a quarter of the
SWH, g, the standard deviation of vertical wave particle
velocities, and «, an attenuation factor considering that
only vertical wave particle velocities are observable if the
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Fig. 2. Squared Bessel like antenna pattern minus Gaussian antenna pattern (upper half) or minus the sum of three Gaussian pattern (lower half). The left
column compares the patterns for n = 0, the middle one for » = 1, and the right one for n = 2.

wave slope is very close to the incidence angle of the elec-
tromagnetic signal emitted by the radar altimeter.

_Z Xk
S =7 o (v + 1) . (12)
2h
T = B+ o (x} 4+ 37) — = (13)

in which o, = 1 + Ak, is the along-track curvature coeffi-
cient with x, the along-track surface curvature, and v, the
along-track velocity of the nadir.

u, describes a mean line of sight velocity defined in
Buchhaupt et al. (2023). It is defined as

Pxt = PyPry O

l—p o,
where c, is the along-track current velocity plus the along-
track Stokes drift, p,, is the correlation coefficient between
along-track wave slopes and vertical wave-particle veloci-
ties, p,, is the correlation coefficient between across-track
wave slopes and vertical wave-particle velocities, p,, is
the correlation coefficient between along-track and
across-track wave slopes, and o, the standard deviations
of slope in along-track direction.

The Doppler frequencies for the simulations are chosen
to match those of processed signals in a L1B stack product.
Therefore N,O, equidistant Doppler frequency samples

fp
NpOx

U, = (14)

X

with a step size of Af, = and a start value of
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fpo= —/7” + Af, are considered. N, is the number of
transmitted pulses per burst, f, the PRF, and O, an over-
sampling factor to mitigate the aliasing caused by the
power detection. For the time delay N, O; equidistant sam-

ples with a step size of Az, = ﬁ and a start value of

Tpo = Ons are considered. N, is the number of considered
samples per pulse, f the sample frequency, and O, an over-
sampling factor to mitigate the aliasing caused by the
power detection. Table 4 gives the mission parameter used
in the simulation and the retracking. The widening and
oversampling parameters used for the simulation and
retracking are presented in Table 5. N, and N, are param-
eters - provided for the sake of completeness - used when
calculating the numerical signal model to avoid aliasing
(Buchhaupt, 2019). They are not necessary to simulate
the signals. As simulating can be very time-consuming if
all possible parameter combinations are considered, some
restrictions need to be set first to reduce the workload.

. The observed surface is only affected by wind waves,
ensuring that no currents or swell effects are considered.

. The local wave field is fully developed, which means that
it can be described by a Pierson-Moskowitz spectrum
(Pierson and Moskowitz, 1964).

. Potential atmospheric refraction
considered.

effects are not
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Table 4
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Summary of Sentinel-3A and Sentinel-6A mission parameters used to simulate the DDMs. It is important to note that the pulse repetition frequency is not
constant for Sentinel-6A. The £, value given here is a proxy used when simulating signals.

Symbol Description Sentinel-3A Sentinel-6A
034px Along-track half-power beamwidth 1.34° 1.34°
03apy Across-track half-power beamwidth 1.34° 1.34°
Hy Nominal orbit altitude 814.5 km 1340 km

s Negative chirp slope 7.1438 MHz/ps 9.9748 MHz/ps
fe Central frequency 13.575 GHz 13.575 GHz
S Pulse-repetition frequency 17825.3 Hz 9100.2 Hz
fs Time-delay sample frequency 320 MHz 395 MHz
B Usable pulse bandwidth 320 MHz 320 MHz
Ny Number of bursts per radar cycle 4 7
Ny Number of samples per echo 128 128
N, Number of pulses per burst 64 64
C antenna pedestal coefficient 0 0
n antenna tapering coefficient 2 2

Table 5 eration of ¢ = 9.81 m/s, an attenuation factor of a, = 0.8,

Sampling and window-widening parameters used in calculating the
modeled Sentinel-3A or Sentinel-6A DDM.

Symbol Description Sentinel- Sentinel-
3A 6A
O, Time delay oversampling factor 2 2
N, Time delay window-widening factor 8 16
O, Azimuth oversampling factor 2 2
N, Azimuth window-widening factor 2 2
Table 6
Summary of retrackers used in this study.
Retracker Mode Input Estimated Parameter
SINC2 LRM waveform A ty, 0.
SINCS-OV2 SAR stack A ty, 05,0, 1y

Using these restrictions to describe Uy, g,, and u, in
terms of SWH H| yields the following:

UlO :21375\/gH3 (153)
g, =+\/ILg 0. (15b)
u, x \/Upcoso, (15c¢)

where U, describes the total wind speed ten meters above
sea level, gthe gravity acceleration, and ¢,, the wave direc-
tion with respect to the satellite track. Eq. 15a results from
restrictions 1 and 2, leading to a wave field described by the
Pierson—-Moskowitz spectrum, Eq. 15b, from the definition
of the short-wave non-linearity coefficient u (Tayfun,
1986), Eq. 15c follows the findings from Buchhaupt et al.
(2023) by fitting measured u, values from Sentinel-6A
SAR signals in terms of Uj.

In this study, H; = {Ilmm, 50cm, 1m, 2m, 6m, 10m}, a
short-wave non-linearity coefficient of u = 0.0546, an cle-
vation displacement skewness of 0.1, a mean gravity accel-
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and wind directions with respect to the satellite flight path
of ¢, ={0.0°,45.0°,... 180.0° } are used to simulate the
signals (negative values for ¢, are not shown here as u,
is symmetric with respect to ¢,, (see Eq. (15¢))).

Table 6 presents an overview of the retrackers consid-
ered in this study. The abbreviation SINC stands for the
signal model involving numerical convolutions. SINC2
was the first of the developed numerical retrackers and
the name incorporating the point target response (PTR)
follows a squared sine cardinal function. The S in SINCS
stands for SAR. OV means orbital velocity as it introduces
a parameter based on the vertical component of orbital
wave motions. In this study, we introduce another param-
eter, which mostly depends on the mean line-of-sight
motions, or in other words, vertical wave-particle veloci-
ties, at a given wave slope; thus, we decided to name the
new retracker SINCS-OV2, indicating two parameters that
are mainly based on orbital velocities. It is important to
note that all retrackers accommodate possible negative o,
and o, values - caused by noise - by setting o2 > o.|a|
and ¢* — 0,|0,|. Additionally, retrackers using input sig-
nals transformed with the zero skewness (ZSK) approach
(Buchhaupt, 2019, Eq. 7.1) estimate the thermal noise ¢,
as well. Step by step instructions and discussion about
how we numerically simulate the signals is given in A.

4. Evaluating the Impact of the Antenna Pattern on Sea
State Parameters

To evaluate the impact of the antenna pattern on geo-
physical parameters three datasets are generated.

e gauss/gauss: Gaussian antenna pattern in the simulation
and the retracking.

e jinc/gauss: Antenna pattern according to Eq. | in the
simulation and a single Gaussian antenna pattern in
the retracking.
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e jinc/3gauss: Antenna pattern according to Eq. 1 in the
simulation and a sum of three Gaussian approximation
antenna pattern in the retracking.

The gauss/gauss dataset serves as a reference. In theory
it should be bias free for all retracker and parameters, but if
an error was made in the implementation of the simulator,
or the model used in the retracking is not good enough, or
the statistical model is insufficiently described then biases
will occur. On the other hand the jinc/gauss dataset is what
is actually implemented in operational altimetry proces-
sors. Therefore, biases shown in this dataset should show
in operational datasets as well. The jinc/3gauss dataset
shall then deliver an almost bias free dataset again as it
approximates the real antenna pattern. In the following
”meas” stands for measured value meaning that it got
derived from the retracking output, while real is the value
used as a simulation input.

4.1. Sentinel-34

For Sentinel-3A the simulation and the retracking is
performed with the same antenna and orbit parameters.
Fig. 3 presents the simulation results including the ZSK
transform. The jinc/gauss dataset shows a significant
SWH trend for range estimates of about 0.275% SWH,
but the bias at two meter SWH is with nine millimeter sig-
nificant. The datasets using matching antenna patterns in
the simulation and retracking are almost bias free for
SWHs of two meter or higher and even for lower sea states
the range offsets are significantly improved compared to
the jinc/gauss dataset. The SWH biases are small for
gauss/gauss and jinc/3gauss and even for jinc/gauss they
are below five centimeter for SWHs of more than one
meter. As a conclusion it can be stated that the ZSK trans-
form in combination with the sum of three Gaussian

Advances in Space Research 75 (2025) 6140-6157

approximation gives the best results for pseudo-LRM
waveform retracking.

For the Sentinel-3A SAR stack retracking the gauss/-
gauss and jinc/3gauss datasets shown in Fig. 4 are mostly
bias free besides a few centimeter per seconds offset for
o,. This indicates that the retracker model and the simula-
tion match together, even so the simulation used Bessel like
antenna pattern and the retracker a sum of three Gaussian
as an approximation. The g, offsets can be explained by the
small number (four) of stacks used when computing the
input stack for the retracker. On the other hand, the jinc/-
gauss datasets shows a 0.19% SWH range trend, a small
SWH slope of up to two centimeter, a minor o, slope,
and a big u, error of —30% SWH in meter per seconds.
Therefore, mostly the range and u, are affected by the
antenna pattern.

As in this study we compare SAR with pseudo-LRM
results, we additionally computed the Sea Level Anomaly
(SLA) difference between SINCS-OV2 ZSK and SINC2
ZSK. The same will be performed using the real campaign
described in Section 5. Fig. 5 shows that the gauss/gauss
and jinc/3gauss SLAs differences are below one millimeter
for SWHs of more than two meter. For lower values they
increase to up to eight millimeters. This can be explained
by the lower Signal-to-Noise-Ratio (SNR) of the pseudo-
LRM waveforms at low sea states (Walsh, 1982). If the
wrong antenna pattern is used a six millimeter offset can
be observed at SWH of two meter and a trend of 0.08%
SWH can be seen. SWH differences are small enough to
be neglected.

4.2. Sentinel-6A

For Sentinel-6A we use a different approach compared
to Sentinel-3A. The reason behind is that the official pro-
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Fig. 3. Sentinel-3A mean pseudo-LRM waveform retracking biases derived by retracking numerically simulated signals with the SINC2 ZSK retracker.
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duct uses in the L2 processing an along-track half power
antenna beam width of 1.34°. However, in Dinardo et al.
(2022) it is mentioned that - according to post environmen-
tal antenna test measurements - the value providing the
best fit with a Bessel like antenna pattern is 1.32°. We asked

the European Space Agency (ESA) to get access to those
measurements and thankfully we were provided with the
antenna frequency cuts for Sentinel-6A. In our analysis
we came up with a value of 1.315°s a best fit, which is
within rounding precision to the value found in Dinardo
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et al. (2022). Therefore, in this study we simulate the signals
with 0s45, = 1.315°, but retrack those with 0345, = 1.34° to
mimic the error in the official product. The across-track
half power antenna beam width we found is in line with
the value reported in the official product and Dinardo
et al. (2022) of Os4, = 1.34°. Additionally, in Buchhaupt
et al. (2023) the official value was used in the retracking
campaign as well and we want to keep the results compara-
ble. But this also means that the gauss/gauss and jinc/3-
gauss datasets are no longer expected to be bias free even
if the stochastic model is correct.

This can be observed in Fig. 6 showing the pseudo-LRM
waveform retracking results. The gauss/gauss and jinc/3-
gauss datasets show not only the few millimeter range offset
but also a —0.175% SWH slope. On the other hand the
range slope is 0.038% SWH and an offset of five millimeter
for the jinc/gauss dataset, which means that using the
wrong along-track half power beam width reduces the
errors in range and SWH as shown in the right plot of
Fig. 6. If identical 0345, values would have been used in
the simulation and retracking the results would be compa-
rable with Sentinel-3A, but with lower biases caused by the
stochastic model since Sentinel-6A uses N, = 7 bursts in
the 20 Hz L1B processing while Sentinel-3A uses four.

The SAR waveform retracking is mostly affected by ver-
tical wave motion effects and not significantly by the
antenna pattern. Therefore, we won’t discuss this approach
for Sentinel-6A again. More interesting are the stack
retracking results shown in Fig. 7. For SINCS-OV2 ZSK
the range slopes are 0.06% SWH for jinc/gauss. However,
for gauss/gauss and jinc/3gauss the slope is smaller with
—0.07% SWH. SWH and ¢, results do not show significant
offsets or slopes for all datasets. The SWH offsets are even
lower than those from Sentinel-3A, which can be explained
by the fact that the number of independent bursts used

Advances in Space Research 75 (2025) 6140-6157

when computing the input stack is with N, =7 almost
twice as big compared to Sentinel-3A leading to a better
SNR of the retracked stack. An interesting result is that
the u, biases for the jinc/gauss dataset are with 12%
SWH in meters per seconds smaller than those of the
gauss/gauss or jinc/3gauss dataset with 37.5% SWH in
meters per second. The signs are different compared to
Sentinel-3A. Overall, using the wrong along-track antenna
pattern seem to have a positive effect if a Gaussian approx-
imation is used in the retracking. In Buchhaupt et al. (2023,
Fig. 8) a similar u, offset pattern as given in Fig. 7 was
observed, which indicates that indeed a wrong antenna pat-
tern function in combination with a wrong along-track
antenna beam width was apparent. This hypothesis will
be tested in the next section where we show u, offsets for
Sentinel-3A and Sentinel-6A.

Fig. 8 shows the differences between SINCS-OV2 ZSK
and SINC2 ZSK. One interesting result is that SAR stack
and pseudo-LRM waveform SLA estimates are - with a
mean difference of a millimeter - very consistent at SWHs
of one meter or higher if a Gaussian antenna pattern is
with an along-track half power beam width of
0345, = 1.34° 1s used when retracking a Bessel like antenna
pattern with 0345, = 1.315°. However, that does not mean
that the results are correct. It just means that the antenna
pattern used masked those errors out.

5. Global Sentinel-3A and Sentinel-6A Data Investigation

While the simulations give a good first overview about
potential errors caused by using antenna characteristics
within the retracking not matching the real instrument, it
needs to be shown that this issue can be observed within
a real data processing campaign.
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The SAR stacks were produced using the scientific
LSAR-v1.4 L1A to L2 processor - being the experimental
in—house processor of the Laboratory for Satellite Altime-
try (LSA) - by means of an unfocused SAR processing
approach, including the so-called range walk correction
(Scagliola et al., 2021) via a chirp Z-transform. Addition-
ally, LSAR attempts to reduce the size of the resulting
DDMs by using a non-exact beam-steering approach,
which results in O,N, Doppler beams with equidistant
Doppler frequencies per 20-Hz surface location. N, is the
number of pulses per burst and O is the along-track over-
sampling factor. Since each radar cycle consists of N,
bursts for each surface location and Doppler frequency,
N, Doppler beams occur. Since these will not provide fur-
ther spatial information about the sea surface, they are
averaged to one Doppler beam, resulting in an improved
SNR by a factor of /N, assuming uncorrelated bursts
(Egido et al., 2021). It is important to note that the ZSK
transform is performed before averaging the N, Doppler
beams as it only works on exponentially distributed data,
and after averaging, the samples would adhere to a Gamma
distribution. Another difference of LSAR-v1.4 compared
to the version used in Buchhaupt et al. (2023) is that
antenna amplitude and phase distortion corrections - pro-
vided to us by the ESA - were corrected in the LIB
processing.
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During the L1B to L2 process - usually referred to as
retracking - the computation of the model DDMs is per-
formed following Buchhaupt (2019, Section 3.3) or
Buchhaupt et al. (2023, Section 5 and Appendix A-C).
While for Sentinel-3A the instrument parameters given in
Table 4 were used in the retracking for Sentinel-6A the
along-track antenna half power beam width is set to
0348. = 1.315° to consider our findings from investigating
the post environmental antenna test measurements pro-
vided by the ESA.

In this study we focus on the parameters SLA and u, as
those are mostly affected by the antenna pattern. For u, we
use the same approach as in Buchhaupt et al. (2023), which
are briefly outlined here. We binned estimated 1-Hz u, val-
ues from SINCS-OV2 ZSK retracking for different
ECMWF Reanalysis v5 (ERAS) wind speeds and direc-
tions with respect to the satellite track. For wind-speed
U)o, central values from 0.5m/s to 15.5m/s with a step
size of 1 m/s were chosen. For wind direction, central val-
ues ranged from —175° to 175°, with a step size of 10°. An
u, value is then assigned to the nearest corresponding wind
speed and wind direction. From our observations, as u, clo-
sely follows a normal distribution, we compute the median
for each wind-speed/wind-direction bin. For each wind-
speed bin, we fit the resulting curve of median u, values
with the following function
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u(Uno, @) = A4, (Uro) cos(o,,) + by, (Uro) (16)

where 4, and b, are estimated parameters that describe
the amplitude of the directional term and a mean offset.

For SLA we examine the differences between SINCS-
OV2 ZSK and SINC2 ZSK as functions of the ERAS
SWH and ERAS u,. The latter is not a parameter in
ERAS5, but can approximately be computed from wind
speed and wind direction with respect to the satellite track
by (Buchhaupt et al., 2023)

Uy X U]O COS((pW) (17)

Here we use edges of H,; = {0m,0.25m,...,10m} and
u,={-12m/s,—11.9m/s,...,12m/s} when providing
SLA difference histograms. E.g. we compute the histogram
for all values between H, € [0m,0.25m], then between
H, €[0.25m,0.5m], and so on. In the final step all his-
tograms are normalized such that the one with the highest
number of points has a maximum of one.

5.1. Sentinel-3A Global Analysis of Cycles 72 to 76

Fig. 9 shows the u, fitting parameters with respect to the
ERAS wind speed while a Gaussian antenna pattern was

cycle c072 to c076 all passes
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Fig. 9. The Sentinel-3A Gaussian antenna pattern u, fitting parameters. No atmospheric refraction added.
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assumed in the retracking. While the amplitude shows a
very similar result as shown for Sentinel-6A in
Buchhaupt et al. (2023) and can be approximated by a
square root function, the offset parameter shows a trend
with respect to ERAS5 Ujy. Results for Uy < 3 m/s show
a different pattern but as U,y =3 m/s corresponds to
H,=0.25m and altimetry results at very low sea states
are usually not that accurate. The pattern for higher wind
speeds is comparable to the simulation results presented in
this study. If a sum of three Gaussian antenna pattern is
used (see Fig. 10) in the retracking then the u, offsets show
that for wind speeds of U,y > 3 m/s are below 0.25m/s
and therefore comparable to the simulations which show
that using the correct antenna pattern leads to bias free

Advances in Space Research 75 (2025) 6140-6157

u, estimates. Amplitudes are identical to Fig. 9. Overall
the sum of three Gaussian approximation improved the
u, fitting parameter. With a Gaussian antenna pattern used
in the retracking SLA differences between SAR SINCS-
OV2 ZSK and pseudo-LRM SINC2 ZSK show no signifi-
cant u, relationship, but a SWH dependency of up to 1.2cm
is observable with a similar pattern as observed in the sim-
ulations (see Fig. 5). (see Fig. 11).

Fig. 12 - showing the results with a sum of three Gaus-
sian approximation used in the retracker - shows no signif-
icant u, dependencies. On the other hand, the sum of three
Gaussian retracking results show significantly lower SWH
dependencies of SLA differences. Differences are below
4mm with no clear SWH trend, besides for SWH of less
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Fig. 10. The Sentinel-3A sum of three Gaussian antenna pattern u, fitting parameters. No atmospheric refraction added.
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Fig. 11. The Sentinel-3A Gaussian antenna pattern retracking SLA differences between pseudo-LRM and SAR.

6152


inmath_si224_tx1168
inmath_si225_tx1169
inmath_si226_tx1170
inmath_si227_tx1171
move_f0050
inmath_si228_tx1172
inmath_si229_tx1173
inmath_si230_tx1174
inmath_si231_tx1175
inmath_si232_tx1176
inmath_si233_tx1177
inmath_si234_tx1178
move_f0055
move_f0060
inmath_si235_tx1179
inmath_si236_tx1180
inmath_si9_Figure_f00501

C. Buchhaupt et al.

than two meter. The latter were observable in the simula-
tions as well. Even so the sum of three Gaussian approxi-
mation improves the SLA consistency between SAR and
pseudo-LRM, remaining differences of below 4mm are still
unclear and need further investigations.

5.2. Sentinel-6 A Global Analysis of Cycles 17 to 42

For Sentinel-6A we focus here on the sum of three
Gaussian approximation results. The Gaussian antenna
pattern results were already discussed in Buchhaupt et al.
(2023). Fig. 13 shows for the amplitudes of the u, fits the
same results as for Sentinel-3A. As opposed to
Buchhaupt et al. (2023, Fig. 8) the offsets show no trend
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but a mean of about 0.2 m/s. However, it is important to
note that we applied the atmospheric refraction correction
(about 2.08 m/s dependent on air pressure and water con-
tent) - presented in Buchhaupt et al. (2023) - to obtain this
result. Since this effect was not observable for Sentinel-3A
we are no longer sure that whether this effect is actually
present, or whether some other issue is causing these off-
sets. The SLA differences between SAR SINCS-OV2
ZSK and pseudo-LRM SINC2 ZSK are below two mil-
limeter for SWH of two meter or higher showing no signif-
icant trend, which indicate that the sum of three Gaussian
in combination with 0z, = 1.315° yield consistent SLAs.
Overall the sum of three Gaussian approximation works
well for Sentinel-3A and Sentinel-6A. It can be concluded

_5
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< , SSHA 0.8 —
% >
O 2 —1 Ros §
& 1 - g
| L
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e ] o2
S
® .

o L g6 O 6 6 0

ECMWF u, [m/s]

Fig. 12. The Sentinel-3A sum of three Gaussian antenna pattern retracking SLA differences between pseudo-LRM and SAR.
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Fig. 14. The Sentinel-6A sum of three Gaussian antenna pattern retracking SLA differences between pseudo-LRM and SAR.

that the sum of three Gaussian approximation improves
the u, and SLA accuracy. However, in Buchhaupt et al.
(2023) an atmospheric refraction effect was used to correct
Sentinel-6A u, estimates. This was not necessary here,
which raises the question whether an atmospheric reflection
correction is needed for Sentinel-3A or if something else is
amiss.. We will investigate this remaining inconsistency in a
further study. (see Fig. 14).

6. Conclusions

In this study, we introduce a new approach - called sum
of three Gaussian approximation - to improve the repre-
sentation of radar altimetry antenna characteristics, which
provides SSH and SWH estimates with very good agree-
ment, with respect to pseudo-LRM results.

We performed Monte Carlo runs to verify that the
newly presented retracker approach provides bias-free esti-
mates and showed that not considering a realistic antenna
characterization in the retracking leads to significant SLA
biases up to several centimeters and u, up to —32 On
the other hand, SWH and the standard deviation of vertical
wave-particle velocities o, are less affected by biases in the
order of a few percentage points. By introducing the sum of
three Gaussian approximation in the retracking we man-
aged to eliminate almost all of the discrepancies between
pseudo-LRM and SAR altimetry retracking results.

Additionally, we performed a half year global process-
ing campaign of Sentinel-3A and Sentinel-6A data, which
showed that the sum of three Gaussian approximation fur-
ther improves the SAR and pseudo-LRM consistency.
Additionally, the u, offsets could be improved as well as
they no longer show a trend with respect to wind speed.
We could show that the Sentinel-6A along-track antenna
beam width should be considered to be 0545, = 1.315° com-
pared to the value used in the processing of operational
datasets of 0345, = 1.34°.
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This study is also of concern for Ka-band altimeter mis-
sions like Satellite with ARgos and ALtiKa (SARAL) (Gac
et al., 2015) and the upcoming Copernicus Polar Ice and
Snow Topography Altimeter (CRISTAL) mission. Due
to their small antenna beam width (compared to Ku-
band altimeters), the Gaussian approximation of the
antenna pattern typically considered in waveform models
is no longer valid, requiring appropriate corrections to
ensure accurate estimates. Implementing the approach
developed in this study potentially provides unbiased
estimates.

In further studies, we plan to perform an in situ valida-
tion campaign including tide-gauges and buoys to reinforce
our findings. An investigation of remaining discrepancies
between Sentinel-3A and Sentinel-6A with respect to the
effect of atmospheric refraction on u, needs to be per-
formed as well. Since swell waves were not considered in
this and previous studies we plan to investigate effects of
those waves on retracker outputs as well.
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Appendix A. Simulation of Reduced and Unfocused SAR
Signals

In this section we provide an overview about the simu-
lations performed for Section 4 for each H, and ¢,, defined
in Section 3. For unfocused SAR 10,000 and for pseudo-
LRM 500,000 runs are performed for each H,/¢, realiza-
tion. However, for pseudoLRM less simulations would
most likely be sufficient as well, but since they are com-
mutable very fast we chose a bigger number than necessary.

Each SAR stack and waveform simulation is conducted
using the following steps:

1. Compute a noise-free numerical SAR DDM according
to Eq. 10 and apply the slant range correction for cur-
rent H,/¢, realization with amplitude 4 and thermal
noise of #, = 4.

. Add exponentially distributed noise to the SAR DDM
for stack retracking. Additionally apply the ZSK trans-
form (Buchhaupt, 2019) (Eq. (7.1)) to the resulting noisy
DDM. Repeat this step N, times.

. Average all corresponding signals to get the retracker
input.

. Retrack - with g = Oto consider linear waves in the sim-
ulation - the SAR DDM with SINCS-OV2 ZSK.

. Repeat steps two to four for each H,/¢, realization
9,999 times to retrieve mean offsets with a high SNR.

For pseudo-LRM this simulation of realistic noise is not
that easy as the effective number of looks is not constant
over the whole waveform (Egido and Smith, 2019). To
get a good approximation we define the effective number
of looks here as the variance ratio between two Gamma
distributed random variables. One with a shape parameter
of one and the other with a shape parameter of L. ,. For
both distributions the expected value is P,, which shall
describe the power of the pseudo-LRM waveform in sam-
ple k.

Var[X1 ~ F(l,Pk)}
Vbl'{sz ~ I1<L@ff’ff%f)}

in which e.g. (1,P,) means that X; is Gamma distributed
with a shape parameter of one and a scale parameter of P,.

Using the relationship between a SAR DDM (no slant
range correction applied) Py and a pseudo-LRM wave-
form P, = ZlePkﬁ,- with L the number of Doppler beams
in the DDM - the effective number of looks can be deter-
mined from a DDM as

(A.1)

Legr i =
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. 2
(ZPM>
=1 N,

L [
> Ph
=1

This requires uncorrelated Doppler beams in the DDM,
which was investigated by Egido et al. (2021) showing that
the correlation length for ocean surfaces observed by an
altimeter in SAR mode are much smaller than the typical
along-track resolution. Therefore, the approach chosen in
this study should deliver a realistic noise representation
within pseudo-LRM waveforms. The factor N,/O,in Eq.
A.2 considers that N, number of uncorrelated bursts are
used to generate a 20-Hz waveform and that DDMs are
over sampled by a factor of O,, which would potentially
lead to O.as many effective number of looks than pulses
per burst. A potentially more sophisticated way of comput-
ing the effective number of looks is presented in Wingham
et al. (2018), which derives an analytical solution based on
the power covariance function.

It is important to note that if a thermal noise shall be
applied to the DDM which shall result into an e.g. one per-
cent thermal noise in the pseudo-LRM waveform then the
thermal noise applied to the whole DDM needs to be
tappm = tuwor/L. Fig. A.15 shows an example for a
Sentinel-3A pseudo-LRM waveform with a SWH of two
meter and a one percent thermal noise. Each pseudo-
LRM waveform simulation is conducted using the follow-
ing steps:

Legri = (A.2)

1. Compute a noise-free numerical SAR DDM according
to Eq. 10. Do not apply the slant range correction.
Additionally compute numerical pseudo-LRM wave-
form according to Eq. 11 for current H realization with
amplitude 4 and thermal noise of 1, = .

. Compute the effective number of looks L./, according
to Eq. A.2 using the SAR DDM computed in step 1.

. Simulate L./, exponentially distributed power values
for each pseudo-LRM waveform sample.

. Apply the ZSK power transform to each value com-
puted in the previous step and average for each sample
k over all L,z values.

. Retrack - with p = Oto consider linear waves in the sim-
ulation - the pseudo-LRM multi looked waveform with
SINC2 ZSK.

. Repeat steps two to five for each H,realization
499,999times to retrieve mean offsets with a high SNR.
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Fig. A.15 Effective number of looks for a Sentinel-3A reduced SAR waveform with a SWH of two meter and thermal

noise of one percent of the maximum waveform power.
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