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Abstract

We present a semi-Bayesian hierarchical modeling framework for conducting

space-time frequency analysis of precipitation extremes over a large domain.

In this framework, the data layer, the precipitation extreme - i.e., seasonal

maximum precipitation, at each station in each year is modeled using a gener-

alized extreme value (GEV) distribution with temporally varying parameters,

which are decomposed as linear functions of covariates. The coefficients of the

covariates are estimated via maximum likelihood (ML). In the process layer,

the estimated ML coefficients of each of the covariates across the stations

are spatially modeled with a Gaussian multivariate process which enables

capturing the spatial structure and correlation between the spatial model

parameters. Suitable priors are used for the spatial model hyperparameters

to complete the Bayesian formulation. Since the Bayesian formulation is

only at the second level, our model is semi-Bayesian and thus, the posteri-

ors are conditional posterior distributions. With the conditional posterior
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distribution of spatial fields of the GEV parameters for each time, condi-

tional posterior distribution of the nonstationary space-time return levels of

the precipitation extremes are obtained. We demonstrate this framework by

application to summer precipitation extreme at 73 stations covering a large

domain of Southwest US consisting of Arizona, New Mexico, Colorado, and

Utah. The results from fitting and cross validation indicate that our model

captures the historical variability at the stations very well. Conditional pos-

terior distributions of return levels are simulated on a grid over the domain,

which will be of immense utility in management of natural resources and

infrastructure.

Keywords: Spatial extremes, Semi-Bayesian hierarchical Modeling,

Nonstationary model of extremes, Southwest US summer precipitation

extremes

1. Introduction1

Extreme precipitation leads to extreme flow – i.e., flood events leading2

to loss of lives and severe damage to infrastructure. Thus, it is crucial for3

the engineering design of infrastructure, such as flood protection, dams, and4

management of water supply, and flood control to understand and model5

the variability of extreme precipitation in both space and time. A common6

practice is to perform frequency analysis on block (i.e. seasonal or annual)7

precipitation extreme using statistical distributions. A single set of distribu-8

tion parameters are estimated assuming stationarity, in that the precipitation9

variability in the future will be similar to that of the past [1]. The fitted dis-10

tributions are used to estimate occurrence probabilities (i.e., return period)11
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of rare events of desired magnitudes and return levels of desired risks – all,12

useful in infrastructure design [2].13

Although for modeling extreme precipitation some studies have used log-14

normal and Gumbel distributions [3, 4], the Generalized Extreme Value15

(GEV) distribution, which is theoretically more appropriate, is widely used16

(e.g., [5, 6, 4]) due to its ability to capture a wide range of tail behaviors,17

and also it is consistent with extreme value theory (EVT)[2].18

There are two main problems related to this single site stationary fre-19

quency analysis approach: the stationarity assumption may not be valid since20

diverse modeling and empirical studies have shown that the frequency and in-21

tensity of extreme climatic events are increasing and will continue to do in the22

foreseeable future due to climate variability and change [7, 8, 9, 10, 11]; and23

the need for estimating extreme precipitation at several locations where data24

is not available for designing of infrastructure or hazard mitigation. These25

motivate the need for modeling approaches that capture the variability of26

extremes in space and time. Temporal variability of extremes is modeled by27

varying the parameters of the statistical distribution as a function of covari-28

ates by a Generalized Linear Modeling [12] approach. An early approach for29

modeling the temporal variability of parameters of GEV as functions of time,30

was proposed in Katz et al. [13].31

This led to plethora of studies that applied this approach at individ-32

ual sites with time-varying covariates besides time trend, to modeling the33

temporal nonstationarity of precipitation extremes around the world. As34

mentioned, linear time trend to model the time-varying GEV parameters is35

the simplest nonstationary model [14, 15, 13]. Other time-varying covari-36
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ates have been used to model precipitation extremes in Asia [16, 17], North37

America [18, 19], Europe [20], Australia [21], and elsewhere.38

Extensions of this in a Bayesian approach have been developed [22, 23, 24]39

which captures the uncertainties in the parameters and consequently in the40

return levels, robustly, via their posterior distributions. However, most of41

these studies are single-site analyses or assume spatial independence, thus,42

cannot provide estimates at any arbitrary ungauged location.43

To address this, studies have extend extreme value analysis and other44

methods to model inter-site dependency. These include - regional frequency45

analysis such as the index-flood method [25]; max-stable processes [26, 27,46

28, 29]; spatial modeling of marginal GEV parameters by univariate spatial47

Gaussian processes [30, 31, 32, 33]; capturing the spatial dependency by48

both Gaussian copulas and spatial modeling of marginal GEV parameters,49

and quantifying uncertainties of variables by hierarchical Bayesian processes50

of the latent parameters [34, 35]51

Despite these advances, limited studies have offered models for spatial52

and temporal nonstationarity of climate extremes, especially precipitation53

extremes. Hanel et al. [36] modeled the nonstationarity in extreme precipi-54

tation over the Rhine basin using a spatial extreme value model based on the55

index-flow method that divided the domain into homogeneous regions where56

the GEV coefficients are assumed to be constant. Lima et al. [37] used a57

hierarchical Bayesian GEV model for flood quantile estimates in which spa-58

tial dependency is captured by scaling the GEV parameters independently59

according to their drainage area, i.e., independent normal prior distributions60

are considered for the GEV parameters. Other authors have used the same61
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approach to model extreme precipitation [38, 39]. Ahn et al. [40] introduced62

a hierarchical Bayesian model for regionalized seasonal forecasts where the63

spatial dependency is captured by modeling the probability distribution pa-64

rameters with a multivariate Gaussian field. Bracken et al. [41] and Sun et al.65

[42] implemented a multivariate nonstationary Bayesian hierarchical model66

for hydrologic frequency analysis, in which the dependence between variables67

was captured by a Gaussian elliptical copula in the data layer. While these68

are very good approaches, some general issues remain - such as, limited abil-69

ity to capture spatial dependencies over the entire domain if GEV parameters70

are kept constant over homogeneous regions; estimation issues with Copulas71

as the domain size increases; inability to capture relationships between the72

parameters as each parameter is modeled separately in space; these work well73

for smaller spatial domains or fewer variables, but become computationally74

intensive and have convergence issues as the domain increases, to name a75

few.76

Our research in this paper is motivated by the need to address these77

issues and have the ability to obtain estimates of return levels and their un-78

certainties at ungauged locations. To this end, we propose a semi-Bayesian79

Hierarchical framework to model multi-site spatio-temporal variability of pre-80

cipitation extremes.81

We demonstrate this framework by its application to extreme summer82

precipitation at 73 stations from the Southwest US- Arizona, New Mexico,83

Colorado, and Utah. The paper is organized as follows. In section 2, the84

framework, in general, is described. The application set up for the Southwest85

US extreme precipitation is then described, followed by the specific form of86
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the model structure and fitting method in section 3. The results are described87

in section 4, and section 5 presents conclusions and discussion of the results.88

2. Proposed framework89

The proposed spatial-temporal multivariate semi-Bayesian hierarchical90

framework is comprised of three components: the model structure, the esti-91

mation strategy, and estimation of nonstationary return levels.92

2.1. General model structure93

In general, we wish to conduct a nonstationary frequency analysis of94

extreme precipitation at m locations over k years, and then use a spatial95

model that allows us to estimate return levels and their uncertainty over96

a grid or at stations with missing data. In this context, it is assumed that97

extreme precipitation series at each station follows a GEV distribution [2, 43].98

The spatial dependence is captured through a spatial multivariate Gaussian99

process on the GEV parameters. The first layer of the hierarchical model100

structure, also known as the data layer, corresponds to the GEV distribution101

assumed at each location si and time point t which is102

Y (si, t) ∼ GEV (µ(si, t), σ(si, t), ξ(si, t)) i = 1, . . . ,m (1)

where µ ∈ (−∞,∞) is the location parameter, σ > 0 is the scale param-103

eter, and ξ ∈ (−∞,∞) is the shape parameter. Under the nonstationary104

assumption, distribution parameters can vary in space and time. Thus, the105

three GEV parameters could be modeled as functions of time-dependent106

large-scale climate variables, and regional mean covariates:107
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µ(si, t) = αµ0(si) +
n∑
j=1

αµj(si)Zj(t) i = 1, . . . ,m (2)

log (σ(si, t)) = ασ0(si) +
n∑
j=1

ασj(si)Zj(t) i = 1, . . . ,m (3)

ξ(si, t) = αξ0(si) +
n∑
j=1

αξj(si)Zj(t) i = 1, . . . ,m (4)

where αµ, ασ, and αξ are the regression coefficients, and Zj(t) is covari-108

ate j at the time t. log(σ) is modeled to ensure positive scale parameters.109

The regression coefficients are estimated using Maximum Likelihood (ML)110

approach [13]. Specific choices for covariates in our data analysis will be111

discussed in section 3.2.112

While in many studies, ξ is modeled as a single value per study area113

or per region within the study area [38, 44, 45, 35], others consider that114

this parameter varies spatially along with the other GEV parameters, but115

considering a specific range of variation for it [34, 46]. Here, because we are116

interested in capturing the correlation between GEV parameters, no a priori117

restriction on its domain is imposed.118

The Bayesian formulation starts in the process layer, which is the second119

layer of the hierarchy, assumes a multivariate spatial Gaussian process for120

the GEV regression coefficients obtained via ML as mentioned above. Com-121

pared to a univariate spatial Gaussian process (e.g., [31, 42]), this process122

can account for cross-correlation in the regression coefficients. The covariates123

selected for modeling the GEV parameters in the first level exhibit spatial124

correlation, thus, the GEV regression coefficients are likely to be correlated.125
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Therefore, the multivariate spatial Gaussian Process formulation is appropri-126

ate and general, regardless of the strength of the spatial correlation. Thus,127

the GEV regression coefficients at the location si are modeled as128

α(si) = βTX(si) + w(si) + ε(si) (5)

where α(si) = [αµ(si),ασ(si),αξ(si)] is a vector of 3(n + 1) × 1 GEV129

regression coefficients at the location si; β =
[
βµ,βσ,βξ

]
is a matrix of130

4 × 3(n + 1) spatial regression coefficients which are constant in space and131

time; X(si) is a 4 × 1 vector of regressors with the elements corresponding132

to the unity, coordinates, and elevation at the location si; and w(si) and133

ε(si) are vectors of 3(n+1)×1 spatial and uncorrelated residuals at location134

si, respectively. We assume the parameters can be defined through a latent135

multivariate process comprised of two components: a spatial term, w, that136

follows a mean 0, stationary, anisotropic Gaussian process specification with137

a covariance function C, and independent white-noise process, ε.138

Considering m locations, we have that spatial and uncorrelated residuals139

are140

w = [w(s1),w(s2), . . . ,w(sm)]T (6)

ε = [ε(s1), ε(s2), . . . , ε(sm)]T (7)

The spatial residuals vector, w, follows a MVN (0,Σs), where Σs is the141

mp × mp covariance matrix and p = 3(n + 1). The covariance matrix is142

defined as143

8



Σs =


C11 · · · C1p

...
. . .

...

Cp1 · · · Cpp

 (8)

where Ckl is a (m × m) cross-covariance matrix. When k = l, it cor-144

responds to a covariance matrix. We consider an exponential covariance145

function with parameters δ2kl (the partial sill or marginal variance), φkl (the146

spatial decay parameter). The parametric form of the covariance and cross-147

covariance functions is148

Ckl (si, sj) = δ2kl exp (−φkl||si − sj||) (9)

This specification is a particular type of multivariate Matérn [47]; there149

are some restrictions on parameters that result in a valid, i.e., nonnegative150

definite covariance matrix, see Gneiting et al. [47] or Apanasovich et al. [48]151

for details.152

For the uncorrelated residuals, we have ε ∼MVN (0,Σns), where Σns is153

mp×mp diagonal covariance matrix154

Σns =


τ 21 I 0 · · · 0

0 τ 22 I · · · 0
...

...
. . .

...

0 0 · · · τ 2p I

 (10)

where τ 2k is the nugget effect related to the kth GEV regression coefficient,155

and I is a (m×m) identity matrix.156

A conceptual sketch of the spatial-temporal multivariate semi-Bayesian157

hierarchical framework is shown in Figure 1 which shows the data layer158
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(maximum likelihood estimation of the GEV regression coefficients) and the159

process layer (multivariate spatial Gaussian process for the GEV regression160

coefficients obtained in the data layer).161
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Figure 1: Conceptual sketch of the spatial-temporal multivariate semi-Bayesian hierarchi-

cal framework. θ (si, tj) = [µ (si, tj) , logσ (si, tj) , ξ (si, tj)].

2.2. Estimation strategy162

First, GEV regression coefficients of the data layer are estimated from163

Equations (1)-(4) using maximum likelihood. Then, the conditional posterior164

distribution of the spatial regression coefficients, β, and residuals parameters,165

δ2,φ, τ 2, given maximum likelihood estimates (MLEs) of the GEV regression166
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coefficients, α̂, which are assumed as the true values of the GEV regression167

coefficients, and spatial regressors X, are obtained using the multivariate168

Bayesian model. By Bayes’ rule, the posterior distribution is169

p
(
β,w, δ2,φ, τ 2|α̂,X

)
∝ p

(
α̂|β,w, δ2,φ, τ 2,X

)
· p
(
β,w, δ2,φ, τ 2|X

)
= p

(
α̂|β,w, τ 2,X

)
· p
(
w, δ2,φ

)
· p
(
τ 2
)
· p (β) (11)

= p
(
α̂|β,w, τ 2,X

)
· p
(
w|δ2,φ

)
· p
(
δ2
)
· p (φ) · p

(
τ 2
)
· p (β)

here term p
(
w|δ2,φ

)
= fMVN (w|0,Σs); fMVN (w|0,Σs) represents the170

probability density of a multivariate normal distribution with mean 0 and171

covariance Σs (see Equation 8); p (β) = fMVN (β|µβ,Σβ); µβ and Σβ are the172

spatial regression coefficient estimates and their covariance matrix obtained173

from a linear model fitting (Equation 5) using maximum likelihood; p
(
δ2
)
,174

p (φ), and p (τ 2) are the priors of the other parameters, which based on175

Finley et al. [49] are assumed to be independent and follow the following176

distributions177

δ2 ∼ invWishart (ν,S) φ ∼ Unif (ll,ul) τ 2 ∼ InvGamma (κ,γ)

(12)

where ν and S are the degrees of freedom and scale matrix of the inverse-178

Wishart distribution; ll and ul are the lower and upper limits vectors of179

the uniform distribution; κ and γ are the shape and scale hyper-parameters180

vectors of the inverse-Gamma distribution. The term p (α̂|β,w, τ 2,X) is181

the likelihood of MLEs of the GEV regression coefficients, α̂, conditional182

on the dependence of the uncorrelated residuals, the regression coefficients183
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β =
[
βµ,βσ,βξ

]
, and spatial residuals. The likelihood of α̂ is defined as a184

multivariate normal185

p
(
α̂|β,w, τ 2,X

)
= fMVN

(
α̂|XTβ + w,Σns

)
(13)

where X is a known m× p matrix of spatial regressors.186

2.3. Nonstationary return levels187

According to Read and Vogel [50], it is important to be clear when dis-188

cussing nonstationary return levels and return periods since there are several189

definitions [51, 52, 43]. For a stationary GEV distribution the return level,190

T , is defined as the p = (1− 1/T )th quantile191

qp = µ+
σ

ξ

[
(− log p)−ξ − 1

]
(14)

Here, we use the definition for nonstationary return levels provided by192

Cheng et al. [51], which states that in a nonstationary setting when the GEV193

parameters may be time-varying, the return level can be computed at each194

year, which is known as the effective return level195

qp(t) = µ(t) +
σ(t)

ξ(t)

[
(− log p)−ξ(t) − 1

]
(15)

3. Application196

The Southwest US region comprising of the four states -Arizona, New197

Mexico, Colorado, and Utah- is the hottest and driest region of the United198

States. Most of the precipitation arrives during the winter season, but the199

summer precipitation makes a significant contribution to the reliability of200
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water resources and the health of ecology. However, summer precipitation201

and its extremes, over this region exhibit a high degree of spatial and tem-202

poral variability [53]. We demonstrate the utility of our proposed framework203

presented in the previous section by its application to summer precipitation204

extremes at 73 stations from this region.205

3.1. Precipitation data206

Daily summer, June through September, precipitation data were obtained207

from the Global Historical Climatology Network (GHCN)[54]. We selected208

stations with a full record of data for the period 1964 to 2018 or those with209

no more than 10% of data missing or no more than three years of missing210

data in a row. This resulted in 73 stations for which climatology of the211

extreme seasonal precipitation is shown in Figure 2 along with an elevation212

grid. Summer season 3-day maximum precipitation was computed for each213

year at each station. For a station with missing year values, these values214

were substituted with the median value of the station.215

3.2. Covariates216

Some studies [55, 56, 57] have shown that there is a weak statistical rela-217

tionship between Southwest US summer precipitation and large-scale climate218

indices capturing drivers in tropical Pacific - El Nino Southern Oscillation219

(ENSO), Northern Pacific – Pacific Decadal Oscillation (PDO), and Atlantic220

– Atlantic Multidecadal Oscillation (AMO). Since our objective is to demon-221

strate our framework, we rely on these prior researches, and considered these222

large-scale climate indices as potential covariates, albeit with a somewhat223
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Figure 2: Climatology of the extreme seasonal precipitation for 73 precipitation stations

and 0.5-degree elevation grid in (m) of the study area. The red square corresponds to the

site of interest, considered in Section 4.

weaker association, for the nonstationary GEV distribution in the frame-224

work. However, users can develop tailored covariates for their specific data225

to enhance model performance.226

For modeling the temporal nonstationarity of the GEV parameters (see227

Equations 2-4), first, we considered summer season average ENSO and PDO228

indices, and the standardized spatial average of summer seasonal precipi-229

tation (SASP) over the entire region as potential covariates. We obtained230

values of the multivariate ENSO index (MEI)[58, 59, 60] from http://www.231

esrl.noaa.gov/psd/enso/mei/. The PDO values [61] were obtained from232

14



http://research.jisao.washington.edu/pdo/. The average summer sea-233

son precipitation, SASP, was computed from the GHCN [54].234

We assess the strength of the relationship between the covariates and235

the summer precipitation extreme by computing the Spearman’s rank cor-236

relations, shown in Figure 3. It can be seen that SASP exhibits significant237

correlation with summer precipitation extreme across at almost all the loca-238

tions over the domain. However, ENSO and PDO indices present a weaker239

correlation with precipitation extremes and significant at only few locations.240

Previous studies mentioned earlier in this section investigated relationship be-241

tween these indices and seasonal total precipitation in this region and found242

them to stronger. But, from our analysis, the indices ride a weaker signa-243

ture on the precipitation extremes. We selected the best nonstationary GEV244

model using total Akaike information criteria (AIC) [62] and total Bayesian245

information criterion (BIC) [63]. In this, the nonstationary model is fitted246

to the precipitation extreme at each location and the AIC and BIC values247

of all the individual location models are added to obtain the total AIC and248

BIC values. These are computed for a suite of candidate models with various249

combinations of the covariates and the model with the minimum total AIC250

or BIC is selected.251

For modeling the GEV regression coefficients spatially, we included co-252

variates of latitude, longitude, and elevation. Covariates were obtained at253

station locations and a 0.5-degree grid throughout the study area. We ob-254

tained the elevation data from the NASA Land Data Assimilation Systems255

(NLDAS)[64] (https://ldas.gsfc.nasa.gov/nldas/elevation).256
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Figure 3: Spearman’s rank correlation coefficient between summer 3-day maximum pre-

cipitation and covariates: (left column) ENSO; (middle column) PDO; (right column) the

standardized spatial average of seasonal total precipitation. Big circles indicate that the

Spearman’s rank correlation is significant (P-value<0.1).

3.3. Model structure for the Southwest US257

For the structure of the model for the Southwest US, we incorporated the258

above covariates for spatial and temporal modeling. We model the location259

and scale parameters of the GEV at each location, nonstationary. Shape260

parameters are generally more variable, leading to convergence issues in ML261

estimation, thus, most studies in literature generally keep this stationary.262

Following this, the shape parameter was keep stationary at each location.263

Based on both, the total AIC and BIC values, shown in Table 1, the best264

model selected uses only SASP as covariate to model the location and scale265

parameters. The next best model, though, includes ENSO. The priors on266

the spatial regression coefficients and residuals parameters used are:267
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β ∼ MVN (µβ,Σβ) δ2 ∼ invWishart (ν,S)

φ ∼ Unif (ll,ul) τ 2 ∼ InvGamma (κ,γ) (16)

where β(si) =
[
βµ,βσ,βξ

]
, µβ and Σβ are the spatial regression coef-268

ficient estimates and their covariance matrix obtained from a linear model269

fitting (Equation 5) on the maximum likelihood estimates of α, for each GEV270

regression coefficient separately. Based on the recommendations from Baner-271

jee et al. [65] and Cooley et al. [45], informative priors were were considered272

for the spatial residuals parameters, φ, δ2, and noninformative priors were273

considered for the uncorrelated residuals parameters, τ 2. We set hyperpa-274

rameter values of φ as ll = [0.2]6×1, ul = [14]6×1, which corresponds to the275

range of distances for the domain considered here.276

For δ2, we set the priors based on sample variograms from the predicted277

residuals obtained from the linear model fitting on the maximum likelihood278

estimates of α̂, along with a exponential model which is consistent with the279

covariance and cross-covariance functions considered here (for more details280

see [66]). Sample variograms are shown in Figure 4. Thus, based on the281

exponential models fitted to the variograms, we considered the diagonal of282

the matrix S, which is (5×5) matrix, equal to [36, 5, 0.06, 0.05, 0.3] and ν = 6283

(number of rows of S plus 1). Finally, we set the hyperpameter values of τ 2
284

as κ = [1]6×1 and γ = [0.01]6×1.285

Note that the priors of both spatial regression coefficients and spatial286

residuals are assumed to be independent. We expect the model capture the287

correlation in these parameters if it exists in the posterior. This would not288

be possible with univariate spatial Gaussian process. Since the Bayesian289
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Table 1: Total AIC and BIC values for different sets of covariates. for each case the same

covariates are considered for location and scale parameters, and the shape parameter is

considered stationary.

Covariates AIC BIC

ENSO 33856.7 34589.4

PDO 33858.9 34591.5

SASP 33529.0 34261.7

ENSO, PDO 33977.4 35003.2

ENSO, SASP 33657.7 34683.5

PDO, SASP 33672.4 34698.2

ENSO, PDO, SASP 33672.4 34698.2

formulation is only at the second level with the spatial model of the ML290

estimates, our model is semi-Bayesian and thus, the posteriors are conditional291

posterior distributions. With the conditional posterior distribution of spatial292

fields of the GEV parameters for each time, conditional posterior distribution293

of the nonstationary space-time return levels of the precipitation extremes294

are obtained.295

3.4. Implementation and model fitting296

The model was implemented in R using the extRemes package [67] for the297

data layer and the spBayes package [49] for the process layer. The parameters298

of the nonstationary GEV parameters at each location were estimated via299

maximum likelihood. The spatial Bayesian multivariate model was fit using300

a Markov Chain Monte Carlo (MCMC) method, specifically, Gibbs sampling301
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Figure 4: Sample variograms from the predicted residuals obtained from the linear model

fitting on the maximum likelihood estimates of the GEV regression coefficients, α. Solid

lines represent the least squares estimation of the exponential model of the variogram.

and random walk Metropolis steps [68]. One chain of length 120,000 was302

run, with the first 60,000 iterations discarded as warmup, and a sample303

thinning factor of 12, resulting in 5000 samples for each parameter. To304

assess convergence, trace plots were visually inspected, and also a Metropolis305

sampling acceptance percent above 80% was checked.306

3.5. Computation of return levels307

With the model fitted from the steps above, posterior distributions of308

each GEV parameter for each year are obtained at station locations or on the309
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0.5-degree grid by evaluating Equations (2)-(5). Thus, generated parameter310

values are used to compute nonstationary return levels at each station or grid311

point using Equation (15). The steps for this procedure are as follows:312

1. Select a single conditional posterior sample of all model parameters313

(β, δ2,φ, τ 2).314

2. Simulate spatial and nonspatial residuals, w and ε.315

3. Compute regression coefficients for GEV parameters, Equation (5).316

4. Compute GEV parameters at each location i and year t, Equations317

(2)-(4).318

5. Compute nonstationary return levels at each location i and year t,319

Equation (15).320

6. Repeat steps 1–5 for each posterior sample.321

3.6. Model comparison322

To highlight the advantages of our framework, we compare it with another323

model. The models are as follows:324

1. Semi-Bayesian univariate: A univariate nonstationary GEV distribu-325

tion is fit to each location using MLE, where the location parameter326

is allowed to vary over time according to covariates specified in sec-327

tion 3.2. Then, the spatial dependence is captured through a spatial328

univariate Gaussian process on each GEV parameter.329

2. Semi-Bayesian multivariate: The spatial-temporal semi-Bayesian mul-330

tivariate hierarchical framework described in this study.331
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4. Results332

4.1. Model fits333

Figure 5 shows the Q-Q plot, the empirical Probability Density Function334

(PDF) and the PDF of the nonstationary GEV distribution fitted, and time335

series of nonstationary of the MLE return levels for different return periods336

for the extreme summer precipitation at Pasamonte station in New Mexico337

(see Figure 2). The empirical PDF in Figure 5b is obtained by a kernel338

density estimator which smooths the histogram (e.g., [69]). It can be seen339

that in general, model and sample quantiles fall close to the 1:1 line (Figure340

5a), and the fitted GEV distribution captures the shape of the empirical341

PDF very well (Figure 5b). However, there is an overestimation of the upper342

tail, i.e., high values. In Figure 5c it can be seen that the nonstationary343

return levels capture the inter-annual variability of the observed precipitation344

extremes very well, in that, the return levels shift up and down in concert345

with the historical values. A similar or even better performance showed in346

Figure 5 was seen at all the other stations.347

Figure 6 shows the conditional posterior median of the regression coef-348

ficients corresponding to the covariates for the location, shape, and scale349

parameters of GEV over the 0.5-degree grid from the 5000 simulations. The350

median of the intercept of the location parameter (Figure 6a) shows higher351

values in the eastern part of the region and lower in the western. This is352

consistent with the climatology of the seasonal extreme precipitation (see353

Figure 2) – in that the western parts are arid and semi-arid and hence lower354

precipitation. The conditional posterior median of SASP coefficients of the355

location (Figure 6b) is higher in the east, and it is positive over most of the356
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(a) (b)

(c)

Figure 5: (a) Q-Q plot , (b) PDF of the GEV distribution fitting, and (c) time series of

nonstationary of the MLE return levels for different return periods for extreme summer

precipitation at Pasamonte station, NM. In panel (b), the data are first transformed to an

appropriate standardized GEV scale. The empirical PDF is obtained by a kernel density

estimator. In panel (c), the black line corresponds to the observed.

region with small negative regions in the middle of the domain. This can357

be explained by the orographic effect due to the presence of the mountain358

ranges. The conditional posterior median for the intercept of log of the scale359

parameter (Figure 6c) also shows similar spatial variability as the intercept360
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of the location, indicating that regions with higher extreme rainfall have361

higher variability. The conditional posterior median of SASP coefficients of362

log of the scale parameter (Figure 6d) shows similar spatial variability as the363

SASP coefficients of the location, i.e., higher values in the east and regions364

with negative values in the middle of the domain. The conditional posterior365

median of the shape parameter (Figure 6e) indicates heavy tail distribution366

(i.e. positive shape parameter) in the arid and semi-arid regions in the west367

part. However, its range of variation is small.368

Figure 7 shows the scatter plots of the conditional posterior spatial re-369

gression coefficients β0,α1 (intercept of α1) vs. β0,α0 (longitude slope of α1) for370

the semi-Bayesian univariate model (Figure 7a) and semi-Bayesian multivari-371

ate model (Figure 7b). It is seen that contrary to semi-Bayesian univariate372

model, semi-Bayesian multivariate model can capture the cross-correlation373

between spatial regression coefficients for different GEV regression coeffi-374

cients even when we set up uncorrelated priors for them. The same feature375

was observed for other spatial regression coefficients.376

The same feature is observed for the residuals. This is shown in Fig-377

ure 8 that displays Sample cross-variograms (for more details see [70]) of378

αµ0-αµ1 from the predicted residuals obtained from the linear model fitting379

on the maximum likelihood estimates (MLE) of the GEV regression coef-380

ficients (Figure 8a), the conditional posterior residuals obtained from the381

semi-Bayesian univariate model (Figure 8b), and the conditional posterior382

residuals obtained from the semi-Bayesian multivariate model (Figure 8c).383

Solid lines represent the least squares estimation of the exponential model of384

cross-variogram. It is seen that for semi-Bayesian multivariate case, poste-385
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rior residuals can capture the spatial cross-correlation between the residuals386

observed for the MLE case, the observed residuals in our case. This feature387

is not captured by the semi-Bayesian univariate model again. The same was388

observed for αµ0-ασ0 and αµ1-ασ0 .389

Thus, by capturing cross-correlation between spatial coefficients and resid-390

uals with our framework is possible to obtain more consistent simulations of391

the GEV regression coefficients, and consequently, reduce the uncertainty of392

the extreme precipitation return levels estimates.393

4.2. Spatial variability of return levels394

To assess the ability of the model to capture the spatial patterns of the395

summer precipitation extremes, we present results of 2-year return levels396

along with the associated observations. Figure 9 shows the spatial map397

of the conditional posterior median of the 2-year return level of summer398

precipitation extremes along with the median of the observed extremes at399

the station locations and also for representative wet and dry years. Figure400

9a shows the conditional posterior median of the 2-year return level over all401

the years and the corresponding 95% credible interval width in Figure 9b.402

The median of historical precipitation extremes at the stations – comparable403

to the posterior median of the 2-year return level - are shown in Figure 9a as404

colored circles. It can be seen that the median values are lower in the arid and405

semi-arid western regions of the domain and higher in the eastern parts, which406

are consistent with the historical median values at the stations (the colors in407

the circles are consistent with that of the background from the simulations).408

The credible intervals widths do not show any spatial pattern. We selected409

a wet year (1997) in the record and show the conditional posterior median410

24



of the 2-year return level in Figure 9c and the historical observed values411

at the stations are consistent with the simulations, more so in the western412

part of the domain. However, in the eastern part of the domain, with high413

precipitation, the simulations are slightly lower than the observations. The414

spatial pattern of the credible interval width (Figure 9d) is similar to that415

in Figure 9b. For a representative dry year (2001), the conditional posterior416

median of the 2-year return level and observed correspond very well (Figure417

9e) with a similar spatial pattern of credible interval width (Figure 9f) to418

that of the simulations over the entire time domain (Figure 9b).419

Figure 10 shows the conditional posterior median of the 100-year return420

level of summer precipitation extreme and its 95% confidence interval width.421

In Figure 10a can be seen that this, too, shows a similar spatial pattern to422

that of the 2-year return level, i.e., higher precipitation in the east and lower423

in the west. This is consistent with the spatial pattern of the intercepts of424

the location and log of the scale parameters (see Figure 6). As in the case425

of 2-year return levels, the credible intervals widths do not show any spatial426

pattern (Figure 10b).427

4.3. Temporal variability of return levels428

To assess the performance of the temporal variability of the nonstationary429

framework, we compared them (semi-Bayesian multivariate model) to the430

return levels from the MLE estimates of the GEV coefficientes, which are431

consider as the true values in this case, and to those return levels from the432

semi-Bayesian univariate model. In Figure 11 we show the boxplots of the433

nonstationary 100-year return level for each year at Pasamonte station, NM434

from the semi-Bayesian univariate model (Figure 11a) and the framework435
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proposed here (semi-Bayesian multivariate, Figure 11b) along with those436

from the MLE estimates of the GEV coefficients (red line). The whiskers437

show the 95% credible intervals, the boxes the interquartile range, and the438

horizontal lines inside the boxes, the median. The nonstationary framework439

proposed here shows a significant reduction in the uncertainty compared to440

the semi-Bayesian univariate model. This can be explained by the ability441

of the framework here to capture the cross-correlation between the spatial442

regression coefficients and between the spatial residuals (see Figures 7 and443

8). So, this allow to preserve the cross-correlation at site of MLE estimates444

of the GEV regression coefficients for each simulation of the coefficients.445
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4.4. Cross-validation446

To test the out-of-sample predictability of the model, cross-validation was447

carried out by dropping 10% of the total stations (i.e., 7 out of 73 stations),448

and the model was fit on the remaining 66 stations. Stations dropped are449

shown in Figure 12 (red circles), and were chosen to represent distinct clima-450

tological behaviors, as well as geographical sampling. To quantify the skill451

in a prediction mode, we made two different predictions: at the dropped452

stations and spatial validations. First, we predict the distributions at the453

dropped stations, and randomly generated 5000 samples of extreme precipi-454

tation values at the dropped locations for each year. In this case, we created455

boxplots for the 7 stations dropped for the validation model dropping 10% of456

the data (subset data model) and observed data. Next, we generated predic-457

tive posterior distributions over the 0.5-degreed grid using this model based458

on subset data (66 stations), and subsequently, generated 5000 samples of459

100-year returns level over the same grid according to the section 3.5. We460

computed the difference between the median return level from the full data461

model (Figure 10) and this subset data model.462
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Figure 13 shows predicted summer precipitation extremes for the period463

(1964-2018) at stations dropped for the validation model dropping 10% of the464

data for the semi-Bayesian univariate model (light gray boxes), semi-Bayesian465

multivariate model (gray boxes) and the observed data (yellow boxes). The466

distribution from the semi-Bayesian multivariate model captures the histor-467

ical distribution quite well as the box and whiskers are comparable between468

the two, indicating acceptable predictability, offering prospects for this ap-469

proach to be used in a predictive mode. Also, it shows a better performance470

in capturing the historical distribution than the semi-Bayesian univariate471

model and a lower uncertainty. Overall, the same feature is seen for dry472

(2001) and wet (1997) year cases (Figure 14). Station 5 shows the worst473

performance, but in general, the performance is acceptable for almost all the474

station (yellow circles fall into the boxes).475

Figure 15 shows the difference between the posterior median 100-year476

return levels from the full data model and the subset data model over the477

0.5-degree grid. In general, the difference map does not show spatial patterns478

except for a bias in the south of Arizona. This bias can be caused by poor479

data in this region and that two of the stations dropped (stations 3 and 6)480

are located in this region. However, the differences are not high compared481

to the magnitude of 100-year return levels (Figure 10), so the performance482

of the model could be considered well.483
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5. Summary and discussion484

In this study, we presented a spatial-temporal multivariate semi-Bayesian485

hierarchical framework for conducting nonstationary frequency analysis of486

precipitation extremes at ungauged locations. The framework assumes the487

marginal distribution of each location is a generalized extreme value (GEV)488

distribution, where the distribution parameters can vary in time as a function489

of covariates, whose coefficients are estimated via maximum likelihood. To490

get estimates at ungauged locations or over a grid, the spatial dependence491

is captured by modeling spatially the coefficients of the covariates at each492

station using spatial Gaussian multivariate processes.493

We applied this framework to conduct nonstationary frequency analy-494

sis of extreme summer precipitation at 73 stations from the Southwest US.495

This application incorporated large-scale climate indexes such as ENSO and496

PDO and the standardized spatial average of summer seasonal precipitation497

(SASP) over the region as potential covariates. Based on the lowest total498

AIC and BIC, we selected the best model which only considers SASP as499

covariate for the location and scale paremeters, and stationary shape param-500

eter. We found that the multivariate semi-Bayesian approach can capture501

the cross-correlation between the spatial regression coefficients and the resid-502

uals, provided a robust estimation of uncertainties of the return levels due to503

the spatial interpolation compared to univariate semi-Bayesian model, and504

capture the spatial patterns of the observed data.505

In the application presented here, we only considered three potential co-506

variates, and the shape parameter was assumed to be stationary for simplic-507

ity. However, Additional Skillful covariates can further improve the estimates508
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of space-time variability. In the case of that, the framework can be applied509

to a local scale, and local covariates can be included to capture well local510

patterns.511

The spatial modeling of the process level parameters by incorporating512

correlation among the parameters makes a new contribution. Besides, this513

correlation enables to reduce the parameter uncertainty related to the spatial514

interpolation. We recognize that the uncertainty captured by our model515

does not represent the total uncertainty, as we are employing the Bayesian516

framework on the ML estimates of the GEV coefficients. The uncertainty517

in the ML estimates is not captured explicitly. Of course, one could include518

this estimation in the first layer, inside of the Bayesian framework, to capture519

this additional uncertainty. However, over a large spatial domain such as the520

Southwest U.S., this makes the model computationally intensive and with no521

guarantees of convergence. The semi-Bayesian model presented here, makes522

this tradeoff to enable an efficient model capture most of the uncertainties.523

A fully Bayesian framework with efficient computational methods will be a524

natural extension.525

The model performance skill will be dependent on the strength of the526

temporal covariates in their association with the variability of the extremes527

field. In the application here, we were motivated by our ongoing research on528

the summer precipitation over southwest US. It is generally known that the529

summer precipitation and the extremes in this region exhibits high degree530

of variability and weaker connection with large scale forcings compared to531

their winter counterpart. However, the user can develop tailored covariates to532

their application. If the covariates are lagged in time (say a season head), this533
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modeling framework can be used to provide projections of seasonal extremes534

that will be of help in operational planning and management of natural535

resources ahead of the active season of extremes. Furthermore, with multi-536

decadal projections of the covariates, say under a global warming scenarios,537

projections of climate extremes for these scenarios can be made, for use by538

policy makers. Extensions of this framework to other fields of extremes such539

as streamflow, temperature, pollution concentrations in space etc., and to540

threshold exceedances, can be easily enabled.541
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Appendix A. Abbreviations and acronyms559

PDF: Probability Density Function.560

GEV: Generalized extreme value.561

ML: Maximum likelihood.562

MLE: Maximum likelihood estimates.563

AIC: Akaike information criteria.564

BIC: Bayesian information criterion.565

MCMC: Markov Chain Monte Carlo.566

GHCN: Global Historical Climatology Network.567

ENSO: El Nino Southern Oscillation.568

PDO: Pacific Decadal Oscillation.569

AMO: Atlantic Multidecadal Oscillation.570

SASP: Standardized spatial average of summer seasonal precipitation.571

MEI: Multivariate ENSO Index.572

NLDAS: NASA Land Data Assimilation Systems.573
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Figure 6: The conditional posterior median of the regression coefficients of GEV pa-

rameters over a 0.5-degree grid: (a) intercept of the location parameter, αµ0
; (b) SASP

coefficient of the location parameter, αµ1 ; (c) intercept of the log of the scale parameter,

ασ0
; (d) SASP coefficient of the log of the scale parameter, ασ1

; and (f) shape parameter,

αξ0 .
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Figure 7: Scatter plots of the conditional posterior spatial regression coefficients intercept

of µ1 vs. intercept of µ0 for: (a) semi-Bayesian univariate model; (b) semi-Bayesian

multivariate model. Correlation coefficient for the semi-Bayesian multivariate model is

significant at a significance level of 0.01.
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Figure 8: Sample cross-variograms of αµ0
-αµ1

from: (a) the predicted residuals obtained

from the linear model fitting on the maximum likelihood estimates of the GEV regression

coefficients; (b) the conditional posterior residuals obtained from the semi-Bayesian uni-

variate model; (c) the posterior residuals obtained from the semi-Bayesian multivariate

model. Solid lines represent the least squares estimation of the exponential model of the

cross-variogram.
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Figure 9: Conditional posterior median 2-year return level of extreme summer precipita-

tion and median 2-year return level of 95% confidence interval width of extreme summer

precipitation for the whole record (a and b), a wet year (1997, c and d), a dry year (2001,

e and f). Points correspond to the median of the observed for the whole record, and the

observed for wet and dry years.
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Figure 10: Conditional posterior median 100-year return level of extreme summer precip-

itation along with the median of the observed (left) and median 100-year return level of

95% confidence interval width of extreme summer precipitation (right).
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Figure 11: Nonstationary 100-year return levels from (a) the semi-Bayesian univariate

model (b) the semi-Bayesian multivariate model of extreme summer precipitation at Pasa-

monte station, NM. Red line corresponds to the nonstationary 100-year return levels from

the MLE estimates of the GEV regression coefficients.
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Figure 12: stations dropped (7) for the cross-validation (red circles) and the subset data

(66 stations) using to fit the model (gray circles).
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Figure 13: Predicted extreme summer precipitation (1964-2018) at 10% random leave-

out stations for the validation model dropping 10% of the data for the semi-Bayesian

univariate model (light gray boxes), semi-Bayesian multivariate model (gray boxes), and

observed data (yellow boxes). The whiskers show the 95% credible intervals, the boxes

the interquartile range, and the horizontal lines inside the boxes, the median.
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Figure 14: Predicted extreme summer precipitation for a dry (2001, left) and a wet (1997,

right) year at 10% random leave-out stations for the validation model dropping 10% of the

data for the semi-Bayesian univariate model (light gray boxes), semi-Bayesian multivariate

model (gray boxes), and the observed data (yellow circles). The whiskers show the 95%

credible intervals, the boxes the interquartile range, and the horizontal lines inside the

boxes, the median.
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Figure 15: Difference between median return levels from the full model and the validation

model dropping 10% of the data over the 0.5-degree grid. Circles correspond to the stations

dropped (7) for the cross-validation. Note the scale keeps the upper limit of the median

100-year return level of extreme summer precipitation (Figure 10).
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