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ABSTRACT: The vertical structure of ocean eddies is generally surface-intensified, commonly attributed to the dominant
baroclinic modes arising from the boundary conditions (BCs). Conventional BC considerations mostly focus on either flat-
or rough-bottom conditions. The impact of surface buoyancy anomalies—often represented by surface potential vorticity
(PV) anomalies—has not been fully explored. Here, we study the role of the surface PV in setting the vertical distribution
of eddy kinetic energy (EKE) in an idealized adiabatic ocean model driven by wind stress. The simulated EKE profile in
the extratropical ocean tends to peak at the surface and have an e-folding depth typically smaller than half of the ocean
depth. This vertical structure can be reasonably represented by a single surface quasigeostrophic (SQG) mode at the
energy-containing scale resulting from the large-scale PV structure. Due to isopycnal outcropping and interior PV homoge-
nization, the surface meridional PV gradient is substantially stronger than the interior PV gradient, yielding surface-
trapped baroclinically unstable modes with horizontal scales comparable to or smaller than the deformation radius. These
surface-trapped eddies then grow in size both horizontally and vertically through an inverse energy cascade up to the energy-
containing scale, which dominates the vertical distribution of EKE. As for smaller horizontal scales, the EKE distribution decays
faster with depth. Guided by this interpretation, an SQG-based scale-aware parameterization of the EKE profile is proposed.
Preliminary offline diagnosis of a high-resolution simulation shows the proposed scheme successfully reproducing the depen-
dence of the vertical structure of EKE on the horizontal grid resolution.
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1. Introduction The vertical structure of eddy motions is often represented
using vertical normal modes (Wunsch 1997; Wortham and
Wunsch 2014; de La Lama et al. 2016). Traditionally, these
modes—including the barotropic and baroclinic modes—are
solutions to an eigenvalue problem with flat-bottom and rigid-
lid boundary conditions (Gill 1982; Vallis 2017). The surface-
intensified structure of ocean eddies is then decomposed as a

Ocean mesoscale eddies have horizontal scales of tens to
hundreds of kilometers and account for a majority of oceanic
kinetic energy (e.g., Ferrari and Wunsch 2009; Storer et al.
2022). These eddies are important for the transport and mix-
ing of momentum, heat, salt, and carbon, as well as other bio-
geochemical tracers, and impact the large-scale circulation o . . .
and climate (Wolfe and Cessi 2010; Marshall and Speer 2012; linear combination of these eigenmodes in the vertical.

Griffies et al. 2015; Gnanadesikan et al. 2015). These eddies  1Notably, the barotropic and first baroclinic modes together
are yet to be fully resolved in climate models due to their rela- 3" capture the bulk of midlatitude eddy structure and vari-

tively small size, and as a result, their effects must be parame- ability (Wunsch 1997% Zhang .et al. 2013). T.hat these two modes
terized. Observational and modeling studies have shown that € dominant is consistent with geostrophic turbulence theory,
the strength of mesoscale eddies tend to peak at the surface which reveals that eddies emerging from baroclinic instability
and decay with depth (Wunsch 1997; de La Lama et al. 2016), tend to transfer energy from higher baroclinic modes to the
with the exception for certain mode-water or topographically ~—10Wer modes and thel} to the_ barotropic mode at S.Céﬂes compa-
trapped eddies that intensify in the interior or near the bot- rable to the deformation radius (Salmon 1980; Smith and Vallis
tom (Zhang et al. 2017; Radko 2023). Parameterizations that 2001). Due to surface-intensified stratification and bottom fric-
properly account for the surface-intensified vertical structure ~ tion, ocean eddies are usually not fully barotropized and the
are crucial for simulations of large-scale ocean circulations ~first baroclinic contribution remains considerable (Fu and Flierl
and density structures (Danabasoglu and Marshall 2007; 1980; Smith and Vallis 2001). Although the barotropic and first
Eden et al. 2009). This effort requires a better understand- ~ baroclinic modes are useful for diagnosing the vertical structure
ing and representation of the eddy vertical structure, which ~ of eddies, they are inefficient for quantitative predictions since
is the topic of this paper. their relative contribution to eddy energy varies substantially in
space and time (Wunsch 1997).
Vertical mode structures can change significantly in the pres-
ence of bottom topography (Hallberg 1997; LaCasce 2017),
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rough bathymetry (LaCasce 2017). The inclusion of the rough
bottom tends to decouple the bottom pressure from the interior,
yielding modified baroclinic structures that are more surface-
intensified (Rhines 1970; Hallberg 1997; Samelson 1992; Tailleux
and McWilliams 2001). The first baroclinic mode derived under
such rough-bottom setup captures a larger fraction of observed
velocity variance than the traditional first baroclinic mode (de La
Lama et al. 2016; Ni et al. 2023) and has recently been used for
diagnoses and parameterizations of the vertical structure of eddy
velocity and mixing (Adcroft et al. 2019; Groeskamp et al. 2020;
Stanley et al. 2020; Holmes et al. 2022).

Still, these rough-bottom modes assume a zero buoyancy
anomaly at the ocean surface, whereas ocean eddies exhibit
strong surface temperature and salinity anomalies (Lapeyre
2009; Hausmann and Czaja 2012; Frenger et al. 2015). Theo-
retical studies have proposed vertical-mode bases that include
surface buoyancy anomalies, associating with surface-trapped
responses that decay quasi-exponentially from the surface
(Lapeyre and Klein 2006; Smith and Vanneste 2013; Yassin
and Griffies 2022a). The surface-trapped mode is governed by
the surface quasigeostrophic (SQG) dynamics in the presence
of a surface horizontal buoyancy gradient (Blumen 1978;
Held et al. 1995; Lapeyre and Klein 2006; Lapeyre 2017). Pre-
vious studies noted that the SQG mode can capture the sur-
face intensification of the observed eddies better than the
traditional baroclinic structures, pointing to surface buoyancy
anomalies being key to establishing the vertical distribution of
ocean eddies (Lapeyre and Klein 2006; Lapeyre 2009).

The SQG framework has been adapted to infer the eddy
properties in the vertical from surface observations and hy-
drography in the midlatitude ocean in both modeling (Lapeyre
and Klein 2006; Isern-Fontanet et al. 2008; Wang et al. 2013;
Ponte and Klein 2013; Liu et al. 2014; Qiu et al. 2016; Fresnay
et al. 2018; Qiu et al. 2020; Miracca-Lage et al. 2022) and ob-
servational studies (LaCasce and Mahadevan 2006; Rocha
et al. 2013; Liu et al. 2017). Such inference, however, depends
on the spectra of the surface eddy energy or buoyancy because
the vertical structure of the SOG mode depends on the hori-
zontal eddy scale—smaller eddies tend to have shallower
structures (Lapeyre 2017; Ajayi et al. 2020). The scale depen-
dence seemingly limits the application of the SQG framework
to the parameterization of eddies for ocean models in which
mesoscale features are not fully resolved.

Here, we argue that knowing the energy-containing scale is
sufficient to determine the dominant SQG mode, supporting
a sparse representation of the vertical structure of mesoscale
eddies. Assuming the energy-containing scale is given and us-
ing this information in lieu of the full surface spectra, we pro-
pose an SQG-based, scale-aware parameterization for the
vertical structure of ocean eddies. Focusing on the depen-
dence of vertical structure on horizontal scales, offline analy-
ses with output from an idealized adiabatic ocean model
demonstrate that the proposed scheme reproduces the de-
sired distributions of unresolved eddies by models with differ-
ent horizontal resolutions. The only remaining step for a
completely closed parameterization is the determination of
the horizontal energy-containing scale, which is a topic out-
side the scope of this paper.

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 54

Why does the SQG mode at the energy-containing scale
play such an important role in the vertical eddy structure? We
propose that geostrophic turbulence theory offers insights to
this question. Surface buoyancy anomalies are often repre-
sented as surface-confined potential vorticity (PV) anomalies
(Bretherton 1966). The horizontal PV gradient tends to be
substantial at the ocean surface, yielding surface-trapped
instabilities, such as Charney and mixed-layer instabilities
(Smith 2007; Fox-Kemper et al. 2008; Tulloch et al. 2011;
Roullet et al. 2012; Callies et al. 2016; Schubert et al. 2020;
Feng et al. 2021, 2022). The link between baroclinic instability
and the vertical structure of mesoscale eddies is investigated
here in an idealized adiabatic ocean model. We find that the
SQG-like profile of eddy kinetic energy (EKE) is prevalent in
purely wind-driven circulations analogous to those in the Atlan-
tic Ocean. The simulated EKE exhibits (i) a surface-intensified
profile consistent with the SQG mode at the energy-containing
scale and (ii) a dependence of vertical distribution on the hori-
zontal eddy scale. Although our adiabatic model does not have
surface buoyancy forcing and a mixed layer, the isopycnal
outcropping due to wind forcing gives rise to a strong surface
meridional PV gradient. In the upper ocean, the interior PV
gradient is weak due to eddy mixing, which tends to homoge-
nize the PV within geostrophic contours (Rhines and Young
1982b). Such a large-scale PV distribution induces surface-
trapped baroclinically unstable modes with an SQG-like vertical
structure. These surface-trapped eddies supply energy to the
energy-containing eddy through an inverse energy cascade, ulti-
mately shaping the EKE profile.

This manuscript is organized as follows. Section 2 covers
equations of the baroclinic and surface-trapped modes for
theoretical background. The numerical model configuration
and Wentzel-Kramers-Brillouin (WKB) solutions for the
SQG mode are given in section 3. In section 4, we reveal the
key role of SQG modes in setting the vertical structure of
EKE, which can be determined by the horizontal energy-
containing scale. In section 5, we argue that the dominance of
the SQOG mode arises from baroclinic instability and the
corresponding inverse energy cascade, which are surface-
trapped due to the upper-ocean PV structures. Based on
these understandings, in section 6, we propose a SQG-
based parameterization for the subgrid EKE profile that
depends on the numerical model horizontal grid spacing.
The results are summarized, and their implications for
understanding the eddy vertical structure are discussed in
section 7.

2. Theoretical background

In this section, we recap elements from QG theory, fo-
cusing on (i) the vertical structure of baroclinic modes and
(ii) modifications to take into account a surface buoyancy
anomaly.

a. Baroclinic modes

The vertical structure of ocean eddies is commonly rep-
resented using vertical normal modes of the linearized QG

Brought to you by NOAA Library | Unauthenticated | Downloaded 02/28/25 05:50 PM UTC



ZHANG ET AL.

JUNE 2024
(a) Flat-Bottom Modes
0-01 /
_02 .
_04 .
T
£ D
_06 .
JEE— Q)O
—0.8 o,
JEE— (])2
~1.01 — O3
-1 0 1 2

1245

(b) Rough-Bottom Modes

-1 0 1 2

FIG. 1. The first four vertical normal modes solved from the eigenvalue problem in Eq. (3) with (a) flat-bottom and
rigid lid boundaries and (b) rough-bottom and rigid-lid boundaries. The stratification decays exponentially with depth
following an e-folding scale of a third of the water depth in both cases. Each profile of ®,, is normalized so that

i @fndz/H = 1. Blue, orange, green, and red lines indicate the first, second, third, and fourth modes. The first mode
®d, in (a) is depth independent and called the barotropic mode, while the other modes are baroclinic (BC) modes.
The &, mode in (b) is represented by bottom-trapped topographic waves, which are not plotted here. The first mode

®, in (b) is often called the EBT mode.

equations for a quiescent ocean state (e.g., chapter 6 of
Vallis 2017),

a| o a(f? mp) EX
— |V + —|:5—]| +B—=0 1
at[ v 8z(Nlaz Bax ’ @
where (x, y, z, t) is the streamfunction perturbation, f
is the Coriolis parameter, 8 is the meridional derivative
of f, and N*> = dB/dz is the squared buoyancy frequency de-
fined via the large-scale buoyancy B. Note that ¢ and dy/dz
are proportional to the pressure and buoyancy anomalies,
respectively.
Substituting the wave-like ansatz
¥ =y ®(2) explitk,x + k,y — wi)] )
into Eq. (1) yields an eigenvalue problem for the nondimen-
sional vertical structure function ®:
d(f? d(I)) 2
—|55—] = —A"D. 3
dz (Nl dz ®)
Here, tf/o is proportional to the 2D Fourier transform of ¢ at
the surface, k. and k, are the zonal and meridional wavenum-
bers, respectively, o is the angular frequency, and A? is the re-
ciprocal of squared deformation radius.
Solving Eq. (3) requires surface and bottom boundary con-
ditions (BCs). It is common to assume the flat-bottom and
rigid-lid conditions in which the buoyancy vanishes:

dd
& ~atz=0.-H. ()

Equations (3) and (4) constitute a Sturm-Liouville problem
for @, admitting a set of orthogonal normal modes {®,,}, with
the corresponding eigenvalues {A2,}. Here, the integer, m = 0,
counts the number of zeros of ®,,(z) in the interior. The solu-
tion with m = 0 denotes the barotropic mode, and the infinity
of m = 1 solutions are the baroclinic modes. The first few
modes are shown in Fig. 1a as computed with an exponential
stratification profile whose e-folding scale is a third of water
depth. General solutions of an eddy feature satisfying Eq. (1)
and the same BCs (4) can be uniquely represented as a linear
combination of these modes. See Rocha et al. (2016) for a
comprehensive summary regarding the representation in terms
of a predetermined basis.

An alternative structural consideration includes the bottom
topography (Rhines 1970; Hallberg 1997) with which the hori-
zontal velocity vanishes at the bottom, yielding

%-0atz=0 and &=0atz=-H. 5)

That is, the bottom BC is now imposed on the pressure anomaly,
whereas the surface BC remains applied to the buoyancy anom-
aly. These alternative BCs result in a different set of normal
modes shown in Fig. 1b, referred to as the rough-bottomn modes
or “surface modes” in LaCasce (2017) since the bottom horizon-
tal flow is at rest. Notably, there is no longer a depth-independent
barotropic mode among these—an important distinction from
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the flat-bottom modes in Fig. 1a. The barotropic mode is replaced
by bottom-trapped topographic waves (e.g., Rhines 1970;
LaCasce 2017; Yassin and Griffies 2022a) not illustrated
here. The lowest rough-bottom mode (m = 1; blue line in
Fig. 1b)—because it does not change sign in the interior—is
often referred as the equivalent barotropic (EBT) mode
(Killworth 1992; Hallberg 1997; Adcroft et al. 2019). The EBT
mode has been adapted for the parameterization of the verti-
cal distribution of mesoscale eddy diffusivity, e.g., in the
0.5° version of the GFDL ocean climate model OM4.0 (Adcroft
et al. 2019).

A notable feature of the two Sturm-Liouville problems
considered thus far is that the horizontal wavenumbers do not
appear in them, except for the bottom topographic waves that
are not shown. Therefore, the vertical structure of the normal
modes does not depend on the horizontal scales. This prop-
erty can be attributed to the surface boundary conditions not
including buoyancy anomalies (i.e., d®/dz = 0 at z = 0)—an
assumption shared by both of the flat- and rough-bottom
setups.

b. Surface-trapped modes

To incorporate surface buoyancy anomalies, a surface-
aware formulation is proposed to include the horizontal buoy-
ancy gradient at the surface (and bottom), as briefly outlined
here following Smith and Vanneste (2013) as well as Yassin
and Griffies (2022a).

In this modified approach, the eigenvalue problem consists
of the same differential equation [Eq. (3)] but with a set of
more general BCs

2
I\{ZH% = a(0)(k* + AP, at z =0,
2
ﬁ% = —a(-H)(,K* + ¥)®, atz=~H,  (6)

with a nondimensional function

_ f B B

o) = s (65 k) ™
k= (k2 + kﬁ)m, and B is the large-scale buoyancy. The resulting
eigenvalue problem differs from the standard Sturm-Liouville
problem in that the wavenumbers k, k,, and k,, and eigenvalue A2
are now part of the BCs. Following Smith and Vanneste (2013),
an oceanic special case is the limit where a(—H) — 0 (i.e., the
buoyancy anomaly vanishes at the bottom) and «(0) — o (strong
horizontal buoyancy gradient and/or weak vertical stratification at
the surface). The full set of normal modes in this special case con-
sists of a surface-trapped mode, ®(z; k), satisfying

d(f d<bs) _ 2
d—z(m @)~
q>s|z:0:1’
do,
: =0, (8)
dz z=—H

plus the interior modes ®,,,(z) (for integer index m = 1)
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i(ﬁd(pm) =2
dz\N? dz m=me
(Dm|z:0 = 0’
dod
Zm =0. 9)
dz z=—H

The surface boundary condition, ®y.—o = 1, in Eq. (8) is set
following ®|._o = 1 [® is normalized by its surface value in
Eq. (2)], and ®,,|,—o = 0 as derived in Eq. (9). The surface
BCs indicate that the surface pressure anomaly is dominated
by the surface-trapped mode ®;. A few examples of these
modes are illustrated in Fig. 2. Together, the admissible ®;
and ®,,, form an orthogonal basis.

Note the similarity between Eq. (9) and the earlier rough-
bottom setup (the surface and bottom BCs are switched here).
Additionally, the vertical structure of the interior modes does
not depend on horizontal scales (see Fig. 2b).

In contrast, Eq. (8) explicitly includes the horizontal wave-
number, yielding an outstanding feature of the surface-trapped
mode: Larger eddies (with smaller horizontal wavenumber k)
are associated with deeper modes whose vertical response decays
slower with depth (see Fig. 2a). Because ®; has a zero interior
PV anomaly and is driven by a surface buoyancy anomaly—
consistent with the SQG dynamics (Blumen 1978; Held et al.
1995)—it is also referred to as the “SQG mode.” The SQG
mode is relevant to the oceanic cases where a horizontal
buoyancy gradient intensifies near the surface (Smith 2007;
Capet et al. 2016), and this mode is central to this paper.

The decomposition given by Egs. (8) and (9) is consistent
with the surface mode in Smith and Vanneste (2013) [their
Eq. (19)] and is different from that proposed by Lapeyre and
Klein (2006). Lapeyre and Klein (2006) use a Neumann sur-
face boundary condition (i.e., surface buoyancy anomaly is
specified) for the surface-trapped mode, while &, here has a
Dirichlet surface boundary condition (i.e., surface pressure
anomaly is specified). Studies have found that the SQG mode
using the surface pressure anomaly is better for reproducing
the vertical structure of EKE than that using the surface
buoyancy anomaly (Isern-Fontanet et al. 2008; Qiu et al.
2016, 2020). More details are provided in appendix A.

Both of the surface-trapped and interior modes described
above assume a flat-bottom condition, i.e., vanishing bottom
buoyancy anomaly; recall the bottom BCs in Egs. (8) and (9).
These are the limiting cases of Eq. (6) through which more
complicated topographic effects can be included (LaCasce
2017; Yassin and Griffies 2022a) and will be explored in
future work.

3. Methods
a. Model configuration

The numerical model used in this study is an idealized con-
figuration of the Modular Ocean Model, version 6 (MOMBS).
This configuration is named “NeverWorld2” by Marques et al.
(2022) and has been used to study mesoscale eddy parameter-
izations (e.g., Loose et al. 2022; Yankovsky et al. 2022). The
model domain is a single basin with two hemispheres using
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FIG. 2. Vertical profiles of the (a) surface-trapped mode (i.e., the SQG mode) and (b) interior modes, determined
by solving Egs. (8) and (9), respectively. The stratification profile is an exponential function of z, as in Fig. 1. The sur-
face mode is calculated for three different horizontal wavenumbers, 1/(7r,), 2/(7r,), and 8/(mr,), where ry is the
Rossby deformation radius of the first flat-bottom baroclinic mode (orange line in Fig. 1a). Each surface-trapped
mode profile is normalized by its surface value. The lines in (b) indicate the first four interior modes, each of which is

normalized in the same way as the modes in Fig. 1.

spherical coordinates. The domain extends from 70°S to 70°N
in the meridional direction, 0°-60°E in the zonal direction,
and has a maximum depth of 4000 m. The domain is bounded
by a 200-m continental shelf along all side boundaries, except
for a zonally reentrant channel located at 60°—40°S, mimicking
the Southern Ocean. A ridge topography orienting meridio-
nally spans the entire meridional extent of the domain. The
ridge has a width of 40° and maximum height of 2000 m.
There is a semicircular ridge with a radius of 10° spanning
0°-10°E longitude and 60°-40°S latitude that mimics the
Scotia Arc across the Drake Passage.

The Boussinesq and hydrostatic primitive equations are dis-
cretized vertically using isopycnal coordinates, with a total of
15 isopycnal layers with finer spacing near the surface in the
initial setup. The horizontal grid spacing is 1/32°. The model is
driven solely via mechanical forcing from a zonally uniform
zonal wind stress that varies meridionally and is fixed in time.
There is no surface buoyancy forcing, no diabatic mixing, nor
is there a mixed layer parameterization (i.e., it is a wind-driven
adiabatic stacked shallow-water model). Dissipation arises
from a background kinematic vertical viscosity (A4, = 1.0 X
10™* m? s!), a dimensionless bottom drag (C, = 0.003), and
the horizontal friction is given by a biharmonic Smagorinsky
viscosity (Griffies and Hallberg 2000). More details about the
model setup and spinup are given in Marques et al. (2022).

Figure 3a shows a snapshot of the surface specific kinetic
energy (KE). The black lines correspond to the 500-day mean
sea surface height (SSH) contours, representing the stream-
lines of surface geostrophic currents outside the tropics. The
circulation pattern is a caricature of the Atlantic Ocean, with
subtropical gyres and western boundary currents in both

hemispheres. In the Northern Hemisphere, there is a subpolar
gyre, while in the Southern Hemisphere, a circumpolar cur-
rent prevails in the reentrant channel. The KE illustrates the
prevalence of mesoscale eddies throughout the domain. The
Rossby deformation radius is resolved over most regions of
the model, with the exception being the continental shelf and
very high latitudes near the boundaries (Yankovsky et al.
2022).

b. Solution for the SOG mode

The SQG mode ®;, described by Eq. (8), is diagnosed in
the stacked shallow-water model introduced above. In this
model, the dynamical impact of surface buoyancy is repre-
sented by the surface-layer PV, as described by the layered
QG dynamics detailed in appendixes B and D.

The SQG mode can be determined numerically for realis-
tic stratification profiles. We can also derive an analytical so-
lution using the WKB approximation. To get an analytical
form, we assume ®;, — 0 as z » —o. For each horizontal

wavenumber k, the WKB solution ®Y*B is given to first
order by

PP = s, (10)
where

0
N
z.=—| —dz, (11)
* J - Ifl

is the stretched vertical coordinate with z < 0 and z, < 0 in
the ocean interior.
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FIG. 3. (a) Snapshot of horizontal KE at the surface. Black lines are contours of the 500-day mean SSH. Blue boxes
labeled a, b, ¢, and d indicate the 8.7° X 8.7° regions where the vertical structure of eddies is analyzed in later figures.
(b) A meridional section of the EKE per unit mass along the longitude shown by the blue dashed line in (a). Black
lines show all the isopycnals in the model. Blue lines indicate the e-folding depth 4, of the rms eddy velocity (square
root of EKE). The green line is the deformation depth A of the energy-containing scale, introduced in section 4b.

The Fourier transform of the streamfunction field associ-
ated with the SOG mode J’s is

~WKB _

¥y ‘ﬁoekz’y’ 12)
where J/O is the same as that in Eq. (2), which is the Fourier
transform of the streamfunction at the surface.

Equation (10) reveals the important characteristics of the
SQG mode, namely, its exponential decay with z, and its de-
pendence on the horizontal scale of eddies. Smaller eddies
with larger wavenumber k decay faster with depth than larger
eddies with smaller wavenumber. The scale dependence of
the SQG mode provides valuable insights for parameterizing
the vertical structure of eddies, as we discuss in section 6.

Note that Eq. (10) differs from the widely used “eSQG”
method in ocean studies (Lapeyre and Klein 2006). The
eSQG method assumes a constant N with depth, determined
empirically to account for the impact of an internal PV

gradient (Lapeyre and Klein 2006). In contrast, our formula
accounts for the vertical variation of N within the stretched
vertical coordinate z;, allowing for a more accurate represen-
tation of the SQG mode itself. For example, <I>;NKB decays
faster with depth in the thermocline since N is larger there.
See also Yassin and Griffies (2022b) for more on SQG theory
with vertically varying stratification.

4. Vertical structure of EKE

We analyze the vertical structure of EKE, defined as

1 J— J—
EKE = E(u’2 + v'?), (13)
where the bar (¥) indicates a 500-day time mean, and the
prime (") is the anomaly relative to the mean and is saved in
snapshots in 5-day intervals. Figure 3b shows the EKE along
a meridional section indicated by the blue dashed line in
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FIG. 4. Vertical profiles of the horizontally averaged EKE (solid blue lines with dots) in the four labeled regions in
Fig. 3. The four regions are located in the (a) circumpolar current, (b) subtropical gyre, (c) western boundary current,
and (d) subpolar regions. Dashed orange and green lines are the numerical [Eq. (8)] and WKB [Eq. (15)] solutions of
the SQG mode, respectively, summed over horizontal wavenumbers of the surface EKE spectrum. Red dashed line is
the WKB solution of the SQG mode at the energy-containing scale [Eq. (17)]. The purple dashed line is the vertical

structure of the EBT mode.

Fig. 3a. The EKE tends to be surface-intensified. It maximizes
at the surface and rapidly decays with depth in the gyre and
low latitudes, while it remains significant in the deep ocean
in the circumpolar current. To examine the detailed vertical
structure, we select four distinct dynamical regimes, highlighted
by the four blue boxes in Fig. 3a, that are located in the circum-
polar current, subtropical gyre, western boundary current ex-
tension, and subpolar gyre. By examining the vertical profile of
EKE in these different regions, we aim to identify the dynamics
that controls the eddy vertical structure.

a. Comparison to the vertical modes

Vertical profiles of EKE in the four selected regions are
shown in Fig. 4. The EKE decays rapidly with depth in the

upper ocean and gradually approaches a constant in the deep
ocean. The barotropic component (i.e., the depth-independent
flat-bottom mode) accounts for about 78% of the total EKE in
the circumpolar current region and about 50% in the other
three regions.
The vertical structure of EKE is compared to the structure
predicted by the EBT mode (section 2a),
Epgr = EO(I)IZEBT’ (14)
where E is the surface EKE. The square is taken because ®gpr
describes the vertical structure of eddy velocity [see Eq. (2)].
The profile of Eggt is shown by the purple dashed line in
Fig. 4. The EBT mode is surface-intensified, but it decays

Brought to you by NOAA Library | Unauthenticated | Downloaded 02/28/25 05:50 PM UTC



1250

more slowly with depth than the diagnosed EKE. Further-
more, the EBT mode has a zero vertical gradient at the sur-
face due to its boundary condition in Eq. (5), whereas the
EKE has a strong vertical gradient near the surface. Another
limitation is that the magnitude of the EBT mode is zero at
the bottom, but the EKE can be significant at the bottom
even with strong gradients in the bottom topography.

The vertical gradient of eddy velocity near the surface indi-
cates that the surface-layer PV plays an important role in the
vertical structure of EKE, thus motivating us to compare the
vertical structure of EKE to the SQG mode. The WKB solu-
tion of the SQG mode, Eq. (10), gives the vertical structure of
the SQG mode at each wavenumber. If we know the surface
streamfunction spectrum @0, the vertical structure of EKE re-
produced by the SQG mode, EZ3E, is

1
WKB _ 2
ESQG - E%k

~WKB|2 1 N
i) =3 ZR P ()

The green dashed lines in Fig. 4 show the WKB solution of
the SQG mode, EYXE, where i, = gii/f is estimated from
Fourier transform of the SSH field n within the four regions
indicated by the blue boxes in Fig. 3a. To check the accuracy
of the WKB solution, we also compute the numerical solution
of <1A>x according to Eq. (15). The numerical solution of SQG
EKE, E]SVQG, is plotted as the orange dashed line, which is
close to the WKB solution. The SOG mode captures the near
exponential decay of EKE well in all the regions, with the excep-
tion of the subtropics, where EKE decays slower than the SQG
mode (though faster than the EBT mode). The discrepancy in
the subtropics indicates a nonnegligible role of interior modes
[Eq. (9)]. Overall, the SOG mode matches the vertical structure
of EKE better than the EBT mode. This finding suggests that
the surface PV plays an important role in setting the vertical
structure of EKE. This result is consistent with previous
studies showing how the eddy vertical structure can be re-
constructed by the SQG mode in realistic ocean simulations
(Klein et al. 2009; Isern-Fontanet et al. 2008; Qiu et al. 2016,
2020).

b. Relating to the energy-containing scale

Reconstruction of the vertical structure based on the SQG
mode, Eq. (15), requires knowledge of the surface energy
spectrum, k2|J10|2, which is unavailable in coarse-resolution
simulations. The surface energy spectrum is usually domi-
nated by a peak, which indicates the energy-containing scale
(surface energy spectra in the four regions are shown in
Fig. 5). This feature suggests that the eddy vertical structure
may also be dominated by the energy-containing eddy. The
energy-containing wavenumber k can be estimated following
Thompson and Young (2006) and Zhang and Wolfe (2022),

ko = > (16)

where 7’ is the spatial SSH anomaly and ( ) indicates a spatial
average over each of the four box regions in Fig. 3.

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 54

The k, estimated by Eq. (16) is shown by the black dashed
line in Fig. 5. This estimate is generally close to the peak of
the energy spectrum. We then estimate the SQG mode struc-
ture at the energy-containing scale,

E® = Ejeos, (17)

which can be calculated at each grid point without Fourier
analysis.

The vertical structure given by Eq. (17) is shown by the red
dashed line in Fig. 4. It works similarly well as the SQG solu-
tion based on the full energy spectrum, meaning that the ver-
tical structure of EKE can be represented by the SQG mode
structure at the energy-containing scale.

Equation (17) also indicates a relation between the hori-
zontal and vertical scales of EKE. Here, we measure the verti-
cal scale of EKE as the e-folding depth 4, of the rms eddy
velocity (i.e., VEKE|Z:7h€ = VEKE|,_,/e). From Eq. (17), we
can also estimate the e-folding depth of the SQG mode at the
energy-containing scale s determined by z, = k; !,

0
N
—dz = k!, 18
LO TR (as)

which is also called the deformation depth of wavenumber kg
(Pierrehumbert and Swanson 1995). If N is constant with
depth, then h, = k;!|fI/N; if not, which is the case in our
model, it is solved numerically from Eq. (18). If Eq. (17) is a
good approximation of the EKE vertical structure, then hg
should be equal to 4,.

The e-folding depth 4, and the deformation depth of the
energy-containing scale A, are compared in the meridional
section in Fig. 3b. They compare well to each other in the ex-
tratropical regions (poleward of 20°), which is consistent with
the good comparison between the EKE vertical structure and
the SQG mode in these regions in Fig. 4. In the tropics, /4, de-
creases to zero toward the equator due to the decreasing mag-
nitude of Coriolis parameter |f] in Eq. (18), while 4, remains
around 1000-2000 m. The large fluctuations of 4, in the
tropics might be due to the spatial variability of strong under-
current and equatorial waves.

The comparison between /4, and A at other meridional sec-
tions is similar to that in Fig. 3b. The e-folding depth 4, for
the eddy velocity is generally shallower than a half of the wa-
ter depth. The SQG mode captures the vertical structure of
EKE well in the extratropical regions, while it is shallower
than the EKE profile in the tropics. Figure 3a shows that the
kinetic energy pattern is wave-like in the tropics, indicating
that EKE is dominated by linear waves there, while in the ex-
tratropics, the flow field contains abundant coherent vortices,
indicating the dominance of nonlinear eddies. Previous stud-
ies have shown that the eddy flux is dominated by linear
waves and nonlinear eddies in the tropics and midlatitude
ocean, respectively, leading to different scalings of eddy mix-
ing in these regions (Klocker and Abernathey 2014; Zhang
and Wolfe 2022). We expect that Eq. (17) is effective in de-
scribing the vertical structure of EKE for nonlinear eddies,
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FIG. 5. (a)-(d) 1D surface KE spectrum (blue lines with dots) in the four regions shown in Fig. 3. The spectrum,
[af? + |o%, is calculated by Fourier transforming the 2D instantaneous velocity fields in 8.7° X 8.7° windows and then
time averaged over 500 days. The 2D spectrum is then azimuthally integrated to obtain the 1D spectrum. The black
dashed line indicates the energy-containing wavenumber k estimated from Eq. (16) in the four regions. Note the log

scale on both axes.

which are dominant in the extratropical ocean (Chelton et al.
2011).

5. Why is the vertical structure SQG-like?

In section 4, we have seen that the EKE structure tends to
be SQG-like. Here, we discuss the underlying physics by show-
ing (i) the EKE profile is consistent with the distributions of
the eddy PV and large-scale meridional PV gradient; (ii) the
surface meridional PV gradient yields baroclinic instability
that produces surface-trapped unstable modes; and (iii) the ki-
netic energy created by baroclinic instability cascades upscale
in the form of a surface-trapped mode, resulting in an SQG-
like EKE profile dominated by the energy-containing eddy.

a. PV structure

SQG prescribes a zero interior PV anomaly. To examine
this assumption, the rms eddy PV, g, is computed as

= a7,

where ¢ is the QG PV, estimated by Eq. (B1) in appendix B.
Figure 6a shows the distribution of the rms eddy PV at the
same meridional section as Fig. 3b. The eddy PV peaks at
the surface layer and becomes about an order of magnitude
smaller in the interior layers, which is consistent with
the SQG-like EKE structure in the midlatitudes. In the
subtropics (10°-25°N and 10°-25°S), the PV also intensifies

(19)

qrms
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FIG. 6. Meridional and vertical distributions of (a) the rms eddy PV and (b) the meridional PV
gradient normalized by S at the longitude indicated by the blue dashed line in Fig. 3a. Black solid
lines are the isopycnals in the model. Black dashed lines with characters a, b, c, and d indicate
the latitude range of the four regions shown in Fig. 3. Note that a and c are not in the same longi-

tude as this meridional section.

at about 400 m, which might be why the EKE structure is
less SQG-like in these regions.

The distribution of eddy PV is associated with the large-
scale meridional PV gradient Q, structure, shown in Fig. 6b.
The meridional PV gradient is estimated from Eq. (C3) in
appendix C for the layered shallow-water model. The magni-
tude of meridional PV gradient peaks at the surface due to the
isopycnal outcropping. The interior PV gradient is weak com-
pared with the surface PV gradient, especially in the upper
1000 m in the mid- and high latitudes (poleward of 30°). The
weak interior PV gradient is likely due to the isopycnal mixing
by eddies, which act to homogenize the PV within closed geo-
strophic contours in the interior (Rhines and Young 1982a,b).
The large-scale PV structure shown in Fig. 6b is consistent
with observations of upper-ocean circulations (Keffer 1985;
Talley 1988; Pedlosky 1996). The presence of such a large-
scale PV structure is responsible for the surface-intensified
eddy PV distribution in Fig. 6a.

Besides the surface intensification, the magnitude of the PV
gradient also intensifies in the near-bottom layers in the cir-
cumpolar current, which is consistent with the distribution of

eddy PV in this region. In the subtropics, the PV gradient also
peaks at about 400 m due to the flattening of isopycnals at the
interior pycnocline. This pronounced interior PV gradient is
likely the cause of the strong subsurface eddy PV and the de-
viation of the EKE profile from SQG in the low latitudes.
Quantitative analyses of the impact of the PV gradient on the
eddy vertical structure are given in the next section.

In addition to the variation of magnitude, the meridional
PV gradient also tends to change sign from surface to the inte-
rior. In the mid- and high latitudes (except for the circumpo-
lar current), the meridional PV gradient is positive at the
surface layer, negative at layers below the surface, and posi-
tive again in the deep ocean. In the circumpolar current, the
PV gradient is positive at the surface, remains weak in the in-
terior, and becomes negative in the deep ocean. A similar dis-
tribution of the meridional PV gradient is found by Tulloch
et al. (2011) (their Fig. 2a) based on oceanic reanalysis clima-
tology. Tulloch et al. (2011) also reveals a positive surface PV
gradient in the subtropics, a feature that is missing in our sim-
ulation. Figure 6b shows that the surface PV gradient is nega-
tive in the subtropics due to the upward isopycnal slope
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FIG. 7. (a)-(d) Vertical profiles of meridional (blue lines with dots at the layer centers) and zonal (orange lines) PV
gradient normalized by B in the four regions shown in Fig. 3.

toward the equator, while in the real ocean, surface buoyancy
forcing can generate a negative surface buoyancy gradient
(equivalent to a positive surface PV gradient) by reversing
the near-surface isopycnal slope in the subtropics. Since the
NeverWorld2 model is forced by wind stress only, this posi-
tive surface PV gradient is not captured by the simulation.

b. Linear stability

The meridional PV gradient is often found to play a crucial
role in oceanic baroclinic instability, which is an important en-
ergy source for mesoscale eddies (Smith 2007; Tulloch et al.
2011; Capet et al. 2016). A necessary condition for baroclinic
instability is for the background horizontal PV gradient to
change sign in the vertical, which is a typical feature of the
meridional PV gradient shown in Fig. 6b.

We analyze baroclinic stability in the four regions discussed
in section 4. The vertical profiles of the meridional and zonal
PV gradients in the four regions are shown in Fig. 7. Figure 8
shows the distribution of the growth rate o of unstable modes,

which are solved from the eigenvalue problem described by
Eq. (C6) in appendix C. Figure 9 shows the vertical structure
of the most unstable mode, indicated by the cyan point in
Fig. 8. The orange dashed line indicates the SQG mode at the
same horizontal wavenumber as the unstable mode. We com-
pare the vertical structure of the most unstable mode with the
SQG mode and connect this result to the interpretation of the
EKE profile in these four regions.

In the circumpolar current, the interior PV gradients are
about ten times smaller than the surface and bottom gra-
dients. The surface and bottom meridional PV gradients are
opposite to each other, which gives rise to unstable modes at
scales larger than the deformation radius. The vertical struc-
ture of the most unstable mode intensifies at both surface and
bottom, which is a typical feature of the Eady-type instability
arising from the interaction between the surface and bottom
edge waves (Eady 1949). The Eady unstable mode is also ob-
served in the Southern Ocean (Tulloch et al. 2011; Feng et al.
2021). The unstable mode is similar to the SQG mode in the
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FIG. 8. (a)-(d) Growth rate of unstable modes as a function of zonal and meridional wavenumbers, k, and k,,
respectively, that are normalized by the deformation radius in the same four regions as in Fig. 3. The cyan point

indicates the most unstable mode.

upper ocean but not in the deep ocean because of the bottom
intensification of the unstable mode. Conversely, the vertical
structure of EKE only shows a slight intensification near the
bottom and appears more like the SQG mode than the unsta-
ble mode in this region (Fig. 4a). The difference between the
unstable mode and EKE is likely due to the strong damping
by friction at the bottom, thereby reducing the bottom intensi-
fication of EKE.

In the western boundary current and subpolar regions, both
the meridional and zonal PV gradient changes sign near the
surface. The meridional PV gradient is generally stronger
than the zonal gradient, except near the bottom, where the
zonal PV gradient is large due to the ridge topography. The
most unstable mode occurs at scales smaller than the defor-
mation radius in these two regions. The vertical structure of
the most unstable mode is surface-intensified, indicating a
Charney-type instability arising from the interaction between
surface edge waves and interior Rossby waves (Charney
1947). These unstable mode structures are consistent with
those observed in the Gulf Stream and North Pacific regions
(Tulloch et al. 2011; Capet et al. 2016). The vertical structure
of the unstable mode resembles the SQG mode, similar to the
vertical structure of EKE in the two regions (Figs. 4c,d).

Although the meridional PV gradient also changes sign
at 500-1000-m depth, nearly all unstable modes are surface-
intensified in the western boundary current and subpolar

regions (not shown), indicating that the instability is always
associated with surface edge waves. The Rossby wave propa-
gates eastward in the negative PV gradient layers and west-
ward in the positive PV gradient layers below (the zonal
mean flow is eastward above 1000 m and becomes weak be-
low), so they cannot couple to each other due to the mismatch
between their zonal phase speeds. Consequently, the sign
change of meridional PV gradient at 500-1000 m does not
lead to the Phillips type instability (Phillips 1954) in the inte-
rior. For the same reason, the zonal PV gradient also does not
induce Phillips instability in the deep ocean, although the bot-
tom zonal PV gradient is strong due to the topography.

In the subtropics, the meridional PV gradient is negative at
the top layer (note that the real ocean has a positive surface
PV gradient above the top layer here) and positive in the interior.
Such a PV gradient profile induces Charney-type instability—the
growth rate of the unstable mode maximizes at scales smaller
than the deformation radius, and the vertical structure of the
most unstable mode is surface-intensified. This unstable mode
structure is similar to that observed in the subtropical Atlantic
Ocean (Tulloch et al. 2009), despite the absence of a positive
surface PV gradient in the subtropics in our simulation. The
unstable mode also exhibits a subsurface maximum, which de-
viates from the SQG mode. This subsurface intensification is
likely attributed to the intensified meridional PV gradient at
around 400 m due to the rapid vertical variation of isopycnal
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slope at the pycnocline in this region (Figs. 6b and 7b). Such
subsurface intensification of unstable modes might contribute
to the deviation of the vertical structure of EKE from the
SQG mode in this region (Fig. 4b).

Lapeyre (2009) also notes that the SQG mode contributes a
minor fraction to the velocity variance in the subtropical At-
lantic Ocean based on a realistic simulation. This suboptimal
performance of the SQG mode is attributed to the negative
correlation between interior and surface meridional PV gra-
dients near the surface, a pattern akin to the observation that
meridional PV gradient changes sign near the surface in the
subtropics in our model (Fig. 7b). In the western boundary
current and subpolar regions, the meridional PV gradient also
changes sign in the upper ocean, consistent with Lapeyre
(2009)’s Fig. 12a where the regression of PV on surface buoy-
ancy is negative at 200500 m in the Gulf Stream and North
Atlantic Current. We attribute the good performance of the
SQG mode in these two regions to the significantly weaker

negative PV gradient in the upper ocean compared to the pos-
itive surface PV gradient (Figs. 7c,d).

The resemblance between the unstable modes and the
SQG mode is attributed to the large-scale PV structure,
shown in Fig. 6b, manifesting as a much stronger surface me-
ridional PV gradient than an interior PV gradient. Although
the large-scale circulations are purely wind-driven in our shal-
low-water model, a similar PV structure has been observed in
the ocean (Talley 1988; Tulloch et al. 2011). As a result, the
Charney- and Eady-type instabilities have been found to be
prevalent in the midlatitude ocean (Capet et al. 2016; Feng
et al. 2021), consistent with the results of our simulation. Phillips-
like instability, characterized by subsurface-intensified unsta-
ble mode structures, has also been observed in the subtropical
and midlatitude ocean, particularly during the summer (Feng
et al. 2022). The relatively rare occurrence of such subsurface-
intensified instability in our model may be attributed to the
absence of surface buoyancy forcing. Such forcing is known to
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enhance the near surface stratification during the summer, re-
ducing the prevalence of Charney instability (Capet et al.
2016). The cases discussed here are thus more relevant to
ocean situations during the winter and spring.

The surface PV gradient also plays an important role in the
mixed layer instability, which is not present in our model due
to its lack of a mixed layer. Eddies generated by mixed layer
instability exhibit characteristics similar to the Eady mode
within the mixed layer and resemble SQG modes below the
base of the mixed layer (Callies et al. 2016). Mixed layer insta-
bility is thus analogous to the Charney instability in its ability
to generate surface-trapped unstable modes, with the distinc-
tion that the “surface” for the former shifts to the base of the
mixed layer.

¢. Role of the energy cascade

Linear stability analysis does not account for the energy cas-
cade arising from nonlinear interactions. We here diagnose the
kinetic energy budget to identify the role of nonlinear advection
in the eddy vertical structure. The layerwise KE equation is

IKE,
a

-u, (u,-Vu,)—u, -VM, +u, F, (20)

where M, is the Montgomery potential and F,, contains the
wind stress and bottom friction, as well as vertical and hori-
zontal viscous friction.

The first term on the RHS of Eq. (20) is the KE tendency
due to nonlinear advection, which is not accounted for in the
linear stability analysis. The role of nonlinear advection is ex-
amined by decomposing it in spectral space. The cospectrum
of the nonlinear advection 7, is calculated as

T, = *Re[ﬁ;*~ (u, - Vu,)|, (21)

where Re(-) indicates taking the real part, ()" is the complex
conjugate, and ~ indicates a 500-day average.

The advection term T, quantifies the spectral tendency of
KE due to the KE cascade between horizontal wavenumbers.
The positive and negative values of 7,,(k) indicate that energy
cascade deposits and removes KE, respectively, for eddies at
the corresponding wavenumber k. The time tendency term on
the LHS of Eq. (20) is close to zero when taking a long-time
average. In this case, the energy cascade balances the net en-
ergy source or sink due to the work by the horizontal pressure
gradient [second term on the RHS of Eq. (20)], forcing and
dissipation [third term on the RHS of Eq. (20)] at each wave-
number. The work by the horizontal pressure gradient in-
cludes the contribution from the divergence of 3D energy
transport by pressure and the conversion of potential energy
(PE) to KE due to baroclinic instability (Capet et al. 2008).

Figure 10 shows the distribution of 7,, at horizontal wave-
number and depth in the four regions. The vertical structure
of T, is generally surface-intensified and decays faster with
depth at smaller scales (larger wavenumbers), which is consis-
tent with characteristics of the SQG mode. In the circumpolar
current, the energy cascade removes energy at around the
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deformation radius. This energy sink due to the energy cas-
cade intensifies at both the surface and bottom, which is con-
sistent with the unstable mode of the Eady instability at this
region (section 5b), indicating that the energy cascade balan-
ces the baroclinic instability at these wavenumbers. At the
other three regions, the energy cascade mainly removes en-
ergy from scales smaller than the deformation radius. This
energy sink concentrates near the surface, which is likely to
balance the energy source due to the Charney baroclinic in-
stability in these regions. There is also an energy sink at small
wavenumbers at around 1000 m in the subtropical and subpo-
lar regions, though it is about an order of magnitude smaller
than the value of 7,, at the surface. This sink is likely to bal-
ance the baroclinic instability at small wavenumbers in these
two regions (see the growth rate distribution in Fig. 8).

The energy cascade deposits energy at scales larger than
the deformation radius in all the four regions (red color in
Fig. 10). This energy source due to energy cascade maximizes
at the energy-containing scale (purple dashed line in Fig. 10),
where it is balanced by energy conversion from KE to PE and
friction (not shown). The vertical distribution of the energy
source remains surface-trapped at the energy-containing scale,
giving rise to the SQG-like EKE profile there.

The energy cycle shown in Fig. 10 is illustrated by the sche-
matic in Fig. 11, which is motivated by a similar schematic in
Roullet et al. (2012). The forcing inputs PE to circulation at
the large scales. The PE is converted to KE at scales that are
close to or smaller than the deformation radius through
baroclinic instability. The baroclinic instability is generally
dominated by the surface PV gradient, which gives rise to
surface-trapped unstable modes. These unstable modes cascade
KE from small scales to large scales through their nonlinear in-
teractions until the cascade is halted at the energy-containing
scale. Consequently, the vertical structure of EKE is domi-
nated by the mode structure at the energy-containing scale,
which is deeper than the original unstable modes but still re-
mains surface-trapped.

6. A scale-aware parameterization

Section 4 shows that SQG modes play an important role in
setting the vertical structure of EKE. How can this finding in-
form a parameterization of the eddy vertical structure? A cru-
cial property of the SQG mode is the coupling of its vertical
and horizontal scales. As shown by the analytical expression
(10), smaller horizontal scale eddies, which have a larger hori-
zontal wavenumber, decay more rapidly with depth than
larger eddies. In the context of eddy parameterization, the fo-
cus is on representing the subgrid EKE that is unresolved by
the model. As the model grid spacing is refined, the scale of
unresolved eddies becomes smaller, resulting in a shallower
vertical structure of subgrid EKE. This result suggests that pa-
rameterization of the vertical structure of subgrid EKE should
depend explicitly on the model grid spacing.

To examine the scale dependence of the eddy vertical struc-
ture, we employ high-pass spatial filters on the eddy velocity
fields to compare the vertical structure at different horizontal
scales. Figure 12 shows the normalized vertical structures for
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FIG. 10. Cospectrum of the advection term of KE, 7, as a function of horizontal wavenumber and depth in the
four regions shown in Fig. 3. Blue color indicates that nonlinear advection removes KE from the corresponding wave-
number, which balances the KE source by other terms on the RHS of the KE equation [Eq. (20)], while red color
means that nonlinear advection supplies KE to balance the KE sink by the other terms. The black dashed line
indicates the inverse of the Rossby deformation radius. The purple dashed line indicates the energy-containing wave-

number k. Note the different color range for each panel.

eddies smaller than 27/0.25°, 27/0.5°, and 27/1°, represented
by the solid blue, orange, and green lines, respectively. The
vertical structure of EKE becomes shallower as the horizontal
scale becomes smaller. This finding is consistent with the pre-
diction by SQG, highlighting the scale dependence of the
eddy vertical structure.

To represent the scale-dependent eddy vertical structure at
different model resolutions, we propose a scale-aware param-
eterization of the normalized EKE profile E,:

model with grid spacing A. The constant ¢ is on the order of 1
and determined by the minimum number of grid points
needed to resolve a wavelength (¢ = 1 means that the model
needs about 6 grid points to resolve a wavelength since
2@/6A ~ 1/A). If ko > c/A, the energy-containing scale is unre-
solved by the model, so the vertical structure of the subgrid
EKE is dominated by the energy-containing wavenumber
ko. If kg < c/A, the energy-containing scale is resolved, so the
vertical structure of subgrid EKE will be dominated by the
largest resolved wavenumber (i.e., ¢/A).

E, = s, (22) To evaluate the effectiveness of the parameterization

[Eq. (22)], we conduct tests by varying A to 0.25°, 0.5°,

with and 1° and assume ¢ = 1, which means that we assume a
minimum of 6 grid points is required to resolve an eddy.

k, = max(k, c/A), (23) Figure 12 shows that the parameterization profiles, esti-

where A is the model grid spacing and c is a dimensionless
constant, which will be a tuning parameter. The ratio ¢/A is
proportional to the largest wavenumber resolved by the

mated by Eq. (22), look similar to the vertical structure of
subgrid EKE in 0.25°, 0.5°, and 1° model grid spacings, with
the exception for the subtropics where the parameteriza-
tion tends to decay faster than the subgrid EKE. This
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FIG. 11. Energy schematic modified from Roullet et al. (2012).
The forcing supplies available PE (upper horizontal lines). The
available PE cascades to smaller scales and is then converted to
KE (lower horizontal lines) through baroclinic instability (blue
arrows) at a broad range of horizontal scales that are close to or
smaller than the deformation radius, 1/k,. The unstable modes aris-
ing from the instability are surface-trapped, which decay faster
with depth at smaller scales. The KE of these unstable modes
cascades from small scales (shallow modes) to large scales (deep
modes) until the cascade is halted at the energy-containing scale,
1/ko. Part of the KE is dissipated by the friction, and the remainder
is converted back to available PE (orange arrows) at around the
energy-containing scale.

result is consistent with the comparison between the SQG
mode and the total EKE in Fig. 4.

The parameterization based on Eq. (22) requires a predic-
tion of the energy-containing scale. Studies have estimated
the energy-containing scale as the Rossby deformation radius
(Stone 1972), width of the baroclinic zone (Visbeck et al.
1997), Eady length scale (Larichev and Held 1995; Jansen
et al. 2015), and Rhines scale (Jansen et al. 2015, 2019). Exam-
ination of these theories for predicting the eddy scale is be-
yond the scope of this study and will be pursued in the
forthcoming work.

7. Discussion and conclusions

This study addresses the question of why ocean mesoscale
eddies are surface-intensified—at least those realized within
our adiabatic and wind-driven shallow-water model—with an
aim to parameterize the vertical structure of mesoscale ed-
dies. Unlike previous studies that explain the eddy vertical
structure from the perspective of baroclinic modes (Wunsch
1997; de La Lama et al. 2016; LaCasce 2017; Brink and
Pedlosky 2020; Quan et al. 2023), we attribute the eddy ver-
tical structure to the baroclinic instability and the energy
cascade. The vertical structure of EKE is found to be well-
represented by a single SQG mode of the energy-containing
scale in the extratropics, indicating that the surface PV
plays a dominant role in the vertical structure of mesoscale
eddies.

a. Baroclinic instability and the surface-trapped mode

The prevalence of the SQG mode is attributed to the
surface-trapped baroclinic instability and energy cascade. Al-
though the model used in this study does not have surface
buoyancy forcing, the wind forcing induces isopycnal outcrop-
ping, leading to pronounced surface meridional PV gradients.
The interior PV gradient is much weaker compared with the
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surface PV gradient due to the interior PV homogenization
by eddies. Linear stability analysis shows that the surface PV
gradient plays a dominant role in baroclinic instability, giving
rise to surface-trapped unstable modes. These unstable modes
are often smaller than the Rossby deformation radius, except
in the circumpolar current where they are close to the
deformation radius. Through nonlinear interactions, unstable
modes transfer their kinetic energy upscale to energize meso-
scale eddies, which have an energy-containing scale larger
than the deformation radius but retain the surface-trapped
vertical structure.

Early geostrophic turbulence theory shows that baroclinic
eddies tend to transfer their energy to the barotropic (depth
independent) mode, and then barotropic eddies cascade their
energy upscale (Charney 1971; Salmon 1980). Later studies
have found that ocean eddies are not fully barotropic, and as
a consequence, the inverse energy cascade can occur in both
the barotropic and baroclinic modes (Smith and Vallis 2001;
Scott and Arbic 2007). In this study, we propose a different
interpretation of the eddy energy cycle. Instead of decompos-
ing the energy into the barotropic and baroclinic modes, we
find that the energy cascade can directly occur among surface-
trapped modes. The vertical and horizontal scales of these
surface-trapped modes are coupled—smaller eddies decay
faster with depth. Consequently, as eddies transfer energy to
larger horizontal scales, they also grow deeper, in alignment
with the barotropization tendency of geostrophic turbulence
(Charney 1971; Salmon 1980). Although eddies can become
nearly barotropic if their horizontal scales are an order of
magnitude larger than the deformation radius, the inverse en-
ergy cascade tends to be halted at a scale that is comparable
to the deformation radius. As a result, the vertical structure of
energy-containing eddies is surface-intensified, similar to the
SQG mode.

b. Parameterization of vertical structure based on SQG

The vertical structure of EKE depends on the horizontal
scale, with smaller eddies decaying faster with depth. This fea-
ture suggests that the parameterization of eddy vertical struc-
ture should account for the horizontal scale of unresolved
eddies. As the model grid spacing becomes finer, the unre-
solved eddies will be smaller and have a shallower vertical
structure. Based on the WKB solution of the SQG mode, we
propose a scale-aware parameterization of the vertical struc-
ture of EKE [Egs. (22) and (23)]. This parameterization re-
quires the specification of an eddy horizontal scale that
depends on the model grid spacing. If the energy-containing
scale is not resolved, the vertical structure parameterization is
determined by the energy-containing scale itself. On the other
hand, if the energy-containing scale is resolved—which may
be the case in eddy-permitting models now being used for cli-
mate studies (Adcroft et al. 2019)—the vertical structure pa-
rameterization is determined by the largest unresolved scale
that is proportional to the horizontal grid spacing. This pa-
rameterization is shown to capture the vertical structure of
EKE filtered with different horizontal scales, so that it can be
useful for both noneddying and eddy-permitting simulations.
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FIG. 12. The vertical structure of spatially filtered EKE in the four regions shown in Fig. 4. Blue, orange, and green
solid lines are the high-pass filtered vertical structures of EKE with cutoff wavenumber as 1/0.25°, 1/0.5°, and 1/1°, re-
spectively. They represent the vertical structures of subgrid EKE that is unresolved by 0.25°, 0.5°, and 1° models, as-
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face values. Blue, orange, and green dashed lines are the parameterized vertical structure Ej(z, A). The E, depends
on the model grid spacing A and the energy-containing wavenumber k. The vertical structure of subgrid EKE is de-
termined by A at 0.25° and 0.5° resolutions, where the energy-containing eddy is resolved, and by ko at 1° resolution.
The parameterization captures the scale dependence reasonably well, except for an underestimation in the subtropical

region.

Full closure of the vertical structure parameterization requires
a prediction of the horizontal energy-containing scale. The en-
ergy-containing scale is associated with the mechanism that halts
the inverse energy cascade, for example, bottom friction and the
planetary vorticity gradient (Rhines 1975; Larichev and Held
1995). Prediction of such an eddy length scale has been the focus
of many studies (Larichev and Held 1995; Held and Larichev
1996; Thompson and Young 2006; Jansen et al. 2015; Kong and
Jansen 2017; Chang and Held 2019; Gallet and Ferrari 2020;
Chang and Held 2021; Gallet and Ferrari 2021).

The SQG mode does not fully capture the vertical structure
of EKE in the lower latitudes and tropics. Previous studies re-
veal that the scaling for eddy mixing is different between the

tropics and midlatitude ocean due to the dominance of linear
waves (tropics) versus nonlinear eddies (extratropics) (Klocker
and Abernathey 2014; Zhang and Wolfe 2022). Parameterization
of the eddy vertical structure in the tropics requires additional
work, though eddies there are mostly large enough to be well re-
solved by models targeted for climate simulations in the near fu-
ture such as Adcroft et al. (2019).

¢. Prospects and future work

Many previous studies consider the importance of bottom
topography in causing the surface intensification of ocean ed-
dies (Aoki et al. 2009; de La Lama et al. 2016; LaCasce 2017,
Quan et al. 2023). Bottom topography can decouple abyssal
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eddies from upper-ocean eddies, leading to baroclinic modes
with zero horizontal velocity at the bottom (Rhines 1970;
Samelson 1992; Hallberg 1997; Bobrovich and Reznik 1999;
Tailleux and McWilliams 2001). We find that the first rough-
bottom mode (the EBT mode), with zero horizontal velocity
at the bottom, does not describe the vertical structure of EKE
well in our simulation. This limitation arises from the EBT
mode’s ignorance of the surface buoyancy anomaly, which we
find to be essential for reconstructing the eddy vertical struc-
ture. In fact, both the surface buoyancy and bottom topogra-
phy can be incorporated in the general boundary conditions,
described by Eq. (6), of vertical modes (LaCasce 2017; Yassin
and Griffies 2022a). The vertical mode accounting for both ef-
fects will be explored in future work.

The model used in this study does not have a mixed layer,
which can change the quantitative analyses of the instability
and eddy energetics but, we expect, will not qualitatively
change the role of surface PV in the vertical structure. Mixed
layer baroclinic instability provides another important energy
source for submesoscale eddies, which can cascade their en-
ergy upscale to energize mesoscale eddies (e.g., Fox-Kemper
et al. 2008; Sasaki et al. 2014; Callies et al. 2016; Schubert et al.
2020; Dong et al. 2020; Khatri et al. 2021). Callies et al. (2016)
show that the energy generated by mixed layer instability re-
sides in the SQG mode, where the energy cascades upscale to
the largest, most energetic eddies. This energy cascade is simi-
lar to our finding, with the difference that the SQG mode is
mainly excited by the surface Charney instability in our
model. The mixed-layer instability thus may play a similar
role to the Charney instability in enhancing the surface-
trapped mode. In a more realistic numerical setup, the mixed
layer and Charney instabilities can coexist, with the relative
importance between them depending on the depth of the
mixed layer, stratification, and lateral buoyancy gradient in
the upper ocean (Capet et al. 2016; Zhang et al. 2023).

This study serves as a step forward to understand and pa-
rameterize the eddy vertical structure by emphasizing its de-
pendence on the horizontal scale, resulting from the impact of
surface PV. The parameterization, described by Eq. (22), is
ripe to be tested in noneddying and eddy-permitting simula-
tions after combining it with a closure of the horizontal en-
ergy-containing scale (e.g., Jansen et al. 2015, 2019). We are
planning to apply this vertical structure to the kinetic energy
backscatter parameterization that has recently been used in both
idealized and realistic eddy-permitting simulations (Jansen et al.
2019; Juricke et al. 2019, 2020; Yankovsky et al. 2024, manuscript
submitted to J. Adv. Model. Earth Syst.; Chang et al. 2023). Other
aspects, including the impacts of bottom topography and mixed
layer, will also be incorporated in this scheme to predict the eddy
vertical structure in more realistic situations.

As the Surface Water Ocean Topography (SWOT) satellite
has become operational, the SQG schemes proposed here
[Egs. (15) or (17)] can be a useful tool for reconstructing the
upper-ocean eddy fields using the sea surface height field
from SWOT. Since the surface-intensified Charney instability
has been found to be prevalent in the midlatitude oceans, par-
ticularly during the spring and winter (Capet et al. 2016; Feng
et al. 2021, 2022), our schemes are physically justified to
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interpret and infer the eddy vertical structure in these regions.
Such schemes can be evaluated by comparing to observations
of the full-depth eddy profile (Ni et al. 2023).
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APPENDIX A

Comparison of the Surface-Trapped Mode to the
Solution in Lapeyre and Klein (2006)

The orthogonal basis derived from Egs. (8) and (9) is dif-
ferent from that in Lapeyre and Klein (2006). They proposed
a decomposition of the eddy streamfunction ¢ into a surface
component i, satisfying

a (o, )
VZ +_(_ sur| _
Vsur 9z \N? oz 0.
alpsur =g
0z z=0 f,
ad
Whue =0, (A1)
9z z=—H

and an interior component ¢, satisfying

a (f? oy, )
V2 4 7(7 int| —
Yine az\N? oz T
al’bim —
0z z=0 ’
Y| o, (A2)
z z=—H

Here, b, is the surface buoyancy anomaly and g is the PV, with
the bottom boundary condition specified following Lapeyre
(2009). Note that in Egs. (8) and (9), we use ® for the verti-
cal mode in contrast to i, and i, here.
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The interior solution sy, is driven by interior PV anoma-
lies and can be projected onto the flat-bottom modes satis-
fying Eqgs. (3) and (4). The surface solution s, is driven
by surface buoyancy anomalies. Although ¢, and the
surface-trapped mode @, [described by Eq. (8)] share certain
properties (i.e., zero interior PV anomaly and horizontal wave-
number dependence), they satisfy different surface boundary
conditions—sg,, satisfies a Neumann surface boundary condition
(ie., surface buoyancy anomaly is given), while ®, satisfies a
Dirichlet surface boundary condition (i.e., surface pressure anom-
aly is given). The derivation of &, [Eq. (8)] indicates that when
the mean surface PV gradient becomes much stronger than the
interior gradient, the surface-trapped mode @®; will dominate
the surface pressure anomaly, while interior modes ®,, will
have zero surface pressure anomaly. We call ®; as the SQG
mode because it has zero interior PV anomaly and is dynamically
driven by the surface buoyancy/PV anomaly, while interior
modes ®,, are driven by both surface and interior PV anomalies.

Although iy, of Lapeyre and Klein (2006) uses surface
buoyancy anomaly as the boundary condition, later studies
have modified its surface boundary condition to incorporate
surface pressure (or SSH) anomaly and finding such a formula-
tion (ie., d,) successfully reconstructs the vertical profile of
EKE and vertical velocity in both idealized and realistic ocean
simulations (Klein et al. 2009; Isern-Fontanet et al. 2008; Qiu
et al. 2016, 2020). Conversely, studies employing i, estimated
from surface buoyancy anomaly, reveal its limited contribution
in reconstructing the eddy vertical structure (Wang et al. 2013;
LaCasce and Wang 2015). Isern-Fontanet et al. (2008) find that
Ysur TEconstructs the vertical structure of buoyancy and velocity
well only in the upper 100-200 m, while ®; reconstructs the
buoyancy and velocity well from the base of the mixed layer to
at least 1000 m in the North Atlantic Ocean (their Figs. 8 and
9). They attribute the error of iy, to the deviation of surface
buoyancy from its value at the base of the mixed layer due to
the presence of mixed layer processes.
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APPENDIX B

Surface PV in Layered Quasigeostrophic Models

Eddies in the shallow-water model, described in section 3a,
are analyzed based on layered QG dynamics. The eddy stream-
function ¢ can be obtained from the distribution of the QG
PV, g, by inverting the relation:

2 _
_w ff =
9, = v '111 + ﬁ 2 . ’

’

1 &
f2 ll’nfl

_ d’n B
Hn g;l*l

2 —
f l?bnmfl l?bnm , (Bl)

lljn — ¢ﬂ+1
&

q,=Vy, + ,ne2,n, —1],

=V, +
T

where (+),, indicates the property on the nth layer, H,, is the
layer thickness, f is the Coriolis parameter, n,, = 15 for our
simulations, and g, is the reduced gravity, computed as

Pps1 ~ Py

g =g—",
Po

(B2)

where g = 10 m? s™ 1, p, is the uniform layer density, and

po = 1000 kg m~ is the reference density. We emphasize
that #n in this paper is used to label the discrete layer num-
ber in the stacked shallow-water model, whereas m was in-
troduced earlier and denotes the vertical eigenmode.

In matrix form, the relationship between Q = [g,....q, 1T
and ¢ = [‘/‘1~~-~~¢nm]T can be written as

Q= (S+ IV, (B3)

where I is the N X N identity matrix and S is the stretching
matrix written as

_ 1 1 0 0
Hgy  Hg
s_p 111 1
- Hng:,,71 Hng;tfl Hng;l Hng;t
(’) 0 1 1
H, 8,1 M, 8 )

Surface buoyancy is not explicitly simulated in a stacked shal-
low-water model. Even so, its dynamical impact is similar to
that of the surface-layer PV, q;. The streamfunction due to
SQG dynamics s is equivalent to the streamfunction induced
by the surface-layer PV,

¥, =(S+1v) ', (B4)

where Q = [ql.O,...,O]T.

APPENDIX C

Linear Stability Analysis

The QG PV evolution equation in a layered QG model
(e.g., Vallis 2017) is
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(dt iy, V)qn F I, q,) + I, 0,) = 1y

where J is the Jacobian, U = Ui + Vj, U and V are the
background zonal and meridional velocities, and Q is the
background PV estimated as

Q = SVx + (B — SU)y, (C2)
where Q =[Q,....0, 1, U=[U,...U, ", and V=1[V....V, ]".
Zonal and meridional background PV gradients, O, and
Q,, respectively, are

Q, =8V,
Q, =B - SU. (C3)
Inserting a wave ansatz, s, = Re[t/}nei(kx”k}‘y ~“], into the
linearized PV Eq. (C1), we get
i(k,U, + kV, = ), + (ik,Q,, — ik, ), =0, (C4

where the relationship between 0= (4.
[nffl,...,lf/n 1" is given by Eq. (B3),

.4, 1" and § =

m

9 = (s - KDy, (C3)
Equation (C4) forms a generalized eigenvalue problem
for the mode 4 (eigenvectors) and the angular frequency
o (eigenvalues),

wA = Ci, (C6)

where A=S—KL C; = (kU, + kV,)SumAn +
(kany -k

vQnx)8iin, and 8 is the Kronecker delta function.

APPENDIX D

Analogy to Continuous QG Model

The surface PV and linear stability analysis described in
appendixes B and C are for a layered QG framework,
which is a natural fit for the shallow-water model used in
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the layered QG equations and the surface buoyancy anom-
aly can be absorbed into the surface-layer PV.
The linear stability problem in continuous QG is

(dt+U V)q+uVQ—O ~H<z<0 (D1)

where the eddy PV is ¢ = V2 + 9, [(f7/N*)d.)], the mean
PV is QO = By + 9,[(f/N*)B], and geostrophic velocity is

= k X Vi The boundary conditions are applied to the
buoyancy anomaly b = fd. i,

((%+U-V)b+u-VB=O, :=-H, 0. (D2)

Discretizing Eq. (D1) in the vertical direction for n,, verti-
cal layers, we get for n € [1, n,,]

( + U V) Vzw 4+ fz ll/rrl - ll/n _ ll/n B i'[lrﬂrl
ot Az, N2n7(1/2)AZn—(1/2) Nﬁ+(1/2)AZn+(1/2)
f f
+ By, tu, V-——>—B8B,_ B, =0,
(AanZn(m) am nNﬁJr(l/Z) wam
(D3)
with the boundary conditions (D2) discretized as
i U, -V =) +u -VB,, =0, (D4)
ot Azy
J f(ll’ - ll’n +1)
U V[ Ty -VB =0, (D5
(at n,, ) Azn ) U, VB, +a1n) . (D5)

where n = 1/2 and n = n,, + 1/2 indicate the upper and
lower boundaries, respectively, and 5 and i, ., are the
eddy streamfunctions at the upper and lower boundarles
respectively. Here, we have assumed that the buoyancy at
the upper (lower) boundary is advected by the same flows
in the top (bottom) layers.

By inserting f/(N?,Az,) X (D4) and f/[N> ", +(1/2)Az ] x
(D5) into Eq. (D3), we get

this study. One may wonder how these equations are rele- LU Vg tu v D6
vant to those in a model with continuous stratification. at 4, +u, V0, = (D6)
Here, we derive the vertically discretized form of the con-
tinuous QG equations and show that they are equivalent to  where the eddy PV g, is
2
) T
g, =V, +
: P Az N§/2A13/2
v~ Y - ¥
—Vzlll fz n—1 n _ n+l ,I’ZE[Z,I’I _1]’
Az Aﬂn—(l/z)Azn—u/Z) Ni+(1/z)A1n+(1/z) "
2 Y, Y
6, =V, f el e (D7)
" AZ n —(1/2)A n,,—(112)
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and the mean PV Q,, is

/By
3542

_ [ |Bu-an
Qn - By + N2 -

Az, n—(112)

Q1:By7

3

Bn+(l/2):|

N2n+(1/2)

0, = py+ oot
) .

n —(1/2)Aznm

m

(D8)

The boundary conditions are absorbed into the discretized
PV equation [Eq. (D6)], where the buoyancy anomaly
(mean buoyancy gradient) at the upper and lower bound-
aries are absorbed into the PV anomaly (mean PV gradi-
ent) in the top and bottom layers, respectively. Recall that
g = N*Az and VB = k X f3,U, Egs. (D7) and (D8) are
equivalent to the eddy and mean PV in layered QG, ex-
pressed by Eqgs. (B3) and (C3), respectively.
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