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1 | INTRODUCTION

Abstract

The instabilities produced by a linear model of the tropical atmosphere cou-
pled to a prognostic equation for water vapour are investigated. The basic model
with no meridional wind supports unstable eastward-propagating waves. For
parameter regimes relevant to the Indo-Pacific warm pool, the long-time asymp-
totic behaviour of the unstable waves is found to be absolutely unstable, so that
the amplitude of disturbances will grow in time at every point in the domain.
The absolute instability of the system is realized at planetary length-scales and
intraseasonal frequencies. Other parameter choices for the system do not pro-
duce this same behaviour at these length- and time-scales. It is shown that
the resultant long-time behaviour of the instability is characterized by roughly
equal roles for temperature and moisture fluctuations in setting the thermody-
namic tendency of the waves. With the inclusion of momentum damping, the
phase speed of the absolutely unstable solution is about 7m-s~!. Addition of
a strong background meridional moisture gradient, as in recent studies on the
Madden-Julian Oscillation (MJO), appears to remove the absolute instability
from the system. In a background state that varies slowly in the zonal direc-
tion, it is shown analytically that localized regions of instability may be formed,
again using parameter choices relevant to the warm pool. The dynamics and
thermodynamics of these local instabilities show some correspondence with the
observed development of the MJO as it propagates through the warm pool.

KEYWORDS

absolute instability, instability, Kelvin waves, Madden-Julian Oscillation, moist thermodynamics,
tropical dynamics, waves

linear waves with characteristics that can resemble those
of observed low-frequency convectively coupled equato-

Significant challenges remain in the theory and modelling
of equatorial waves in the troposphere (Jiang et al., 2020;
Kiladis et al., 2009). It has been argued that inclusion
of a prognostic equation for atmospheric water vapour
in a shallow-water model allows for the emergence of

rial waves, the Madden-Julian Oscillation (MJO), and
the Boreal Summer Intraseasonal Oscillation (Adames &
Maloney, 2021; Neelin & Yu, 1994; Sobel et al., 2001; Wang
& Sobel, 2022a). Such models rely on moist convection
to reduce the effective static stability felt by disturbances
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in the Tropics to produce phase speeds much less than
the dry gravity-wave speed (Emanuel et al., 1994; Kiladis
et al., 2009). Additional modification of the effective sta-
bility by diabatic or advective processes is thought to be
important for producing instability at planetary scales
(Adames & Kim, 2016; Ahmed et al.,, 2021; Inoue &
Back, 2017; MacDonald & Ming, 2022). Under such con-
ditions, it is possible for thermodynamics to be strongly
influenced by fluctuations of moisture. This has led to
the definition of “moisture modes”, broadly referring to
wave solutions in which moisture plays an important role,
perhaps leading to phenomena with no direct analogue
in a dry atmosphere (Adames & Maloney, 2021; Ahmed
etal., 2021).

The notion of the moisture mode has evolved sig-
nificantly over time, and care must be taken to define
specifically what is meant by the term. Previous works
have discussed the historical development of these con-
cepts (Adames & Maloney, 2021; Fuchs & Raymond, 2017).
The moisture mode has been viewed in the literature as
either any wave that carries a leading-order moisture sig-
nal (Fuchs & Raymond, 2017; Neelin & Yu, 1994) or,
instead, the limiting behaviour of these waves in which
variations of moist enthalpy are dominated by fluctua-
tions in moisture (Adames et al., 2019; Ahmed et al., 2021;
Mayta & Adames Corraliza, 2023). To avoid ambiguity, use
of the term “moisture mode” in isolation will henceforth
be avoided; the latter interpretation of the moisture mode
is referred to as the “weak temperature gradient (WTG)
moisture mode” for reasons that will become clear, with
the term “quasi-equilibrium (QE) mode” used for waves
that carry temperature and moisture signals of comparable
magnitude, following Ahmed et al. (2021).

Theories of both WTG moisture modes and QE modes
provide a relatively simple picture of the fundamental
interactions between dynamics and convection that lead
to the existence of the MJO (Adames & Kim, 2016;
Ahmed, 2021). However, previous linear stability analyses
of these waves have largely been concerned with the nor-
mal modes of the system and their corresponding temporal
instability. The desire for analytical solutions means that
most of these studies have been been limited to zonally
uniform basic states. While some studies have explored the
interaction between simple models of the MJO and a zon-
ally asymmetric basic state (Majda & Stechmann, 2011;
Raymond & Fuchs, 2009; Raymond & Fuchs, 2018), more
theoretical work is needed on this topic.

Earth’s zonal asymmetry limits the convective signal
of the MJO primarily to the Indo-Pacific warm pool (WP),
and the characteristics of the MJO change significantly
as it propagates through the WP (Hendon & Salby, 1994;
Mayta & Adames Corraliza, 2023). It was shown by
Hendon and Salby (1994) that MJO initiation over

the Indian Ocean is associated with planetary-scale
temperature and heating anomalies that are roughly in
phase, promoting growth of the disturbance, while over
the Central Pacific the anomalies are more in quadra-
ture. Furthermore, the thermodynamics of the MJO
is controlled more by moisture in the Indian Ocean
(Adames & Kim, 2016; Mayta & Adames Corraliza, 2023)
and becomes more gravity-wave-like as the convectively
active phase propagates into the Central Pacific (Mayta &
Adames, 2023; Mayta & Adames Corraliza, 2023;
Roundy, 2012a, 2012b; Sobel & Kim, 2012). Model
experiments have shown that imposition of zonal asym-
metries mimicking the WP can significantly enhance
MJO-like variability (MacDonald & Ming, 2022; Maloney
et al., 2010). The mechanisms for the zonal development
of the MJO and its gravity-wave transition also demand
more theoretical investigation. From the standpoint of lin-
ear models for the MJO, these considerations necessitate a
move beyond analysis of normal modes in uniform basic
states.

In the study of linearly unstable flows, an impor-
tant distinction must be made between systems that
are absolutely unstable and those that are convectively
unstable (The term convective instability in this con-
text originates from plasma physics literature and has
no connection to gravitational instability (Held, 2019))
(Briggs, 1964; Huerre & Monkewitz, 1985). As explained
by Briggs (1964), absolute instabilities grow in amplitude
at every point in space, while convective instabilities only
grow in an envelope around the peak of the disturbance,
eventually decaying at every point in space after sufficient
time has passed. This concept has been well-studied in
simple analogues of midlatitude flow (Farrell, 1982; Lin &
Pierrehumbert, 1993; Merkine, 1977; Pierrehumbert, 1986;
Simmons & Hoskins, 1979). Applying the theory set out
by Briggs (1964), the pioneering work of Merkine (1977)
showed that a two-level model on the midlatitude g-plane
could support absolute instability. However, the ultimate
conclusion of Lin and Pierrehumbert (1993) was that
the typical midlatitude flow on Earth is not absolutely
unstable in the presence of a westerly surface wind, and
hence a localized storm track cannot sustain wave energy
indefinitely, and instead requires disturbances to enter
from upstream. The presence of absolute instability in a
zonally varying flow is necessary for the development of
localized, self-sustaining regions of instability (Huerre &
Monkewitz, 1990; Pierrehumbert, 1984).

Recently, these concepts have been applied to the
study of African easterly waves (Diaz & Aiyyer, 2015) and
monsoonal disturbances (Rupp & Haynes, 2020). Diaz
and Aiyyer (2015) showed that African easterly waves
can disperse energy upstream, and are thus able to seed
the growth of further wave crests without any external
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forcing. Rupp and Haynes (2020) related different regimes
of monsoonal anticyclone flows—and in particular their
propensity to shed eddies periodically—to the underlying
absolute or convective instability of the associated linear
problem in a shallow-water model. They further high-
lighted another important feature of absolutely unstable
systems, namely their insensitivity to the specifics of
an imposed forcing, provided the forcing is not grow-
ing in time at a rate faster than the absolute growth rate
(Briggs, 1964).

In this study we will investigate the implications of
absolute instability on equatorial waves when coupled to
an equation for atmospheric water vapour. It will be shown
that, in a uniform basic state, the emergent low-frequency
unstable waves are in fact absolutely unstable. In the
next section, we will develop the linear equations with
which we will work and review the concepts of abso-
lute and convective instability. Section 3 carefully iden-
tifies the nature of the instabilities in the system and
shows that local instability is supported under certain
parameter regimes. In Section 4, the instability of some
alternative linear models for the tropical atmosphere is
considered. A discussion of these results and their con-
nection to the observed characteristics of the MJO is pro-
vided in Section 5. Finally, concluding remarks are given
in Section 6.

2 | THEORETICAL BACKGROUND
2.1 | Alinear model for the tropical
atmosphere

The primitive equations on the equatorial g-plane lin-
earized about a state of rest are given in pressure coordi-
nates by

%+ﬂykxv+v¢=0, (1a)
op p
V-v+a—a)=0, (1c)
op
oT = 05
Ch = + w— = Q. 1d
p6t+w6p Q (1d)

The stratification is set by the vertical gradient of the
basic-state dry static energy, ds/dp, and all other notation
is standard (Fulton & Schubert, 1985). In the absence of
friction in the momentum equation, the system is closed
except for the heating rate Q. The vertically integrated
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version of Equation (1d) is given by

RO <w2—;> - (. @

where (-) represents a pressure integral from the surface
to the tropopause. Rather than express (Q) in terms of the
primitive variables, we introduce a prognostic equation for
the column water vapour (q) of the atmosphere and write
the heating rate as a function of (q) (Adames & Kim, 2016;
Sobel & Maloney, 2012, 2013). The equation for (q) takes
the form

9(q) 9q
7——(V-Vq)—<w%>+E—P, 3)
where E is the evaporation from the ocean surface and P
is the precipitation from the atmosphere. The latent heat
of vapourization has been absorbed into (g), E, and P. The
pressure velocity o is then assumed to have separable ver-
tical structure A, (p) of a first baroclinic mode, being zero
at the surface and tropopause and attaining a maximum
in the mid-troposphere. The momentum, continuity, and
hydrostatic equations can then be used to relate the verti-
cal structures of the other fields to A,. Such systems have
been developed in a number of previous works (Adames
et al., 2019; Ahmed et al., 2021; Fuchs & Raymond, 2017;
Wang & Sobel, 2022b). After eliminating w and T, the
equations can be written as

ou; oP1
—_— — =0 4
5 Byv1 + ™ , (4a)
()Vl dd)l
— — =0, 4b
ot + fyus + 3y (4b)
MS a(]bl 0u1 01)1 (1 + V)
——— =M, — + — s 4
c2 ot S<0x+dy>+ ¢ (@ (4c)

o(q) Jdu;  ovn 1
M v (22 ) - =gy —Au + B ,
ot a < ox oy Tc<q> a1 e

(4d)

where (-); indicates the horizontal structure of a field. Here
¢ = 50m-s™! is the dry gravity-wave speed, My = (—A,0ps)
is an integrated measure of the dry stability of the atmo-
sphere, My = (A,0,q) is a measure of the integrated
moisture stratification, and 7. is a convective relaxation
time introduced by parametrizing the precipitation as
P =(q)/z.. The parameter r is a cloud-radiative feedback
parameter, which relates radiative heating to precip-
itation, and A, represents moistening processes such
as wind-evaporation feedback, zonal advection of the
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mean moisture gradient, eddy moisture fluxes, and fric-
tional convergence that are associated with the zonal
wind (Adames et al., 2019; Adames & Kim, 2016; Sobel &
Maloney, 2013). Essentially, we have assumed that the
moistening contribution from all of these terms can
collectively be linearly related to the zonal wind pertur-
bation. B, is a meridional moisture advection parameter;
as in Ahmed et al. (2021) and Wang and Sobel (2022a) we
have assumed that the background meridional moisture
gradient is linear in y.

A strong simplifying assumption can be made by
neglecting the meridional wind entirely, that is, setting
v1 = 0. In the dry system, this approximation would filter
all the equatorially trapped modes but for the Kelvin wave.
With the inclusion of a prognostic moisture equation,
some of the essential features of intraseasonal variabil-
ity can still be captured (Adames et al., 2019; Ahmed
et al., 2021; Fuchs & Raymond, 2017). The advantage of
this approximation is that it greatly simplifies the inter-
pretation of the results attained through the forthcoming
asymptotic analysis; we shall return to the more general
problem with non-zero meridional wind in Section 4.2.

We now seek normal mode solutions of the form u; «
ell=ob) \yith wave number k and frequency o. After set-
ting v; = 0, Equations (4a) and (4b) may be combined to
show that all the fields in the model have the meridional
structure

P(y) = exp(—pky*/(20)). (5)

It then follows that, for real k > 0, solutions with R(¢) < 0
will not be equatorially trapped and thus do not hold any
physical relevance. Combining Equations (4a), (4c), and
(4d) and eliminating ¢; and (q) gives a governing equation
for the system:

<£+l> 0%, _Cza3u1 _Czl\ﬁﬂ_i_ 2Aq 0wy _ ’
ot 1./ ot? ox2ot T, 0x? T. 0X

(6)
where M. =1 + r)(1 - My /M) +r is the effective gross
moist stability (GMS), and Aq = (14 rAy/M;isarescaled
moistening parameter with dimensions of inverse length
(Adames et al., 2019). The corresponding dispersion rela-

tion is given by

1.0° + io? — 1.A%k*6 — ic* k> (M + iAqk_l) =0. (7)

For waves with intraseasonal periods, the cubic term in ¢
is small relative to the quadratic term, since the convec-
tive time-scale 7. (which is of the order of 1 day or less)
is much faster than the time-scale of the waves (Adames
& Kim, 2016). Wang and Sobel (2022b) have shown that,
when 7. is around 1 day, neglecting this term filters a
Kelvin wave damped at the rate 77 !. Adames et al. (2019)

showed that, for a convective time-scale of 2 h and positive
effective GMS, Kelvin waves that are unstable at plane-
tary scales still exist under this approximation. The filtered
mode becomes nearly stationary in this limit, remaining
damped at the shortened convective time-scale (Ahmed
et al., 2021). We therefore interpret this approximation as
removing the initial adjustment to a QE state. Since we
are primarily concerned with asymptotic behaviour, this
strongly damped mode is not of particular interest. The
resulting dispersion relation is then

io? — 1.c*k*o — ic* kA (M + iAzk™) = 0. (8)

Previous studies suggest that this simplification has mini-
mal influence on the unstable modes of the system at plan-
etary scales (Adames et al., 2019; Wang & Sobel, 2022b).
Had we also neglected the tendency of the geopotential in
the governing equations, the resulting dispersion relation
would be

7.0 + i(Me + iA~qk_1) =0. 9

Note that this choice is mathematically equivalent to the
limit in which ¢ — o in Equation (7). It is clear that in
this limit —M. /7. is the growth rate of the wave, and that
the frequency of the wave depends on Ay. The resulting
solutions are WTG moisture modes in the extreme sense
that they have no temperature signal at all. This limit
emerges from the strict application of the WTG hypothesis,
in which gravity waves act infinitely fast to remove temper-
ature perturbations (Bretherton & Smolarkiewicz, 1989).

The forthcoming analysis will also necessitate solv-
ing the dispersion relation for k as a function of given o.
Equation (8) may be written in powers of k as

—A(1e0 + iMe)k* + Agk +i0” = 0. (10)

It should be noted that k(o) still encodes the information
of the dispersion relation, but supplies the complex wave
number for a given complex frequency. Briggs (1964) pro-
vides an extensive discussion of this interpretation in terms
of systems that are forced at a single complex frequency.
Solutions for o(k) using Equation (8) produce one
root that is unstable at planetary scales. The other root
has R(c) < 0 for all real k > 0; in view of Equation (5),
the corresponding meridional structure is not equatori-
ally trapped and therefore this root merits no further dis-
cussion. Figure 1a shows the frequency of the unstable
solution in three separate parameter regimes. The spe-
cific parameter values are summarized in Table 1. For
large values of 7. and small or negative values of M., the
solution takes on the character of a QE mode (Ahmed
et al., 2021; Wang & Sobel, 2022b), while for small val-
ues of 7. and large M. it behaves like a Kelvin wave.
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(a) Frequency R(o) of the unstable mode in the three different regimes for the system. Note that the linear frequency (the

inverse of the period) is given by R(c¢)/2z. (b) Growth rate J(c) of the unstable modes. (c) Phase speed R(c)/k of the unstable modes. (d)
spatial structure of the k = 1 Kelvin mode for a unit perturbation of column water vapour (q) (shading). The contours show the corresponding
column temperature perturbations —M;¢, /c2. The contours are in powers of 2, with the thinnest contours at +1/8 and the thickest at +8. (e)
As in (d) but for the QE regime. (f) As in (d) but for the WTG moisture-mode regime, in which temperature perturbations are negligible.

TABLE 1

Summary of parameter values used in the three different regimes shown in Figure 1. The value ¢ = oo for the WTG moisture

mode refers to the use of Equation (9) in place of Equation (8) as the dispersion relation.

Parameter Kelvin wave QE Mode
M, 0.2 0

e 2 12

c 50 50

A, 2x1078 2x107®

In the limit where the gravity-wave speed is made infi-
nite, the solutions become WTG moisture modes, with
thermodynamics controlled exclusively by moisture per-
turbations (Ahmed et al., 2021). The Kelvin wave is essen-
tially non-dispersive, while the frequency of the WTG
moisture mode has a k! dependence, as seen from
Equation (9); the QE mode is in some sense a smooth tran-
sition between these two regimes. This transition causes
the QE regime to have a lower frequency at k =1 than
either of its limiting cases. The corresponding growth rates
are shown in Figure 1b. Both the Kelvin wave and QE
mode are unstable at planetary scales, while the growth
rate of the WT'G moisture mode takes on a constant value

WTG moisture mode Units

0 dimensionless
12 hr

(e m-s~!
2x1078 m™!

of —M./7.. The phase speeds of the waves are shown
in Figure 1c.

The horizontal structures of the planetary scale waves
in each regime are shown in Figure 1d-f. For the Kelvin
and QE modes, moisture and temperature are slightly
in phase, indicating growth of wave variance, since the
convective heating is proportional to moisture. The col-
umn temperature perturbations of the Kelvin wave are
roughly an order of magnitude larger than the moisture
perturbations, while for the QE mode the two fields are
of similar magnitude. For the WTG moisture mode, the
temperature perturbations are negligibly small relative to
moisture, and instability requires a negative effective GMS
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so that the overturning circulation imports more moist
static energy than it exports.

2.2 | Numerical methods

Numerical simulations will be performed to motivate the
theoretical results derived from the dispersion relation. In
these simulations, we allow the parameters of the model
M, ¢, and A, to be spatially varying. The system governed
by Equation (8) can be written as a first-order system in
matrix form as

ofm
ot\ iy
_ 0 1 wy, (0
 \o,(Wed,) — Po(Ay) 2o(reoe) )\ ity F)

an

where ©1; = o;u; and F is a forcing term, which excites
the system from an initial state of rest. The zonal coor-
dinate is non-dimensionalized as x = 2zaX, and time as
t = (Bc)~1/%1, where a is the radius of Earth. The forcing is
given by

Pt = {Focosszc)a(%) if %] < 1/2, a2

otherwise,

where F, is the amplitude of the forcing and 6(-) is the
Dirac delta function, that is, the forcing is only present for
the first time step. The choice of forcing is rooted in the
properties of the Fourier transform; its strongly peaked
structure in both space and time is intended to excite all
the wave numbers and frequencies of the system equally,
so that the most unstable modes will quickly come to dom-
inate the system. The spatial coordinate, which ranges
from X = —20 to X = 20, is decomposed into 512 Fourier
components. Terms that are the product of two spa-
tially varying quantities are evaluated using the spectral
transform method (Durran, 2013). The system is stepped
forward in time using a third-order Adams—Bashforth
scheme, with two initial fourth-order Runge-Kutta steps
to initialize the time-stepping procedure. An additional
o} diffusion term has been added to the system to remove

energy at the smallest scales, but does not affect the
behaviour appreciably at the scales of interest.

2.3 | Absolute and convective instability

We now review some essential points about the concepts
of absolute and convective instability, closely following

the discussion provided by Pierrehumbert (1984, here-
after P84). It is evident from the dispersion diagrams
shown in Figure 1 that, outside the WTG moisture-mode
limit, o; > 0 for some range of wave numbers, where
o; = S(o). That is, the system is linearly unstable and
the domain-integrated wave amplitude will grow in time.
However, as stressed by P84, the existence of instability
does not necessitate the growth of wave amplitude at
every point in physical space. Consider a localized pulse
disturbance that evolves in time according to the
dispersion relation as

U (x, t) = / U (k)elll/t=o ol g (13)

where U'(k) sets the initial shape of the pulse (in our
numerical simulations, U'(k) constitutes a discrete set of
Fourier coefficients computed at some t > 0, i.e., after the
initial forcing has turned off). To derive an asymptotic
expression in the limit t — oo, it is assumed that, for large
t, the argument of the exponential in Equation (13) varies
much faster in k than U’(k) does, and thus in general
the variations over an entire phase will cancel out. How-
ever, this is not the case when the derivative of the phase
with respect to k goes to zero (Bender & Orszag, 2013). At
so-called points of stationary phase, we have

x do

t dklk’ 14
where kg is the stationary wave number. Thus, for any
given x and ¢ with x/t bounded and constant, the response
as t - oo may be approximated solely by contributions
close to ks. Since U’(k) varies slowly in k, it may be
replaced with U'(ks) (higher order contributions from a
Taylor expansion of U" about ks scale with ¢! relative to
the leading-order term: (Bender & Orszag, 2013)). Taking
a second-order Taylor expansion of o(k) about ks yields an
approximate expression for the phase:

1d%c

kX —o(k) ~ keE — o(ky) — =22
okt —olks) 2di? |,

(k—ko)?.  (15)

Now the only k dependence resides in the quadratic term
of Equation (15). The path of integration is deformed
via Cauchy’s integral theorem, such that the imaginary
part of the phase remains constant close to ks (Bender
& Orszag, 2013; Gaster, 1968). The dominant contribu-
tion from ks lends considerable freedom in altering the
bounds of integration to construct an integral that may be
evaluated analytically, leading to the asymptotic form

V2me 74 (k) ollkx—o(ky)1]

(16)
[(d20/di?)]; 1] 2

uy(x, t) ~
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This shows that the imaginary part of o(k) sets the expo-
nential growth or decay of the wave along the chosen
characteristic, demonstrating the importance of the sta-
tionary wave number. Equivalent expressions have been
presented in previous work on the asymptotic behaviour of
unstable waves (Gaster, 1968; Merkine & Shafranek, 1980,
P84). A more general discussion of the asymptotic meth-
ods used here can be found in Bender and Orszag
(2013).

When the stationary wave number k; is chosen to be
the most unstable wave number kp,, then by definition
do;/dk]|y, = 0, so that Equation (14) reduces to

do,/dk|x = x/t, 17)

where o, = R(c). This gives the familiar result that
the peak of an unstable wavepacket lies along a char-
acteristic that moves at the group velocity evaluated
at kp,.

The behaviour of o(k) close to the most unstable
wave number does not necessarily provide information
about the behaviour at a fixed location in space. From
Equation (14), the wave number that dominates the
asymptotic response at x = 0 must be a saddle point of o (k)
satisfying do /dk = 0, or equivalently a merge between two
branches of k(o) (Briggs, 1964). Since the peak is advected
with the group velocity of the most unstable wave num-
ber, the behaviour at a fixed point in space will be that

(2) Absolute Instability
t

FIGURE 2

Royal Meteorological Society

of a spatially amplifying wave, and ks will be complex in
general. If o;(ks) > 0 at the saddle point, then the distur-
bance will grow at every point in the domain, in which
case the instability is called absolute. Conversely if o;(ks) <
0 the instability is convective; the amplitude will even-
tually decay to zero for all x after the peak has passed
(Briggs, 1964; Huerre & Monkewitz, 1985). Figure 2a,b
shows how absolute and convective instability, respec-
tively, would manifest in the growth of an initially local-
ized disturbance.

In a zonally varying flow, the presence of absolute
instability permits, under certain conditions, the develop-
ment of so-called local instabilities (P84). For a uniform
domain, the growth rate at the most unstable real wave
number provides an upper bound for the absolute growth
rate (Huerre & Monkewitz, 1990). Simply put, the tail of
a wavepacket cannot have a larger amplitude than the
peak. However, if zonal variations exist such that the peak
can travel into a region with sufficiently reduced instabil-
ity, then the absolute growth rate of the exponential tail
may exceed the now reduced growth rate of the peak, and
a localized maximum of the amplitude can occur (P84).
Necessary conditions for the existence of a local mode are
closely linked to the presence of absolute instability. In the
absence of local instability, a periodic domain is required
to create a global instability of the system where convec-
tively unstable wavepackets can re-enter the domain (P84,
Huerre & Monkewitz, 1990).

(b) Convective Instability
t

(a) Sketch of an absolutely unstable wave packet. Starting from a localized pulse disturbance at ¢t = 0, the amplitude of the

wave packet disperses in both directions. Any fixed point in space will have the amplitude of the wave packet grow in time. (b) Sketch of a
convectively unstable wave packet. There exists some set of characteristics along which the amplitude grows in time, but for any fixed point
in space the peak will eventually pass and the amplitude will decay. Based on a similar figure in Huerre and Monkewitz (1985).
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3 | INSTABILITY OF
MOISTURE-COUPLED WAVES
3.1 | Presence of absolute instability

We will first identify the nature of the spatial instabili-
ties in the moist equatorial wave system by analysing the
dispersion relation in the complex k-plane (Briggs, 1964;
Merkine, 1977; Pierrehumbert, 1986). The procedure is
drawn schematically in Figure 3. We evaluate k(c) for some
chosen set of fixed values of o,, while decreasing o; from a
positive value (which must be greater than the maximum
growth rate for real k) to zero (Briggs, 1964). If the two
branches of k(o) merge in the complex k-plane for o; > 0,
with the branches originating separately from the upper
and lower half-planes for large o;, then the system supports
absolute instability (Briggs, 1964; Pierrehumbert, 1986).
Otherwise, the branches merge for some negative value of
o; and the instability is convective in nature. Since the dis-
persion relation for our system is quadratic in k, there can
be only one saddle point.

The chosen set of rays in the complex o-plane is shown
in Figure 4a. The image of the o-contours under the map-
ping k(o) for the Kelvin wave is shown in Figure 4b. Using
the colour and thickness of the lines in Figure 4a as a
guide, we can identify the two corresponding solutions
of k(o) for any given o. The information provided in the
dispersion diagrams shown in Figure 1 is recovered when-
ever a contour of k(o) crosses the positive real line. It is

4o, k(o) s
~~ a

‘Q v
o
Koy

FIGURE 3
nature of the spatial instability of the system. On the left, a ray in

Schematic of the method for determining the

the complex o-plane is drawn with constant real part, terminating
at o; = 0. This ray is mapped into the complex k-plane using two
different branches of the dispersion relation, as shown on the right.
The point in the k-plane where the two branches merge (the open
circle) defines the stationary wave number for x/¢ = 0. Since this
merge occurs for a value of ¢ with 6; > 0 and the two branches
originate separately from the lower and upper half-planes, the
system is absolutely unstable.

clear that there is an absolute instability present, as the
two branches merge close to the imaginary line (i.e., there
exists a o5 with J(os) > 0 for which the two roots of the
dispersion relation are equal). Since this merge happens at
far greater length-scales than are realizable on Earth and
is only weakly unstable, it does not appear to have much
physical relevance. Figure 4c shows the image for the QE
regime; here there exists a more compelling merge of the
two branches. The branches of k originate separately from
the upper and lower half-planes for large o;, confirming
the physical relevance of this saddle point (Briggs, 1964;
Pierrehumbert, 1986). The merge occurs at real wave num-
ber ak, ~ 0.75 and linear frequency ¢, /(2x) ~ 0.021 day !,
so the absolute instability is realized at planetary scales
and intraseasonal frequencies and has a phase speed of
about 13 m-s™!, considerably slower than the phase speed
evaluated at the most unstable wave number. The image
for the WTG moisture-mode limit is shown in Figure 4d;
since there is only one non-trivial branch, there is no possi-
bility of a merge. However, it is clear that the lower branch
of the QE regime resembles the dispersion relation for the
WTG moisture mode when R (k) becomes relatively large.
Given that we have separated out the meridional struc-
ture of the system, we must be circumspect that these
solutions remain equatorially trapped when k as well as
o is complex. For the case of complex k, the meridional
structure can be expressed in terms of C = o/k as

Cr 2 . Ci 2
POy =ex <_§|CTZ > op <’§|cy|2> - W

where C, = R(C) and C; = J(C). Note that C, is not the
phase speed of a wave crest, which would instead be
R(c)/R(k). The argument of the first exponential is purely
real, while the argument of the second is purely imagi-
nary. It is clear that the condition for equatorial trapping is
C, > 0. Figure 5shows the real part of the phase speed eval-
uated on the contours in the k-plane presented above. The
absolute instability of the QE mode is equatorially trapped.
In the Kelvin-wave regime, the value of C, at the abso-
lute instability is close to zero, again calling the physical
relevance of that saddle point into question.

Numerical integrations of the responses of the QE
and Kelvin parameter regimes are shown in Figure 6a,b,
respectively. It is clear that the QE wave packet grows in
both directions, confirming the presence of absolute insta-
bility. The Kelvin-wave packet remains attached to x = 0,
but does not show any significant growth there, alluding
to its marginal absolute instability; that the wavelength of
the Kelvin-wave packet grows towards x = 0 is also con-
sistent with the theoretical prediction from the analysis of
the dispersion relation, as the absolute instability occurs at
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1 a) Numerical Integration - QE Mode
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(a) Result of a long numerical integration (f = 500) of the system in the QE regime, with M, = 0 and 7. = 12h. The

solution is transformed as sgn(u;) log(1 + |u,|) to show the behaviour near the tails of the wave packet better, while still retaining the

fluctuations in the phase. (b) As in (a) but for the Kelvin-wave parameter regime of the system, with M, = 0.2 and 7, = 2 h.

a much smaller wave number than the most unstable real
wave number.

Figure 7 shows the amplitude growth over time in the
numerical simulations, for both the translating peak of
the disturbance and the stationary point x = 0. The ampli-
tude at the peak is calculated as the maximum value of
|u1| in the domain. Figure 7a shows these growth rates for
the QE regime. It is clear that the theoretical predictions
of the maximum growth rate and the absolute growth rate
correctly characterize the amplitude at the peak of the
wavepacket and at x = 0, respectively. Figure 7b shows
the corresponding peak and absolute growth rates for the
Kelvin regime of the system. Here the marginal absolute
instability is clear; the amplitude at x = 0 shows a negli-
gible tendency towards growth, as predicted from analysis
of the dispersion relation. Additionally, the peak growth
rate for the Kelvin wave is slightly less than that of the QE
mode, as predicted from the dispersion diagrams shown
in Figure 1b.

3.2 | Thermodynamics of asymptotic
solutions

We are additionally interested in the degree to which
the tendency of column-integrated moist enthalpy is set
by perturbations to either temperature or moisture. In
this simple linear system, the column-integrated moist
enthalpy is given by

h) = -"241 + (@) 19)

Following Ahmed et al. (2021), we use the ratio of moisture
and temperature perturbations to understand which com-
ponent controls the value of the moist enthalpy in each
regime. For our linear model, the ratio is

_cXq) 7o (14 2k?/o?)
= "M 1+r

(20)

For waves with intraseasonal periods, we will have |z.0| <
1, so the wave must be slow relative to the gravity-wave
frequency ck in order for the moisture signal to domi-
nate. Since y will be complex in general, its modulus |y|
will be used to measure the relative magnitude of mois-
ture and temperature perturbations, while its argument
Arg(y) describes the degree to which moisture and temper-
ature perturbations are in phase. As noted previously, this
also measures the phase between temperature and heating
anomalies, since (Q) = (1 + r){q) /7.

Figure 8 displays |y| and Arg(y) evaluated on the dis-
persion curves in the complex k-plane from the previous
section. Figure 8a—c shows |y| for each of the three param-
eter regimes. In the Kelvin limit, temperature anomalies
dominate the moist enthalpy; over the whole range of fre-
quencies we have |y| < 1. In the QE regime, solutions
transition from being more gravity-wave-like at large scales
(k < 1) to more moisture-dominated at smaller scales
(k > 1). At the saddle point itself, temperature and mois-
ture contribute equally to the moist enthalpy. Finally, in
the WTG moisture-mode limit |y| > 1 and the thermo-
dynamics is strongly controlled by moisture, as would be
expected.
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FIGURE 7 (a)Time series of amplitude growth in the QE
regime. The crosses show the evolution of the logarithm of the
maximum of |u; | achieved in the domain, and the value of the
logarithm of |u; | at x = 0. The dashed line shows the theoretical
prediction of the maximum growth rate, o;(ky,)/ \/E in the
non-dimensional units of the numerical simulation. The
dash-dotted line shows the predicted absolute growth rate

oi(ks)/ \/E‘ (b) As in (a) but for the Kelvin-wave parameter regime
of the system.

Figure 8d-fshows the same dispersion curves coloured
by Arg(y). Along the real line, all three regimes exhibit
temperature and moisture anomalies that are roughly
in quadrature, with temperature leading the moisture
(and therefore the heating) as expected for a propagat-
ing deep-convective mode (Emanuel et al., 1994). Indeed,
Arg(y) appears less dependent on the chosen parameter

Royal Meteorological Society

regime and more on the location in the k-plane. Waves
that amplify in an eastward direction (those in the lower
half-plane) generally have more in-phase perturbations,
while those that are evanescent eastward have more
out-of-phase relations between moisture and temperature.
This is a simple consequence of the fact that an amplifying
wave must have a source of variance generation; in this
case the correlation between Q and T acts as that source.
The essential convection—circulation interaction we have
modelled puts a constraint on the governing thermody-
namics of the system, such that amplifying waves are
controlled more by moisture, while evanescent waves are
controlled by temperature.

3.3 | Zonally varying basic states
Having confirmed the presence of absolute instability,
we now investigate whether the system can support
local modes of instability in a zonally varying flow. The
Wentzel-Kramers-Brillouin (WKB) approximation will be
used as a theoretical tool to investigate this issue. Direct
association with the observed MJO is then challenging,
because the MJO can be broadly thought of as a wave
number 1 disturbance situated in a basic state that varies
most strongly at similar length-scales. Strict application
of the following theory is limited to infinite domains
with basic-state variations occurring over much longer
length-scales than the wavelength of the disturbance. Nev-
ertheless, recent work has shown that local application of
linear wave criteria can provide qualitative understand-
ing of the zonal development and confinement of the MJO
and other modes of tropical variability (Inoue et al., 2021;
Mayta & Adames, 2023; Mayta & Adames Corraliza, 2023).
The construction of the local mode closely follows the
procedure of P84. We allow the parameters (M., TC,A~q) to
vary in the zonal direction at ©O(1) in a slow coordinate
X = ex, with ¢ <« 1. Note that no specific value is assigned
to e; it is tacitly assumed that there is some slow scale
on which the WKB approximation will hold (P84). The
eigenfunctions of the system have the form

up = Ayu(X)eO&/eeiot, (21)

where A,(X) is the spatially varying amplitude of the
wave, and ©(X) sets the spatial amplification and phase of
the wave. After adjusting Equation (6) suitably to allow the
parameters (M., 7., A,) to vary in the slow coordinate X,
the dispersion relation for the system becomes, to leading
order in the small parameter ¢,

io? — 2010 — PO (Mo + 14,0 ) =0,  (22)
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where ® = d®/dX, M., and z. are all functions of the
slow coordinate X, and as before we have dropped the term
that is cubic in . This is simply the dispersion relation
of the uniform system with the wave number k replaced
by ®'(X). An analysis of the meridional structure problem
produces an expression for the slowly varying meridional
shape of the solution that bears a similar resemblance to
its counterpart in the uniform system.

We now consider the conditions for the existance
of a local mode of instability. Values of the parameters
(Me,TC,Aq) are selected that produce an absolute insta-
bility with complex frequency os; it is assumed that the
system takes on these values at X = 0. We then calcu-
late k(os; X), where k has now been conflated with ®'(X)
in Equation (22). The notation has been chosen to indi-
cate that k depends on the slow coordinate X through the
parameters (M., TC,A~q). The parameters must be chosen
to vary in X in such a manner that the absolute growth
rate—which may be calculated locally from the WKB dis-
persion relation for each X— decreases away from X = 0.
Requiring that the absolute growth rate attains a local max-
imum where (dM. /dX) = 0 and (dz./dX) = 0 is important
to prevent the breakdown of WKB theory (P84). By con-
struction, the value of k(c; X = 0) is the same for the two
branches of k, so the solution will switch branches at this

point. Should the sign of k;(o5; X) change for one of the
branches of k as X is moved away from zero, then the solu-
tion switches the spatial direction in which it amplifies,
and the constructed mode is a seamless continuation of
amplifying and evanescent waves. The resulting instability
is then localized in space (P84).

These theoretical requirements for the existence of
local instability put constraints on the zonal structure of
the parameters (M., rc,/iq); it is reasonable to ask whether
the resulting basic state bears any resemblance to the
observed Indo-Pacific WP. In general, a simple way to
reduce the absolute growth rate of the system is simulta-
neously to increase M, and decrease 7. In other words,
moving the system towards the Kelvin-wave regime will
reduce the absolute growth rate. The WP, and specifically
the Indian Ocean basin, are well-known to be associ-
ated with a local minimum of the effective GMS (Inoue
et al., 2021; Mayta & Adames Corraliza, 2023). Mayta
and Adames Corraliza (2023) have also shown that the
observed convective relaxation time-scale z. exhibits a
local maximum over the Indian Ocean. In this sense, the
observed WP is qualitatively consistent with the structure
of a region of increased absolute growth rate, so we ide-
alize the WP as a region with reduced M. and increased
7.. Equivalently, as we move away from the centre of the
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WP, the system moves towards the Kelvin-wave limit of the
system.

Figure 9a shows how the real and imaginary parts of
the wave number change as the basic-state parameters are
moved together from the QE regime to the Kelvin limit. As
intended, the two branches of k(o) merge at the assumed
values of M, and 7. that produce the largest absolute
growth rate. It is clear that the imaginary parts of the two
branches take on different signs when the system has been
moved sufficiently far from the point of maximum abso-
lute growth rate. The solution is able to switch smoothly
between amplifying and evanescent waves and hence local
instability can be realized in the system. It is impor-
tant to note that the system does not need to be moved
far towards the Kelvin regime to produce a local mode.
Sensitivity experiments with different choices of M. and
7. at x = 0 suggest that the minimum value of M. in
the domain must be less than zero in order for local
instability to exist; we have chosen a strongly nega-
tive value of M, = —0.1 to illustrate the local insta-
bility clearly. Figure 9b shows how the wave number
responds to a decreasing moistening parameter A4. Again
we see that the imaginary parts of the two branches
take on opposite signs, and so a local instability is pos-
sible. However, given that this parameter is an aggrega-
tion of many disparate processes, the response shown in

(a) Varying Convective Relaxation and Moist Stability
Convective Relaxation Timescale 7. [h]
12 10 8 6 4

Royal Meteorological Society

Figure 9a is likely more amenable to association with the
observed WP.

Having confirmed the potential for local instability in
the system, we now look at the zonal structure of such a
mode. Figure 10 shows the behaviour for a simple zonally
varying domain in which M, and 7. both take on Gaussian
profiles in the zonal direction, of the form

M, = —0.07 — 0.03 exp[-%*/(2L2)], (23a)

7o = 14 + 2 exp[—%°/(2L2)], (23b)
where M, is dimensionless and 7. is given in units of
hours, X is the dimensionless zonal coordinate introduced
in Section 2.2, and Ly, is a non-dimensional length-scale
that controls the width of the region of increased insta-
bility. Using Figure 9 as a guide, the specific values of
the parameters are chosen such that the imaginary parts
of the two branches of k(og;X) take on different signs
as x — oo. Moving the system too far into the Kelvin
regime when moving away from x = 0 can lead to solu-
tions that are not equatorially trapped. For reference, the
structures of M, and 7. are shown in Figure 10a,b, respec-
tively. Even though the branch switch itself occurs atx = 0,
since the imaginary part of the wave number is positive
at the coalescence point, the wave will be evanescent at
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FIGURE 9 Analysis of the WKB dispersion relation for varying basic-state parameters. (a) The parameters M, and 7. are moved in
unison from values in the QE regime to the Kelvin regime. The dispersion relation is solved for k as a function of M, and ., with ¢ fixed to
the absolute frequency calculated for M, = —0.1 and 7. = 16 h (the values the system is assumed to take on at x = 0). The resulting curves for
the real and imaginary parts of the wave number are shown in solid and dashed curves, respectively. By construction, the two branches of k
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take on different signs for sufficiently small values of A,.



2680 Quarterly Journal of the

EJRMets

MACDONALD

Royal Meteorological Society

(a)

~0.06 1 i
1
1
v —0.07 9 1
= I
) 1
= -0.08 1 !
v ]
g 1
5 —0.091 |
5] 1
L 1
b 1
W —0.10 4
1
1
-0.11 +
0
— 171 : i
= | 1
K H 1
161 1
© 1
2 1
v 1
€ 154 ]
5 |
2 |
© 144 i
9 1
2 |
o 1
O3 |
0
C
059
0.6 1
0.4
= 029,
= Moisture Controlled
S 0.0 rnranraneerneessnnminnssnesenssnranseenanae e erneds s Dhagae e e reass s s senesseeraan s s e nnaaee s e erae s snnes
2 0s Temperature Controlled
-0.4
-0.6
-0.8
0
(d)
901 In Quadrature
754
g
@ 601
o
L)
T, 451
e
>
<
15 1
0 ; In Phase
0
X
FIGURE 10 Structure of the simple zonally varying basic

state and the zonal development of the resulting local mode. (a)
Zonal structure of the effective GMS M,. The chosen scale for x is
arbitrary. The black dashed line denotes the location at which the
branch switch occurs (x = 0). The black dash-dotted line shows the
point at which the solution switches from amplifying to evanescent.
(b) As in (a), but for the convective time-scale z.. (c) Modulus of the
resultant g-T ratio y as a function of x as predicted by the local WKB
analysis. (d) Argument of y as a function of x for the local mode.

x = 0, and will achieve its maximum amplitude at some
x < 0 (P84).

We will again use the g-T ratio y to characterize the
thermodynamic structure of the solutions. The response
of the modulus and argument of y as a function of x are
shown in Figure 10c,d, respectively. For x < 0, the thermo-
dynamics of the mode are is controlled more by moisture,
and the temperature and moisture anomalies of the mode
are close to being in phase. Moving eastward through the
domain, temperature and moisture perturbations transi-
tion to being more out of phase, and the moist enthalpy
becomes progressively more controlled by temperature.
The importance of this asymmetric response should be
highlighted; a simpler WKB analysis of the dispersion

relation for real k in a zonally varying domain would
not be able to describe this development. The concepts of
absolute instability and branch switching play essential
roles in producing the very different responses on either
side of our idealized WP.

The theoretical predictions derived above can be
checked via numerical simulation. Figure 11 shows snap-
shots of {(g) and (T) in two different domains where M,
and 7, take on the forms given in Equations (23a) and
(23b): one with Ly, large relative to the wavelength of
the local mode (Figure 11a), and one where Ly, is of
the same order as the wavelength (Figure 11b). Moving
eastward through the domain, temperature becomes pro-
gressively larger in magnitude relative to moisture, and
the fields transition from being essentially in phase to in
quadrature within the interval [-5, 5]. Thus the two qual-
itative predictions of the WKB analysis hold true in the
numerical simulations. Indeed, even when the variation
in the basic state is confined to a relatively short region
(Figure 11b), these same zonal variations are observed in
the system. The main alteration when imposing a narrow
region of increased instability is that the envelope of the
wave becomes more asymmetric about x = 0, in particular
for the column water vapour (q) (Figure 11b).

Another assumption built into the WKB analysis of
the local mode is that every point in the domain grows
with the absolute growth rate evaluated at x = 0. Figure 12
shows the evolution of the amplitude at three different
locations in the domain. It is clear that, after an initial
adjustment period, all three locations take on essentially
the same exponential growth rate, which matches well
with the predicted absolute growth rate evaluated atx = 0.
It is important to note that we have not enforced the local
mode dynamics in these numerical experiments; in step-
ping the system forward in time, we observe behaviour
that greatly resembles the predictions made by the WKB
analysis.

4 | ADDITIONAL LINEAR
MODELS
41 | Inclusion of momentum damping

The model studied in Section 3.1 is free from any damp-
ing in the momentum equation, following previous works
on the linear modes of the tropical atmosphere (Adames
et al., 2019; Ahmed et al., 2021). However, momentum
damping has elsewhere been put forth as an essential com-
ponent to the dynamics of the MJO (Kim & Zhang, 2021).
Zonal momentum budgets calculated from reanalysis data
suggest that advective tendencies can contribute to a
strong effective linear damping rate for the MJO, with a
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(a) Snapshot of the numerical simulation at # = 1000 for a zonally varying basic state with L,, = 4. The plotted fields are

the column-integrated temperature perturbation (T) = —M;¢, /c? and the column-integrated water vapour (q). The vertical dashed lines are

located at +2L,,. (b) As in (a) but for a simulation with a much narrower region of zonal variations, with L,, = 0.25.
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FIGURE 12
points in the zonally varying simulation with a wide region of

Amplitude growth in time at three different

increased instability. The crosses denote the logarithm of |u | at
x = —4,x = 0, and x = 4. The dash-dotted line shows the predicted
absolute growth rate at x = 0.

time-scale of 3-5 days (Lin et al., 2005). This large damp-
ing rate is necessarily empirical, but is the most straight-
forward way to account for additional unwieldy terms
in the zonal momentum budget. With the inclusion of
momentum damping, the zonal momentum equation can
be rewritten as

ow | o,

et =— 24
at ax 5uu1, ( )

where ¢, is a linear damping coefficient that takes on the
value of (3.5 days)~! suggested by Kim and Zhang (2021).
The new dispersion relation for the damped system is
given by

7 (o eu) 0 = i (B +iAgk™) =0, (29)

so the system is again quadratic in both ¢ and k.

For real k, this modification of the dispersion rela-
tion reduces the maximum growth rate of the QE regime,
and slows the phase speed slightly (not shown). Figure 13
shows contours of ¢ mapped into the complex k-plane
under the dispersion relation for the damped system, sim-
ilar to the mappings shown in Figure 4 for the undamped
system. A merge of the two branches is still evident for the
damped system. This merge again appears at intraseasonal
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FIGURE 13 (a)Contours in the o-plane, which will be
mapped into the k-plane using the damped dispersion relation. (b)
Corresponding contours of k(c) in the complex k-plane for the
damped system. A merge between the two branches is located near
the real line at R(ak) ~ 1.2, indicating the presence of absolute
instability.

time-scales, though the absolute growth rate is reduced
significantly relative to the undamped system. The fact
that absolute instability is still supported with this much
reduced growth rate lends us confidence that absolute
instability is a quite robust feature of the system when
M. is sufficiently small and 7. sufficiently large. Note also
that the addition of momentum damping has reduced the
phase speed evaluated at the absolute instability to around
7m-s~}, closer to the observed propagation speed of the
MIJO.

4.2 | Inclusion of meridional winds

The v = 0 model we have developed in Section 2.1 illus-
trates the presence of absolute instability in low-frequency
convectively coupled equatorial waves. However, systems
with a non-zero meridional wind—and the accompanying
meridional moisture advection—provide more compelling
models of the MJO (Ahmed, 2021; Emanuel, 2020; Wang
& Sobel, 2022a). To assess the relevance of absolute insta-
bility to the MJO better, we now analyse such a system. In
the Appendix, it is shown that Equations (4a)-(4d) can be
reduced to a single ordinary differential equation for the
meridional structure of the meridional wind, which takes
the form
d2V1 dV1

el + Doyd_y + (D1 + Dyy*)v =0, (26)

where the coefficients of the equation are functions of ¢
and k that are given by

ipAq/c — By
= — 27a
0 ioct. — M, (272)
2(1—i 2 —iAgzk
D1=Do—k—ﬂ—k2—6( _M°)/~ 1 (27b)
c ioct. — M,
21 —ioz.)/c® — BkB
2:.3( o)/ p q/a’ 27¢)

ict. — M,

where By = (1 + r)By/M; is arescaled meridional moisture
advection parameter. The associated dispersion relation
for any positive integer n is derived in the Appendix and
is given by

D? - DDy + %Dg —Qn+ 1)2<%D§ - D2> —0. (28)

We focus solely on the n =1 dispersion relation, though
higher order and antisymmetric solutions have been pre-
sented by Wang et al. (2022). The dispersion relation is
eighth order in o, and fourth order in k. Despite the higher
order of the equation, the absolute instability analysis pro-
ceeds in much the same manner as in Section 3.1, by map-
ping values of ¢ into the complex k-plane using the disper-
sion relation. Indeed, for intraseasonal frequencies, only
two branches of k(s) yield wave numbers on the plane-
tary scale. There is also an accompanying condition for the
equatorial trapping of the solutions, which takes the form

b D2 1/2
R 70+<TO—D2> > 0; (29)

Ahmed et al. (2021) derived an essentially identical trap-
ping condition for their model.



MACDONALD

Quarterly Journal of the ERMets

a
0'6( ) o Contours

Royal Meteorological Society

IS

w

0.

LA

Imaginary Wavenumber 3(ak)
°

Growth Rate 3(0) [days™!]

(b) k(o) Image - n=1 (8,=0)

; ¢

S(c) k(o) Image - n=1 (B, =3 x 107> m~2)

Imaginary Wavenumber 3(ak)

0.05 0.10 0.15 0.20 0.25

Frequency R(o) [days™]

0.30 0.35 -3 -2 -1

0.0 0.1 0.2

0

Real Wavenumber R(ak)

1 2 3 4 5 -3 -2 -1 0 1 2 3 4 5
Real Wavenumber R(ak)

0.3 0.4 0.5

Growth Rate 3(0) [days™']

FIGURE 14

(a) Contours in the o-plane, which will be mapped in the k-plane using the n = 1 dispersion relation. (b) Corresponding

contours of k(o) in the complex k-plane for the n = 1 system with no meridional moisture gradient (Eq = 0). (c) As in panel (b) but for the
n = 1 system with a non-zero meridional moisture gradient (Bq = 3 x 10713 m~2). Note the different axis limits in panels (b) and (c).

The resulting dispersion curves in the complex k-plane
are shown in Figure 14; as before, the chosen contours
in the o-plane are displayed in Figure 14a. In Figure 14b
the dispersion curves shown for a system with no merid-
ional moisture gradient, that is, Bq = 0. There is evidently
an absolute instability near the real line at R(ak) ~ 0.75,
essentially the same position as was found for the v = 0 sys-
tem. It has been confirmed using Equation (29) that this
absolute instability is equatorially trapped (not shown).
Interestingly, when we include a non-zero meridional
moisture gradient into the system (we have set B, = 3 x
10713 m~2, consistent with Ahmed et al. (2021)), we find
that there is no longer an absolute instability present. This
is illustrated by the dispersion curves in Figure 14c, where
no branch merge is present. Further discussion of this
result is provided in Section 5.2.

Figure 15 shows the accompanying WKB analysis of
the n = 1 dispersion relation for the case with B; = 0. Asin
thev = 0 case, the imaginary parts of the two relevant roots
take on different signs as the system is moved towards the
Kelvin limit, so local instability is possible. The interpre-
tation is made somewhat more difficult since the real part
of one of the roots changes sign for even a small increase
in M., but this is likely sensitive to the specific parameter
choices we have made.

5 | DISCUSSION

5.1 | Implications for intraseasonal
variability

The analysis presented above has shown that a simple lin-
ear model of tropical dynamics responds asymmetrically

Convective Relaxation Timescale 1. [hr]
16 14 12 10 8 6

Wavenumber R(ak), 3(ak)

0.05 0.10 0.15

Effective GMS M,

0.00 0.20

FIGURE 15 Asin Figure 9, but for the n = 1 dispersion
relation with no meridional moisture gradient (B, = 0).

across a symmetric region of increased instability.
Numerical simulations of this development matched quite
well with theoretical predictions provided by a WKB analy-
sis of the system, guided by the underlying knowledge that
the relevant unstable solutions are in fact absolutely unsta-
ble. The theoretical conditions for the existence of a local
instability imposed a zonal structure that was qualitatively
consistent with the observed zonal variations of the WP
(Inoue et al., 2021; Mayta & Adames Corraliza, 2023). In
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other words, it seems reasonable that the WP is associated
with a maximum of the absolute growth rate of our linear
system. In our idealized domain, the resulting asymmetry
of the wave solution was such that heating and tempera-
ture perturbations were more in phase for x < 0 and more
in quadrature for x > 0. Together with these phase varia-
tions, the column-integrated moist enthalpy transitioned
from being controlled more by moisture perturbations for
X < 0 to being controlled more by temperature perturba-
tions for x > 0. These results were confirmed numerically,
and it was found that the predictions extended quite
well to basic states with zonal variations which varied on
length-scales of the same order as the wavelength of the
instability (see Figure 11). The resulting zonal structure of
the local instability is compelling because it shares some
basic characteristics with the zonal development of the
observed MJO. In particular, the transition of the phase
between moisture—and therefore heating—and tempera-
ture is reminiscent of the transition seen in the observed
MJO (Hendon & Salby, 1994). The gradual change in
the relative magnitudes of moisture and temperature
perturbations also bears some potential similarity to the
zonal development of the MJO (Mayta & Adames, 2023).
The smoothness of the gravity-wave transition on the east-
ern flank of the domain is qualitatively consistent with the
analysis of Roundy (2012a, 2012b). While this connection
is compelling, it must be tempered by the fact that in our
linear model the transition occurs over numerous wave-
lengths of the disturbance, whereas in the actual MJO this
development occurs within a much shorter region.

Viewing the MJO through the lens of absolute insta-
bility has important implications for the initiation of the
MJO, in particular for “successive” MJO events, which
are directly preceded by a previous cycle of the oscilla-
tion (Matthews, 2008). Powell and Houze Jr (2015) sug-
gested that initiation of successive MJO events is achieved
through the circumnavigation of a fast-moving, dry Kelvin
wave originating from the previous cycle of the MJO.
However, several modelling results that explicitly removed
this pathway for initiation still produced successive MJO
events (Maloney & Wolding, 2015; Ray & Li, 2013; Zhao
et al,, 2013). Circumnavigating disturbances could still
interfere constructively with the initiating phase of the
MIJO to promote growth (Maloney & Wolding, 2015), but
these modelling studies suggest that the excitation of an
MJO event can be caused by the previous event through
processes local to the WP. Heuristically, such an initiation
mechanism seems consistent with the notion of absolute
instability—the presence of a disturbance at some longi-
tude implies the maintenance of the wave amplitude at
that position for future times.

The presence or absence of absolute instability is also
intricately linked to the group velocity of an unstable

wave. The presence of absolute instability allows energy
to disperse in a direction opposite to the group velocity as
evaluated at the most unstable wave number. This point
is illustrated by Figure 6a: while the displacement of the
peak is obviously eastward, the absolute instability causes
wave energy to be dispersed westward as well as eastward.
There has been much discussion as to whether the MJO
has a westward group velocity, with some observational
studies affirming this viewpoint (Adames & Kim, 2016)
and others arguing that the group velocity is approxi-
mately zero (Chen & Wang, 2018). More recent syntheses
of observations have pointed to a diverse range of disper-
sive behaviours for the MJO (Wei et al., 2023), encom-
passing both of these previous pictures. Such conclusions
are made by tracking the position of successive maxima
and minima in precipitation or outgoing longwave radia-
tion through individual or composite MJO events (Adames
& Kim, 2016). In this sense, these studies measure the
group velocity evaluated at the most unstable wave num-
ber. From the viewpoint of absolute instability, the more
important question is whether the group velocity changes
sign within the envelope of the MJO. Thinking of the MJO
as an absolutely unstable wave may provide a new perspec-
tive from which to analyse the observed dispersion of the
MIO.

5.2 | Caveats
There are a number of caveats to the analysis that we
have presented here. Foremost among these concerns is
our use of a linear, analytic model to represent the tropi-
cal atmosphere and its wave variability. While this choice
is made so that we can appeal to the mathematical results
provided by Briggs (1964) and P84, in doing so we have
neglected much of the complexity of the real MJO. Per-
haps most notably, precipitation is by definition a positive
semi-definite quantity. In our linear framework we have
implicitly described precipitation as a perturbation upon a
precipitating mean state; in general, the linearly unstable
solution will eventually reach an amplitude exceeding this
mean state value and the model becomes physically unrea-
sonable. We have intentionally run our numerical simu-
lations for long times to allow the asymptotic behaviour
to dominate, ignoring this deficiency of the linear frame-
work. In reality, there must be some nonlinear process
that curtails the linear growth of the wave solutions. With-
out a strong understanding of this occlusion process, the
actual relevance of the asymptotic limit of the linear sys-
tem remains uncertain.

Even accepting the necessity of a linear framework to
acquire analytical results for unstable waves, our choice of
model is not definitive. Each study of the linear modes of
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tropical variability has its own interpretation of the physi-
cal processes needed to represent low-frequency variability
(Fuchs-Stone & Emanuel, 2022; Jiang et al., 2020; Zhang
et al., 2020). There is considerable uncertainty in the inter-
pretation of the moistening process A,. In our interpreta-
tion, this parameter is a conglomeration of various terms
in the moisture equation, some of which cannot be easily
fitted into the first baroclinic mode paradigm with which
we work (Adames et al., 2019; Sobel & Maloney, 2013).
Analysis of the moisture budget in models or reanaly-
ses can aid in interpretation (MacDonald & Ming, 2022;
Maloney, 2009), but forming a robust connection between
the moisture budget and a single linear feedback on the
zonal wind will always be challenging. Furthermore,
we have represented the effective reduction of the GMS
through cloud-radiation feedback, but modelling results
suggest that such a strong feedback may not be necessary
to produce MJO variability in the presence of zonal asym-
metry (MacDonald & Ming, 2022). This indicates that the
parameter M, may also need to be viewed more generally.

The presence of absolute instability was confirmed in
models both with and without a meridional wind field,
however it was found that the introduction of a term
related to meridional moisture advection removed the
absolute instability from the system. At the moment, it is
unclear why the inclusion of this term should affect the
spatial instability of the linear model so strongly, though
it can be seen from Figure 14c that the introduction of
this term drastically changes the structure of the disper-
sion relation in the lower half k-plane. It is important to
note that the addition of this term does not appear to be
singular, that is, the absolute instability is restored when
the magnitude of B is reduced by a factor of 3 to a value of
1 x 10~ m~2 (not shown). Further examination of the dis-
persion relation has suggested that B, exerts its influence
primarily through its modification of the D, coefficient
in Equation (26)—a quick scale analysis suggests that,
for B, of the order of 107** m~2 or greater, the contribu-
tion from By is large relative to the term that scales with
f?/c?. It may also be that the non-normality of the merid-
ional basis functions, documented by Wang et al. (2022),
will need to be taken into greater consideration to under-
stand the complications brought on by non-zero B,. These
results serve to highlight some of the subtle differences
between contemporary theories of the MJO. Wang and
Sobel (2022a) motivate this term by showing that its inclu-
sion leads to eigenmodes with horizontal structures that
bear more resemblance to the observed MJO. Without this
term included, our model is likely more similar to those
of Fuchs and Raymond (2017) and Emanuel (2020) (see
also Fuchs-Stone and Emanuel (2022)). It is worth not-
ing that the meridional advection term included in the
model is unphysical in a particular sense; in order for the
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meridional structure problem (Equation 26) to be analyt-
ically tractable, the background moisture field must be
parabolic, and thus, for positive B,, diverges to negative
infinity in the limit y — co. Wang and Sobel (2022a) point
out that, because the solutions for v; decay exponentially,
the overall meridional advection term will still decay as
y — oo. Potential future work could look for numerical
solutions to the meridional structure problem with a more
general set of background moisture gradients to charac-
terize better the role this term is playing in setting the
temporal and spatial instability of the system.

6 | CONCLUSIONS

The scale selection and instability of the MJO are often
explained via the derivation of linear models that pro-
duce the most unstable real wave number at plane-
tary scales and intraseasonal frequencies (Adames &
Kim, 2016; Ahmed, 2021; Fuchs & Raymond, 2017; Wang
& Sobel, 2022a). We have instead investigated the asymp-
totic behaviour of localized pulses, effectively moving away
from the normal mode picture that has been focused on
in past work. The basis for this analysis is rooted in the
theory of absolute and convective instability laid out by
Briggs (1964). Using methods described by Briggs (1964)
and Pierrehumbert (1986), it was found that simple linear
models of the MJO have the property of absolute insta-
bility, so that wave amplitude will grow in a stationary
frame of reference. This absolute instability was realized
at planetary scales and intraseasonal frequencies, suggest-
ing a potential connection to the MJO. The degree to
which the waves were absolutely unstable was shown to
be sensitive to certain model parameters. Absolute insta-
bility was found to be robust for what we referred to as
the quasi-equilibrium (QE) mode, while regimes that pro-
duce unstable Kelvin waves were instead only marginally
absolutely unstable. Numerical simulations of the model
confirmed the predictions made based on the dispersion
relation of the system. These results were derived using a
model with no meridional wind, but it was found that they
generalized quite well to a model with non-zero merid-
ional wind, provided that only weak meridional moisture
advection was included. With the inclusion of a suffi-
ciently strong linear meridional moisture gradient, the
instability became convective in nature.

The absolute instability of the QE mode was then
leveraged to study these linear wave models in a zon-
ally varying flow. Pierrehumbert (1984) stressed that it is
in non-uniform systems that the implications of absolute
instability become most important. We showed that zonal
variations that mimic—in an idealized sense—an iso-
lated warm pool can support localized modes of instability
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through the branch switching inherent to absolute insta-
bilities. A WKB analysis of the system predicted an asym-
metric response across the warm pool. The western flank
of the warm pool (x < 0) was characterized by temperature
and moisture perturbations being in phase, with moisture
having a larger magnitude. The eastern part (x > 0), on
the other hand, featured a quadrature relation between
temperature and moisture, with temperature now being
greater in magnitude. These predictions were borne out in
numerical simulations, which showed strong agreement
with the theoretical picture, even when the background
state varied over relatively short length-scales.

The proposed significance of these results is that the
zonal development of this simple linear model shows some
similarity to the development of the MJO in its passage
across the Indo-Pacific warm pool. We can then think of
the essential convection—-circulation coupling that gives
rise to the temporal instability of the MJO as putting con-
straints on the structures of amplifying and evanescent
waves. In this sense, our analysis says that low-frequency
amplifying waves must have their moist enthalpy more
controlled by moisture and evanescent waves must be
controlled more by temperature. More work is needed to
gain a more physically intuitive picture of why this should
be the case. The fact that even this simple model of the
MIJO can predict this development lends some additional
confidence that it captures some of the essential dynam-
ics of the MJO, and furthers its role as a useful theoretical
tool.

Further work is needed to understand the implica-
tions of absolute instability on tropical dynamics fully. In
particular, uncertainties related to the occlusion of lin-
ear growth by nonlinear processes mean that conclusions
based on the asymptotic behaviour of the system must
be viewed with caution. While we have focused on con-
nections to the MJO, these ideas may provide insights
into the Boreal Summer Intraseasonal Oscillation, which
can be modelled in a similar linear framework (Wang
& Sobel, 2022a). Further extension of these concepts to
the off-Equator moisture waves of Sobel et al. (2001) and
Adames and Ming (2018) would be an interesting ven-
ture. This initial investigation provides evidence for the
relevance of absolute instability to our understanding of
the MJO and convectively coupled equatorial waves. In
doing so, it provides a new perspective on tropical dynam-
ics and demonstrates the critical role of zonal asymmetry
in setting the behaviour of equatorial waves.
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APPENDIX. DERIVATION OF THE
DISPERSION RELATION WITH NON-ZERO
MERIDIONAL WIND

Here we show in detail how the meridional struc-
ture equation and dispersion relation for a system

with a non-zero meridional wind are derived from the
governing equations. Equation (4c) gives the following
expression for (q):

(@) = (A1)

Te . M . dv;
T+r <lO'C—2¢1 - lkMSul —Msd—y> .

This may be used to eliminate (q) from Equation (4d).
Defining . = o + ir; !, we get

d
Cogp1 + Crug + Coyvy + Cg,ﬂ =0,

A2
O (A2)
where the coefficients are
M,
Cyp = _ A3a
0= oo c2(1+7r) (A3)
M, .
C = —ackl i ; + Aq + ikM,, (A3b)
C, = —By, (A3c)
. Mgz,
Cs :Mq+ch1j_;. (A3d)

Using Equations (4a) and (4b), the following identities
may be formed to eliminate u; and ¢; in favour of v;:

k .
U =—¢ + léyvl, (Ada)
c c

k2 2
<ki + ﬂy>¢1 LI
o (o2

(A4b)

After the application of these identities, we obtain the
meridional structure equation for v,

2
dv + Doy@ + (D1 + Dyy*)v =0,

A5
07 O (A5)

where the D, coefficients are given in Section 4.2. To
derive the dispersion relation, we transform this equation
into its canonical Schrédinger form (Boyd, 1978). The
dependent variable is changed to

V =vexp < / D()Tydy*> = vy exp(Doy*/4), (A6)

and the independent variable to

& = (D1 = Do/2)"Yy. (A7)
The governing equation then has the form
2
&Y B2V =0, (A8)

dé?
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where Ey = (D; — Dy/2)/4/D;/4 — D. Equation (A8) is of
the desired canonical form and has solutions satisfying

Ey=2n+1, (A9a)

V(&) = e 2Hy(8), (A9b)

where H, are Hermite polynomials and n is a posi-
tive integer. After substitution of the definition for E,
Equation (A9a) gives the dispersion relation stated in the
main text; the real part of Equation (A9b), when writ-
ten in terms of v; and y, provides the equatorial trapping
condition.
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