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ABSTRACT: A new method for ensemble data assimilation that incorporates state space covariance localization, global
numerical optimization, and implied Bayesian inference is presented. The method is referred to as the MLEF with state
space localization (MLEF-SSL) due to its similarity with the maximum likelihood ensemble filter (MLEF). One of the
novelties introduced in MLEF-SSL is the calculation of a reduced-rank localized forecast error covariance using random
projection. The Hessian preconditioning is accomplished via Cholesky decomposition of the Hessian matrix, accompanied
with solving triangular system of equations instead of directly inverting matrices. For ensemble update, the MLEF-SSL
system employs resampling of posterior perturbations. The MLEF-SSL was applied to Lorenz model II and compared to
ensemble Kalman filter with state space localization and to MLEF with observation space localization. The observations
include linear and nonlinear observation operators, each applied to integrated and point observations. Results indicate
improved performance of MLEF-SSL, particularly in assimilation of integrated nonlinear observations. Resampling of
posterior perturbations for an ensemble update also indicates a satisfactory performance. Additional experiments were
conducted to examine the sensitivity of the method to the rank of random matrix and to compare it to truncated eigen-
vectors of the localization matrix. The two methods are comparable in application to low-dimensional Lorenz model, except
that the new method outperforms the truncated eigenvector method in case of severe rank reduction. The random basis
method is simple to implement and may be more promising for realistic high-dimensional applications.
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1. Introduction Bayesian inference is satisfied in terms of PDF moments and
nonlinear capability can also be added (Zupanski 2005; Lorentzen
and Naevdal 2011; Sakov et al. 2012; Evensen 2018). In high-
dimensional applications, however, there is an insufficient number
of ensembles to explain the high-dimensional analysis subspace. A
common remedy is to apply covariance localization using a Schur
product between the ensemble covariance and a predefined lo-
calization matrix (Houtekamer and Mitchell 1998; Houtekamer
and Mitchell 2001; Hamill et al. 2001). As shown in Bocquet and
Carrassi (2017) the localization is required when the ensemble size
is smaller than the number of unstable and neutral modes of the
dynamics. There are two typical approaches to covariance locali-
zation in ensemble data assimilation: (i) observation space local-
ization and (ii) state (e.g., model) space localization. Both
approaches are based on the assumption that correlations between
variables decrease with distance and have been extensively in-
vestigated (Houtekamer and Mitchell 1998; Houtekamer and
Mitchell 2001; Anderson 2007; Miyoshi and Yamane 2007; Nerger
et al. 2012; Kepert 2009; Campbell et al. 2010; Janji¢ et al. 2011;
Sakov and Bertino 2011; Greybush et al. 2011; Gasperoni and
Wang 2015). A major difficulty of observation space localization
unfolds in case of vertically integrated observations, since in that
situation the vertical location of observation is undefined. Given
the dominance of satellite radiance observations in meteorological
data assimilation, it appears that state space localization is pre-
ferred. Unfortunately, in high-dimensional applications storing
and using explicit localized error covariance in matrix form is
computationally prohibitive, effectively preventing the exclusive
use of ensemble data assimilation.

Variational data assimilation, originally introduced by Le

Corresponding author: Milija Zupanski, Milija.Zupanski@ Dimet and Talagrand (1986), can assimilate integrated observa-
colostate.edu tions, so the assimilation of satellite radiances is straightforward.

There are several desirable aspects of data assimilation that
are desirable but challenging in realistic high-dimensional ap-
plications: 1) Bayesian inference, 2) nonlinear capability, and 3)
assimilation of integrated observations. Bayesian inference (e.g.,
Jaynes 2003) is a process of updating probability density function
(PDF) using new information. In terms of PDF moments,
Bayesian inference implies updating all PDF moments in
agreement with Bayes’s theorem. Since commonly used data
assimilation algorithms are based on the assumption of Gaussian
errors, which reduces Bayesian approach to estimating the first
two moments, namely the mean and the covariance, we also
assume Gaussian errors. Nonlinearity in data assimilation is
commonly addressed by using numerical optimization (e.g.,
Nocedal and Wright 1999). An important requirement for nu-
merical optimization is global convergence, since in that case it is
assured that the estimated state is indeed optimal for all points in
the model domain. Vertically integrated observations are most
often related to satellite radiances, which are the main source of
information in meteorological applications.

Although this may not be immediately obvious, the assimilation
of integrated observations can pose a challenge for data assimi-
lation. To see that, consider ensemble data assimilation (Evensen
1994; Houtekamer and Mitchell 1998). Although in principle the
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They are also equipped with numerical optimizations to ad-
dress nonlinearities (e.g., Navon and Legler 1987). However,
only the state is updated based on new information, while the
error covariance is prescribed. This prevents a reliable estimate
of analysis uncertainty and consequently does not allow
Bayesian inference even under Gaussian PDF assumption.

Ensemble-variational (EnVar) methods and its hybrid
extensions (e.g., Bannister 2017 and references therein)
have emerged partially in an effort to address the above-
mentioned three issues of realistic high-dimensional data
assimilation. EnVar is a well-established scheme to address
nonlinearities and state-space localization. Practical EnVar
typically consists of two systems: (i) ensemble data assimi-
lation algorithm used to obtain the flow-dependent uncer-
tainty and (ii) variational data assimilation algorithm to
produce the analysis. There are several advantages of such
EnVar system, in that it produces the optimal state and its
uncertainty, incorporates numerical optimization for ad-
dressing nonlinearities, and applies state-space localization
for flow-dependent ensemble covariances, all in realistic
high-dimensional systems. However, the use of two data
assimilation systems, namely the ensemble and the varia-
tional, makes the estimate of the state and its uncertainty
inconsistent (e.g., Auligne et al. 2016; Bannister 2017,
Buehner et al. 2017), effectively preventing Bayesian in-
ference. Resolving the Bayesian inference problem would
require fundamental changes that may bring additional
limitations and, therefore, may not be worthwhile. Since
addressing nonlinearity and assimilation of integrated ob-
servations in practical EnVar is inherently connected to the
use of variational methods, the uncertainty estimation consistent
with Bayesian inference would have to be done through the
variational component. However, finding a dependable method
that can be used for uncertainty estimation in the context of high-
dimensional variational algorithm is challenging. Although there
may be other possibilities for estimating the analysis uncertainty
in variational method, most often the approaches are based on
using an inverse Hessian (e.g., Rabier and Courtier 1992; Fisher
and Courtier 1995; LeDimet et al. 1997). While direct inversion
of the Hessian matrix is practically impossible in realistic high
dimensions, indirect estimation techniques such as partial SVD
of Hessian, an update of inverse Hessian during minimization,
or a second-order adjoint (e.g., Le Dimet et al. 2002) may be
feasible. None of these techniques, however, have been used in
practical EnVar, possibly because of added algorithmic com-
plexity and still an excessive computational overhead.

In an apparent effort to preserve Bayesian inference of en-
semble data assimilation while assimilating integrated observa-
tions, several research groups have been exploiting the use of
state space localization. This includes the modulated ensemble
approach (Buehner 2005; Leng et al. 2013; Bishop et al. 2015;
Bishop et al. 2017), and the randomized singular value decom-
position method (Farchi and Bocquet 2019). The modulated
ensemble approach is based on developing the eigenvalue de-
composition (EVD) of the localization matrix used in the Schur
(elementwise) product and employing the truncated EVD for
representing the augmented ensemble space. The randomized
singular value decomposition (SVD) technique is described in
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Halko et al. (2011) and is applied by Farchi and Bocquet (2019)
to decompose the localized forecast error covariance. There are
additional papers that demonstrate the benefits of state-space
localization for assimilating vertically integrated satellite data in
realistic applications (Lei et al. 2018; Shlyaeva et al. 2019;
Steward et al. 2018). These methods are generally aimed at
partitioning covariance localization to observation space locali-
zation in horizontal and to state space localization in vertical.
While this is an efficient and practical way of dealing with ver-
tically integrated observations in ensemble data assimilation, the
observation space localization in horizontal prevents finding a
global minimizing solution.

As implied from the above discussion, the difficulty in
addressing and successfully resolving in high-dimensional
applications all three desirable features of data assimilation
come from the fact that they are closely connected so re-
solving one aspect may not be beneficial for another aspect of
data assimilation. The intuitive approach is to try to consider
all points simultaneously, but this is certainly not trivial
given the complexity of realistic high-dimensional data
assimilation.

There have been some recent attempts to develop a data as-
similation system that can simultaneously address all the above
three conditions in high-dimensional problems. One such method
has been suggested by Nino-Ruiz et al. (2020), in which a
Modified-Cholesky decomposition based on regularization of co-
variance matrices (Bickel and Levina 2008) is used to decompose
the localized forecast error covariance. Although the modified-
Cholesky method incorporates mathematically well-posed glob-
ally convergent numerical optimization, it may be less flexible for
realistic high-dimensional applications and, therefore, adversely
impact computational efficiency. This is because the modified
Cholesky is calculated for the localized forecast error covariance
defined in state space, which could be on the order of 10° in re-
alistic models. Consequently, the efficiency of computations and
storage of modified Cholesky becomes challenging in such
situations.

Another such method is the ensemble-variational integrated
localized (EVIL) method of Auligne et al. (2016). EVIL relies
on capturing the leading Ritz vectors and values (approximate
eigenvectors and eigenvalues) of the Hessian matrix as a by-
product of the Lanczos minimization algorithm. The Hessian is
also used for estimating the analysis error covariance, similar to
Zupanski (2005). Although the idea of building eigenvectors of
Hessian during minimization is commendable, the reconstruc-
tion of Hessian is hard-wired to the number of minimization
iterations. Since at least one iteration of Lanczos minimization is
required for producing one Ritz pair, the number of minimiza-
tion iterations could be on the order of 10°, which makes the
method less favorable for realistic high-dimensional applica-
tions. The hard-wired link between Lanczos minimization and
Hessian estimation is also preventing the use of alternative
minimization algorithms that may be better suited for a partic-
ular nonlinear problem, making EVIL less robust.

Given the limitations of these algorithms, in this paper we
present a data assimilation method that incorporates all the
above desirable features in a computationally efficient way
applicable to realistic high-dimensional problems. The new
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method is related to maximum likelihood ensemble filter
(MLEF; Zupanski 2005) in its idea to use a single algorithm to
address nonlinearity while simultaneously estimating the anal-
ysis and its uncertainty, although the inclusion of state space
localization results in important algorithmic differences. The
main idea of the new method is to use the covariance localization
as in EnVar (e.g., Buehner 2005), but reduce the rank of local-
ized forecast error covariance matrix by creating a random
projection to its range (e.g., Mahoney 2011, chapter 3). This
effectively reduces the dimension of the analysis subspace so
that a global numerical optimization with optimal Hessian pre-
conditioning, which is essential in original MLEF, can be im-
plemented in high-dimensional applications. The algorithmic
details of the new method are designed to handle such large
dimensions, in part by precalculating random projection, using
highly efficient Cholesky decomposition of the Hessian for
preconditioning, and employing a fast triangular system solver
instead of direct inversion to handle the required matrix
operations.

The new method results in several advantages over other
existing data assimilation methods. The proposed method
produces an uncertainty estimate consistent with the opti-
mal state and, therefore, satisfies Bayesian inference. The
proposed method can employ a wide range of numerical
optimization algorithms, effectively expanding its capabil-
ity to address nonlinear problems. While EVIL calculates
an EVD of the Hessian matrix for preconditioning, like the
original MLEF algorithm (Zupanski 2005) and ensemble
transform Kalman filter (ETKF; Bishop et al. 2001), the
method proposed here applies Cholesky factorization of the
Hessian. The use of Hessian in minimization and for estimating
analysis uncertainty is accomplished in EVIL and in original
MLEEF via direct inversion using eigenvector/eigenvalues, while
in the proposed method a triangular system of equations is
solved instead. Calculation of truncated eigenspace in EVIL
is linked to the number of minimization iterations, therefore,
requiring large number of minimization iterations in realistic
high-dimensional applications to achieve a good approxi-
mation of analysis uncertainty. In the method proposed here,
however, the calculation of the high-dimensional analysis
subspace and uncertainty is practically independent of
minimization.

The mathematical framework of the new method is pre-
sented in section 2, experimental design is given in section 3,
followed by results and discussion in section 4, and summary
and conclusions in section 5.

2. MLEF with state space localization

In this section we describe the new ensemble data assimilation
algorithm which applies the state space covariance localization,
referred here as the MLEF with state space localization (MLEF-
SSL). The state space localization implies here that localized
forecast error covariance is calculated explicitly by applying the
Schur product between ensemble forecast error covariance and a
predefined localization matrix. The new algorithm maintains
some properties of the original MLEF algorithm (Zupanski 2005;
Zupanski et al. 2008), such as a globally convergent numerical

Brought to you by NOAA Central Library | Unauthenticated | Downloaded 08/13/24 07:54 PM UTC

ZUPANSKI

3507

optimization and an estimate of analysis uncertainty from the in-
verse Hessian at the minimum. The motivation for using the in-
verse Hessian method for estimating analysis uncertainty is mostly
because of the relevance of Hessian for numerical optimization,
including preconditioning (e.g., Gill et al. 1981; Axelsson and
Barker 1984; Luenberger 1984). Using alternative means for es-
timating analysis uncertainty may also be possible. However, since
at present there is no known clear advantage of a specific method,
we proceed with the inverse Hessian method. The main appeal of
the method is in its design that allows the three favorable features
of data assimilation to be simultaneously satisfied in high-
dimensional applications: (i) Bayesian inference, (ii) numerical
optimization, and (iii) assimilation of integrated observations us-
ing state-space localization in all spatial directions.

There are three distinct components of the new algorithm: 1)
calculation of localized forecast error covariance, 2) iterative
minimization of the cost function to find optimal analysis, and
3) ensemble update required for continuing to the next
assimilation cycle.

a. Forecast error covariance

Definition of the localized forecast error covariance is crit-
ical for understanding the new methodology and will be
explained here in detail.

We begin by defining the three mathematical subspaces rel-
evant for data assimilation: (i) state space S with dimension N,
(ii) observation space O with dimension Ny, and (iii) ensemble
space E with dimension Ng. Given that typical dimensions of
state space and observation space are much larger than the en-
semble space dimension, major MLEF-SSL (and MLEF) cal-
culations are done in ensemble subspace. Adjustment of the
code is possible if observation space is much smaller than en-
semble space, but this will not be addressed in this paper. The
ensemble forecast error covariance, Pg: S — S, is

=

E

P.=2pp,

i

2.1)

Il
—-

where superscript T denotes the transpose and p; is the ith
column of the ensemble square root forecast error covari-
ance PY2:E — §:

P2 = (p, - (2.2)

Py,)-
The localized forecast error covariance is typically cal-
culated using a Schur product between the localizing ma-
trix and the original ensemble forecast error covariance. If
L: S — § denotes the localizing matrix, then Py =LoPg
denotes the localized forecast error covariance. Formally,
the localization of ensemble forecast error covariance
produces

NE NE
LeP,=Le2pp/ =X (Lopp). (2.3)
i= i=
After using the Schur product identity,

Loab” = diag(a) - L - diag(b), (2.4)
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where a and b are vectors and ““diag” denotes a diagonal matrix
with vector elements on the main diagonal, the localized
forecast error covariance is

NE
LeP,=2D,-L-D,

i=1

2.5)

where D; = diag(p,). The above formulation leads to the lo-
calized ensemble square root error covariance (e.g., Lorenc
2003; Buehner 2005), commonly used in EnVar methods.
Reduction of the rank of the localizing matrix L is also pos-
sible (e.g., Buehner 2005; Buehner 2012; Buehner and
Shlyaeva 2015), potentially reducing the computational cost
of applying (2.5) in high-dimensional applications. However,
following our approach to employ a single assimilation sys-
tem and to calculate the inverse Hessian for preconditioning
of minimization and for analysis uncertainty, storing and
using matrix (2.5) still presents a computational challenge in
high-dimensional applications.

Therefore, we proceed with further adjustments of the lo-
calized forecast error covariance (2.5) by introducing a suffi-
ciently low-dimensional subspace of the high-dimensional state
space. The strategy of MLEF-SSL is to form a reduced-rank
localized forecast error covariance by a random projection to its
range. Random projection method consists of postmultiply-
ing the original matrix, in this case the localized error co-
variance, by a reduced-rank random matrix. This amounts
to selecting linear combinations of the columns of the local-
ized error covariance. Randomization methods have been
used extensively in large scale problems for improving the
efficiency of matrix operations (Mahoney 2011). In our ap-
plication random projection is achieved by embedding a
reduced-rank approximate identity matrix in the localized
forecast error covariance:

L-P.= (LoPE)I/Z(LoPE)T/Z ~ (L°P5)1/2 g - (LoPE)m,
(2.6)

where subscript “RR” refers to reduced rank and Igg: S — S
denotes the reduced-rank identity matrix. It is important to
note that expression (2.6) approximates the original Schur
product (2.5); however, it also is the one that potentially
allows a consistent and satisfactory estimation of analysis uncer-
tainty in the new system. The low-dimensional subspace of the
state space is denoted Srg and Sgr < S. This subspace is spanned
by basis vectors {u,, € Sgrr: 7 = 1,..., Ngrr}, where Ngg is the
dimension of the reduced-rank subspace. The reduced-rank
identity matrix is defined as an outer product of basis vectors:

NRR
g = r; “,,“Z- 2.7)
The low-dimensional basis and the use of reduced-rank iden-
tity matrix effectively reduce the state space to manageable
dimensions. The definition of ‘““manageable’” would certainly
depend on dimensionality of the state space and on available
computational resources. This could be better understood if we
introduce the rank of the original localized covariance matrix
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(2.5), denoted Ny, where N; = Ng. The rank of the approxi-
mate matrix (2.6) is bounded by Ngg, as implied from (2.7).
Although the upper bound of the rank is achieved only for an
orthogonal basis in (2.7), to simplify the notation we will use
Ngr to denote the rank of (2.7), and implicitly the rank of (2.6).
The reduced-rank formulation of the localized error covari-
ance (2.6) will make practical sense only if it can be larger than
the dynamical ensemble size, i.e., if Nz = Ngrgr. On the other
end, introducing the reduced-rank localized error covariance
will be meaningful only if the rank of the original localized
error covariance (2.5) is sufficiently large, so that computing
consistent estimates of the state and its uncertainty is com-
putationally prohibitive, implying Ny = Nrr = N;. To
achieve a true practical advantage of the reduced-rank for-
mulation of localized error covariance, this relationship be-
tween ranks can be strengthened to Ny < Nrr < N, where
symbol “<” refers to a difference of at least one order of
magnitude. In realistic problemsNg ~ O(10%), N, ~ O(10°)
0(107), and Nz ~ O(10%). This puts the desired rank of the
approximate localized error covariance (2.6) somewhere be-
tween O(10%) and O(10°), preferably O(10°) = Ngr = 0(10°)
to have a practical advantage. Note that reducing the rank of
the localizing matrix L following Buehner (2012) could benefit
the proposed method since in that case the rank N, of the
original localized formulation (2.5) would effectively be
smaller and, therefore, easier to approximate by Ngg.

After embedding (2.7) in (2.6) the localized forecast error
covariance is

P,= (L-Py"” @nu}) (LoP,)™

= ;[(LoPE)l/zun][(LoPE)l/zun]T. (2.8)

The square root of the localized ensemble error covariance
(2.5)is

(LoP,) = (DILM . DNEL”Z) . (2.9)

Finally, using (2.9) in (2.8) gives the new localized forecast
error covariance:

NE NRR

P, =2 > (DL"u)DL"u,)".

i=1ln=1

(2.10)

The square root factorization P, = FFT

F=(f, £y .y ) £, =DL"u, (k=1,....N;XNy).

2.11)

N XNy

Therefore, the row-dimension of the square root forecast error
covariance can be considerably increased compared to the
ensemble size. It is convenient to define the computational
analysis subspace A of dimension Ny = Ng = Ngrg, With F: C
— S, i.e., the subspace in which the analysis is computed. Note
that the actual reduced-rank analysis subspace is of dimension
Ngr, implied from the rank of F. The formulation (2.11) shows
that one needs to store only Ng + Nggr vectors in order to
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produce Ng + Ngrg columns of F. Assuming that in realistic
applications Ngg ~ O(10%), and N ~ O(10%), the dimension of
the computational analysis subspace is N4y ~ O(10°).

As it can be seen from (2.10) and (2.11), a consequence of
introducing (2.7) is that a matrix—vector product can be used to
define the localization of the square root error covariance,
which is computationally more efficient than using the matrix
form (2.5). In addition, the potentially intensive computation
of L'u,, can be precalculated since it does not depend on dy-
namical ensembles or observations, implying considerable
computational savings.

Given that for increased efficiency and accuracy of calcula-
tions in (2.7) we are looking to find the smallest subset of basis
vectors that can approximate the reduced-rank identity matrix,
it appears that choosing orthogonal or near-orthogonal basis
vectors {u,} may be preferred. While the choice of orthogonal
basis vectors is practically infinite, as a first step in developing
the MLEF-SSL algorithm we define a random basis. Random
basis is only near-orthogonal, though, but it approaches to
orthogonality for large sample anticipated in realistic appli-
cations. The random basis option is also relatively simple to
implement and computationally efficient.

Using random basis vectors, the identity matrix can be ap-
proximated by

I~ I, (2.12)
Nig — a7

where r ~ N(0,1) is defined as an uncorrelated Gaussian ran-

dom vector in state space (r € S) and Nrg is the number of

samples. With this change

0 =———r (n=1,...,Npy) (2.13)

and the columns of the localized square root forecast error
covariance are

1
1

g Npr —

/ —
DLr, (k=1,....N,XNgp). (2.14)

The precalculated vectors (2.13) can be used as long as the
control variables, the analysis grid resolution, and the locali-
zation length are kept the same. Only if any of the mentioned
three parameters has changed there will be a need for
recalculation.

b. Analysis

For finding the optimal analysis solution and its uncertainty
we consider cost function:

J(9 =3 e =x) Py (x = x) + 1y AR [y — A0,
(2.15)

where X is state vector, superscript f defines the forecast/background,
y is observation vector, h: § — O is a nonlinear observation
operator, and R: O — O is observation error covariance. The
forecast error covariance is defined using (2.11).
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We introduce the change of variable commonly used in data
assimilation to make the new control variable scaled and
nondimensional:

x=x"+Fw, (2.16)

where w is the new control variable defined in analysis sub-
space. The cost function is transformed to

J(w) = %WTW + % [y — h(x’ + Fw)]"R™'[y — h(x' + Fw)].
(2.17)

The cost function formulated in (2.17) is minimized in practice,
not in the form (2.15), in order to avoid the inversion of the
forecast error covariance.

It is convenient to define an Np X Ng matrix:

— (. : gl _ (9h
zf_<z/1...z/NA), 7, =R H{,, Hf—(&)xf. (2.18)

Although the above formulation is currently adopted in
MLEF-SSL, one could alternatively use

z, =R "[h(x +1,)—h(x)] (2.19)
as in the original MLEF, with possible advantage due to ex-
tension to nonsmooth optimization (Zupanski et al. 2008).
There are also computational reasons that may favor this
definition. For the anticipated high-dimensional analysis sub-
space it is generally more efficient to compute the Jacobian
coefficients only once and reuse them as needed following
(2.18), instead of calculating the perturbed nonlinear operators
h(x’ +£;) in (2.19) many times. Therefore, in the current
MLEF-SSL the formulation (2.18) is chosen as a default.
However, this situation may change if operator 4 is highly
complex and requires considerable calculation and develop-
ment. In addition, with the advent of Machine Learning (ML)
and Deep Neural Networks (DNN) (e.g., LeCun et al. 2015 and
references therein) it is possible to imagine a very fast calcu-
lation of the nonlinear operator A, favoring the definition
(2.19). All those aspects need to be considered when calcu-
lating the matrix Z;in real applications.

The gradient of the cost function (2.17) is

g=w-— ZfT-Frl/z[y — h(x’ + Fw)] (2.20)
and the Hessian (second derivative) is
Q=1+zz. (2.21)

To proceed, the gradient and Hessian are used in iterative
numerical optimization to find the optimal analysis. In each
minimization iteration,

W =W tad (j=0,.

cdi s (2.22)

where j is the iteration index, jy.x is the maximum number of
iterations, « is the step-size, and d is the descent direction vector.
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The efficiency of numerical optimization can be improved
by applying Hessian preconditioning (e.g., Gill et al. 1981;
Luenberger 1984). The optimal Hessian preconditioning for
quadratic cost function is defined (e.g., Axelsson and Barker
1984) as a transpose of the inverse square root of Hessian,
which amounts to the second change of variable:

w=(@Q"?) ¢, 2.23)

where { is the preconditioned control variable.

To apply the above-described Hessian preconditioning a
way to compute the square root and the inverse is needed. The
approach taken in MLEF-SSL is to calculate the Cholesky
decomposition (e.g., Golub and van Loan 1989) of the Hessian
matrix Q:

Q=GG", (2.24)
where G is the unique lower triangular matrix with Q"> = G.
One could still consider using the EVD as in the original
MLEF, but such approach may be computationally more
challenging and numerically less stable than Cholesky decom-
position (e.g., Golub and van Loan 1989) in high-dimensional
applications.

Therefore, the square root of Q is obtained directly from
Cholesky decomposition. Instead of calculating the inverse of
G, one can solve a triangular linear system of equations. For
example, let a lower triangular matrix G and vector t be given
and that an unknown vector ¢ = G 't is needed. Instead of
finding the inverse G' and directly solving for q, one can al-
ternatively solve the triangular linear system of equations G, =
t for the unknown vector q. Consequently,

=Gt = Gq=t. 225
q q

The solution of the triangular linear system is quite efficient.
The use of triangular system of equations instead of the inverse
can be illustrated in calculations of descent direction using
Newton equation that relates gradient and descent direction
(Luenberger 1984), commonly used in the first iteration of
minimization:

d=-Q'g=—(G") 'g=-G "G 'g. (2.26)
The first matrix—vector multiplication produces the precondi-
tioned gradient g; = G 'g which could be obtained by solving
the triangular system:

Gg{ =g. (2.27)

The next step is to obtain d = G~ 'g; which can be accom-
plished by solving

Gld=-¢

. (2.28)

Similar reasoning can be applied to any other matrix—vector
product that involves G~' or G~ that may be encountered in
the minimization algorithm.

After the optimal analysis is found by iterative minimiza-
tion, the analysis error covariance is required and is calculated
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here from the inverse Hessian matrix at the minimum, as in
original MLEF. One should note that using inverse Hessian is
not known to be better or worse than any other method for
estimating analysis uncertainty, but it is used here to maintain
the closeness with original MLEF and since Hessian is intrin-
sically connected to numerical optimization. A consequence of
applying change of variable (2.16) is that Hessian matrix (2.21)
has Nrr as an upper limit of its rank. For anticipated values
Ngrr < N the Hessian will be approximate, also implying that
the analysis error covariance estimation will be approximate.
In relation to nonlinearity, the relationship between Hessian
and analysis error covariance can still be an acceptable ap-
proximation for mildly nonlinear problems (Gejadze et al.
2013). In highly nonlinear problems the use of the “effective
inverse Hessian” method of Gejadze et al. [2018, their Eq. (4.16)]
or similar may be more adequate, although the cost/benefit ratio
of such an estimate remains to be evaluated in realistic data
assimilation system.

Inverse Hessian of the original cost function (2.15) estimated
at the optimal analysis solution x” is

_ Tey v 1T
P=F1+2,Z2) F, (2.29)

where

— (4 a a _p-12 _ oh

Z =(z-- zy, ), =R "Hf, H = (& R (2.30)
As argued earlier for the Hessian preconditioning, one
can also consider using the finite difference formulation
7¢ = R [h(x* + £, )—h(x*)] instead of (2.30). After calcu-
lating the optimal control vector w” from iterative mini-
mization (2.22) we apply the change of variable (2.16) to
obtain the optimal state:

x’ =%+ Fw’, (2.31)

with analysis uncertainty implied from (2.29).

c. Ensemble update

To define the ensemble initial conditions used to evolve the
analysis uncertainty to the next assimilation cycle, it is conve-
nient to define a square root analysis error covariance matrix.
After applying Cholesky decomposition,

1+2,Z,=G,G,

aa’

(2.32)

where G,, is the unique lower triangular matrix, the square root
analysis error covariance is

P> =FG,", (2.33)

with columns [pf € S:(i=1, ..., N4)]. Note that P},/Z:A - S,
implying that there are N, columns of this matrix. However,
the number of ensembles that needs to be evolved, i.e., the
number of desired ensemble perturbations, is Ng.

The approach taken is the resampling of posterior pertur-
bations used in the implicit particle filter (IPF; Chorin and Tu
2009; Chorin et al. 2010; Morzfeld et al. 2012), as well as in
EVIL-R (Auligne et al. 2016):
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x. =x"+P0. (i=1,...,N,), (2.34)

where x; is the ith initial state for ensemble forecasting, and 6 ~
N(0, ) is a Gaussian random variable in analysis subspace (0; €
A). Note that the matrix—vector product Pyzﬂi implies that all
columns of the square root matrix are combined, with the co-
efficients of linear combination defined by random vectors:

P.%0,=(0,)pi + - + (6)y P, - (2.35)
In addition to being algorithmically simple, this strategy may
be especially beneficial when Ny <« N4, which will be the case
in realistic high-dimensional applications.

Using (2.33) and (2.34) one must compute FGa_TOi. The first
part is to solve G;TO,- = v, for the unknownvy;, which can be
done by solving the triangular linear system

G,v,=9, (2.36)

for each realization ;. Finally, the ensemble initial state is

x, =x"+Fy,. (2.37)
The expression (2.37) updates all points, even if there are no ob-
servations nearby, consequently introducing a noise even in re-
gions that are void of observations. This can have adverse
impact on dynamical balances for sparsely observed sys-
tems. However, from (2.35)—(2.37) it follows that ensemble
perturbations are defined in the same subspace as the
square root forecast error covariance F, which may help in
constraining the introduced noise. The column vectors Fy;
form the square root posterior covariance in the ensemble
subspace E:

(P =(Fy,---Fyy ). (2.38)

d. Forecast

After completing the analysis and calculating the ensemble
initial conditions update one proceeds by evolving in time the
analysis and the analysis uncertainty. The initial guess (back-
ground) in the next analysis cycle is

X = m(x%), (2.39)

where now x’ refers to background vector in the next analysis
cycle and m is a nonlinear prediction model. The forecast un-
certainty in ensemble space is obtained as a difference between
nonlinear forecasts

p,=mKx’'+Fy)—mx") (i=1,...,Np) (2.40)

forming the ensemble forecast error covariance [e.g., (2.1) and
(2.2)] in the next cycle.

e. Algorithmic details

The MLEF-SSL equations described in previous sections are
designed to maximize the efficiency of calculations in high-
dimensional applications. In this section we will discuss algo-
rithmic steps that form the MLEF-SSL algorithm. There is a
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preparatory step and the actual calculations in each data
assimilation cycle.

For preparatory calculations the localizing matrix L must be
defined first. Due to efficiency of storing its elements and
applying a matrix—vector product, we use a banded Toeplitz
matrix with bandwidth corresponding to the localization length.
In multivariate case this matrix would become a block sym-
metric matrix with each block being a banded Toeplitz. Second,
choose the reduced-rank basis vectors and the dimension Ngg.
In the current version of the MLEF-SSL system this implies
calculating s, = L'y, using random vectors. In high-
dimensional applications it is recommended to make these
calculations parallel and store only the local subset of vec-
tors s,, on the current processor.

The index j refers to minimization iteration, index k to
augmented ensemble, and index i to dynamical ensembles.

1) PREPARATORY CALCULATION

o5, = L”zrn(n =1,..., Nrr)

2) MLEF-SSL ALGORITHM

e Columns of a square root of a low-rank (Ngrgr) localized
covariance matrix

e Initial iteration: j = 0

Choose the starting point of minimization x, = x' imply-
ing wo =0

Zf: Z;:z, =R ""H/f,

Hessian and Cholesky: Q@ =1+ Z/Z; = GG"

Gradient: g=w — Z/R™ [y — h(x¥' + Fw)]

Solve for dy: (GG")dy = —g

Nonlinear line-search [ay)

Update control: w; = wy + agdg

Update state: x; = xo + Fw;

repeat

‘j:L”wjmax:O_l:

Gradient: g, =w; — ZfR™"[y — h(x + Fw))]
Solve for d; [optimization algorithm dependent]
Nonlinear line-search [a;]

Update control variable: w;q = w; + a;d;
Update state variable: w1 = x; + Fw;;

until convergence

e Analysis: X” = Xjmax
¢ Ensemble update: x; =x* + P},/ZO,-

In high-dimensional problems it is recommended to make all
these calculations parallel and store only the local subsets of
vectors and matrices on the current processor. For example,
the parallel flow of the algorithm could look like this:

e Local set of f; column vectors is kept on a given CPU.

e Local calculations on the same CPU are done for zj,‘(
and zj.

e Local elements of Hessian are computed in preparation for
parallel Cholesky.
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Parallel Cholesky produces only local elements of matrix G.
Solution of the triangular linear system is also available
locally, implying that only local gradients and descent direc-
tions are needed.

Basic MPI reduction operation is needed to collect local
information for line search.

¢ Local updates of the control and the state vectors.

¢ Analysis and ensemble update are local as well.

Highly efficient parallel Cholesky algorithms that store only
the local matrix (e.g., using two-dimensional block-cyclic
matrix distribution) are available for free download (e.g.,
ScaLAPACK, http://www.netlib.org/scalapack/, with CPU
and GPU options).

3. Experimental design
a. Model

The prediction model used in the experiments is the model IT
of Lorenz (2005). The model configuration is similar to that
one used by Bishop et al. (2015) and Huang et al. (2019). There
are 240 model points (Ng = 240) with the smoothing parameter
K = 8 and the forcing parameter F' = 15. The model is applied
with periodic boundary conditions. If the model domain is
thought as a latitude circle, the model spatial resolution would
be 1.5°. Time integration of the model employs the fourth-
order Runge—Kutta scheme, and the time step is dr = 0.025
nondimensional units.

The model setup includes (i) warm-up period of 960 time
steps starting from random initial conditions, followed by (ii)
climatology run of 800 time steps, to be used for estimating the
statistics of forecast errors. After completing the total of 1760
time steps the last model forecast was used to define the initial
conditions for the “true” prediction.

b. Observations

Observations are created by adding Gaussian random
perturbations to the ‘‘true’ model run. Given the observa-
tion error standard deviation oo and a Gaussian random
number ¢ ~ N(0, 0p) as observation error, the observation is
defined as

3.1)

where X, denotes the forecast from the true run. The ob-
servation error standard deviation is defined as 20% of the
climatological forecast error: 0o = 0.20¢im, Where o¢im de-
notes the climatology error standard deviation. In our experi-
ments ogim = 6.29, which implies the observation error
standard deviation oo = 1.258.

The observation operator 4 consists of two mappings: /; and
hy, i.e., h = hyh,. The operator h; is designed to take as ob-
servation (i) every mth grid point (e.g., pointwise operator), or
(ii) the mean of 12 grid points (e.g., integrated operator). For
point observations this means that every mth grid point is
chosen to be the observation point:

y= h(xtrue) +e,

[hl (Xtruc)]m (32)

= (Xtruc )m ’
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while for integrated observations we define the sample mean at
every mth gridpoint location as observation:

k+12

[hl (Xtrue)]m = % kg (Xtrue)k :

(3.3)
In our experiments we use every sixth grid point as obser-
vation location. The second component h, defines the
transformation. Two transformations are considered in our
experiments: (i) linear and (ii) hyperbolic tangent as an
example of nonlinear transformation. The hyperbolic tan-
gent function used in the experiments is defined as

y = atanh(by,), (3.4)

where y; = Ay (X¢rue), @ = 20, and b = 0.08. For calculation of
matrix Z (2.22) the first derivative of this function will be
needed, which is

dy ab

S — (3.5)
9y,  [cosh(by,)]

with cosh denoting the hyperbolic cosine function. In case of
integrated observations one also needs to include the tangent
linear of (3.3). Since (3.3) is linear, its tangent linear has the
same form.

c. Data assimilation setup

The observations are assimilated over 200 data assimila-
tion cycles, each with assimilation window of 16 model time
steps. This amounts to 3200 model time steps in data
assimilation mode.

The initial state for data assimilation experiments is chosen
to be shifted by 40 model time steps from the true initial con-
ditions ngp = Xyue (fo — 40 dt), where £, denotes the initial time
of the true forecast run.

The initial uncertainty for data assimilation experiments is
defined using lagged forecast method previously used in MLEF
(e.g., Suzuki et al. 2017), in which a deterministic forecast
centered at the experiment start time is integrated. The col-
umns of the initial square root error covariance are chosen as a
scaled difference between model outputs equally spaced over
the integration period and the central forecast corresponding
to the experiment start time.

d. Experiments

There are two main groups of experiments: 1) Basic evalu-
ation of the MLEF-SSL performance, and 2) Sensitivity of the
MLEF-SSL performance with respect to the choice of basis
vectors {u,} that span the low-dimensional subspace and to the
dimension of the reduced-rank subspace Ngg-

Basic experiments include a comparison of MLEF-SSL with
two referent systems: (i) MLEF with observation space local-
ization (MLEF-OBS), and (ii) ensemble Kalman filter (EnKF)
with state space localization (EnKF-SSL). As additional ref-
erence we also compute the no-observation experiment, which
is essentially a long forecast integrated over the length of
200 data assimilation cycles, starting from the same initial
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conditions as other data assimilation experiments. Since there
is no data assimilation in such an experiment, we refer to it as
the NODA experiment.

MLEF-OBS is developed from the original MLEF algorithm
(Zupanski 2005; Zupanski et al. 2008) by including covariance
localization in observation space as described by Hunt et al. (2007)
and Miyoshi and Yamane (2007). Further mathematical details of
the MLEF-OBS algorithm are given in appendix A. The im-
plemented EnKF-SSL closely follows the EnKF with perturbed
observations described in Houtekamer and Mitchell (1998, 2001)
and Evensen (2003), however, using the forecast error covariance
matrix localized in state space. It should be also mentioned that
EnKF-SSL employs a linearized observation operator. Additional
details of the EnKF-SSL algorithm are given in appendix B.

In all experiments we define 40 observations per cycle, i.e.,
No = 40. The number of ensembles is 10 for MLEF-SSL and
MLEF-OBS (N = 10), while EnKF-SSL has 11 ensembles
(Ng = 11). The additional ensemble member in EnKF-SSL
compensates for the loss of one degree of freedom due to using
the sample mean in calculation of the sample covariance. Each
of the experiments includes 8 different sets of random seeds in
order to reduce the impact of the random seed choice (Janji¢
et al. 2011; Bishop et al. 2015; Huang et al. 2019).

The banded Toeplitz matrix L is used for covariance locali-
zation, with elements calculated using the compactly supported
fifth-order piecewise rational function defined in Gaspari and
Cohn (1999).

The covariance inflation method developed by Zhang et al.
(2004) is adopted for all data assimilation systems used in this
paper, often referred to as the relaxation to prior perturbation
(e.g., Kotsuki et al. 2017, Gharamti 2018):

P (3.6)

new a

— ’}/P}/z + (1 _ ‘)/)Pl/z

where vy € [0, 1] is the inflation parameter that multiplies prior
perturbation.

For all considered data assimilation systems and observation
operators the optimal localization length and covariance in-
flation parameters are estimated empirically using trial-and-
error, described in detail in appendix C. In all data assimilation
systems the tuned localization length is equal to 12 grid points.
Optimal inflation parameters were found to be (i) y = 0.7 for
EnKeF, (ii) ¥ = 0.1for MLEF-OBS, and (iii) y = 0 for MLEF-
SSL implying no inflation.

Two types of observation operators are considered: (i) linear,
and (ii) nonlinear, defined using the hyperbolic tangent function.
In addition, the nonlinear observation operator can be pointwise
or integrated, as discussed in section 3b. Note that the linear ob-
servation operator experiment is equivalent to standard square
root ensemble filters. The nonlinear observation operator experi-
ment includes minimization with the nonlinear preconditioned
conjugate gradient algorithm (Gill et al. 1981; Luenberger 1984),
with five iterations. The line search method is quadratic interpo-
lation, calculated from three points (Nocedal and Wright 1999).

1) BASIC EVALUATION EXPERIMENTS

This group of experiments is designed to evaluate the basic
performance of MLEF-SSL against MLEF-OBS and EnKF-SSL.
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TABLE 1. Comparison of capabilities of the considered data as-
similation algorithms with respect to nonlinearity and integrated
observations.

Integrated
observation
Nonlinear capability capability
EnKF-SSL No Yes
MLEF-OBS Yes/No (no global No
convergence of
minimization)
MLEF-SSL Yes Yes

The experiments include using pointwise and integrated, linear
and nonlinear observation operators. MLEF-SSL used for the
comparisons includes 100 random basis vectors in calculation
of the localized forecast error covariance, i.e., following the
formulation (2.14) with Ngr = 100.

The basic evaluation experiments are focusing on two main
challenges of a data assimilation system that incorporates con-
sistent estimates of the analysis and its uncertainty: (i) nonlinearity
and (ii) integrated observations. As discussed earlier, nonlinearity
should be best addressed using globally convergent minimi-
zation, while integrated observations should benefit from using
state-space localization. Table 1 describes how considered al-
gorithms compare in that respect. Only the MLEF-SSL has
capability to handle both challenges, while EnKF-SSL and
MLEF-OBS can only partially address them. Between EnKF-
SSL and MLEF-OBS, EnKF may have a slight advantage since
MLEF-OBS does not include globally convergent optimiza-
tion and also it is not equipped to handle integrated observa-
tions. The experiments using pointwise linear observation
operator serve as a reference for systems’ performance, since it
is expected that all systems should perform similarly. The ex-
periments with integrated linear observations evaluate how the
systems handle the challenge of integrated observations with-
out the additional burden of nonlinearity. To examine how the
systems handle nonlinear observations, but avoiding the po-
tential challenges of covariance localization, the experiments
with pointwise nonlinear observations are conducted. Finally,
the systems are evaluated in most likely scenario when obser-
vations are both nonlinear and integrated.

2) SENSITIVITY EXPERIMENTS

In this group of experiments several MLEF-SSL assimila-
tions are conducted to assess the sensitivity to the chosen basis
{u,} of the reduced-rank subspace Sgr. In particular we con-
sider truncated eigenvectors of the localizing matrix L. The
truncated eigenvectors of L seem to be a natural choice since
this approach leads to simplification of the calculation of the
matrix—vector product LY2u,,. This was also the choice for the
forecast error covariance specification in modulated ensemble
approach (e.g., Leng et al. 2013; Bishop et al. 2015). The
truncated eigenvector option introduces higher algorithmic
complexity and requires more computations than the random
basis option due to calculation of eigenvalue decomposition
(EVD). Given that realistic state dimensions are on the order
of 10%, L is an O(10%) X O(10%) matrix and calculating its EVD
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FIG. 1. RMSE results with pointwise linear observation operator for (left) the background and (right) the
analysis. The dashed green line with circles represents EnKF-SSL, the dotted blue line with triangles represents
MLEF-OBS, and MLEF-SSL is represented by the solid orange line with square markers.

is, therefore, quite challenging in high-dimensional applica-
tions. However, since L is predefined and practically a constant
matrix, in principle its EVD could be precomputed. In appli-
cations to low-dimensional Lorenz model there are no com-
putational issues, so we use it as an alternative to random basis
vectors.

Since L is real and symmetric the EVD is

NS

L=VAV' = ngl,\nvnvg, (3.7)
where [(A,, v,):n =1, ..., Ng] are the pairs of eigenvalues and
eigenvectors, respectively. The truncation up to Nrr vectors
produces an eigenvector basis (v,:n=1, ..., Ngr) of the
low-dimensional subspace. Since the square root matrix is
L' = zyil)tfl&vnvz the matrix-vector product L"?v, = A2y,
implies that the columns of the square root localized fore-
cast error covariance are

f,=D.AYv,) (k=1,....N, X Ngp). (3.8)

Each of the two methods is evaluated for the following di-
mensions of the reduced-rank subspace: (i) Nrr = 10,
(i) Nrr = 20, (iii) Nrr = 100, and (iv) Ngr = 500. All these
experiments are conducted using the nonlinear observation
operator, deemed more challenging than using the linear
observation operator.

4. Results and discussion
a. Basic evaluation of MLEF-SSL

As explained in section 3 we compare the results of MLEF-
SSL with random sample of 100 against MLEF-OBS and
EnKF-SSL.

1) LINEAR OBSERVATION OPERATOR
(i) Point observations

The results with linear pointwise observation operator are
compared first. For each set of random seeds we compute the
total root-mean-squared error (RMSE) with respect to truth,
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over all 200 data assimilation cycles and all state points. In
Fig. 1 we show the RMSE for each set of random seeds, for the
background (Fig. 1, left panel) and the analysis (Fig. 1, right
panel). The three lines describe the RMSE from the EnKF-
SSL, MLEF-OBS, and MLEF-SSL experiments, the back-
ground RMSE, and the analysis RMSE. For reference, the
NODA RMS is approximately equal to 9 (not shown). The
background RMSE is the error of the short-range forecast
between two cycles of the length of data assimilation window
(e.g., 16 model time steps). It indicates the impact of data as-
similation on short range forecast. The analysis RMSE is also
shown since it shows the impact of observations in assimilation.
From the perspective of numerical weather prediction (NWP)
more relevant is the background RMSE than the analysis
RMSE. This is because it is generally known that achieving
good fit to observations, although desirable, does not necessarily
guarantee the improvement of the forecast. All data assimilation
algorithms produce generally similar results. While the analysis
RMSE is almost identical for all experiments, the background
RMSE is comparable for MLEF-SSL and MLEF-OBS and
slightly larger for EnKF-SSL. This seems to indicate that in this
example the analysis of MLEF-SSL and MLEF-OBS captures
the growing perturbations somewhat better than EnKF-SSL.
However, one can also notice that EnKF-SSL has much less
variability of RMSE compared to other two algorithms, which
seem to imply a more robust performance of EnKF-SSL.

We further examine the performance by comparing the
analysis skill and spread (Fig. 2) for the trial number 4. The skill
is defined as analysis RMSE, while the spread is defined as the
analysis error standard deviation. The RMSE defines the ac-
tual difference from truth, while the spread reflects what data
assimilation algorithm ‘‘thinks” about the error. One would
like these the two measures to be comparable.

Even though the RMSE and the analysis error standard
deviation are comparable in general, one can notice that
spreads in EnKF-SSL (Fig. 2, left panel) and MLEF-SSL (Fig. 2,
right panel) are slightly overestimated, while in the MLEF-OBS
experiment (Fig. 2, middle panel) the spread is adequate.
Although this varies depending on the trial number, it suggests
that ensemble perturbations calculated in MLEf-SSL using
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FIG. 2. RMSE and analysis error standard deviation in (left) EnKF-SSL, (middle) MLEF-OBS, and (right) MLEF-SSL experiments.
RMSE is represented by the blue line, while the standard deviation is represented by the orange line. The horizontal axis represents data

assimilation cycles.

resampling of the analysis perturbations introduce sufficient
growth of errors in the forecast. This is achieved without a need
for covariance inflation in MLEF-SSL, implying a need for
better understanding of the impact of resampling and warrants
further investigation in the future. Overall, the spread is equal
or somewhat larger than skill in all experiments. These results
are also summarized in Table 2 in terms of a time-averaged
spread to skill ratio. There is no noticeable trend of either
RMSE or spread, suggesting a stable performance of all
algorithms.

(ii) Integrated observations

The results with linear integrated observation operator are
compared next, as described by (3.3). Similarly to point ob-
servations, we show in Fig. 3 the RMSE for each set of random
seeds, for the background (Fig. 3, left panel) and the analysis
(Fig. 3, right panel). Since MLEF-OBS is not suited for inte-
grated observations its RMSE shows the largest values among
the three algorithms. The RMSE in MLEF-SSL is generally
smaller than in EnKF-SSL. While the analysis RMS in MLEF-
SSL has some comparable performances to EnKF-SSL for
trials 1 and 2 (Fig. 3, right panel), the background RMSE in
MLEF-SSL is clearly better than EnkF-SSL. This may again
suggest that growing perturbations are better captured in the
MLEF-SSL analysis.

The analysis skill and spread for trial number 4 can be found
in Table 2, summarized in terms of a time-averaged spread to
skill ratio. EnKF-SSL has the best match, while both MLEF-
OBS and MLEF-SSL overestimate the spread. The overesti-
mation of spread in MLEF-SSL, that was also noticed for point
observations (Fig. 2, bottom panel), may be a consequence of
ensemble update by resampling, but this would require more
investigation before it can be confirmed. Although the cause of
overestimated spread in MLEF-OBS is likely due to its re-
duced capability to assimilate integrated observations, the
impact of overestimation on the performance was negative,
unlike in MLEF-SSL.

2) NONLINEAR OBSERVATION OPERATOR

The more interesting results is the comparison using non-
linear observation operator. This is because the numerical
optimization is performed globally (e.g., over all points) in
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MLEF-SSL, but can be done only locally in MLEF-OBS and
there is no minimization in EnKF-SSL.

(i) Point observations

As done for the linear observation operator, for each set of
random seeds we compute the total root mean squared error
(RMSE) with respect to truth, over all 200 data assimilation
cycles and all state points. In Fig. 4 we show the RMSE for each
set of random seeds, for the background (Fig. 4, left panel) and
for the analysis (Fig. 4, right panel). MLEF-SSL produces best
results over all trial runs, for both the analysis and the forecast.
MLEF-OBS and EnKF-SSL have mixed results: EnKF-SSL
produces smaller RMSE of the analysis, but slightly larger
RMSE of the forecast than MLEF-OBS. Recall that both al-
gorithms have limitations in application to nonlinear obser-
vations: EnKF-SSL employs a linearized observation operator,
while MLEF-OBS includes localized minimization that is
consequently not globally convergent. It is also interesting to
note for MLEF-OBS and EnKF-SSL that apparently a smaller
analysis RMSE implies a larger forecast RMSE. A possible
interpretation is that imperfections of the two algorithms
(e.g., linearized observation operator in EnKF-SSL and
only a locally convergent minimization in MLEF-OBS)
create unrealistic adjustments in the analysis resulting
in larger growth of errors for the analysis with smaller
RMSE. On the other hand, since MLEF-SSL has a non-
linear capability and a globally convergent minimization,
the analysis with smaller RMSE also produces a smaller
forecast RMSE. The time-averaged spread to skill ratio is
shown in Table 2. MLEF-SSL produces a relatively good
spread to skill ratio slightly larger than one. At the same

TABLE 2. Time-averaged spread to skill ratio from the trial ex-
periment 4. The results for the pointwise-linear observation oper-
ator correspond to Fig. 2.

Observation operator EnKF-SSL. MLEF-OBS MLEF-SSL

Linear-pointwise 1.61 1.26 1.38
Linear-integrated 1.25 1.54 1.73
Nonlinear-pointwise 1.68 0.82 1.14
Nonlinear-integrated 1.47 1.17 1.45
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FIG. 3. As in Fig. 1, but for the RMSE of the integrated linear observation operator.

time EnKF-SSL produces much larger spread to skill ratio,
while MLEF-OBS has the ratio smaller than one.

The minimization of cost function in MLEF-OBS and
MLEF-SSL experiments (EnKF-SSL does not include mini-
mization of cost function) is relatively similar (not shown).
From the RMSE scores (Fig. 4), a better fit to observations
achieved by the MLEF-OBS cost function did not necessarily
transfer into an improved short-range forecast. Although it is
expected that local cost function in MLEF-OBS can be re-
duced more than global cost function in MLEF-SSL, this re-
duction must be dynamically balanced in order to result in
forecast improvement.

(ii) Integrated observations

The RMSE for each set of random seeds is shown in Fig. 5,
for the background (Fig. 5, left panel) and for the analysis
(Fig. 5, right panel). There is a clear distinction between al-
gorithms in this situation. The MLEF-SSL produces the
smallest RMSE, for both the background and the analysis. The
EnKF-SSL follows with somewhat larger RMSE, but MLEF-
OBS is clearly underperforming due to its inability to extract
information from integrated observations. The distinction be-
tween RMSE is more apparent than for the linear integrated

Background RMSE

5.5
5.0
4.5
40 O---gz S 0uFuer® e T
w @ Ry
(%))
= \/\/\/
o' =
3.0 =
25 -<»- EnKF-SSL
o iz MLEF-OBS
: —=— MLEF-SSL
1.5

0 1 2 3 4 5 6 7 8 9
Trial number

observation operator (Fig. 3), presumably because of the
nonlinear advantage of MLEF-SSL over the other two algo-
rithms, in addition to handling integrated observations due to
state-space covariance localization. The time-averaged spread
to skill ratio in Table 1 shows generally larger values for EnKF-
SSL and MLEF-SSL than for the MLEF-OBS, but all values
are greater than one implying an overestimation of the spread.

In conclusion, the results show that all systems have stable
performances and that the analysis RMSE is generally smaller
than the background RMSE, as expected in successful data as-
similation. All results are summarized in Table 3. MLEF-SSL
shows an improved performance over the other two methods,
especially for integrated nonlinear observations. Inability of
observation space localization to address integrated observations
is clearly noticed in the MLE-OBS performance. The successful
performance of the EnKF-SSL and MLEF-SSL algorithms in
assimilation of integrated observations seem to suggest that
correct treatment of integrated observations through state space
localization is critical. There is also a general agreement between
RMSE (skill) and the analysis standard deviation (spread) for all
systems, although most often the spread is overestimated.
Overall, the MLEF-SSL system produces better results in terms
of RMSE than EnKF-SSL and MLEF-OBS.

Analysis RMSE

- EnKF-SSL
- MLEF-OBS
&— MLEF-SSL
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4.0
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FIG. 4. As in Fig. 1, but for the RMSE of the pointwise nonlinear observation operator.
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FIG. 5. As in Fig. 1, but for the RMSE of the integrated nonlinear observation operator.

b. Sensitivity of MLEF-SSL performances

In this subsection we focus on the MLEF-SSL system only,
with nonlinear observation operator. As in earlier experiments
we conduct 200 data assimilation cycles with 8 different sets of
random seeds. As explained in section 3d(2) we are interested
in learning about the impact of the method used to define the
approximate identity matrix, which is closely related to the
dimension of the reduced-rank subspace.

First, we show the overall performance of various MLEF-
SSL experiments for each trial, in terms of the total RMSE for
the background and the analysis (Fig. 6). As expected, RMSE
are in general much larger for smaller dimension of the
reduced-rank subspace. Most notable differences in terms of
RMSE can be seen for Nrr = 10 (Fig. 6, top-left panel), while
for Nrg = 20 (Fig. 6, top-right panel), Nrr = 100 (Fig. 6,
bottom left panel) and Ngr = 500 (Fig. 6, bottom-right panel)
the RMSE differences are minor. Focusing on the background
RMSE (blue lines with circle markers) one can see that for
Ngr = 10 (Fig. 6, top-left panel) the random basis option (solid
line) produces better results than truncated EVD (dotted line).
There is no obvious advantage of either method for Ngr = 20
(Fig. 6, top-right panel), Nrr = 100 (Fig. 6, bottom-left panel),
and for Ngrg = 500 (Fig. 6, bottom-right panel). The same
general conclusion can be drawn for the analysis RMSE.

To better understand the reasons for such behavior one has
to consider the range of the localizing matrix L and the fact that
random basis approaches orthogonality only for large samples.
We are considering only the range of L (as opposed to the null
space), since for zero eigenvalues the columns of localized
error covariance (3.8) become zero and, therefore, have no
impact in data assimilation. In Fig. 7 we show the eigenvalues
of matrix L, with markers defining the truncation for different
values of Nrr. Given the relationship between eigenvalues of a
real symmetric banded Toeplitz matrix and a circulant matrix
(Arbenz and Golub 1988), only the largest and the smallest
eigenvalues of L are simple, while all other eigenvalues are
defined in pairs (Arbenz 1991). This explains small ““steps”
seen in Fig. 7.

The dimension of the range can be estimated numerically
as the number of eigenvalues larger than zero (e.g., Golub
and van Loan 1989), in this case approximately equal to 35.
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The true rank may be somewhat larger, since there are addi-
tional very small nonzero eigenvalues that are difficult to dis-
tinguish from Fig. 7. Therefore, for Nrr = 10 the range of L is
severely underestimated, implying the difficulty of the EVD
approach with such a small number of eigenvectors. The ran-
dom basis also has difficulties with such small basis dimension,
indicated by relatively large values of RMSE, as seen in Fig. 6
(top left panel). Although for Nrr = 20 the larger eigenvalues
are still not fully captured, the range is well approximated
implying acceptable results of the EVD approach. Even
though the random basis may still have issues with such a small
sample, the results are comparable to EVD (Fig. 6, top right
panel). Finally, for Nrg = 100 and Nrr = 500 we can assume
that the EVD approach captures the full range, producing even
more improved RMSE and getting closer to its optimal per-
formance. The random basis can still improve since even 500
random vectors may not be sufficient to accurately represent
the relevant subspace. However, the RMSE results from EVD
and random basis approaches are becoming much closer
(Figs. 6, bottom row).

We further analyze the impact of the reduced-rank subspace
generation method as a function of dimension Ngrg, by plotting
the central column (e.g., at Ny = 120) of the “static” matrix
S (L"u,)(L"u,)", where for u, we use the random basis and
the truncated eigenvectors of L. This is represented in Fig. 8.
Note that these plots can be also interpreted as a response to
single observation located at the center of model domain, with
matrix zn(Ll/ 2u,)(L"?u,) as the forecast error covariance. It is

TABLE 3. Summarized basic evaluation experiments. The per-
formance of the algorithms is graded using numbers from 1 to 3,
with 1 denoting the best performance and 3 denoting the worse
performance.

Pointwise
observation operator

Integrated
observation operator

Linear Nonlinear Linear Nonlinear
EnKF-SSL 1-3 2-3 2 2
MLEF-OBS 1-3 2-3 3 3
MLEF-SSL 1-3 1 1 1
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FIG. 6. MLEF-SSL RMSE from eight trial runs with (top left) Nrg = 10, (top right) Ngr = 20, (bottom left)
Ngrr = 100, and (bottom right) Ngr = 500. The dotted line denotes the experiments using the truncated EVD,
while the solid line denotes the experiments that use random basis for the localized forecast error covariance. The
background RMSE are in blue color with circle markers, while the analysis RMSE are in orange color with square

markers.

apparent that truncated eigenvectors show better response
than random basis vectors. This confirms our earlier discussion
that suggests that the eigenvectors of L are more efficient in
representing the reduced-rank subspace. Even for severely
truncated case Ngg = 10 the truncated eigenvectors show a
better response than the random basis vectors (Fig. 8, top row).
The response from the eigenvectors is considerably improved
for Nrr = 20 (Fig. 8, second row, left panel), while the random
basis response is still questionable (Fig. 8, second row, right
panel). The eigenvectors show an almost perfect localized re-
sponse at Ngr = 100 (Fig. 8, third row, left panel), while even
for Nrr = 500 the response from random basis vectors is still
not completely localized (Fig. 8, bottom row, right panel).
However, we also notice that even with a less-than-perfect
response of the random basis vectors (Fig. 8, third row, right
panel) the RMSE results are comparable with the eigenvectors
approach.

The above analysis suggests that random basis vectors and
truncated eigenvectors of L are comparable in application to low-
dimensional Lorenz model. The only difference comes for very
small dimensions of the low-dimensional subspace (Ngr = 10),
but this may not be relevant for realistic high-dimensional
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applications. However, it is still not clear if a feasible trunca-
tion will be sufficient in realistic high-dimensional case. One
can expect that in that situation the dimension of the reduced-
rank subspace is significantly smaller than the dimension of the
state space, even though it could be of the order of thousands
or more. In that situation the random vector basis is almost
orthogonal, therefore, efficient in describing the spanned
subspace, while the truncated eigenvectors may still severely
underestimate the range of L. Given the algorithmic simplicity
of random basis implementation and comparable performance
to truncated eigenvectors of L in presented low-dimensional
applications, it seems that random basis may be a satisfactory
choice for preliminary implementations of MLEF-SSL in re-
alistic high-dimensional systems.

5. Summary and conclusions

MLEF-SSL method for nonlinear ensemble data assimila-
tion with state space localization is presented. This system
maintains some of the characteristics of the original MLEF,
such as the use of global numerical optimization of cost func-
tion to find the analysis and estimating the posterior error
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FIG. 7. Eigenvalues of the localizing matrix L. The markers de-
fine the eigenvalue truncation for Ngrr = 10 (orange square) and
Ngrr = 20 (green circle).

covariance from the inverse Hessian at the minimum. One of
the unique features of MLEF-SSL is the explicit formulation of
the localized forecast error covariance that incorporates basis
vectors of a low-dimensional subspace of the state space to
reduce the analysis subspace dimension. Such formulation al-
lows some flexibility in choosing the feasible dimensions of the
analysis subspace. For ensemble update the MLEF-SSL system
employs the resampling of posterior perturbations, which en-
tails to the analysis uncertainty in low-dimensional dynamical
ensemble space defined as a random linear combination of all
columns of the high-dimensional localized square root poste-
rior error covariance.

The matrix rank of (2.6) is clearly limited by the rank of
Irr. This also implies that the posterior uncertainty estima-
tion will be limited. Therefore, it remains to be seen how big
the actual analysis dimension Ngg must be to get good results
in practice.

One of the main computational savings in MLEF-SSL is
achieved by performing offline the potentially expensive
calculation of the matrix—vector product between the lo-
calization matrix and a basis vector, in the preparatory
step of data assimilation. For given model dimensions,
control variables, and localization length, this product is
computed only once. In addition, most numerical opera-
tions in MLEF-SSL are embarrassingly parallel, therefore,
greatly reducing the computational requirements in high-
dimensional systems.

The MLEF-SSL was applied to the Lorenz model II. The
results indicate that MLEF-SSL is generally performing better
than MLEF-OBS and EnKF-SSL, particularly for integrated
nonlinear observations. The ensemble update is creating suf-
ficient spread even without covariance inflation. Regarding the
choice of basis vectors, the use of random basis to define low-
dimensional subspace appears to be comparable or advanta-
geous to using truncated eigenvectors of localizing matrix L. In
future development the MLEF-SSL system will be evaluated in
realistic high-dimensional application.

Brought to you by NOAA Central Library | Unauthenticated | Downloaded 08/13/24 07:54 PM UTC

ZUPANSKI

3519

Acknowledgments. 1 thank Dusanka Zupanski for many
helpful discussions and careful reading of the manuscript. 1
greatly appreciate critical reviews by Chris Snyder, Daniel
Hodyss, and two anonymous reviewers. This work was
supported by the National Science Foundation under
Award 1723191 and by the Office of Naval Research (ONR)
Multidisciplinary University Research Initiative (MURI) pro-
gram Grant N00014-16-1-2040.

Data availability statement. No datasets were generated or
analyzed during the current study.

APPENDIX A

MLEF with Observation Space Localization (MLEF-OBS)

Before describing the MLEF with observation space local-
ization it would be helpful to introduce relevant notation. In
localized approach one defines a local analysis point at each
grid point. In multivariate problems there may be M state
points defined at each local grid point, where M denotes the
number of control variable types. This implies that one can
distinguish between state space S (with dimension Ng) and grid
space G (with dimension Ng). Clearly Ng = N. For simplicity
of presentation we assume Ng = Ng. While in the original
MLEF the analysis is obtained by minimizing global cost
function, in localized approach the analysis is obtained by
minimizing local cost function defined at each grid point.

In the original MLEF a global cost function is defined as
follows:

700 = 3= x) P (x = x) + Ly AR [y — A0,
(A1)

where Py is the ensemble forecast error covariance, R is the
observation error covariance, and /4 is a nonlinear observation
operator. The state vector is x and y is the observation vector.
A common change of variable that transforms the control
variable from dimensional form (x) to a nondimensional (w)
vector is introduced as follows:

x=x+u u= PlE/zw, (A2)

where u € § is the analysis update vector, resulting in a trans-
formed cost function that is minimized in practice:

J(w)= %WTW + % [y—h(x +uw)]'R ' [y— h(x +u)]. (A3)

In preparation for observation space localization, one can
identify a local state subspace S, < S and a related ensemble
space E; < E, both corresponding to the kth grid point of the
model domain. Using such local indexing one could rewrite the
change of variable (A.2):

x, =X, +u;u, = (PP w) (k=1,....N,), (A4)

k

where

X = (X)) (A.S5)
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FIG. 8. Columns of the matrix Zn(L” “u,)(L"?u,)" at Ng = 120. (left) Obtained with truncated eigenvectors and
(right) obtained using random basis. (from top to bottom) Ngrg = 10, Nrr = 20, Nrr = 100, and Ngr = 500.
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In MLEF-OBS the formulation of the analysis update vector in
(A.4) is changed to

u, =[Pl w,, (A.6)
where w; € Ej. Note that [P}EQ]  1s same as P}E/z for elements
corresponding to the kth analysis point, implying that all cor-
relation in the global forecast error covariance matrix are
maintained in the localized approach. Finally, a local trans-
formed cost function is defined as follows:

Jw) = 3w, + 31y = A + W] [A, <RIy = A +w)].
(A7)

where u is defined as in (A.6), A, is a distance-dependent lo-
calizing covariance matrix in observation space centered at
gridpoint k, and symbol o denotes the Schur product. Note that
matrix Ay is required to have the same dimensions as Rin order
to apply the Schur product. In typical case of diagonal R this
implies that A, is also diagonal, with elements calculated
using a Gaussian function (e.g., Miyoshi and Yamane 2007)
or a compactly supported correlation function (e.g., Gaspari
and Cohn 1999).

Following the original MLEF approach, one can define
matrix Z for each grid point k:

Z,=(z---7,"), 7,=(AR)"{hx+ (P} ]-h(x)}

(i=1,....Np). (A8)
The gradient and Hessian of (A.7) are

g =W, - Z ARy - h(d tw)].  (A9)

Q,=1+ZZ. (A.10)

The optimal Hessian preconditioning requires another change
of variable:

w,=Q, "¢, (A11)

which is accomplished by using the eigenvalue decomposition:

1+Z;Z =U,A,U;, (A12)

so that

Q, " =UA U] (k=1,...,N,). (A.13)
The minimizing solution to (A.7) is obtained using an iterative
minimization algorithm, such as the nonlinear conjugate-
gradient method (e.g., Luenberger 1984). The local minimi-
zation framework is similar to global minimization, except for
two distinctions: 1) local gradient and Hessian preconditioning
are used [e.g., (A.8)—(A.13)], and 2) after each iteration of
minimization a global analysis update is created from local
contributions (A.6).

After the minimization is completed the analysis error
covariance is estimated from local Hessian preconditioning
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(A.13), however, this time calculated at the optimal analy-
sis point:

A =@ --a% ), A =[P/,Q,"™.

E

(A.14)

The global analysis error covariance is formed from local
contributions:

P2 =(pi---py,) P = (A.15)

Ay

G
Finally, the initial conditions for ensemble forecasting used to
transport uncertainty to the next data assimilation cycle are

x! =x"+p{ (A.16)

APPENDIX B

EnKF with State Space Localization

The motivation for using EnKF with state space localization
is to compare MLEF-SSL to a more standard algorithm, such
as the EnKF with perturbed observations, however with lo-
calization of forecast error covariance that is more similar to
the proposed method. Although such direct approach to state
space covariance localization in EnKF is not computationally
efficient in realistic high-dimensional applications, but it was
possible in the idealized application to Lorenz model con-
ducted here. In practice, EnKF is often applied with observa-
tion space localization (e.g., Houtekamer and Mitchell 1998,
2001; Evensen 2003), although more practical square root
EnKF algorithms without perturbed observations have been
also developed (Shlayeva and Whitaker 2018).

The main distinction of the EnKF algorithm used here is
explained by the localized Kalman gain matrix in Houtekamer
and Mitchell [2001, their Eq. (5)], in which a Schur product
LoPg is used instead of Px. All other components are essen-
tially same as in the standard EnKF with perturbed observa-
tions. The analysis equation is
x¢ =x/ + (LoP,)[H(LeP,)H" + R [y, — h(x))],

i

(B.1)

where i = 1, ..., Ng denotes the ensemble member. The first
derivative of observation operator 4, denoted H, is linearized
around the ensemble forecast mean. The perturbed observa-
tion vector is y; = y + R"%, where ¢ ~ N(0,1).

APPENDIX C

Estimation of Optimal Localization and Inflation
Parameters

For all considered data assimilation systems and observation
operators the optimal localization length and covariance in-
flation parameters are estimated empirically using trial-and-
error. The measures of success were calculated as an average
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over 200 data assimilation cycles and include (i) analysis root-
mean-square error calculated with respect to truth (egms), (ii)
square root of analysis error variance (o,), and (iii) relative
error of the skill-spread ratio (essr). The first two measures define
common goals of data assimilation to obtain optimal posterior
state that best approximates the truth and also achieves the
minimum uncertainty, and both have been used for tuning lo-
calization and inflation (e.g., Gharamti 2018; Attia and
Constantinescu 2019, and references thereof). Since smaller
RMSE and reduced uncertainty may not be always achieved si-
multaneously (e.g., Kotsuki et al. 2017, their Figs. 2 and 6), an
additional measure is introduced. Given the relevance of the re-
lationship between skill and ensemble spread (e.g., Houtekamer
1993; Whitaker and Loughe 1998; Grimit and Mass 2007), the
additional measure is defined as the error of the analysis skill-
spread ratio with respect to the optimal value of one. In each data
assimilation cycle one can define the skill-spread ratio:

€RrMS
C.1
€ssr = o (C1)
where
eRMS ‘ / Z[Xa true (CZ)

is the analysis root-mean-square error, index j denotes the state

point, and
=,/ —Tr(P

is the average variance of analysis error covariance matrix,
here represented using matrix trace. The values (C.1)-(C.3)
are calculated in each cycle and then averaged over all data
assimilation cycles to form the final measures:

(C3)

ES Ncyc]egt SSR)k (C4)
| 1 2
E MS = Ncycle < (eRMS)k’ (CS)
|1 2
= T, C.6
Ncyclezk:( ”)k ( )

where index k denotes data assimilation cycle and Ny is the
number of data assimilation cycles.

The localization lengths used in tuning are 8, 12, 16, and
20 gridpoint units. For each of these localization lengths a
set of inflation parameters vy is ran with each data assimila-
tion algorithm (MLEF-SSL, MLEF-OBS, and EnKF), with
some preliminary runs to assess the most likely range of
acceptable values.

For all experiments the localization length of 12 grid points
indicated best overall performance in terms of the above
described measures. The optimal inflation parameters
were estimated to be y = 0.0 for MLEF-SSL, v = 0.1 for
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MLEF-OBS, and y = 0.7 for EnKF. While these choices are
empirical estimates and clearly nonunique, they provide a
satisfactory performance of the considered data assimila-
tion algorithms.
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