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ABSTRACT: Observations have shown that tropical convection is influenced by fluctuations in temperature and moisture

in the lower free troposphere (LFT; 600–850 hPa), as well as moist enthalpy (ME) fluctuations beneath the 850 hPa level,

referred to as the deep boundary layer (DBL; 850–1000 hPa). A framework is developed that consolidates these three

quantities within the context of the buoyancy of an entraining plume. A ‘‘plume buoyancy equation’’ is derived based on a

relaxed version of the weak temperature gradient (WTG) approximation. Analysis of this equation using quantities derived

from the Dynamics of the Madden–Julian Oscillation (DYNAMO) sounding array data reveals that processes occurring

within the DBL and the LFT contribute nearly equally to the evolution of plume buoyancy, indicating that processes that

occur in both layers are critical to the evolution of tropical convection. Adiabatic motions play an important role in the

evolution of buoyancy both at the daily and longer time scales and are comparable in magnitude to horizontal moisture

advection and vertical moist static energy advection by convection. The plume buoyancy equation may explain convective

coupling at short time scales in both temperature and moisture fluctuations and can be used to complement the commonly

used moist static energy budget, which emphasizes the slower evolution of the convective envelope in tropical motion

systems.
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1. Introduction

Deep convection plays a key role in the meteorology and

climatology of the tropics. It controls the lapse rate of the

troposphere and influences the climatological-mean trans-

port of energy (Hartmann 2015). Furthermore, a multitude

of tropical phenomena are tightly coupled to deep convec-

tion: the intertropical convergence zone, monsoon systems,

El Niño–Southern Oscillation (ENSO), the Madden–Julian

oscillation (MJO) (Madden and Julian 1972), convectively

coupled waves (Kiladis et al. 2009), and tropical cyclones. These

phenomena can havemajor impacts on tropical and extratropical

weather and are important sources of predictability (Kim et al.

2018; Tang et al. 2018). While the importance of tropical deep

convection cannot be understated, the processes that lead to its

onset, evolution and coupling with the large-scale circulation

have remained elusive (Kiladis et al. 2009; Kuo et al. 2017; Schiro

and Neelin 2019). Furthermore, an accurate representation of

convection and its variability in global climate models (GCMs)

remains a significant challenge (Taylor et al. 2012; Stanfield

et al. 2016).

Scale analysis of the tropical belt (Charney 1963; Yano

and Bonazzola 2009) revealed that a simple thermody-

namic balance prevails: Diabatic heating is approximately

balanced by vertical advection of dry static energy (or similarly

potential temperature or dry entropy). Because of the weak

Coriolis force, dry gravity waves are very effective at eliminating

temperature fluctuations (Bretherton and Smolarkiewicz 1989;

Wolding et al. 2016). This adjustment process results in a

relatively homogeneous distribution of temperature, where

horizontal and temporal fluctuations in free-tropospheric

temperatures rarely exceed 1 K (Sobel and Bretherton

2000). Thus, to leading order, the tropical troposphere is in

weak temperature gradient (WTG) balance (Sobel et al.

2001). The application of WTG balance has led to many

advances in our understanding of tropical phenomena such

as the MJO, the Walker circulation, the diurnal cycle of

convection and tropical cyclogenesis (Bretherton and Sobel

2002; Raymond and Sessions 2007; Chikira 2014; Ruppert and

Hohenegger 2018).

While WTG balance is the dominant thermodynamic

balance in the tropical free troposphere, it is inapplicable in

the planetary boundary layer (PBL) (Sobel and Bretherton

2000). In this layer, energy and momentum exchanges with

the surface result in strong turbulent mixing, a process that

dominates over the gravity wave adjustment process that

leads to WTG balance. Instead, observations indicate that in

convecting regions, a balance exists between the energy input

from surface fluxes and the energy sink that arises from con-

vective downdrafts and turbulent entrainment (Emanuel

1993; Raymond 1995; Thayer-Calder and Randall 2015;

de Szoeke 2018). This balance is often referred to as boundary
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layer quasi equilibrium1 (BLQE; Raymond 1997 and refer-

ences therein), as is often used as a simple convective param-

eterization (Yano and Emanuel 1991; Emanuel 2019).

While the strict application of WTG and BLQE have pro-

vided numerous insights about the nature and occurrence of

deep convection, they are still incomplete treatments of the

tropical atmosphere. Observations reveal that temperature

fluctuations in the lower free troposphere (LFT), although small,

modulate the convective available potential energy (CAPE) and

convective inhibition (CIN) in ways that can enhance or suppress

deep convection (Mapes 2000; Raymond et al. 2006; Kuang 2008).

Furthermore, observations suggest that water vapor fluctuations in

the LFT play a central role in the organization of deep convection

(Raymond 2000; Grabowski and Moncrieff 2004; Sahany et al.

2012). This regulating role is achieved through dry air entrainment

and dilution reducing the buoyancy of rising cumulus clouds

(Lucas et al. 1994; Hannah 2017; Kuo et al. 2017). To further

complicatematters, large fluctuations of PBLmoist enthalpy (ME)

are observed over daily and synoptic time scales, which modulate

CAPE (Donner and Phillips 2003). Indeed, observed variations of

moisture and temperature in the LFT as well as fluctuations of

PBLME coincide with amultitude of atmospheric conditions that

enhance or suppress rainfall (Powell 2019).

In spite of these challenges, recent efforts to elucidate the

relationship between the atmospheric thermodynamic envi-

ronment and rainfall have yielded promising results. Recently,

Ahmed and Neelin (2018, henceforth AN18) developed a

framework aimed at understanding precipitation within the

context of an entraining plume model. In their framework,

plumes rising out of the PBL entrained environmental air

through a mass inflow profile akin to that observed in orga-

nized convection (Kingsmill and Houze 1999; Mechem et al.

2002; Schiro et al. 2018). They found that themean buoyancy of

the plume in the LFT was highly correlated with precipitation.

Thus, their precipitation–buoyancy relation may serve as the

foundation for a conceptual model of tropical rainfall that in-

cludes the aforementioned key thermodynamic variables.

In Fig. 1, leading-order dynamic balances in the atmosphere

(left column) are paired with formulations of second-order bal-

ances (right column) in the same-colored boxes that describe the

evolution of the quantities listed by same-colored text. For ex-

ample, in the midlatitudes, the leading-order balance in the

horizontal momentum equations (green) is geostrophic balance.

The second-order balance describes the evolution of the geo-

strophic wind as formulated in the quasigeostrophic approxima-

tion. Similar balances for the tropics can and have been derived

FIG. 1. Flowchart describing some leading-order and second-order balances of the basic

equations for atmospheric flow.Arrows depict the second-order balances used to estimate the

evolution of buoyancy. P and D in the top left of each box denote prognostic and diagnostic

equations, and an asterisk means that a semiempirical relationship is used.

1 Long-term balances of the energetics of the PBL are also

part of the convective quasi-equilibrium hypothesis posited by

Arakawa and Schubert (1974) and further discussed by Emanuel

et al. (1994).
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in the thermodynamic equations. In this study, the second-order

balances for the free-tropospheric thermodynamic and moisture

and PBL ME equations are derived from their leading-order

balances. These are then used to derive a buoyancy tendency

equation based on the precipitation–buoyancy relation of AN18,

which itself can be derived from the second-order balance in

vertical momentum.

This study is structured as follows. Data and methods are de-

scribed in section 2. Section 3 discusses the buoyancy of an en-

training plume and its relation to tropical rainfall. Section 4 derives

the leading and second-order thermodynamic equations used to

understand buoyancy evolution. In section 5 we obtain a prog-

nostic equation for plume buoyancy and analyze the processes that

lead to its evolution.A concluding discussion is offered in section 6.

2. Data and methods

a. ERA5 and TRMM 3B42

Weutilized output from the fifth reanalysis from theEuropean

Centre for Medium-Range Weather Forecasts (ECMWF)

(ERA5; Hersbach et al. 2019). We used instantaneous fields

with a time interval of 3 h, spanning the 40-yr interval of

1979–2018. The ERA5 data used have horizontal resolution

of 0.258 3 0.258 and 14 vertical levels from 1000 to 600 hPa.

Wemake use of the following ERA5 fields: precipitation rate

(P), temperature (T), specific humidity (q), and vertical ve-

locity (v). Only data within the 158N/S latitude belt are used.

In section 5 we make use of precipitation data from the

3-hourly, 0.258 3 0.258 horizontal resolution Tropical Rainfall

Measuring Mission (TRMM) 3B42 version 7A (Huffman et al.

2007) dataset. The data are area averaged over the Dynamics

of the Madden–Julian Oscillation (DYNAMO) (Yoneyama

et al. 2013) northern array domain (08–58N, 738–808E) in order

to create a time series of rainfall that can be compared to the

in situ sounding-based data.

b. Soundings

We complemented the reanalysis data by also using sounding

data fromMajuro (7.18N, 171.48E), Manaus (3.28S, 59.98W), and

Gan (0.68S, 73.18E). For the former two, twice-daily observa-

tions from a land-based rawinsonde station network for 2000–13

were obtained from the Integrated Global Radiosonde Archive

(IGRA; Durre et al. 2006). The rawinsonde dataset was linearly

interpolated in pressure to regular 25-hPa intervals. The

sounding data are used to obtain the mean values of the mean

thermodynamic variables and their variance, which are in turn

used in the scale analysis (see Table 3).

Furthermore, evaluation of the plume buoyancy equation in

section 5 was performed with the rawinsonde measurements

taken from the DYNAMO northern sounding array (NSA),

located in the central equatorial Indian Ocean (Ciesielski et al.

2014). Stations in the NSA were Gan Island (0.698N, 73.518E),
the R/V Revelle (08, 80.58E), Colombo (6.918N, 79.8788E), and
Malé (4.918N, 73.538E). Ciesielski et al. (2014) describes the

details of the sounding data, observation characteristics, and

quality-control procedures for DYNAMO soundings. A com-

plete description of the thermodynamic budget terms used in

section 5 is provided by Johnson et al. (2015).

c. Linear regression

The relationship between LFT-averaged plume buoyancy BL

and terms describing its tendencywas determinedwithDYNAMO

soundings using linear regression following the same procedure as

many previous studies (e.g., Straub and Kiladis 2002; Sumi and

Masunaga 2016; among others). The results presented in section 5

were obtained by linearly regressing 3-hourly plume buoyancy

equation terms and TRMM rainfall against the BL anomaly time

series. The BL anomalies were calculated for 10 October–

31 December. The linear regression results were then scaled to a

0.025ms22 anomaly at zero lag, a typical value that is associated

with the occurrence of deep convection. Because of the use of linear

regression, the fields that are discussed in section 5 are anomalies

that correspond to fluctuations with respect to a BL time series.

3. Plume buoyancy and tropical precipitation

We define the buoyancy of an idealized rising plume as

B5 g
u
eu
2 u

e
*

ku
e
*

, (1a)

where ueu is the equivalent potential temperature of a rising

entraining plume (the subscript u refers to updraft); ue* is the

saturation equivalent potential temperature of the surrounding

environment; and

k5 11
L2q*

c
p
R

y
T2

(1b)

is a variable that scales the numerator terms in Eq. (1a) to the

difference between plume and environmental temperature

(see appendix A), where q* is the saturation specific humidity,

L is the latent heat of vaporization, cp is the specific heat of dry

air, and Ry is the gas constant of water vapor. Their units and

values are shown in Table 1, and the main variables and their

definitions and units are shown in Table 2.

The measure of plume buoyancy in Eq. (1a) is a variant of the

standard potential temperature-based buoyancy [seeEq. (8.1) in

Petty 2008]. It is rewritten so that the plume’s contribution toB is

expressed in terms of ue, a variable that is approximately con-

served during moist adiabatic processes. Equation (1a) defines

buoyancy in the sameway asAN18, except that it is divided by k.

The inclusion of k results in buoyancy values that are ;3 times

smaller than those reported in AN18. However, the salient re-

sults of both papers are nearly unaffected by this factor. We will

use the definition of buoyancy from Eq. (1a) since it can be

obtained directly from the traditional temperature-based defi-

nition of B, as discussed in appendix A.

Following AN18, we can diagnose ueu in terms of the envi-

ronmental ue if we know how the environment influences the

plume. By assuming the environmental air is incorporated into

the plume through dynamic rather than turbulent entrainment

(Houghton and Cramer 1951; de Rooy et al. 2013), the rela-

tionship between ueu and ue can be written as

u
eu
(p)5

1

v
u
(p)

ðp
ps

›v
u

›p0 ue(p
0)dp0 , (2)
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where vu is the mass flux of the entraining updraft. It is conven-

tional to define the mass flux as Mu 52svu*, where s is the

fraction of the domain that is occupied by updrafts, and vu* is the

vertical velocity within the updraft (Yanai et al. 1973). However,

we define the mass flux as vu 5 2Mu so that the notation is

consistent with studies that use the WTG approximation to esti-

mate vertical velocities (Raymond andZeng 2005;Adames 2017).

Recent observations indicate that vu can be approximated as a

linear function in the lower troposphere for both organized and

small-scale convection (Schiro et al. 2018; Schiro andNeelin 2019).

Following Schiro and Neelin (2019) and Ahmed et al. (2020,

henceforth AAN), we can assume that vu ’ 2ac(ps 2 p), where

ac is a constant. Using this definition of vu, Eq. (2) simplifies to

u
eu
(p)5

1

p
s
2p

ðps
p

u
e
(p0) dp0 , (3)

which indicates that ueu is simply the average ue of the layer

beneath. It is worth pointing out that assuming this type of

mass flux profile is equivalent to assuming an entrainment rate

that is inversely proportional to height (Siebesma et al. 2007).

The effects of assuming slightly different vertical entrainment

profiles were found to be modest by Schiro et al. (2018).

Previous studies have shown that water vapor in the LFT as

well as fluctuations in CAPE and CIN play an important role in

the occurrence and organization of tropical convection (Mapes

2000; Grabowski and Moncrieff 2004; Raymond et al. 2006;

Tulich and Mapes 2010; Kuang 2010). Based on results from

previous studies, AN18 posited that buoyancy averaged over the

LFT (BL) can robustly diagnose precipitation over the tropics.

This measure of plume buoyancy combines the known sensi-

tivity of convection to lower-tropospheric temperature and

moisture into a single variable. AAN simplified the framework

by showing thatBL can be described in terms of the ue and ue* of

the LFT and those of a ‘‘deep boundary layer’’ (DBL),2 the layer

of the lower troposphere that lies beneath 850 hPa,which usually

contains the PBL. A schematic describing BL and the fields in-

volved in its definition is shown in Fig. 2. AAN defined the LFT

as the layer that lies between the top of the DBL and a pressure

level near where the 08C isotherm is located. The pressure level

that corresponds to the top of theDBL, pt is taken to be 850 hPa.

The top of the LFT (pf) is taken to be 600 hPa. This definition is

TABLE 2. Main variables and definitions used in this study.

Variable Description Units

LFT Lower free troposphere —

DBL Deep boundary layer —

B Plume buoyancy m s22

u Potential temperature K

ue Equivalent potential temperature K

ueu Entraining plume equivalent potential

temperature

K

ue* Saturation equivalent potential

temperature

K

T Temperature K

q Specific humidity —

q* Saturation specific humidity —

h Moist enthalpy (ME) J kg21

h* Saturation ME J kg21

s Dry static energy (DSE) J kg21

m Moist static energy (MSE) J kg21

v Horizontal wind vector m s21

Q1 Apparent heating J kg21 s21

Q2 Apparent moisture sink J kg21 s21

Qc Convective heating J kg21 s21

Qr Radiative heating J kg21 s21

v Vertical pressure velocity Pa s21

vQ Diabatic vertical velocity Pa s21

va WTG balance departure vertical velocity Pa s21

vc Convective vertical velocity Pa s21

vr Radiative vertical velocity Pa s21

vu Updraft mass flux Pa s21

Sp Dry static stability J kg21 Pa21

MB Difference between mB and mt J kg21 Pa21

ShB DBL avg turbulent and radiative

fluxes of h

J kg21 s21

TABLE 1. Constants used in this study with their units and values.

Quantity Description Value Units

cp Specific heat capacity of dry air 1004 J kg21 K21

Rd Gas constant of dry air 287 J kg21 K21

Ry Gas constant of water vapor 461 J kg21 K21

L Latent heat of vaporization 2.5 3106 J kg21

g Gravitational acceleration 9.8 m s22

pt Pressure at the top of the DBL 850 hPa

pf Pressure at the top of the LFT 600 hPa

DpB Pressure thickness of the DBL 150 hPa

DpL Pressure thickness of the LFT 250 hPa

wB Weighted contribution of the DBL to BL 0.59 —

wL Weighted contribution of the LFT to BL 0.41 —

gq Sensitivity of buoyancy to qL fluctuations 0.70 —

gT Sensitivity of buoyancy to TL fluctuations 4.3 —

~p Ratio of DBL and LFT Exner functions 0.93 —

2Over the tropics the top of the PBL is usually beneath 850 hPa,

hence our definition of DBL. However, the PBL can sometimes be

deeper than the DBL defined here, especially over land.
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different from the one used by AN18 and AAN, who defined it

at 500 hPa. Observations indicate that the climatological 08C
level in the tropics is located near 575 hPa (Johnson et al. 1999).

To avoid the complications of latent heat consumption by

melting of precipitating ice immediately below the 08C level, we

adopt 600 hPa as the top of the LFT.

Based on the aforementioned definitions and simplifica-

tions, BL can be expressed as

B
L
’ g

k
L

0
BBBBB@w

B

u
eB

2 u
eL
*

u
eL
*|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

undiluteBL

2w
L

u
eL
*2 u

eL

u
eL
*|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

saturation deficit

1
CCCCCA , (4)

where the subscripts B and L denote averaging over the DBL

and over the LFT, respectively (see Fig. 2). The two coeffi-

cients in the equation, wB and wL are functions of the relative

mass inflow to the plume in the DBL and LFT, respectively,

defined following Eqs. (3) and (4) of AAN:

w
B
5
Dp

B

Dp
L

ln

�
11

Dp
L

Dp
B

�
, (5a)

w
L
5 12w

B
, (5b)

where we note that the definition of wB has been simplified

from that in AAN since we have assumed a constant inflow

profile vu.

The first term in Eq. (4) is a measure of the convective in-

stability of the lower troposphere (Raymond et al. 2015). It is

reminiscent of the deep CIN discussed byRaymond et al. It can

also be thought as the undiluted component of BL. The second

term represents the reduction in buoyancy that a rising plume

experiences as it entrains and is diluted by free-tropospheric

air. In defining Eq. (4), we are assuming that ue* and kL exhibit

only weak variations in the LFT.While this is true for ue*, it may

not be for k, which on average ranges in value from ;2.8 at pf
to ;3.3 at pt (not shown). While we acknowledge that this is a

caveat of this study, we have verified that definingBL following

Eq. (4) yields nearly identical results to those obtained if k is

not replaced by its layer average. We also note that an inte-

grated buoyancy defined on the entire troposphere behaves

similarly (Schiro et al. 2018). We opt for a lower-tropospheric

measure of buoyancy, rather than the full-tropospheric aver-

age largely due to the simplicity of the equations that arise

from using a linear mass flux profile.

We are interested in representing BL in terms of quantities

such as temperature and moisture, whose budgets can be

readily analyzed. One course of action is to cast Eq. (4) in terms

of other quasi-conserved plume variables such as moist static

energy (MSE). Alternatively, as in AAN, we can express

cpue ’ hP21 in Eq. (4), where h 5 cpT 1 Lq is the ME and

P5 (p/p0)
Rd/cp is the Exner function, where p0 5 1000 hPa.3

The resulting expression for BL takes the following form:

B
L
’ w

B

g

k
L

~ph
B
2h

L
*

h
L
*

2g
q
L
q
L
*2q

L

h
L
*

 !
, (6)

where ~p5 (pL/pB)
Rd/cp ’ 0:93, pL 5 725 hPa is the mean LFT

pressure, pB 5 925 hPa is the mean DBL pressure, and

g
q
5
w

L

w
B

(7)

a nondimensional parameter that describes the sensitivity of

BL to qL.

Figure 3 shows the distribution of rainfall as a function of

BL. Since BL contains an integrand spanning both positive

and negative buoyancy values, it is impacted by fluctuations

in both CAPE and CIN. It is clear that rainfall increases

rapidly as BL increases from negative values closer to zero.

Similar rapid increases for precipitation conditioned on com-

binations of environmental thermodynamic variables—for

example, column saturation fraction, column water vapor

or buoyancy—have been modeled as an exponential curve

(Bretherton et al. 2004; Rushley et al. 2018) or as a ramp

function (AAN; Kuo et al. 2018). While we do not explic-

itly fit a function to the precipitation curve in Fig. 3, we

note a critical value of BL ; 20.02 m s22 that would mark

the beginning of a linear precipitation regime. The factors

that govern this critical buoyancy value are not yet clear.

However, any missing physics from the BL formulation

when treated as stochastic fluctuations in the value of

FIG. 2. Schematic describing the entraining plume buoyancy

described by AN18 and AAN. By applying a deep inflow profile to

prescribe entrainment, the mean LFT plume buoyancy BL can be

described by Eq. (4) assuming that ue*and k can be replaced by their

LFT averages. The two free-tropospheric layers used inAN18were

combined due to the similarities of their weights. The black dashed

lines separate the LFT from themidtroposphere and theDBL. The

DBL is defined so that its top lies well above of the turbulent

subcloud layer (blue dotted line).

3 UsingME instead ofMSE is preferable in this study becausewe

are interested ›tBL. In isobaric coordinates, differentiatingBLwith

respect to time yields Eq. (8) when ME is used, while using MSE

yields an additional term due to variations in the LFT geopotential.

ME is used instead of MSE in order to avoid this additional term.

However, an MSE-based definition of BL may be preferred when

using height as a vertical coordinate.
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critical BL can generate curvature suggestive of an ex-

ponential precipitation increase (AAN; Stechmann and

Neelin 2011).

While a significant scatter exists in the data points in Fig. 3,

the points aremore clustered in theP–BL scatterplot than what

it is when it is compared to other measures of rainfall such as

column water vapor or saturation fraction (not shown) (AAN;

Wolding et al. 2020). Further discussion of the joint PDF of

precipitation with buoyancy may be found in Kuo et al. (2018),

where a cruder estimator of buoyancy (based on column water

vapor relative to a temperature-dependent critical value) is

used. The robustness of the P–BL in Fig. 3 and the fact that BL

accounts for fields that are known to play a key role in the

evolution of precipitation such as convective instability and

moisture justifies its use as a framework to understand pre-

cipitation evolution.

Our interest is both in diagnosing precipitation and un-

derstanding the processes that lead to its evolution. To

understand precipitation evolution, we differentiate BL

with respect to time. Given that BL is a function of hB, qL,

and TL we can expand the time tendency of BL using the

chain rule

›B
L

›t
5
›B

L

›h
B

›h
B

›t
1

›B
L

›q
L

›q
L

›t
1
›B

L

›T
L

›T
L

›t
, (8)

from which we can obtain the following equation for BL

evolution:
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where

g
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~ph
B
1 g

q
h
L

h
L
*

 ! 
11

L2q
L
*

c
p
R

y
T2

L

!
2g

q
(10)

is a nondimensional parameter that describes the sensitivity of

BL to TL fluctuations. In defining gT, we have dropped some

terms involving ›TkL since they can be shown to contribute neg-

ligibly to the value of gT. The distribution of gT over the equa-

torial belt (158N/S) is shown in Fig. 4. The median value in ERA5

is ’4.2. This is the same value that AAN found even though our

definition of LFT differs from theirs. Over the equatorial belt of

158N–158S, gT exhibits only small fluctuations in magnitude. This

is due to gT being predominantly determined by hB and TL, both

which are fairly homogeneous in space and time in the tropics.

Because of its small fluctuations, and for the sake of simplicity, we

will treat gT as a constant from here on.

It is noteworthy that Eq. (9) exhibits interesting parallels to

the way the temperature and moisture equations are combined

to create evolution equations for cloud work function or en-

training CAPE in certain convective closures (e.g., Arakawa

and Schubert 1974; Moorthi and Suarez 1992; Zhang and

McFarlane 1995; Neelin et al. 2008).

4. Large-scale moist thermodynamics under
WTG balance

a. Temperature evolution in the LFT

Equation (9) indicates that in order to understand the processes

that lead to changes in BL we must consider the evolution of hB,

TL, and qL. We first consider the thermodynamic (internal en-

ergy) equation in isobaric coordinates averaged over a domain

that is roughly the area of a GCM grid point (;104 km2):

c
p

�
›T

›t
1 v � =T

�
2vS

p
5L(c2 e)1Q

r
, (11)

FIG. 4. Normalized distribution of gT [sensitivity of buoyancy to

TL from Eq. (10)] over the 158N–158S latitude belt for ERA5. gT is

binned at intervals of 0.025. Themedian value of g5 4.2 is depicted

as a vertical dashed line; 95% of points for ERA5 lie within 10% of

the median value, denoted as the vertical dotted lines.

FIG. 3. Normalized distribution of P and BL for ERA5 output

over the 158N–158S latitude belt. Values of P are binned every

mmday21 while BL is binned every 0.0015m s22. The circles show

the mean value of the distribution.
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where cp is the specific heat at constant pressure, T is the

temperature, v is the vertical velocity, v 5 ui 1 yj is the hor-

izontal vector wind field, c and e are the rate of condensation

and evaporation, respectively, Qr is the radiative heating

rate, and

S
p
52

›s

›p
(12)

is the static stability, written so that it is positive, where s5 cpT1
F is the dry static energy.We are ignoring the contribution of ice-

phase microphysics to heating in Eq. (11) since we are interested

in the region of the LFT that lies beneath the 08C level. It is worth

pointing out that ice microphysics can significantly influence

precipitation (Gao et al. 2006), and the framework discussed in

this study does not include these processes.

The overlines in Eq. (11) denote horizontal averaging over the

aforementioned domain. In Eq. (11), the horizontal advection of

temperature is approximately the product of the large-scale av-

erage advection, but the verticalDSE advection term is composed

of large-scale vertical advection and the convergence of the ver-

tical flux of DSE by subgrid-scale eddies:

vS
p
5vS

p
2

›v0s0

›p
. (13)

From here onwewill drop the overbars except for the eddy flux

terms and for large-scale averages that contain eddy covari-

ances in their definition (e.g., vSp). For example, Eq. (13) will

be written as

vS
p
5vS

p
2

›v0s0

›p
. (14)

Following the aforementioned definitions, we can write Eq. (11)

as follows:

c
p

D
h
T

Dt
2vS

p
5Q

1
, (15)

where

D
h

Dt
5

›

›t
1 v � =

h
(16)

is the domain-averaged horizontal material derivative, and Q1

is the apparent heating rate (Yanai et al. 1973). The apparent

heating is composed of contributions from convection Qc and

radiative heating Qr:

Q
1
[Q

c
1Q

r
, (17)

where Qc includes condensation, evaporation, and vertical

eddy heat transport by convective motions:

Q
c
5L(c2 e)2

›v0s0

›p
. (18)

As previously discussed, WTG balance is the leading

thermodynamic balance in the tropics. This balance simply

states that vertical DSE advection approximately balances

diabatic heating:

2vS
p
’ Q

1
. (19)

This implied balance is at least an order of magnitude larger

than the temperature tendency over precipitating regions (see

Table 3 and Fig. 5). Based on this approximation and following

Mapes (1997), we separate the vertical velocity as

v5v
Q
1v

a
(20)

so that we can write the leading-order thermodynamic equa-

tion as

v
Q
S
p
[2Q

1
, (21)

where we define vQ as a diabatic vertical velocity (Mapes and

Houze 1993) that satisfies WTG balance exactly. This defini-

tion is analogous to the definition of the geostrophic wind,

which is defined in such a way so that it satisfies geostrophic

balance exactly. The residual vertical velocity va is the vertical

velocity that results from departures from WTG balance.

Based on the decomposition shown in Eq. (21), the residual

thermodynamic equation takes the following form:

c
p

D
h
T

Dt
2v

a
S
p
5 0: (22)

TABLE 3. Scaling of the equations in section 4 based on estimates

of their observed variations. For the scaling, the horizontal winds

are assumed to have a scale of 10m s21, the horizontal scale is as-

sumed to be 106m, and the variations of cpT, Lq, and h in the DBL

and LFT are rounded from the variances seen in Fig. B1. The first

row is in units of Pa s21 while subsequent rows are in units of

J kg21 s21.

Equation No. Scaling

(20) v|{z}
1021

5 vQ|{z}
1021

1 va|{z}
1022

(17) Q1|{z}
1021

[ Qc|{z}
1021

1 Qr|{z}
1022

(15)
cp
DhT

Dt|fflfflfflffl{zfflfflfflffl}
1022

2 vSp|ffl{zffl}
1021

5 Q1|{z}
1021

(22)
cp
DhT

Dt|fflfflfflffl{zfflfflfflffl}
1022

2vaSp|fflffl{zfflffl}
1022

5 0

(25) DhLq

Dt|fflfflffl{zfflfflffl}
1022

1v
›Lq

›p|fflfflffl{zfflfflffl}
1021

52Q2|{z}
1021

(29) DhLq

Dt|fflfflffl{zfflfflffl}
1022

52va

›Lq

›p|fflfflfflffl{zfflfflfflffl}
1022

2vr

›Lq

›p|fflfflfflffl{zfflfflfflffl}
1022

2vc

›m

›p|fflfflfflfflffl{zfflfflfflfflffl}
1022

(32) Dhh

Dt|ffl{zffl}
1022

52va

›m

›p|fflfflffl{zfflfflffl}
1023

2vc

›m

›p|fflfflffl{zfflfflffl}
1022

2vr

›Lq

›p|fflfflfflffl{zfflfflfflffl}
1022

(36) ›hB

›t|{z}
1022

52fv � =hgB|fflfflfflfflfflffl{zfflfflfflfflfflffl}
1022

2vtMB|fflffl{zfflffl}
1021

1 ShB|{z}
1021
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This equation is a prognostic equation for temperature, whose

large-scale free-tropospheric fluctuations are driven by depar-

tures fromWTG balance driven by adiabatic motions (isentropic

ascent, gravity wave activity and Ekman pumping), and transient

departures from WTG balance by diabatic heating. When ap-

plied strictly (i.e., when ›tT is not included explicitly), the WTG

approximation does not allow gravity waves (Sobel et al. 2001;

Bretherton and Sobel 2003). However, Eqs. (21) and (22) to-

gether allows for the existence of both free and convectively

coupled gravity waves. FollowingRaymond andZeng (2005) and

Herman andRaymond (2014), we will refer to the use of Eq. (21)

alone as ‘‘strict WTG’’ balance and the joint use of Eqs. (21) and

(22) as ‘‘relaxed’’ WTG balance.

There are twoways inwhichva canbe estimated.One is through

direct estimationof the differencebetween the total verticalmotion

and apparent heating, i.e., combining Eqs. (20) and (21):

v
a
5v1Q

1
S21
p . (23)

An alternate way to estimate it is from using Eq. (22), from

which va can be obtained if the temperature tendency and the

horizontal advection of temperature are known:

v
a
5

c
p

S
p

D
h
T

Dt
. (24)

An example of the decomposition described above is shown in

Fig. 5. Consistent with WTG balance, ›tT is small as the tem-

perature tendencies are less than 1Kday21. LFT-mean heating

exhibits significantly more variations, with a minimum value

near 21Kday21 and a maximum value near 10Kday21.

Diabatic heating alone cannot explain the small fluctuations in

temperature seen in Fig. 5. If the T fluctuations were driven by

Q1 their time series would be in quadrature. Instead, fluctua-

tions in T and Q1 are sometimes nearly out of phase (e.g., be-

tween 1 and 10 November). This result is consistent with the

notion that lower temperatures in the LFT are more favorable

for convection, as previous studies have posited (Mapes 2000;

Mapes et al. 2006; Raymond et al. 2006) and as indicated by

Eq. (6). Estimates ofvQ andva (with signs reversed) are shown

in the bottom panel of Fig. 5. Consistent with the derivation

above, va is roughly an order of magnitude smaller than vQ.

b. Moisture evolution in the LFT

We can use the first- and second-order thermodynamic

equations to obtain a description of the evolution of moisture

that includes both diabatic and adiabatic processes. The

moisture conservation equation can be written as

D
h
q

Dt
1v

›q

›p
52

Q
2

L
, (25)

where

Q
2
[L(c2 e)1L

›v0q0

›p
(26)

is the apparent moisture sink (Yanai et al. 1973), which we can

rewrite as

Q
2
5Q

c
1
›v0m0

›p
, (27)

where the second term on the right-hand side is the vertical

eddy flux convergence of MSE, defined as m 5 s 1 Lq.

We can separate vQ in terms of vertical velocities that are as-

sociated with convective and radiative heating following Eq. (17):

v
Q
[v

c
1v

r
, (28a)

v
c
52S21

p Q
c
, (28b)

v
r
52S21

p Q
r
, (28c)

where vc and vr are the convective and radiative vertical veloci-

ties, respectively. With these definitions the moisture equation

takes the following form:

FIG. 5. (top) Time series from theDYNAMOnorthern array of LFT-averaged temperature

tendency (blue, left y axis) and LFT-averaged heating Q1 (red, right y axis). (bottom) As in

the top panel, but showingLFT-averagedvQ calculated usingEq. (21) andva calculated using

Eq. (23). In both panels, a 1-day running mean is used to remove diurnal variability from the

time series. Note that the scale for va is an order of magnitude smaller than the scale of vQ.
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D
h
Lq

Dt
52(v

a
1v

r
)
›Lq

›p
2v

c

›m

›p
, (29)

where

v
c

›m

›p
5v

c

›m

›p
1
›v0m0

›p
(30)

is the total vertical MSE advection by convective motions. We

include v0m0 in this definition since, to a good approximation,

subgrid-scale eddies in the LFT are the result of convective

motions.

It is worth noting that Eq. (29) can be thought of as a second-

order balance equation since the leading-order balance in

precipitating regions is between large-scale vertical moisture

advection and Q2 (see Fig. 1). It is similar to the moisture

budgets described by Chikira (2014), Wolding and Maloney

(2015) andWolding et al. (2016), except that diabatic heating is

expressed in terms of vertical velocities, and the contribution

from va is included in the equation.

From inspection of Eq. (29) we can see that va and vr moisten

the atmosphere through vertical moisture advection. Convective

processes, however,moisten the atmosphere through verticalMSE

advection. While ascent driven by adiabatic processes and radia-

tion usually moistens the troposphere, ascent driven by convection

only moistens the atmosphere beneath the minimum in MSE,

where the vertical MSE gradient is usually positive (beneath the

650hPa layer in Fig. B1 in appendix B). Above this level, vertical

MSE advection by convection usually dries the troposphere.

Equation (29) also reveals the potential importance of adi-

abatic motions in moistening the LFT. Because the vertical

MSE gradient tends to be substantially smaller than the ver-

tical moisture gradient in this layer, it follows that moistening

from convective motions is of similar magnitude to the vertical

moisture advection from radiative and adiabatic ascent, as in-

dicated by the scaling shown in Table 3. Alternatively, we can

show that these three terms are comparable by noting that the

total vertical MSE advection by convection is the difference

between the vertical moisture advection from convection and

the convective heating rate:

2v
c

›m

›p
52v

c

›Lq

›p
2Q

c
. (31)

Thus, given that 2vc›pm is the residual of two leading-order

terms (see Fig. 1), it can be surmised that it is of the same order

of magnitude as the other terms in Eq. (29), as the scale anal-

ysis suggests.

c. ME in the free troposphere

The relaxed WTG thermodynamic [Eq. (22)] and moisture

[Eq. (29)] equations may be added to obtain an equation for

ME, which is written as follows:

D
h
h

Dt
52v

a

›m

›p
2v

r

›Lq

›p
2v

c

›m

›p
. (32)

Note that this equation may also be treated as a MSE equation

since local fluctuations inME are approximately those ofMSE.

Because ofWTGbalance, the impact ofvc on h is the same as q

[Eq. (29)]. The va contribution acts on the MSE gradient since

it is associated both with temperature and moisture tendencies

[Eqs. (22) and (29)]. Radiative heating, underWTG balance, is

only implicated with vertical moisture advection.

Equation (32) has several advantages over the traditional

MSE budget. First, the contribution of radiative heating to the

MSE tendency is included in a single term. In traditional MSE

budgets, there is an implicit contribution of radiative heating to

verticalMSE advection sincev5vc1vr1va. Additionally, it

is clear that the contribution of va to the evolution of ME is

negligible (see Table 3).

It is worth pointing out that if WTG balance is applied

strictly, ›tT and va are dropped from Eq. (32), and both

Eqs. (32) and (29) become the WTG-based moisture

equation used by Chikira (2014), Wolding et al. (2016)

and others.

d. Moisture and thermodynamic equations averaged

over the LFT

We are particularly interested in fluctuations in temperature

and moisture averaged over the LFT because of their impact

on BL, as indicated by Eq. (9). The LFT-averaged thermody-

namic and moisture equations can be written as

c
p

›T
L

›t
52c

p
fv � =Tg

L
1 fv

a
S
p
g
L
, (33)

›Lq
L

›t
52fv � =Lqg

L
2

�
(v

a
1v

r
)
›Lq

›p

�
L

2

�
v
c

›m

›p

�
L

,

(34)

where {�}L denotes averaging over the LFT, e.g.,

fv � =qg
L
5

1

p
t
2p

f

ðpt
pf

(v � =q) dp . (35)

e. ME averaged over the DBL

As discussed in section 1, WTG is not applicable within the

DBL due to the importance of turbulent mixing. However, our

definition of the DBL is sufficiently deep so that its top pt lies

within the lower free troposphere, where WTG balance is

applicable. Thus, we will rewrite the DBLME equation so that

v is defined only at pt. The DBL-averagedME equation can be

written as

›h
B

›t
52fv � =hg

B
2

�
v
›m

›p

�
B

1Q
rB
2

�
›v0m0

›p

�
B

, (36)

where {�}B denotes averaging over the DBL. We will express

the vertical MSE advection term in terms of the difference

between the vertical flux divergence of MSE and MSE

convergence:

v
›m

›p
5
›vm

›p
2m

›v

›p
. (37)

Assuming that v(ps) ’ 0, and that v increases approximately

linearly from the surface to the top of theDBL, it can be shown
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that the vertical MSE advection averaged over the DBL can

be expressed as

2

�
v
›m

›p

�
B

’ 2v
t
M

B
, (38)

where

M
B
5 (m

B
2m

t
)/Dp

B
, (39)

can be thought as a vertical MSE gradient, where mB is the

BL-averagedMSE,mt is MSE at pt, vt is the vertical velocity at

pt, and DpB is the pressure depth of the DBL. Because pt lies

in the LFT, we can apply WTG balance to decompose vt into

its contributions from convection, radiation, and adiabatic

motions: vt 5 vct 1 vrt 1 vat.

It is also worth noting that the BL-averaged eddy flux con-

vergence of MSE is composed of the layer-weighted eddy

fluxes of MSE at ps and pt:

2

�
›v0m0

›p

�
B

5
(v0m0)

t
2 (v0m0)

s

Dp
B

5Q
cB

2Q
2B
. (40)

The term (v0m0)s is the sum of the surface sensible (H) and

latent heat (LE) fluxes,

2
(v0m0)

s

Dp
B

5
g

Dp
B

(LE1H) , (41)

while the term (v0m0)t corresponds to the eddy flux of MSE by

convectivemotions, including turbulent cloud detrainment and

convective downdrafts. Since most observational and model

datasets include the contribution from eddy fluxes, we may be

able to estimate (v0m0)t as

(v0m0)
t

Dp
B

5Q
cB

2Q
2B

2
g

Dp
B

(LE1H) . (42)

It is worth noting that, by construction, these fluxes partly

cancel the surface fluxes. The deviation from this cancellation

is determined by the magnitude of QcB 2 Q2B, quantities that

are available in the DYNAMO sounding data and can be es-

timated in model and reanalysis data following Yanai et al.

(1973) and Johnson et al. (2016).

Because Eq. (40) is composed by a surface turbulent flux

term and a convective flux term, it may be more appropriate

to consider these contributions separately. The surface fluxes

and QrB can be considered to be sources of DBL ME:

S
hB

5
g

Dp
B

(LE1H)1Q
rB
. (43)

The large-scale verticalMSEadvection by convection (2vcMB) is

summed to the convective eddy flux of MSE at pt to define the

total vertical MSE advection by convective motions:

2v
ct
M

B
52v

ct
M

B
1
(v0m0)

t

Dp
B

. (44)

With the aforementioned approximations and definitions, we

can write the DBL ME equation as follows:

›h
B

›t
52fv � =hg

B
2 (v

at
1v

rt
)M

B
2v

ct
M

B
1 S

hB
. (45)

Scale analysis of Eq. (45) (Table 3) in convecting regions

reveals that the last two right-hand-side terms are dominant.

These terms constitute a form of BLQE related to balances

discussed by Raymond (1995) and Emanuel (1995). Because

these two terms tend to cancel, we could make some sim-

plifications as those done with the application of WTG bal-

ance. However, because convection also affects and is

affected by qL, this balance does not alone control convec-

tion. It follows that it may be more useful to understand how

DBL ME fluxes and convection affect the evolution of BL

and to define the leading balance based on BL instead. The

results of this study are generally unaffected if Eq. (36) is

used instead of Eq. (45).

5. The plume buoyancy equation

Replacing the time tendencies on the right-hand side of

Eq. (9) with Eqs. (33), (34) and (45), we obtain what we will

refer to as the plume buoyancy equation:

›B
L

›t
’ w

B
g

k
L
h
L
*

2
666642fv � =(g

q
Lq2 g

T
c
p
T)g

L|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A

2~pfv � =hg
B|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

B

2fv
a
(g

q
›
p
Lq1 g

T
S
p
)g

L|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
C

2g
q
fv

r
›
p
Lqg

L|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
D

2g
q
fv

c
›
p
mg

L|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
E

2~p(v
at
1v

rt
)M

B|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
F,G

2~pv
ct
M

B|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
H

1 ~pS
hB|fflffl{zfflffl}
I

3
77775 ,

(46)

where the right-hand-side terms correspond to

A: horizontal advection of moisture and temperature in

the LFT,

B: horizontal advection of ME in the BL,

C: moistening and cooling by adiabatic vertical motions in

the LFT,

D: vertical moisture advection driven by radiative heating in

the LFT,

E: vertical MSE advection by convection in the LFT,

F: vertical advection of MSE at the top of the DBL by

adiabatic motions,

G: as in F, but for radiatively driven vertical motions,

H: as in F, but for convection at the top of the DBL,

I: sources of ME in the DBL.

a. Scaling and interpretation

Scale analysis based on typical synoptic-scale systems (hor-

izontal scale ;1000 km), following Table 3, reveals the fol-

lowing scaling of terms:
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›B
L

›t|ffl{zffl}
1027

’ w
B
g

k
L
h
L
*|fflffl{zfflffl}

1025

½ A|{z}
1022

1 B|{z}
1022

1 C|{z}
1022

1 D|{z}
1022

1 E|{z}
1022

1 F|{z}
331023

1 G|{z}
331023

1 H|{z}
1021

1 I|{z}
1021

� . (47)

Note that the time tendency in BL is 1022m s22 day21. The

scaling reveals once again that the terms that compose BLQE

are the leading-order terms. Because term E and H are both

related to convective processes, they can be combined with

term I to define what we will refer to as the DBL ME source

surplus:

S1
hB 5 S

hB
2v

ct
M

B
2g

q
~p21fv

c
›
p
mg

L
, (48)

which can be thought of as the DBL sources of ME that

exceed those necessary to maintain existing convection.

While the sum of the first two terms constitute the depar-

tures of BLQE (Fig. 1), the addition of the third term ex-

tends the notion of quasi equilibrium to the LFT. Thus, S1
hB

can be thought of a departure from so-called ‘‘lower tro-

posphere quasi equilibrium’’ (LQE) (Kuang 2008; Khouider

and Majda 2008; Raymond and Herman 2011; Raymond

et al. 2015).

Prior to analyzing the evolution of Eq. (46), it is worth in-

terpreting the processes that can lead to the evolution of BL in

tropical motion systems and how this evolution can lead to

convective coupling. A schematic describing some of these

processes is shown in Fig. 6. Convection is modulated differ-

ently depending on the layer in which the process occurs even

though their impact onBL is qualitatively similar. For example,

horizontal moisture advection in the LFT (Fig. 6a) reduces the

saturation deficit in Eq. (4). Such a reduction implies that as-

cending plumes dilute less as they ascend through the tropo-

sphere. In the case of horizontal moisture advection in the

DBL (Fig. 6b), moistening causes ascending updrafts to be

more humid and hence have a larger ue. As a result, a plume is

able to liberatemore latent heat from condensation, implying a

larger undilute BL. Changes in surface heat fluxes have the

same impact (Fig. 6c). Cloud-radiative heating, which impacts

both the DBL and the LFT may increase undilute BL and re-

duce the saturation deficit (Fig. 6d).

In synoptic-scale tropical motion systems, departures from

WTG balance can arise from large-scale adiabatic lifting.

When such processes occur Eq. (46) may be preferable to ME

or MSE budgets. As discussed in section 4c and shown in

Table 3, adiabatic motions contribute little to the evolution of ME

but are of leading-order importance for the evolution of BL be-

cause gq›pLq1 gTSp � ›pm (note that ›pm5 ›pLq2 Sp). One

example of adiabatic motions is steady isentropic lifting (Fig. 6e).

In this casewehave a cancellation betweenhorizontal temperature

advection and adiabatic DSE advection 2cp{v � =T}L 5 2vaLSp,

so that the BL tendency is purely due to vertical moisture

advection from isentropic lifting. As a result, isentropic lifting

destabilizes the atmosphere through moistening of the tropo-

sphere from adiabatic lifting. Scaling of the horizontal tem-

perature advection term indicates that a temperature gradient

on the order of 1K (1000km)21 is sufficient for isentropic lifting

to be of leading-order importance. Climatological gradients of

this magnitude are observed over the South Asian and African

monsoons (Kiladis et al. 2006; Adames and Ming 2018; Russell

et al. 2020).

Another example of adiabatic motions arises from gravity

waves (Fig. 6f). In this case, adiabatic lifting cools the LFT,

increasing undilute BL. It also moistens the lower tropo-

sphere as moist DBL air is advected upward [term C in

Eq. (46)]. By comparing the magnitude of the two contri-

butions (Table 1 and Fig. B1), it can be shown that the

cooling contribution is ;3.5 times larger, so that it contrib-

utes to ;78% of the increase in BL. While the vertical ad-

vection of DSE and Lq are of comparable magnitude, BL is

more sensitive to changes in TL than qL (gT . gq), so that

adiabatic cooling has a larger impact on BL than adiabatic

moistening. Adiabatic cooling not only increases undilute

BL, but also reduces the saturation deficit by reducing the

saturation specific humidity of the LFT.

b. The plume buoyancy equation in DYNAMO soundings

Moisture and MSE budgets constructed from tropical field

campaign data have yielded valuable insights related to the

coupling between convection and the large-scale environment

(Sobel et al. 2014; Inoue and Back 2015; Hannah et al. 2016).

However, BL is more closely related to the occurrence of deep

convection, and a BL budget is therefore expected to offer

insights not available from traditional moisture or MSE bud-

gets. Observations or other datasets that provide quantities

such as collocated surface fluxes, diabatic heating rates,Q1, and

Q2, as well as state variables, can be leveraged to evaluate BL

budgets via Eq. (46), and one example is shown below as a

preliminary analysis of the BL budget using DYNAMO

sounding data.

Figure 7 shows a time series ofBL, TRMM 3B42 rainfall and

the different terms in Eq. (46) obtained from a lag regression

onto a BL time series calculated from DYNAMO sounding

data (section 2c). A clear peak in BL is shown at lag 0, and

TRMM 3B42 precipitation increases at this point. The maxi-

mum rainfall lags the BL maximum by 6 h. The time lag be-

tween BL and precipitation can likely be largely attributed to

the widespread occurrence of stratiform precipitation that

occurs concurrently with convection while BL is reduced.

Indeed, Zuluaga and Houze (2013) showed that about 1/3 of

the precipitation echo seen by radar at the time of peak pre-

cipitation during DYNAMO (at 2-day time scales) was broad

stratiform. TRMM 3B42 may overestimate rainfall in such

scenarios where optically thick stratiform cloud contains light

precipitation (Xu and Rutledge 2014). The terms that lead to

the evolution of BL [Eq. (46)] are shown in the middle and

bottom panels of Fig. 7. The maximum in BL is preceded

by a positive ›tBL, which attains a maximum amplitude

at lag 23 h. The 3–12 h time scale for increase in BL is
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consistent with the time scale of convective buildup on

short time scales during DYNAMO (third column of

Table 3 in Powell and Houze 2013).

When considering the processes that lead to the evolu-

tion of BL (middle and bottom panels of Fig. 7), we find that

largest contributor was term C. This result is consistent

with Fig. 5, which shows that the time series of va and vQ

are often in quadrature. It indicates that convection was

often preceded by adiabatic moistening and cooling of

the LFT. The large amplitude of term C and the fast time

scale in which destabilization occurred is suggestive of

inertio-gravity waves (Mapes 2000; Raymond and Fuchs 2007)

similarly to features depicted in Fig. 6f and documented by

Zuluaga and Houze (2013) and Yu et al. (2018) in DYNAMO

radar data.

The second largest source of BL is term E. We can elucidate

the processes that lead to convective moistening at this time by

approximating both updrafts and downdrafts as entraining

plumes, as some cumulus parameterizations do (Del Genio

et al. 2012; Park 2014). By expressing the net vertical MSE

advection by convection in terms of the detrainment rates of

convective updrafts and downdrafts we obtain the following:

FIG. 6. Schematic describing processes that increase BL in synoptic-scale tropical motion systems. The way each

process modulates the individual terms that contribute to BL [Eq. (4)] are shown at the top of each panel.

(a)–(d),(f) The blue background shading denotes the mean distribution of moisture. (e) The red shading

denotes the distribution of temperature. Note that (a), (b), and (e) are latitude–height cross sections that represent

meridional moisture and temperature gradients found in the tropics. The other panels are longitude–height cross

sections.
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2v
c

›m

›p
’ v

d
d
d
(m

d
2m)2v

u
d
u
(m

u
2m) , (49)

where d is the detrainment rate, and the subscripts u and d in-

dicate updrafts and downdrafts, respectively. Details on how

Eq. (49) is obtained are shown in appendix C. Given that d. 0,

vu , 0, vd . 0, and given that md , m and mu . m, it follows

that convectionmoistens the LFT if themoistening from updraft

detrainment exceeds the drying from downdraft detrainment.

Thus, the positive termE at lag hour23 is due to detrainment of

updrafts in the LFT, possibly from shallow or cumulus congestus

convection. Equivalently, in terms of Eq. (30) and Eq. (46),Q2

is negative in the LFT at lag hour 23, which contributes to a

positive term E.

Following themaximum inBL, a negative ›tBL is seen, with a

maximum amplitude occurring at lag 13 h. At this time, both

terms C and E become negative, indicating adiabatic com-

pression and drying of the LFT by downdrafts. Both of these

LFT processes contribute to roughly half of the removal of BL

at this time. The other half of the stabilization comes from term

H, indicating that downdrafts are stabilizing the DBL, as in-

dicated by Eq. (49). The fact that the total negative BL ten-

dency is equally split by contributions from the DBL and LFT

underscores the importance of processes occurring within the

whole lower troposphere in eliminating convective instability.

Other terms in Eq. (46) are smaller in amplitude and contrib-

ute less to the evolution of BL at the time scale shown.

It is worth noting thatBL remains positive in the two-day lag

regression shown in Fig. 7, suggesting that the maximum in BL

occurs within an envelope of enhanced BL. We investigate the

processes that lead to this enhancement of BL by including a

lag regression from lag day 210 to lag day 10, shown in Fig. 8,

and smoothing all the terms by a 2-day running mean. The

evolution of BL and TRMM precipitation follow an analogous

pattern to that shown in Fig. 7, with TRMM precipitation

slightly lagging BL. The BL tendency follows a similar evolu-

tion to that seen in Fig. 7, but stretched over the 10-day period.

The tendency is a maximum 1–2 days prior to the maximum in

BL. A minimum in the BL tendency is observed at lag11 days.

The time scale in which BL builds up and is eliminated is

consistent with the time scale of the MJO events observed

during DYNAMO.

When considering the processes that lead to the evolution of

BL, we see that the dominant terms are terms A and C. Both

these terms closely follow the BL tendency. Term C is the

largest BL source term prior to the BL maximum, followed by

termA. In contrast, termA is the largest sink ofBL afterBL is a

maximum. Overall, it can be argued that both terms contribute

nearly equally to the evolution of BL at these time scales.

Besides terms A and C, it can be seen that term G plays an

important role in the maintenance of the BL on time scales

longer than a day. It is well documented that radiative heating

plays an important role in the MJO, but it is interesting that is

the DBL radiative heating contribution that dominates at lag

day 0. This result is consistent with Fig. 8 of Wolding et al.

(2016). A small, but positive contribution from term D is seen

at lag days 12–7, likely in association with elevated stratiform

convection, in agreement with previous studies (Wang et al.

2016; Ciesielski et al. 2017).

Last, we find that terms H and I are significant, but these

DBL contributions along with term G largely cancel one an-

other (bottom panel of Fig. 8) such that the evolution of ›tBL

matches the LFT termsA and C fairly closely (middle panel of

Fig. 8). That terms H and I nearly cancel one another is qual-

itatively consistent with the notion that the DBL adjusts to

BLQE on a time scale shorter than a day (Raymond 1995;

Hansen et al. 2019).

Term E does not contribute significantly to the buildup of

BL, but is a significant contributor to the removal of BL

from lag day 21 to lag day 17. When terms E, H, and I are

FIG. 7. Lag regression based on a BL time series obtained from

sounding data from DYNAMO northern array. (top) The BL

(blue–green) and TRMM 3b42 rainfall rate (mmday21) for NSA.

(middle) the LFT terms in Eq. (46). (bottom) The DBL terms. In

the middle and bottom panels ›tBL is shown as a dark orange

dashed line, in units of m s22 day21. Anomalies are scaled to a

0.025m s22 perturbation in BL at lag hour 0. Note that the axis for

›tBL (right y axis) has been compressed to facilitate comparison

between the terms in Eq. (46).

FIG. 8. As in Fig. 7, but ranging from lag day 210 to lag day 10.

All the lines shown are smoothed with a 2-day running mean. Note

that the limits of the abscissa in the middle and bottom panels are

smaller than those in Fig. 7.
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considered together as S1
hB we see that the BL source sur-

plus is generally negative, indicating that at time scales

longer than a day, vertical MSE advection by convection

removes more BL than what is supplied by BL sources of

ME (Fig. 9).

6. Conclusions

In this study, we build upon a growing literature that indicates

that tropical deep convection is sensitive to fluctuations in con-

vective instability (CAPE/CIN) and that moisture plays an im-

portant role in its occurrence and organization (Fuchs and

Raymond 2002; Frierson et al. 2004; Kuo et al. 2017; among

others). The framework is based on the precipitation–buoyancy

relationship developed by AN18 and expanded upon by AAN.

In this framework, precipitation is proportional to the buoyancy

of a plume that rises above theDBL (carrying its ue) and entrains

environmental air through a deep inflow profile as it ascends in

the LFT.

The precipitation–buoyancy relation is used to consoli-

date the ‘‘relaxed’’ WTG approximation (Sobel et al. 2001;

Raymond and Zeng 2005), which allows for temperature

fluctuations and prognostic moisture into a single ‘‘plume

buoyancy equation’’ [Eq. (46)]. This equation shows that

fluctuations in moisture and temperature contribute roughly

equally to the evolution of the LFT averaged plume buoy-

ancy BL [Eq. (47)].

We examined the processes that lead to the evolution of

BL using sounding data from DYNAMO sounding arrays

(Ciesielski et al. 2014). On the basis of linear regression

analysis, we find that, at the time scale of a day, the buildup

of BL is associated with cooling and moistening of the LFT

from departures from WTG, likely in association with adi-

abatic lifting from gravity waves. The peak in the BL ten-

dency occurs 3 h prior to the BL maximum. TRMM 3B42

rainfall peaks up to 6 h after the maximum in BL. While this

temporal shift could be due to discrepancies in the datasets, a

delay in the peak and subsequent decay of precipitation sug-

gests that short time scales other than those accounted for by

BL may play a role in rainfall, such as the time for deep con-

vective plume growth, production of stratiform rain, or dy-

namical effects. After the peak in BL, warming and drying by

departures fromWTG, likely from adiabatic compression, and

drying of the LFT and DBL by convection eliminate BL.

When considering variations in BL at the intraseasonal time

scale, we find that horizontal moisture advection and cooling

and moistening from adiabatic lifting in the LFT are the

dominant terms contributing to ›tBL. The former process has

been well documented for the MJO events that occurred dur-

ing DYNAMO (Sobel et al. 2014; Yokoi and Sobel 2015). The

latter is somewhat surprising, and suggests that departures

from WTG may play an important role in the MJO. However,

it is unclear whether adiabatic lifting is important only for the

MJO events that were documented during DYNAMO since

these events exhibited a time scale closer to 30 days, a shorter

time scale than what is considered typical for the MJO

(40–50 days). A scale analysis study by Adames et al. (2019)

indicates that the amplitude of adiabatic motions (i.e., the

temperature tendency) scale with the square of the wave’s

phase speed [see their Eq. (14)]. Thus, adiabatic motions

should be much weaker in slower-propagating MJO events.

However, studies by Powell (2016, 2017) and Haertel et al.

(2015) have suggested that circumnavigatingKelvin waves, and

the cooling of the troposphere associated with them, play an

important role in the initiation of at least some MJO events.

Considering that the DYNAMO array was located in the re-

gion of MJO initiation, then this result may not be surprising,

as it may reflect the signature of such a wave before it becomes

more coupled to diabatic heating. Nonetheless, this is a result

that warrants further study.

There are a few caveats to this study. The centered differ-

ence scheme applied to the estimation of the static stability Sp
can result in numerical errors in the calculation of vQ, which in

turn results in uncertainty in the large-scale adiabatic vertical

motion term va. Studies that use so-called spectral WTG

method of calculating diabatically induced vertical motions

indicate that traditional means tend to underestimate vQ

(Herman and Raymond 2014; Wang et al. 2016). Thus, vQ

may be underestimated and va overestimated in this study.

Comparing the difference between the terms calculated via

Eq. (46) using the methods shown herein versus using

spectral WTG may be useful.

It is important to note that our equations do not have an

explicit representation of different cloud types, opting for a

simplified representation of convection based on a single deep

plume. Even though we do not make this distinction, the

equations for BL bear some similarity to the congestus and

stratiform heating equations described byKhouider andMajda

(2006, 2008) [their Eqs. (2.7) and (2.8)]. Additionally, our

Eq. (6) resembles their equation for precipitation [their Eqs.

(2.6) and (2.9)]. The framework presented here does not only

validate the foundations of the multicloud models used by

Khouider and Majda (2006, 2008) and Khouider and Majda

(2016) (among others) but also can be used to tune their model

and understand the processes in which these models represent

convectively coupled waves.

In addition, we do not include upper-tropospheric processes

in this framework for simplicity. Schiro et al. (2018) showed

that including the upper troposphere’s contribution to the

precipitation–buoyancy relation yields similar results to just

analyzing the lower troposphere. This result is valid when en-

trainment in this layer is small, so the effects of upper-

tropospheric humidity are small. The similarity of these results

occurs because temperature tends to be strongly correlated be-

tween the upper and lower free troposphere. Integrating the

plume buoyancy through the entire troposphere changes its

FIG. 9. As in the top panel of Fig. 8, except the black line shows

S1
hB, the sum of terms E, H, and I in Eq. (46).
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magnitude by including virtual temperature difference be-

tween plume environment in the upper layer, but most of

the variability is not independent of that included in the

lower-tropospheric variables. The adjustment processes

discussed here in terms of lower-free-tropospheric vari-

ables should thus extend to the full troposphere. It is pos-

sible that at the next level of refinement, independent

fluctuations of temperature, humidity, vertical motions and

freezing processes including aerosol effects (Rosenfeld

et al. 2008) in the upper troposphere can play a significant

role in precipitation, as has been suggested for the observed

relationship between the MJO and the QBO (Son et al.

2017; Martin et al. 2019). Developing empirical and theo-

retical formulations to include these could be a fruitful di-

rection for future work.

Finally, although the BL equation from which we derive its

tendency can be utilized to predict the destabilization of the

troposphere that leads to convective onset, the framework

presented only considers the thermodynamic structure of the

atmosphere on precipitation. However, dynamic factors, such

as low-level convergence or vertical wind shear, also impact

vertical velocities found in convective updrafts, and thus

probably contribute to the variance in rain rates that is ob-

served at high BL. Thus, while our framework is useful for

describing how various processes that alter the thermodynamic

structure of the atmosphere impact rainfall, a more complete

expression for tropical precipitation evolution would include

both the BL tendency and other terms related to large-scale

dynamic processes.

While the ‘‘plume buoyancy equation’’ may seem com-

plex, especially when compared to budgets such as column-

integrated MSE, it nonetheless provides a lucid picture of

convective destabilization. Furthermore, it shows that de-

partures from quasi equilibrium or WTG can play a key role

in the destabilization of the troposphere, which is not as

clear when analyzing MSE budgets (see Table 3). Related

theoretical work in AAN elaborates on the time scales of

adjustment of B toward QE or WTG. Thus, using the plume

buoyancy equation is complementary to using standard

moisture or MSE budgets when considering convectively

coupled tropical motion systems, providing insight into the

fluctuations that yield strong convective events, while the

MSE budget can be helpful for understanding the envelope

of these (AAN; Neelin and Yu 1994; Adames et al. 2019;

Ahmed et al. 2021). The framework presented here may also

be used for intercomparison of model representation of

tropical deep convection.
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APPENDIX A

Derivation of the Plume Buoyancy

The plume buoyancy shown in Eq. (1a) can be obtained

directly from the traditional definition of buoyancy based on

potential temperature:

B ’ g
T
u
2T

T
, (A1)

where Tu is the temperature of the rising plume and T is the en-

vironmental temperature. Note that a more accurate definition of

buoyancy includes the virtual effect of moisture and contributions

from liquid water and hydrometeors (Houze 2014; Seeley and

Romps 2016). It will be useful to write B in the following form:

B ’ g
dT

T
, (A2)

where dT 5 Tu 2 T. We can express B in terms of the satu-

ration equivalent potential temperature by using its approxi-

mate definition:

u
e
*5 u exp

 
Lq*

c
p
T

!
. (A3)

Noting that ue*5 ue*[p, T , q*(T)], we can write dT as

du
e
*5 dT

�
du

e
*

dT
1

du
e
*

dq*

dq*

dT

�
. (A4)

We can use the Clausius–Clapeyron equation, which can be

approximated in terms of q* as

dq*

dT
’ Lq*

R
y
T2

(A5)

to further simplify Eq. (A6) into the following form:

du
e
*5 dT

du
e
*

dT

�
11

Lq*

R
y
T2

�
, (A6)

where the parenthetical terms are condensed into k following

Eq. (1b). Differentiation of Eq. (A6) yields the following ap-

proximate relation:

du
e
*’

�
p
s

p

�Rd/cp

exp

 
Lq*

c
p
T

!
kdT . (A7)

We can use (A3) and Eq. (A7) to express Eq. (A1) in terms of

ue*, which yields the following expression:

B ’ g
u
eu
*2 u

e
*

ku
e
*

, (A8)

which is the buoyancy expression defined in Eq. (6) in Raymond

(1994). For the final stepwe recall that the entraining plumemodel

is used to approximate the behavior of rising cumuliform clouds.

Assuming the air within clouds is saturated, it follows that

ueu
* 5 ueu. By using this definition we obtain the relationship shown

in Eq. (1a). It is worth noting thatMoorthi and Suarez (1992) use a

similar approximation to express DSE in terms of MSE in their

relaxed Arakawa–Schubert scheme.

FEBRUARY 2021 ADAMES ET AL . 523

Brought to you by NOAA Central Library | Unauthenticated | Downloaded 08/13/24 01:25 PM UTC



APPENDIX B

Soundings

The top row in Fig. B1 shows the vertical profiles of variability

in T, q, and h. It shows that variability in temperatures in the tropics

are on the order of 1K, while variability in q is on the order of

1gkg21. The vertical gradients of DSE, Lq and MSE are shown in

the bottom row. Themean gradients are very similar across the three

sounding sites analyzed. The DSE and Lq vertical gradients are on

the order of 0.5Jkg21Pa21 over the LFT, while the layer-averaged

MSEgradient is on theorderof 0.1Jkg21Pa21.WecanestimateMB

from Fig. B1f to be on the order of 0.3Jkg21. These estimates are

used in the scaling of the equations shown in Table 3 and Eq. (47).

APPENDIX C

Interpretation of the Vertical Transport of MSE by
Convection

Evaluation of Eq. (46) reveals that convective motions play

an important role in its evolution. As discussed previously,

MSE advection by vc contains a contribution from large-scale

motions and subgrid-scale motions. Understanding the net

MSE advection by convection requires understanding the net

impact that the subgrid-scale eddies have on this process.

Following Raymond (1997), we assume that convective mo-

tions can be broken into updraft and downdraft vertical ve-

locities, vu and vd, respectively,

v
c
’ v

u
1v

d
, (C1a)

v
u
52S21

p Lc , (C1b)

v
d
5S21

p Le , (C1c)

where the updraft vertical velocity is the velocity that balances

latent heating by condensation, while the downdraft vertical

velocity balances evaporation. In defining vu and vd we are

neglecting the contribution of subgrid-scale eddies to vc. This

approximation is appropriate since scaling ofQc indicates that

›pv0s0 � L(c2 e). Since s0 is the departure of temperature

within convection from that of the environment, this approxi-

mation is consistent with the application of WTG balance.

In addition to the decomposition of vc, we will decompose

the vertical eddy flux of MSE into contributions from updrafts

and downdrafts, respectively,

v0m0 ’ (v0m0)
u
1 (v0m0)

d
. (C2)

FIG. B1. (top) Standard deviation of daily-mean (a) internal energy cpT, (b) latent energyLq,

and (c) moist enthalpy (h) from sounding data from Majuro (7.18N, 171.48E; blue), Manaus

(3.28S, 59.98W; gray) and Gan (0.68S, 73.18E; red). (bottom) As in the top row, but showing the

climatological-mean vertical profiles of (d) DSE (s), (e) Lq, and (f) MSE. The mean vertical

gradient of the profiles, in units of J kg21 Pa21, in (d)–(f) is shown as a dot–dashed line.
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Following Yanai et al. (1973), we can write the vertical eddy

flux as the departure of vertical motion in convection from its

environment value (ve) the departure of MSE from its en-

vironmental value. Furthermore, because vertical motions in

convection are usually much larger than those of the sur-

rounding environment (vc � ve) and the environment MSE

is approximately that of the domain (m), we obtain the

following:

(v0m0)
u
’ v

u
(m

u
2m) , (C3a)

(v0m0)
d
’ v

d
(m

d
2m) . (C3b)

We can elucidate the processes that lead to LFT moistening

and drying by convectively driven vertical MSE advection by

following a decomposition similar to Eq. (C2) and inserting

Eq. (C3) into Eq. (30), yielding

2v
c

›m

›p
52v

u

›m

›p
2v

d

›m

›p
, (C4a)
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›p
52v
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u

›p
2 (m

u
2m)
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›p
, (C4b)

2v
d

›m

›p
52v

d

›m
d

›p
2 (m

d
2m)

›v
d

›p
, (C4c)

where we note that the vertical advection of environmentMSE

by updrafts and downdrafts is cancelled. We can gain further

insight onto the right-hand-side terms in Eq. (C4) by fol-

lowing Siebesma et al. (2007) and defining the updraft mass

flux in terms of entrainment « and detrainment d rates,

respectively,

1

v
u

›v
u

›p
5 d

u
2 «

u
. (C5)

The downdraft mass flux can be defined in an analogous way.

Following Betts (1975), we can replace the second term on the

right-hand side of Eq. (C4) with Eq. (C5). By assuming that

updrafts and downdrafts are approximately entraining plumes,

we can use Eq. (13) in Betts (1975) to obtain Eq. (49). While

the framework of AN18 suggests that updrafts can be ap-

proximated as entraining plumes, they do not analyze down-

drafts. However, it is worth noting that observations indicate

that downdrafts entrain environmental air as well (Schiro and

Neelin 2018), and approximating them as entraining plumes

may be reasonable.
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