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ABSTRACT

The strength of the effective anthropogenic climate forcing from aerosol–cloud interactions is related to the

susceptibility of precipitation to aerosol effects. Precipitation susceptibility d lnP/d lnN has been proposed

as ametric to quantify the effect of aerosol-induced changes in cloud droplet numberN on warm precipitation

rate P. Based on the microphysical rate equations of the Seifert and Beheng two-moment bulk microphysics

scheme, susceptibilities of warm-, mixed-, and ice-phase precipitation and cirrus sedimentation to cloud

droplet and ice crystal number are estimated. The estimation accounts for microphysical adjustments to the

initial perturbation inN. For warm rain, d lnP/d lnN,22aut/(aut1 acc) is found, which depends on the rates

of autoconversion (aut) and accretion (acc). Cirrus sedimentation susceptibility corresponds to the exponent

of crystal sedimentation velocity with a value of 20.2. For mixed-phase clouds, several microphysical con-

tributions that explain low precipitation susceptibilities are identified: (i) Because of the larger hydrometeor

sizes involved, mixed-phase collection processes are less sensitive to changes in hydrometeor size than auto-

conversion. (ii) Only a subset of precipitation formation processes is sensitive to droplet or crystal number.

(iii) Effects on collection processes and diffusional growth compensate. (iv) Adjustments in cloud liquid and ice

amount compensate the effect of changes in ice crystal and cloud droplet number. (v)Aerosol perturbations that

simultaneously affect ice crystal and droplet number have opposing effects.

1. Introduction

Atmospheric aerosols influence the radiation balance

directly by scattering and absorption and indirectly by

modulating cloud albedo. The influence of anthropo-

genic aerosol on clouds constitutes the largest un-

certainty in quantifying the anthropogenic forcing of the

climate system (Myhre et al. 2013). Aerosols drastically

lower the supersaturations required for cloud droplet

and ice crystal formation. Changes in aerosol amount

and composition affect droplet and crystal number

(Boucher et al. 2013). For warm clouds, an increase in

the number of droplet-forming aerosols will redistrib-

ute the available condensate to more but smaller drop-

lets. The total reflecting surface and cloud albedo are

thus increased (Twomey 1974). In cirrus clouds, an in-

crease of ice-nucleating aerosol may shift crystal for-

mation from homogeneous freezing of solution droplets

to heterogeneous nucleation of crystals at an aerosol

surface. While homogeneous nucleation describes the

freezing of solution droplets when reaching high su-

persaturations with respect to ice at temperatures colder

than 235K, heterogeneous nucleation sets in at lower

supersaturations and warmer temperatures and leads to

the formation of fewer crystals. Ice-cloud albedo can

thus experience an opposite Twomey effect (Kärcher
and Lohmann 2003).

Perturbations to droplet and crystal number trigger

responses in the cloud and its environment, which may

affect overall cloud albedo by changing cloud amount

and lifetime. These feedback-type responses comprise

dynamical, thermodynamical, radiative or microphys-

ical effects that act locally and/or on the cloud scale

and will be referred to as adjustments in the following

(Stevens and Feingold 2009). Local and especially
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microphysical effects occur in any cloudy volume of

air, while cloud-scale effects are usually associated

with some degree of convection. Adjustments to

aerosol-induced changes in droplet and crystal number

are tightly linked to precipitation (Stevens and

Feingold 2009; Sherwood et al. 2015): Changes in cloud

amount and lifetime correspond to changes in pre-

cipitation efficiency (i.e., the ratio of integrated pre-

cipitation to integrated condensation rate). For fixed

condensation rate, the importance of adjustments in

determining the cloud-mediated aerosol forcing is thus

related to the strength of an aerosol-induced signal in

precipitation.

Focusing on cloud microphysical adjustments,

Albrecht (1989) argued that smaller droplet sizes reduce

precipitation formation by collision–coalescence of

cloud droplets and increase the lifetime of warm clouds

(classical lifetime effect). In contrast to droplets, crystals

can be large enough to leave the cloud by sedimentation.

Increasing crystal sizes and sedimentation velocities

tend to decrease cloud lifetime. In cirrus clouds, an

aerosol-induced transition from homogeneous to het-

erogeneous ice formation drastically increases crystal

size, which may lead to the dissipation of the cloud

(Mitchell and Finnegan 2009; Storelvmo and Herger

2014). In mixed-phase clouds, which occur at tempera-

tures between 273 and 235K and feature regions con-

sisting of droplets and crystals in parallel, crystal size is

increased by a glaciation adjustment: As the saturation

vapor pressure with respect to ice is lower than that with

respect to water, crystals grow at the expense of evap-

orating droplets when cloud dynamics creates super-

saturations in between water and ice saturation. This is

known as Wegener–Bergeron–Findeisen (WBF) pro-

cess (Wegener 1911; Bergeron 1935; Findeisen 1938;

Korolev 2007). Aerosol-induced increases in cloud ice

lead to a rapid transfer of available cloud liquid onto

crystals, that is, the glaciation of a cloud (glaciation in-

direct effect) (Lohmann 2002; Storelvmo et al. 2008;

Lohmann and Hoose 2009). Complete glaciation

transforms a mixed-phase into an ice cloud.

Nevertheless, evidence of aerosol-induced changes in

precipitation has proven ambiguous and nonrobust

(Boucher et al. 2013). Stevens and Feingold (2009) have

proposed the notion of clouds as buffered, or resilient,

systems, in which a plurality of processes responds in a

compensating fashion to perturbations. According to

the buffering hypothesis, compensating adjustments

prevent the aerosol signal from propagating to pre-

cipitation. While processes important for buffering in

warm clouds include dynamical adjustments, a range of

cloud microphysical processes is available for compen-

sating adjustments in mixed-phase clouds. In addition to

theWBF process, mixed-phase precipitation grows from

the liquid-phase pathway via collision–coalescence and

from collection processes between liquid- and ice-phase

hydrometeors (riming) and pairs of ice-phase hydro-

meteors (aggregation). In agreement with the buffering

hypothesis, modeling studies have found compensations

of aerosol effects on mixed-phase cloud microphysics

(Lohmann 2002; Storelvmo et al. 2008; Lohmann and

Hoose 2009; Muhlbauer et al. 2010; Bangert et al. 2011;

Seifert et al. 2012; Saleeby and Cotton 2013).

Precipitation susceptibility s has been proposed

as a numerically and observationally feasible metric

to quantify the coupling strength between aerosol-

induced changes in droplet number concentrationNcl

and changes in precipitation rate P (Feingold and

Siebert 2009):

sd
d lnP

d lnN
cl

5
› lnP

› lnN
cl

����
Mcl

1
› lnP

› lnM
cl

����
Ncl

d lnM
cl

d lnN
cl

, (1)

whereMcl denotes cloud liquidwater content. Susceptibility

may be interpreted as the ratio of relative changes,

dlnP/dlnNcl 5 (dP/P) /(dNcl /Ncl) ’ (DP/P) /(DNcl /Ncl)

such that a 1% increase in droplet number corresponds

to an s% change in precipitation. The decomposition on

the right-hand side of Eq. (1) follows when interpreting

s as the total derivative of a two-dimensional precipi-

tation functionP[Ncl, Mcl(Ncl)], where the two variables

are not independent such that Mcl can, in turn, be ex-

pressed as a function of Ncl (cf. Fig. 1). The total de-

rivative corresponds to a power-law approximation

(Jiang et al. 2010): P 5 cMa
clN

b
cl 0 lnP 5 lnc 1

a lnMcl1 b lnNcl 0 d lnP/d lnNcl 5 b1 ad lnMcl/d lnNcl,

where the partial derivatives are given by the expo-

nents. The partial derivative, or partial susceptibility, at

constant Mcl can be interpreted as immediate response

in the spirit of the classical lifetime effect. The second

term describes the influence of a perturbation in cloud

liquid content that occurs along with the change in Ncl.

If there exists a causal chain of processes resulting

in the (log space) correlation of dlnMcl and dlnNcl,

dlnMcl is an adjustment to dlnNcl. Correlated changes

in Mcl and Ncl caused by meteorology or meteorology–

aerosol covariability (Boucher et al. 2013) illustrate the

difficulty in separating aerosol effects from meteoro-

logical variability.

The numerical value of s depends on macrophysical

properties characterizing the state and regime of the

cloud (Feingold and Siebert 2009), specifically on

liquid water path (Sorooshian et al. 2009), cloud

height (Terai et al. 2012), the importance of auto-

conversion compared to accretion (Wood et al. 2009;

Feingold et al. 2013), and on the absolute value of Ncl
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(Feingold et al. 2013). The power-law approximation

implied by Eq. (1) thus holds locally, and a possible

complexity reduction associated with susceptibilities

lies in identifying a limited number of regimes and

controlling variables. Figure 1 illustrates the re-

lationship between precipitation susceptibility, Mcl

and Ncl, and the role of regime dependence.

Following Albrecht (1989), warm precipitation sus-

ceptibilities are expected to be negative because pre-

cipitation decreases for increasing droplet number.

This is reflected in a conventional minus sign that has

been omitted in our definition in Eq. (1). Warm sus-

ceptibility values range from 20.1 to 23.5 (Feingold

and Siebert 2009; Lu et al. 2009; Sorooshian et al. 2009;

Jiang et al. 2010; Terai et al. 2012; Feingold et al. 2013;

Gettelman et al. 2013; Lebo and Feingold 2014; Hill

et al. 2015; Terai et al. 2015; Stjern and Kristjánsson
2015), depending on factors mentioned above, exact

definitions of variables (Duong et al. 2011), and data

resolution (McComiskey and Feingold 2012).

Although more than 90% of precipitation over con-

tinents includes ice-phase processes (Mülmenstädt et al.
2015), the susceptibility concept has hardly been applied

to cold clouds. In regional modeling studies comprising

midlatitude mixed-phase clouds, Bangert et al. (2011)

and Seifert et al. (2012) find susceptibilities to droplet

number of positive and negative signs with about equal

probability. Susceptibilities of precipitation frommixed-

phase and ice clouds and sedimentation from cirrus

clouds to changes in ice crystal number have, to the

authors’ knowledge, not been investigated.

Modeling studies that determine values for total de-

rivatives in Eq. (1) quantify effective couplings reflecting

the full complexity of adjustment processes in the applied

atmospheric model. The partial derivatives in Eq. (1), on

the contrary, follow directly from the parameterized

equations when evaluated without prior averaging of

variables. The equations of cloud microphysics thus al-

ready provide constraints for precipitation susceptibility

on the level of the parameterization before complex ef-

fects from coupling to an atmosphericmodel emerge. This

article is concerned with these cloud microphysical con-

straints on precipitation susceptibility and does not ad-

dress dynamical, thermodynamical, or radiative effects.

Many global models feature diagnostic rain and

autoconversion parameterizations that follow regime-

independent power laws in droplet number and cloud

liquid content (Khairoutdinov and Kogan 2000). For

these models, partial precipitation susceptibilities are

simply given by the autoconversion exponents (Boucher

et al. 2013). For schemes with prognostic rain, partial

susceptibilities have not been explicitly addressed. In

the following, we will derive partial precipitation sus-

ceptibilities of warm and mixed- and ice-phase cloud

microphysics for the two-moment bulk scheme with pro-

gnostic precipitation developed by Seifert and Beheng

(2006, hereafter SB) and discuss implications for total

precipitation susceptibility s. A modal scheme has the

FIG. 1. Illustration of the precipitation susceptibility concept. Warm precipitation rate P is a two-dimensional function of cloud liquid

contentMcl and droplet numberNcl (checkered surface). For fixedMcl,P is assumed to decrease everywhere with increasingNcl as illustrated

in the top-right perspective; for fixedNcl, it is assumed to increase with increasingMcl as shown in the bottom-right perspective. For a typical

dataset illustrated by black points that scatter about the surface both variables are not independent. The sketch illustrates the special case

lnMcl} lnNcl such that the projection of the data points onto the lnNcl–lnMcl plane is a straight line (gray dashed line). Anymore complicated

relationship between Ncl and Mcl could be locally approximated by such a power-law relationship. Precipitation susceptibility as the total

derivative is given by slopes of the projection of the graph of lnP(lnNcl, lnMcl) onto the lnNcl–lnP plane as depicted by the projection of the

corresponding data points (gray points). As illustrated in red and blue, slope and susceptibility value are different for different bins

(Mi
cl, M

i11
cl ), which specify the macroscopic regimes of the precipitating cloud.
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advantage of allowing an analytical treatment as com-

pared to a more realistic bin scheme. We choose the

modal SB scheme because its microphysical conversion

rates are derived from the stochastic collection equation

and because it is validated against the operational ver-

sion of the numerical weather prediction model of the

Consortium for Small-Scale Modeling (COSMO)

(Baldauf et al. 2011).

The remainder of the article is structured as follows:

In section 2 we summarize the SB microphysics scheme

as far as it is relevant for analytically deriving partial

precipitation susceptibilities and their sensitivity to ad-

justments in section 3. In section 4, results from section 3

are applied to estimate total precipitation susceptibili-

ties of warm-, mixed-, and ice-phase clouds. We con-

clude with section 5. An earlier version of this work is a

part of the doctoral thesis of Franziska Glassmeier

(Glassmeier 2016).

2. Seifert and Beheng two-moment cloud
microphysics

The SB microphysics scheme considers mass and

number concentration, M and N, respectively, as

two moments that characterize hydrometeor-size

distributions:

G(x)5Axnx exp(2lxmx) (2)

(parameters mx and yx are given in Table 1). Seifert and

Beheng distinguish five hydrometeor types denoted by

indices x 5 cl and x 5 ci for cloud liquid and cloud ice

and x 5 pr, x 5 ps, and x 5 pg for precipitation-sized

hydrometeors in the forms of rain, snow, and graupel.

Appendix B provides a list of symbols. As prefactors

that do not depend on hydrometeor moments drop out

in the logarithmic derivative of precipitation suscepti-

bility, we neglect them in the following summary of SB

parameterizations.

a. Liquid phase: Autoconversion and accretion

Adopting the nomenclature of SB, liquid-phase pre-

cipitation formation proceeds via autoconversion, the

collision–coalescence of two hydrometeors in the cloud

droplet category resulting in a raindrop, and accre-

tion, denoting the collection of cloud droplets by

raindrops. Diffusional growth of liquid-phase hydro-

meteors is not efficient to reach precipitable sizes and

not relevant in this context.

Following the presentation in Stevens and Seifert

(2008), the mass transfer from autoconversion is given by

aut(M
cl
,M

pr
,N

cl
)52

›M
cl

›t
5

›M
pr

›t

}M4
clN

22
cl Fcc

[«(M
cl
,M

pr
)] (3)

and for accretion by

acc(M
cl
,M

pr
)52

›M
cl

›t
5

›M
pr

›t
}M

cl
M

pr
F

cr
[«(M

cl
,M

pr
)],

(4)

where F denotes similarity terms that scale with the

conversion fraction of cloud liquid into rain:

F
cc
(«)5 11 e

1
«e2

(12 «e2 )3

(12 «)2
, (5)

F
cr
(«)5

�
«

e
3
1 «

�4

, (6)

where

«(M
cl
,M

pr
)5

M
pr

M
cl
1M

pr

, (7)

with parameter values e1 5 600, e2 5 0.68, and e3 5 5 3
1024. The dependence of autoconversion onMpr is related

to the consideration of spectral broadening (Seifert and

Beheng 2001).

b. Mixed and ice phases: Riming, aggregation, and
diffusion

Seifert and Beheng describe hydrometeor growth

by collection processes involving the ice phase in a

uniform way. The mass transfer from a smaller (in-

dex s) to a collecting larger hydrometeor (index l)

follows

TABLE 1. Parameter values for Eqs. (2), (8), and (9). Values marked with an asterisk follow the current implementation of the scheme in

the COSMO model (Noppel et al. 2010) and differ from SB.

x ax (mkg2bx) bx ax (m s21 kg2bx) bx sx nx mx

cl 0.124 1/3 3.75 3 1025 2./3. 0 0* 1/3*

pr 0.124 1/3 114.* 0.234* 0 0* 1/3

ci 0.835* 0.390* 27.7* 0.216* 0.0625* 0* 1/3

ps 2.4* 0.455* 8.8* 0.150* 0.0625* 0* 1/5*

pg 0.142* 0.314* 86.9* 0.268* 0 1. 1/3
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coll(M
s
,M

l
,N

s
,N

l
)52

›M
s

›t
5
›M

l

›t

}EN
l
M

s
(d

l,0
D2
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l,s,1

D
s
D
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1d

s,1
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3(q
l,0
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(8)

with collection efficiency E, hydrometeor diameters D,

and fall velocities y following

D
x
5 a

x
(M

x
N21

x )bx , y
x
5a

x
(M

x
N21

x )bx (9)

(constants are given in Table 1). The factors d and

q are integration constants depending on the

hydrometeor-size distributions (values are given in

Table 2).

Collection processes require certain minimum diam-

eters Dmin,x for collection efficiencies E . 0 (Table 3).

Graupel–graupel and graupel–ice collision are always

assumed unsuccessful. For droplet-riming processes, the

collection efficiency E depends on the diameter of the

riming droplet:

E
ic-rim

(D
cl
)5min

 
1,

D
cl
2D

cl,min

D
cl,max

2D
cl,min

!
(10)

(constants are given in Table 3).

For aggregation processes (i.e., collection processes

between two ice-phase hydrometeors), the collection

efficiency is determined by the sticking efficiency and

results in a temperature-dependent prefactor that drops

out on differentiation.

Growth or evaporation of hydrometeors by diffusion

of water vapor onto or from the hydrometeor pop-

ulation is determined by

x-diff(M
x
,N

x
)56

›M
x

›t
}N

x
D

x
F(y

x
,D

x
)

5N
x
D

x
(d

1
1d

2

ffiffiffiffiffiffiffiffiffiffiffi
y
x
D

x

q
) , (11)

where F is a ventilation coefficient. (The values of the

constants are summarized in Table 4.) The current

implementation of the SB scheme in COSMO handles

condensation and evaporation of droplets independent of

droplet size by means of a saturation adjustment. Only

diffusional growth of ice-phase hydrometeors and evap-

oration of drops below cloud base are described using

Eq. (11). The WBF process accordingly only depends on

the size of the ice-phase hydrometeors, not on droplet

size. To capture the full sensitivity of the WBF process,

we will apply Eq. (11) to describe evaporation of droplets

in the following.

3. Analytical discussion of partial precipitation
susceptibilities

For vanishing divergence of precipitation hydrome-

teor fluxes, the contribution of a cloudy volume of air to

the column precipitation rate P equals the production of

precipitation PP in the volume: ›P/›z5 PP. Interchanging

integration and derivative results in

› lnP

› lnN
x

5
1

P

›P

› lnN
x

5
1

P

›

�ð
PP dz

�
› lnN

x

5
1

P

ð
›PP

› lnN
x

dz5
1

P

ð
› lnPP

› lnN
x

PP dz (12)

such that precipitation susceptibility is the column average

of precipitation production susceptibility, weighted with

precipitation production. Precipitation susceptibility can

thus be approximated by the susceptibility of precipitation

production in those regions of a cloud that contribute

most to overall precipitation.

In the microphysics scheme, PP corresponds to the

transfer of condensate from the crystal (ci) and droplet (cl)

hydrometeor class to the larger hydrometeor classes (pr,

TABLE 2. Integration factors in Eq. (8) based on SB for

parameter values in Table 1.

s/l cl ci pr ps pg

ds,1 2.7 3.4 — — —

us,1 34. 2.7 — — —

dl,0 — 0.8 0.8 0.9 0.9

ul,0 — 1.5 1.5 1.7 1.3

dcl,l,1 — 2.3 2.3 2.9 2.7

ucl,l,1 — 11. 11. 12. 10.

dci,l,1 — 2.5 2.6 2.1 2.9

uci,l,1 — 3.9 3.7 4.1 3.5

TABLE 3. Critical (equivalent) diameter (mm) for collection processes. Water droplets smaller thanDmin,pr do not belong to the rain but

to the cloud droplet category. Values marked with an asterisk follow the current implementation of the scheme in the COSMOmodel and

differ from SB.

cl 1 ci cl 1 ps cl 1 pg ci 1 ci ci 1 pr

Dmin,cl 5 10* Dmin,cl 5 10* Dmin,cl 5 10* Dmin,ci 5 50 Dmin,ci 5 100

Dmax,cl 5 40 Dmax,cl 5 40 Dmax,cl 5 40

Dmin,ci 5 150 Dmin,ps 5 150 Dmin,pg 5 100* Dmin,pr 5 80
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ps, and pg), which are large enough to exhibit signif-

icant fall velocities. Precipitation is produced by

autoconversion (aut), accretion (acc), riming (rim),

aggregation (agg), and positive net vapor deposition

(diff) on rain and ice-phase hydrometeors and re-

duced by negative net vapor deposition (i.e., sub-

limation/evaporation):

PP5 aut1 acc1 rim1 agg6diff . (13)

For mixed-phase clouds at or below water saturation,

diff stands for the WBF process.

The susceptibility of precipitation production to

changes in prognostic moments X of the hydrometeor

distributions is the weighted sum of the susceptibilities

of the individual processes:

› lnPP

› lnX
5

1

PP

›PP

› lnX
5 �

r2R

r

PP

› lnr

› lnX

R5 faut, acc, rim, agg, diffg. (14)

In the following, we will derive the partial derivatives

of Eqs. (3), (4), (8), and (11) as functions of all prog-

nostic moments, that is,

› lnr(M
cl
,M

ci
,M

pr
,M

ps
,M

pg
,N

cl
,N

ci
,N

pr
,N

ps
,N

pg
)

› lnX

r 2 R

X 2 fM
cl
,M

ci
,M

pr
,M

ps
,M

pg
,N

cl
,N

ci
,N

pr
,N

ps
,N

pg
g.
(15)

a. Warm-phase precipitation production

As pure power law [Eq. (3)], the susceptibility of au-

toconversion to droplet number Ncl is a constant:

› ln[aut(M
cl
,M

pr
,N

cl
)]

› lnN
cl

522. (16)

The contribution of the scaling functionsF in Eqs. (3)

and (4) makes the remaining warm susceptibilities one-

dimensional functions of the rain fraction «:

› ln[aut(M
cl
,M

pr
,N

cl
)]

› lnM
cl

5 42 (12 «)
› lnF

cc

› ln«
, (17)

› ln[aut(M
cl
,M

pr
,N

cl
)]

› lnM
pr

5 (12 «)
› lnF

cc

› ln«
, (18)

› ln[acc(M
cl
,M

pr
)]

› lnM
cl

5 12 (12 «)
› lnF

cr

› ln«
, (19)

› ln[acc(M
cl
,M

pr
)]

› lnM
pr

5 11 (12 «)
› lnF

cr

› ln«
, (20)

with

› lnF
cc

› ln«
5

e
1
«e2

(12 «)

� («e2 2 1)2[e
2
(«2 1)(4«e2 2 1)2 2«(«e2 2 1)]

12 2«1 «2 2 3e
1
«2e2 1 3e

1
«3e2 2 e

1
«4e2 1 e

1
«e2

(21)

and

› lnF
cr

› ln«
5

4e
3

«1 e
3

. (22)

The susceptibility functions are illustrated in Fig. 2.While the

susceptibilities of accretion are effectively determined by

the linear factors, autoconversion susceptibility differs

by about 61 from the exponents of the power-law fac-

tors. This especially leads to a significant susceptibility of

autoconversion to rain water content and keeps the sus-

ceptibility › ln(aut)/› lnMcl strong in comparison to other

schemes (Wood 2005).

b. Precipitation production by riming and aggregation

Riming and aggregation rates are four-dimensional

functions of the masses and numbers of the two inter-

acting hydrometeors. Susceptibilities of these collection

processes (coll) are two-dimensional functions, when

the average masses

x
x
5

M
x

N
x

(23)

are chosen as variables. This becomes apparent when

eliminating the direct mass dependency (or alternatively

the direct number dependency) of Eq. (8) with the av-

erage mass

coll}EM
s
M

l

f (x
s
, x

l
)

x
l

, (24)

where E5E(xcl) for riming with cloud droplets [Eq.

(10)] and E 5 1 otherwise. The geometric part of the

collection kernel follows:

TABLE 4. Coefficients in Eq. (11) based on SB for values from

Table 1 and updated ventilation parameters ay 5 0:78 and

by 5 0:308 (Noppel et al. 2010).

Hydrometeor d1 d2

cl 0.598 62.0

ci 0.589 57.0

ps 0.494 52.4

pg 0.676 61.8

pr 0.598 55.3
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where fD refers to the diameter-dependent part of the

collection kernel and fy to the velocity term.

As constant prefactors drop out in logarithmic dif-

ferentiation, applying the chain rule results in the fol-

lowing susceptibilities:
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Summands on the right-hand sides of Eqs. (27) and

(28) that amount to 1 represent the effect of an in-

creasing amount of collected mass with increasing

small-hydrometeor mass and the effect of an in-

creasing number of collisions with increasing number

of large hydrometeors. These effects are modified

by the derivatives of the collection kernel E 3 f.

The susceptibility to changes in small-hydrometeor

number corresponds to the negative of the suscepti-

bility of the collection kernel to small-hydrometeor

size because f only depends on hydrometeor sizes.

Likewise, the susceptibility to changes in large hy-

drometeor mass is given by the susceptibility of the

collection kernel to large hydrometeor size. As a

consequence, susceptibilities with respect to mass

and number of the same hydrometeor category add

up to one.

As an example, we give the expression for the sus-

ceptibility of the collection kernel for ice–droplet riming

to droplet number:
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cl
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. (30)

Susceptibilities with respect to other moments are very

similar to this expression. They can be derived when

taking into account that Eq. (25) depends on xs and xl
in a structurally symmetric way in the sense that both

variables can be exchanged when exchanging prefactors

and exponents accordingly. The last term with the dis-

tinction of cases is only present for cloud-riming

processes.

As susceptibilities with respect to mass and number

of the same hydrometeor category add up to one, we

restrict visualization of susceptibilities in Figs. 3 and 4

FIG. 2.Mass susceptibilities of autoconversion and accretion rate as

a function of rain fraction.
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FIG. 3. Susceptibilities of (top) ice-droplet riming, (middle) snow-droplet riming, and (bottom) graupel-droplet

riming to changes in (left) collected (Nx5Ns) and (right) collecting (Nx5Nl) hydrometeor numbers as a function of

average hydrometeor masses and diameters, respectively. Axes ranges reflect minimal and maximal values defining

the hydrometeor class and the onset of riming according to Table 3.
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FIG. 4. Susceptibilities of (top) ice-rain riming, (middle) snow–ice aggregation, and (bottom) graupel–ice aggre-

gation to changes in (left) collected (Nx5Ns) and (right) collecting (Nx5Nl) hydrometeor numbers as a function of

average hydrometeor masses and diameters, respectively. Axes ranges reflect minimal and maximal values defining

the hydrometeor class and the onset of riming according to Table 3.
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to number susceptibilities. Susceptibilities of riming

processes to droplet number (Fig. 3, left column) are

dominated by the susceptibility of the collection ef-

ficiency term with values from 20.5 to 22.5. For

droplet sizes aclx
bcl
cl .Dmax,cl, or xcl . 33 10211 kg, re-

spectively, the collection efficiency takes a constant

value of unity such that its contribution to the sus-

ceptibility abruptly vanishes. Apart from this con-

tribution, number susceptibilities of riming processes

with droplets tend to be smaller than 0.2 in magni-

tude. Susceptibilities of collection processes with

precipitation-sized hydrometeors to crystal number

(Fig. 4, left column) exhibit values from around

0 to 1.

Excluding the collection efficiency contribution, sus-

ceptibilities to changes in crystal number are negative,

while those to droplet number tend to be positive. This

difference is a consequence of droplet aerodynamic

properties in combination with the basic structure of the

geometric part of the collection kernel:

f ’ (y
l
2 y

s
)3 (D

l
1D

s
)2

;

8<
:2x

bs
s 1 x2/3s for x

l
5 const

x2/311/5
l for x

s
5 const

, (31)

where the exponent of the diameter–mass relationship

can be approximated by bx ’ 1/3 for all hydrometeor

classes and the exponent of the fall velocity–mass re-

lationship by bl 5 1/5 for collecting ice-phase hydro-

meteors (cf. Table 1 for exact values). The collection

kernel on the one hand tends to increase with in-

creasing diameters of the colliding particles and thus an

increased cross section for the collision. This causes

positive susceptibilities with respect to size and nega-

tive susceptibility with respect to number. On the other

hand, the collection kernel decreases with decreasing

relative fall speed of the collision partners, an effect

that corresponds to negative susceptibility to the size

and positive susceptibility to the number of the col-

lected hydrometeor. For collecting hydrometeors,

cross section and fall speed are increased by increasing

size, which leads to strictly positive susceptibilities with

respect to size and strictly negative susceptibilities with

respect to numbers.

For the dependence of ice-droplet riming on droplet

size, we have bs 5 2/3 in Eq. (31) such that both terms

are comparable and the negative term can determine

the sign. The minus sign is not a general prefactor and

does not cancel in the logarithmic derivative. For ice as

collected particle, we have bs 5 1/5 (Table 1) such that

the positive diameter term is always expected to

dominate. An increase in droplet number thus in-

creases riming efficiency at fixed Mcl because droplet

fall speed is very sensitive to droplet size such that the

increasing effect of decreasing droplet size on the

difference in fall speed dominates over the decreasing

effect on cross section. An increase in crystal number

decreases the efficiencies of ice–rain riming and ag-

gregation of ice by snow and graupel because crystal

fall speed is comparably insensitive to crystal size such

that the effect on cross section dominates over the

effect on fall speed difference. Dominance of the ve-

locity versus diameter term in the collection kernel

also explains the differently shaped contours in Fig. 3

as compared to Fig. 4: The diameter term results in

diagonal contours, while the velocity term features an

elliptical structure.

Susceptibilities to changes in the number of collect-

ing hydrometeors (Figs. 3, 4, right columns) are a

combination of the positive contribution from an in-

crease in the number of collisions [unity term in Eq.

(28)] and an inhibiting effect of number on hydrome-

teor size (at constant mass) via the collection kernel, as

discussed in the context of Eq. (31). The latter effect is

especially pronounced for ice-droplet and snow-

droplet riming (and to a slightly lesser extent graupel-

droplet riming), where it leads to compensation and

susceptibilities close to zero. As the sum of mass and

number susceptibilities equals 1, these low suscepti-

bilities with respect to number correspond to strong

susceptibilities around 1 to the average mass of ice and

snow particles. This is consistent with the fractal shape

of these hydrometeors leading to a pronounced in-

crease of size and collisional cross section per mass

increase.

Mass susceptibilities are positive, as number sus-

ceptibilities typically do not take values ,21 and

mass and number susceptibilities sum up to 1. This is

to be expected from Eqs. (27) and (29), as suscepti-

bilities of the geometric part of the collection kernel to

hydrometeor size can only be negative for cloud

droplets, as discussed in the context of Eq. (31). Be-

cause of compensating effects on fall speed and cross-

sectional term, no strongly negative values are possible,

however.

c. Precipitation production by self-collection of ice
crystals

Ice–ice self-collection self(Mci,Nci)5coll(Mci,Mci,Nci,Nci)

depends quadratically on crystal mass because the latter

affects both collision partners at the same time. This

quadratic dependence results in susceptibilities struc-

turally different from aggregation processes between

hydrometeors of different size:
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where mass and number susceptibilities add up to 2.

The derivative with respect to average mass reads as

follows:

› lnf (x
ci
)
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ci

5 2b
ci
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"
12

2s
ci

f
y
(x

ci
, x

ci
)

#
. (34)

Number susceptibilities are smaller than 0.2 and corre-

spond to mass susceptibilities larger than one (Fig. 5).

The number susceptibility decreases with increasing

crystal size. This corresponds to an increase of the sus-

ceptibility of the collection kernel caused by a decreased

compensating effect of the relative fall velocity term.

This term becomes irrelevant as crystal fall speeds grow

large compared to the velocity variance term sci, which

is the only source for differences in relative fall speed for

self-collection.

d. Contribution of vapor diffusion to precipitation
production

Similar to the collection processes, susceptibilities of

vapor deposition, evaporation, and sublimation only de-

pend on averagemasses. Equation (11) can be rewritten as

x2 diff}N
x
D

x
(x

x
)F(x

x
) (35)

such that the logarithmic derivative follows

› ln[x2 diff(M
x
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x
)]

› lnN
x

5 12 b
x
2

› lnF(x
x
)
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x

and (36)
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x
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› lnM
x
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x
1

› lnF(x
x
)
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x

, (37)

with mass and number susceptibilities adding up to one.

The derivative of the ventilation coefficient reads

› lnF(x
x
)

› lnx
x

5
b
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x

2

"
12

d
1

F(x
x
)

#
(38)

and causes a decrease in number susceptibility as

the diameter-dependent term of the ventilation co-

efficient gains importance (Fig. 6). Reflecting the de-

pendence of diffusional efficiency on hydrometeor

surface, susceptibilities remain positive. Their in-

termediate values range from 0.35 to 0.6 for droplets,

crystals, graupel, and rain and from 0.2 to 0.5 for

snowflakes.

In mixed-phase clouds at or below water-saturated

conditions, combining the susceptibility of evapora-

tion of droplets and diffusional growth of ice-phase

hydrometeors gives the susceptibility of the WBF

process. For simulations with a saturation adjustment,

the WBF process is not susceptible to droplet number

or mass.

e. Comparison of process susceptibilities

To simplify the following discussion, Table 5 sum-

marizes each partial susceptibility function, or susceptibility

FIG. 5. Susceptibility of ice self-collection as a function of average

ice crystal mass or diameter.

FIG. 6. Susceptibility of hydrometeor–vapor exchange with re-

spect to numbers as a function of average hydrometeor mass.

Susceptibilities are only plotted in the defining size range of each

hydrometeor class in SB.
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plot, respectively, by a single typical value. This means

that we restrict the discussion to a certain range of

cloud states corresponding to susceptibility values

represented by the typical value. As discussed in the

context of Eq. (1), values may be interpreted as typical

percentage change in the respective rate that results

from a 1% change in M or N, respectively. We use

susceptibility values obtained from evaluating the

susceptibility functions in the center of the plots, that

is, at log10x5 0:5[log10(xmin)1 log10(xmax)] and « 5 0.5,

where [xmin, xmax] denotes the definition range. Some

kind of average would, in principle, be preferable but

requires distributions of typical hydrometeor sizes,

which especially for the ice phase are not readily

available. Taking central values instead provides a

reasonable approximation: Hydrometeor sizes close

to the boundaries of the domain of definition are less

likely to be encountered in a generic cloud than values

in the center of the domain. Additionally, this ap-

proach avoids extreme susceptibility values that occur

when hydrometeor sizes approach their boundary

values xmin and xmax.

The first column of Table 5 shows that auto-

conversion, riming, and aggregation are less efficient

in producing precipitation for more but smaller

droplets or crystals. The efficiencies of diffusional

growth and, to a lesser extent, self-collection are

instead increased. Increasing hydrometeor size at

constant numbers increases precipitation formation for all

processes except autoconversion (columns 2 and 4 ofTable

5). At low values of «, for which autoconversion dominates

over accretion, autoconversion follows the general

trend of intensified precipitation formation from

larger hydrometeors (Fig. 2). Increasing the number

of large hydrometeors likewise increases efficiency

(column 3) for diffusional growth and collection of

ice by rain, snow, and graupel. Droplet riming and ice

self-collection rates are effectively not influenced by

the number of collecting hydrometeors. The differ-

ence in susceptibility to the number of collecting

hydrometeors between cloud riming and aggregation

and ice–rain riming is a result of the combination of

parameters in Eq. (8) and cannot be associated with a

specific process or hydrometeor property. According

to the susceptibilities of diffusion, the WBF process

increases for increasing numbers and sizes of drop-

lets and ice-phase hydrometeors.

Autoconversion is the most sensitive process. This

high sensitivity is a consequence of the autoconversion

collision kernel, which SB based on Long and Manton

(1974), as compared to the ice- and mixed-phase

collision kernel Eq. (31): The latter scales with the

square of hydrometeor radii, whereas the Long kernel

scales to the 6th power for the smallest droplets. While a

10% increase in droplet number reduces autoconversion

by 20%, riming decreases by 5%, and aggregation would

decrease only by 2%–3% as a result of a 10% increase in

crystal number. An increase in droplet mass of about

10% leads to a 40% increase in autoconversion rate, but

only to a 15% increase in riming. Aggregation is in-

creased by almost 15% for a 10% increase in cloud

ice mass.

Susceptibilities for riming and aggregation are overall

comparable, whereas ice–graupel and ice–snow aggre-

gation tend to be slightly less susceptible. While riming

susceptibility to droplet number is dominated by the

collection efficiency, the susceptibility of ice collection

by rain, snow, and graupel emerges from the geometric

part of the collection kernel.

While vapor diffusion is equally susceptible to mass

and number at intermediate positive values, pair-

interaction rates are less susceptible to the number

of a hydrometeor type than to its mass. The latter indi-

cates that adjustments of hydrometeor masses to changes

in numbers may significantly influence precipitation

susceptibilities.

f. Robustness and importance of adjustments

In the previous sections, partial susceptibilities have

been discussed. According to Eq. (1), total precipita-

tion susceptibility requires taking into account the

effects of adjustments d lnMcl/d lnNcl and their cold-

phase analogs. Determining adjustments requires the

full complexity of cloud processes, including dynamics,

thermodynamics, and radiation and is hardly accessible

analytically. We investigate instead which adjustment

TABLE 5. Typical susceptibility values of precipitation formation

processes. Dashes indicate nonsusceptibility.

Rate
› ln (Rate)

› lnNs

› ln (Rate)

› lnMs

› ln (Rate)

› lnNl

› ln (Rate)

› lnMl

aut 22.0 4.3 — 20.3

acc — 1.0 — 1.0

ic-rim 20.5 1.5 — 1.0

sc-rim 20.5 1.5 — 1.0

gc-rim 20.5 1.5 0.1 0.9

self 0.1 1.9 — —

ir-rim 20.5 1.5 0.5 0.5

is-agg 20.3 1.3 0.4 0.6

ig-agg 20.2 1.2 0.2 0.8

cl-diff 0.4 0.6 — —

ci-diff 0.6 0.4 — —

ps-diff — — 0.4 0.6

pg-diff — — 0.4 0.6

pr-diff — — 0.5 0.5

WBF 0.4 0.6 0.5 0.5
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value corresponds to complete compensation of the

partial precipitation susceptibility and leads to a van-

ishing total susceptibility s. Assuming › lnP/› lnNcl 5 22

and › lnP/› lnMcl 5 4, a compensating adjustment of

(d lnMcl/d lnNcl)comp5 0.5 leads to s5 0 for the example

of Eq. (1).

We apply the sketched concept of compensating ad-

justments to the partial susceptibilities of precipitation

production rate r to X. Compensation by adjustments

in a hydrometeor moment Y are then given by the

following:

05
! d lnr

d lnX
5

› lnr

› lnX
1

› lnr

› lnY

d lnY

d lnX

����
comp

0
d lnY

d lnX

����
comp

52
› lnr

› lnX

�
› lnr

› lnY
. (39)

The value of a compensating adjustment thus com-

pares the susceptibilities of the process to the corre-

lated variablesX andY. For j(d lnY/d lnX)compj$ 2 we

consider the partial susceptibility › lnr/› lnX, or the

signal that changes in X cause in r, as robust to ad-

justments in Y, because the percentage change in Y

needs to have twice the strength of the percentage

change inX. For j(d lnY/d lnX)compj# 0.5 we consider a

partial susceptibility as sensitive because compensating

adjustments only require half of the strength of the original

perturbation.

Table 6 evaluates Eq. (39) for the robustness of

crystal and droplet number susceptibilities to adjust-

ments in droplet and crystal mass (left column) and to

adjustments in mass and number of precipitation-

sized hydrometeors (middle and right columns).

Along the lines of Stevens and Feingold (2009), we

will denote the latter as feedbacks because the ad-

justing variable (precipitation-sized hydrometeors)

corresponds to the adjusted variable (precipitation

production). In most cases, susceptibilities are not

robust. Droplet and crystal number susceptibilities

tend to be less robust against compensations from

their own masses than against feedbacks from

precipitation-sized hydrometeors: For the example of

ice–snow aggregation (is-agg), a 10% change in crystal

number is compensated for in its effect on pre-

cipitation production by a 3% change in ice water

content, while an 8% change in snow crystal number

or a 6% change in snow water content would be re-

quired. The susceptibilities of autoconversion and

graupel-droplet riming are exceptionally robust to

feedbacks in rainwater amount and graupel number,

respectively. Both are related to small susceptibilities

in the denominator.

1) ADJUSTMENTS IN CLOUD LIQUID AND ICE

CONTENT

For purely microphysical adjustments, the sign of

d lnMs/d lnNs is constrained by cloud microphysical

rates: Negative susceptibilities of collection processes to

Ns in Table 5 correspond to positive correlations be-

tween d lnMs and d lnNs because an increase in Ns sup-

presses the corresponding process and thus causes an

accumulation of Ms. The positive susceptibilities of

diffusional growth in Table 5 introduce a negative

correlation for index s 5 cl because the WBF process

depletes cloud water and a positive correlation for s5
ci because diffusional growth is a source of cloud ice.

For s 5 cl, susceptibilities of collection processes are

larger than that of diffusional growth, while the suscep-

tibility of diffusional growth dominates for s 5 ci. Based

on this observation, we assume positive correlations for

both cases.

For d lnMs/d lnNs . 0, we conclude based on Table 6

that compensating adjustments will likely occur for au-

toconversion, riming, and aggregation because these

processes feature positive compensating adjustments.

With negative compensating adjustments, ice self-

collection, diffusional growth, and the WBF process

are instead enhanced by adjustments. For the cold

phase, mass and number susceptibilities of the same

hydrometeor class add up to one [two for self-

collection (cf. sections 3b–3d)] because the collection

kernel only is a function of hydrometeor sizes. Cold sus-

ceptibilities are thus either weak and positive for mass and

number—vapor diffusion and the WBF process being

an example—or they have opposite signs allowing for

compensating adjustments, as discussed for collection

processes.

TABLE 6. Compensating adjustments to changes in small-

hydrometeor number according to Eq. (39) based on the sus-

ceptibility values in Table 5. Dashes indicate cases for which

no compensating adjustments can be defined because of

nonsusceptibility.

Rate
d lnMs

d lnNs

d lnNl

d lnNs

d lnMl

d lnNs

aut 0.5 — 25.7

ic-rim 0.3 — 0.5

sc-rim 0.3 — 0.4

gc-rim 0.3 4.7 0.6

self 20.1 — —

ir-rim 0.4 1.0 1.2

is-agg 0.3 0.8 0.6

ig-agg 0.2 0.9 0.3

ci-diff 21.3 — —

WBF 20.7 20.9 20.9
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2) PRECIPITATION FEEDBACK

Adjustments in the number of precipitation-sized

hydrometeors do not modify the effect of droplet num-

ber on autoconversion and droplet riming (Table 6,

middle column). Assuming that the droplet number is

not strongly correlated to the number of ice-phase hy-

drometeors, d lnNci/ps/pg/d lnNcl ’ 0 and thus excluding

adjustments to the WBF process, susceptibilities with

respect to droplet number are not modified by adjust-

ments in the number of precipitation hydrometeors.

Susceptibilities with respect to crystal number are am-

biguously modified by precipitation number adjust-

ments: Assuming that crystal number is positively

correlated with the number of snow and graupel parti-

cles, precipitation number adjustments compensate the

reducing effect of increasing crystal number on aggre-

gation and enhance its effect on diffusion and the WBF

process.

Feedbacks from precipitation amount, d lnMl/d lnNs

with l 5 pr, ps, pg and s 5 cl, ci, correspond to total pre-

cipitation susceptibility. Negative (positive) precipitation

susceptibility corresponds in sign to an enhancing adjust-

ment, that is, a positive, noncompensating feedback, to

collection processes (diffusion and the WBF process),

which contribute to negative (positive) precipitation sus-

ceptibility (Table 6, right column). The precipitation

feedback is thus positive and results in more negative

(positive) susceptibilities.

This result is based on positive net-diffusional growth

and thus is restricted to cloud-base precipitation. For

surface precipitation, inverse effects from sublimation

of snow and graupel and evaporation of raindrops and

melting snow and graupel below cloud base have to be

considered. In the following, we try to estimate whether

the positive or negative effect of diffusional growth

dominates: During their travel from the cloud, where

vapor deposition takes place, to below cloud base, where

sublimation and evaporation starts, precipitation parti-

cles grow in size and reduce in number by pair in-

teractions. We assume that growth by collection of

smaller hydrometeors dominates over occasional mu-

tual collection. Precipitation particles will thus be bigger

and slightly reduced in number below the cloud as

compared to inside the cloud. In addition, the ventila-

tion effect of turbulence is more effective in the sub-

saturated environment below cloud base. The negative

effect of vapor diffusion is thus expected to dominate.

Vapor diffusion, in conclusion, poses a positive feedback

for cloud-base precipitation and a negative feedback for

surface precipitation. The negative effect will be espe-

cially important for the slow sedimentation of snow,

which increases exposition to sublimation.

3) PERTURBATIONS OF GLACIATION STATE AND

RAIN FRACTION

As microphysical rates are generally more affected by

mass than by number changes, we investigate the in-

terplay of mass adjustments by studying Eq. (39) for

situations where both hydrometeor moments X and Y

are masses. These may, in particular, lead to changes in

rain fraction « and for mixed-phase clouds in glaciation

fraction

g5
I

L1 I
, (40)

where I5Mci 1Mps 1Mpg and L5Mcl 1Mpr. We only

discuss the effect of rain and glaciation fraction on mi-

crophysical rates, independent of changes in the relative

importance of precipitation formation processes. The

latter is strongly related to rain and glaciation fraction

and could be taken into account by not only discussing

derivatives of rates in Eq. (14) but also derivatives of the

weighting factors r/PP.

An aerosol-induced shift in rain fraction « corresponds

to anticorrelated changes of X5Mcl and Y5Mpr in

Eq. (39). An aerosol-induced change in glaciation frac-

tion coincides with anticorrelated changes in ice-phase

hydrometeor amount, Y 5 I, and cloud liquid amount,

X 5 L. We assume that changes in rain and glaciation

fraction result from one-to-one conversions DMcl 52DMpr

or DI5 2DL. The compensating adjustment ratio then

corresponds to certain rain and glaciation fractions at

which a perturbation to the fraction does not affect

microphysical conversion rates:

D lnM
pr

D lnM
cl

’2
M

cl

M
pr

52
12 «

«
. (41)

The same argument applies to the mixed-phase case

when one liquid- and one ice-phase hydrometeor cate-

gory dominates.

The effect of changes in Mcl on autoconversion is

very robust to adjustments in Mpr and cannot be com-

pensated by an anticorrelated adjustment: According

to Table 7, a 12% decrease in rainwater would be re-

quired to compensate a 1% decrease in cloud water.

While the sign of the compensating adjustment de-

pends on the value of «, robustness extends to all values

of « as the susceptibility of autoconversion to Mpr is

significantly smaller in magnitude than that toMcl over

the whole range of rain fractions (Fig. 2). Adjustments

in rain fraction thus hardly influence the susceptibilities

of liquid-phase precipitation production and do not, in

particular, modulate the effect of adjustments in cloud

liquid water.
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In mixed-phase clouds, anticorrelated changes in

liquid- and ice-phase cloud water have compensating

influences on riming and the WBF process (Table 7).

With the exception of ice–rain riming, complete com-

pensation is reached for intermediate glaciation frac-

tions. For low and high glaciation fractions, the minority

phase is subject to strong relative changes by a one-to-

one conversion and dominates the response: For

predominantly liquid clouds, glaciation increases the

efficiency of droplet riming and the WBF process. For

ice-dominated clouds, additional glaciation inhibits

droplet riming and theWBF process. Glaciation exhibits a

positive feedback in weakly glaciated clouds and a nega-

tive feedback in strongly glaciated clouds, and it proceeds

fastest but with a robust rate at intermediate glaciation

fractions.

4. Constraining total precipitation and
sedimentation susceptibilities

Precipitation susceptibility can be approximated by

precipitation production susceptibility in the regions

of a cloud that contribute most to overall precipitation

[cf. Eq. (12)]. Partial susceptibilities of precipitation

production follow from partial susceptibilities of in-

dividual rates according to Eq. (14). In the following,

we discuss total precipitation susceptibilities based on

these relationships and the following assumptions: (i)

Precipitation is predominantly produced in a single cloud

region of homogeneous composition; (ii) the microphysi-

cal composition in this region is, especially in terms of sign,

represented by the typical susceptibility values in Table 5;

(iii) non-microphysical adjustments are absent such that

adjustments follow the discussion in section 3f. Pre-

cipitation susceptibilities of convective cloud types, in

particular, may be dominated by dynamical, thermody-

namical, or radiative adjustments, which are beyond the

scope of this article.

For warm clouds, precipitation is produced via auto-

conversion and accretion, PPwarm 5 aut 1 acc. As ac-

cretion is not susceptible toNcl, the partial susceptibility

to droplet number only depends on Eq. (16),

d lnPP
warm

d lnN
cl

.
› lnPP

warm

› lnN
cl

522
aut

aut1 acc
, (42)

and the total susceptibility will result in larger (i.e.,

less negative) values as a result of compensating ad-

justments from liquid water content. If the adjustment

does not lead to overcompensation, warm rain is thus

expected to decrease with increasing droplet number,

which is in line with Albrecht (1989). The strength of

the susceptibility decreases with the relative impor-

tance of autoconversion, as has been discussed, for

example, by Sorooshian et al. (2009), Wood et al.

(2009), and Sant et al. (2015): If precipitation is pri-

marily produced by accretion, which is independent of

droplet number, it does not change with changing

droplet number.

For cirrus clouds, we consider sedimentation of crys-

tals as precipitation. Crystals only grow by vapor de-

position because residence times in the cloud are too

short for self-collection such that PPice 5 i-diff. Ac-

cording to Table 5, the susceptibility of precipitation

production to crystal number is expected to be

d lnPP
ice

d lnN
ci

.
› lnPP

ice

› lnN
ci

’ 0:6, (43)

where the total susceptibility is enhanced by adjust-

ments in ice amount. Susceptibility is positive, in-

dicating increased sedimentation for more but smaller

crystals. This result is counterintuitive and contrary to

the proposed results of cirrus seeding with ice-

nucleating particles (Mitchell and Finnegan 2009;

Storelvmo and Herger 2014). These studies discuss

that switching from homogeneous nucleation of many

small solution droplets to heterogeneous nucleation

of fewer crystals leads to larger particles with higher

sedimentation velocities and thus a faster dissipation

of the cloud.

The key to resolving this discrepancy is that in cirrus

clouds the effect of adjustments in supersaturation on

diffusional growth cannot be neglected: While satura-

tion ratios in mixed-phase clouds are bound to values

close to water saturation, ice supersaturation up to

170% is possible in cirrus (Krämer et al. 2009). Fol-

lowing the theoretical considerations on warm pre-

cipitation susceptibility in Feingold et al. (2013), cirrus

sedimentation susceptibility can be determined without

explicitly dealing with adjustments in supersaturation:

TABLE 7. Compensating rain and glaciation fraction adjustments

according to Eq. (39) based on (first and second columns) the

susceptibility values in Table 5 and (last column) corresponding

glaciation fraction. Dashes indicate nonapplicability of the re-

spective adjustment or fraction.

Rate
d lnMpr

d lnMcl

d lnMci/ps/pg

d lnMcl/pr
g

aut 12 — —

ic-rim — 21.6 0.4

sc-rim — 21.4 0.4

gc-rim — 21.7 0.4

ir-rim — 20.3 0.8

WBF — 21.1 0.5
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With the sedimentation velocity yci [Eq. (9)] cirrus

sedimentation rate is given by

P
ice

5M
ci
y
ci
}M

ci

�
M

ci

N
ci

�bci

5M
11bci

ci N
2bci

ci (44)

such that the partial susceptibilities with respect to

crystal number and ice mass are given by 20.2 and 1.2

(cf. Table 1). The corresponding argument for warm,

mixed-phase, and ice clouds is impeded because it re-

sults in comparing mass and sedimentation velocities of

precipitation-size hydrometeors to mass and number of

droplets and crystals.

The exact development of supersaturation and thus

diffusional growth in cirrus depends on the prevalent

ice-nucleation mechanism (Kuebbeler et al. 2014) but

tends to eventually reach ice saturation (Krämer et al.

2009). Total diffusional growth is accordingly limited by

available supersaturation and can be assumed in-

dependent of crystal size. The total sedimenting ice

amount Mci is thus independent of microphysics, and

precipitation susceptibility is given by the susceptibility

of sedimentation velocity:

d lnP
ice

d lnN
ci

5
d lny

ci

d lnN
ci

52b
ci
’20:2. (45)

It is negative, in accordance with theories about cirrus

seeding (Mitchell and Finnegan 2009; Storelvmo and

Herger 2014). Absolute susceptibility is low: To

obtain a 20% increase in sedimentation rate, a 100%

decrease in crystal number is required. Whether

such a strong decrease in crystal number is realized

depends on the fraction of homogeneous freezing

that is replaced by heterogeneous freezing. For in-

complete replacement, the remaining homogeneous

freezing can easily continue to dominate crystal

number and lead to small relative changes (Penner

et al. 2015).

For mixed-phase clouds, all processes in Eq. (14) are

relevant. We only consider changes in vapor diffusion

and the WBF process affecting the precipitation-sized

hydrometeors snow and graupel (denoted by pWBF) as

changes in precipitation formation. Changes in vapor

diffusion to crystals are considered as part of adjust-

ments in ice amount. As the WBF process and thus ice

amount is enhanced by more and/or larger crystals as

well as by more and/or larger droplets (Table 5), ad-

justments in ice amount modify susceptibilities with re-

spect to droplet and crystal number. A crystal number

perturbation additionally triggers positive ice adjust-

ments via ice accumulation from reduced aggregation

efficiency and diffusional growth in non-WBF conditions

(Table 5). Ice adjustments to crystal number perturba-

tions,d lnMci/d lnNci, are thus expected to be stronger than

those to droplet number perturbations, d lnMci/d lnNcl.

We refer to these ice adjustments as glaciation adjust-

ments. These are expected to be especially strong at low

glaciation fractions, where the WBF process is self-

enhancing [cf. section 3f(3)].

With Table 5, the susceptibility of mixed-phase pre-

cipitation production to droplet number is approximately

d lnPP

d lnN
cl

.
› lnPP

› lnN
cl

’22:0
aut

PP
2 0:5

rim

PP
1 0:4

pWBF

PP
,

(46)

where we have combined all droplet–riming processes in

rim, using their average susceptibility. The effect of

liquid adjustments parallels that in warm clouds by

shifting all three terms on the right-hand side to less

negative or more positive values, respectively. The pri-

mary effect of a glaciation adjustment is to additionally

increase the riming and WBF terms. If the glaciation

adjustment includes an adjustment in glaciation state, it

may reduce the liquid adjustment to the autoconversion

term. The overall effect of microphysical adjustments is

to increase total as compared to partial susceptibility.

Susceptibility will have low absolute values because the

negative effect of droplet number changes on the col-

lection processes riming and autoconversion competes

with the positive effect on vapor deposition and glacia-

tion. Additionally, contributions of nonsusceptible

processes, namely accretion and aggregation, decrease

susceptibility by increasing PP in Eq. (46). The sign of

mixed-phase precipitation susceptibility to droplet

number perturbations depends on the detailed compo-

sition of the cloud, that is, the relative importance of

precipitation formation processes and the glaciation

fraction in the region of dominant precipitation

production.

To discuss the susceptibility to crystal number, we

combine snow and graupel aggregation with ice–

rain riming as agg, again using average values from

Table 5:

d lnPP

d lnN
ci

.
› lnPP

› lnN
ci

’20:3
agg

PP
1 0:1

self

PP
. (47)

Susceptibility is increased by glaciation adjustments as

the aggregation term becomes less negative and the self-

collection term is enhanced. As glaciation adjustments

to crystal number perturbations are assumed to be

strong in comparison to the glaciation adjustments to

droplet number perturbations that are relevant for

Eq. (46), overcompensation and overall positive pre-

cipitation susceptibility is likely, especially for strong
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glaciation adjustments at low glaciation fractions. Ob-

servational evidence of positive precipitation suscepti-

bility from glaciation adjustments at zero glaciation

fraction is manifested in hole-punch clouds: Airplane-

induced seeding of supercooled stratiform clouds with

ice particles leads to the formation of larger hydrome-

teors and the local dissipation of the cloud (Heymsfield

et al. 2011). Our analysis is in agreement with the

glaciation indirect effect by explaining positive pre-

cipitation susceptibilities to crystal number perturba-

tions by glaciation adjustments. It does not exclude

negative precipitation susceptibilities, however, when

aggregation and/or ice–rain riming dominate pre-

cipitation formation at intermediate or high glaciation

fractions and weaker glaciation adjustments. In the limit

of high glaciation fractions, Eq. (47) describes the pre-

cipitation susceptibility of ice clouds.

Aerosol perturbations to mixed-phase clouds affect

the droplet activation as well as the ice-nucleation

ability of particles. The resulting effect is obtained by

weighting the individual susceptibilities of droplet and

crystal number by their relative changes:

d lnPP5
d lnPP

d lnN
cl

d lnN
cl
1

d lnPP

d lnN
ci

d lnN
ci
. (48)

If droplet-activation and ice-nucleation-active aerosol

are increased in parallel (e.g., by adding sulfate coated

dust), effects on the warm pathway via autoconversion

and riming are compensated by effects on the ice-phase

pathway via aggregation and WBF-driven glaciation

adjustment. When perturbations of the two aerosol

characteristics have opposite signs (e.g., after additional

ageing and partial removal of the coated dust from the

previous example), the effects of both pathways enhance

each other.

For an enhancing perturbation with d lnNd d lnNci 5
2d lnNcl, the precipitation signal is given by

d lnPP

d lnN
’ 2:0

aut

PP
1 0:5

rim

PP
2 0:4

pWBF

PP
2 adj

1 0:1
self

PP
2 0:3

agg

PP
1 glac, (49)

where adj and glac denote liquid and glaciation ad-

justments. The signal is optimized when accretion as

nonsusceptible process and aggregation as a process

acting against the glaciation effect are weak. This is the

case for a nonprecipitating cloud. The absence of snow

and graupel also removes the negative pWBF contri-

bution. According to Figs. 3 and 5 the susceptibility of

ice–droplet riming and self-collection increases in

magnitude for very small droplets and crystals,

respectively. Both are found for high aerosol back-

grounds of droplet-activating and ice-nucleating aerosol.

Continental aerosol conditions are generally more

polluted than maritime ones. To detect an aerosol

effect on precipitation, we thus propose to investigate

the onset of precipitation from continental mixed-

phase stratus for aerosol conditions that cross over

from dust to industrially dominated conditions.

5. Summary and conclusions

We have analytically studied the susceptibility of

precipitation production, which is directly related to the

susceptibility of the precipitation rate [Eq. (12)]. Our

discussion is based on the process rate equations in the

two-moment, five-hydrometeor-category microphysics

scheme of SB. As a bulk scheme, it has the advantage

over a bin scheme of being analytically accessible.

Conversion rates in the scheme are directly derived from

the stochastic collection equation, and it has been vali-

dated against the operational version of the numerical

weather prediction model COSMO (Baldauf et al.

2011). Based on the SB microphysics scheme, we esti-

mate precipitation susceptibilities for warm and mixed-

and ice-phase clouds taking into account microphysical

adjustments.

The analysis presented can be adapted to other bulk

microphysics schemes. The specific process susceptibil-

ities will be characteristic to each scheme and could

provide a versatile tool for evaluation and comparison,

complementing the numerical analysis of warm pre-

cipitation susceptibilities from different schemes by Hill

et al. (2015). The qualitative results discussed in the

article that are rooted in basic physical mechanisms

would be expected to emerge from most microphysics

schemes. It would be interesting to see the analysis

extended.

For the SB scheme, we qualitatively confirm previous

studies and find warm precipitation susceptibility to be

negative with compensating contributions from in-

creasing cloud liquid and insensitivity of the accretion

process [Eq. (42)]. For cirrus clouds, the sedimentation

of crystals is treated as a precipitation analog. When

taking into account adjustments in supersaturation, cir-

rus sedimentation susceptibility to crystal number re-

duces to the negative of the exponent of sedimentation

velocity [Eq. (45)]. This negative value is qualitatively

consistent with effects of cirrus seeding that are dis-

cussed in the literature (Mitchell and Finnegan 2009;

Storelvmo and Herger 2014; Penner et al. 2015). For

mixed-phase clouds, we in general expect low suscepti-

bility values [Eqs. (46) and (47)] and apply the suscep-

tibility framework to identify several microphysical
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factors discussed in the following that contribute to

these low values:

(i) Involvement of nonsusceptible processes. The rel-

evance of accretion as nonsusceptible process has

been discussed for warm clouds [e.g., by Sorooshian

et al. (2009); Wood et al. (2009); Sant et al. (2015)].

Given the larger number of processes contributing

to precipitation production in mixed-phase clouds

[Eq. (14)], the relative contribution of susceptible

processes can be reduced as compared to warm

clouds.

(ii) Low partial susceptibilities of involved processes.

We derived the partial susceptibilities of autocon-

version, accretion, riming, aggregation, ice self-

collection, and diffusional growth, including the

WBF process, to the first and second moment (i.e.,

mass and number) of all involved hydrometeors

(Table 5). We find that autoconversion is the most

susceptible process with a negative quadratic de-

pendence on droplet number and positive dependence

to the fourth power on cloud liquid amount. The

latter is comparably high for SB microphysics

(Wood 2005). The susceptibilities of mixed- and

ice-phase processes to changes in droplet and

crystal number are distinctly lower than for the

liquid phase, and scaling is not stronger than a

square root. The differences in susceptibility fol-

low from the sensitivity of the collection kernel to

hydrometeor size. Droplet–riming susceptibility is

determined by the collection efficiency. This is in

agreement with previous studies that observed

significant sensitivities of riming rate to the for-

mulation of collection efficiency (Lohmann 2004;

Saleeby and Cotton 2008). The decisive influence

of collection kernels and efficiencies on suscepti-

bilities stresses a need for better experimental

constraints of these factors.

(iii) Compensating contributions of involved pro-

cesses. Droplet-number susceptibility of mixed-

phase precipitation productions is reduced because

autoconversion and riming become less effective

with increasing droplet number while the WBF

process increases efficiency [Eq. (46)]. This effect

was modeled in orographic clouds by Saleeby and

Cotton (2013). For crystal-number susceptibility,

ice self-collection becomes more effective with

increasing crystal number, while aggregation with

snow and graupel and ice–rain riming becomes less

effective [Eq. (47)].

(iv) Compensating adjustments of cloud ice and liquid

water to droplet and crystal number perturbations.

We find that susceptibilities to masses are generally

larger than to numbers (Table 5), indicating that

precipitation susceptibilities are strongly influenced

by adjustments or, equivalently, meteorological

variability. We argue that microphysical processes

alone tend to result in positive correlations between

changes in droplet (crystal) number and cloud liquid

(ice) water content. Such adjustments will compen-

sate number effects on autoconversion, riming, and

aggregation (Table 6). For intermediate glaciation

fractions, droplet riming and WBF rates are addi-

tionally found robust to adjustments in the glaciation

state of the cloud (Table 7).

(v) Negative feedback from sublimation of snow. Evapo-

ration and sublimation of hydrometeors below cloud

base is increased for increasing precipitation and thus

poses a negative feedback reducing the absolute value

of precipitation susceptibility. The effect is more im-

portant for snowflakes than for raindrops and reduces

mixed-phase susceptibility more than warm suscepti-

bility (Borys et al. 2003; Saleeby et al. 2009, 2011).

(vi) Compensations between simultaneous aerosol

effects on ice-crystal and cloud-droplet number.

Our analysis confirms previous studies on compen-

sating effects of simultaneous increases in crystal

and droplet number. In accordance with the glaci-

ation indirect effect (Lohmann 2002; Lohmann and

Hoose 2009), we find that the opposing effects on

the warm and cold pathway of precipitation forma-

tion are not based on opposing responses of warm-

and cold-phase collection processes but require

glaciation adjustments in the cloud.

The compensating mechanisms discussed illustrate a

range of possible contributions of cloud microphysics

to dampening the aerosol signal in mixed-phase pre-

cipitation. All or some of them can occur but do not

have to dominate in individual clouds and might be

least active before the onset of precipitation in conti-

nental mixed-phase clouds. Especially in convective

mixed-phase clouds, dynamical, thermodynamical, and

radiative effects might lead to adjustments that are op-

posed to the microphysical adjustments assumed for

our analysis. Discussing these adjustments is beyond

the scope of this work. Other approaches, in particular

numerical models that capture the complex interplay

between microphysics and dynamics, are required to

address these questions. Nevertheless, the plurality of

options increases the probability of encountering

additional buffering in mixed-phase as opposed to

warm- and ice-phase clouds and thus provides evi-

dence for the buffering hypothesis as a possible ex-

planation for ambiguous and weak aerosol signals in

continental precipitation.
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APPENDIX

List of Symbols

�ci Index denoting cloud ice category in SB

�cl Index denoting cloud droplet category in SB

�l Index denoting larger hydrometeor that collects

another hydrometeor in a cold-phase collec-

tion process

�pg Index denoting graupel category in SB

�pr Index denoting rain category in SB

�ps Index denoting snow category in SB

�s Index denoting smaller hydrometeor that is

collected in a cold-phase collection process

�x Placeholder index, x 2 fcl, ci, pr, ps, pg, s, lg
ax Prefactor in diameter–mass relationship of

hydrometeor category x

acc Mass accretion rate

adj Adjustments in cloud liquid amount

agg Mass aggregation rate (includes is-agg, ig-agg,

and ir-rim)

aut Mass autoconversion rate

bx Exponent in diameter–mass relationship of

hydrometeor category x

ci-diff Vapor deposition rate on cloud ice

coll Mass collection rate of cold-phase process

(represents rim, agg, and self)

d1 Constant in ventilation coefficient

d2 Constant in ventilation coefficient

diff Net rate of vapor exchange with precipitation

(includes ci-diff for cirrus; pr-, ps-, and pg-diff

for mixed phase; and pr-diff for warm clouds)

Dmax,cl Droplet diameter above which Eic-rim 5 1

Dmin,x Onset diameter of effective collection for

hydrometeors in category x

Dx (Equivalent) diameter of hydrometeor cate-

gory x

e1 Constant in autoconversion rate

e2 Constant in autoconversion rate

e3 Constant in accretion rate

E Cold-phase collection efficiency

Eic-rim Collection efficiency of ice-droplet riming

f Geometric part of cold-phase collection kernel

fD Diameter term of cold-phase collection kernel

fy Fall speed term of cold-phase collection kernel

F Ventilation coefficient

gc-rim Graupel-droplet riming rate (mass)

glac Glaciation adjustment

ic-rim Ice–droplet riming rate (mass)

ig-agg Ice–graupel aggregation rate (mass)

ir-rim Ice–rain riming rate (mass)

is-agg Ice–snow aggregation rate (mass)

I Total cloud water content in ice phase

L Total cloud water content in liquid phase

Mx Cloud water content in hydrometeor category x

Nx Number of hydrometeors in category x

pg-diff Vapor deposition rate on graupel

pr-diff Vapor deposition rate on rain

ps-diff Vapor deposition rate on snow

P Precipitation rate (sedimentation rate for cirrus

clouds)

Pice Sedimentation rate of ice crystals from cirrus

clouds

PP Precipitation production, especially in mixed-

phase clouds

PPice Production rate of Mci in cirrus clouds

PPwarm Precipitation production of warm rain

r Mass change by microphysical process, r 2 R

rim Droplet-riming rate (includes ic-, sc-, and gc-rim)

R List ofmass rates of change frommicrophysical

processes aut, acc, rim, agg, and diff

s Total precipitation susceptibility

sc-rim Snow–droplet riming rate (mass)

self Ice–ice self-collection rate (mass)

yx Terminal fall speed of hydrometeor category x

pWBF Mass transfer rate by Wegener–Bergeron–

Findeisen process with vapor deposition on

snow and graupel (but not on ice)

xx Average mass of hydrometeor in class x

xmin Minimum average mass required for a micro-

physical process (corresponds to Dmin,x for

coll and to the minimum average mass de-

fining the hydrometeor category for x-diff)

xmax Maximum average mass defining a hydrome-

teor category

x-diff Vapor deposition on hydrometeor category x

X Prognostic moment of SB scheme (i.e., Mx

or Nx)

Y Prognostic moment of SB scheme (i.e., Mx

or Nx)

ax Prefactor in fall speed–mass relationship of

hydrometeor category x

bx Exponent in fall speed–mass relationship of

hydrometeor category x

g Fraction of total cloud water in ice phase

G Generalized gamma function

dx,k Integration factor in fD
dy,x,k Integration factor in fD
« Fraction of total cloud liquid in rain category

ux,k Integration factor in fy
uy,x,k Integration factor in fy
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mx Parameter of G
nx Parameter of G
sx Variance of fall-velocity distribution of hy-

drometeor category x

Fcc Scaling function in autoconversion rate

Fcr Scaling function in accretion rate
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