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ABSTRACT: This paper introduces a new, two-part scheme for postprocessing single-valued precipitation forecast

to create probabilistic quantitative precipitation forecast (PQPF). This scheme, herein referred to as the mixed-type

nonhomogeneous regression (MNHR), combines the use of logistic regression for estimating rainfall intermittency and

nonhomogeneous regression for estimation of additional parameters of the conditional distribution. The performance of

MNHR is evaluated relative to operational mixed-type meta-Gaussian distribution (MMGD) and the censored, shifted

gamma distribution (CSGD) in postprocessing Global Ensemble Forecast System (GEFS) reforecasts averaged over 25

watersheds in the American River basin in California. The results point to superior performance of MNHR relative to

MMGD and CSGD in terms of the skill of postprocessed PQPFs at 24- and 96-h accumulation windows. In addition, it is

observed that the performance of CSGD tends to trail behindMNHR andMMGD at least for the 24-h window, though the

performance differences tend to narrow at higher forecast amounts and longer lead times. Our analyses suggest that

CSGD’s underperformance arises partly from its tendency to inflate the shift parameter estimates, which is pronounced over

the study site possibly because of infrequent rainfall occurrence. By contrast, MNHR’s use of logistic regression helps avoid

such bias, and its formulation of conditional distribution addresses the lack of skewness of MMGD for higher forecast

amounts. Moreover, MHNR-based PQPF exhibits both superior calibration and relatively high sharpness at short lead

times and on an unconditional sense, whereas it features lower sharpness relative to the other two suites when conditioned

on higher forecast amount. This trade-off between calibration and conditional sharpness warrants further research.

KEYWORDS: Ensembles; Forecast verification/skill; Forecasting; Probability forecasts/models/distribution; Short-range

prediction; Statistical forecasting

1. Introduction
Generating reliable and skillful ensemble of precipitation

forecasts is crucial to water resources management and risk

assessment purposes. Ensemble precipitation forecasts from

numerical weather prediction (NWP) dynamic models (often

referred to raw forecasts), generated through perturbing initial

conditions and factoring in diverse physical schemes thus far do

not fully represent the uncertainty in forecast for the following

reasons: 1) the dynamic model forecast can be systematically

biased; 2) the raw ensemble tends to exhibit ‘‘underspread,’’

i.e., its members closely resemble each other in terms of in-

tensity and geographic location; and 3) the ensemble is often

too small in size to infer the unknown underlying distribution.

These issues motivated the development of statistical post-

processing mechanisms (Hamill et al. 2017; Wilks 2018). In the

past few decades, many such mechanisms have emerged (Li

et al. 2017). These include the analog method (Hamill and

Whitaker 2006; Hamill et al. 2015), logistic regression and

its extended versions (Hamill et al. 2004; Wilks 2009;

Messner et al. 2014a,b; Mazrooei and Sankarasubramanian

2017), mixed-type meta-Gaussian model (MMGD; Herr and

Krzysztofowicz 2005; Wu et al. 2011), Bayesian joint prob-

ability (Robertson et al. 2013; Li et al. 2020), Bayesian

model averaging (Sloughter et al. 2007), and methods that

fall under the broad category of ensemble model output

statistics (EMOS; Gneiting et al. 2005). An overview of

strengths and weaknesses of each technique can be found in

Wilks (2018).

Among the aforementioned techniques, EMOS, or non-

homogeneous regression schemes, are receiving a lot of attention

at present. Recent developments include censored generalized

extreme value distribution (Scheuerer 2014; Hemri et al. 2014),

censored Gaussian and censored logistic distribution (Messner

et al. 2014a; Gebetsberger et al. 2017; Stauffer et al. 2017), and

the censored, shifted gamma distribution (CSGD; Scheuerer

and Hamill 2015; Baran and Nemoda 2016). These techniques

represent the discontinuous–continuous nature of precipitation

using left-censored distributions and rely on heteroscedastic

distributional regression to derive distribution parameters.

Unlike logistic regression and its extended version (Wilks 2009),

EMOS variants offer the flexibility of incorporating ensemble

attributes such as spread, as well as other forecast variables as

additional predictors. Perhaps the most promising of EMOS

variants is the CSGD (Scheuerer and Hamill 2015). CSGD ac-

counts for heteroscedasticity explicitly without resorting to

variable transformation that is a common feature in many

postprocessing methods, and thereby avoids the potential dis-

tortion of ensemble attributes as a result of the transformation.

While the prowess of EMOS schemes and their post-

processed probabilistic quantitative precipitation forecast
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(PQPF) has been extensively demonstrated (Zhang et al.

2017; Yang et al. 2017), the adoption of these schemes in

hydrologic forecast operation has been slow. This is partly

because of their relatively high computational overhead and

the need of storing ensemble statistics beyond the mean both

at real time and in retrospective mode. At present, the op-

erational Hydrologic Ensemble Forecast Service (HEFS;

Demargne et al. 2014) at U.S. National Weather Service

(NWS) relies on the mixed-type meta-Gaussian distribution

(MMGD; Wu et al. 2011) as the mechanism for post-

processing precipitation and temperature forecasts. MMGD

uses deterministic forecast, or the mean of ensemble forecast

as the predictor, and employs a Gaussian copula to relate

truncated marginals of forecasts and observations. While its

performance has been generally satisfactory (Wu et al. 2011),

the reliability of its PQPF is known to be relatively low for

heavy to extreme rainfall events. A recent investigation by

Zhang et al. (2017) confirms this, and the authors show that

the CSGD, even with ensemble mean as the sole predictor,

outperforms the MMGD, and the performance gap is espe-

cially wide for heavier precipitation events (.25mm over 6-h

intervals). The comparison highlights the need to identify

robust, computationally efficient, single-predictor postprocess-

ing mechanisms that can incorporate advanced features of

contemporary EMOS schemes in modeling predictive distribu-

tion and accounting for heteroscedasticity.

In this study, we explore an alternative PQPF postprocessing

scheme which will be henceforth referred to as mixed-type

nonhomogeneous regression (MNHR). MNHR models rain-

fall with truncated rather than censored distribution commonly

used in EMOS schemes (Messner et al. 2014a; Scheuerer and

Hamill 2015; Gebetsberger et al. 2017). To establish this

truncated distribution, it adopts a two-stage estimation strat-

egy that combines the use of logistic regression for estimating

the probability mass at zero, and the use of nonhomogeneous

regression for determining the parameters of predictive dis-

tribution. As in the simple, single-valued form of CSGD,

MNHR introduces heteroscedasticity in the predictive distri-

bution by relating dispersion to predicted rainfall amount. We

surmise that 1) the flexibility and robustness as afforded by

logistic regression would lead to improved prediction of pre-

cipitation occurrence relative to MMGD and CSGD, and 2) a

conjunctive use of an ensemble mean-based representation of

heteroscedasticity and a heavier tailed distribution would yield

PQPFs with higher reliability and sharpness for heavy events

relative to those derived using MMGD, and that of skills

comparable to those based onCSGD. To test these hypotheses,

we perform a set of hindcast experiments to compare the

performance of MNHR, MMGD, and the simple form of

CSGD over 25 watersheds in the American River basin in

California. To closely mimic forecast operation, the schemes

are applied to basin averaged rainfall, and only forecast en-

semble mean is used as the predictor.

The remainder of this article is as follows. In section 2 wewill

describe the three statistical postprocessing mechanisms in

detail, study area, and the data and evaluation metrics.

Section 3 presents the results of the comparison, and section 4

summarizes the findings and concludes the paper.

2. Materials and methods

a. Postprocessing schemes

1) MIXED-TYPE META-GAUSSIAN DISTRIBUTION

MMGD (Herr and Krzysztofowicz 2005;Wu et al. 2011) was

developed by the NWS as a component of HEFS for deriving

the predictive distribution of precipitation from single-valued

precipitation forecast. The scheme seeks to establish the joint

cumulative distribution of forecast X and observation Y: F(X,

Y) 5 P(X # x, Y # y), which then serves as the basis for de-

riving the predictive distribution FYjX(yjx) 5 P(Y # yjX 5 x),

i.e., distribution of the true precipitation amounts conditioned

on forecast. The term ‘‘mixed’’ refers to the fact that the model

accounts for rainfall intermittence by breaking down the dis-

tribution under different combinations of dry and wet condi-

tions as indicated in forecast and observations. The bivariate

CDF is a mixture of four components:

F(x, y)5P
00
1P

10
G

X
(x)1P

01
G

Y
(y)1P

11
D(x, y), (1)

where P00, P10, P01, and P11 represent the empirical joint proba-

bility of forecast–observation being dry–dry, wet–dry, dry–wet,

and wet–wet, respectively. The termsGY andGX are conditional

marginal CDFs, i.e., GY(y) 5 P(Y # yjX 5 0, Y . 0), GX(x) 5
P(X# xjX. 0,Y5 0), andD(x, y)5P(X, x,Y, yjX. 0,Y.
0) is the joint CDF given the forecast and observation are both

positive. The predictive CDFs given dry and wet forecasts are

mixtures of dichotomous and continuous components:

F
YjX(yjx)jX50

5 a1G
Y
(y)(12 a) , (2)

F
YjX(yjx)jX.0

5 c(x)1D
YjX5x

[12 c(x)] , (3)

where c(x) 5 [gX(x)P10]/[gX(x)P10 1 dX(x)P11]. Note the

lowercase g() and d() denote density functions ofG() andD(),

respectively. In this formulation, the probability of precipitation

(PoP) is represented by [1 2 a] and [1 2 c(x)] given dry and wet

forecast, respectively. The conditional distribution DYjX(yjx) is es-
timated via the meta-Gaussian distribution theorem (Kelly and

Krzysztofowicz 1997) wherein both predicator and predictand un-

dergo normal quantile transformation (NQT). See the appendix

for derivation details of Eqs. (2) and (3) and their components.

As described earlier, the predictive CDFs comprise a mass

probability of zero precipitation [represented by a and c(x)

conditioned on dry and wet forecast], and the respective con-

tinuous CDFs GY(y) and DYjX. It should be noted that, as the

value of predictor x (forecast precipitation amount) increases,

probability c(x) declines, and this results in a decline in the

skewness of predictive distribution FYjX. This diminished

skewness at higher forecast precipitation amounts may have

contributed to the reduced skills of MMGD when applied to

forecast of heavy rainfall. Another notable limitation of

MMGD is that it employs a rather large parameter set, which

can be challenging to estimate when historical reforecast is

limited, or in dry climate settings where few instances of rainy

conditions are present. In practice, empirically determined

distributional parameter values are often subject to substantial

uncertainties, and these uncertainties can translate in large
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errors in the estimates of PoP and predictive distribution as a

whole. In addition, identifying suitable parametric families for

characterizing highly right skewed variates is a nontrivial task,

and our research suggests that none of the existing parametric

families used in HEFS accurately describe the conditional

distributions P[XjX. 0,Y. 0] and P[YjX. 0,Y. 0], though

Pearson type III performs better than others.

2) CENSORED, SHIFTED GAMMA DISTRIBUTION

CSGDwas first introduced by Scheuerer and Hamill (2015).

This technique and its variants have been examined in a

number of studies (Baran and Nemoda 2016; Scheuerer et al.

2017; Zhang et al. 2017; Scheuerer and Hamill 2018; Baran and

Lerch 2018; Taillardat et al. 2019; Li et al. 2019). The PDF and

CDF of CSGD take the following forms:

f 0k,u,j(y)5
(y2 j)

k21
exp
h2(y2 j)

u

i
ukG(k)

, y$ 0, (4)

F0
k,u,j(y)5G

k,u
(y2 j), y$ 0, (5)

where k. 0 and u. 0 are the shape and scale parameters of the

gamma distribution with CDFGk,u(y), and G(k) is the value of
gamma function at k. The shift parameter j, 0 guarantees left

censoring at zero by extending the PDF to negative hypothetical

precipitation values toproduce thepointmass at zero. Precipitation

quantiles of CSGD for any 0 # pi , 1 can be derived by

q
pi
5max[0, j1G21

k,u(p)]. (6)

To generate postprocessed PQPFs, one first derives the three

CSGD climatological parameters: mcl 5 kclucl, scl 5
ffiffiffiffiffiffi
kcl

p
u,

and jcl using precipitation analysis. Then, one performs non-

homogeneous regression to relate statistics of archived ensem-

ble forecast to parameters (m and s) of predictive CSGD. The

regression coefficients thus derived would be applied to the

ensemble statistics of real-time forecast to obtain predictive

CSGD. It must be noted that in the CSGD formulation, the shift

parameter j of the predictive distribution is not related to real-

time forecast and is kept identical to the climatological shift.

In this study, we implement the simple version of CSGD in

which ensemble mean serves as the only predictor to be con-

sistent with the predictor selection of both MMGD and the

new scheme MNHR. The CSGD regression equations are

m5
m
cl

a
1

log1p

"
expm1(a

1
)

 
a
2
1 a

3

f

f
cl

!#
,

s5 a
4
s
cl

�
m

m
cl

�a5

, (7)

where expm1(x)5 exp(x)2 1, log1p(x)5 log(11 x), and f and

fcl correspond to the raw ensemble mean forecast and their

climatological mean, respectively.

A possible weakness of CSGD is its dependence upon the

climatological shift parameter. Our analysis indicates that

CRPS minimization often produces biased, inflated values of

shift parameter that result in a negative bias in PoP. Figure 1

suggests that this bias regardless of basin (headwater and

downstream), is persistent in higher accumulation interval

(96 h) where the amounts of zero values are relatively small.

The underestimation of PoP as a result of shift parameter in-

flation can also be seen in Fig. 3 of Scheuerer and Hamill

(2015). We postulate that this affects the performance of pre-

dictive CSGD, because the predictive distribution of precipi-

tation for an upcoming weather regime often departs widely

from the climatology, and changes in the scale and location

parameters are insufficient to capture this departure. This issue

will be revisited in the later part of this paper.

3) MIXED-TYPE NONHOMOGENEOUS REGRESSION

To address the aforementioned limitations of MMGD and

potentially CSGD, we explore an alternative approach which

we term the mixed-type nonhomogeneous regression. MHNR

combines the use of logistic regression for determining prob-

ability of precipitation, and nonhomogeneous regression for

estimating the predictive distribution. Similar to MMGD,

MNHR employs a mixed-type predictive distribution for

characterizing the forecast–observation relationship, i.e.,

F
YjX(yjx)jX.0

5 c(x)1P(Y# yjX5 x, X. 0, Y. 0)

3 [12 c(x)] . (8)

Rather than employing the more complex and less robust

Bayesian model [gX(x)P10]/[gX(x)P10 1 dX(x)P11] in Eq. (A9),

we compute the mass probability of zero precipitation c(x)

as a function of cubic rooted ensemble mean forecast using a

simple two-parameter logistic regression model (Nelder and

Wedderburn 1972):

logit[c(x)]5 log
c(x)

12 c(x)
5 a

0
1 a

1
x1/3 . (9)

Note that the logistic model here can be considered as an

EMOS model with Bernoulli conditional distribution. The

mean of this distribution is related to the predictor(s) with a

logit link function. It is worth noting that including the pairs

with forecast equal to zero degrades the performance of our

mixture model, and so we postprocess the real-time zero

forecasts using the predictive CDF in Eq. (2). In lieu of the

Gaussian copula used in MMGD, the predictive CDF P(Y #

yjX 5 x, X . 0, Y . 0) is estimated through distributional

regression by selecting a suitable parametric family defined on

R
1 whose parameters are linked to the ensemble mean. As in

other EMOSmodels, a key challenge here is to select a suitable

parametric distribution that can accurately reflect the uncer-

tainty of forecast over a range of predicted precipitation

amounts. To this end, some EMOS schemes adopt computa-

tionally expensive regime switching or distribution combining

techniques (see, e.g., Bentzien and Friederichs 2012; Lerch and

Thorarinsdottir 2013; Baran and Lerch 2016, 2018). To sim-

plify matters, we explore only two-parameter predictive

families including gamma (Sloughter et al. 2007; Bentzien

and Friederichs 2012), lognormal and inverse Gaussian

(Bentzien and Friederichs 2012), and zero truncated Gaussian

and logistic distributions (Messner et al. 2016; Scheuerer and

Möller 2015). Test for goodness of fit using generalized Akaike
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information criterion (Akaike 1998; Schwarz 1978) shows that

zero truncated Gaussian and logistic distributions provide the

best fit. We choose the latter since it consistently outperforms

in our cross validation, and this outperformance is consistent

with the finding of Gebetsberger et al. (2017) that heavier tails

of logistic distribution allow it to better represent the occur-

rence of higher precipitation amounts.

We denote the PDF of zero (left) truncated logistic distribution

of the cubic rooted observed precipitation accumulation y by

f
L0
(y,m,s)5

8><
>:

f
L
(y;m,s)

12F
L
(0;m,s)

, if y. 0

0, otherwise

, (10)

where fL(y; m, s) 5 (1/s){exp[2(y 2 m)/s]}{1 1 exp[2(y 2
m)/s]}22 is the PDF of the logistic distribution and FL is the

corresponding CDF.

The regression equations relate scale s and location m to

ensemble mean:

m5 b
0
1b

1
x1/3 , (11)

log(s)5 c
0
1 c

1
x1/3 , (12)

where b0, b1, c0, c1 are regression coefficients. Equation (12)

introduces heteroscedasticity, and the log link function

guarantees the nonnegativity of the scale parameter s. The

use of cubic root transformation follows the practice of

FIG. 1. Empirical vs fitted climatological CDFs of (a),(b) 24- and (c),(d) 96-h accumulation of mean areal

precipitation observations over three months (December–February) and over two subbasins of the American

River basin, namely, (left) Kyburz, AKYC1 (upper-elevation zone), and (right) Folsom Lake, FOLC1. The

CDF values are shown for 0–5-mm accumulated precipitation amounts to magnify discrepancies in estimating

the PoP. Also displayed are empirical and CSGD fitted PoP values (in bold), as well as parameters of CSGD.

As shown CSGD underestimates the PoP regardless of basin and accumulation intervals.
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Bentzien and Friederichs (2012) and Sloughter et al. (2007),

whereas relating scale to ensemble mean the works of Baran and

Nemoda (2016) and Lerch and Thorarinsdottir (2013). While

Scheuerer and Hamill (2015) illustrated that variable transfor-

mation tends to distort the scale of forecast variable, the impacts

of distortion are likely muted for MNHR PQPFs since it uses

ensemble mean as the sole predictor (M. Scheuerer 2019,

personal communication).When employing the logistic predictive

distribution, MNHR resembles the heteroscedastic extended lo-

gistic regression (HXLR) and its extension heteroscedastic cen-

sored logistic regression (HCLR) in form (see, e.g., Messner et al.

2014a,b). The key distinctions of MNHR from the latter two are

(i) MNHR uses truncated, rather than censored logistic distribu-

tion as adopted inHCLRand (ii)MNHRuses single-predictor by

relating scale parameter to ensemble mean, whereas in HXLR

and HCLR the scale parameter is a function of ensemble spread.

The logistic and heteroscedastic regression coefficients are

estimated separately using the method of maximum likelihood

and implemented in R package GAMLSS of Rigby and

Stasinopoulos (2005) and Stasinopoulos and Rigby (2007).

Table 1 summarizes the major differences between MMGD,

CSGD, and MNHR. To isolate the impacts of model struc-

tures, we chose not to implement the preprocessing steps that

are originally parts of the CSGD (Scheuerer and Hamill 2015),

namely, expansion of forecast domain and quantile mapping,

in any of the schemes.

b. Study area and data
We implement the three schemes, namely, the operational

MMGD, CSGD, andMNHR, and cross compare their relative

efficacy through a set of cross-validation experiments per-

formed over 25 subbasins (separately for upper- and lower-

elevation zones) in the American River basin in the Sierra

Nevada (Fig. 2). For each subbasin, we apply each scheme to

the areal means of Global Ensemble Forecast System (GEFS)

reforecast to derive basin-mean PQPFs that mimic the prod-

ucts of Meteorological Ensemble Forecast Processor (MEFP)

of HEFS.

The experimental site for this study, as shown in Fig. 2,

comprises watersheds spread along the main stem and major

downstream tributaries of the American River. We chose this

area as all study basins are located in the service area of the

NWS California–Nevada River Forecast Center (CNRFC).

CNRFC is an active user of HEFS and its staff routinely pro-

duce postprocessed PQPF using MMGD. Assessing the per-

formance of benchmark and competing models can directly

informNWS operation. The subbasins of interest include those

whose headwaters are located in the Tahoe and Eldorado

National Forests of the Sierra Nevada mountain range. The

SouthForkAmericanRiver converges with the combinedNorth

andMiddle Forks at FolsomLake east of the city of Sacramento,

draining overall 4830km2 of upstream area (Seo et al. 2015).

Much of the precipitation falls between November and April,

with the highest averaged precipitation amount recorded in

January. Summers are dry, with the lowest amount of precipi-

tation falling in July (He et al. 2016a,b; Scheuerer et al. 2017).

Hereinafter, we will designate November–April as the wet

season and May–October as the dry season.

The postprocessing experiment involves applying each

scheme to 24- and 96-h (4 day) accumulated precipitation

TABLE 1. Comparison of the three postprocessing schemes.

MMGD MNHR CSGD

Predictive distribution Two part Two part Censored

Parameter estimation Goodness of fit Maximum likelihood Minimum CRPS

Predictor Ensemble mean Ensemble mean Ensemble mean

Data transformation NQT Power (cubic root) —

FIG. 2. (left) Map of the study subbasins of AmericanRiver basin and (right) the locations of AmericanRiver basin

within the service area of CNRFC.
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forecast from GEFS. We conduct validation analysis on

both 24- and 96-h precipitation accumulation. The choice of

96-h accumulation is based on the fact that the CNRFC also

considers skillful prediction of 3–5-day accumulation most

important for decision support of reservoir management.

Moreover, our analysis shows that the skill in GEFS forecast

is the highest at 96-h accumulation window.

A long record of 6-h mean areal precipitation (MAP)

analysis is acquired from CNRFC for each of the test basin to

serve as ground truth. For forecast, we utilize the GEFS

reforecast dataset (Hamill et al. 2013). The GEFS data are

generated on a quadratic Gaussian grid ;0.58 resolution for

the first 8 days and ;0.678 for 9–16 days ahead forecasts. The

reforecasts are composed of 11 ensemble members (10 per-

turbed and one control) issued every 24 h at 0000 UTC. To be

consistent with operational HEFS, we use the nearest GEFS

grid node forecasts to basin centroid (Brown et al. 2014;

Brown 2015; Seo et al. 2015; Wu 2020). The observation and

forecasts were recorded in different time zones (PDT/PST

versus UTC). To account for this timing difference, fol-

lowing Brown et al. (2014), we choose observed data whose

time stamps closely match those of GEFS forecasts. This

approach tolerates a 2-h timing offset between observation

and forecast, but we consider the potential impacts of timing

discrepancies insignificant as far as 24-/96-h accumulations

are concerned. Aggregated observation–ensemble mean

forecast data are paired from January 1985 to December 2010

(26 years).

In generating the postprocessed PQPFs within a given

month, we followWu et al. (2011) in applying a 91-day window

centered on the fifteenth of that month of hindcast record to

collect forecast–observation pairs. These pairs will serve as the

basis for estimating the distributional parameters. The use of

moving window helps account for seasonality and expand the

sample size for parameter estimation. We fit individual model

parameters for each study basin, for each month of the year

and up to 7 days ahead (7–10 days in advance for 96-h total

accumulation interval), and this yields a validation sample that

consists of [(25 basins) 3 (7 lead times) 3 (12 months) 3
(26 years)].

The PQPF produced by each postprocessing scheme is

evaluated against the CNRFC observed MAPs using the

leave-one-year-out cross validation technique (see, e.g.,

Hamill et al. 2015; Scheuerer and Hamill 2015; Scheuerer

et al. 2017), in which one year of data is set aside for vali-

dation and the remainder data are used for parameter esti-

mation. This approach yields 26 years’ worth of verified

PQPF and corresponding observations for each basin, each

month and lead time.

c. Evaluation metrics

1) PROPER SCORING RULES

Proper scoring rules are synthetic measures of sharpness and

calibration of probabilistic forecasts (Gneiting et al. 2007).

Raw ensemble of forecasts can be sharper (more concentrated)

than postprocessed forecast but may not be calibrated (see,

e.g., Hamill et al. 2015). If forecasts are perfectly calibrated,

observations and random samples of predictive distributions

should be exchangeable (Mascaro et al. 2010; Scheuerer 2014;

Taillardat et al. 2016; Rasp and Lerch 2018). The proper

scoring rules that we apply in this study include continuous

ranked probability score (CRPS; Matheson and Winkler 1976;

Hersbach 2000), and Brier score (BS; Brier 1950). CRPS is a

common measure of overall predictive performance

CRPS(F
i
, y

i
)5

ð‘
2‘

[F
i
(x)2 Ify

i
# xg]2 dx , (13)

where Fi denotes the CDF of PQPF at the ith forecast instance

and yi is the verifying observation. The term I(.) is the indicator

(step) function that takes the value of 1 if x $ yi and 0 else-

where. BS is useful to assess the performance of probabilistic

forecast in predicting binary events

BS
t
(F

i
, y

i
)5 [F

i
(t)2 Ify

i
$ tg]2 , (14)

where Fi(t) is the probability of PQPF exceeding the

threshold value t, and I(.) is the indicator (step) function that

takes the value 1 if the ith verifying observation exceeds the

threshold value and 0 otherwise. To compare the relative

performance of PQPFs from three schemes, we produce

the continuous ranked probability skill score [CRPSS5 12
(CRPS/CRPSref)] and Brier skill score [BSS5 12 (BS/BSref)]

with the MMGD-based forecast as the reference. Positive

values of skill score indicate improvement over the MMGD

model. As the magnitude of MAPs varies with the size of

drainage and month, rather than prescribing ‘‘hard’’ threshold

precipitation amounts in calculating BS, we instead choose 97%

and 99% quantiles of observedMAPs as thresholds (denoted by

q97 and q99, respectively). These thresholds are calculated for

each month and basin.

2) PROBABILITY INTEGRAL TRANSFORM (PIT)
Calibration of PQPFs are assessed using histograms of

probability integral transform PITi 5 Fi(yi), where F is the

predictive CDF of an individual mechanism at the forecast

instance i and yi is the corresponding verifying observation. As

indicated earlier in a perfectly probabilistically calibrated

PQPF, PIT should follow a standard uniform distribution U(0,

1) with E(PIT) 5 1/2 and Var(PIT) 5 1/12 yielding a flat his-

togram. In addition to visual inspection, we follow Taillardat

et al. (2016, 2019) and compare the sample bias and dispersion

of probabilistic forecast against corresponding statistics for

uniform distribution. For example a [PIT. (1/2)] (negative

bias) indicates that the observations on average tend to be

larger than the median PQPFs or similarly [S2(PIT) . (1/12)]

shows that predictive distribution is underdispersive which

indicates overpopulation of lower and higher PITs.

We also employ the reliability index (RI; Delle Monache

et al. 2006) to quantify the deviation of PIT histograms from

uniformity: RI5�M

i51jfi 2 (1/M)j where M denotes the num-

ber of categories in which the PIT values are populated, and fi
is the relative frequency of PITs in each category. Therefore,

perfectly calibrated PQPF should result in RI5 0. It should be

noted that, to account for the intermittent nature of precipita-

tion, we estimate a randomized PIT value (Sloughter et al. 2007)
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in the cases of zero precipitation observation by generating a

random uniform number in the interval [0, Fi(0)].

3) RELIABILITY DIAGRAM

We further investigate the calibration of PQPF for exceed-

ing a range of thresholds graphically using reliability diagrams.

Following the practice of previous studies (Bröcker and Smith

2007; Scheuerer et al. 2017) we lump forecasts from all basins

and all months. In this study we use 10 probability bins (0–0.1,

0.1–0.2, etc.) to aggregate the forecasts. We further decompose

the Brier score (Murphy 1973) to quantify the contribution of

reliability and resolution. Recall that the resolution of PQPF

depicts its ability to discriminate between events and is iden-

tical to sharpness for perfectly reliable forecasts (Jolliffe and

Stephenson 2012). In addition, we examine frequency of

forecast probabilities for each category which can be utilized to

assess the sharpness of PQPF for specific thresholds graphi-

cally. Note that sharp forecast is characterized by higher fre-

quencies for the forecast probabilities close to either 0 or 1.

4) PREDICTION INTERVAL WIDTH

The overall sharpness of PQPF can be quantified using av-

erage values of prediction interval width (PIW; see, e.g.,

Sloughter et al. 2007). We choose the 90% PIW which repre-

sents the range between the 5th and 95th percentiles of PQPF

generated by the real-time forecast. To estimate this value, we

evaluate the predictive CDF at the designated quantiles. It

should be noted that narrower PIW corresponds to greater

sharpness. To facilitate the comparison, we compute relative

improvement of the sharpness over that of MMGD using the

expression [12 (PIW/PIWref)]. Obviously, positive values in-

dicate improvement in sharpness.

5) THE DIEBOLD–MARIANO TEST

To assess whether differences in forecast performances are

statistically significant, we utilize two-sided Diebold–Mariano

(DM;Diebold andMariano 1995) statistical test. Let us denote

D5SF1
2SF2

the mean of proper scoring rule S differences

from two different forecast sources F1 and F2 over cross vali-

dated forecasts with length n where ŝDis the estimator of as-

ymptotic standard deviation of D. Under standard regularity

conditions, the test statistic tn 5
ffiffiffi
n

p
(D/ŝD) follows the standard

Gaussian distribution under the null hypothesis of equal pre-

dictive performance of two forecast sources. Forecast source F1

out/underperforms F2 if the test statistic is negative/positive.

Following past studies (Baran and Lerch 2016; Baran and

Nemoda 2016; Lerch et al. 2017) we use sample autocovariance

of score differences up to lag k2 1 as an estimator of ŝ2
D for the

k step-ahead forecasts.

3. Results
In this section we present verification results, which are ag-

gregated over all subbasins and months. Detailed results of

proper scoring rules based on different seasons and individual

subbasins can be found in the online supplemental material. To

facilitate the comparisons among the three schemes and

highlight the performance of MNHR and CSGD relative to

MMGD, we use the PQPF produced by MMGD rather than

climatology as the reference. In validating the PQPF suites pro-

duced at the 96-h window, we use running (overlapping) windows

ending at time increments of 1 day starting from the first 4 days

(i.e., the lead times will be 196h, 1120h, 1144h, . . .), and thus

the outcomes are not entirely independent. As the qualitative

differences among the PQPFs produced by the three schemes are

broadly similar at 24- and 96-h accumulation intervals, we choose

to focus our comparisons on the former and present the results for

the 96-h interval only on a limited basis.

a. CRPSS
Comparisons of CRPSS based on 24- and 96-h accumulation

intervals, aggregated over all subbasins and months are shown

in Figs. 3a and 3b, respectively, where the results are stratified

by the lead time. In the 24-h accumulation interval, MNHR

consistently shows better performance across lead times while

CSGD underperforms MMGD. The differences among the

three schemes seems to be small in longer lead times but it is

still conspicuous. In the 96-h accumulation interval, both

MNHR and CSGD perform better than that in the 24-h ac-

cumulation interval relative to MMGD. MNHR still generates

the most skillful PQPF; however, its gap with MMGD narrows

in longer lead times. Interestingly, CSGD compares well with

MMGD across lead times and only slightly deviates from the

horizontal line. To assess the overall relative performances

when events of significance are predicted to occur by the dy-

namic mode, following Bellier et al. (2017) and Li et al. (2020),

we compute CRPSS using a subsample of PQPFs for instances

where moderate rainfall is predicted to occur by GEFS. In our

work, we use 97% quantile of observed MAP (q97) as the

threshold of moderate rainfall for a given month and subbasin.

For example, q97 of 24-h MAPs ranges from 0.63mmday21 in

July for the American River Folsom Lake basin, FOLC1, to

61mmday21 in January for upper-elevation basin of North

Fork American River Foresthill, NMFC1. The corresponding

q97 threshold values for 96-h MAPs for the same basins range

from 14 to 151mm.

The resulting CRPSS for the subsample are shown in

Figs. 3c and 3d for 24- and 96-h windows, respectively. These

results confirm that MNHR remains the best performer

among the three over the subsample, and, for both windows,

the outperformance tends to be more pronounced over the

subsample. The CSGD PQPF underperforms the other two

by a wide margin and this underperformance is more appre-

ciable at the 96-h window (Fig. 3d). A possible explanation

of this is that the MMGD tends to perform well when the

distribution of precipitation amounts conditioned on forecast

is likely less skewed. This is the case for longer accumulation

windows. With good performance of MMGD, the marginal

outperformance of MNHR declines, at least for the shorter

lead times, whereas the underperformance by CSGD is

magnified.

Pairwise two-sided DM test results, calculated based on

mean CRPS and over all samples, are summarized in Tables 2

and 3 for 24- and 96-h accumulation intervals, respectively.

These include those based on cross validated forecast and

observation pairs from all subbasins and months. In this study

we consider predictive performance differences as significant
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at p value , 0.05. The results suggest that, in general the out-

performance of MNHR relative to MMGD and CSGD is sta-

tistically significant in both accumulation windows. For the

results at the 96-h window, the test outcome indicates that the

outperformance of CSGD over MMGD at 1-day lead time

(i.e., first four days forecast) is not significant at 5% level and

MMGD significantly outperforms CSGD at 7-day lead time

(7–10 days ahead forecasts) but the difference is less significant

than that with regard to MNHR.

b. BSS
The BSS values for the three PQPFs and for 24-h accu-

mulation interval are compared in Fig. 4. At the zero

threshold (Fig. 4a), it is evident that the MNHR outper-

forms MMGD and CSGD and this outperformance is more

striking in the longer lead times. This confirms our hy-

pothesis that logistic regression is a superior, more robust

alternative to the MMGD’s Bayesian model in predicting

precipitation occurrence. The CSGD trails the other two

schemes in performance, likely a result of bias in the shift

parameter that was discussed earlier. However, it catches

up with MMGD at longer lead times. At higher thresholds

(q97 and q99) the following features are clear: 1) MNHR

clearly outperforms the other two schemes across lead times

(Figs. 4b,c) and 2) both q97 and q99 show similar patterns,

but CSGD’s underperformance is more striking at the q99

threshold (extreme events).

FIG. 3. CRPSS (with 95%bootstrap confidence intervals) averaged over all subbasins andmonths as a function of

lead time calculated based on all observation–forecast pairs for (a) 24-h accumulation interval and (b) 96-h ac-

cumulation interval and based on a subsample corresponding raw GEFS mean. 97% quantile of observations for

(c) 24-h accumulation interval and (d) 96-h accumulation interval. MMGD is used as the reference forecast.

TABLE 2. DM test statistic (tn) values based on pairwise mean

CRPS differences of PQPFs from postprocessing schemes aggre-

gated over all subbasins andmonths, for 24-h accumulation interval

and for both lead times of 1 and 7 days. Negative/positive values

show that PQPF from the model in the corresponding row/column

significantly performs better. Values in bold show that the differ-

ences are significant at 5% level.

1 and 7 days (24-h accumulation interval)

Model MMGD MNHR CSGD

MMGD — 23.82 211.86

MNHR 234.85 — 239.32

CSGD 19.24 38.06 —
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c. Calibration and sharpness
The overall calibration of 24-h accumulated PQPFs is

assessed using PIT histograms and corresponding reliability

index and statistics. As populating rank histograms with cross-

validated PIT values from all subbasins and all months violates

the assumption of independence of samples as suggested by

Hamill (2001), we instead develop PIT histograms for each

basin, lead time and month separately. Figure 5 displays the

PIT for January at 1- and 7-day lead times for two watersheds:

1) a head water basin of south fork American River Kyburz

(AKYC1, upper-elevation zone) and 2) the one situated over

the most downstream portion of the basin, namely, the Folsom

Lake basin (FOLC1). It appears that PQPFs based on MNHR

are better calibrated than those fromMMGD and CSGD. This

performance difference is visible graphically where the histo-

grams deviate only slightly from uniformity, and is also con-

firmed quantitatively by the deviations in the RI and statistics

[PIT and S2(PIT)] from optimal values indicated earlier. PQPF

produced by CSGD on the other hand underperforms, as evi-

denced by an overall negative bias and overdispersion.

We further assess the calibration of PQPFs globally by ex-

amining the distribution of mean RI over all subbasins as a

function of lead time (Fig. 6a). Indeed, the mean RI values are

lower for both MNHR and MMGD than CSGD reflecting

flatter PIT histograms on average. The lead-time dependence

of RI varies among the PQPFs from the three schemes. While

the RI for MMGD PQPF changes only slightly at long lead

time, the performance of CSGD PQPF, interestingly, exhibits

a clear downward trend in mean values of RI. It appears that

overall calibration of a PQPF suite does not necessarily dete-

riorate at longer lead times. This feature is also evident in

FOLC1 PIT histograms (Fig. 5), where PQPFs based on

MNHR and CSGD are better calibrated in 7-day lead time

than 1-day lead time in terms of flatness and dispersion.

Figures 6b and 6c display the mean values of PIT and

S2(PIT) where the horizontal lines mark perfect calibration of

PQPF in terms of bias and dispersion of (see section 2). A

notable feature is that MNHR on average generates the least

biased PQPFs across lead times. In general, MMGD consis-

tently generates PQPF with negative bias and CSGD’s per-

formance varies among lead times. Themean values of S2(PIT)

shows that MNHR PQPF exhibit better dispersion mostly

since the values are closer to the perfectly calibrated pop-

ulation variance Var(PIT) 5 1/12. The results also show that

MMGD PQPF is underdispersed and this feature becomes

more pronounced at longer lead times. Whereas CSGD PQPF

exhibits overdispersion at shorter lead time but this tends to

diminish at longer lead times.

Reliability diagrams for the resulting PQPFs produced using

three schemes at 1- and 7-day lead times and 24-h accumulation

are depicted in Figs. 7 and 8, respectively. Three thresholds, i.e.,

0mm, q97, and q99 of MAP observations, are used in computing

the reliability diagrams. Following Zhang et al. (2017), we omit

the uncertainty information from the decomposition of Brier

score since it is independent from the forecast source. For 1-day

lead time, MNHR PQPF performs the best across all three

thresholds as previously measured by BSS (Fig. 4), and this out-

performance over the two competing schemes are attributed to

FIG. 4. As in Fig. 3, but for BSS and for 24-h accumulation interval at three different thresholds: (a).0 (mm) i.e., PoP, (b).97% quantile

of observations and (c) .99% quantile of observations. MMGD is used as the reference forecast.

TABLE 3. As in Table 2, but for 96-h accumulation interval. The

null hypothesis of equal predictive performance of PQPF from

MMGD and CSGD for 1-day lead time cannot be rejected at 5%

level (tn 5 21.13, p value . 0.05).

1 and 7 days (96-h accumulation interval)

Model MMGD MNHR CSGD

MMGD — 31.76 23.33

MNHR 254.54 — 231.67

CSGD 21.13 22.97 —
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FIG. 5. PIT histograms of postprocessed forecasts at 1- and 7-day lead times (January), for AKYC1 (upper-elevation zone) and FOLC1

and for 24-h accumulation interval. The results forMMGD,MNHR, andCSGDare shown in blue, red, and green, respectively.We follow

Sloughter et al. (2007) in using a uniformly distributed random number in the interval [0, F(0)] to calculate the corresponding PIT values

for zero observations. Reliability index (RI) and PIT statistics are shown in the upper-left corner of each panel.
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higher reliability and resolution (Figs. 7d–f). Interestingly,

among three postprocessed PQPF suites, the CSGD PQPF ex-

hibits the lowest reliability (highest reliability value as designated

by ‘‘REL’’) over the 0-mm threshold (Fig. 7g). At this threshold,

the reliability curves for CSGDPQPF are consistently above the

diagonal at medium–high forecast probability categories. This

feature, which indicates that frequency of positive rainfall in each

subsample exceeds the forecast probability, is evidently related

to the underestimation of PoP by CSGD as discussed earlier. At

the q97 threshold, the CSGD PQPF exhibits higher reliability

(lower REL) and resolution than that of MMGD PQPF

(Figs. 7b,h), thus it is more skillful thanMMGDPQPF (Fig. 4b).

At the q99 threshold, CSGD and MMGD perform comparably,

with both exhibiting a tendency to underforecast at the middle

probability range (0.2–0.6). MMGD PQPF is less reliable but

exhibits better resolution than that of CSGD (Figs. 7c,i).

At the 7-day lead time, MHNR still outperforms MMGD and

CSGD in terms of reliability, resolution, and overall BSS across all

thresholds (Figs. 8d–f). MHNR PQPF is nearly perfectly reliable

at the 0-mm threshold (Fig. 8d).As pointed out by Scheuerer et al.

(2017), by increasing the threshold values, the uncertainty in rel-

ative frequencies increases due to a reduction in sample size.

Therefore, we exclude the categories with very few instances (e.g.,

20) where the prescribed probability threshold is exceeded.At the

q97 threshold (Fig. 8b), MMGD produces the sharpest forecasts

(highest frequency for forecast probabilities of 0.9–1). It is also

interesting to note that CSGD performs similar to MMGD in

terms of reliability (Figs. 8b,h). Finally, at the highest threshold

(i.e., q99), whileMMGDproduces the sharpest forecasts (Fig. 8c),

these forecasts are again less reliable than those based on CSGD

(Fig. 8i), but this lack of reliability is compensated by the higher

resolution and the net outcome is higher BSS (Fig. 4c).

Figure 9 compares the overall sharpness of PQPFs produced

via MMGD, MNHR, and CSGD as function of lead times

based on 24-h accumulation analysis with sharpness defined

earlier (see section 2). To facilitate comparisons, the values of

relative sharpness, i.e., difference in sharpness against MMGD,

are shown. As it was done in the CRPSS comparison, we

compute two sets of relative sharpness, one using the PQPFs

for the entire sample (Fig. 9a), and the other relying only subset

corresponding GEFS mean . q97 (Fig. 9b).

In general, as the forecast lead time extends, the uncertainty

in PQPF expands and therefore the sharpness declines. Among

the three PQPF suites, the CSGD PQPF shows the highest

sharpness for 1–3 days lead times (Fig. 9a), but its sharpness

drops more rapidly than that of MHNR PQPF, and it is the

least sharp beyond 4-day lead time. While CSGD PQPF ex-

hibits better overall sharpness (narrower PIWs) for lead times

within the first 3 days, it lacks the necessary probabilistic cali-

bration which leads to poorer overall skill as measured by

CRPSS. These observations also suggest that the overall su-

perior predictive performance of MHNR relative to MMGD

beyond 3-day lead time is mainly due to its better calibration

which more than compensates for the lack of sharpness. As

shown in Fig. 9b, the relative sharpness among the schemes

clearly changes once only the instances where moderate rain-

fall is expected are considered. At the q97 threshold, MNHR

produces the least sharp PQPF across lead times. CSGDPQPF

is the sharpest for shorter lead times (i.e., 1–4 day). Beyond

4 days, MMGDPQPF is consistently the sharpest. The findings

corroborate the fact that, although MNHR PQPF is the least

sharp (has widest PIWs) for the events with higher forecasts, it

is the best calibrated; and this superior calibration outweighs

the lack of sharpness to produce higher CRPSS (see Fig. 3c).

4. Discussion and concluding remarks
In this study we propose MNHR, a single-predictor PQPF

postprocessing scheme that is based on a truncated predictive

distribution. The development of this schemewasmotivated by

the need to identify single-predictor-based, computationally

FIG. 6. Average values of (a) RI, (b) PIT, and (c) S2(PIT) (with 95% bootstrap confidence intervals) as a function of lead time and for

24-h accumulation interval. Results are based on individual monthly PIT histograms averaged across subbasins and months. The lower

meanRI values ofMNHR (closer to zero) indicate that the associated PIT histograms on average aremuch closer to a perfectly calibrated

forecast. PQPF from MNHR is less biased in (b) and relatively well dispersed in (c).
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efficient postprocessing methods that can address performance

issues of operational MMGD that were highlighted in Zhang

et al. (2017). These include a lack of calibration for forecasts of

heavy to extreme rainfall amounts, and biases in predicting the

rainfall occurrence. These issues can trace their roots to the

bivariate normality assumption of MMGD, its rather large

parameter set, and the uncertainties embedded in the para-

metric representation of probability mass at zero.

FIG. 7. Reliability diagrams of MMGD,MNHR, and CSGD for the exceedance of three thresholds, i.e., (0mm, 97% and 99% quantile

of observations). Results are based on observation–forecast pairs of all months and cross-validated years aggregated over all subbasins but

for 1-day lead time and 24-h accumulation interval. Reliability and resolution values are given in each panel. The inset histograms show the

frequencies for each of 10 forecast probability bins in log10 scale and the bars indicate 95% confidence intervals of observed frequencies

from bootstrap resampling.
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This new scheme retains the two-part estimation framework of

MMGD, but it employs logistic regression to derive the proba-

bility of precipitation (PoP) and combines it with a truncated lo-

gistic distribution to estimate the conditional, or predictive

distribution. This combination takes advantage of the simplicity

and robustness of logistic regression in predicting categorical

events (in case rainy versus dry conditions), and the ability of

distributional regression to establish the predictive distribution

efficiently and accurately. As in CSGD, another widely known

contemporary EMOS scheme, MNHR explicitly models hetero-

scedasticity in forecast–observation relation by relating dispersion

to forecast ensemble mean. As our experience suggests, CSGD’s

current estimation approach of retaining climatological shift pa-

rameter tends to produce a negative bias in PoP estimates. We

anticipate that the two-part approach of MNHR makes it less

likely for the postprocessed PQPFs to suffer this bias.

FIG. 8. As in Fig. 7, but for 7 days lead time.
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We evaluated the performance of MNHR versus MMGD and

CSGDthrough a set of hindcast experiments over the subbasins of

American River located in California. We employed the ensem-

ble mean of GEFS precipitation forecast averaged over each

subbasin to generate PQPFs using all of themodels. The resulting

PQPFs were comparatively assessed for their overall skills as

measured byCRPSS, calibration, and sharpness. The results show

that, in terms of overall skills, the MNHR outperforms MMGD

and CSGD across lead times and the performance difference is

statistically significant, though the performance gap tends to

narrow at longer lead times. Further analysis shows that MHNR

yields on average the least biased and the most probabilistically

calibrated PQPFs as judged by PIT indices and associated statis-

tics. By contrast, CSGDPQPF shows rather poor calibration, and

this to an extent is related to the bias in the PoP that is related to

the inflation in the shift parameter. Moreover, MHNR leads in

performance in terms of both reliability and resolution for all

three precipitation thresholds (i.e., 0mm, 97% and 99% quan-

tiles), whereas CSGD slightly outperforms MMGD in terms of

reliability for heavy to extreme events, though its PQPF has

somewhat lower resolution than that from MMGD.

An interesting finding relates to the trade-off between

sharpness and calibration. MHNRPQPF is better dispersed, as

judged by the variance of PIT, and less biased than the other

two PQPF suites. On the other hand, it is not as sharp (assessed

by 90% PIW) as those produced using MMGD and CSGD.

Another example is that, at shorter lead times (,4 days), 24-h

CSGD PQPF features the highest sharpness but the lowest

calibration among the three. At longer lead times, the CSGD

PQPF becomes less sharp relative to the PQPF by MMGD,

and in the meantime its CRPSS approaches that of the latter.

Moreover, when the verification is done on subsamples strati-

fied by the magnitude of GEFS forecast, it is shown that the

overall outperformance of MNHR, as measured by CRPSS,

tends to widen for subsamples with higher forecast amounts.

Apparently, improved calibration is often achieved at the

expense of reduced sharpness, though in limited cases sharp-

ness and calibration may both improve (e.g., MHNR PQPF

being unconditionally sharper at day 1–2 and more reliable;

Figs. 6a and 9a).

Our analysis confirms our first postulation that the use of

logistic regression in MNHR could produce more skillful PoP

estimates relative to those based on MMGD and CSGD. By

employing logistic regression, one can relate transformed

forecast mean directly to PoP and thereby avoids the compli-

cations stemming from the errors in the estimation of, say,

marginal distribution as in MMGD. It is also preferable to

CSGD for which the inflation of shift parameter is clearly a

structural issue that to an extent compromises its robustness.

The broad overperformance of MHNR as judged by CRPSS,

BSS, and reliability also corroborates our second hypothesis

that the joint use of heteroscedastic regression, which links

dispersion to ensemble mean, and a heavier tailed predictive

distribution would produce PQPFs superior to those based on

MMGD. Interestingly, CSGD underperforms both MHNR

and MMGD, at least over shorter lead times (say, ,4 days),

though it also employs heteroscedastic regression to establish a

heavy tailed, right skewed distribution. It is yet unclear what

contributes to this underperformance, which contrasts starkly

to its clear outperformance against MMGD over Mid-Atlantic

region of theUnited States as illustrated by Zhang et al. (2017).

A number of factors could have given rise to the differences,

including different rainfall characteristics, the omission of

preprocessing steps such as quantile mapping as suggested in

Scheuerer and Hamill (2015). The climate over the study re-

gion over California is much drier than the eastern United

States: the city of Sacramento, situated near the outlet of

American River basin, has on average of 63 rainy days per

year, compared to 110 days over Washington, D.C. There is a

possibility that the scarcity of wet forecast–observation pairs,

together with inflated shift parameter, result in a distortion

in the distributional parameters as derived through CRPS

FIG. 9. Increase in sharpness (%) relative to MMGD (dashed line) assessed by average of 90% PIWs from

predictive distributions as a function of lead time and based on 24-h accumulation interval. Results are aggregated

over all months and subbasins and based on (a) all forecast–observation pairs and (b) subsample corresponding raw

GEFS mean. 97% quantile of observations. Given higher raw forecasts, MNHR generates the least sharp PQPF.

2288 JOURNAL OF HYDROMETEOROLOGY VOLUME 21

Brought to you by NOAA Central Library | Unauthenticated | Downloaded 08/28/24 07:27 PM UTC



minimization. In addition, CSGD implemented accounts for

heteroscedasticity by relating the dispersion to the distributional

mean [Eq. (7)], rather to the ensemble mean itself. As we ex-

clude the ancillary predictor PoP in our implementation, any

degradation in the estimates of distribution mean as a result of

this exclusion would adversely impact the estimates of disper-

sion. Our analysis (not shown here) shows that modeling the

scale parameter directly as an affine function of power trans-

formed GEFS ensemble mean improves the current CSGD.

Moreover, as mentioned earlier, the direct use of climatological

shift parameter results in an inflation of shift which further im-

pacts the accuracy of estimates of scale and shape parameters.

To summarize, MHNR, while structurally simple, has been

demonstrated to be a potentially robust, and computationally

efficient alternative to MMGD, and even CSGD for post-

processing precipitation forecast. We argue that the use of

truncated distributions is advantageous to the use of censored

distributions in the context of precipitation postprocessing. In

the near future, we plan to further assess the performance of

MNHR versus CSGD, as well as other established mechanisms

that rely on censored distributions, over other parts of CONUS,

and on both a gridded and basin-mean basis. We hope such

comparisons can shed light on the connection between the rel-

ative performance and distribution types (truncated versus

censored), rainfall climatology, preprocessing steps (e.g., quan-

tilemapping), and predictor selections, and thereby facilitate the

operational adoption of methods for routine hydrometeorolog-

ical forecasts in the United States.
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APPENDIX

Derivation of MMGD Predictive CDF
Let X and Y denote the random variables of single-valued

precipitation forecast and observed precipitation amount, re-

spectively. The predictiveCDF given dry andwet forecasts can be

derived using the Bayes theorem as follows.

a. Dry forecasts

F
YjX(yjx)jX50

5P(Y5 0jX5 0)1P(Y. 0,Y# yjX5 0)
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b. Wet forecasts

F
YjX(yjx)jX.0

5P(Y# yjX5 x,X. 0) (A6)

5
P(Y# y,X5 x,X. 0,Y5 0)1P(Y# y,X5 x,X. 0,Y. 0)

P(X5 x,X. 0,Y5 0)1P(X5 x,X. 0,Y. 0)
(A7)

5
P(X5 x,X. 0,Y5 0)1P(Y# yjX5 x,X. 0,Y. 0)P(X5 x,X. 0,Y. 0)

P(X5 xjX. 0,Y5 0)P(X. 0,Y5 0)1P(X5 xjX. 0,Y. 0)P(X. 0,Y. 0)
(A8)

5
g
X
(x)P

10
1D

YjXdX
(x)P

11

g
X
(x)P

10
1 d

X
(x)P

11

(A9)

5 c(x)1D
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The conditional distributionDYjX(yjx)5 P(Y# yjX5 x,X. 0,

Y . 0) is estimated via meta-Gaussian distribution theorem

(Kelly and Krzysztofowicz 1997) by applying a normal quantile

transformation (NQT) to continuous marginal variates [XjX. 0,

Y . 0]and [YjX . 0, Y . 0] with strictly increasing cumulative

distribution functionsDX(x) andDY(y), respectively, as follows:

D
YjX(yjx) 5Q

"
Q21[D

Y
(y)]2 rQ21[D

X
(x)]ffiffiffiffiffiffiffiffiffiffiffiffiffi

12 r2
p

#
, (A11)

where Q and Q21 denote CDF and quantile functions of

standard normal distribution, respectively, and r is the sample
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Pearson correlation coefficient between standard normal var-

iates U 5 Q21[DX(x)] and V 5 Q21[DY(y)].
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