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ABSTRACT

A pragmatic scale-adaptive turbulent kinetic energy (TKE) closure is proposed to simulate the dry convective
boundary layer for a variety of horizontal grid resolutions: from 50 m, typical of large-eddy simulation models
that use three-dimensional turbulence parameterizations/closures, up to 100 km, typical of climate models that
use one-dimensional turbulence and convection parameterizations/closures. Since parameterizations/closures
using the TKE approach have been frequently used in these two asymptotic limits, a simple method is proposed
to merge them with a mixing-length-scale formulation for intermediate resolutions. This new scale-adaptive
mixing length naturally increases with increasing grid length until it saturates as the grid length reaches
mesoscale-model resolution. The results obtained using this new approach for dry convective boundary layers
are promising. The mean vertical profiles of potential temperature and heat flux remain in good agreement for
different resolutions. A continuous transition (in terms of resolution) across the gray zone is illustrated through
the partitioning between the model-resolved and the subgrid-scale transports as well as by documenting the
transition of the subgrid-scale TKE source/sink terms. In summary, a natural and continuous transition across
resolutions (from 50 m to 100 km) is obtained, for dry convection, using exactly the same atmospheric model for
all resolutions with a simple scale-adaptive mixing-length formulation.

1. Introduction different resolutions. For the high-resolution limit,
the turbulence within a grid box is assumed isotropic
and often constitutes a residual part of the resolved
turbulent transport. For the coarse-resolution limit,
however, the filtered equations of motion primarily
describe the large-scale flow, and the SGS turbulent
transport plays a key role in the vertical distribution of
heat, moisture, and momentum.

There are a few important questions associated with
the transition between these two asymptotic limits. One
is how to realistically represent the unresolved part of
the turbulent transport with fully three-dimensional
schemes for an increasing model grid length (i.e.,
bottom-up approach), which can reach beyond the in-
ertial subrange of turbulence. This leads to the question
of how the originally coarse-resolution one-dimensional
boundary layer parameterizations should respond to a
refined grid length in a physically sound manner (i.e.,
top-down approach). The top-down approach adds
more complexity to this transition as it involves the is-
sues related with the moist convection gray zone that

Corresponding author: Marcin J. Kurowski, marcin.jkurowski@ ~¢Xtends far beyond the turbulent gray zone (e-g.,
jpl.nasa.gov Holloway et al. 2014; Fan et al. 2015).

The turbulent gray-zone problem appears as one of
the most challenging issues in atmospheric boundary
layer modeling. It was elaborated in detail by
Wyngaard (2004) and is associated with the transition
from fully three-dimensional subgrid-scale (SGS)
turbulence, characteristic of small-scale models such
as large-eddy simulation (LES) models, to a one-
dimensional (1D) SGS representation characteristic
of coarse-resolution weather and climate models. In
2005, a workshop on the parameterization of the at-
mospheric boundary layer (Teixeira et al. 2008) con-
cluded that it is currently unclear what the adequate
boundary layer parameterizations are for horizontal
resolutions on the order of 1km; that, at these hori-
zontal resolutions, the 1D approach is no longer fully
adequate; and that parameterizations should contain
information about the horizontal resolution in their
formulation to allow for smooth transitions between
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Honnert et al. (2011) analyzed features of the gray-
zone transition for the dry convective boundary layer
by applying a coarse-graining method to LES results. It
allowed for a formal quantification of the partitioning
between the model-resolved and the subgrid-scale trans-
ports of temperature, moisture, and turbulent kinetic en-
ergy as a function of filter scale. Using the same
methodology, Shin and Hong (2013) extended this anal-
ysis to a forced convection case. They further investigated
the partitioning between the nonlocal and local transports
within the gray zone (Shin and Hong 2015). All the results
suggested that the vertical SGS transport should be con-
tinuously downweighted while refining the resolution
within the nonhydrostatic regime to allow for an equitable
representation of the resolved part of kinetic energy.
However, such a decrease in SGS transport depends on
the simulated case and is somewhat different for different
model variables. It may also vary with the z/z; ratio, where
z;1s the height of the boundary layer. Another conclusion
from Shin and Hong (2015) was that the inclusion of a
nonlocal mass-flux term in a scale-dependent parameter-
ization could be more important than an adjustment of the
eddy-diffusivity local term. It appears that the key role of
the nonlocal scheme is to counteract a systematic un-
derestimation of the vertical mixing by conventional local
schemes at coarser resolutions (Takemi and Rotunno
2003; Cheng et al. 2010; Honnert et al. 2011; LeMone et al.
2013; Shin and Hong 2015).

Based on these findings, Shin and Hong (2015)
employed a resolution-dependent suppression of the 1D
SGS fluxes derived by the boundary layer scheme to
simulate a set of idealized buoyancy- and shear-driven
convective cases (for grid lengths of 1km, 500m, and
250m) as well as a real case of convective rolls (for grid
lengths of 1km and 333 m). They showed that the ap-
proach not only makes it possible to simulate consistent
evolutions of mean temperature profiles at different
resolutions but also helps to preserve similar statistics of
the model-resolved kinetic energy.

A somewhat different idea was proposed by Boutle
et al. (2014) to improve a real-case simulation of a
stratocumulus-topped boundary layer for model grid
lengths of 1km and 333 and 100 m. By using a scale-
dependent function for turbulent kinetic energy (TKE)
from Honnert et al. (2011), they blended a nonlocal
boundary layer parameterization with a Smagorinsky-
type turbulence scheme. In this approach, the one-
dimensional SGS transport decreases with decreasing
model grid length in a similar way as in the Shin and
Hong (2015) experiment. At the same time, the three-
dimensional local scheme becomes increasingly impor-
tant at higher resolutions and eventually dominates in
the LES regime. This interesting idea deserves a more
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detailed investigation since the transition from 3D to 1D
turbulence (cf. Honnert et al. 2011) and the horizontal
(physical and numerical) transport may have different
scale-dependent characteristics (Shin and Hong 2015). It
is worth mentioning that the recent works of Dorrestijn
et al. (2013), Zhou et al. (2014), Ito et al. (2015),
Efstathiou and Beare (2015), Kitamura (2016),
Bhattacharya and Stevens (2016), and Honnert (2016)
also contributed to the overall effort of developing
scale-adaptive turbulence parameterizations.

In this study, we explore the potential for scale adap-
tivity of a local SGS transport scheme across the full range
of resolutions employed by atmospheric models. First, we
make the simple observation that local SGS closures based
on the prognostic TKE equation have been widely used
both in the small-scale (3D) and the large-scale (1D) limits.
Therefore, we exclusively focus on this closure and adapt it
to intermediate resolutions by changing the mixing-length
formulation using a method inspired by how Blackadar
(1962) blended the surface layer with the well-mixed
boundary layer above. Note that the formulation being
proposed fits the unified closure concept from Wyngaard
(2004). The scale dependence is achieved intrinsically
without using any external functions to prescribe the par-
titioning between the SGS and resolved transports [as is
done, for example, in Boutle et al. (2014), who use an
explicit blending function]. We then examine the proposed
approach for horizontal grid lengths ranging from 50 m up
to 100 km for a set of idealized dry convection simulations.

This paper is organized as follows. Section 2 describes
the methodology of the proposed approach. In section 3,
we present the numerical experiment, which we use to
test our approach in section 4. Summary and conclusions
are provided in section 5.

2. Methodology

A key element of the analysis is the spatial filtering of
each model variable frepresented on a discretized grid.
It is formally defined as

f(x, )= %Jvf(x +x,1)dx, (1)

where V = AxAyAz is the volume of a grid box, with Ai
denoting the grid length in the ith direction and x + x’
the location within the grid box. We apply this filter to
the model equations using a range of filter scales.

a. The SGS model

For decomposed model variables, f = f + f/, the fil-
tered part is explicitly resolved, whereas the un-
resolved part contributes to the SGS transport in the
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form of the f'u; fluxes. It is commonly assumed that
they can be represented through the resolved vari-
ables as

fu;=—K,—,
fu; fax,

)
with Ky denoting the turbulent transport coeffi-
cient for f. To represent the SGS fluxes, we employ
the scheme based on turbulent kinetic energy
(Deardorff 1980). For this approach, the turbulent
eddy viscosity coefficient for momentum within a grid
box is defined as

K, =C,le'"”, A3)

where Cj; is a constant; / the mixing length;
e=0.5(u'v’ + vV + w'w') the turbulent kinetic energy;
and u, v, and w denote the three components of velocity.

The eddy-diffusivity coefficient for heat and TKE has
the form

K
— m

Kh - E7 (4)
where Pr is the turbulent Prandtl number. In this
study, we use the same turbulent transport coefficients
in the horizontal and vertical. However, horizon-
tal transport becomes negligible for larger grid
lengths because of diminishing mean horizontal gra-
dients of the transported fields. Note that the coarse-
resolution weather forecasting models frequently use
additional numerical filtering to smooth out the hor-
izontal fields while using a one-dimensional boundary
layer parameterization. In this context, such filtering
can be applied through the appropriately modified
mixing coefficients of the horizontal diffusion (e.g.,
Skamarock et al. 2008).

b. Turbulent kinetic energy

We start with a theoretical consideration of the be-
havior of the kinetic energy closure for the small- and
large-scale limits. The prognostic equation for the SGS
turbulent kinetic energy takes the general form

Y A+S+B+TD, 5)

where A, S, B, and T represent, respectively, the ad-
vection, shear production, buoyancy production, and
transport terms and D is the energy dissipation rate. The
right-hand-side sink/source terms in Eq. (5) for the
small-scale (3D) limit are defined as
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€

where g is the gravitational constant, § the potential
temperature, p the density-weighted pressure, C¢ is a
constant, and /¢ defines the length scale associated with
the dissipation of TKE (typically l¢ =1).

For the large-scale filter limit (i.e., for Ax, Ay — L,
where L is on the order of 10km), in the absence of
external flow (zZ = 0, ¥ = 0), the mean flow within a grid
box diminishes, and the resolved part becomes hori-
zontally homogeneous (i.e., 9/0x =0, 3/dy =0; also,
w =0). Equations (6)—(9) can be then approximated by

A=0, (11)
§=0, (12)
B=5w9, (13)
0
ol ol ol
T:76(we +w'p') (14)

0z

which yields a one-dimensional form characteristic of a
single-column model representation (cf. Witek et al.
2011b). The pressure work terms in 7 are typically ne-
glected, while the turbulent transport of TKE is pa-
rameterized using the flux—gradient method [cf.
Skamarock et al. (2008) for the model used in this study;
see section 3], with the transport coefficient K, = Kj,.
For the above transition between the 3D and 1D limits,
one can expect the small-scale terms A and S to decrease
with increasing grid length and the B and T terms to
increase at the cost of the model-resolved transport.
Note that, although B has formally the same definitions
in Egs. (8) and (13), their meanings are significantly
different since they account for residual or entire verti-
cal transport, respectively. This is also the case for the
remaining terms in 7.
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A potential versatility of the TKE closure lies in its
natural scale-adaptive behavior, with the appropriate
SGS terms likely changing with the filter scale. One
clear disadvantage is that the diffusivity term in the
model equations is a scalar field because of the as-
sumption of isotropic turbulence within a grid box. This
issue can be to some degree improved by using separate
mixing coefficients in the horizontal and vertical, as
mentioned earlier. Knowing the limits of the TKE
scheme, our main goal is to examine whether its ad-
justment across commonly used grid lengths is feasible
and what the accuracy of such an approach is.

¢. Scale-adaptive mixing-length formulation

We propose a new formulation for the mixing length
that can be applied to a range of model grid lengths. It
continuously merges the fine- and coarse-resolution
limits that we recall below.

For the small-scale (3D) limit, the mixing length is
based on the geometric properties of the grid box; for
example (Deardorff 1980),

L, = (AxAyAz)'"”. (15)
This definition is scale aware yet has no upper limit.

For the large-scale (1D) limit, the mixing length usu-
ally depends on some fundamental properties of the
boundary layer (e.g., Mellor and Yamada 1974; Grenier
and Bretherton 2001; Teixeira and Cheinet 2004). For
the reasons explained below, we choose the formulation
of Teixeira and Cheinet (2004):

Y]
lp=71e",

(16)
where 7 is an eddy turnover time scale that can either
be a constant or depend on parameters of the flow and e
denotes the SGS turbulent kinetic energy that grows
with grid length for the gray-zone resolutions.

The calculated mixing length also needs to take into
account the proximity of the surface. Typically, the mix-
ing length in the surface layer /g grows linearly with height
but may also depend upon stratification (Monin and
Obukhov 1954; Mellor and Yamada 1974; Nakanishi
2001). The transition between the surface layer and the
well-mixed boundary layer aloft can be achieved by
merging the two scales following Blackadar (1962):

1 1 1
[ @7)

N BL

where I, € {/ip, lsp}. Consequently, the mixing length
smoothly changes from the surface-layer limit toward
the boundary layer limit, which qualitatively describes
the growth of boundary layer eddies with the distance
from the ground.
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FIG. 1. A blended mixing length as a function of horizontal
resolution Ax as described by Egs. (18) (blue) and (19) (black) for
a large-scale limit /;p of 1 km. The geometric /3p mixing length is
also plotted (red).

We propose to follow this framework to merge the
two asymptotic (i.e., fine and coarse) filter-scale limits:

li + li (18)
BL 3D ‘ID
In this simple approach, the small-scale 3D mixing
length increases with the horizontal grid length until the
large-scale 1D limit is reached. Further increase of the
grid spacing should only have a minor impact on /gy,
which then becomes almost entirely dependent on
boundary layer properties typical of one-dimensional
models. In other words, the mixing length continuously
transitions between the high-resolution /5p and the
coarse-resolution /i limits for different grid lengths.

To increase the convergence of /g to its asymptotic

limits, Eq. (18) is modified to

IV /1Y, /1Y
)=+ (=

)~ () (@)

which helps to enhance the role of /3p and /;p at finer

and coarser resolutions, respectively, as shown in Fig. 1.

This figure also exemplifies how the resulting mixing

length transitions from the finescale to large-scale limits
[using either Eq. (18) or (19)].

The reason behind choosing the Teixeira and Cheinet
(2004) formulation for /;p is twofold. First, it scales with
the subgrid turbulent kinetic energy, which saturates as
the resolved part diminishes. Second, it provides a nat-
ural length-scale reduction above the well-mixed
boundary layer because of a significant turbulent

(19)
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kinetic energy decrease in stably stratified layers. Con-
sequently, there is no need to use a mixing-length re-
duction such as the one from Deardorff (1980) for stably
stratified layers. The Teixeira and Cheinet (2004) for-
mulation naturally helps to avoid arbitrary modifica-
tions of the mixing length around the boundary layer
top. The Teixeira and Cheinet (2004) formulation has
been implemented and evaluated in the U.S. Navy
Coupled Ocean—-Atmosphere Mesoscale Prediction
System (Teixeira et al. 2004), has been extended to moist
convective boundary layers (Cheinet and Teixeira 2003),
and is at the core of the simplified higher-order closure
(SHOC) methodology (Bogenschutz and Krueger 2013)
and of the latest versions of the eddy diffusivity/mass
flux (EDMF) approach (Suselj et al. 2012, 2013).

The mixing length in the surface layer is here defined as

lg =Kz eh, (20)

where [j is a constant parameter. The formulation is
subsequently merged with the boundary layer mixing
length following Egs. (17) and (19). This formulation is
effectively similar to the approach proposed in
Teixeira and Cheinet (2004), although it has two im-
portant improvements: the mixing length mono-
tonically increases with height also for small values of
Iy (typical for I;p), and the depth of the surface layer
does not strongly depend on the /g mixing length,
remaining in the limit of around 10% of the boundary
layer height also for its large values from the 1D limit.
To obtain similar vertical distributions of temperature
near the surface for the 3D and 1D limits for a range of
mixing lengths, we use /[, = 60 m.

The final form of the proposed mixing length that
merges the 1D and 3D limits and the surface layer is

given by

N /1N 1\ /1)

) = (=) + (=) + (=

(1) =)+ () + ()

and the blended mixing length is designed such that its
values are always lesser than the smallest of the three
components. Consequently, it is controlled by /g near
the surface and by the reduced /;p for stable stratifi-
cations. Apart from the surface and stable layers, the
choice between /53p and /;p is dictated by the scale of
the problem. In particular, for a deep boundary layer
resolved at fine resolution (i.e., for p < I1p), [ is close
to I3p, which naturally relates it to the grid-size length
scale, whereas for a shallow boundary layer resolved
at coarse resolution (i.e., for l3p > [ip), it is close to
lip, which is associated with the boundary layer
eddy scale.

eay)
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TABLE 1. Typical values for the SGS model coefficients as used
in the simulations of convective boundary layer by different LES
models (with Ax describing their horizontal grid length) and by
1D models.

Reference Cr Pr Ce Ax (m)
Klemp and Wilhelmson (1978) 0.2 033 02 1000
Deardorff (1980) 0.1 033 07 125
Moeng and Wyngaard (1988) 0.1 033 093 50
Schmidt and Schumann (1989)  0.12 042 093 50
Teixeira and Cheinet (2004) 0.5 033 04 —
Witek et al. (2011b) 025 033 06 —

3. Numerical experiment
a. The modeling framework

The Weather Research and Forecasting (WRF)
Model is used as a framework for the multiscale simu-
lations of the dry convective boundary layer. We employ
the model configuration suitable for running idealized
LES experiments (WRF-LES) in a nonhydrostatic re-
gime, with a standard set of parameters defining the
model’s dynamics. A detailed description of the WRF
Model, including the fully compressible governing
equations and the numerical methods used for solving
them, can be found in Skamarock et al. (2008) and ref-
erences therein.

b. Setup of the experiment

The numerical experiment we perform to test our
approach follows Siebesma et al. (2007). We therefore
simulate six different surface buoyancy-driven cases
(cf. Table 1 therein), which include three different
stratifications, 1.95, 2.93, and 3.90Km™"', and two dif-
ferent values of the surface fluxes, 0.06 and 0.03Kms™!.
Surface temperature and pressure are 297.2K and
1000 hPa, respectively. The positively stratified dry at-
mosphere is initially at rest, and there is no external flow.
The domain top is at 3 km, with a sponge layer extending
above 2.6 km. The horizontal domain size changes with
resolution while the number of grid points (96°) remains
fixed. The mean results are practically independent of
the domain size as long as it is at least an order of
magnitude larger than the boundary layer height (not
shown). In the absence of large-scale flow, the varying
domain size does not significantly affect the mean pro-
files yet facilitates the experiment and allows us to cal-
culate the statistics over the same number of grid points
regardless of grid length. The vertical grid spacing
changes from around 28 m near the surface to around
36 m near the top. Periodic lateral boundary conditions
are applied. The default numerical stability limiters for
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FIG. 2. Mean potential temperature profiles at the end of simu-
lation time (10 h) for two values of surface fluxes (as indicated by
HFX) and three different stratifications for simulations using six
different horizontal resolutions (from 50 m to 100 km). Initial
profiles for the three stratifications are plotted with gray
dashed lines.

the turbulent mixing coefficients (that depend on the
Az?/At ratio) are switched off. The integration time is
10h. Since a number of different options for the SGS
coefficients exists in the literature (see Table 1), with
generally lower values of the transport-related co-
efficients Cy and higher values of the energy-dissipation-
rate-related coefficients C¢ at finer resolutions, we use a
set of constants typical for LES: C, = 0.2, Cc= 0.93, and
Pr = 0.33. The eddy turnover time 7 from Eq. (16) is
fixed at 1000s.

Our main strategy is to perform a series of simulations
starting from the LES limit, which always provides a
reference solution, and gradually decrease the horizon-
tal resolution down to 100 km. We then analyze the main
features of such a transition and the behavior of the SGS
scheme itself.

4. Testing the approach
a. Mean potential temperature

The multiresolution results for the proposed mixing-
length formulation [Eq. (21)] at the end of the simula-
tions are shown in Fig. 2. We purposely plot the
potential temperature profiles in real (instead of non-
dimensional) height in order to highlight the differences
between the simulations. In this experiment, the only
scale-dependent parameter of the SGS scheme is the
mixing length.
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F1G. 3. Blended mixing length (black) from Eq. (21) as a function
of height for the case of I' = .95 Kms ™ and HFX = 0.03Kms !
for Ax = (left) 50m and (right) 2km. The three generic compo-
nents of the length scale (i.e., for the surface layer and 3D and 1D
modes) are also plotted.

The comparison documents a similar development of
the convective boundary layer for all the resolutions
tested. A good agreement is observed in terms of the
distribution of potential temperature within the surface
and well-mixed layers, with the differences appearing
mostly around the boundary layer top.

The spread of the boundary layer heights reaches
approximately 80-150m [around 5%-7% in terms of
7/z;; z; 1s calculated as the height of minimum heat flux
(HFX)] with somewhat larger differences for the
larger value of heat flux. Only for the most active
convective case (i.e., for w'¢,=0.06Kms~! and
I'=1.95Kkm™ ') does the spread reach 10%. Two dif-
ferent types of profiles can be distinguished depending
on grid length. For finer resolutions, the profiles near
the inversion are smoother as the model explicitly re-
solves at least part of the transport by convective
plumes across the inversion. For coarser resolutions
(mostly for Ax=10 and 100 km), this part of the trans-
port diminishes along with diminishing resolved verti-
cal velocity perturbations, which preserves the
sharpness of the inversion. The transport across the
inversion layer is also slightly weaker for smaller
stratifications, which results from insufficient local
transport of heat in the upper part of the boundary
layer for faster-growing PBLs.

In Fig. 3, we plot the simulated blended mixing
length for the case with the smaller surface flux and
weakest stratification for the resolutions of 50m and
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FI1G. 4. Profiles of the vertical fluxes of potential temperature for the six different cases at the end of simulation time
(10h) for simulations using six different horizontal resolutions (from 50 m to 100 km). All the profiles are normalized
by their surface values (HFX) and plotted using normalized height coordinates z/z;. The potential temperature lapse

rates are indicated by I'.

2km to illustrate how the blended mixing length is
obtained using the three mixing lengths from Eq. (21).
For the 50-m resolution, the blended mixing length is
close to I3p within the mixed layer but converges to /g
and /;p in the surface and stable layers, respectively.
For the 2-km resolution, the blended mixing length
within the mixed layer is close to /;p, with the same
limits for the surface and stable layers.

b. Vertical heat flux

Figure 4 shows profiles of the total heat flux averaged
over the last hour to reduce their temporal variability.
The profiles also compare well among the resolutions.
The most typical differences within the boundary layer
are small and primarily concern the region around the
inversion. The maximum negative buoyancy flux usu-
ally varies between 25% and 35% of the surface value,
with the ensemble maxima for grid lengths around
2-4km, and occasionally 100 km as well. These corre-
late well with the previously described differences re-
garding the potential temperature profiles and their
spread at the PBL top.
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Partitioning between the resolved and subgrid-scale
transports is shown in Figs. 5 and 6, in which mean
profiles of the two types of vertical transport are
plotted. For the finest resolution, the subgrid-scale
contribution is only important near the lower and up-
per boundaries of the convective layer, where it con-
trols the surface fluxes and slightly affects the
entrainment across the inversion, respectively. As the
grid length increases, the subgrid-scale transport pen-
etrates deeper into the layer above the surface at the
cost of a less efficient explicit transport by rising ther-
mals. At the same time, its maximum near the top of
the layer gradually increases, and the zone of its influ-
ence deepens downward. For Ax of about 810 km, the
resolved part becomes only a few-percent residual of
the total transport.

Another way of looking at the transition is to ana-
lyze the partitioning between the SGS and the resolved
heat flux across resolutions. Figure 7 shows both con-
tributions, normalized by the total values, as a function
of the nondimensional resolution Ax/z; from the last
simulation hour, for the positive part of the total flux
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FIG. 5. As in Fig. 4, but for the resolved part of the heat flux.

(between 0.1 and 0.5z/z;). Two additional simulations
using Ax = 200m and 2km have been performed for
each of the six cases to fill out the gaps between the six
originally tested resolutions. The general picture of the
transition is similar to that previously obtained from
filtered high-resolution LES results (Honnert et al.
2011; Shin and Hong 2013). A number of simulated
cases with different surface conditions and stratifica-
tions yield a spread in the results, contributing to the
uncertainty of the partitioning for a given resolution.
For instance, equal partitioning between the two parts
occurs for values of Ax/z; between approximately 0.5
and 3, with the ensemble mean around 1.9. The greater
values are generally associated with more vigorous
convective cases. These values characterize the be-
havior of the local SGS scheme and are larger than for
the partitioning from Honnert et al. (2011), which was
around 0.4. A full transition to the subgrid-scale
transport occurs for Ax/z; between 6 and 7, which is
also somewhat larger than in Honnert et al. (2011).
Similar differences in the SGS transport between the
simulated and coarse-grained results were also re-
ported by Kitamura (2016) for their TKE-based LES
model or by Efstathiou and Beare (2015) for their
Smagorinsky-type model. Efstathiou and Beare (2015)
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associated them with the numerical effects that are not
present in coarse-grained LES results.

c. Turbulent kinetic energy

The largest differences among the resolutions ap-
pear for total TKE (Fig. 8). The total TKE is calcu-
lated as a sum of the subgrid-scale and the resolved
parts (Sullivan and Patton 2011). Its value is sub-
sequently normalized by the squared product of the
convective velocity scale:

1/3
W, = % (W/e/)szl} , 22)

where the subscript s refers to the surface and z; de-
notes the boundary layer height (different for each
simulation).

The results from Fig. 8 are not surprising since typical
distributions of TKE have different characteristics for
the small- and large-scale limits. For the former, it is
relatively uniform across the boundary layer depth (e.g.,
Sullivan and Patton 2011). For the latter, however, it is
usually proportional to the square root of the subgrid-
scale convective velocity scale that has a distinct
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FIG. 6. As in Fig. 4, but for the subgrid-scale part of the heat flux.

midlayer maximum (cf. Teixeira and Cheinet 2004;
Witek et al. 2011b). These differences indicate the
shortcomings of the low-resolution representation since
both profiles should be consistent.

A similar behavior is also observed in the current
experiment. The total TKE, which is relatively equally
distributed with height for the finest meshes, gradually
decreases in the upper part of the boundary layer at
coarser grid lengths. For the largest grid lengths, TKE
near the inversion drops to almost zero. At the same
time, TKE tends to accumulate in the lower part of
the boundary layer because of the lack of nonlocal
SGS transport by convective coherent structures. This
transport becomes increasingly important for poorly
resolved flows as the local transport is not able to
provide enough vertical mixing already for Ax larger
than around 1km. Witek et al. (2011a) showed that the
issue can be improved by introducing an additional
nonlocal transport term in the TKE prognostic
equation.

The vertically integrated amount of total TKE tends
to decrease with grid length for intermediate Ax,
reaching a minimum around 10 km, and then only min-
imally increases. Such a decrease is the result of a
gradually diminishing model-resolved TKE, which is not
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entirely fulfilled with the SGS part. The latter increases
with a growing mixing length that reduces the energy
dissipation rate. This increase can be seen at coarse
resolutions, when the model-resolved contribution be-
comes negligible. Note that in our experiment, C, re-
mains constant across the range of Ax, although its
values for the two asymptotic limits (1D and 3D) typi-
cally differ by a factor of 2 or so (cf. Table 1).

Figure 9 shows the partitioning between the resolved
and SGS parts of TKE within most of the boundary layer
(i.e., for 0.05 < z/z; < 0.85). The transition is similar to
that for the vertical heat flux; however, the variability
among the simulated cases is now significantly smaller.
The spread among different simulations leads to equal
partitioning for Ax/z; ranging from around 1.1 to 3, with
the mean value around 2. Overall, the behavior of the
simulated heat flux and TKE partitionings across the
resolutions tends to be shifted toward larger Ax/z; when
compared to Honnert et al. (2011), which can be con-
sidered the reference dataset to evaluate our results, al-
though the latter were obtained by coarse graining the
LES results rather than explicitly simulating the flow for
different resolutions. Note that Honnert et al. (2011) in-
dicates that the shift toward larger Ax/z; is associated with
closures that utilize eddy-diffusivity (ED) approaches
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FIG. 7. Partitioning between the SGS and the resolved heat fluxes
as a function of dimensionless resolution Ax/z; from the last sim-
ulation hour for 0.1 < z/z; <0.5. Each point represents a value from
the mean profiles from Figs. 4 and 5. Each simulated case is rep-
resented by a pair of corresponding red (resolved) and blue (SGS)
sets of markers. Two different values of HFX and three different
stratifications I' are considered, as shown in the legend for the
subgrid-scale part, with greater values of both associated with
larger subscript numbers. The smoothed ensemble means are
plotted with black lines. Reference partitioning from a coarse-
grained LES (Honnert et al. 2011) is plotted in magenta.

(such as the one proposed here), while the opposite (the
shift toward smaller Ax/z;) is associated with nonlocal
closures (e.g., when a mass-flux term is included).

d. TKE source and sink terms

To analyze the contributions from the different source
terms in the TKE equation, Fig. 10 presents mean pro-
files of the subgrid-scale forcings due to shear, buoyancy,
transport, and dissipation for a range of horizontal grid
lengths. The mean advection term oscillates around zero
and is excluded from the analysis. The TKE source and
sink terms are first normalized by w?/z; and interpolated
vertically into a nondimensional space z/z; and then
averaged over the six cases. In addition to mean profiles,
shaded areas representing one standard deviation are
plotted.

For the finest grid length, the most significant contri-
butions within the boundary layer are the shear pro-
duction by explicitly resolved local circulations, which is
counterbalanced by dissipation. Additionally, a local
contribution from the surface buoyancy production can
be noted. These two sources (i.e., shear or buoyancy)
describe the two ways turbulence can be produced by
the SGS model. The shear production gradually di-
minishes as local velocity gradients diminish at coarser
grid lengths, although it is still notable (i.e., 20%-30% of
the finest-resolution values) for 2-4-km grid lengths.
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The buoyancy production increases with grid length: the
thickness of a layer for which this source term is positive
increases with grid length from 0.1z/z; (for Ax = 50m) to
around 0.8z/z; (for Ax = 10km). The mean turbulent
transport term is negative within most of the boundary
layer except for the surface and inversion layers. This is
due to the fact that, for quasi-steady state, maximum
TKE occurs above the surface layer. Since the SGS
transport term acts to reduce local gradients, it means
that the source term will be positive in the regions of
TKE deficit. The dissipation rate is proportional to the
amount of TKE (and inversely proportional to the
mixing length), and therefore, it has the largest values
near the ground that decrease with height. The profiles
for the 10-km grid length are almost the same as for
100 km, documenting a complete transition to the vir-
tually one-dimensional regime with no shear production
and buoyancy production linearly decreasing with
height. Because the mixing length still grows in this limit,
the energy dissipation rate for larger grid lengths further
decreases. As a result, the total amount of TKE within
the boundary layer (as well as the entrainment rate) also
increases (cf. Fig. 8).

The variability of the source terms as measured by
their standard deviations is relatively small for grid
lengths not exceeding 0.5 km. For the large-scale limit,
the mean profiles already stabilize at Ax = 10km. The
most critical resolutions seem to be around Ax = 4km,
for which most of the forcings reveal the largest case-to-
case fluctuations. For less vigorous convection, the SGS
scheme already behaves as within the large-scale limit.
For stronger surface forcings and/or weaker vertical
stability, the scheme tends to reveal more finescale
features, including the reduced contributions from the
SGS buoyancy and transport terms.

e. Comparison with a TKE-based LES model using
only a geometric mixing length

The original TKE-based LES model developed by
Deardorff (1980) was designed to fully resolve fluid
flow at scales larger than the LES grid size (a few tens
of meters) and to utilize the TKE closure to parame-
terize the subgrid turbulent mixing. In that model, the
mixing length explicitly depends on the LES grid size (a
geometric mixing length, as in /3p). LES models such as
Deardorff (1980) are generally not designed to be able
to realistically represent turbulent and convective
mixing (either explicitly or in parameterized form)
when using grid sizes that are much larger than typical
LES grid sizes. In any case, in here, we test the ability
of a TKE-based LES model (using a geometric mixing
length) to represent the dry convective boundary layers
that are simulated in this paper, with grid sizes ranging



FEBRUARY 2018

HFX=0.03-Km/s

KUROWSKI AND TEIXEIRA

HFX=0.03 Km/s

685

HFX=0.03:Km/s

. '=1.95 K/km I'=2.93 K/km '=3.9 K/km
~ 08
N
N
= 06
=
2 o4
0.05km
0.2
0.5km
0 2km
0 0.2 0.4 0 0.2 0.4 0 0.2 0.4
—— 4m
HFX=0.06 Km/s HFX=0.06 Km/s HFX=0.06 Km/s
] I'=1.95 K/km I'=2.93 K/km =3.9 K/km — 10km
100km
o 08
N
= 06
=
2 o4
0.2
0
0 0.2 0.4 0 0.2 4 0 0.2 0.4
TKE/W?

FIG. 8. Normalized profiles of the total TKE at the end of the simulations for different horizontal grid lengths and for
the six simulated cases.

from 50m to 100km. We compare the new approach
against a TKE-based LES model to assess the role of
the key elements of the new mixing length: (i) the
merging of the 1D and 3D mixing-length limits, (ii) the
1D mixing length that naturally decreases in stable
layers (leading to a smooth transition close to the
boundary layer top and, as such, impacting the top
entrainment), and (iii) the modified surface-layer
mixing length.

It should be stressed, however, that there are different
versions of TKE-based LES models—even among the
ones more strictly following Deardorff (1980). A key
common element for these models is the geometric
mixing length [Eq. (15)]. Other features (e.g., the
Prandtl number or the mixing length in stable layers) are
less strictly followed. It turns out that these additional
elements may significantly affect the results, as briefly
described below. Moreover, the original work of
Deardorff (1980) neglects the mixing-length modifica-
tions in the surface layer, which are increasingly im-
portant at coarser resolutions.

Simulations with a TKE-based LES model for hori-
zontal resolutions from 50 m to 100 km were performed
for different versions of the LES model (all these
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versions used the geometric mixing length mentioned
above): with and without the mixing-length stability
correction (e.g., Deardorff 1980) and with and without a
surface-layer mixing length. Note that, in all simulations,
the numerical stability limiters for the turbulent mixing
coefficients were switched off.

All the simulations show that the TKE-based LES
model using only a geometric mixing length (pro-
portional to the LES 3D grid size) produces a develop-
ment of the dry convective boundary layer that is similar
to the one produced by the formulation proposed in this
paper for resolutions typical of LES (i.e., 50m and
slightly larger). This is an expected result, since the new
scale-adaptive mixing length converges to the LES
geometric mixing length for these high resolutions—
although the surface-layer mixing length can play a
significant role even at these resolutions.

For coarser resolutions (mostly for resolutions above
4km), the simulations with the TKE-based LES using a
geometric mixing length only show an unrealistically
large growth of the dry convective boundary layer. This
is essentially due to the extremely large values of the
geometric mixing length for low resolutions, which leads
to large values of the eddy-diffusivity coefficient and an
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anomalous transition from the convective boundary
layer to the stable atmosphere above. Note that for a
horizontal resolution of 100 km, the geometric mixing
length is around 10km (clearly much larger than the
boundary layer depth).

This is illustrated well in Fig. 11, where the ED co-
efficients for the different resolutions and two different
formulations are shown: (i) the scale-adaptive formu-
lation proposed in this paper and (ii) the basic TKE-
based LES model with a purely geometric mixing-
length formulation (both models use the same
surface-layer mixing length—otherwise, the basic LES
model’s results are even less realistic). It can be seen
that the ED coefficients start to differ between the two
models for resolutions of 500 m and above, with these
differences becoming larger and larger at coarser res-
olutions. The ED coefficients for the new method
proposed here converge to a value determined by the
boundary layer height scale (from /;p) as the grid size
increases, while the growth of the ED coefficients for
the basic LES version follows the growth of the geo-
metric mixing length with grid size, reaching a peak
value close to 2000m*s~! for a resolution of 100 km.
Values of this nature for the mixing length and ED
coefficient lead not only to unrealistic dry convective
boundary layers but would also potentially play a
damaging role in the overall simulations if other pa-
rameterizations and processes (e.g., moist convection,
cloud condensation, and microphysics) were to be
coupled to the ED parameterization of dry turbulent/
convective mixing.

f- Horizontal subgrid transport

The final element we inspect in this study is the hori-
zontal subgrid flux defined as

— 20
g =—K,— 2
u'o oy (23)
and
v = — h% (24)
dy

in the two horizontal directions.

In Fig. 12, the ensemble mean of absolute subgrid
horizontal fluxes for 0.1 < z/z; < 0.5 is shown as a
function of horizontal resolution. For reference, we also
plot the vertical subgrid flux. The averaging procedure
uses the fluxes normalized by the surface values and
neglects their direction. As expected, the vertical heat
flux changes from around 102 to 0.5 as the flow tran-
sitions from 3D to 1D (cf. Fig. 6). However, the behavior
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of the horizontal component is less obvious. Starting
from the finest grid length, it slightly grows (on loga-
rithmic scale) to reach the maximum for the 0.5-1-km
grid lengths and then slightly decreases. Above
Ax = 4km, it drops abruptly, and then the negative
trend remains for the larger grid lengths as well. One can
therefore distinguish two regimes for the horizontal
fluxes. At finer resolutions, when the flow is at least
partially resolved, they are fairly similar regardless of
grid length. Once the transition to 1D mode completes,
it begins decreasing with grid length. Similarly, two re-
gimes also appear for the vertical fluxes with a steady
growth until about 10 km and a constant value at coarser
resolutions.

Since the horizontal subgrid flux is defined as the
product of the eddy-diffusivity coefficient and the
potential temperature gradient, we examine the mean
behavior of the two components across resolutions.’
As was shown in Fig. 11, the mean turbulent mixing
coefficient constantly grows, with grid length reaching
its asymptotic value around Ax = 10 km. On the other
hand, the mean horizontal temperature gradient de-
creases with grid length but at a lower rate for finer
resolutions. This slow decrease in the gradient is
counterbalanced by the increase in the mixing co-
efficient, which turns out to be sufficient for main-
taining similar horizontal fluxes between Ax = 50m
and 4km. For the larger rate decrease (at coarser
resolutions), the eddy-diffusivity coefficient stops
growing, and the flux follows the temperature gradient
decrease.

It is also insightful to compare mean absolute po-
tential temperature differences as a function of grid
length (Fig. 13). They constantly grow with grid length
up to Ax = 4km and then abruptly drop by more than
an order of magnitude. This finer-scale increase is
largely caused by the disintegration of convective cells
and a relative increase in the amount of grids with the
temperature excess since the maximum temperature
differences (also plotted in the figure) only slightly
grow with grid length. In the large-scale limit, the
mean and maximum potential temperature differ-
ences are at least an order of magnitude smaller and
show only minimal fluctuations among the model grid
points. The significant drop in the temperature dif-
ferences between 4 and 10 km is due to the fact that, at
10 km, the model is incapable of producing any type of

! Although averaging of the product of two elements is in general
not equivalent to the product of two averaged elements, we look
into them to get a hint on the nature of the scale dependence from
Fig. 12.
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convective structures (even numerically spurious
ones), which leads to extremely small horizontal
temperature perturbations.
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5. Summary and discussion

In this paper, a scale-adaptive turbulent kinetic en-
ergy (TKE) closure for the dry convective boundary
layer is proposed. Since the TKE closure has been
widely used in high-resolution LES models (in 3D
mode) and in coarse-resolution weather and climate
prediction models (in 1D mode), we use a simple
method to merge in a continuous manner these two
distinct limits across intermediate resolutions. A mixing-
length formulation is proposed that is inspired by the
Blackadar (1962) formulation to merge the surface layer
with the boundary layer mixing length.

The new scale-adaptive mixing length continuously
increases with an increasing grid length for in-
termediate resolutions and naturally saturates close to
the boundary layer length scale. It is shown that the
proposed mixing-length formulation leads to a natural
and continuous transition of the subgrid-scale vertical
transport for a wide range of horizontal grid lengths,
including the turbulent gray zone, although there is
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FIG. 10. Normalized horizontally averaged profiles of the subgrid-scale TKE source and sink terms (transport 7,
dissipation D, buoyancy B, and shear S) for a range of horizontal resolutions as indicated by Ax. The ensemble means
(thick lines) are plotted together with the envelopes of one standard deviation (lighter colors).
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FIG. 11. Ensemble-mean vertical profiles of horizontally aver-
aged turbulent mixing coefficients for heat from the simulations
with the new model (continuous lines) and the Deardorff (1980)
model (dashed lines) at the end of the simulation time. Both
models employ the same surface-layer mixing-length formulation.

still room for improvement at these intermediate
resolutions.

The new mixing-length approach is tested for a variety
of cases of dry convection forced by a constant surface
buoyancy flux: six different cases with two different sur-
face fluxes and three different stratifications are consid-
ered. Each of the cases includes simulations for horizontal
grid resolutions spanning three orders of magnitude, from
50m to 100 km. The simulation results document a similar
development of the boundary layer in terms of the mean
potential temperature profiles for all the resolutions
tested, although sharper temperature inversions are ob-
tained for coarser resolutions. The profiles of total heat
flux compare well among the resolutions. It is clear (as it
has been shown in other studies referenced in the paper)
that a pure eddy-diffusivity (ED) approach in 1D will not
produce a fully realistic depiction of the structure of the
boundary layer (i.e., a well-mixed layer) and that an ad-
ditional term is required to represent the countergradient
fluxes. Such a term, like a mass-flux (MF) parameteriza-
tion of convective plumes (as in EDMF; e.g., Siebesma
et al. 2007) is necessary and should be scale adaptive as
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FIG. 12. Horizontally averaged subgrid vertical and horizontal
fluxes for 0.1 < z/z; < 0.5 normalized by the surface heat flux.
Absolute values of the local horizontal flux are considered to em-
phasize the magnitude of heat flow also in the horizontal. Each line
represents the ensemble mean over the six convective cases.

well. In the current paper, we opted for utilizing an ED
closure, without accounting for a countergradient term,
to test, in the simplest manner possible, the mixing-length
formulation that blends the traditional TKE LES and 1D
closures.

The partitioning between the resolved and subgrid
components of the heat flux and turbulent kinetic energy,
for different resolutions, follows the expected qualitative
behavior similar to Honnert et al. (2011): with the fluxes
(TKE) being mostly resolved at higher resolutions,
transitioning in a continuous manner to dominant subgrid
fluxes (TKE) at lower resolutions. However, there are
still differences when compared to Honnert et al. (2011);
for example, the normalized grid length at which equal
partitioning occurs is greater. Although it should be noted
that their results are essentially diagnostic and are ob-
tained by spatial filtering of LES for different filter scales.
They do not explicitly simulate the atmosphere using the
same model for a variety of grid resolutions as it is done in
the study presented here.

It can be argued that the most remarkable results from
the current paper pertain to the simulation of the differ-
ent source and sink terms of the prognostic TKE equa-
tion. Our simulations show a natural and continuous
transition from a situation where the shear production
and dissipation dominate (for 50-m resolution) to a situ-
ation dominated by the buoyancy production, dissipation,
and transport of TKE (for 100-km resolution).

The comparison with a basic TKE-based LES model
(with just a geometric mixing length) illustrates the
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FIG. 13. Mean and maximum absolute values of the horizontal
potential temperature differences and the horizontal potential
temperature gradients for 0.1 < z/z; < 0.5 from the ensemble of
convective cases.

advantages of the new approach by highlighting the is-
sues faced by the basic LES, which include an unrealistic
growth of the boundary layer and extremely large values
for the mixing-length and eddy-diffusivity coefficients
for coarse resolutions.

For completeness, we also analyze how scale adaptive
the horizontal subgrid temperature fluxes are. For grid
sizes between 50m and 4 km, they remain comparable,
reaching a maximum around 0.5-1km. Between 4 and
10km, the horizontal subgrid fluxes decrease dramati-
cally by more than one order of magnitude. This sig-
nificant drop is essentially because, at 10km, the model
is no longer capable of producing any type of convective
structures (even numerically spurious ones), which
leads to extremely small horizontal temperature per-
turbations. Overall, the horizontal subgrid fluxes de-
crease by almost three orders of magnitude from a
resolution of 50 m to a resolution of 100 km.

In this paper, it is shown that by using the exact
same atmospheric model (without changes to any
parameter), it is possible to simulate in a realistic
manner (without any arbitrarily imposed resolution-
dependent formulation) the key properties of the dry
convective boundary for horizontal grid resolutions
spanning three orders of magnitude: from 50m to
100km. This is achieved by using a new mixing-length
formulation that naturally merges in a fairly simple
manner the essential mixing-length scales from LES
to weather and climate models.

Future research will focus on extending the method-
ology to more complex convective boundary layers such
as stratocumulus and cumulus boundary layers and de-
veloping scale-adaptive approaches to nonlocal turbu-
lent and convective transport by boundary layer plumes
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that plays a critical role in the evolution of convective
boundary layers. This will be performed in the context of
recent approaches such as EDMF that aim to unify the
representation of local and nonlocal boundary layer and
convective mixing.
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