
1.  The Need for Finer Intuition on Radiative Cooling Structures
Gaining more intuition on radiative transfer physics is of growing interest for atmospheric dynamicists, since 
unconstrained interactions between radiation and convection have been identified as key mechanisms for Earth's 
meteorology. In particular, radiative cooling occurring in the lower troposphere can feed atmospheric circulations 
that are responsible for the spatial organization of clouds in a process called self-aggregation, which may affect 
both deep and shallow clouds (Bretherton et al., 2005; C. Muller et al., 2022; Wing et al., 2017). When cooling 
occurs low in the boundary layer, around 1 or 2 km, circulations result from the stronger surface winds acceler-
ated by density anomalies (Shamekh et al., 2020). When elevated to 3–4 km above the ground, localized long-
wave cooling may reinforce circulations in shallow convective areas by increasing stability below the inversion 
layer (Stevens et al., 2017). These horizontal gradients in longwave cooling are associated with faster cyclogen-
esis (C. J. Muller & Romps, 2018), wider and drier subsiding areas (Craig & Mack, 2013), and the maintenance 
of mesoscale shallow cloud structures (Bretherton & Blossey, 2017). Modes of deep and shallow organization 
involve mesoscale dynamics that are unresolved in climate models, but even a small change therein can have a 
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large impact (relative to CO2 forcing magnitude) on the top-of-atmosphere radiative budget: changing shallow 
cloud fraction modulates the Earth's albedo, and changing the dry fraction area in subsiding regions can permit 
efficient cooling of the Earth's surface to space as local dry “radiator fins” (Pierrehumbert, 1994).

Testing the emergence of radiatively-driven aggregation necessitates to connect idealized model results with 
observations, and a promising avenue is to refine the correspondence between the moisture structure and radia-
tive cooling in subsidence regimes. Indeed, idealized simulations point to the importance of longwave cooling 
being localized in the vertical, especially in dry subsiding regions at the top of the boundary layer, as a driving 
force for shallow circulations (C. Muller & Bony, 2015; C. J. Muller & Held, 2012). But the simulated modes of 
organization change with domain size and shape in small idealized cloud-resolving models (e.g., C. J. Muller & 
Held, 2012; Wing et al., 2017), which motivates the formulation of new observable criteria for self-aggregation 
(Holloway et al., 2017). Remote-sensing observations, in turn, do not resolve the detailed structure of radiative 
cooling in the lower troposphere sufficiently well (Stevens et al., 2017), which complicates the direct compari-
son with observations. Similarly in the middle troposphere, idealized simulations also point to the emergence of 
elevated moist layers at mid-levels and their association with aggregation of deep convective clouds (Sokol & 
Hartmann, 2022; Stevens et al., 2017), but these moist layers are also often undetected by satellite retrieval algo-
rithms (Lerner et al., 2002; Prange et al., 2021, 2022). Thus, the present work aims at exploring the relationship 
between the vertical structure of humidity and low-level radiative cooling in subsiding regimes, as a means to 
provide simple necessary conditions for self-aggregation in the observable atmosphere, with a special focus on 
shallow cloud patterns.

This goal is now achievable, thanks to the unprecendented in-situ measurements of the EUREC 4A field campaign 
(Albright et al., 2021; Stevens et al., 2021), which let us explore connections between atmospheric structure, 
radiative cooling profiles and modes of shallow clouds organization. 2,504 soundings profiles of temperature, 
pressure and humidity have been retrieved in the oceanic conditions upwind of Barbados in January and February 
2020 (George et al., 2021), offering far more detailed vertical structure than is available from satellite retrievals 
(e.g., Stevens et al., 2017). The western Atlantic hosts a variety of shallow cloud patterns, recently labeled as Fish, 
Flowers, Gravel and Sugar, a visual classification that has also proved effective at distinguishing their thermody-
namic structures and degree of organization (Bony et al., 2020). Fish are large elongated structures surrounded 
by wide dry areas; Flowers, patches of 50–80 km wide regularly spaced; Gravel, often composed of cold pool 
rings; and Sugar, smaller fair-weather cumuli (Schulz, 2022; Schulz et al., 2021). Fish and Flower can reach 
the largest cloud fractions and are most effective at reflecting sunlight (Bony et al., 2020). Their relationship to 
radiatively-driven aggregation is however unclear: radiative processes are argued to help the maintenance of the 
Flower structure (Bretherton & Blossey, 2017; Narenpitak et al., 2021), but these few idealized simulations have 
not been yet contextualized in observations. The EUREC 4A data set, further described in Section 2, exhibit sharp 
radiative cooling peaks in the lower atmosphere, of comparable magnitude as those found in numerical simula-
tions of radiative-aggregation.

The present work aims toward developing a robust theoretical understanding of the environmental controls that 
allow these strong radiative cooling rates to emerge on low levels. Profiles of radiative fluxes depend nonlinearly 
on the vertical distribution of multiple atmospheric species, and involve radiative effects of these species  across 
a range of spectral frequencies, so the detailed structure of radiative cooling is often calculated with complex 
radiative transfer models. For some problems, simple theoretical approaches offer sufficient interpretability: for 
instance, with smooth thermodynamic profiles computed on global climate scales, “gray” solutions to radia-
tive transfer offer simpler intuition for the magnitude and change of atmospheric radiative cooling. In theo-
ries of intermediate complexity, the main ingredients are: the height of emission to space, approximated by the 
level where optical depth is close to unity 𝐴𝐴 𝐴𝐴𝜈̃𝜈 ≈ 1 (at a given wavenumber); and the cooling-to-space approx-
imation (CTS) explains how the maximum cooling is distributed in height and spectral space (Jeevanjee & 
Fueglistaler, 2020a, 2020b, hereafter JF20b). However, regional variations in radiative cooling are not clearly 
constrained by these approaches, and regimes of shallow convection exhibit profiles of temperature and humid-
ity with richer structures than in the global average, with a dry free-troposphere overlaying a moist boundary 
layer. Stevens et al. (2017) note the role of moisture in affecting radiative cooling in the lowest first kilometers: 
a constant relative humidity is qualitatively associated with roughly uniform radiative cooling, and the presence 
of strong vertical moisture gradients concentrates the cooling at the top of the moist layer in the form of sharper 
cooling peaks. This article aims at making this observation quantitative in different regimes of cloud organiza-
tion, by going beyond large-scale average profiles and gray theory.
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For this purpose, we develop new theoretical criteria for the shape and behavior of low-level radiative cooling in 
subsidence regimes of shallow organization, and validate the theory with EUREC 4A observations. We address 
several interlocking questions:

•	 �What aspects of the atmospheric structure and composition control the altitude and magnitude of longwave 
radiative cooling peaks, in regimes of subsidence?

•	 �How does the complex vertical structure of humidity (e.g., elevated layers of moist air) complicate this 
picture?

•	 �Can this theory help to identify modes of shallow cloud organization sensitive to radiatively-driven 
aggregation?

The key relationships of interest are those responsible for setting the shape, amplitude and altitude of clear-sky 
radiative cooling peaks occurring at the top of the atmospheric boundary layer. The analysis is restrained to clear-
sky longwave cooling, in order to build a clear theoretical background onto which other components may be 
added. Longwave radiative cooling in clear air is sufficient to drive self-aggregation (C. J. Muller & Held, 2012); 
shortwave heating can compensate the cooling during daytime, resulting in a net reduction in daily-mean cooling 
by about 30%–40% (Figure S1 in Supporting Information S1), but this compensation is not expected to prevent 
aggregation (Ruppert & Hohenegger,  2018). Cloud radiative effects, not provided by EUREC 4A soundings 
(Albright et al., 2021), would enhance aggregation by suppressing longwave cooling below cloud tops, which 
reinforces the contrast between dry and moist regions and the corresponding circulation (Bretherton et al., 2005; 
C. Muller & Bony, 2015).

We start by giving an example of cloud scenes and radiative profiles from the EUREC 4A field campaign in 
Section 2. Theoretical approximations for the height, shape and magnitude of longwave low-level radiative cool-
ing are then developed in Section 3. The effect of elevated moist intrusions on the lower cooling is examined in 
Section 4 and implications of this theory for narrowing the search for radiative-aggregation in low-level cloud 
patterns will be discussed in Section 5, before concluding (Section 6).

2.  Observed Shapes of Longwave Cooling in the Tropical Atlantic
The horizontal and vertical structure of atmospheric radiative cooling is closely tied to local profiles of temper-
ature and water vapor, as well as the spectral properties of water vapor. In this paper we investigate these links 
using an unprecedented set of observations: 2,504 soundings (profiles of temperature, pressure and humidity) 
obtained in the oceanic conditions upwind of Barbados in January and February 2020 (George et al., 2021) during 
the EUREC 4A field campaign (Stevens et al., 2021). Radiative transfer calculations are performed on sounding 
data to compute vertical profiles of clear-sky radiative cooling (Albright et al., 2021), as well as on idealized 
profiles in Sections 4 and 5, with the RRTMGP-RTE correlated-K model (Pincus et al., 2019). These calcula-
tions provide us with a data set of “observed” and idealized radiative cooling profiles to assess the robustness of 
theoretical scalings in Section 3 and 4.

An example of the rich vertical structure of humidity is given in Figure 1a for 1 day of the campaign (26 
January 2020) along with the corresponding profiles of longwave radiative cooling (computed by ignoring 
possible cloud effects, Albright et  al.,  2021) in Figure 1b. These show local maxima of several K/d larger 
than the vertical average, coincident with sharp gradients in water vapor and temperature. Cooling peaks 
occur at higher altitudes in the moister convecting areas than in the drier surrounding regions (Figure 1c), 
although small-scale moisture variability in the moist convecting region can also explain the presence of lower 
cooling maxima there. This contrast is consistent with a surface flow from dry to moist regions (C. J. Muller 
& Held,  2012), inducing an atmospheric circulation apparent in moisture space (Schulz & Stevens,  2018). 
This is reproduced in Figures 1d and 1e, showing that the maximum observed longwave cooling is of similar 
magnitude as the cooling thought to promote radiative self-aggregation of deep convective clouds in models. 
In these limited-area simulations of deep convective aggregation, clear-sky longwave cooling is sufficient to 
drive convective aggregation; the subsiding environment is very dry and deep circulations are strong, implying 
a maximum in radiative cooling closer to the surface, while the observed cooling is maximum at higher levels. 
The present analysis aims at developing the analytical tools that explain the magnitude and height of radiative 
cooling in realistic subsiding environments, to bring context for future studies of deep and shallow convective 
aggregation.
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3.  Theoretical Criteria for the Cooling Height, Shape and Magnitude
3.1.  Main Theoretical Steps

We build on recent theoretical work explaining the bulk features of radiative cooling with simplified spectral 
theories (Jeevanjee & Fueglistaler,  2020a,  2020b). In this theory, longwave radiative cooling is dominated 
CTS. The smooth humidity structure induces a quasi-uniform cooling in the vertical, as the logarithm of water 
vapor optical depth decreases upwards proportionately to atmospheric pressure. At any given height, cooling 
occurs at wavenumbers for which optical depth is close to 1 (Jeevanjee & Fueglistaler, 2020a) and the altitude 
of maximum radiative cooling is controlled by the range of wavenumbers that emits the most (Jeevanjee & 
Fueglistaler, 2020b). Here we revisit this theory for the regional case of subsidence regimes showing a much 
drier free troposphere: we start with the CTS approximation and simplify the spectroscopy in a similar way as 
Jeevanjee and Fueglistaler  (2020b), before formulating additional spectral assumptions to include the vertical 
structure of humidity in the theory.

Figure 1.  Observations of clear-sky longwave radiative cooling during the EUREC 4A field campaign, on 26 January 2020 (Fish pattern). Top row: relative humidity 
(a) and clear-sky longwave cooling (b) profiles (thin lines) and their means (thick lines), colored based on the height of the maximum cooling. (c) Spatial distribution 
of sonde positions in the cloud pattern: the image drawn is a weighted average of all GOES images retrieved from the visible channel in daytime, using isotropic 
Gaussian weights centered on each sonde with 10 km spatial standard deviation. Lower row: clear-sky longwave radiative cooling composited as a function of column 
precipitable water PW from (d) 26 January soundings during EUREC 4A, and (e) in a simulation of deep convection following (C. Muller & Bony, 2015); dashed black 
contours are the circulation streamfunction and white contours indicate cloud water content.
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3.1.1.  Cooling-To-Space Approximation

The vertical profile of longwave radiative cooling heating rate 𝐴𝐴  can be written as an integral over wavenumbers 
𝐴𝐴 𝐴𝐴𝐴  of the spectrally-resolved longwave heating rate 𝐴𝐴 𝜈̃𝜈 (in 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴

−1
.
(

cm
−1
)−1 ):

(�) = ∫Δ�̃
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where 𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴 is a unit spectral width and 𝐴𝐴 Δ𝜈̃𝜈 the spectral range of integration, defined further below in Section 3.3. 
This heating rate 𝐴𝐴  is typically negative so we will more generally refer to it as radiative cooling. We assume 
that both the background longwave radiative cooling and the local cooling maxima (negative peaks) can be 
modeled adequately with the CTS: assuming that the photons emitted in a given layer mostly escape directly 
to space while exchanges between atmospheric layers are of smaller magnitude in comparison (Jeevanjee & 
Fueglistaler,  2020b). The integrand 𝐴𝐴 𝜈̃𝜈 is proportional to the longwave flux divergence 𝐴𝐴 𝐴𝐴𝑝𝑝𝐹𝐹𝜈̃𝜈 and, under this 
approximation, can be approximated as
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where 𝐴𝐴 𝐴𝐴𝜈̃𝜈 is the Planck function, 𝐴𝐴  (𝜏𝜏𝜈̃𝜈) = 𝑒𝑒
−𝜏𝜏𝜈̃𝜈 the transmissivity to space at optical depth 𝐴𝐴 𝐴𝐴𝜈̃𝜈 , cp is the specific heat 

capacity of air at constant pressure and g acceleration due to gravity. The vertical derivative becomes
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where qv is the specific humidity, approximately equal to the water vapor mixing ratio.

3.1.2.  Simplified Spectroscopy and Optical Depth Lapse Rate

We expand upon this framework in two ways. First, Jeevanjee and Fueglistaler (2020b) considered atmospheres 
with constant coefficient β, in other words, optical depth is a simple power function of pressure typical of the clima-
tological mean. Shallow convective regimes, in contrast, are often characterized by very dry free-tropospheric 
conditions above the inversion level and a relatively well-mixed lower troposphere (e.g., Figure 1a). Such vertical 
structures in relative humidity result in strong vertical gradients in water vapor mixing ratio, so that optical depth 
can substantially deviate from a smooth climatological profile. We therefore consider the more general case of 
vertically varying β.

A second simplifying change is the separation between the thermodynamic structures and water vapor spectros-
copy: optical properties are evaluated at a reference temperature and pressure, so that variations in optical depth 
from one sounding to another are entirely due to variations in water vapor path. Extinction coefficients 𝐴𝐴 𝐴𝐴𝜈̃𝜈 have 
some monotonic dependence on temperature and pressure, in particular at small wavenumbers (in the rotational 
branch of water vapor) and large mixing ratios, but this is less pronounced in the lower troposphere below 3–4 km 
(Wei et al., 2019). We therefore assume 𝐴𝐴 𝐴𝐴𝜈̃𝜈 as constant in height in the lower troposphere and write 𝐴𝐴 𝐴𝐴𝜈̃𝜈 as a function 
of water vapor path W(p) above level p, 𝐴𝐴 𝐴𝐴𝜈̃𝜈(𝑝𝑝) ≈ 𝜅𝜅𝜈̃𝜈 ∫

𝑝𝑝

0
𝑞𝑞𝑣𝑣

𝑑𝑑𝑑𝑑

𝑔𝑔
≡ 𝜅𝜅𝜈̃𝜈𝑊𝑊 (𝑝𝑝). Furthermore, the relationship between 

extinction 𝐴𝐴 𝐴𝐴𝜈̃𝜈 and wavenumber 𝐴𝐴 𝐴𝐴𝐴  can be approximated as a piecewise exponential function, in the rotational and 
the vibration-rotation band of absorption of water vapor, similarly to Jeevanjee and Fueglistaler (2020b), which 
makes the problem analytically tractable. Expressions are detailed in Appendix A and illustrated in Figure 2a for 
the rotational band (wavenumber range 200–1,000 cm −1). In practice, these expressions will allow us to estimate 
quantitatively the radiative cooling approximations derived later, and to retrieve the two corresponding wavenum-
bers 𝐴𝐴 𝐴𝐴𝐴

† which emit the most for a given water path W in the rotational and vibration-rotation bands, according to 
the relationship 𝐴𝐴 𝐴𝐴𝜈̃𝜈 = 𝜅𝜅(𝜈̃𝜈)𝑊𝑊 = 1 .
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Under these assumptions, β corresponds to the lapse rate in the logarithm of water vapor path and is uniform 
across wavenumbers:

𝛽𝛽 ≈
𝑑𝑑ln𝑊𝑊

𝑑𝑑ln 𝑝𝑝
.� (5)

3.1.3.  Main Scaling

Combining Equations  1–3 and denoting the weighting function 𝐴𝐴 𝐴𝐴𝜈̃𝜈𝑒𝑒
−𝜏𝜏𝜈̃𝜈 as 𝐴𝐴 𝐴𝐴𝜈̃𝜈 , the vertical profile of longwave 

cooling becomes

(𝑝𝑝) ≈ −
𝑔𝑔
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and we denote the spectral integral by 𝐴𝐴 𝐴𝐴Δ𝜈̃𝜈 for later reference, where 𝐴𝐴 Δ𝜈̃𝜈 is the spectral range of integration deter-
mined in practice by the weighting function 𝐴𝐴 𝐴𝐴𝜈̃𝜈 . This expression can be estimated analytically and contains one 

Figure 2.  Spectral simplifications and emission range: (a) Water vapor extinction coefficients at reference conditions 
Tref = 290 K and pref = 800 hPa according to the Correlated-K Distribution Model Intercomparison Project absorption spectra 
data set (Hogan & Matricardi, 2020) (blue), the exponential fit computed following (Jeevanjee & Fueglistaler, 2020b) (black 
line, Appendix A). The most-emitting wavenumber 𝐴𝐴 𝐴𝐴𝐴

⋆ = 553  cm −1 is computed as 𝐴𝐴 𝐴𝐴
⋆
≡ 𝜅𝜅(𝜈̃𝜈⋆)𝑊𝑊 = 1 for a typical water 

path W = 3 mm (black dot). (b) Planck function 𝐴𝐴 𝐴𝐴𝜈̃𝜈 (red) and weighting functions 𝐴𝐴 𝐴𝐴𝜈̃𝜈 = 𝜅𝜅(𝜈̃𝜈)𝑊𝑊 𝑊𝑊
−𝜅𝜅(𝜈̃𝜈)𝑊𝑊  , using the simplified 

analytical fit computed for 𝐴𝐴 𝐴𝐴(𝜈̃𝜈) . Weighting functions have smaller spectral width than the Planck function: 𝐴𝐴 Δ𝜈̃𝜈 = 160 cm −1 
(gray shading on panel a, see Section 3.3 for calculation), and are found independent of W in this theory.
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main additional element compared to the one derived by Jeevanjee and Fueglistaler (2020b): the dependence of 
β on pressure, entirely controlled by the shape of the water vapor profile. This term will control the variations in 
radiative cooling amplitude across soundings. Conversely, 𝐴𝐴 𝐴𝐴𝜈̃𝜈 only depends on the temperature profile, and will 
likely be the main degree of freedom for the increase in radiative cooling as climate warms. Lastly, 𝐴𝐴 𝐴𝐴𝜈̃𝜈 embeds all 
the information about water vapor spectroscopy through extinction coefficient 𝐴𝐴 𝐴𝐴(𝜈̃𝜈) and sets a constant spectral 
range of emission at the height of the peak (illustrated in Figure 2b).

We will now use Equation 6 to provide a criterion for the height of radiative cooling peaks and an approximate 
scaling for its magnitude. A reference wavenumber 𝐴𝐴 𝐴𝐴𝐴

† = 554 cm −1 will be used in the derivation, corresponding to 
the maximum emission at 800 hPa for an atmosphere with 10% relative humidity (see Appendix A). Superscript  † 
is used for the emission maximum, both in the vertical dimension and spectral space (p † denotes the pressure level 
of maximum spectrally-integrated emission).

3.2.  Physical Controls on Radiative Cooling Peak Height

Jeevanjee and Fueglistaler  (2020b) emphasize that the largest emission to space at fixed wavenumber 𝐴𝐴 𝐴𝐴𝐴  is 
controlled by the weighting function 𝐴𝐴 𝐴𝐴𝜈̃𝜈 = 𝜏𝜏𝜈̃𝜈𝑒𝑒

−𝜏𝜏𝜈̃𝜈 which maximizes at 𝐴𝐴 𝐴𝐴𝜈̃𝜈 = 1 : this result is true in τ coordinates 
and can be directly mapped onto height coordinates in the case of smooth zonally-averaged thermodynamic 
profiles. In regimes of shallow convection, optical depth relates to temperature and humidity in a non-trivial way: 
local radiative cooling maxima may also be obtained where T is locally maximum (inducing larger emission) and 
where vertical gradients in water vapor path W are large (inducing larger gradients in transmission). We consider 
three hypotheses for what controls the height of radiative cooling peaks, associated with each term in Equation 6:

�H1)	� the weighting function 𝐴𝐴 𝐴𝐴𝜈̃𝜈 = 𝜏𝜏𝜈̃𝜈𝑒𝑒
−𝜏𝜏𝜈̃𝜈 peaking at 𝐴𝐴 𝐴𝐴𝜈̃𝜈 = 1 ,

�H2)	� the Planck function 𝐴𝐴 𝐴𝐴𝜈̃𝜈(𝑇𝑇 (𝑝𝑝)) , showing a local maximum at the inversion level where T has larger values,
�H3)	� the optical depth lapse rate β, or W-lapse rate, corresponding to the vertical humidity structure.

These three hypotheses can be first compared graphically. Figure 3 shows a decomposition of terms appearing 
in Equation 6 for EUREC 4A profiles retrieved on 26 January 2020. Thermodynamic profiles involved in the 
humidity structure are shown on the first row (panels a–c): the temperature inversion is visible in the saturation 
humidity profile 𝐴𝐴 𝐴𝐴

⋆

𝑣𝑣 (𝑇𝑇 ) , and large vertical gradients in relative humidity φ and water vapor path 𝐴𝐴 𝐴𝐴 (𝑝𝑝) = ∫
𝑝𝑝

0
𝜑𝜑𝜑𝜑

⋆

𝑣𝑣

𝑑𝑑𝑑𝑑

𝑔𝑔
 

occur below 800 hPa for the driest columns W < 30 mm. This results in a sharp peak of the “humidity” parameter 
β, with a similar shape as the full estimate from Equation 6 and as the measured cooling profile (panels h–i), 
which gives credit to hypothesis H3. At reference wavenumber 𝐴𝐴 𝐴𝐴𝐴

† = 554  cm −1, the Planck term 𝐴𝐴 𝐴𝐴𝜈̃𝜈 shows a small 
departure at the temperature inversion (panel d), and the weighting function 𝐴𝐴 𝐴𝐴𝜈̃𝜈 shows a maximum more spread in 
the vertical than the target (panel e), while their joint spectral integral is smoothed in the vertical (panel f). This 
gives credit to the role of humidity parameter β (H3) over the Planck term or the weighting function (H1 and H2) 
in setting the height of the radiative cooling peak. This is finally confirmed by Figure 4b, showing all EUREC 4A 
soundings with a radiative cooling peak larger than 5 K/day below 300 hPa. A clear correlation is found between 
the height of the hydrolapse (maximum in β) and the observed radiative peak heights. We note that a few points 
on Figure 4b show β peaks in the upper troposphere, while the measured cooling peak maximum occurs at lower 
levels. These occur in places with small-scale variability in the moisture field at upper levels, yielding large β 
values, but radiative cooling remains smaller due to the weaker Planck term in the upper atmosphere. These cases 
often correspond to upper moisture intrusions, to which we return to further below.

Analytical calculations are then made for a quantitative comparison of the role of the temperature inversion 
(through 𝐴𝐴 𝐴𝐴

⋆

𝑣𝑣  ) and the gradient in humidity (through φ) in setting the peak of β (developed in Appendix B). We use 
analytical approximations for the peak amplitude, derived later in Section 3.4: the drop in relative humidity at the 
top of the boundary layer (called hydrolapse) induces a cooling peak 1 or 2 orders of magnitude larger than the 
peak induced by the temperature inversion.

In conclusion, the height and shape of radiative cooling peaks are determined by the vertical structure of rela-
tive humidity through parameter βto leading order. Unlike Jeevanjee and Fueglistaler  (2020b), the weighting 
function 𝐴𝐴 𝐴𝐴𝜈̃𝜈 does not determine the height of maximum emission, but selects the most-emitting wavenumber 𝐴𝐴 𝐴𝐴𝐴

† 
obeying 𝐴𝐴 𝐴𝐴𝜈̃𝜈† = 𝜅𝜅

(

𝜈̃𝜈
†
)

𝑊𝑊
(

𝑝𝑝
†
)

= 1 at the height of radiative cooling peak (Figure 2, and Figure 2 in Jeevanjee and 
Fueglistaler (2020b)).
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Figure 3.  Decomposition of terms involved in the derivation of Equation 6, illustrated with EUREC 4A soundings from 26 January 2020. Colors show column 
precipitable water and the black lines show the analytical theory derived in Section 3.3, using p † = 815 hPa, φs = 80%, φt = 5%, and α = 2.3. The top row shows the 
humidity structure: Relative humidity φ approximated as a stepfunction (a), saturation specific humidity 𝐴𝐴 𝐴𝐴

⋆

𝑣𝑣  approximated as a power function of pressure 𝐴𝐴
(

𝑞𝑞
⋆

𝑣𝑣 ∝ 𝑝𝑝
𝛼𝛼
)

 
(b) and resulting water vapor path W (c), showing an inversion and a flattening of the humidity profile around 800 hPa for the driest columns. The middle row shows 
spectral terms: Planck emission 𝐴𝐴 𝐴𝐴𝐴𝐴𝜈̃𝜈 (d) and weighting functions ϕ (e) at reference wavenumber 𝐴𝐴 𝐴𝐴𝐴 = 554 cm −1 (corresponding to the maximum emission at 800 hPa for 
a water path of W = 3 mm at this level); these peaks are smoothed out after spectral integration 𝐴𝐴 ∫ 𝜋𝜋𝜋𝜋𝜈̃𝜈𝜙𝜙𝜈̃𝜈𝑑𝑑 𝑑𝑑𝑑 (f). The bottom row shows the humidity parameter β/p (g) 
and the complete approximation to the longwave cooling profile (h) which closely match the reference longwave radiative cooling profile from RTE-RRTMGP (i).
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3.3.  Theory for the Shape of Radiative Cooling Profiles

Having identified the vertical structure of water vapor path (and more specifically relative humidity) as the main 
control for peak longwave cooling in the atmospheric boundary layer, the shape of radiative cooling can be 
derived analytically, from idealized thermodynamic profiles.

We first provide a simplification to the spectral integral 𝐴𝐴 𝐴𝐴Δ𝜈̃𝜈 , in Equation 6. First note that for all water paths W, 
the weighting functions 𝐴𝐴 𝐴𝐴𝜈̃𝜈 = 𝜅𝜅(𝜈̃𝜈)𝑊𝑊 𝑊𝑊

−𝜅𝜅(𝜈̃𝜈)𝑊𝑊  have the same spectral width 𝐴𝐴 Δ𝜈̃𝜈 , much narrower than the Planck 
function (Figure 2b). Using the analytical approximation for 𝐴𝐴 𝐴𝐴(𝜈̃𝜈) in Appendix A and integrating 𝐴𝐴 𝐴𝐴𝜈̃𝜈 in spec-
tral space gives 𝐴𝐴 ∫ 𝜙𝜙𝜈̃𝜈𝑑𝑑 𝑑𝑑𝑑 = 𝑙𝑙𝑟𝑟𝑟𝑟𝑟𝑟 = 59 cm −1. We express it as a function of spectral width 𝐴𝐴 Δ𝜈̃𝜈 , which we define as 

Figure 4.  Correspondence between the EUREC 4A soundings and the analytical theory. (a) Longwave cooling profiles from 26 January (driest profiles in red) and 
example of analytical estimate using Equation 12 with φt = 5%, φs = 80%, α = 2.3 and our analytical fit for κ(ν). (b–d) correlations between all EUREC 4A soundings 
and the theory, for peak cooling height (b, maximum of β), peak cooling magnitude (c, Equation 13) and integral cooling in the boundary layer (d, Equation 14). Colors 
represent the density of points as fitted by a Gaussian kernel. A few points fall far from the 1:1 line on (b), when secondary peaks at the height of moist intrusions are 
detected instead of the main peaks (see text).
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𝐴𝐴 Δ𝜈̃𝜈 = ∫ 𝜙𝜙𝜈̃𝜈𝑑𝑑 𝑑𝑑𝑑∕max𝜈̃𝜈(𝜙𝜙) = 𝑙𝑙𝑟𝑟𝑟𝑟𝑟𝑟 × 𝑒𝑒 = 160 cm −1. Then, this allows to express the spectral integral 𝐴𝐴 𝐴𝐴Δ𝜈̃𝜈 as the product 
of 𝐴𝐴 Δ𝜈̃𝜈 and a typical Planck term 𝐴𝐴 𝐵̃𝐵 :

𝐼𝐼Δ𝜈̃𝜈 ≈ 𝜋𝜋𝐵̃𝐵
Δ𝜈̃𝜈

𝑒𝑒
� (7)

where the Planck term 𝐴𝐴 𝐴𝐴𝐵̃𝐵 = 𝜋𝜋

(

𝐵𝐵
𝜈̃𝜈
†

𝑟𝑟𝑟𝑟𝑟𝑟

+ 𝐵𝐵
𝜈̃𝜈
†
𝑣𝑣𝑣𝑣

)

 is a sum of Planck terms at reference temperature T = 290 K and at 
reference wavenumbers 𝐴𝐴 𝐴𝐴𝐴

†

𝑟𝑟𝑟𝑟𝑟𝑟
 and 𝐴𝐴 𝐴𝐴𝐴

†

𝑣𝑣−𝑟𝑟 , for which longwave emission is maximal in the rotational and vibration-rotation 
bands of water vapor. Reference 𝐴𝐴 𝐴𝐴𝐴

† are detailed in Appendix A. This gives 𝐴𝐴 𝐴𝐴𝐵̃𝐵 = 0.56 J s −1 m −2.𝐴𝐴
(

cm
−1
)−1 . The 

Planck value only fluctuates by ±4% in the soundings analyzed (see 𝐴𝐴 𝐴𝐴𝐵̃𝐵
(

𝜈̃𝜈
†

1
, 𝑇𝑇

)

 on Figure 3d).

Second, we estimate β analytically from an idealized relative humidity profile (Figure 3a): a step function with 
value φs below peak level p † and φt in the dry free troposphere above:

𝜑𝜑(𝑝𝑝) = 𝜑𝜑𝑡𝑡

(

1 − 𝟏𝟏
†
(𝑝𝑝)

)

+ 𝜑𝜑𝑠𝑠𝟏𝟏
†
(𝑝𝑝)� (8)

where 1 †(p) ≡1(p − p †) is a Heaviside function equal to 1 below the peak level and 0 above. We write the satu-
rated specific humidity profile as a power-law in pressure 𝐴𝐴

(

𝑞𝑞
⋆

𝑣𝑣 ∝ 𝑝𝑝
𝛼𝛼
)

 (Figure 3b), where exponent α can be esti-
mated analytically following (Romps, 2014), by approximating p and 𝐴𝐴 𝐴𝐴

⋆

𝑣𝑣  as exponential functions of z:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑝𝑝
⋆

𝑣𝑣 (𝑇𝑇 ) ∼ 𝑒𝑒
−

𝐿𝐿𝑣𝑣Γ(𝑧𝑧−𝑧𝑧0)

𝑅𝑅𝑣𝑣𝑇𝑇
2

𝑝𝑝 ∼ 𝑒𝑒
−

𝑔𝑔(𝑧𝑧−𝑧𝑧0)

𝑅𝑅𝑎𝑎𝑇𝑇

⇒ 𝑞𝑞
⋆

𝑣𝑣 =
𝑝𝑝
⋆

𝑣𝑣

𝑝𝑝
∼ 𝑝𝑝

𝛼𝛼
⇒ 𝛼𝛼 =

𝐿𝐿𝑣𝑣Γ

𝑔𝑔𝑔𝑔

𝑅𝑅𝑎𝑎

𝑅𝑅𝑣𝑣

− 1.� (9)

For a reference temperature of 290 K, this gives α = 1.6 in the free troposphere and α = 2.3 in the boundary layer. 
Figure 3b shows the analytical profile for α = 2.3. Then, integrating specific humidity 𝐴𝐴 𝐴𝐴𝑣𝑣 = 𝜑𝜑𝜑𝜑

⋆

𝑣𝑣  between 0 and p 
gives the corresponding idealized water vapor path W:

𝑊𝑊 (𝑝𝑝) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑊𝑊
†

(

𝑝𝑝

𝑝𝑝†

)1+𝛼𝛼

, for 0 < 𝑝𝑝 𝑝 𝑝𝑝
†

𝑊𝑊
†
𝜑𝜑𝑠𝑠

𝜑𝜑𝑡𝑡

(

(

𝑝𝑝

𝑝𝑝†

)1+𝛼𝛼

−
Δ𝜑𝜑

𝜑𝜑𝑠𝑠

)

, for 𝑝𝑝
†
≤ 𝑝𝑝 𝑝 𝑝𝑝𝑠𝑠

� (10)

where Δφ = φs − φt and the water path at the jump is 𝐴𝐴 𝐴𝐴
† =

1

𝛼𝛼+1

𝑝𝑝𝑠𝑠𝑞𝑞
⋆
𝑣𝑣𝑣𝑣𝑣

𝜑𝜑𝑡𝑡

𝑔𝑔

(

𝑝𝑝
†

𝑝𝑝𝑠𝑠

)1+𝛼𝛼

 . The profile of the humidity 
parameter 𝐴𝐴 𝐴𝐴(𝑝𝑝) ≡

𝑑𝑑ln𝑊𝑊

𝑑𝑑ln 𝑝𝑝
 then shows a peak of the following shape:

�(�) = (1 + �)
/

(

1 −
Δ�
��

(

�†

�

)�+1
)�†(�)

� (11)

Combining Equations 7 and 11 into Equation 6 yields the following expression for the radiative cooling profile:

(�) ≈ −
�
��

1 + �
�

��̃Δ�̃
�

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Constant cooling

in the free-troposphere

/

(

1 −
Δ�
��

(

�†

�

)�+1
)�†(�)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Cooling peak

� (12)

In this formulation, the second term vanishes to 1 above the cooling peak where the Heaviside function 1 †(p) 
is identically 0. The remaining term shows the free-tropospheric cooling profile, which appears uniform above 
the peak (Figure 3i): this emerges from a compensation between the simultaneous decreases in pressure and in 
the Planck term B with altitude (Figure 3d). Analytical profiles Equations (8), (10), (11), and (12) are illustrated 
with the dashed lines on Figures 3 and 4 and show a high level of agreement with the driest soundings sampled 
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on 26 January. We next compare the peak height, peak magnitude and mean longwave cooling across all days of 
the campaign.

3.4.  Scalings Approximations for the Amplitude of Low-Level Cooling

To gain more intuition on the behavior of low-level cooling peaks in various large-scale environments and 
degrees of warming, expressions for the peak magnitude and boundary-layer-mean cooling may now be calcu-
lated. Evaluating Equation 12 at peak level p † yields the following expression for radiative cooling peak magni-
tude 𝐴𝐴 

†
≡ 

(

𝑝𝑝
†
)

 :


†
= −

𝑔𝑔

𝑐𝑐𝑝𝑝

1 + 𝛼𝛼

𝑝𝑝†

𝜑𝜑𝑠𝑠

𝜑𝜑𝑡𝑡

𝜋𝜋𝐵̃𝐵
Δ𝜈̃𝜈

𝑒𝑒
� (13)

and the notable result that maximum radiative cooling at the top of the boundary layer is proportional to the ratio 
between boundary-layer and free-tropospheric relative humidities. The 1/φt factor synthesizes the fact that a 
drier free-troposphere is more transparent to radiation and has larger transmittivity, and Figure 4c shows a strong 
correlation and similar orders of magnitude as the EUREC 4A data (r = 0.56).

Also of interest for the strength of aggregation is the total amount of cooling occurring in the boundary layer. An 
approximation 𝐴𝐴 ⟨⟩ can be obtained by integrating Equation 12 in height (detailed in Appendix C). Interestingly, 
the resulting expression also involves the ratio in relative humidity between the boundary layer and the free 
troposphere:

⟨⟩ = −
1

Δ𝑝𝑝

𝑔𝑔

𝑐𝑐𝑝𝑝
𝜋𝜋𝐵̃𝐵

Δ𝜈̃𝜈

𝑒𝑒
ln

(

1 +
𝜑𝜑𝑠𝑠

𝜑𝜑𝑡𝑡

(

(

𝑝𝑝𝑠𝑠

𝑝𝑝†

)1+𝛼𝛼

− 1

))

� (14)

where Δp = ps − p † is the layer depth and ps can be chosen as any level between the surface and the peak cooling 
height. Figure 4d shows a strong correlation and similar orders of magnitude as the EUREC 4A data (r = 0.83).

The scalings for peak magnitude (Equation  13) and mean boundary layer cooling (Equation  14) embed the 
simplest formulations for thermodynamic profiles (step function in φ and power function in 𝐴𝐴 𝐴𝐴

⋆

𝑣𝑣  ). Both show a 
proportionality to the Planck term and an increase when the free troposphere becomes drier, which remain valid 
in the range of humidity typically measured. Between the typical values of relative humidity observed during 
the EUREC 4A campaign (5%) to those of moist atmospheres (80%), the ratio φs/φt can vary by 1 or 2 orders of 
magnitude. A saturated atmosphere following a moist adiabatic temperature profile has a free tropospheric water 
path of 30 mm above 800 hPa, so that the corresponding range in observed water path is 1.5–24 mm: water vapor 
mostly emits between 500 and 650 cm −1, and the Planck term varies little (Figure 2b). In this range, the peak 
cooling 𝐴𝐴 

† can vary by a factor 20, and the mean boundary layer cooling by a few K/day (Figures 4b and 4c). The 
spurious divergent behavior of the 1/φt factor when φt → 0 indicates that these expressions are not valid below 
the observed minimum free-tropospheric humidity of 4%–5% (W ≈ 1.5 mm). Errors arise from the assumptions 
of heaviside function in relative humidity and of a Dirac function in spectral space for peak maximum emission, 
and more generally of constant spectral width of emission. At the other extreme, in the case of moist atmospheres 
(φt = 80%, W ≈ 20 mm), the cooling peak vanishes to the climatological value of 2 K/day, and the theory reduces 
to that of JF2020b in the absence of a hydrolapse.

Our approximations for peak magnitude and total cooling show small biases. The cooling peak is slightly over-
estimated while the integral cooling is slightly underestimated. They arise from an unrealistically abrupt jump in 
relative humidity at the hydrolapse, resulting in a longwave cooling more concentrated at the peak height than in 
the underlying layers when compared with the data (Figure 4a), and might be corrected by investigating the role 
of a smooth humidity transition above the boundary layer. Additional corrections may be achieved by including 
the effect of the temperature inversion: instead of assuming the same saturated specific humidity above and below 
the inversion, one can include a jump in 𝐴𝐴 𝐴𝐴

⋆

𝑣𝑣  consistent with the temperature jump ΔT (see Figure 3b). The factor 
φs/φt in Equation 13 will be replaced by

𝜑𝜑𝑠𝑠𝑞𝑞
⋆

𝑣𝑣𝑣𝑣𝑣(𝑇𝑇 + Δ𝑇𝑇 )

𝜑𝜑𝑡𝑡𝑞𝑞
⋆

𝑣𝑣𝑣𝑣𝑣(𝑇𝑇 )
=

𝜑𝜑𝑠𝑠

𝜑𝜑𝑡𝑡

exp(𝑟𝑟𝑐𝑐𝑐𝑐Δ𝑇𝑇 )�
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where rcc ≈ 6%/K is the Clausius-Clapeyron rate of increase in 𝐴𝐴 𝐴𝐴
⋆

𝑣𝑣  . For the ΔT ≈ 3K inversion observed this leads 
to a fractional reduction of the peak amplitude of 15%–20%.

Generally, the expressions successfully highlight the factors controlling relationships between clear-sky radiative 
cooling and the humidity structure in the lower troposphere. They provide a framework for interpreting previous 
empirical results, including the observation that a moist layer overlain by a dry atmosphere radiates sharply at the 
interface between the two (Stevens et al., 2017). While classical theories connect radiation to metrics of optical 
depth or water vapor path, these equations go further and explore the link with relative humidity. This has the 
benefits of simplifying the physical interpretation in regimes of large-scale subsidence and of connecting radia-
tion explicitly to convective processes. Indeed, the transition between a roughly uniform boundary layer and a dry 
free-troposphere is more apparent in φ-space, and the structure of relative humidity is tightly linked to mixing by 
convective processes in different layers of the atmosphere on small-scales (Romps, 2014), and to subsidence rate 
and atmospheric transport on larger scales.

The equations above rely on three key assumptions: the CTS approximation, the separation of variables between 
the temperature, humidity, and spectral structures, and simplifications of spectral properties of water vapor. These 
assumptions are discussed in more detail in Section 4, exploring cases where low-level cooling is perturbed by 
non-uniform free-tropospheric humidity profiles.

4.  Damping of Low-Level Cooling by Elevated Moist Intrusions
On several days of the EUREC 4A field campaign, elevated layers of moist air were observed in the mid- and 
upper troposphere, with a damping effect on the boundary layer cooling underneath. Such intrusions may orig-
inate from congestus-level detrainment from remote deep convection, as cloudy air masses are advected into 
the region of analysis by southeasterly winds. Soundings that detect such intrusions are displayed on Figure 5, 
showing a reduction in low-level cooling peaks. Some days show a small low-level cooling peak around −4 K/
day, associated with the small amount of water in moist intrusions (days 01/28 and 02/09), while others show 
a complete cancellation of low-level cooling peaks down to the climatological mean cooling at −2 K/day (days 
02/11 and 02/13). The weaker upper intrusion on 02/13, shown in yellow, is superimposed with a lower intrusion, 
which explains the strong low-level damping in this case. Can the scalings derived earlier reproduce this shading 
effect? Which assumptions must be relaxed to explain the role of moist intrusions?

Figure 5.  Elevated moist intrusions and reduction in boundary-layer longwave cooling: relative humidity grouped by day of occurrence and height of maximum 
longwave cooling zp (left); anomalous relative humidity due each moist intrusion isolated from piecewise-linear fits to the median relative humidity profiles (center); 
corresponding clear-sky longwave cooling, showing a reduced cooling in the boundary layer and additional peaks in the mid-troposphere above the intrusion (right). 
Solid lines are used for median profiles and shadings for interquartile ranges.
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4.1.  Sensitivity of Low-Level Cooling to Intrusion Water Content and Shape

We now see that, to first order, the peak reduction follows changes in free-tropospheric humidity φt, or water 
vapor path W, which becomes more opaque as water is added above the cooling peak. This can be connected to 
the theory derived above, ignoring for now the small shift in emission range toward higher wavenumbers (i.e., 
maintaining 𝐴𝐴 𝐴𝐴 = 𝜅𝜅

(

𝜈̃𝜈
†
)

𝑊𝑊
(

𝑝𝑝
†
)

= 1 ) and the corresponding adjustment in the Planck term. When W increases, 
the hydrolapse β tends to decrease: for a fixed water vapor lapse rate dW/dp, β is inversely proportional to W. 
This leads to a reduction in maximum cooling in Equation 6. A larger W is directly connected to the larger free 
tropospheric humidity φt in Equations 13 and 14, inversely proportional to low-level cooling. Figure 6 shows an 
example of strong intrusion occurring at mid-levels on 13 February 2020, and explores how the intrusion's shape, 
height and water path can modulate the reduction in low-level cooling. On panels a–b, the intrusion's shape is 
varied while conserving its water content: when the moist intrusion is a rectangle (in RH-space, black profile) or 
homogenized in the vertical (dashed black profile), the low-level peak is reduced by a similar amount as with the 
original triangle shape (blue profile), from 12 to 5 K/day. Quantitatively, the scaling for peak magnitude (Equa-
tion 13) overestimates the peak cooling for this strong intrusion (the ratio of free tropospheric relative humidities 
without and with intrusion is φt2/φt1 ≈ 0.06/0.28 ≈ 23% compared to the actual peak reduction −5/−12 ≈ 40%) 
consistently with the fact that scaling Equation (13) overestimates the peak magnitude in the reference case 
(Figure 4b). But qualitatively, the reduction in cooling following a bulk increase in free-tropospheric humidity is 
consistent with the theory.

4.2.  Sensitivity of the Reduced Cooling to Intrusion Height Controlled by the Vertical Structure of 𝑨𝑨 𝑨𝑨𝝂𝝂

Figure 6c shows the normalized reduced peak 𝐴𝐴 𝐴𝐴 = 
†

𝑖𝑖𝑖𝑖𝑖𝑖
∕

†

𝑟𝑟𝑟𝑟𝑟𝑟
 resulting from idealized rectangle moist intrusions at 

different heights and different water vapor paths. This damping in low-level cooling rates gets gradually weaker 
as the intrusion is higher, so that intrusion height becomes an additional degree of freedom to consider. In 
Figure 6b, the damping induced by the three idealized water profiles is of similar magnitude because their center 
of mass lies around the same altitude (≈3 km). This sensitivity to height is small for small intrusions (1–2 mm), 
with a behavior close to the theory, and is much larger for large intrusions (5–6 mm). Observed intrusions during 
the EUREC 4A field campaign are shown on this parameter space: most of them occur at low water paths (around 
2 mm) except the one investigated in panels a–b, closer to 6 mm (labeled as “20200213, lower”). In all cases, the 
lower the intrusion, the larger the reduction in radiative cooling underneath.

We now discuss this W/height-dependence with a few conceptual considerations and additional radiative calcu-
lations in the form of mechanism-denial experiments. Conceptually, the CTS must be relaxed in the derivation 

Figure 6.  Reduction in low-level peak longwave cooling from elevated moist intrusions. (a) Relative humidity profiles for the 13 February 2020 reference case using 
the lower intrusion observed fitted as a piecewise linear triangle (blue), removing the intrusion (gray) or turning it into a rectangle intrusion (solid black) or a uniform 
RH profile (dashed black) constructed to conserve the free-tropospheric water vapor path. (b) Zoom on the corresponding clear-sky longwave radiative cooling peak 
around the lower hydrolapse at 1.8 km for these four idealized cases, calculated with the RRTMGP model. (c) Reduced low-level cooling peaks normalized by the 
“dry” reference (black peak divided by gray peak in panel b) as a function of the intrusion water path and center of mass (colors), calculated with the RRTMGP model. 
Idealized intrusions are rectangular in φ-space, and the observed moist intrusions during the EUREC 4A campaign are shown in this parameter space (color dots).
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above and the atmosphere may be considered as gray to get a first intuition on the height dependence. With 
moist intrusions, the energy radiated to space is reduced: this smaller atmospheric transmissivity cannot be 
fully captured by the bulk water amount contained in the intrusion, but instead depends on the energy exchange 
between atmospheric layers. Specifically, the exchange of energy between the boundary layer and the moist 
intrusion now depends on the difference of blackbody emission between both layers: the sensitivity of this energy 
exchange to intrusion height is expected to arise from the decrease in the intrusion temperature at higher altitudes, 
and possible changes in the layer's emissivity.

Figure 7 provides a quantitative estimate of the normalized peaks 𝐴𝐴 𝐴𝐴 = 𝑖𝑖𝑖𝑖𝑖𝑖∕𝑟𝑟𝑟𝑟𝑟𝑟 obtained with the full RRTMGP-
RTE calculation, similarly as Figure 6c but when prescribing homogeneous 𝐴𝐴 𝐴𝐴𝜈̃𝜈 or 𝐴𝐴 𝐴𝐴𝜈̃𝜈 in the vertical dimension. 
When both are homogenized simultaneously (Figure 7c), the low-level cooling reduction shows no dependence 
on intrusion height, confirming that the dependence on height is embedded in water vapor extinction coefficient 
or the Planck source terms. However, when the radiative calculation is reproduced by homogenizing the Planck 
term 𝐴𝐴 𝐴𝐴𝜈̃𝜈(𝑇𝑇 ) but not the water vapor optical properties (Figure 7a), little difference is found with the complete 
calculation (Figure 6c): the Planck/temperature component is only of secondary importance. Instead, keeping 
water vapor extinction fixed in the vertical to its value at 800 hPa leads to substantial decrease in the reduction 
factor r (Figure 6b). This result is strongly counter-intuitive, since temperature is the main height-dependent vari-
able usually considered in “gray” radiation models of stratified atmospheres (Pierrehumbert, 2012). Neglecting 
the dependence of absorption coefficients on thermodynamic conditions permitted the separation of variables 
between 𝐴𝐴 𝐴𝐴(𝜈̃𝜈) and W in Section  3.3, which was a reasonable assumption for a general theory of subsidence 
regimes. In this section, the dependence of low-level cooling on moist intrusion height cannot be understood as a 
direct temperature effect, but rather through the temperature and pressure control on the vertical profile of water 
vapor extinction 𝐴𝐴 𝐴𝐴𝜈̃𝜈 , and the dependence of κ with height must be accounted for when quantifying the role of moist 
intrusions on low-level cooling.

In summary, moist intrusions can strongly reduce low-level cooling peaks by providing additional opacity above 
the boundary layer. Intrusion height is an important degree of freedom to consider: boundary-layer cooling peaks 
can be nearly canceled by intrusions that are moist enough and close enough to the inversion. This altitude depend-
ence likely results from the decrease in extinction coefficient with height, while the intrusion temperature is of 
secondary importance. The general behavior is a reduced reabsorption of the upwelling radiation emitted at low 
levels in the spectral range of absorption at the intrusion level, for more elevated intrusions: this reduced “spectral 
shading” calls for further exploration of the role of how water vapor spectroscopy on reabsorption within moist 
layers. Three possible mechanisms deserve attention: when intrusions occur at higher altitudes (where extinction 
is reduced), (a) the emission range slightly shifts to lower wavenumbers, leading to an increase in emission; (b) 
the transmissivity within the intrusion increases at all wavenumbers; and (c) the overlap between the spectral 
range of emission at low levels and absorption in elevated intrusions is reduced. Current studies highlight the 
importance of diagnosing the occurrence and persistence of these layers of water vapor (Prange et al., 2021; 

Figure 7.  Mechanism denial experiments on the reduction of low-level cooling by rectangle moist intrusions of 80% relative humidity at different height and water 
paths, similarly to Figure 6c. The RRTMGP code is applied on the same moisture structure but now homogenizing vertically the Planck source term 𝐴𝐴 𝐴𝐴𝜈̃𝜈(𝑇𝑇 ) = 𝐵𝐵𝜈̃𝜈

(

𝑇𝑇
†
)

 
(a), the optical properties of water vapor 𝐴𝐴 𝐴𝐴𝜈̃𝜈 = 𝜅𝜅𝜈̃𝜈

(

𝑇𝑇
†
, 𝑝𝑝

†
)

 (b), and both simultaneously (c). Overall, (a) shows a similar reduction in low-level cooling as the reference in 
Figure 6c and (c) shows no height dependence, similarly to the theory in Section 3.4, suggesting that the sensitivity to height comes from the vertical dependence of 𝐴𝐴 𝐴𝐴𝜈̃𝜈 .
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Stevens et al., 2017). Elevated moist layers, often ignored from most idealized studies of aggregation, could play 
an important role in modulating convective organization in the real atmosphere (Sokol & Hartmann, 2022).

5.  Implications and Discussion
5.1.  Possible Constraints on Shallow Organization

We now possess a refined understanding on the relationship between low-level cooling and relative humidity, as 
well as the conditions in which this relationship may break: the presence of elevated moist layers. We can now 
focus on the background profiles observed during the EUREC 4A campaign, by omitting the 4 days when such 
elevated layers occur, and ask whether radiative cooling interacts with climate-relevant cloud patterns. Notably, 
in which cloud patterns may a self-aggregation feedback occur and be most effective?

We retain 11 days of the campaign gathering more than 100 soundings per day, and label them (Figure S2 in 
Supporting Information S1) according to a classification made on a wider spatial domain (Schulz, 2022; Stevens 
et al., 2020). Of special interest are Fish patterns, elongated cloud structures surrounded by wide dry areas, and 
Flowers, regularly-spaced circular cloud structures of 50–70 km diameter. These are the most organized features 
observed with distinct convecting and subsiding regions, and the most interesting for climate feedbacks because 
of their large cloud fractions and albedo (Bony et al., 2020).

Figure 8 summarizes the connection between cloud fraction and the main predictor in our theory (Equations 13 
and 14): clear-sky free-tropospheric relative humidity. The general anticorrelation suggests that patterns occur-
ring in drier environments are also those with the largest cloud fraction and thus the strongest effect on the 
global climate state. One pattern appears of greater interest, the Fish pattern: on three days (22, 24, and 26 
January) cloud fractions are around or above 20%, free-tropospheric relative humidity below 10% and boundary 
layer  cooling above 7 K/day (with maxima of individual profiles larger than 10 K/day). The other strong Fish 
case of 13 Februay also has a cloud fraction of 30% but relative humidity above 20% due to the mid-level moist 
intrusion and does not appear on this graph. Among the two organized patterns Fish and Flower, Fish shows 
the strongest low-level cooling, associated with drier conditions around the inversion at 4 km altitude (Figure 
S3 in Supporting Information S1). Moister conditions for Flowers may result from cloud detrainment at cloud 
top and the shorter distance between clouds. Other patterns are generally weakly organized with more spatially 
homogeneous radiative cooling, so shallow convective self-aggregation is less likely. Figure S4 in Supporting 
Information S1 also shows cooling height, peak cooling magnitude and mean boundary layer cooling as a func-
tion of column precipitable water, for all soundings and patterns. Fish patterns reach strongest clear-sky longwave 
cooling down to 1–2 km altitude in their wide driest regions (PW < 26 mm), which makes them best candidates 
for strengthened shallow circulations due to low-level clear-sky cooling.

Thus, Fish patterns, organized on the largest scales, are consistent with large radiative cooling rates in the bound-
ary layer, so that a self-aggregation radiative feedback can be expected. Further numerical analysis is desirable 
to determine the importance of this relationship between radiation and cloud organization in subsidence regimes, 
notably for cloud cover. Here, the inverse relationship between radiative cooling and free-tropospheric rela-
tive humidity, found in theoretical Section 3.4, also allows us to provide a necessary criterion for the search of 
self-aggregation mechanisms in observed shallow convective regimes. Equation 13 indicates that atmospheres 
drier than 10%–11% relative humidity have radiative cooling values stronger than −8 K/day, Figure 8 suggests 
that this value can be a useful threshold to narrow the search for patterns subject to self-aggregation in the current 
atmosphere.

5.2.  Low-Level Cooling in a Warmer World

The low-level cloud feedback remains a major source of uncertainty for global warming, and the previous section 
highlights a regime of convection where radiative aggregation is possible. This regime, labeled as Fish, contrib-
utes to cooling down the Earth from the two correlated factors shown on Figure 8: the large cloud fractions more 
effective at reflecting sunlight, and the decreased free-tropospheric humidity allowing larger outgoing long-
wave radiation, in the dry subtropics known as “dry radiator fins” (Pierrehumbert, 1994). Although the synoptic 
conditions in which these patterns emerge may or may not be favored by climate change (Schulz et al., 2021), 
increased shallow circulations and the degree of self-aggregation would promote maintenance of these patterns. 
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We now discuss how the present theory can inform this discussion, by providing first insights and a clear roadmap 
to quantify the behavior of low-level radiative cooling in a warmer world. Equation 13 highlights three compo-
nents that must be investigated to provide a robust answer: the Planck term 𝐴𝐴 𝐴𝐴𝜈̃𝜈(𝑇𝑇 ) , the background humidity φt 
(possibly perturbed by moist intrusions) and the spectral window of emission 𝐴𝐴 Δ𝜈̃𝜈 .

A first order calculation explores the role of moist adiabatic warming in the 300–340 K range of surface temper-
atures, using the reference relative humidity profile from 26 January (Figure S5 in Supporting Information S1). 
Low-level longwave cooling is found to increase with surface warming, from −9 to −30 K/day. In this calculation, 
relative humidity is fixed, so that enhancement in the cooling peak only results from the Planck response (fixed 
φs/φt in Equations 13 and 14). This response may be modulated by changing relative humidity in subsidence 
regions due to a slower atmospheric circulation and a changing inversion height with surface warming (Singh 

Figure 8.  Relationship between shallow organization and free-tropospheric relative humidity. (a–d) Example of four 
reference patterns in the classification Fish-Flower-Gravel-Sugar observed during the EUREC 4A campaign. (e) Daily-mean 
cloud fraction versus free-tropospheric relative humidity averaged across soundings falling through clear-sky each day. Colors 
indicate pattern type, circled black for days with more than 20 “dry” soundings (precipitable water below 30 mm). Marker 
size indicate total boundary-layer cooling, from 950 hPa up to the peak height. Soundings are counted as clear-sky if all levels 
measured are below 95% relative humidity.
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& O’Gorman, 2012), which can be investigated through global climate modeling and well-designed regional 
simulations.

Importantly, changes in the effective spectral window of emission 𝐴𝐴 Δ𝜈̃𝜈 must also be explored. Spectral effects can 
result from the presence of moist intrusions as discussed in Section 4, but also from changes in the water vapor 
continuum and from overlap of this emission range with CO2 absorption lines. The H2O absorption continuum 
and CO2 absorption range have been of strong interest from the perspective of surface emission to space, when 
arguing that the water vapor window closes with warming for tropical-mean thermodynamic conditions (Kluft 
et al., 2021; Seeley & Jeevanjee, 2021). Instead, in the case of boundary layer cooling observed in the subsid-
ence regimes of EUREC 4A observations, the spectral range of emission varies weakly in the 8%–18% relative 
humidity profiles above the boundary layer, so that emission in the rotational band of water vapor may remain 
distinct from the spectral range of absorption by CO2. Additional calculations for day 26 January (not shown) 
with and without full water-vapor continuum and CO2 absorption in a similar spirit as Figure S5 in Supporting 
Information S1, also suggest that neither H2O window closure not CO2 overlap affect cooling peaks at 2 km 
altitude even when surface temperatures rise to 340 K. This can be explained by the smaller temperatures at the 
top of the boundary layer and the smaller optical depth in dry free-tropospheric conditions. Further analyses are 
necessary, with realistic estimates of futures changes in CO2 concentrations, relative humidity and temperature 
profiles in subsiding regimes.

6.  Conclusion
This work reveals that the observable atmosphere can show large longwave radiative cooling rates in the bound-
ary layer, 4–5 times larger than the climatological mean. A new theory is developed to provide simplified analyti-
cal expressions for boundary layer cooling in the longwave, in the dry subtropics in clear sky, based on the vertical 
structure of water vapor. These new formulae provide a step toward building a future theory for self-aggregation, 
and can help to narrow the search for possible radiatively-driven circulations in the observable atmosphere. 
Indeed, a detailed characterization of longwave radiative cooling in the shallow convective boundary layer is 
lacking, both theoretically and observationally. This work focuses specifically on clear-sky radiation occurring 
in the longwave range of the spectrum: this is the background longwave cooling onto which shortwave heating 
and cloud radiative effects may be added to capture the full spatial structure of radiative cooling and the partial 
cancellation occurring during daytime.

To this end, we focused on a region of large-scale subsidence with novel and vertically well-resolved data from 
the EUREC 4A field campaign: the measurements show longwave radiative cooling localized in the boundary 
layer with magnitudes comparable to simulations of convective aggregation (Section 2). Analytical scalings were 
derived in Section 3 for the height, shape and magnitude of radiative cooling peaks (Equations 6, 13, and 14). 
They permitted to gain more robust intuition on three basic properties of the cooling profile: (a) the height and 
shape of low-level cooling peaks is fully determined by the moisture structure (in particular where the hydrolapse 

𝐴𝐴 𝐴𝐴 ∝
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
∕𝑊𝑊  occurs, Equation 11); (b) the spectral structure of emission appears through a weighting function 

τe −τ, and selects a narrow range of emitting wavenumbers 𝐴𝐴 Δ𝜈̃𝜈 = 160  cm −1 centered around 554 cm −1, a value 
determined by the overlaying water vapor path; and (c) the magnitude of radiative cooling depends on the ratio of 
column relative humidity below and above the peak (Equations 13 and 14). This connection to relative humidity 
will permit a more explicit connection between radiative cooling and atmospheric moistening by convective 
processes, the detail of which is a key unknown for atmospheric dynamicists working on radiation-convection 
interactions.

Strong emphasis is made on the role of elevated layers of moist air, called moist intrusions. These intrusions are 
occasionally transported from lower latitudes and sporadically reduce or cancel low-level cooling, but they can 
be missed by satellite retrieval algorithms (Prange et al., 2021, 2022) despite being major components of the 
large-scale circulation (Sokol & Hartmann, 2022). After detailed analysis in Section 4, we conclude that intrusion 
mass and altitude are important degrees of freedom in the reduction of low-level cooling by moist intrusions. 
Interestingly, this height dependence is not explained by a temperature difference between the emitting layers and 
the absorbing moist intrusion, but instead by the reduction in water vapor extinction in altitude from pressure 
scaling and lower water vapor mixing ratios. This height-dependent “spectral shading” motivates future theoreti-
cal work to capture the radiative effects of elevated moist intrusions within an effective spectral emission window 
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𝐴𝐴 Δ𝜈̃𝜈 to be used in Equations 13 and 14. It also calls for an exploration of elevated moist layers with novel detection 
techniques (Prange et al., 2022), using upcoming remote sensing instruments with high vertical resolution (e.g., 
Krebs, 2022).

This theoretical work provides insights into the search of low-level cloud patterns subject to convective 
self-aggregation, and in their possible occurrence in warmer climates (Section 5). Cloud patterns labeled as Fish, 
elongated structures of organized shallow clouds, have cloud fractions between 20% and 30%, occur in the driest 
wide areas effective at cooling the Earth's surface and appear consistent with radiative self-aggregation because 
of large values of low-level radiative cooling. A maximum value of 10%–11% relative humidity in the overlaying 
free troposphere appears as a useful criterion to look for the occurrence of radiative self-aggregation mechanisms 
from remote-sensing observations. Expanding on the theoretical results obtained for future climate suggests 
that low-level radiative cooling may strongly increase due to Planck emission, although the free-tropospheric 
humidity may change with the slow down of the general circulation or the presence of moist intrusions. We also 
recommend further investigation of the spectral behavior of the emission window in the dry boundary layer, in 
conjunction with increases in the water vapor absorption continuum and saturation of the CO2 absorption lines. 
Finally, this work suggests emphasis on numerical simulations of Fish patterns and their large-scale environment, 
the best candidates for radiative aggregation feedbacks. With rising SSTs, enhanced pattern's lifetime would 
promote patterns with large shallow cloud fractions and the dryness of their clear-sky surroundings. If at play, 
this would imply that the Earth's subtropics may reflect more sunlight in the future, and simultaneously allow the 
surface to cool more efficiently to space, a negative feedback on global warming.

Appendix A:  Spectral Fit  and Reference Wavenumber
Under the assumption that extinction 𝐴𝐴 𝐴𝐴𝜈̃𝜈 only weakly varies in the range of temperature, pressure and water vapor 
of interest, κ can be expressed analytically as a function of wavenumber 𝐴𝐴 𝐴𝐴𝐴  in the rotational band of water vapor, 
similarly to (Jeevanjee & Fueglistaler, 2020b):

𝜅𝜅(𝜈̃𝜈) = 𝜅𝜅𝑟𝑟𝑟𝑟𝑟𝑟exp

(

−
𝜈̃𝜈 − 𝜈̃𝜈𝑟𝑟𝑟𝑟𝑟𝑟

𝑙𝑙𝑟𝑟𝑟𝑟𝑟𝑟

)

� (A1)

Here, using reference values of T = 290 K and p = 800 hPa, we find parameters κrot = 131 m 2/kg, 𝐴𝐴 𝐴𝐴𝐴𝑟𝑟𝑟𝑟𝑟𝑟 = 200  cm −1 
and lrot = 59.2 cm −1. The fit is performed using absorption spectra from the Correlated-K Distribution Model 
Intercomparison Project (CKDMIP, Hogan & Matricardi, 2020).

A similar fit can be derived for the rotation-vibration band, yielding

𝜅𝜅(𝜈̃𝜈) = 𝜅𝜅𝑣𝑣𝑣𝑣exp

(

𝜈̃𝜈 − 𝜈̃𝜈𝑣𝑣𝑣𝑣

𝑙𝑙𝑣𝑣𝑣𝑣

)

,� (A2)

with κvr = 4.6 m 2/kg, 𝐴𝐴 𝐴𝐴𝐴𝑣𝑣𝑣𝑣 = 1450  cm −1 and lvr = 46 cm −1.

These analytical expressions can be used to calculate a reference wavenumber 𝐴𝐴 𝐴𝐴𝐴
† (shown on Figure 2), used to 

simplify calculations and to visualize profiles on Figures 3 and 4. By choosing 𝐴𝐴 𝐴𝐴𝐴
† so that 𝐴𝐴 𝐴𝐴𝜈̃𝜈† maximizes around 

800 hPa (𝐴𝐴 𝐴𝐴
† = 𝜅𝜅𝜈̃𝜈†𝑊𝑊 (𝑝𝑝 = 800hPa) = 1 , with W(p = 800 hPa) ≈ 3 mm for a free troposphere of 10% relative 

humidity), we get 𝐴𝐴 𝐴𝐴
†
≡ 𝜅𝜅𝜈̃𝜈† ≈ 0.3  m 2/kg, which corresponds to 𝐴𝐴 𝐴𝐴𝐴

†

𝑟𝑟𝑟𝑟𝑟𝑟
= 554  cm −1 in the rotational band of water 

vapor (Figure 2a), and 𝐴𝐴 𝐴𝐴𝐴
†
𝑣𝑣𝑣𝑣 = 1329  cm −1 in the vibration-rotation band. In practice, the radiative cooling structure 

at 𝐴𝐴 𝐴𝐴𝐴
†

𝑟𝑟𝑟𝑟𝑟𝑟
 is a good approximation for the full radiative calculation, because the Planck term is 4–5 times larger at 

𝐴𝐴 𝐴𝐴𝐴 = ̃𝜈𝜈
†

𝑟𝑟𝑟𝑟𝑟𝑟
 than at 𝐴𝐴 𝐴𝐴𝐴 = ̃𝜈𝜈

†
𝑣𝑣𝑣𝑣 .

Appendix B:  Temperature and Humidity Contributions to Cooling Peak Height and 
Magnitude
The vertical temperature profile may induce a cooling peak through the Planck term and the saturation specific 
humidity 𝐴𝐴 𝐴𝐴

⋆

𝑣𝑣  (H2), while a jump in relative humidity may induce a peak through β (H3). These may occur on distinct 
atmospheric levels, and only the one resulting in the largest magnitude will be identified as the “observed” peak. 
To discriminate between the two, we compare the magnitude 𝐴𝐴 

†

𝜃𝜃
 of a cooling peak resulting from a step function 
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in potential temperature θ at 𝐴𝐴 𝐴𝐴 = 𝑝𝑝
†

𝜃𝜃
 , with the magnitude 𝐴𝐴 

†
𝜑𝜑 of a cooling peak resulting from a step function in 

relative humidity φ at 𝐴𝐴 𝐴𝐴 = 𝑝𝑝
†
𝜑𝜑 . We assume that 𝐴𝐴 𝐴𝐴

†

𝜃𝜃
≤ 𝑝𝑝

†
𝜑𝜑 , although a similar reasoning can be made when 𝐴𝐴 𝐴𝐴

†

𝜃𝜃
> 𝑝𝑝

†
𝜑𝜑 .

Cooling magnitudes 𝐴𝐴 
†

𝜃𝜃
 and 𝐴𝐴 

†
𝜑𝜑 can be derived using the approximate scaling derived in Equation 12, reminded 

here:


(

𝑝𝑝
†
)

≈ −
𝑔𝑔

𝑐𝑐𝑝𝑝

𝛽𝛽
(

𝑝𝑝
†
)

𝑝𝑝†
𝜋𝜋𝐵̃𝐵

Δ𝜈̃𝜈

𝑒𝑒
� (B1)

In this expression, vertical variations in relative humidity will only affect β, while temperature variations will 
affect both the Planck function 𝐴𝐴 𝐵̃𝐵 and β (through changes in 𝐴𝐴 𝐴𝐴

⋆

𝑣𝑣  ). Because these two temperature effects work in 
opposite directions, we can restrict our reasoning to the temperature effect on the Planck term without loss of 
generality. Using Equation 11 above and at the peak level p †, Equation B1 becomes


†

𝜃𝜃
= −

𝑔𝑔

𝑐𝑐𝑝𝑝

1 + 𝛼𝛼

𝑝𝑝
†

𝜃𝜃

𝜋𝜋𝐵̃𝐵(𝑇𝑇 + Δ𝑇𝑇 )
Δ𝜈̃𝜈

𝑒𝑒
� (B2a)


†

𝜑𝜑 = −
𝑔𝑔

𝑐𝑐𝑝𝑝

1 + 𝛼𝛼

𝑝𝑝
†

𝜑𝜑

𝜑𝜑𝑠𝑠

𝜑𝜑𝑡𝑡

𝜋𝜋𝐵̃𝐵(𝑇𝑇 )
Δ𝜈̃𝜈

𝑒𝑒
� (B2b)

and we choose the same reference temperature T in both Planck functions for simplicity.

We now show that the peak cannot be controlled by the temperature structure, given the strong amplitude of the 
hydrolapse, by comparing 𝐴𝐴 

†

𝜃𝜃
 and 𝐴𝐴 

†
𝜑𝜑 :


†

𝜃𝜃


†

𝜑𝜑

=

(

1 +
Δ𝑇𝑇

𝐵̃𝐵

𝜕𝜕𝐵̃𝐵

𝜕𝜕𝜕𝜕

)

𝜑𝜑𝑡𝑡

𝜑𝜑𝑠𝑠

𝑝𝑝
†

𝜑𝜑

𝑝𝑝
†

𝜃𝜃

=

(

1 +
ℎ𝑐𝑐 𝑐𝑐𝑐∕𝑘𝑘𝐵𝐵𝑇𝑇

1 − 𝑒𝑒−ℎ𝑐𝑐 𝑐𝑐𝑐∕𝑘𝑘𝐵𝐵𝑇𝑇

Δ𝑇𝑇

𝑇𝑇

)

𝜑𝜑𝑡𝑡

𝜑𝜑𝑠𝑠

𝑝𝑝
†

𝜑𝜑

𝑝𝑝
†

𝜃𝜃

� (B3)

where h = 6.626 × 10 −34 m 2 kg s −1 is the Planck constant, c = 2.99 × 10 8 m/s is the speed of light, kB = 1.38 
× 10 −23 m 2 kg s −2 K −1 is Boltzmann's constant, 𝐴𝐴 𝐴𝐴𝐴 = ̃𝜈𝜈

†

1
= 554cm

−1 is the reference wavenumber (we limit the 
reasoning to the rotational band of water vapor alone, for simplicity) and T = 290 K the reference temperature. 
This gives 𝐴𝐴 𝐴𝐴𝐴 𝐴𝐴𝐴∕𝑘𝑘𝐵𝐵𝑇𝑇 = 2.75 , and 𝐴𝐴 𝐴𝐴𝐴 𝐴𝐴𝐴∕𝑘𝑘𝐵𝐵𝑇𝑇 ∕

(

1 − 𝑒𝑒
−ℎ𝑐𝑐𝑐𝑐𝑐 ∕𝑘𝑘𝐵𝐵𝑇𝑇

)

= 2.94 . For a temperature inversion of a few degrees, 
𝐴𝐴 Δ𝑇𝑇 ∕𝑇𝑇 ∼ 

(

10
−2
)

 , and the humidity drop observed is φt/φs ∼ 0.1. Assuming that both peak heights are between 
900 and 500 hPa, we restrict 𝐴𝐴

𝑝𝑝
†
𝜑𝜑

𝑝𝑝
†

𝜃𝜃

< 2 . This gives 𝐴𝐴 
†

𝜃𝜃
∕

†

𝜑𝜑 ≪ 1 and proves that longwave radiative cooling peak 

height is set by the vertical structure of humidity.

Appendix C:  Mean Boundary Layer Cooling
The average cooling occurring in the boundary layer can be calculated from Equation 12 approximating the full 
profile of low-level cooling, by integration between the level of maximum cooling (the level of the hydrolapse 
p †) and a pressure level close to the surface, ps. Here we take ps = 950 hPa slightly above the surface, because 
the first layers are affected by radiative exchanges with the ocean surface, a term ignored here. Integrating β/p 
between p † and ps gives:

𝐼𝐼
(

𝑝𝑝
†
, 𝑝𝑝𝑠𝑠

)

≡
∫

𝑝𝑝𝑠𝑠

𝑝𝑝†

𝛽𝛽

𝑝𝑝
𝑑𝑑𝑑𝑑� (C1)

=
∫

𝑝𝑝𝑠𝑠

𝑝𝑝†

𝑑𝑑(ln𝑊𝑊 )

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑� (C2)

= ln
( ��

� †

)

� (C3)

= ln

⎛

⎜

⎜

⎜

⎝

(

��
�†

)1+�
− Δ�

��

1 − Δ�
��

⎞

⎟

⎟

⎟

⎠

� (C4)
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= ln

(

1 +
��

��

(

(

��
�†

)1+�

− 1

))

� (C5)

The average longwave cooling is then obtained by multiplying by g/Cp and dividing by the layer depth Δp = ps − p † 
in Equation 14.
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