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Abstract

In this article, we study the dynamic transitions of a low-dimensional dynam-
ical system for the Rayleigh-Bénard convection subject to a vertically applied
magnetic field. Our analysis follows the dynamical phase transition theory for
dissipative dynamical systems based on the principle of exchange of stability and
the center manifold reduction. We find that, as the Rayleigh number increases,
the system undergoes two successive transitions: the first one is a well-known
pitchfork bifurcation, whereas the second one is structurally more complex and
can be of different type depending on the system parameters. More precisely,
for large magnetic field, the second transition is of continuous type and gives to
a stable limit cycle; on the other hand, for low magnetic field or small height-to-
width aspect ratio, a jump transition occurs where an unstable periodic orbit
eventually collides with the stable steady state, leading to the loss of stabil-
ity at the critical Rayleigh number. Finally, numerical results are presented to
corroborate the analytic predictions.
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1. Introduction

The Rayleigh-Bénard (RB) convection is a classical buoyancy-driven convec-
tion problem that is relevant for the study of thermal convection phenomena in
geophysical science and many engineering applications. It describes the motion
of a horizontal fluid layer heated from below and cooled on the top. The dynamic
behaviour of the fluid is determined by the Rayleigh number. As Rayleigh num-
ber increases, the convection state undergoes a sequence of bifurcations (transi-
tions) leading to developed turbulence. Hence the Rayleigh-Bénard convection
serves as a fundamental example for the study of nonlinear dynamics such as
bifurcations, pattern formation, instabilities and turbulence [1].

The stability and bifurcation of the RB convection at the first transition is
well-known, see for instance [2, 3] for the linear stability analysis, and [4, 5, 6, 7]
for nonlinear theories, among many others. In particular, the authors in [7, 8]
show that the Rayleigh-Bénard problem bifurcates from the basic state to an
attractor when the Rayleigh number crosses the first critical Rayleigh number
under physically sound boundary conditions. Recently, they have classified the
solutions in the bifurcated attractor and obtained detailed structures of the
solutions of the Bénard problem in physical space (rolls, rectangles, hexagons,
etc.), see [9, 10] for details. Their nonlinear method is based on the geometric
theory for incompressible flows [11] and the bifurcation and stability theory for
nonlinear dynamical systems [12].

While the theory of the first transition for the RB convection is rather com-
plete, there is a lack of systematic mathematical study on the second transition,
partly due to the absence of explicit formulations of the bifurcated solutions. In
this article, we focus on the study of the bifurcation and classification of the dy-
namic transition of a low-dimensional model (a system of nonlinear ordinary dif-
ferential equations) for the RB convection in the presence of magnetic field—also

known as hydromagnetic convection. The RB convection under the influence of
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magnetic field is important for a number of geophysical and astrophysical prob-
lems [2, 13]. Tt also has many industrial applications, such as, in crystal growth,
in fusion reactor and in the manufacture of semiconductors. Because of its im-
portance, many research based on numerical simulations and real-world experi-
ments have been carried out to study the instabilities and bifurcations associated
with hydromagnetic convection, see [14, 15, 16, 17, 18, 13, 19, 20, 21, 22, 23, 24|
and references therein. These study reveals the stabilizing effect of magnetic
field (Lorentz force) in RB convection by suppressing the unstable fluctuations
and degenerating turbulence.

Our study on the dynamical transition of the RB convection in the presence
of a vertically applied magnetic field is based on a low-dimensional dynamical
system—a set of nonlinear ordinary differential equations. The system is derived
by truncating a two-dimensional Boussinesq model for the RB convection in an
incompressible conducting fluid in the Fourier series expansions, in the spirit
of the celebrated Lorentz system [25]; see Sec. 2 for details. This simplified
low-dimensional dynamical system was previously employed in [26] in the nu-
merical investigation of the RB convection in an incompressible conducting fluid
subjected to a magnetic field.

In this article, we are interested in the classification and characterization of
the first and second transitions in a low-dimensional dynamical system for the
RB convection with the influence of magnetic field. We follow the approach
of the dynamic phase transition theory for dissipative dynamical systems [27]
which is developed based on the principle of exchange of stability and the center
manifold reduction. See also [28, 29, 30, 31, 32] for applications of the theory.
In the study, we focus on the effect of magnetic field on the transition. We find
that, in loose terms, for large magnetic field, the system undergoes a continuous
transition as the Rayleigh number crosses the second critical value (a continuous
sequence of limit cycles emerge), while for low magnetic field a jump transition
occurs (a butterfly orbit is present through the transition). Moreover, the effect
of magnetic field on the transition depends on the aspect ratio. There exists

a critical aspect ratio below which only jump transition is possible no matter
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how strong the magnetic field is. These results confirm the stabilizing effect of
magnetic field in the RB convection.

The rest of the article is organized as follow. We present the low-dimensional
dynamical system in Sec. 2. We classify and characterize the first and second
transitions in Sec. 3. Numerical results corroborating the analysis are given in

Sec. 4. We conclude the article with some physical implications in Sec. 5.

2. The mathematical formulation

In this section, we give a quick derivation of the low-dimensional dynamical
system from the Boussinesq system governing the RB convection in an incom-
pressible conducting fluid subject to a vertical magnetic field in a 2D channel.
The derivation follows closely that of the Lorentz system [25], see also [26]. The

2D Boussinesq system is as follows

%4 (u-V)u=vAu— LVp" + L(H-V)H - gk(1 — (T - Tp)), (1)
9T 4 (u- V)T = kAT, (2)

98 | (u-V)H =nAH + (H- V)u, (3)

V-u=0, (4)

V-H=0, (5)

where A = 68—;2 + 53722 is the 2D Laplacian; u, T, H are the velocity field, tem-
perature field, and magnetic field respectively; and p* is the modified pressure
p* =p+ %HQ. In the system, v is the kinematic viscosity, po is the mag-
netic permeability, g is the gravitational constant, « is the coefficient of volume
expansion, k is the thermal diffusivity, and 7 is the magnetic diffusivity.

The system (1) can be reformulated in terms of stream functions. Upon

making the transformation

= (-5 8). Q
06 0
T=T+(Ty —To); + 0, (8)



the system (1) becomes

oAy | O(p,AY) 2 1o 9(9,A0) 3A¢
ot + O(x,z) =vA ,l/} + lpg “O(x,z) NO H + ga 81 ’ (9)
00 | 0(y,© Ty—Ty O
ot T a((;c ) = RAO + 5t o, (10)
o0¢ | O(W,A¢)  O($,AY) [S2ANT
ot + O(z,z) - o(x,z) A2¢ + HO o0z (11)

2< (()) ((96( a))), (12

o(f,9) _ 8f0g _ 9f 9g

s where O(z,z) ~— Oz Oz 9z Oz °

N

Introducing the dimensionless variables with h the height of the channel
h2
(x,2) = h(z',2'),t = ;t’, =k ¢ =hHyd, (13)

and defining the dimensionless constants

P.=Z, the Prandtl number, (14)
P,=1, the magnetic Prandtl number, (15)
Q= “‘;fff, the Chandrasekhar number, (16)
R, = W, the Rayleigh number, (17)
we obtain the following nondimensionalized system, omitting the primes,

A 1 9(%, (¢,A¢) 0A¢ ele)

?W + P, a(r Azw + Q “O(x,z) z) Q Re Oz (18)
2(1,8) _
W + d(x,z) A© + 895’ (19)
0A¢ | O0(h,A¢)  9(,AY) _ OAw

ot + d(zx,z) 9O(z,z) P"LA2¢ + (20)

I ECEIINICS Y (21)
o) o)
In order to study the transition of system (18), we use the following mode

g truncation

¥ = X(t)sinanzsinnz, (22)
¢ =W(t)sinarx cosmz, (23)
© =Y (t)cosarxsinmz — Z(t) sin 2w z. (24)
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with a = 2 the aspect ratio of the channel. Plugging (22)-(24) into system (18)
and comparing coefficients, an ODE system resembling a Lorentz type equation

with a magnetic field can be obtained, see [26] :

X = P X+ PY - P.QW, (25)
X —RX-Y-XZ, (26)
42 — _BZ + XY, (27)
LV = cP.P'X — P.P'W, (28)
where we have introduced the geometric constants
4 1 1
=——.,= 57— 29
1+a2 " " 22 (11a2)? (29)
and a normalized Rayleigh number R = % relative to the critical Rayleigh

number R.. Hereafter we focus on the study of dynamic transitions of (25) as
the Rayleigh number R and the Chandrasekhar number @) vary. Furthermore,
we take

P, =P, =10, (30)

in order to be consistent with Lorenz’s original result without magnetic field.

Throughout, we study the system

dX — 10X + 10Y — 10QW, (31)
& _RX Y - XZ, (32)
2 _ Bz XY, (33)

dfTVtV = 1gj2X - W (34)

3. Classification of the dynamical transitions

3.1. First transition

It is easy to see that (31)—(34) has a global attractor. In fact, a Lyapunov

function for this system is given by

1
V:<x2+y2+(z—10—R)2+

> 1607°Q w2) . (35)

BZ



Indeed, we have

d
V. _ 9Vde , 9Vdy | 9Vdz | 9V dw

dt — ovdt Togya T azdat ¥ owat

2
:_um%ﬂﬂ—B(z—5—§>-—wgww2+§ao+3ﬂ

from which it follows that

R

2
1 2
1Ox2+y2+B<z—5—> + 00m°Q 2

gz WS

B
4

{('r’ y’ Z’ w) 2

uo+Rf}

is a absorbing set for (31)—(34) , and so the existence of a global attractor is
established.
Regarding the transition of the system at the equilibrium point Py = (0,0, 0, 0),
wo we begin by noting that the corresponding linearization is governed by the ma-
trix
-10 10 0 -10Q
R -1 0 0

Lr= (36)
0 0 -B 0
B2
ez 0 0 -1

The corresponding eigenvalues are found to be

A2 =—-1,A3 =-B, (37)
A = —\/5\/—5BZQ+i(:T2R+1627r2—227r7 (38)
2y/—5B2Q+80m2 R+162m2—227
A = V2y/-5B2Q+ Om* et . (39)

In virtue of (37) we see that the following holds:

<0,R<Ry,

M(R, Q) =0,R =Ry, (40)
>0,R> Ry,

M(R1,Q) < 0,i=2,3,4,R =1+ 29 (41)

These conditions are referred to as the principle exchange of stability in the
s dynamic phase transition theory, cf. [27]. We are thus led to the following

result.
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R <Ru(@) R (Q) <R <R(Q)

Figure 1: Topological structure of the first transition. Py is the origin; P; and P» are the
bifurcated solutions defined in Egs. (42)-(43); R is the Rayleigh number; R; and R are the

first and second critical Rayleigh number, respectively; arrow lines indicated stability.

Theorem 3.1. The system (31)—(34) undergoes a continuous transition around

the origin at R = Ry. More precisely, for R < Ry and Q < 4%’;2, There exists

Ry dependent on B and Q such that if R < Ry < Ry, the origin Py = (0,0,0,0)

is the only fired point of the system and it attracts any bounded set in R*,

whereas for R > Ry, Py bifurcates to two non-trivial solutions given by

p1:<\/@, B(R—C)C,R-C, 15,?2\/@), (42)
PF(_@, BC(R_C),R_C,_@;W), (43)

where C' =1+ 11361@2. Furthermore, the critical points Py and Py are stable, and

there exists two disjoint open sets Uy, Us, with R* = U; U Us,,0U; N OU, =T,
where U; is the basin of attraction of P; for i =1,2, and I is the stable manifold
Of Po.

The topological structure of the first transition around Py is shown in Fig.
(1).

Proof. At the critical value R = Ry, the eigenvectors of (36) corresponding to

the eigenvalues given in (37) are given (in row form for conciseness of notation)
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10 1
€1 = <_M7Q+M70a1> , €2 = (0,@,0,1)7
1 1 B2
€ = (070’1’0)764_<M7Q+M7071)aM—16ﬂ_2.

Similarly, the dual eigenvectors (i.e. left eigenvectors of Lr) are given by

) 11 ([ -M
(Q7Q70,1>7€2* = (1+MQ7Q7031)7

-1 -1
e; (0’0’170)7ezz< OQ?Q’O71>'

Now, let Ey = span {e1}, E2 = span {es,e3,e4}, and Py be the projection

o
S
I

onto Fy. Based on the approximate formula for the center manifold in [27]
(Appendix A, equation (A.2.19)), the linearization around Py behaves like u =
zey + ® + o(x?), where ® is determined by the equation

—LR(I) = PQG(Cl,@l)CUQ. (44)

Here Ly is the matrix defined in (36).
More precisely, writing ® = (azes + azes + aseq)x? + o(x?), (44) takes the
form

(—Lgr(ages + ages + aseq), e]) = (G(ey,e1),e;),i = 2,3,4. (45)

It is easy to see that the unique solution of (45) is given by

1 /10 10
a2:a4:0,a3:fE <W+]\f> (46)

The invariant manifold function is thus approximately given by

1 /10 10QY\ , )
P=——(—4+—"% + .
B(M2 M)xe?’ o)

Next, in order to obtain the corresponding reduced equations, we compute

3 1 (/100 100Q\ ;4 3
(G(zer + D,ze; + @), €]) = e <M3 + e >x + o(x?).



Based on Theorem 2.3.1 in [27], since the coefficient of 23 above is always
negative, it follows that (31)—(34) has a continuous transition at (0, R.). In

s other words, the equilibrium Py undergoes a pitchfork bifurcation at R = R;.
Now, let’s prove the global stability of 0. Construct a energy function V' as

follows

1 B2QN vy wo 1o 1677 )
= <w+160W2>X Y2422 QW?2. (47)

Then, we have

2
dV_2<1+BQ

)XX+2YY+2ZZ’+2<Q+167T )QWW

dt 10 ' 16072
B?QY\ . B%Q 2
=2 <1+ 167r2)X +2(R+1+ 16W2)XY—2Y

—92BZ? 2 <Q+ 167° ) QW?

) (- (i) )
167r2 (48)

—2y? _92BZ? 2 (Q 4 16 > QW2

2
R
= 72 X — Y
BZ
( < + 167TQ2> )

2

:—2

(R+1+ Tor? 167
™ 2 2
+ 77 —2|y <Q+ BQ)QW.
(48) means that
(R+1+16ﬂ2) )
-2<0 49
2+ 5°Q

is the sufficient condition of the global stability of 0, and @ < 4%752 , means that

B2 B?
Q+2 1+ ©

Ri>Ry=—1-
=" 1672 1672

> 0. (50)
O

8.2. Second transition
In this section we study the transition from the bifurcated equilibria P;,

1 = 1,2, occurring when R > R; is sufficiently large. Hereafter we consider the

10



transformation

(X7Y7 Z7W) = Pl + (X/aylazlvw/)a

so that, upon substitution in (31)—(34) and dropping the primes, we obtain the

130 System

4X = —10X +10Y — 10QW,

_ B(R—C)
X —OoXxX-Y-— /252 Z-X27,
2 — \/B(R-C)CX +/B¥ 9y _ BZ 4 XV,

dw __ B? _
dt — 16772X w.

(51)
(52)
(53)
(54)

Note that there is no loss of generality in considering only P;, since by

performing the analogous transformation
(X,Y,Z,W) =P+ (X" Y',Z',\W"),

one arrives again at (51)—(54).

By linearizing (51)—(54) around the origin one obtains the matrix

~10 10 0 ~10Q
B(R—C)
i D -1 /B 0
B(R—C)
VBR—C)C /EE) -B 0
= 0 0 -1

The eigenvalues of M are determined by the equation

)\4+a3)\3+a2)\2+a1)\+a0 =0

where, after some straightforward computations, we obtain the formulae

a3 =B+ 12,
B

a2:11(3+1)+327R,

To2@+1

11 B?

a1 = ———BR+10B (R — -1,
B+ ( 1672 )

B2
:23 —_ —1 .
aon 0 (R 167T2Q )

11

(55)



The above quartic equation has a purely imaginary solution if and only if
a% + a0a§ = a1a203

which in turns becomes a quadratic equation for R whose unique solution greater
than R; is of the form

95(B2Q + 1672) [ 472
RQ:% %(B+12)\/Y1+Y2

where

Yy = (2500 BS — 4300 B® + 4225 B*) Q*

+ (173280 B*n?® — 170160 B*n* + 9360 7°B*) Q

+ 3069504 B2 4 252288 Brr* + 5184 71,

Y, = ?15 (6432 B* + 90336 B — 3456) *
4 25Te B;WZQ (32 + % - 329> +B°Q?,

D = 400B°Q*1? — 640B>Q(B — 30)7* — 21504(B — 9)Br®.

It is easy to see from the above formulae that for any fixed pair (Q, B) there

exists a unique Rs such that

<0, R<Rs,
Rez;{ =0, R=R,, (=12, (56)
>0, R> Ro,
Re x; < 0,7 = 3,4, (57)
Tm a; # 0,5 =1,2. (58)

The values of R and @ that give raise to the first and second transitions as
discussed above are shown in Fig. 2, where the value of B is fixed at 8/3, which

s corresponds to the spatial scale L = /2.

3.2.1. The type of second transition

We use the transition theorem established by Ma and Wang [27] to study
type of transition for problem (31)—(34). Before doing so, we focus on some

analysis.

12
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Let {Bx(R)}{_, be the eigenvalues of the matrix M given in (55), and assume
B = a—io = Pa, and B3, 34 € R. Let e; and ey be the real part and imaginary
part of the eigenvector corresponding to (1, respectively. For £ = xe; + yes we
have

M¢ = (ax — oy)er + (ay + ox)es.

We introduce the linear spaces H. = span {ej,ea} and Hs; = {e3,e4}, with
corresponding orthogonal projections P, and Ps. Letting u = xe; + yes + zes +

wey, u. = P.u and us = Psu, one can rewrite (51)—(54) as

d

% :agj—a‘y—i—(G(Uc+usauc+u8)’e>{)’
dy *
2 = 0y 02) + (Glue + s, ue + us). €3),
dus

CZ = Msus +PSG<UC +u87u0 +u5)

13



In order to approximate the center manifold function we use the ansatz
us = h(uc) = ha(uc) + ha(uc) + ha(uc) + O(‘Uc|5),

where hy is k-linear. Note that

du, dh ,  dx dy
dt — dt _8Ehdt +8yhdt

which means that

Mh + Gy (te, ue) + Gs(ue, h) + Gg(h, h)
= Ozh oz — oy + (G (ue + us, ue + us), €7)]

+ 8yh [ay +ox + (G(uc + Us, Ue + us)a 6;)]

Now, for h = f3(x,y)es + f4(T,7)eq, let’s define
] o) 2] * 9, *
Goeil + af; es” Goei” + aJ;L es”

( ) +ean( )
esa (YT + GesT) + eas (YerT + GaesT)
(% ) +eas (B 7
(52 (9L )

€31

Vh(u,)

Ofs «T 3f3 *T
e + €43

8f3 8f5 *T
oz 61 )

Ofa xT 3f4 e
i

3f4 *T (9f4 *T

€33

+ €44

s

Let u. = xe1 + yes, above equations can be rewritten as the following normal

form

VhoMe€ + VhsMe€ + VhaGe(£, )

+ VhaML€ + VhoGo(€, ho) + VhsGe(&, €)
= Mha + G4(€,€) + Mohs + G4 (€, ha)

+ Mhy + G5 (€, hs) + Gs(ha, ha) + O([€]7).

The quadratic part of the above identity gives
VhoMc§ — Mshs = G5(§, §)-

The formula for hs is then found by simply solving a linear system. More pre-

) ) 4 ) ) . ) ) ) )
cisely, letting ha(§) = Zi:3(x2 z2,0"‘953/(#1,1‘*‘yz%,z)ei and ¢' = (¢§,07 z1,17 ¢6,2)T7

14
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one needs to solve

where
2« o 0
No=|-20 2a 20
0 —0 2«

Similar but more complicated formulas can also be obtained for h3 and hy
without much work. Thus, besides inverting the above linear system, finding the
explicit form of the eigendecomposition constitutes the core of the computational
work needed to reduce the system.

After having performed all these calculations we arrive at a set of reduced

equations of the form

dx

Y ar—oyt Y alay + 0@, (60)
2<p+q<5

dy

o S oy tort > apaPyt +0(|(x,y)°), (61)
2<p+q<5

where the coefficients a’

pgr 0 =1,2,2 < p+q <5, can be determined numerically

by using the procedure outlined above.
In the polar coordinate = = rcosf,y = rsinf, we derive from the system
(60) —(61) that

dr _ ar+ 22:2 rFug,(sin 0, cos ) + o(r®)
o 22:2 rk=1yy (sin 6, cos 0) + o(r4)’

(62)
where

ug(sin @, cos §) = E ayq cos?T Osin? 0 + a’, cos? fsin?T 6,
ptg=k

v (sin @, cos ) = E ap, cos? Osin?tt 6 — a2 cosPt! fsin? 6.
p+q=k

15



Near r = 0, (62) can be expressed as

1 dr 1 « > k—2 . 3
=B =2 (r + ;r fr(sin B, cos @) + o(r?), (63)

where
-1
fo=uz +0" au,
_ -1 -1 —2 2
fa=us+ o "aus+ 0" ugve + 0 “awy,
_ -1 -1 —1
fa=us+ o0 auy+ 0" usv3 + 0 Tugve
+ 20'_2CM)2’[)3 + U_2u2v§ + 0_304113,
_ -1 -1 —1 -1
fs=us+o0 "avs + 0 “ugvs+ 0 Tusvz + 0 U
+ ozcr*211§ + 20 %quoug + 2072u2v2v3 + 0'71U3U§

+ 30 3awdvs + 0 Bugul + o taws,

with the initial value
r(0,R,Q, B) = a.
Let r(0, R, Q, B, a) have the following Taylor expansion with respect to a at 0
r(0,R,Q,B,a) = a+dy(0, R, Q,B)a® + d3(0, R,Q, B)a® + 0(a®).  (64)
Putting (64) into (63) gives
dr _«

= —a+ (%dg + f2/a) a2 + (%dg 4 2dsfo)o + fg/a) a® +o(a®).  (65)

Integrating respect to 6 gives

a2 4 a3 o
r0.R,Q.B) =a+ / fods + & / (2dafs + fo)ds
o Jo o Jo

e o o (66)
+ a2/ —dods + a3/ —dsds + —Hba.
0 g 0 g g
Comparing with (64), we see that
1 0
dg = */ deS,
g Jo
L (67)

d3 = */ (2d2f2 + f3)d3

g Jo

16



Using (67), and integrating (63) from 0 to 2w, we obtain
r(2m,a) — r(0,a)

r(2m,a)
27 2 27
=L g | fyae
ag g 0 g 0

a3 27 0
a4 27 0 0
+ ;/0 (fs L2, (/O fzds> s (/0 fsds>> a6
2(14 27 0 0
“ ds | ds | a6
* g Jo fa (A f2 </0 f2 S) S) ’

155 where p = 21 + o(a). Direct computation gives that

27
f2d9 = Oa
0
2m

fadb =0,
0

2 0 2 2m
/ I3 / fads | df = gagz f3df + o(a),
0 0 0

/(j” 4 ( /j f3d5> a0 —0.

Thus, (68) can be rewritten as

r(2m,a) —r(0,a)  pa

pa 2 3 4 4
(27, ) =7 + d20° + 630 + dsa” + o(a”), (70)

where
27

b2 = f3d,
0

2
(53 = gag2(52,

54=/02W <f5+2f4 (/06f2d5>>d9 )
+/02ng (/Oeh (/Oafzcl5> ds> 6.

Tt is known that each real positive zero ag of Eq. (70) corresponds to a periodic

solution of (60)—(61). Given a periodic orbit with the fixed ag, for all a close to

17
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aop, if
<0, a>ao,
r(2m,a) — r(0,a) (72)
>0, a<ag,

then the periodic orbit associated with ag is stable; otherwise, if

>0, a>ag,
r(2m,a) — (0, a) (73)
<0, a<ag,
then the periodic orbit is unstable.
Denote
N=P2y 890”4 03a® + 840 + o(a*). (74)
o

For the stability of the critical points P; and P, at R = Ry, we look at the
sign of N for small positive a. It is clear that the sign of d2(R2) determines the
stability, as @ = 0 (the real part of the complex eigenvalue) at R = Rs. Hence
we define d2(Rz) as the transition number with d2(R2) > (<) 0 signifying jump
(continuous) transition of the system (31)—(34) at R = Ry. If 6 = 0 (so is 3,
cf. Eq. (71)), we can use d4(R2) as the transition number. See [27] for details.

Then we have following results

Py

Figure 3: Topological structure of the jump transition d2(R2) > 0. A periodic orbit I occurs

from P; on R < Ra. A nonzero attractor appears at R*.

Theorem 3.2. If 62(R2) > 0 or d2(Rz2) = 0,64(R2) > 0, the system (31)—(34)
undergoes a jump transition with an unstable periodic orbit 'y colliding with Py

and the coexistence of a stable periodic orbit I's at the second critical number

18
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180

IR‘

Figure 4: Topological structure of the continuous transition. A Hopf bifurcation occurs at
R, indicating that a stable limit cycle bifurcates from P; at R = Ra2, and whose size grows

continuously with R.

Ry. In addition, there exists a subcritical transition number R* (Ry < R* < Ry)
at which there exists a singular separation of periodic orbits such that nonzero
attractor T bifurcates from Py at R = R*. While there is no periodic solution

bifurcating from P, when R > Rs.

The topological structure of the jump transition in Theorem 3.2 is best

described in Fig.3.

Proof. Since the quadratic term in N is the dominant one when a > 0 is small,
it is clear that P; is unstable and the transition is of jump type at R = Ra,
under the assumption of this theorem. d2(Rg) > 0 or d3(R2) = 0,04(R2) > 0

implies that N defined in (74) has a real positive root

I = <_§O‘>é(52>0) or<_pa>i(52=0). (75)

009 004
for R < Rg.. Using (73) finds that Iy is unstable. At last, Combining the exis-
tence of global attractor (see Sec.3.1), results in Theorem 3.1 and the instability
of P; at R = R», it means that there exists subcritical number R = R* such
that Ry < R* < Ry, and there is a non-zero attractor occurs at R = R*. The
results of separation of periodic orbits can be obtained from the Theorem 2.3.4

and 2.5.1 of Ma and Wang in [27]. O
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Theorem 3.3. If §2(R2) < 0,05(R2) < 0 and 64(Ra) < 0, the system (31)-
(34) undergoes a continuous transition (a Hopf bifurcation) at R = Ry. In
particular, the steady-state solution Py bifurcates to a stable periodic trajectory
' on R > Ry, t.e.,

I' » Pi,R— Rs. (76)

Furthermore, the periodic orbit is approrimately derived as

1

u(t) = (agj) ) (cos(ot)er + sin(ot)es) + o(|R — R.|), 02 > 0, (77)

u(t) = (;gf) ) (cos(at)er + sin(ot)es) + o(|R — Re|), 02 = 0. (78)

The topological structure of continuous transition described in Theorem 3.3

is shown in Fig.4.

Proof. Under the assumptions of d3(Rs) < 0,03(R2) < 0 and d4(R2) < 0, it is
easy to see that N defined in (74) is negative at R = Ry for small q, i.e., any
orbit near P; converges to P;. Hence, P; is stable at R = Rs, and the transition
at (Pp, Rg) is of continuous type. In addition, it is clear to see that (74) exactly
has only one real positive root

r— (‘““)é (85 > 0) or ("”‘)i (55 = 0). (79)

002 004

for R > Ry.. Combining (72) finds that I'(R) is stable. For R > Rs, (74) has

no root, that is, no periodic solution originates from P; on R > Rs. O

Remark 3.1. Above bifurcation and transition are associated with critical Py,

for critical point Py, the results are same.

4. Numerical results and discussion

In this section we study numerically the types and structure of the transi-
tion that this system exhibits at R = Ry for different values of the geometry
parameter B and the Chandrasekhar number Q). According to Eq. (74) the nu-

merical investigation reduces to the computation of the dimensionless numbers

20



200

205

210

215

02, 03 and 4, which can be accomplished by solving a series of linear problems
as outlined in Subsection 3.2.1.

Based on Theorems 3.2 and 3.3, a first step in determining the transition type
at Ry is to compute the bifurcation number d5. A preliminary exploration of do

in terms of B and @ is shown in Table 1. These results show that the system is

Table 1: The values of the bifurcation number d with respect to the Chandrasekhar number

Q@ and the geometry parameter B. d2 > 0 indicates jump transition; d2 < 0 implies continuous

transition.
Q\ 4 \ B 0.2 0.4 0.6 0.8 1 1.4
20 0.004 | 0.0061 | 0.0070 | 0.0074 | 0.0075 | 0.0073
80 0.0036 | 0.0052 | 0.0060 | 0.0064 | 0.0068 | 0.0078
200 0.0026 | 0.0031 | 0.0032 | 0.0036 | 0.0046 | 0.0074
600 -0.0014 | -0.0058 | -0.0067 | -0.0041 | -0.0005 | 0.0046
1000 -0.0061 | -0.014 | -0.0119 | -0.0062 | -0.0017 | 0.0031

capable of exhibiting both continuous and jump transitions for different values of
Q@ and B. In view of this fact, a natural subsequent problem is to approximately
determine the regions in parameter space that give rise to different types of
transition. Since, from a numerical point of view, the evaluation of the map
(Q, B) — 09 is relatively straightforward, albeit lengthy, the task just described
can be executed without major issues using a bisection method. We thus obtain
a curve in parameter space, corresponding approximately to d2(Q, B) = 0, that
represents an effective boundary between the region where a continuous/jump
transition occurs. The results are shown in Figure 5.

From a quantitative point of view, we see that the curve defined by the
relation d2(Q, B) = 0 can be cast in the form @ = Q.(B), where Q. is a convex
function defined on the interval (By, B1), with By = 0 and By ~ 1.7795, and
having vertical asymptotes at the endpoints. In particular, for By < B < Bj the
type of transition that the system undergoes changes from jump to continuous
as @ crosses a threshold given by @ = Q.(B). Further, when B > Bj the

transition type at Rs is always jump, irrespective of the value of (). We remark
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Figure 5: Approximate form of the curve 62(Q, B) = 0. Below this curve, the system undergoes

a jump transition (62 > 0); above it, the transition is continuous (62 < 0).

that the latter condition is non-trivial, since we have B = ﬁ, where a =

1
is the height-to-width aspect ratio, so B is allowed to take values up to B = 4,
and thus the case By < B < 4 is indeed feasible if a is sufficiently small.

Physically, the above shows that the vertically applied magnetic field plays
a stabilizing role in the Rayleigh-Bénard convection. This stabilizing effect is,
however, unable to make the transition continuous when the height-to-width
ratio is so small that B > Bj.

In the case o < 0 Theorem 3.3 also provides an estimate for the average
size of the bifurcated periodic orbit, see (77). On the other hand, one can
directly estimate this quantity by solving the main equations (51)—(54) for a
sufficiently long time and initial data close to Py, and a third estimate can also
be obtained in the same way by solving instead the reduced equations (60)-(61).

Since our analysis predicts that all these quantities are similar to each other,

at least for R close to Rs, it is important to corroborate this prediction with
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240

numerical simulations. The results are shown in Figure 6. Besides confirming
this prediction, the results also show that all three values get closer together as

the difference R — Ry decreases, which is in agreement with the analysis.

0.9

>0
>0
I

0.8 & b

E1204

0.7 b

>

0.6 7Y b

Distance to P1

0.5} o) i

<&

0 0.02 0.04 0.06 0.08 0.1

Figure 6: @ = 1000, B = 0.6. The average distance of the trajectory and the critical point
P after long time for full ODE (red), reduced equations (blue), and the predicted theoretical

value (green).

Irrespective of the type of transition, the linear analysis predicts that the
critical point P; is locally asymptotically stable when R < Rs. This is cor-
roborated numerically for two sets of parameters producing different types of
transitions in Figure 7 (continuous transition) and Figure 8 (jump transition).

In the case d2 > 0 the theory predicts the existence of an unstable periodic
orbit when R < Rs. Since such a solution is unstable, generic numerical simula-
tions are unable to provide insight about its structure. Thus, in order to extract
qualitative information regarding this issue, one must turn to the computation
of the higher order bifurcation parameters 3 and J,. In Table 2 we explore

some values of the higher order bifurcation numbers for different values of the
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Figure 7: Distance between the trajectory and the critical point P; as a function of time

before continuous transition, shown for @ = 1000, B = 0.6.

parameters.

Table 2: 2 > 0 and d4 > 0 indicate that only one unstable periodic orbit collides with P;
as R crosses Ra; 62 > 0 and d4 < 0 means that at some previous value R* < Rg two periodic

orbits, one stable and one unstable, collide as R crosses R* from above.

(Q,B)\ & 52 53 84
(400,0.2) 7x107* —2.75x 1076 | 15x 107
(100,0.4) | 48 x 1074 21.3x 1079 | 6.9x1074
(10,0.6) 71.6 x 107% | —26.45 x 107° | 2.85 x 1074

(50,1) 7219 x 1074 | —68.42 x 1076 | 3.21 x 1074
(200,1.2) | 58.98 x 107* | —92.14 x 107¢ | 9.51 x 1074

Finally, in the marginal case do = 0 the transition type depends entirely on
the sign of d4. In Table 3 we show some of the values for d; obtained by taking
Q = Q.(B) and varying B (see Figure 5). A more detailed exploration of d4
as a function of B in the aforementioned way shows that, in fact, d4 is always

positive, which then indicates that the transition is of jump type all the up to
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Figure 8: Distance between the trajectory and the critical point P; as a function of time

before jump transition, shown for Q = 200, B = 0.6.

the critical curve, i.e. for all @ < Q.(B).

Table 3: The values of the bifurcation number §4 with respect to the Chandrasekhar number

Q@ and the geometry parameter B as d2 = 0. d4 > 0 indicates jump transition.

(B,Q.(B)) 54
(0.4,351.2605) | 0.001443
(0.6, 321.3736) 0.0014633
(0.8,349.1291) | 0.0015327

(1,522.6765) 0.0013321

5. Conclusion

Our study based on the simplified model reveals that magnetic field plays
an important role in determining the types of the second transition of Rayleigh-
Benard convection in the presence of magnetic field. Without magnetic field, for

all B in (0,4), the second transition is of jump type. If magnetic field is consid-
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ered, for any fixed B < 1.17795, there exists a (). such that when @ > @, the
second transition is continuous, i.e., (25)—(28) bifurcates to a stable periodic
orbit. Hence, magnetic field has a stabilizing effect in heat convection. It is
also clear from the graph 5 that for large aspect ratio (roughly equal to height
larger than width), under the influence of magnetic field, the second transition
is continuous; whereas for small aspect ratio, the second transition is always of
jump type irrespective of the magnitude of magnetic field. These conclusions,
albeit drawn from the low-dimension model, may be relevant for the general
Rayleigh-Benard convection under the influence of magnetic effect. In particu-
lar, it suggests the complexity of the second and the subsequent transition of
the RB convection in terms of the physical parameters such as magnetic field
and aspect ratio. The framework lay out in this study is still applicable for the

general RB convection which will be pursued in a future work.
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