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Abstract 6 

A model is developed for the refractive index spectra of desert mineral dust. This model is applicable regionally to both 7 

Asian and Saharan dust as the largest global aerosol sources. The capability of the model further aims at representing 8 

important local features through a subdivision into northern and southern Sahara, as well as western and eastern Asia. 9 

Machine learning techniques for accelerated literature data acquisition are presented. Available refractive index spectra 10 

for individual minerals and chemical species are combined based on the Bruggeman effective medium formula. A 11 

numerical procedure for effectively solving the resulting higher-order polynomial expression is presented. The present 12 

results of the effective refractive indices are validated through the Kramers-Kronig relation; in particular, a Hilbert 13 

transform is applied to the imaginary part of the refractive index spectra. 14 
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1. Introduction 17 

The optical properties of terrestrial mineral dust have been a long-standing topic of investigation as 18 

evidenced by e.g. the investigations of Longtin et al. (1988) or Carlson et al. (1980) as well as Patterson et al. 19 

(1977), to name a few. During the last four decades, the interest of the respective contemporary investigations 20 

has gradually shifted from remote mineral exploration, as discussed by Egon et al. (1979) to the impact of 21 

mineral dust on the planetary radiation budget due to its relevance for the global climate and solar energy 22 

conversion in the Sahara. Similar to many scattering particles, mineral dust may reduce the radiative forcing 23 

by scattering shortwave radiation back into space, while on the other hand absorption of long wave radiation 24 

by absorbing constituents such as Hematite and soot may simultaneously have an opposite effect. The 25 

prediction of this balance between absorption and reflection giving rise to atmospheric warming and cooling 26 

respectively is still subjected to significant uncertainties. Relevant studies on the climate impact were 27 

performed by e.g. Shell et al.( 2007) or Yue et al. (2009) while Schroedter-Homscheidt et al. (2013) and Polo 28 

et al. (2015) discussed the improvement of solar power production by means of adequate aerosol forecasts and 29 

specific energy conversion process adaptions. 30 

While the Sahara is the greatest source of mineral dust aerosol (see e.g. Koven and Fung (2008) and Prospero 31 

et al. (2002) for detailed discussions), there has been an increasing interest in the Gobi desert and other 32 

Central Asian dust sources in the recent decades, primarily in connection with air quality concerns and 33 

pollution in eastern Asia. Studies on the mineral dust in this region of the globe include, for instance, Chin et 34 

al. (2003) or Ma et al. (2012). Recent efforts to measure the refractive index of Saharan dust from several 35 

locations and under controlled conditions have been performed at the AIDA chamber of the Karlsruhe 36 

Institute of Technology by Wagner et al. (2012). 37 

Because of its significant impact of mineral dust aerosol in a variety of different areas, desert dust is a 38 

prominent component of existing databases for the optical properties of aerosols, such as OPAC by Hess et al. 39 

(1998) or the database by Levoni et al. (1997). Nevertheless, for mineral dust aerosol, the modeling of its 40 

optical properties has proven to be a formidable challenge, as the scattering dust particle is strongly 41 

heterogeneous and consists of many different mineral types and chemical species. Regional variability of the 42 

composition of mineral dust particles has been recognized in the past to further complicate the problem and 43 

studies on this topic are manifold, including the efforts by Formenti et al. (2011) and Di Biagio et al. (2014) 44 

and Ryder et al. (2013) and most notably by Dubovik et al. (2002) and Dubovik et al. (2006) with a focus on 45 

optical properties and radiative transfer. 46 

Due to the random, heterogeneous morphologies of mineral dust particles, there is interdependence when it 47 

comes to the modeling of the shape and the refractive index of this particular type of aerosol in microphysical 48 
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light scattering computations. It has been shown by Mishchenko et al. (1997) that the nonsphericity of the dust 49 

scattering particles needs to be taken into account for single scattering calculations. Examples for the two 50 

different approaches which exist for determining the optical properties of mineral dust particles are the work 51 

by Kahnert (2004) on the one hand and the work by Liu et al. (2013) and Ishimoto et al. (2010) on the other. 52 

While Kahnert uses simple geometrical particle shapes such as spheres and spheroids and considers the 53 

heterogeneity through the refractive index, Ishimoto develops a complex random morphology model with 54 

different refractive index values specified in several disjoint particle subdivisions based on a spatial Voronoi 55 

tessellation. The effective medium approach discussed in this manuscript follows the first philosophy and 56 

allows managing the complexity involved in considering both a regional and a size-dependence of the 57 

refractive index.  Based on the optical properties, the quantification of the influence of dust on radiation 58 

transport has been the subject of several studies, including Myhre and Stordal (2001) and Sokolik et al. 59 

(2001). The general consensus is that the uncertainties in the dust refractive index are the dominant source of 60 

error in the aforementioned radiation transport calculations, as discussed for instance by Myhre and Stordal 61 

(2001). Consequently, the current model aims to improve upon this situation from multiple perspectives. The 62 

spectral dependency of the refractive index on the wavelength λ of the incident light is computed as a function 63 

of the particle size, and for the first time, a rough distinction between different mineral source regions is taken 64 

into account. 65 

This paper is organized as follows: Section 2 is the refractive index model description, further expanded upon 66 

in Sections 3 and 4, which in particular discuss data acquisition and effective medium calculation respectively. 67 

Section 5 presents the analysis of the obtained spectra in terms of the Hilbert transform or the Kramers-Kronig 68 

integral, where the first name is rather exclusive to mathematics while the second is more often encountered in 69 

physics and material science. Section 6 discusses the computation of first and second moments based on 70 

AERONET aerosol size distributions, in order to compute mean refractive index spectra independent of the 71 

particle size. 72 

2. Refractive index model description 73 

The theoretical basis for the model developed in this study can be found in the work of Otto et al. (2009). 74 

To compute the solar radiative effects of a Saharan dust plume, these authors developed a refractive index 75 

model based on chemical composition data for northern Saharan dust as a function of particle geometrical size 76 

published by Kandler et al. (2009). The distinctive feature of the current model is a quite useful computational 77 

tool to take the size dependence and the regional variation as parameters influencing the refractive index into 78 
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account by applying the same procedure as Otto et al. (2009) to different geographical regions where 79 

sufficient composition data of mineral dust is available.  80 

Generally, the model requires the chemical composition of a mineral dust particle as an input. The 81 

composition needs to be provided in terms of the volume fraction of the particle’s constituent minerals over 82 

the geometric diameter. Based on these volume abundance ratios, the refractive index spectra of the individual 83 

minerals can be combined in various ways. As argued by Kandler et al. (2009), the lack of cohesive refractive 84 

index spectra from different authors for many mineral components, as well as the overall sheer number of 85 

different mineral types further force the introduction of a simplified constituent model, where the individual 86 

mineral types are merged to overarching mineral classes such as e.g. a Silicate class combining Illite, 87 

Kaolinite and Chlorite. The different mineral classes into which the individual mineral types are classified are 88 

listed in Table 1 and are largely identical with the classification scheme proposed by Kandler et al. (2009). 89 

Additional substances included in the internal mixing, such as water, are considered as separate categories. 90 

Table 1. Mineral Classes of the Model 91 

Class Mineral Component 

Carbonates Limestone 

Calcite 

Iron Oxides Hematite ord. & ext. 

Magnetite 

Wuestite 

Goethite 

Quartz Amorphous Quartz 

Crystalline Quartz ord. & 
ext. 

Silicates 

 

 

 

Soot 

 

 

Sulphates 

Illite 

Kaolinite 

Chlorite 

Serpentine 

Propane soot 

Diesel soot (heated and 
unheated) 

Pyrolytic Graphite 

Amorphous Carbon 

Gypsum 

Ammonium Sulphate 

Sulphuric Acid 

 92 
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As an example, the relative volume abundance for the mineral groups in the northern Sahara as measured by 93 

Kandler et al. (2009) is shown in Fig. 1. It may be observed that the volume fraction of all components 94 

changes drastically versus particle diameter, except for the iron oxides, whith low concentration remains 95 

without significant variations in magnitude. 96 

 97 

Fig. 1. Relative volume abundance over the geometrical diameter of a desert mineral dust particle from Kandler et al. (2009). 98 

The next necessary input for the model are the refractive index spectra of the individual mineral types. 99 

These spectra often are available only piecewise for certain bandwidths and/or refractive index measurements 100 

from different sources in the literature for the same mineral under identical conditions differ by a non-101 

negligible amount. Consequently, a sufficiently large collection of spectra from different experimental 102 

investigations needs to be collected and combined to a global patchwork spectrum. A collection of different 103 

measurements from different authors is shown in Figs. 2 and 3 and the already mentioned issues regarding the 104 

refractive index data available in the literature may be observed directly. The figures show the real and 105 

imaginary refractive index spectra from the Silicate class, respectively. The sources for both the regional size-106 
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dependent composition data, as well as the measured refractive index spectra for the individual mineral 107 

components are given in the next Section.  108 

 109 

Fig. 2. Real part n(λ) of the refractive index spectrum of the Silicate group over the wavelength. Note the considerable difference 110 
between results from different studies. 111 
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 112 

Fig. 3. Imaginary part k(λ) of the refractive index spectrum of the Silicate group over the wavelength. Considerable differences are again 113 
noticed in comparing the results obtained by different studies. 114 

     As there is no robust criterion to determine the quality and plausibility of a specific measurement versus 115 

other counterparts, the data points have been interpreted as random noise and combined spectra have been 116 

filtered using a local regression method. In practice, this amounts to low-pass filtering the literature values 117 

and the real and imaginary parts of an example of a filtered spectrum obtained from the data in Figs. 2 and 3 118 

are shown in Figs. 4 and 5, respectively.   119 
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 120 

Fig. 4. Filtered real part n(λ) of the refractive index spectrum of the Silicate group over the wavelength. 121 
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 122 

Fig. 5. Filtered imaginary part k(λ) of the refractive index spectrum of the Silicate group over the wavelength. 123 

The obtained filtered spectra of the individual mineral groups may then be combined into effective spectra 124 

for a chosen mineral dust particle composition, such as the one shown in Fig. 1. Thus the dependence of the 125 

refractive index on particle size and origin is realized. Details on how to compute such an effective spectrum 126 

is given in Section 4. As the spectra computed in such an ad-hoc manner may not be consistent and certainly 127 

contain artifacts of the filtering operation, it is necessary to ensure that the spectra are analytic. This is done 128 

via a Hilbert transform or equivalently termed Kramers-Kronig analysis, as detailed in Section 5. Resulting 129 

effective spectra together with their Hilbert transformed counterparts are shown in Sections 4 and 5. 130 
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3. Data acquisition 131 

3.1. Data sources 132 

The current section presents the sources and methods applied in collecting the data necessary to develop 133 

the model. As all data, both concerning the mineral dust particle composition, as well as the individual 134 

refractive index spectra have been measured and not derived from first principles in any way, it should be 135 

emphasized that the model at hand is purely empirical. Based on the overview of the combination process for 136 

the mineral refractive index given in Section 2, both data for the mineral dust particle composition as well as 137 

the refractive index spectra of the individual component mineral groups are needed. The composition data are 138 

size dependent and the list of available geographical regions is given in Table 2. Again, a graphical 139 

visualization of such a data set is given in Fig. 1. Care has been taken to choose measurements performed on 140 

the ground. The measurement data from Kandler et al. (2009) are available on the ground and at altitude in the 141 

boundary layer, but the difference of the two data sets is not as significant as between different regions. While 142 

the distinction in these four regions is a coarse one due to the complexity involved in introducing a new region 143 

to the model, as well as the scarcity of chemical composition data, it is by no means arbitrary, as studies by Di 144 

Biagio et al. (2014) document the impact of the variability of African mineral dust on radiative transfer and 145 

the work of Mori et al. (2003) shows the change in chemical composition of Asian dust while being 146 

transported from the source regions in the west to the Pacific ocean in the east. Furthermore, it is understood 147 

that the data listed in Table 2 stem from point measurements and may or may not be representative for the 148 

mineral composition of the dust aerosol in the entire geographical region. 149 

Table 2. Literature sources for mineral dust composition based on region 150 

Geographical Region Literature Source 

Northern Sahara/Morocco Kandler et al. (2009)  

Wagner et al. (2012) 

Southern Sahara Di Biagio et al. (2014) 
Klaver et al. (2011) 

Wagner et al. (2012) 

Western Asia/Gobi Mori et al. (2003) 

Eastern Asia/South Korea Geng et al. (2009)   

Mori et al. (2003) 

 151 
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The refractive index spectra for the individual mineral groups have been computed along the lines of the 152 

procedure outlined in Section 2. Table 3 lists the available mineral dust aerosol component spectra together 153 

with their respective literature sources and valid wavelength ranges. 154 

Table 3. Literature sources for refractive index spectra of constituent mineral groups 155 

Mineral Type or Chemical Species Literature Source Wavelength 
Range [μm] 

Carbonates Querry et al. (1978) 

Long et al. (1993) 

Ivlev and Popova (1972) 

Tropf (1998) 

Jarzembski et al. (2003)  

Jurewicz et al. (2003) 

2.5-200 

2.5-333.33 

0.2-6 

2-20 

2-20 

0.6-62 

Iron Oxides Shettle and Fenn (1979) 

Henning et al. (1995) 

Bedidi and Cervelle (1993) 

Gillespie and Lindberg (1992) 

Querry (1985) 

Querry et al. (1978) 

Popova et al. (1972) 

Marra et al. (2005) 

Onari et al. (1977) 

Steyer et al. (1974) 

Glotch et al. (2007) 

0.2-300 

0.5-200 

0.45-0.75 

0.25-0.7 

0.21-
55.556 

2-32.8 

8.3-50 

5-100 

5.16-50 

4-250 

Quartz 

 

 

 

 

 

 

 

 

Silicates 

 

 

 

 

 

Popova et al. (1972) 

Steyer et al. (1974) 

Peterson and Weinman (1969) 

Ivlev and Popova (1972) 

Philipp (1985) 

Shettle and Fenn (1979) 

Zukic et al. (1990) 

Henning et al. (1995) 

Malitson (1965) 

Egan and Hilgeman (1979) 

Roush et al. (1991) 

Querry (1987) 

Arakawa et al. (1997) 

Glotch et al. (2007) 

Mooney and Knacke (1985) 

8.3-50 

7.14-25 

0.736-36 

0.2-6 

2-25 

0.2-300 

125-230 

6.7-408 

0.2-4 

0.185-2.6 

5-25 

2.5-200 

0.13-2.5 

5-100 

2.5-50 
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Soot 

 

 

 

 

 

Sulphates 

Toon et al. (1977) 

Shettle and Fenn (1979) 

Batten (1984) 

Blokh (1988) 

Chang and Charalampopoulos (1990) 

Stagg (1993) 

Querry (1987) 

Palmer and Williams (1975) 

Volz (1973) 

Toon et al. (1976) 

Long et al. (1993) 

Ivlev and Popova (1972) 

0.3-40 

2-20 

0.5-0.75 

1-6 

0.4-55 

0.4-0.7 

2.5-200 

2.5-25 

2.5-40 

0.3-40 

2.5-333.33 

0.2-6 

 156 

3.2. Artificial neural networks for automatic literature data acquisition 157 

Especially in the current case of large datasets which need to be obtained from strongly diverse and 158 

unformatted data sources such as low-quality scanned PDF or image files and data tables found in tomes, 159 

maximizing the efficiency while minimizing the error in acquiring the desired data is of outmost importance. 160 

As a discipline of computer science, machine learning has established itself in the recent years and its 161 

techniques have proven to be essential for the construction of the present model. For a general overview on 162 

machine learning methods applied to data acquisition, the reader is referred to Hasti et al. (2009) or 163 

Harrington (2012). The specific problem to be solved in the context of this work is reading floating point 164 

numbers representing the refractive index from an image produced from a scanned PDF or the page of a book 165 

and distinguishing these numbers from the surrounding text. This problem is known as Optical Character 166 

Recognition (OCR) in Information Science. In practice, several options with varying degrees of efficiency and 167 

implementation effort are available to solve this problem. The image may be read in using the OpenCV library 168 

described by Bradski (2000) and the subsequent inference of the floating point numbers from the image may 169 

be achieved using the k-means algorithm (see Harrington (2012) for details) implemented in the OpenCV 170 

library itself, or using a less error-prone convolutional neural network (CNN) instead, available for instance in 171 

Google’s TensorFlow library described in the whitepaper by Abadi et al. (2015). While k-means has a higher 172 

misidentification quota compared to the CNN, both approaches share the disadvantage of necessary prior 173 

training of the classifier before the actual application. The final approach chosen was the application of the 174 

Tesseract OCR Engine library supported by Google and described by Smith (2007). The library performs 175 

image processing and character recognition internally and is one of the most accurate open-source OCR 176 

engines to date. A sample result of OCR using Tesseract is shown in Fig. 6. A vertical column of floating-177 



 Patrick Günter Stegmann/ Journal of Aerosol Science 00 (2017) 000–000 13 

point numbers is shown in a PNG image file to the left. To the right are identical numbers in a plain text 178 

output file produced by the OCR code when applied to the PNG image file. 179 

 180 

Fig. 6. Comparison of refractive index spectrum floating point numbers displayed in an image file on the left and inferred from the same 181 
image in plain text form on the right, using an OCR engine. 182 

4. Effective medium approximation calculations 183 

The current section compares different available effective medium approximations. After the rationale for 184 

choosing the Bruggeman formula has been elucidated, techniques for solving this higher order polynomial are 185 

presented in the second part of this section. 186 

4.1. Effective medium approximations 187 

Previous works concerned with the calculation of the refractive index of mineral dust aerosols such as 188 

Levoni et al. (1997), or Klaver et al. (2011), or Otto et al. (2009), and Petzold et al. (2009) have 189 

predominantly relied upon the application of the volume-weighted average of the components to compute an 190 

effective index: 191 

meff = f j ⋅ m j

j

∑   (1) 192 

where meff = (n + i ⋅ k) ∈ C  is the effective complex refractive index of the mineral mixture, f j
 the volume 193 

fraction of component mineral j, and m j
the refractive index of the relevant component. The undeniable 194 

advantage of this approach is its simplicity, but several other methods for the calculation of effective indices 195 
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with a more rigorous physical footing are known from the field of the mathematical description of 196 

heterogeneous materials. The simplest of these models are called effective medium approximations (EMAs), 197 

following Sahimi (2003). A formula for the effective electric permittivity ε of a matrix medium εm
with small 198 

spherical inclusions εi
was developed by Maxwell Garnett (1904) and offers comparable simplicity to Eq. 199 

(1):  200 

εeff −εm

εeff + 2εm









= fi

εi −εm

εi + 2εm









  (2) 201 

Nevertheless, the formula is only applicable to exactly two material components, one being the inclusion with 202 

a volume fraction much smaller than the host medium. A well-known alternative is the formula of Bruggeman 203 

(1935), which does not suffer these two restrictions but is still restricted to quasi-homogeneous materials, as 204 

pointed out by Bruggeman himself. The formula most often used is in fact the formula derived by Bruggeman 205 

in the case of a mixture of spherules:  206 

f j

j=1

N

∑
ε j −εeff

ε j + 2εeff

= 0   (3) 207 

where N is the total number of components of the heterogeneous material. In addition to Eq. (3), Bruggeman 208 

has also derived different expressions for average permittivity for mixtures of prisms, cylinders and fibers. 209 

Equation  (3) can be reformulated to emphasise its polynomial character: 210 

f j

j=1

N

∑
ε j −εeff

ε j + 2εeff

= f j ⋅ ε j −εeff( ) ⋅ εh + 2εeff( ) = 0
h≠ j
h=1

N

∏
j=1

N

∑  (4) 211 

Equation (4) reveals a number of problems when trying to find a solution εeff
for the seemingly harmless 212 

polynomial in Eq. (3). By inspection of Table 3 in the preceding section one finds that one needs to solve a 213 

polynomial of degree N=6 in the current case. Following Abel’s impossibility theorem from Abel (1881), 214 

there exists no solution for the problem at hand in terms of an algebraic expression, as N > 4. Furthermore, 215 

Eq. (4) of degree N has exactly N solutions due to the fundamental theorem of algebra and one would have to 216 

devise a way to find the actual physically relevant solution of Eq. (4) and distinguish it from the others. How 217 

these difficulties are dealt within the context of the current project is explained in the next subsection. 218 
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4.2. Solving the Bruggeman equation 219 

An immediate and simple solution approach is an iterative one in terms of a sequence. Equation (3) can be 220 

rearranged into the following iteration scheme: 221 

εeff

n+1 =

f
j
ε

j

ε j + 2εeff

n

j=1

N

∑

f j

ε
j
+ 2ε

eff

n

j=1

N

∑
  (5) 222 

with Eq. (1) as the volume weighted average being the initial guess to Eq. (5). However, no statement can be 223 

made about the monotonicity and consequently the convergence properties of the sequence, especially in the 224 

case that Eq. (1) as the initial guess differs considerably from the actual solution. 225 

An alternative solution is to observe the change of the dielectric permittivity as the volume fraction of 226 

inclusions is gradually increased from zero. To this end, the requirement that the volume fractions of all 227 

mixture components add up to one is initially dropped. A real parameter s is introduced, such that: 228 

f1(s) = f1 for j =1

f j (s) = s ⋅ f j for j = 2...N
  (6) 229 

To obtain differential equation governing the change of the dielectric permittivity εeff
with respect to the 230 

newly introduced parameter s, Eq. (6) is inserted into Eq. (3), which is then differentiated with respect to s 231 

and the resulting ordinary differential equation is: 232 

dε
eff

(s)

ds
= 1

3
⋅

f j

ε j −εeff (s)

ε
j
+ 2ε

eff
(s)

j=2

N

∑

f j (s)
ε j

ε j + 2εeff (s) 
2

j=1

N

∑
  (7) 233 

Equation (7) is then integrated over the parameter range s = 0 (homogeneous material) to s = 1 (full mixture). 234 

As no symmetries under one-parameter group transformations for the ODE are immediately obvious, 235 

including translation and dilation, no integrating factor could be found and Eq. (7) had to be integrated 236 

numerically. This was done using a standard Runge-Kutta 45 implementation from the boost odeint C++ 237 
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library by Ahnert and Mulansky (2011). As the right hand side of the first order ODE is continuous and 238 

differentiable with respect to s, it follows from the Picard-Lindelöf theorem by Lindelöf (1894) that the 239 

solution to the initial value problem posed by Eq. (7) exists and, in contrast to the solutions of the polynomial 240 

in Eq. (4), also is unique. The refractive index is then obtained from the permittivity by taking the square root: 241 

meff = εeff
  (8) 242 

Conceptually, the approach involving Eq. (7) can be seen as an application of the so-called invariant 243 

imbedding technique to the computation of the effective refractive index (see Bellman and Wing (1975) for a 244 

mathematical review), which is used to great effect in single scattering calculations by Bi et al. (2013) and 245 

multiple scattering by e.g. Natsuyama et al. (1998). 246 

4.3. Results 247 

The current subsection shows computed refractive index spectra calculated using the methods explained in 248 

the previous subsection. A comparison between the Bruggeman EMA results and the simple volumetric 249 

average for a 0.5-μm dust particle from the northern Sahara is shown in Figs. 7a and 8a. While the solutions 250 

based on the two methods for the real part and the shortwave segment of the imaginary part are in reasonable 251 

agreement, the spectra in the long wave region of the imaginary part diverge. The Bruggeman EMA shows a 252 

decreasing trend of the imaginary part, while the Volumetric Averaging shows an increasing trend. As the 253 

particle composition at a size of 0.5 μm is dominated by the silicate and sulphate group as can be seen from 254 

Fig. 1, the decreasing trend of the EMA is the correct behavior that one might expect from the spectra of the 255 

component mineral groups. Thus in light scattering and radiative transfer calculation, the Volumetric 256 

Averaging would lead to an overestimation of the absorption in the long wave region relative to the 257 

Bruggeman EMA. The decadic logarithm of the absolute difference between the spectra obtained using the 258 

two different methods shown in Figs. 7b and 8b for the real and imaginary part respectively also reveals that 259 

the two methods also tend to disagree in particular at the resonances of the refractive index spectra. 260 

The real part of a Bruggeman EMA spectrum for a dust particle from the northern Sahara is shown in Fig. 9. 261 

The different superimposed spectra are for a range of particle sizes, showing clearly the strong variation of the 262 

refractive index with particle size and thus mineral composition. While no appreciable difference can be 263 

observed below a wavelength of 6 micrometers, irregular changes are observed above this threshold. There is 264 

no general tendency of the refractive index either being increased or decreased with size, but the resonances 265 

of the spectrum generally become more pronounced with increasing particle diameter. 266 
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Fig. 7a. Direct comparison of real index of refraction from Volumetric Average and EMA. 

 267 
Fig. 7b. Decadic logarithm of the absolute difference of the real index of refraction from EMA and Volumetric Average. 268 

Fig. 7. Comparison of refractive index spectra (real part) obtained using the Bruggeman EMA (red curve in Fig. 7a) through solving Eq. 269 
(7) and simple volumetric addition (red curve in Fig. 7a) through solving Eq. (1) for a particle size of 0.5 μm in the Northern Sahara. 270 
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Fig. 8a. Direct comparison of imaginary index of refraction from Volumetric Average and EMA. 

 271 
Fig. 8b. Decadic logarithm of the absolute difference of the imaginary index of refraction from EMA and Volumetric Average. 272 

Fig. 8. Comparison of refractive index spectra (imaginary part) obtained using the Bruggeman EMA (red curve in Fig. 7a) through 273 
solving Eq. (7) and simple volumetric addition (red curve in Fig. 7a) through solving Eq. (1) for a particle size of 0.5 μm in the Northern 274 

Sahara. 275 
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 276 

Fig. 9. Comparison of the real part of the refractive index spectrum of a northern Sahara dust aerosol particle for various particle sizes 277 
and thus mineral compositions computed using the Bruggeman EMA. 278 

 279 

5. Hilbert transform analysis 280 

As all obtained refractive index spectra must be regarded as a disjoint patchwork with numerical artifacts 281 

from the filtering procedure, measures need to be taken in order to ensure that the results of the effective 282 

medium and filtering operations remain physically meaningful and causal. This is done by enforcing the 283 

Kramers-Kronig (KK) relationship on the imaginary part of an effective refractive index spectrum. The 284 

imaginary part of a given refractive index spectrum for a specific particle size and geographic location is 285 

transformed into the real part via a Hilbert transform, as the imaginary part is generally considered to be 286 

measurable with a higher degree of precision than the real part.  287 

5.1. Warren’s method for Kramers-Kronig transforms 288 

The specific Kramers-Kronig transform applied is the first integral relation proposed by Warren (1984) 289 

and later used by Iwabuchi and Yang (2011). In both cases the integral has been applied to compute the real 290 

part of the refractive index of water ice from its imaginary part. The transform itself is given by the following 291 

expression: 292 
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n(ν ) =1+ 2

π
P

κ 2 ⋅ k(κ )−ν ⋅κ ⋅ k(ν )

κ 2 −ν 2
d lnκ

0

∞

∫  (9) 293 

where ν =1 λ  is the wavenumber and P denotes the Cauchy principal value. As pointed out by Warren 294 

(1984), Eq. (9) is equivalent to the conventional formulation of the Kramers-Kronig relation, but with a 295 

singularity of type 0/0. The integral of Eq. (9) in practice is carried out using a simple trapezoidal rule. Again, 296 

the sampling of the quadrature points is done equally spaced in lnκ . The integral over the interval 297 

containing the mentioned singularity at ν = κ is carried out analytically following the procedure outlined by 298 

Warren (1984). We confirm the finding of Warren (1984) that the contribution of the singularity to the 299 

quadrature is in practice negligible for a sufficiently fine grid; nevertheless the computational burden of 300 

evaluating the integral in the singularity interval is minuscule. The slow but steady convergence of the 301 

trapezoidal quadrature is shown in Fig. 10. 302 

 303 

Fig. 10. Convergence of the trapezoidal quadrature of Eq. (9) for a refractive index at one specific wavenumber. 304 

Efforts to improve the convergence by applying different quadrature algorithms have not been met with 305 

success. Specifically the QAWC adaptive integration algorithm for Cauchy principal values by Piessens et al. 306 

(1983) included in the GNU Scientific Library (GSL) by Galassi et al. (2009) did not achieve sufficient 307 
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accuracy and contained unphysical spikes in the real part of the spectra, despite the fact that it uses a 15-point 308 

Gauss-Kronrod integration rule and a 25-point modified Clenshaw-Curtis rule close to the singularity. 309 

In order to validate the trapezoidal quadrature code based on Eq. (9) before its application to mineral dust, the 310 

real part of the refractive index spectrum of liquid water has been computed from its imaginary part and 311 

compared to literature data obtained by Segelstein (1981). The direct comparison of literature and computed 312 

values shows that both spectra are almost identical over the entire wavelength interval considered in this study 313 

and the application of the proposed computational procedure can thus be applied to other refractive index 314 

spectra with reasonable confidence.  315 

A dust case comparison of the real part of the refractive index spectrum for a 0.5-μm particle from the 316 

northern Sahara is shown in Fig. 11. Generally both curves show qualitative agreement except for the longer 317 

wavelengths, where the Bruggeman EMA real part underestimates the refractive index and for very short 318 

wavelengths, where the difference is caused by the inclusion of the outlier data from Arakawa et al. (1997), 319 

which shows significant differences to the data of Glotch et al. (2007) and Egan and Hilgeman (1979) (see 320 

Fig. 2 for an illustrated comparison).  Incidentally, the outmost short and long wave regions are also the 321 

bandwidths with the highest uncertainty in the dominant Silicate group spectrum, as can be seen in Fig. 2 and 322 

3. The Figure 11 represents the final output spectrum of the present model for a 0.5-μm particle from the 323 

northern Sahara and can subsequently be used as an input for single-scattering calculations. 324 

 325 

Fig. 11. Comparison of refractive index spectra (real part) obtained using the Bruggeman EMA (red) and the Hilbert transform of its 326 
corresponding imaginary part (blue) for a 1 micrometer particle from the northern Sahara region. 327 
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5.2. Acceleration via the Fast Fourier Transform 328 

The slow convergence of the trapezoidal rule shown in Fig. 10 is undesirable in practice. Especially during 329 

the computation of large optical property databases, a gain in efficiency in the computation of the refractive 330 

index, however small, will accumulate to significant savings for the total computational cost. While the 331 

introduction of a higher order quadrature scheme has failed, two other methods exist to improve the efficiency 332 

of the numerical integration. First, the MapReduce algorithm by Dean and Ghemawat (2004) can be applied 333 

to the trapezoidal quadrature and the calculations can thus be outsourced to a standard accelerator card where 334 

they can be performed in parallel, leading to an increase in efficiency. 335 

At a more fundamental level, the computations can also be made more efficient by reverting the derivation of 336 

Toll (1956) and thus reformulate Eq. (9) in terms of a Fourier transform: 337 

  (10) 338 

where sgn is the sign function and is the wavenumber ν in Fourier space. Equation (10) implicitly makes 339 

use of the fact that the imaginary part of the refractive index is an even function of the wave number and of 340 

the convolution theorem for Fourier transforms in the second step of the derivation. Through this 341 

reformulation, the quadrature can be carried out efficiently by using the FFT algorithm of Cooley and Tukey 342 

(1965), instead of the trapezoidal rule.  343 

6. First and Second Moments for AERONET size distributions 344 

With a procedure very similar to performing the Kramers-Kronig transform discussed in the preceding two 345 

sections, it is feasible to compute the statistical moments of the regional refractive index spectra based on 346 

local mineral dust aerosol size distributions retrieved from local AERONET measurements and thus compute 347 

the expectation values of the refractive index spectra that are independent of the particle size. A summary of 348 

the measurements is given by Dubovik et al. (2002), and representative size distributions have been selected 349 

as a basis for the computation of the first and second moments of the refractive index spectra in the 350 
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geographical regions discussed in this study. Although Dubovik et al. (2002) extensively discusses 351 

measurement results in North Africa, the Middle East and America, necessary local size distributions are not 352 

available for all desired regions. In particular, no measurements from the continent of Asia are available. 353 

Consequently, suitable approximations need to be selected. For Northern and Southern Sahara, the data from 354 

Cap Verde are chosen, while for West Asia and East Asia the size distributions from Bahrain and Lanai 355 

(Hawaii) respectively are suggested. The reasoning for the Asian choice is given in Dubovik et al. (2002) and 356 

illustrated to a certain degree in Fig. 12, which shows a plot of the selected size distributions. It was 357 

articulated by Dubovik et al. (2002) that the measurements in Bahrain consist of a mixture of desert dust and 358 

pollution particles, while the measurements from Hawaii are influenced by long-range transported Asian dust.  359 

 360 

Fig. 12. Selection of bimodal size distributions from Dubovik et al. (2002) over the particle radius. On display are the distribution 361 
retrieved from AERONET measurements at Cap Verde, Bahrain, and Lanai. 362 

 363 

Fig. 12 shows that all size distributions display a distinct bimodal structure, as is approximated by Eq. (11). 364 

This bimodality is least pronounced for the pure Saharan desert dust measured at Cap Verde. A larger 365 

proportion of smaller particles conjectured to originate from pollution manifests itself as a second smaller 366 

peak in the size distribution from Bahrain, although the distribution is still dominated by larger particles. The 367 
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measurement from Hawaii on the other hand shows a large number of smaller particles contributing to the 368 

distribution. While this certainly includes a large number of sea spray aerosols, the smaller particles may also 369 

be interpreted as soot or similar pollutants. In order to compute the moments, the bimodal size distribution fits 370 

to the AERONET measurements need to be normalized to unity first, such that 371 

CN = Ci ⋅ 1

2πσ i

⋅ exp −
ln(r)− ln ri( )( ) 2

2 ⋅σ i

2











dr

0

∞

∫
i=1

2

∑   (11) 372 

where CN
 is the normalization constant, Ci

 are the scaling factors of the two Gaussian distributions, ri
 are 373 

the mean particle radii and σ i
 are the standard deviations of the bimodal distribution, in correspondence with 374 

the notation of Dubovik et al. (2002). The improper integral in Eq. (11) has an analytical solution that can be 375 

found by substituting u = ln(r) . The computed first and second moments are shown in Fig. 13a-d and 376 

numerical results are provided as supplemental material to this study. 377 

 
Fig. 13a. Mean and three standard deviations of North Saharan mineral dust refractive index spectra. 
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 378 
Fig. 13b. Mean complex refractive index spectrum for South Saharan mineral dust. The variance is zero. 379 

 380 
Fig. 13c. Mean and standard deviation of West Asian mineral dust refractive index spectra. 381 
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 382 
Fig. 13d. Mean and standard deviation of East Asian mineral dust refractive index spectra. 383 

Fig. 13. Mean and standard deviation of the complex refractive index spectra of mineral dust in the regions North Sahara, South Sahara, 384 
West Asia, and East Asia based on particle size distributions inferred from AERONET measurements, as discussed by Dubovik et al. 385 
(2002). The mean is displayed as a full line, while the transparent area indicates a distance of three standard deviations from the mean.  386 

Figs. 13a-d clearly show the expected increase of the standard deviation with a more expressed bimodality of 387 

the particle size distribution. The largest variance appears for the size distribution from Hawaii, as its two 388 

Gaussian peaks shown in Fig. 12 are of almost equal amplitude. In contrast, the variance for Saharan mineral 389 

dust shown in Figs. 13a-b is the smallest. As a consequence, the computed uncertainty in the refractive index 390 

for regions with strongly bimodal size distributions, such as the East Asian model of the present study shown 391 

in Fig. 13d suggests for the usage of size-resolved refractive indices for mineral dust particles. As there is no 392 

size-dependent composition data available for South Saharan mineral dust, its refractive index spectrum is 393 

identical for all sizes and its variance is artificially zero.    394 
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7. Conclusion 395 

A new complex refractive index model was developed for Asian and Saharan mineral dust. This model 396 

improves upon existing work by calculating the refractive index as a function of the incident light 397 

wavelength, dust particle geometrical size or composition, and geographical region, as northern and southern 398 

Sahara, as well as western and eastern Asia are distinguished. The causality of the obtained refractive index 399 

spectra is ensured by applying a Hilbert transform to the imaginary part of the spectra. To this end, efficient 400 

algorithms have been developed to compute the EMA of a mineral mixture and to perform the subsequent 401 

Kramers-Kronig analysis.  402 

Finally, the refractive index data collected for various chemical species and mineral types representative for 403 

mineral dust aerosols also enables the development of future models which may provide a more faithful 404 

representation of natural aerosol particles than the EMA, such as a Voronoi tessellation model proposed by 405 

Ishimoto et al. (2010) or a bicontinuous random medium described by Sahimi (2003).  406 
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Appendix A. Code 584 

Both the code for the EMA calculation, as well as the Hilbert transform are open-source under the GNU 585 

General Public License Version 3 GPLv3: https://www.gnu.org/copyleft/gpl.html 586 

The C++ source code can be cloned from the following online repository: 587 

repository link: https://github.com/PStegmann/Bruggeman_Effective_Medium 588 

Appendix B. Regional size-dependent mineral dust grain composition 589 

 590 

Fig. B1. Size dependence of the mineral composition for western Asia. 591 
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 592 

Fig. B2. Size dependence of the mineral composition for eastern Asia. 593 

Table B1. Mineral composition of south Saharan mineral dust. No size-dependent data available. 594 

Mineral group Volume fraction [%] 

Silicates 89 

Quartz 6 

Sulphates 1 

Iron oxides 4 

 595 

Appendix C. Real part of the refractive index spectra for mineral groups 596 
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 597 

Fig. C1. Real part of the refractive index spectrum of the Carbonate group. 598 

 599 
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Fig. C2. Real part of the refractive index spectrum of the iron oxides group. 600 

 601 

Fig. C3. Real part of the refractive index spectrum of the Quartz group. 602 

 603 
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Fig. C4. Real part of the refractive index spectrum of the Silicate group 604 

 605 

Fig. C5. Real part of the refractive index spectrum of the soot group. 606 

 607 

Fig. C6. Real part of the refractive index of the Sulphate group. 608 




