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This note examines the relationship between two appar-
ently unrelated methods for estimating error statistics or
uncertainties of relevance to data assimilation. The first
method is due to (Desroziers et al., 2005, Q. J. R. Meteo-
rol. Soc., 131, 3385-3396; referred to as DBCP hereafter)
and relies on residual statistics readily available from data
assimilation applications. The second method, the three-
cornered hat (3CH) developed by Gray and Allan (1974, IEEE
28th Annual Symp. Freq. Control, 243-246), only recently
applied to atmospheric sciences, uses three data sets and
can derive estimates of relevant error uncertainties as well.
The usefulness of both methods lies in them not requiring
knowledge of the true value of the quantities at play. DBCP
derives its results by relying explicitly on the constraints as-
sociated with the data assimilation minimization problem;
3CH is general and its estimates hold as long as errors in
the three data sets of choice are uncorrelated. Establish-
ing the relationship between the methods requires applying
the 3CH approach to the same observation, background,
and analysis data sets used by DBCP. In this case, the same
assumptions of DBCP on residual errors allow for cancella-
tion of error cross-covariance terms in 3CH such that two
of its corners derive identical estimates for observation and
background error covariances as those of DBCP. The er-
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ror cross—covariance terms associated with the third corner
are shown to add up to twice the analysis error covariance
so that the 3CH estimate for the third corner recovers the
negative of the analysis error covariance. lllustrations of
these findings are provided by deriving uncertainties for ra-

dio occultation bending angles.

KEYWORDS
Residual statistics, three-cornered hat, Kalman filter.

1 | BRIEF BACKGROUND

Two methods for estimating error (co)variance that seem unrelated, and based on very different assumptions, are
shown here to be very closely related and reproduce each others results in a special case. The methods in question are
that introduced by Desroziers et al. (2005, DBCP hereafter), which relies on two sequences of observation residuals
produced in typical data assimilation methods, and the three-cornered hat (3CH) method introduced by Gray and
Allan (1974), which is developed in a general statistical context and relies on availability of three data sets providing
information about the observable of interest. Both methods avoid the need for knowing the true value of the quantity
of interest. The realization that a precise statement about how the two methods compare came about during the
review process of the work of Semane et al. (2022) showing a numerical comparison of estimates derived by these
two methods for radio occultation (RO) bending angle observations.

DBCP can be employed to derive estimates of observation, background and analysis error standard deviation
(or variance) associated with given observables used in data assimilation (DA) applications. The method is frequently
applied at NWP centers to check consistency and tune second order statistics required in corresponding DA systems.

The particular case of estimating observation errors relies on constructing the following error covariance
Roscr = E[(0-a)(0-b)], (1)

from sample data. The variable o represents a p-vector of observations, b and a represent background and analysis
fields projected onto the p-dimensional space of observations by a suitable observation operator - the notation
here intentionally hides such operator. The symbol £ [e] represents the expectation operator; the difference vectors
in the parenthesis are the so-called residual vectors. The variance (and corresponding standard deviation) can be
extracted from the diagonal of this expression, that is, 2?, = diag(ﬁogcp). Given that DBCP provide expressions for
full covariance matrices, the method has also been used extensively to extract relevant observation error correlations
(e.g., Stewart et al. 2014; Weston et al. 2014; Bormann et al. 2016; Waller et al. (2016, 2019)).

The 3CH method chooses three data sets, {X, Y, Z}, providing estimates of the quantity of interest and gener-
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ates an estimate of the error covariance in data set {X} as in

X = %{E[(x—y)(x—y)T]+E[(x—z)(x—z)T]
-El(y-2(y-2)]
- (B¥ +B** —B¥)}
+ [E(e*0€Y)+E(e*X0€?)—E (e 0€Y)]
= %{cov(x—y)+cov(x—z)—cov(y—z)}

+[E(e*0€Y)+E(e*0€?)—E(eY 0€?)], (2)

where BXY = E(x—y)E(x-y)T,B** = E(x—2)E(x-2)7,and BY? = E(y - 2)E(y — 2)7, with errors defined as,
eX = x — E[x] —t, and analogously for €¥ and €Z; the last line in the first equality uses tensor notation to express
uov=1/2(uv’ +vu’), for two arbitrary p-dimensional vectors u and v. The second equality uses the more compact
definition of a covariance matrix: cov(u,v) = E[(u— E(u)(v - E(V))]T = E(uv’) - E(u)E(VT), with cov(u) =
cov(u,u).

Practical applications of 3CH seek three data sets with independent errors, as to guarantee each of the cross-
terms in (2) to be zero so they can be safely neglected. This can be accomplished by using independent observations,
short-term model forecasts, or model data sets that do not assimilate the observations in the sample studied. As
shown later in this note, it turns out that all that needs to happen is for there to be cancellation of the cross-covariance
terms. The remaining terms in (2) are the only ones that can be calculated from sample data. The order of the data
sets is arbitrary, which means that equivalent expressions for the error (co)variances Y and Z associated with data
sets {V, Z} can be obtained from (2) by rotating the variables x, y, and z. Anthes and Rieckh (2018) introduced the
first application of the 3CH method to atmospheric data sets. When using 3CH to derive estimates of observation
error statistics the remaining two corners are arbitrary and can be chosen at will. It is plausible to wonder how DBCP
observation error uncertainty estimates compare with those of 3CH. This is the motivation for the numerical work of
Semane et al. (2022) looking at RO bending angle observations.

Given that analysis errors are dependent on observation and background errors, it seems puzzling to expect
3CH to derive anything reasonable for observation uncertainties when its remaining two corners are formed by the
background and analysis. From the start, 3CH would seem to violate its requirement to work with data sets with uncor-
related errors. Therefore, the work of Semane et al. (2022) showing reasonable agreement between estimates from
two of the corners of 3CH with DBCP estimates of observation and background errors needs further understanding.
Beyond that, one might wonder what the remaining corner of 3CH obtains and how it relate with DBCP’s estimate of
analysis error. The present work finds that, under similar assumptions used to derive DBCP, two of the 3CH corners
exactly recover DBCP error uncertainty estimates for the observations and backgrounds; while, surprisingly, its third
corner recovers the negative of the error covariance associated with the analysis.

This work does not aim to provide a comprehensive review of the literature on either of the methods investigated
here. Sjoberg et al. (2021) give a review of 3CH, its history, intricacies and limitations, including its relationship with
the triple-collocation method of Stoffelen (1998). Tandeo et al. (2020) give a review of what the authors refer to
as “innovation-based methods”, but should more generally be referred to as “residual-based methods”, of which
DBCP is one example. This work confines itself with simply establishing the relationship between these methods.
In what follows, Section 2 establishes the full relationship between a particular choice of corners for 3CH with the
optimal estimates from DBCP; an Appendix establishes the relationship in the general suboptimal case. Section 3

provides standard deviation estimates of RO bending angle, revising similar results in Semane et al. (2022) in light of the
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relationship established in this work; an additional illustration is provided by comparing observation error correlation
estimates derived by the two methods for RO bending angle.

2 | RELATIONSHIP BETWEEN DBCP AND 3CH

2.1 | Equivalence of 3CH and DBCP when estimating R

For simplicity, assume for now that no biases are at play. Subtracting the truth from the observation, analysis and
background in a symmetrized form of (1) the DBCP estimate for the observation error covariance can be written as

ﬁzE[(e”—ea)e(e"—eb)] R (3)

and cross-multiplying the terms on the rhs of the expression above obtains

R:R+E(E°Oeb)+E(ea®e")—E(ea(Deb), (4)

where R = E(e°€°7) is the sought out observation error covariance matrix.
Now R can also be expressed in at least two alternative ways. First, by adding and subtracting a to the second
term in parenthesis on the rhs of (1) it follows that

R = E{lo-alo[o-a-(b-a)]}
= E[(0o-a)o(0o-a)]-Ef(0-a)o(b-a)],
(5)

and alternatively, by adding and subtracting b to the first term in parenthesis on the rhs of (1) it follows that

R = E{[(o-b)-(a-b)]o(o-b)}
= E[(o-b)o(o-b)]-E[(a-b)o(0o-b)]
(6)

Adding (5) and (6), and reordering the terms a little,

R = %{E[(o—a)@(o—a)]—E[(o—a)@(b—a)]+
E[(o-b)o(o-b)]+E[(o-b)o(b-2a)]}
= %{E[(o—a)o(o—a)]—E[(a—b)@(a—b)]+E[(o—b)®(o—b)]}‘

Substituting this result in (4) leads to

=

R = 3 {cov(o-Db) +cov(o—a) —cov(a-b)}

+ E(e"Oeb)+E(eaOe°)—E(eac)eb)].
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Let us now identify the three data sets, {X, Y, Z}, associated with 3CH to be the observation, background and
analysis, {0, B, A}, i.e.,, take 0 = x,b =y, and a = z. With these, (7) derives (2), i.e., the DBCP result for R is identical
to that of 3CH. However, once 3CH neglects the cross terms in (7), it would seem to no longer agree with DBCP. We
will arrive at a full understanding of why 3CH still recovers DBCP even when these terms are neglected. Before that,
we provide a brief recap of DBCP.

2.2 | Brief recap of DBCP: the optimal case

The result above derives the 3CH estimate for the observation error uncertainty from DBCP’s. Alternatively, one can
start from the 3CH general result for its three corners, apply the assumptions of DBCP, and see what derives. For
that, it helps recapitulate the assumptions of DBCP. Although the point of the DBCP diagnostic is to inform on the
statistics of errors in the general suboptimal case, in this section, for simplicity, we take DBCP’s results in its optimal
form. The general suboptimal case is treated in Appendix A.

We start by saying a word about the notation adopted in this article. Dimensions that typically refer to state-
space are thought of as projections to observation space using a suitable observation operator, H. With that, the
vectors of background and analysis b and a, appearing in expressions such as (1), and their corresponding errors, €2
and €2, are collapsed versions of what would normally be written as Hx?, Hx?, He? and He?, with x, x2, e and e?
being the full state-space background and analysis, and their respective errors. Similarly, B is the notation for what
normally would be written as HBH, and analogously for A. The case of a matrix like the Kalman gain, whose only
first dimension refers to the state-space, the notation implies that the H operator should appear on the left side of
the original matrix, that is, K in this case stands for what would typically appear as HK. Implicit in the notation is the

assumption of linearity of the observation operator.

The assumptions required for DBCP are as follows:

Assumption-1: That observation and background errors be uncorrelated: E(e"e"T) =0.
Assumption-2: That analysis errors be linearly related with observation and background errors:

€? =eb +K(e® —€?). (8)

This last assumption is associated with the linearity of the observation operator mentioned above. To simplify the
derivation of the relationship between 3CH and DBCP that follows, we take the trivial case when DBCP has the

weighting matrix K set to be the Kalman gain, of optimal filtering theory,
K=B(B+R)™', 9)

where B = E(ebe”T) is the observation space projection of the background error covariance in the compact notation.
We emphasize this choice is made here for convenience; DBCP is all about the suboptimality of the weighing matrix.
It is also useful to point out that (8) and (9) imply that the analysis error is orthogonal to the innovation vector, o — b,
thatis, E[e?(e° — e?)T ] = 0; this result will be explicitly used later — it is the basis of linear estimation (Kalman 1960;
see also Lewis et al. 2006, Chap. 6).

Remark 1: DBCP and bias. The theoretical derivation of DBCP assumes the observation residuals of the underlying

DA system to be unbiased. In practice observation residuals are never fully unbiased, and construction of the cross-
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covariance (1) is done by subtracting the residual biases. In this sense it is proper to write DBCP as

R, =cov(o-a,0-b). (10)

Remark 2: DBCP as a covariance estimator. In actuality (10) represents a cross-covariance while it attempts to esti-
mate a covariance. The two requirements for a matrix to be a covariance are symmetry and positive semi-definiteness.

The first can be satisfied by introducing a symmetric version of DBCP,

R= %mﬁfz;). (11)
This is not unnatural, and practical use of DBCP that attempts to estimate correlations typically employs symmetriza-
tion (e.g.,Gauthier et al. 2018, Waller et al. 2019, Aabaribaoune et al. 2021, Cheng and Qiu 2021). The second require-
ment of positive semi-definiteness must be observed carefully when constructing covariances from finite samples.
When it comes to using sample covariances in the algorithms of DA there is need for carefully ensuring positive-
definiteness and avoiding poorly-conditioned matrices. A number of works have considered these matters in detail
(viz., Weston et al. 2014; Geer 2019; Tabeart et al. 2020a,b). Symmetry is not an issue in 3CH. When it comes to

positive semi-definiteness and conditioning, sample size and noise in the data affect 3CH just as much as DBCP.

Using Assumptions-1 and -2, DBCP derives the following expressions, under optimality of the gain matrix:

R= %[cov(o—a,o—b)+cov(o—b,o—a)]o:pt R, (12a)
B= %[cov(a—b,o—b)+cov(o—b,a—b)]o:pt B. (12b)
A= %[cov(a—b,o—a)+cov(o—a,a—b)] op! A, (12¢)

where A = (I — K)B is the analysis error covariance.

2.3 | Fullrelationship between 3CH and DBCP

With the index rotation mentioned in the introduction, the 3CH uncertainties associated with all three data sets
{X,Y, Z} can be written as

K= % {cov(X—y) +cov(x—2z) — cov(y —2)}

+[E(eX 0 &) +E(eX 0e?) - E(e¥ 0 €7)], (13a)
v= % {cov(y -2) +cov(y -x) - cov(z-x)}

+[E(e¥ 0 %) +E(ef 0 %) - E(e7 0 9)] . (13b)
7- % {cov(z=X) +cov(z—y) - cov(x—y)}

+[E(e*0eX)+E(e?0e¥) —E(eX0eY)] . (130)

With the corners {X, Y, Z} of 3CH defined to be the observations, background, and analysis, {0, 8, A}, this subsec-

tion explores the full relationship between the methods. As in section 2.1, associating the variables x, y and z with o,
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b and a, respectively, each of the expressions in (13) become,

X= % [cov(o —b) +cov(o —a) — cov(b —a)] + AX, (14a)
Y= % [cov(b —a) + cov(b—0) — cov(a—0)] +AY, (14b)
Z= % [cov(a—0) +cov(a—b) —cov(o-b)] +AZ, (14c)

with the explicit form of the cross-covariance terms written as

AX=E(e"@eb)+E(ea®(e°—eb)) R (15a)
AY:E(e"oeb)—E(e"’O(e”—eb)) , (15b)
AZ:E(e"o(e°+e”))—E(e"oeb) R (15¢)

116 after a convenient rearrangement of terms. Let us now find out what 3CH obtains when the assumptions of DBCP

117 are applied.

The assumption of uncorrelated observation and background errors, immediately leads to a simplification of the
cross-covariance terms in (15) to

AX = E(e"’o (€° —e”)), (16a)
AY = E(e"@ (eb—e")), (16b)
AZ=E (ea o (e%+ eb)) , (160)

from where it follows that AY = —AX. Furthermore, orthogonality between the analysis error and the innovation
vector results in

AX =0, (17a)
AY =0, (17b)
AZ =2E (e"” o) eb) s (17¢)

1

[

s with the last expression following from recognizing that this orthogonality also implies that £(e? © €°) = E(e? © €?).

110 Substituting (8) and using the expression for the Kalman gain (9) the rhs of (17¢) becomes

AZ = 2F (ea ° e")
= (I-KB+B(I-K)7
= 2A, (18)

120 Which now fully determines what the cross-covariance error terms in 3CH amount to under the assumptions of DBCP.
121 Here we see that, this somewhat unnatural choice of corners for 3CH turns out to luckily fit its assumption that errors
122 be uncorrelated, at least when it comes to its first two corners; the same, however, cannot be said of the cross terms
123 of the third corner.
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To completely evaluate the 3CH expressions it is helpful to notice that a little matrix algebra shows that

cov(o—b) =cov(e® —eb) =B+R, (19a)
cov(o—a) =cov(e®-€?) =R-A, (19b)
cov(a—-b) =cov(e? —e?) =B-A. (19¢)

Combining these with (17) and (18) into (14), it follows that

X =R, (20a)
Y =B, (20b)
Z=-A+2A, (20c)

where the last expression is left explicitly unfolded to emphasize the fact that the 2A term comes from the cross-
covariance terms in the third corner of 3CH, viz. (17c). This term is what actually is neglected when 3CH assumes the
errors in its data sets to be uncorrelated; which is not the case when the corners are made of the {O, 8, A} data sets.
Here we see that the cancellation of the cross-terms in the first two corners [viz, (17a) and (17b)] allows for 3CH to
obtain the same results as DBCP for the observation and background error covariances.

An alternative, and perhaps simpler, way to see the subtlety in the relationship between the two methods when
it comes to the third corner of 3CH and the estimation of the analysis error covariance is to notice that, the blind
assumption of uncorrelated errors made in 3CH implies that

cov(o—a) Y R+A, 1)

which is clearly not the case, when the analysis (third corner) error is correlated with the observation (first corner)
error, viz. (19b), as in typical data assimilation algorithms. It is worth to point out that (21) has been recognized in
works deriving residual diagnostics when employing observations not assimilated in the underlying DA system (see
Marseille et al. 2016; Ménard and Deshaies-Jacques 2018). Furthermore, relation (19b) has been known since at least
the times of Hollingsworth and Lonnberg (1989). The present work simply brings these together in another context.

24 | General remarks

Having establish the relationship between a particular application of 3CH with DBCP, and having found 3CH to re-
produce DBCP, after a well understood adjustment of its third corner result, should render unnecessary any further
comparative comments: when the same data is made available to both methods, and all is consistent, there is nothing
else to say.

Still, perhaps for clarity, it might be worthwhile to briefly look into how the known limitations affecting each of
these methods compare when viewed from the light of the present work. Sjoberg et al. (2021) lists the following
factors limiting the accuracy of 3CH estimates: (i) sample size; (i) outliers in the relevant data sets; (iii) relative magni-
tude of cross-covariance (random) errors among data sets; (iv) biases; and (v) unknown cross-covariances. Put in the
context of 3CH'’s relationship with DBCP this is what can be stated:

i  Sample size is always a factor when estimating errors from a finite sample; 3CH and DBCP are alike in this respect.
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ii  Outliers can certainly affect both procedures, but are typically not a factor in DBCP given its residual vectors
derive directly from DA algorithms. Such residuals have usually been cleared by multiple levels of quality control,
reducing the effect of outliers. In the context when 3CH derives its observation, background and analysis from
the residuals used in DBCP, the former is only mildly affected by outliers, just as the latter. Use of alternative 3CH
data sets should require as much care to the data as the analysis algorithm gives to its residuals.

ili  The relative magnitude of the errors in the data sets used for 3CH and DBCP should not be so much an issue in
the particular context here. Errors in the observations, background and analysis tend not to be largely different
from each other, in some sense, the assimilation homogenizes the errors; this is more of an issue when 3CH is
used in its broader context of using alternative data sets.

iv. Though unaccounted biases can be an issue in general for both methods, data assimilation residuals benefit from
various levels of bias correction: (i) applied to the observations either offline (e.g., Haimberger 2007) or online as
in variational procedures (e.g, Dee 2005, and references therein); and (ii) applied to the background (underlying
model) as in weak-constraint variational applications (e.g., Bonavita 2021, and references therein). DBCP benefits
from these automatically and, as long as 3CH construct its data sets from the same residuals used in DBCP, the
effect should be similar in 3CH.

v Unknown cross-covariances in the context of the present work would be a manifestation of lack of optimality in
the underlying DA. This in turn could be a consequence of numerous issues, e.g., non-whiteness of residuals, non-
linearities, unaccounted errors in the forward model. The relationship between 3CH and DBCP here has been
established under the assumption of linearity; this is basic to DBCP. When linearity breaks down, the relationship

established here also breaks down.

Additionally, DBCP calculations are typically based on residual statistics obtained from deterministic, high reso-
lution, DA systems. In such cases, only a single realization of residuals is available and the ergodic assumption must
be relied upon as time averages are used for what should be expectation. As investigated in Desroziers et al. (2009),
ensemble-based systems have the potential to ameliorate this situation by using averages with respect to the ensem-
ble of residuals - though depending on the number of ensemble members, time averaged might still be needed to
gather a robust sample size. To the extent that the 3CH version in the present work construct its three data sets from
the residuals used in DBCP, the concerns in regards to realizations applies to 3CH just as well. Even in 3CH general

form, with arbitrary two corners, single-realization estimates must be taken with caution.

Furthermore, a point of interest when it comes to 3CH is that it makes no assumptions about the nature of the
underlying statistics. Interestingly, DBCP’s dependence on Gaussianity is quite loose. Derivations of DBCP state that
the underlying observation and model errors are Gaussian as a general statement when posing the arguments made in
traditional DA techniques. However, as seen in section 2.2 and in the appendix, there are no explicit assumptions on
the underlying statistics of errors for the derivation of DBCP. In practice, non-linearity (a version of non-Gaussianity)
is handled with multiple outer loops and other ways that are not accounted for in the statements of DBCP. The effect

of non-Gaussianity might be something to explore in how it affects DBCP and in how it compares with 3CH.

Most applications of DBCP are intended to tune the prescribed error statistics. In working to improve the pre-
scription of observation error statistics, DBCP has been used to derive not only variance information but also error
correlations (off-diagonal). This has become central to recent developments that expand the capabilities of DA and
allow for representation of, for example, existing inter-channel correlations present in satellite radiance observations
(e.g., Stewart et al. 2014, Weston et al. 2014, Bormann et al. 2016, Campbell et al. 2017, Geer 2019). As highlighted
in Semane et al. (2022), the caveats of using DBCP estimates to refine only observation uncertainties while ignoring

estimates of background uncertainties are discussed in the works of Ménard (2016), Waller et al. (2016), and Bath-
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mann (2018). The consequences of tuning only a subset of the error covariances in DA has also been investigated in
Bowler (2017) in the context of Todling (2015b) and Todling (2015a) extension of DBCP’s approach to estimate model
error covariance in weak constraint DA.

It might be desirable to corroborate error observation estimates from either DBCP or 3CH in alternative ways by,
for example, making use of independent observations (e.g., Ménard and Deshaies-Jacques (2018), Mirza et al. (2021).
The generality of two of the corners of 3CH offers yet another possibility for a methodology to obtain alternative
estimates. This is the gist of the work of Anthes et al. (2022). The question of how to make use of such alternative
estimates to aid the prescription of uncertainties assigned to observations used in DA algorithms is left for future
investigation.

As a final remark we point out that the concept of truth implicit in the calculations in section 2.3 and the appendix,
is the academic one employed in estimation theory textbooks (e.g., Jazwinski 1970; Maybeck 1979). No attempt has
been made to account for representativeness errors along the lines of, for example, Janji¢ and Cohn (2006) and its
consequences to the expression for the innovation covariance — see eq. (26) in Janji¢ et al. (2018). A non-textbook
concept of truth would help account for errors in how data are sampled, collocated in space and time, and adjusted
for footprint representation (e.g., Table 1 in Semane et al. 2022). A similar statement can be made about representing
errors in the observation operator along the lines of Waller et al. (2014). It should be possible to combine all these with
the suboptimality arguments in the appendix to bring forth more general statements. None of these is likely to result
in differences between DBCP and 3CH as long the corners of the latter are made consistent with the information

used by the former.

3 | PRACTICAL COMPARISON BETWEEN 3CH AND DBCP

The previous section has established the relationship between DBCP and 3CH when the latter uses a particular choice
of corners, and shows the methods to be identical to within a well understood sign difference in one of the estimates.
With that, it would seem unnecessary to show numerical illustrations from practical applications for after all, any
noticeable differences would seem to indicate either errors in the supporting software, or inconsistency in how data
are sampled to produce corresponding results. Nonetheless, in light of the results in Semane et al. (2022) showing
small differences between the two methods (see their Figs. 2 and 3), at least a figure corresponding to a revision of their
results seems appropriate. This section provides a revision of the results in that work, corroborating the equivalence

of numerical results when both methods use the same data sets.

Semane et al. (2022) produce numerical comparisons of 3CH and DBCP for (standard deviation) uncertainties
of COSMIC-2 RO bending angle assimilated in ERA5. The ERAS5 reanalysis is produced from ECMWF's Integrated
Forecasting System cycle 41r2 (the cycle used for operational forecasting in 2016) with a forecast model grid spacing
of 31 km and 137 vertical levels. The ERA5 assimilation implements a 12-hour window 4D-Var with cycles from 0900-
2100 UTC and 2100-0900 UTC (in the following day), where the background and the observations falling within a
time window are used to specify the 4D analyses within the window (see Hersbach et al. 2020).

The COSMIC-2 observations used for the comparison are the provisional level-2 bending angles provided by
the University Corporation for Atmospheric Research (UCAR) COSMIC Data Analysis and Archive Center (CDAAC)
available since October 1, 2019. The bending angle observations are provided on 247 vertical levels (von Engeln
et al. 2009), matching the levels used by the European Organization for the Exploitation of Meteorological Satellites
(EUMETSAT) Radio Occultation Meteorology Satellite Application Facility (ROM SAF) processing of the GNSS Receiver
for Atmospheric Sounding (GRAS) receiver onboard the Meteorological Operational (Metop) Satellites. All COSMIC-2
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FIGURE 1 Estimated bending angle standard deviations (uncertainties) from the DBCP (solid-shade) and 3CH
(dashed) methods for April 2021. The standard deviations of the COSMIC-2, ERA5 background, and ERA5 analysis
bending angles are shown by the black, red and green profiles, respectively. The prescribed uncertainty percentage
is shown in blue. These estimates are for all COSMIC-2 latitudes (50°S-50°N).

profiles available from 50°S to 50°N are used in the comparison and all data were normalized at each level by the
sample mean of the ERA5 background data and averaged over 1 km layers. Only data passing both a “first guess
check” on the observed minus bending angles calculated from the short-range forecast and variational quality control
during the 4D-Var (Anderson and Jarvinen 1999; Ruston and Healy 2020) are used to gather relevant statistics. Figure
1 shows the vertical profiles of the DBCP-estimated uncertainties of the COSMIC-2 (black solid), ERA5 background
(red solid), ERA5 analysis (green solid), with the corresponding 3CH estimates (dashed curves), and the prescribed
observation uncertainty (blue curve). The latter is a global “model”, which only includes variation in the vertical as
function of impact height. We see that, from the surface to 10 km, the prescribed uncertainty decreases linearly with
impact height to 1.25%; above 10 km, 1.25% is used until this reaches the 3 microradian lower limit. The various
uncertainty estimates show a maximum in the lower troposphere around 4 km impact height (~2 km mean sea level
height), which is associated with temperature and moisture variability at the top of the atmospheric boundary layer.
A small relative maximum appears around 18 km impact height. This level is in the vicinity of the tropopause where
temperature is highly variable.

Three-cornered hat estimates can be derived by extracting the observations, background and analysis from the
residuals used to produce DBCP estimates, and associate those with the corners of 3CH. The 3CH (dashed curves)
estimates in Fig. 1 lay right over those of DBCP; the 3CH analysis curve is produced after taking the square root of
the negative of the third corner variance estimate. Results here show that, when both DBCP and 3CH rely on identical
data sets to produce their estimates, results between the methods corroborate the mathematical derivation in Section
2. The small differences found in Semane et al. (2022), when comparing observation and background errors, are now
understood to be due to sampling differences in the implementation of the two methods back then; an estimate of

analysis error from 3CH had not been produced back then since the negative result was not understood at the time.

The results in Fig. 1 only compare the (square-root of the) diagonal of the error covariances of DBCP and 3CH,
but the relationship between the methods holds for the whole covariances. As an additional illustration, not studied

in Semane et al. (2022), Fig. 2a shows DBCP’s observation uncertainty in vertical correlations of bending angle. The
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FIGURE 2 Left: Vertical correlations in COSMIC-2 bending angle observations assimilated in ERAS5, in April
2021, estimated using DBCP method. Right: difference of estimated correlations between 3CH and DBCP (notice
10~ scale in color bar).

matrix is seen to be nearly diagonal with a minor correlation increase in adjacent levels when going from 2 km up
to 47 km; between 20 and 38 km there a slight anti-correlation among levels slightly further apart. Between 12 to
about 18 km there is also some small (~ 0.1) correlation within a few nearby levels. All correlations are weak and
seem to corroborate the present diagonal observation error covariance prescription used when assimilating bending
angle in ERAS5, and elsewhere. The corresponding 3CH estimate produces nearly identical results, so much so that
only the difference between the two estimates is shown in Fig. 2b. A rather tight shading interval of 1074 reveals a
minor difference along the diagonal toward the top of the grid. These differences are seen to be due to how errors
accumulate in the coding of the two methods. It is relevant to point out that Nielsen et al. (2022) have recently used
3CH to calculate similar RO correlations but for refractivities. Since refractivity is a weighted sum of bending angles,
there is more correlations in refractivity space than seen here in bending angle space.

Just as independent corroboration, and to fulfill curiosity, the 3CH method has been (optionally) added to the
suite of programs that systematically produce DBCP results for residuals generated by the NASA GEOS 4D Hybrid
Ensemeble-Variational system (Todling et al. 1998). In this implementation the data needed by both methods is iden-
tically sampled. Any differences found between the two methods in either standard deviation or correlations of any
type are at round-off levels: only due to how statistics are accumulated in calculating the terms of DBCP versus those
of 3CH. Showing any of such results is deemed unnecessary.

4 | CLOSING REMARKS

The present work shows that, when the three-cornered hat (3CH) method of Gray and Allan (1974) uses the obser-
vation, background and analysis for its three corners, it recovers identical uncertainty estimates for observations and
backgrounds as obtained with the method of (Desroziers et al., 2005, DBCP) under similar assumptions. The third cor-
ner estimate recovers instead the negative of the analysis error covariance. These surprising results occur because in
the 3CH method, the neglected error cross-covariance between observations and analysis and between background

and analysis, which are both positive, cancel in the 3CH equations for the estimates of observations and background
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uncertainties, but add in the equation for the estimates of the analysis uncertainty. In this latter case, their neglect by
3CH amounts to its result becoming the negative of the DBCP uncertainty estimate for the analysis error covariance.

The relationship established here means that the role of 3CH when it comes to evaluating errors of interest to
data assimilation procedures is not of replacing DBCP, but rather to allow for alternative means of producing such
estimates. The freedom in choosing two of the corners of 3CH makes it attractive in attempts to find alternative ways

to corroborate the estimates from DBCP.
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A | CONSEQUENCES OF SUBOPTIMALITY

Under the general setting of suboptimality, the statements in section 2.2 must be presented differently. The assump-
tions of unbiased and uncorrelated observation and background errors are still taken to hold. The linear expression
relating these errors can, however, be written more generally as in

€? = eb +K(e° - €b), (A1)
where K is now a general weighting matrix defined as
K=BF"', (A.2)
for B and [ being symmetric positive-definite matrices, but otherwise unspecified. Typically, I = B + R, where B and
R are prescribed weighting matrices representing uncertainties in the background and observations, respectively, but

not necessarily corresponding to the true error covariances. Optimality means that K = K, which is a statement that
can be broken up in two:

OPT-1: That the innovation covariance consistency (icc) statement (Ménard 2016) should hold, that is,
F/r=E[(e®—eb)(e®—et)T]. (A.3)

where I' = B + R is the innovation error covariance.

OPT-2: And that the observation-space projected background error covariance (opb) should equal the corresponding
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303 projection of the true background error covariance, that is,

(A.4)

304 The split of optimality in these two subcategories allows for thinking of systems that are well tuned (icc) even when

305 not fully optimal, i.e., even when opb is not satisfied.

With the above, a piecemeal derivation of (12) reveals:

R= %[(I—R)FH'(I—R)T]

I;C ﬁ’

B= %[KF+FRT]

iic E,

A= %[RF(I—R)THI—R)FRT]

jec 1 [E(I—Ef"1)7+(l—l§f_1)§]
2

Igc A’

(A.5a)

(A.5b)

(A.5¢)

306 where A = (I - K)B is the perceived analysis error covariance, i.e., the error the DA “thinks” it is making. By replacing

30z [ with 7, we see that the results above only need under the icc statement; full optimality — opb — is not required.

To examine 3CH in the same light of suboptimality, it is helpful to make use of the following relations:

E(e?0€°) = %(F(R+RI~(T),

1 ~ -
a by _p_°. T
E(e Oe)—B > (KB+BK),
and

cov(o—b) =cov(e® -€b) =T,
cov(o—-a) =cov(e®—€?) = (I-K)r(1-K7,

cov(a—b) = cov(e? — eb) = KIK” .

308 Expressions (A.6) and (A.7) are general in that they involve no statements associated with optimality.

(A.6a)

(A.6b)

(A.7a)
(A.7b)
(A.7¢)
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Combining (A.6) and (A.7) with (14) and (17), 3CH recovers,

X = {% [2r - Kr - rF(T]} + {% [Kr+rK™] - B}

'“ (R} + {B-B}

2° R, (A.8a)
V:{%[Rr+rRﬂ}+{B—%[Rr+rkq}

'~ (B} + {B- B}

Yy (A.8b)
z- {% [-R)r (- R)7 +KrK” - r]} + {% (KR +RKT) — (KB +BK")] + B}

'€ {-A} + {A+KAB + A - KAB}

= A, (A.8c)

where the curly brackets separate the contribution of the cross-covariance terms from the terms that can be calcu-
lated in practice. Notice we introduce AB = (B—-B), and arrange the cross term for the last corner expression in a way
that highlights what cancels out when opb holds, that is, when AB opb 0. Focusing on the second equality of each of
the expressions above, we see what icc leads to when 3CH drops the cross-covariance terms (second curly bracket):
the first two corners obtain the prescribed observation and background error covariances, and the third corner obtains
the negative of the perceived analysis error covariance. This is similar to what happens in the optimal case, though the
derived covariances have different meaning.

It is amusing to notice that allowing for the terms in the curly brackets in the first equality of (A.8c) to add up, the
expression for Z can be put in the form

Krk” -KB-BK' +B
(1-K)B(1-K)7 + KRK” , (A.9)

N>
|

which is recognized as the Joseph formula encountered in linear filtering and smoother studies on performance eval-
uation due to misspecification of the Kalman gain. This expression for Z states that under suboptimal specification of
the gain matrix, the third corner of 3CH captures the so-called actual analysis error — see Maybeck (1979, Sec. 6.8)
for a discussion on performance analysis. This is considerably different from anything derived from DBCP — not that
this is their objective. Unfortunately, this is not a result with practical consequences since the cross-covariance terms
of 3CH are inaccessible.

The relationship between the methods hold regardless of optimality. In general, just like DBCP, it is the prescribed
and perceived error covariances that are recovered; under optimality these become the corresponding true error co-

variances.
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