
Analytical Solution of Advection‐Dispersion Boundary
Value Processes in Environmental Flows
Vamsi Krishna Sridharan1,2 and Andrew M. Hein1,2

1Institute of Marine Sciences, University of California, Santa Cruz, CA, USA, 2Fisheries Ecology Division, Southwest
Fisheries Science Center, National Marine Fisheries Service, National Oceanic and Atmospheric Administration, Santa
Cruz, CA, USA

Abstract The one‐dimensional advection‐dispersion equation with streamwise boundaries has been
used to model a wide range of real‐world processes including groundwater contaminant transport,
atmospheric plume deposition, and the movement of planktonic organisms and migratory animals
through riverine systems. Imposing boundary conditions at upstream and downstream locations
complicates the analysis of this equation, and processes that require such boundary conditions are,
therefore, typically modeled using approximations that are valid only under certain conditions.
Approximations typically involve a simplification of the mass influx into the system, require a large
separation between source and boundary, or work only in either strongly advection‐ or strongly
dispersion‐dominated systems. Here, we circumvent these limitations by providing an analytical solution
to a class of advection‐dispersion equations that are broadly applicable to the processes described above as
well as many other physical and biological problems. Our solution makes it possible to relax the
assumptions required under previous analytic approximations, making it a more flexible approach for
modeling advection‐dispersion processes under realistic field conditions. We show that the solution is in
good agreement with random walk simulations. To illustrate the broad utility of the method, we also
apply it to an empirical data set from a population of migratory fish moving through a river system in the
California Central Valley and demonstrate that it describes the data more accurately than do
existing methods.

1. Introduction

One‐dimensional advection‐dispersion (1‐D‐AD) processes are ubiquitous in fluid systems. A nonexhaustive
listing of such examples includes (i) the movement of contaminants in surface water systems and the forma-
tion of a concentration boundary such as an estuarine turbidity maximum (e.g., Schoellhamer, 2000), (ii) the
movement of a tracer in groundwater toward a water body or obstruction (e.g., Golz & Dorroh, 2001), (iii)
thermal exchange processes by conduction and convection in porous media flow (e.g., Kurylyk & Irvine,
2016; Luce et al., 2013), (iv) the absorption of dispersing atmospheric plumes on the ground or other surfaces
(e.g., Ermak, 1977; Lin & Hildemann, 1997), (v) biological dispersal processes (e.g., Okubo & Levin, 1989),
(vi) the evolution of chaotic dynamical systems within a coherent part of the system domain (Wilkinson
et al., 2010), and (vii) the study of the migration of fish through river systems (e.g., Zabel & Anderson,
1997) (see Table 1 for additional examples).

We subsequently outline the 1‐D‐AD equation with constant coefficients for a domain with a boundary
that is either fully reflecting, fully or partially absorbing, or seeding (i.e., mass is introduced into the
system at the boundary) in section 2 and present a general solution in section 3. This solution may
be applied to the movement of any quantity such as thermal energy, suspended sediments or the con-
centration of a solute in water, or the number of dispersing organisms (e.g., plankton and migratory
fish) present in a given length of river. Our solution is exact throughout the spatial domain and for
all times and for all the possible Péclet number (Pe) regimes, although the integral appearing in the

solution must be evaluated numerically. Here, Pe ¼ uxB
K , the ratio of the dispersive time scale, x2B

K , to

the advective time scale, xB
u , for a system of length xB with dimension (L), with a mean velocity u with

dimension (LT−1), and a dispersion coefficient K with dimension (L2 T−1). Earlier solutions to the
advection‐dispersion problem with such boundaries (e.g., Ermak, 1977; Grant & Wilkinson, 2015; Lin
& Hildemann, 1996, 1997; van Genutchen & Alves, 1982) were approximate and, as we illustrate
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here, yield inaccurate estimates of the spatial density of incipient mass
in large regions of the spatial domain and for systems in which the
advection and dispersion are equally important.

In the past, several approximate analytical solutions have been formu-
lated, but these apply only to a small region of the system domain and only
for very small or large Péclet numbers (Grant & Wilkinson, 2015; Rubbab
et al., 2016). Existing solution methods typically involve either (i) only
radiating boundary conditions, which allow the unaffected passage of
the quantity being transported, with analysis based on eigenfunction
expansions and separation of variables (e.g., Golz & Dorroh, 2001;
Smith, 1983) or Laplace transforms (Brenner, 1962; Danckwerts, 1953;
van Genutchen & Alves, 1982), or (ii) simplifying assumptions about the
flux at the boundaries that lead to approximate solutions (Ermak, 1977).
The standard flux approximations (e.g., Ermak, 1977; Grant &
Wilkinson, 2015) are only applicable for boundaries that are far away from
the source, or equivalently, for times very close to the actual release and
for systems with large Péclet number. An alternate class of solutions
employs the Green's function obtained by solving an adjoint equation
with the relevant boundary conditions (Lin & Hildemann, 1996, 1997;
Yeh, 1975). However, even in these more generally applicable solutions,
the implicit assumption is that the advective flux toward the boundary is
negligible (i.e., a small Pe approximation) except very close to the bound-
ary (e.g., Lin & Hildemann, 1996). As a direct consequence of the approx-
imations of (i) large source‐boundary separation, (ii) times close to the
onset of the release, (iii) very large or very small Péclet number regimes,
or (iv) negligible advection in the bulk of the domain, the intuition built
by these solutions is that the absorbing boundary merely modifies the flux
due to the free passage of the incipient mass. In what follows, we illustrate
that this is not necessarily the case.

In our solution, we adopt a method based on continuously modified
images in which, at each infinitesimal time, the density moving toward
(or away from) the boundary is modified by its current mirror image
(Figure 1). We outline this method in section 3.1. Our solution is attractive
because it provides a fast, analytical alternative to more expensive numer-
ical methods such as particle tracking models (Dimou & Adams, 1993) or
finite volume solvers (Lazarov et al., 1996) in cases when the dynamics of
the system are reasonably spatially uniform and temporally stationary. In
addition, neither solutions by eigenfunction expansions (e.g., Golz &
Dorroh, 2001; Smith, 1983) nor randomwalk simulations for nonradiating
boundaries (e.g., Grant & Wilkinson, 2015) provide intuition of the physi-
cal processes occurring near the boundary, whereas our method addresses
the boundary process directly.

In sections 3.2 and 4.1, we use random walk simulations to show that our
solution performs favorably in comparison with a typical approximation
given by Grant and Wilkinson (2015). As a concrete example of the gener-
ality of our method, in sections 3.3 and 4.2, we use it to analyze an empiri-
cal data set describing the movements of migratory fish through an
estuary system in California. The 1‐D‐AD process is regularly used as a
continuum model (e.g., McKenzie et al., 2009; Moorcroft & Lewis, 2006)
to describe the movements of animals, where each animal's motion is
assumed to follow a random walk with bias. In particular, in studying
the movements of migratory fish in rivers, fish are often tagged and
released at some location, and then subsequently, their passage isT
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recorded at a downstream location. The 1‐D‐AD equation has been used to model these movements and
infer movement parameters (e.g., Zabel & Anderson, 1997). We illustrate that our solution is able to
recover the observed spread as well as the peak in arrival rates of tagged fish at a downstream detection
station, while a free‐boundary approximation introduces unrealistically large flux across the boundary
and dispersion. The application of our solution method to fish movement illustrates the value of
incorporating the correct boundary conditions in these types of problems in a general solution
framework. This problem also allows us to demonstrate the application of our solution in general to
animal movement problems in environmental flows.

2. The 1‐D‐AD Equation

The most general form of the 1‐D‐AD equation with constant coefficients is given by (Fischer et al., 1979)

∂C
∂t

þ u
∂C
∂x

¼ K
∂2C
∂x2

; (1)

where C is the density of some quantity described at a location, x, downstream of the origin at any time, t, u is
the along‐stream drift velocity with which the spatial density moves, and K is the effective along‐stream dis-
persion coefficient which represents processes that deform and dilate the spatial density. Despite its simpli-
city, equation (1) is still widely used in the study of physical (e.g., Banas et al., 2004) and biological (e.g.,
Visser, 1997) surface water transport and mixing processes. It is also used to study animal movement
patterns (e.g., Moorcroft & Lewis, 2006; Zabel & Anderson, 1997), where it provides a simple modeling

Figure 1. Schematic of the solution by the method of images. For a pulse release of mass located at x0, the incipient density (solid black line) advects and disperses
over to a new position x = x0+ut while continuously being modified by the effects of a mirror image which is located at the reflection of x with respect to the
boundary (dashed colored lines) and is advecting toward the boundary (colored arrows near the mirror images). The type of mirror image depends on the boundary
conditions, and its size relative to the incipient density is given by equation (4c). The fully reflecting boundary has a flux of zero at the boundary, while the
fully absorbing boundary has a density of zero at the boundary. The seeding and partially absorbing boundaries have specified boundary fluxes (colored arrows at
the boundary). In the inset, an example of the modification of the incipient density (gray line) by the image (dashed gray line) and the resulting density (thick
pink line) due to the removal of mass that has left the domain (light shaded area) by the negative mass added by the image source (dark shaded area) is shown for the
case of the absorbing boundary.
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framework that can be sufficient under certain conditions (e.g., Moorcroft & Lewis, 2006) or a benchmark
that can be used to interpret the output of more complex analyses using methods such as particle tracking
models (e.g., Sridharan, 2015).

The processes represented by u and K depend on the application. In the case of estuarine transport and fate,
they are hydrodynamic processes that, respectively, represent the transport and some gradient‐driven mix-
ing processes such as shear flow dispersion, tidal trapping, gravitational circulation, and chaotic tidal mixing
(e.g., Fischer et al., 1979). In groundwater remediation, they represent the mean flow and diffusion of con-
taminants (e.g., Roberts et al., 1982). In particle physics, they represent the ensemble mean drift and random
diffusive movements of many particles (Risken, 1996). In the case of populations of fish in rivers, they repre-
sent the average movement of the group and the rate of dispersal of the fish. We note that as written with
constant u and K, the simplified system in equation (1) does not capture unsteady and nonuniform drift
and dispersion, rate kinetics, and other sources and sinks. Such complications can be handled by suitable
variable transformations (e.g., Bennett, 1971; Golz & Dorroh, 2001; Smith, 1983).

For the cases of interest here, equation (1) is subject to the initial condition that C(x,0) = f(x). For an initial
mass flux, _m x; 0ð Þ, entering the system over an infinitesimal duration, Δt, we approximate Cξ(x,0), the con-

tribution to C(x,0) due to the mass influx at a spatial location ξ, with a narrow Gaussian,
_m ξ; 0ð ÞΔtffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πKΔt

p e−
x−ξð Þ2
4KΔt .

The simple radiating boundary condition at the origin, over an infinitesimal distance Δx in which the con-
centration may be assumed to be uniform, is

uC 0; tð Þ−K∂C
∂x

����
0;tð Þ

¼ ∂C 0; tð Þ
∂x

Δx (2)

We must impose a second boundary condition at xB. Various boundary types are possible depending on the
physical conditions being modeled. We have provided several examples from various fields in Table 1. For a
fully reflecting boundary, we have a Neumann boundary condition (Lin & Hildemann, 1997)

dC
dx

����
xB;tð Þ

¼ 0: (3a)

This boundary condition can be represented by an image source of identical configuration to the original
density at any given time (Figure 1). On the other hand, for a fully absorbing boundary, the Dirichlet bound-
ary condition is (Lin & Hildemann, 1997)

C xB; tð Þ ¼ 0: (3b)

This can be represented by an image source of identical oppositely signed configuration to the original den-
sity at any given time (Figure 1). For a partially absorbing or seeding boundary (Golz & Dorroh, 2001; Lin &
Hildemann, 1997), the Robin boundary condition is

∂C
∂t

þ uC xB; tð Þ−K∂C
∂x

����
xB;tð Þ

¼ vB tð ÞC xB; tð Þ: (3c)

To see that this is indeed a Robin boundary condition, we can simply set G tð Þ ¼ vB tð ÞC xB; tð Þ− ∂C
∂t on the

right‐hand side. This condition seeds mass when the settling velocity, vB, is negative. The boundary absorbs
mass when vB is positive. Such boundaries may be represented by an image source of identical configuration

to the original density with strength α ¼ 1þ vB tð Þj jC xB;tð Þ
uC xB;tð Þ−K∂C

∂xj xB ;tð Þ
when seeding and 1− vB tð Þj jC xB;tð Þ

uC xB;tð Þ−K∂C
∂xj xB ;tð Þ

when

absorbing and at any given time (Figure 1). The rationale for this formulation is that the ratio of the bound-
ary condition induced flux to the radiating flux at the boundary sets the additional strength of the mirror
image needed to achieve the overall flux balance at any given time.We note that at steady state, equation (3c)
encompasses the cases of free passage if vB(t) = 0, the fully reflecting boundary if u and vB(t) are both zero,
and the absorbing boundary if C(xB, t) = 0. This formulation becomes very useful subsequently in section 3.1.
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3. Solution and Validation of the 1‐D‐AD Equation

We subsequently develop a solution to the system of equations (1) to (3) using themethod of images in which
an image source is continuously modified. We discuss the formulation of this solution and its comparison
with numerical simulations, existing approximate solutions, and real data below.

3.1. Analytical Solution by the Method of Images

Consider the 1‐D‐AD equation given in equation (1). The density at any t is simply the sum over space of the
modifications of the density at time t − Δt located in an infinitesimal interval dξ centered at ξ by a Green's

function given by 1ffiffiffiffiffiffiffiffiffiffi
4πKΔt

p e−
x−ξ−uΔtð Þ2

4KΔt moving with the drift velocity, u. This Green's function is the standard

impulse response for a 1‐D‐AD process and may be obtained by making a self‐similar variable transforma-
tion to η ¼ x−utffiffiffiffiffi

4Kt
p that converts equation (1) into an ordinary differential equation that may be easily solved

using a Fourier transform (see, e.g., Fischer et al., 1979). Implicit in the spatial density structure is the image
source corresponding to the type of boundary condition at xB. In its most general form, the solution for the
density is (Fischer et al., 1979)

C x; tð Þ ¼ ∫
xB
−∞g ξ; t−Δtð Þ dξffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πKΔt
p e−

x−ξ−uΔtð Þ2
4KΔt ; (4a)

where

g ξ; t−Δtð Þ ¼ C ξ; t−Δtð Þ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
Source

þ αC 2xB−u t−Δtð Þ−ξ; t−Δtð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Image

þ _m t−Δtð ÞΔt
Δx|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
Influx

: (4b)

The various boundary conditions may be represented by varying α as

α ¼

0 ; Free passage or radiating

1 ; Fully reflecting

−1 ; Fully absorbing

1−
vB tf C xBtf

uC xBtf −K
∂C
∂x

����
xBt

; Seeding or partially absorbing:

8>>>>>>>><
>>>>>>>>:

(4c)

Here, g(ξ, t − Δt) is the density at a spatial location ξ which includes the effect of the image source. The
recurrent form of equation (4b) ensures that the effect of the advecting image over time is fully
accounted for. In practice, we replace the integration at each time step in equation (4a) by a summation
in which dξ = Δx. To reduce the numerical error when performing this summation, we estimate the
spatial derivative in α using second‐order backward differencing (equation (A2) in Appendix A). We
note that our solution in exact, because we only resort to numerically integrating equation (4a), and
do not discretize equation (1).

3.2. Numerical Simulations

We performed a series of numerical simulations to test our solution given in equation (4). These were simple
1‐D random walks given by (Visser, 1997)

xp nþ 1ð Þ ¼ xp nð Þ þ u nð ÞΔt þ R
ffiffiffiffiffiffiffiffiffiffiffi
2KΔt

p
; (5)

where R ∈ N(0,1) is a standard normally random number and we use a Forward Euler time marching
scheme to update the pth particle's position, xp, at time step n. Equation (5) produces a free‐passage
numerical solution unless the behavior of the walker is modified. For example, a fully reflecting boundary
can be achieved by reflecting those particles that have overshot the boundary by (Szymczak & Ladd,

2003) x′p nþ 1ð Þ−xB as
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xp nþ 1ð Þ ¼ 2xB−x′p nþ 1ð Þ: (6a)

A solution with an absorbing boundary is achieved simply by removing particles that arrive at xB at each

time step. A solution with a seeding boundary reflects those particles that have overshot the boundary by x′p
nþ 1ð Þ−xB as in the case of the reflecting boundary and, in addition for N(x ≥ xB) particles that have over-
shot the boundary, seeds approximately

2
vB tð ÞΔt
Δx

N x≥xBð Þ; (6b)

new particles into the domain at a location given by (see Appendix A)

xp nþ 1ð Þ ¼ xB þ vB tð ÞΔt: (6c)

A solution with a partially absorbing boundary loses mass at a rate of (see Appendix A)

2
vB tð ÞΔt
Δx

N x≥xBð Þ: (6d)

To compare the numerical simulation to analytical solutions, we releasedN=100,000 particles at the origin at

a rate of _m tð Þ ¼ N; t ¼ 0

0; t>0

�
and simulated their movement over 100 km with and Δt = 100 s in the free‐

passage simulation. We binned the resulting particle positions into Δx = 100 m width neighborhoods. In
the simulations with a boundary, we located the boundary at 50 km downstream of the origin. We advected
the particles at a velocity of 0.5 m/s and set the dispersion coefficient at 100 m2/s. When the boundary was
seeding or partially absorbing, we set |vB| = 0.1 and 0.3 m/s to show the qualitative difference between the
two cases.

To test the performance of our solution, we compared it with a typical approximate solution. Such a solution
in which the absorbing boundary is approximated as a modification of the flux of arriving particles (the first
term on the right‐hand side of equation (7)), by antiparticles located at the boundary (the second term on the
right‐hand side of equation (7)), was given by Grant and Wilkinson (2015) as

C x; tð Þ ¼ ∫
t

0

_m tð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πK t−τð Þp e

−
x−xB−u t−τð Þ½ �2

4K t−τð Þ dτ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Incipient mass flux at the boundary

−

∫
t

0
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

4πKτ3
p e

−
xB−uτð Þ2
4Kτ

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Antiparticle arrival

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πK t−τð Þp e

−
x−xB−u t−τð Þ½ �2

4K t−τð Þ dτ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Antiparticle flux annihilating the incipient mass

:

(7)

We discuss this comparison in section 4.1.

3.3. Comparison With Animal Movement Data From Migrating Fish

To test the utility of equation (4) in describing empirical processes in riverine and estuarine systems, we used
our solution to model the arrivals at a downstream hydrophone station of acoustically tagged fish released at
a riverine location in the Sacramento‐San Joaquin Delta system in California. The Delta is an inverted fan
estuary that is driven at its landward end by freshwater inflow from the Sacramento and San Joaquin
Rivers (Figure 2; Monismith et al., 2009; Moyle et al., 2010). The seaward end of the Delta drains into the
Pacific Ocean through San Francisco Bay. A detailed description of the hydrodynamics of this system may
be found in Sridharan et al. (2018).
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The data set considered here consists of the migratory movements of a population of steelhead trout, a spe-
cies of fish native to California. Juvenile steelheads migrate through the Delta to mature in the Pacific Ocean
(McEwan, 2001). To understand their migration patterns, studies were conducted in which fish were
implanted with miniature transmitters that produce an acoustic signal. These signals are received at hydro-
phones located at various stations positioned throughout the Delta. This system allows one to determine
when each fish arrives at a particular location in the system where a hydrophone is located. Here, we focus
on a large fish release that occurred in 2011. In this experiment, fish were tagged and released at Vernalis, a
city on the San Joaquin River (Figure 2), and their first arrival times were recorded at various downstream
stations. In Figure 2, we indicate the location of one such station (San Joaquin River Group Authority, 2013).
Because only the first detections of fish at a hydrophone are typically retained, this is an example of the fully
absorbing boundary at each detection station (Bailey, 1952). Here, we discuss the first arrivals of fish at A3
station, which is located 9.99 km downstream of Vernalis (Figure 2). We chose a station relatively close to
the release site because at such short distances, the typical boundary flux and free‐passage approximations
break down. In this year, there were 1,103 fish released between March 22 and June 18 in five release groups
(San Joaquin River Group Authority, 2013).

As a point of comparison, we also checked the solution of equation (4) against the free‐passage solution
given by (Fischer et al., 1979)

C x; tð Þ ¼ ∫
t

0

_m τð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πK t−τð Þp e−

x−u t−τð Þ½ �2
4K t−τð Þ dτ: (8)

Figure 2. The release location and detection Station A3 along the San Joaquin River in 2011. The insets show the
state of California and the Sacramento‐San Joaquin Delta (gray boundary) which connects to San Francisco Bay
and the Pacific Ocean. The Sacramento (North) and San Joaquin (South) Rivers (blue lines) are indicated in the San
Francisco Bay‐Delta inset.
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To perform this comparison, we set the optimal values for u and K for each release group as (Fischer
et al., 1979)

u ¼ xB
t
K ¼ 1

2
dσ2x
dt

¼ 1
2
u2

σ2t;xB−σ
2
t;o

t

 !
t ¼ 1

N
∑N

i¼1 ti;xB−ti;0
� �

: (9)

Here, we obtained the spatial cloud size,σ2x, from the temporal cloud sizeσ2t by assuming that the mean velo-
city is constant in space and time.

As ameasure of goodness of fit, we used the Kulback‐Leibler divergence between the recorded and estimated
densities of fish just near A3 station as (Csiszár, 2003)

DKL NSolution tð Þ‖NData tð Þ½ � ¼ ∫
t

0NSolution τð Þln NSolution τð Þ
NData τð Þ

� 	
dτ: (10)

Here, NData(t) is the total number of tagged fish detected in each day at Station A3. NSolution ∈ {(4) or (8)}(t) is
given by integrating the estimated rate of passage of fish across the location of Station A3 over each time step
using either equation (4) or (8) (adapted from Zabel & Anderson, 1997, for a continuous release)

NSolution tð Þ ¼ NCumulative tð Þ∫tiþ1

ti
FSolution τð Þdτ

FSolution tð Þ ¼ −
1

NCumulative

d
dt

∫
xB
−∞CSolution ξ; τ½ �dξ

h i
NCumulative tð Þ ¼ ∑Rt

i¼0Ni; t ¼ RtΔt

; (11)

where FSolution(t) is the estimated flux of fish across the detector at time t and NCumulative(t) is the cumulative
number of fish that have been detected over Rt time steps till time t, the spatial and temporal integrations are
performed using the trapezoidal rule, and the temporal derivate is obtained by central differencing.
Equation (11) establishes the equivalence between the estimated density and number of fish being detected.
Equation (10) measures the information lost whenNSolution ∈ {(4) or (8)}, the daily sum of estimated number of
fish detections from equations (4) or (8), is used to approximate the observed flux of individuals (Burnham&
Anderson, 2002). We calculated the predicted density using equations (4) or (8) with dt=100 s and
Δx=100 m.

4. Results

We demonstrate the value of the solution in equation (4) by comparing it with numerical simulations as well
as a commonly used approximate solution. In these comparisons, we show that our solution outperforms the
approximations of equations (7) and (8).

4.1. Validation With Random Walk Models

In a comparison between the solutions of equations (4) and (7) for an absorbing boundary condition, we
observe that equation (4) is able to recover the numerical solution closely for all times (Figure 3). This is
because the mirror image ensures that the incipient density is itself modified continuously according to
the loss of mass at the boundary. Equation (4) is also able to match the numerical simulation results for
the four different boundary types we discussed in section 2 (Figure 4).

The error in estimating the density over the entire domain at any time, t, given by

εT tð Þ ¼ NCumulative tð Þ−∫xB−∞C x; tð Þdx
NCumulative tð Þ

" #
×100; (12a)

is typically lower than 6%. The error in the density estimation at the boundary, given by

εB tð Þ ¼ N xB−Δx;xB½ � tð Þ−C xB; tð ÞΔx
N xB−Δx;xB½ �

tð Þ
� 	

×100; (12b)
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Figure 3. Comparison of numerical results with analytical solutions of an absorbing boundary condition for different
times (a–d). The mirror‐image solution method of equation (4) outperforms the approximate solutions of equations (7)
and (8) at all times. In (a)–(d), x indicates the location of the center of mass of the freely passing cloud of particles. The
integration in equation (4a) is performed using the trapezoidal rule. Note that when estimating the flux of mass across the
boundary, at each time step, the free‐passage assumption results in slightly higher mass than the absorbing boundary
representation (the difference in area between the solid black line, the dashed black line, and the dotted red line). When
equation (8) is used to estimate the flux of mass across the boundary, this error accumulates over time.

Figure 4. Numerical solution (histogram) versus solution by the method of images equation (4) (dashed line) for (a) fully reflecting, (b) fully absorbing, (c) partially
seeding, and (d) partially absorbing boundary conditions, at ut

x ¼ 0:44. The discrepancies between the simulations and equation (4) in (c) and (d) are due to the
number of particles simulated, the binning of the histograms, and the finite difference approximations of the derivative in equation (A2) in Appendix A. The
integration in equation (4a) is performed using the trapezoidal rule.
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in the seeding and partially absorbing cases is higher (about 28% and 41%, respectively) than in the fully
reflecting and absorbing cases (about 12% and 5%, respectively) (Figure 4). The former are challenging sce-
narios that are sensitive to the choice of schemes for the boundary conditions in the random walk model. In
this study, we chose specular reflection, the simplest and least accurate of these schemes for simplicity
(Szymczak & Ladd, 2003).

An interesting nonphysical phenomenon that occurs when a free‐passage solution is used to represent an
absorbing boundary is the concept of “double counting.” Due to the radiating boundary in the free‐passage
problem, at each time step, mass that would have otherwise been removed from the domain is retained and
subsequently counted again at the next time step. This error compounds over time (Figure 3).

In all the cases considered in Figures 3 and 4, the discrepancies between the numerical solutions and equa-
tion (4) are due to the number of particles simulated in the random walk, the binning of the results of the
random walk, and the finite difference approximation in equation (A2) in Appendix A.

4.2. Validation With Empirical Data

To demonstrate that our solution works well for practical applications, we compared the detections of tagged
migrating fish in the San Joaquin River with the solutions given in equations (4) and (8) using the same
parameter values for u and K in both cases. This is justified because the underlying system physics is
identical in both cases, with only the boundary conditions being different. The values of u and K drop from
0.03m/s and about 460m2/s for the first release group when the flow is high and ranges from 300 to 800m3/s
to around 0.02 m/s and 120 m2/s for the other release groups when the flow drops to approximately
200 m3/s (Figure 5a).

Our solution performs considerably better than the free‐passage solution when applied to the migrating fish
(Figure 5). The free‐passage solution estimates almost double the number of actual fish detections. This is an
artifact of the phenomenon of double counting we discussed in section 4.1. Owing to the unobstructed pas-
sage of fish, the solution of equation (8) is also more dispersive than the solution of equation (4). In all
releases, the Kulbeck‐Leibler divergence between the solution in equation (4) and the detections at
Station A3 is smaller than those with equation (8). Crucially, our solution is able to resolve important fea-
tures such as the separation between the peaks of fish arrivals between the third and fourth release groups
(Figures 5b and 5c).

Figure 5. Comparison of the fish detections at a location downstream of the release site (equations (4) and (8)). In (a), the
instantaneous flow at a location near the release site (Vernalis, CA) is shown. In (b), the releases, detections, and
solutions have been binned into daily intervals for clarity. In (c), the cumulative densities normalized by the number of
fish released are shown. The double counting in the free‐passage solution is particularly severe at this station. Gray
regions indicate release durations. Shaded bars indicate release periods. The optimal parameter values and comparative
metrics (u,K,DKL,(5),DKL,(8)) for the five release groups are (0.03 m/s, 457 m2/s, 0.3, 1), (0.017 m/s, 154 m2/s, 0.5, 2.4),
(0.019 m/s, 142 m2/s, 0.3, 0.7), (0.017 m/s, 124 m2/s, 0.3, 0.8), and (0.02 m/s, 117 m2/s, 3.5, 5.2). Lower DKL values indicate
better agreement with the data.
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5. Discussion

Our solution is able to recover both randomwalk results as well as observed detections of tagged fish in a real
system with significantly better accuracy than commonly used approximate alternatives. In addition, typi-
cally used solutions by eigenfunction expansions (e.g., Golz & Dorroh, 2001; Smith, 1983) are cumbersome
to apply for systems with nonradiating boundaries.

A significant advantage of equation (4) is scalability over both random walk simulations and continuum
solution methods such as the finite volume approach. We note that our solution is recurrent and not in
closed form; however, it can be rapidly computed numerically. Our solutions scales simply as tM onM spa-
tial grid cells, as with vectorization the only operation involved is a matrix multiplication at each time step;
the simplest Forward Euler random walk solutions scale as tN for N particles, typically with N ≫ M; and
the simplest continuum solutions scale as tM2: The M2 dependence is due to both a matrix inversion at
each step in solving M coupled equations and severe time step size restrictions (see, e.g., Ferziger and
Peric, 2012). Practically, we find that our solution is typically about 100 times faster than the 1‐D numerical
solution using a second‐order accurate Crank‐Nicolson scheme with central differencing on a spatial grid
with 100 cells for large values of K. Moreover, on the order of 100,000 particles are needed to produce sta-
tistically reproducible particle tracking results, and so, our solution is typically about 1,000 times faster
than a comparable simple particle tracking model. In this sense, equation (4) becomes extremely appealing
for management applications.

Our solution is able to recover the qualitative characteristics corresponding to the different boundary types.
For the fully reflecting boundary in Figure 4a, the gradient of the solution in equation (4) approaches 0, as
expected for a no‐flux boundary. For the fully absorbing boundary in Figure 4b, the solution in equation (4)
is zero at the boundary. For the seeding and partially absorbing cases (Figures 4c and 4d), the solution
approaches nonzero values corresponding to the flux at the boundary. Solutions such as equation (7) work
under the approximations listed in section 1; however, they increasingly lose accuracy as the incipient mass
nears the boundary. This is because the incipient flux is no longer similar to the free‐passage flux (Figure 3).
While it may seem practically appealing to neglect the boundary altogether and simply use the free‐passage
solution, the error propagated by that approximation increases from about 2% tomore than 20% as the center
of mass of the incipient mass nears the absorbing boundary (see Figure 2). As we reported in section 4.2, this
is because of the double counting in the free‐passage realization of the absorber of mass that should have
been removed from the domain.

From an applications perspective, our solution of equation (4) is able to recover the general patterns in the
first arrival times of fish migrating through the Delta. The double counting problem of expected numbers of
fish passing the detector is effectively solved using the solution of equation (4). The agreement between pre-
dictions and data in this example highlights an important point about AD processes more generally: Even in
cases where microscale processes are extremely complex, the 1‐D‐AD process may still provide an accurate
approximation of dynamics on the appropriate time scale. In estuarine systems like the one in which the fish
migration data were collected, changes in the hydrology due to storms, rainfall events, water extraction
operations, and tides mean that system conditions are seldom stationary. Indeed, given the tidal nature of
the flow in this system, as well as the time‐varying swimming behavior of fish (e.g., Chapman et al.,
2013), one might expect poor agreement between a simple 1‐D‐ADmodel and data. Nevertheless, the overall
agreement between the predictions of equation (4) and data suggests that under relatively stationary condi-
tions, the subtidal—or daily averaged—migration patterns of fish can be well represented by a simple
advection‐dispersion model with suitable boundary conditions, even in a complex tidal system.

6. Conclusion

We have developed a general solution to the 1‐D‐AD problemwith streamwise boundaries. This solution can
be applied to any type of boundary condition and is exact over the entire system domain, for all times, and for
all Péclet number regimes. For real data, it also outperforms conventional approximate solutions. Moreover,
it helps build the correct intuition about the physical process that the boundary continuously modifies the
incipient density, rather than acting as a flux modifier to a free passage of mass. We have demonstrated that
the approach recovers the density for the variety of boundary types that are possible. The real value of our
solution method is its universal applicability to any type of boundary condition: One needs only vary α in
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equation (4b) to recover the accurate solution for a given boundary value problem. Multiple boundaries such
as channel junctions in stream networks or physical barriers to the flow or animal movement such as dams
or fish screens can be readily incorporated using the superposition of suitably located images.

Practically, in fluid system applications with boundaries, the approximate solutions such as equation (7) or
the free‐passage solution in equation (8) perform poorly because they misrepresent the effect of the bound-
ary for parts of the spatial domain close to the release location. We demonstrated an example in the study of
acoustically tagged steelhead migrating through a section of the San Joaquin River. In this example our solu-
tion performs significantly better than conventional approximations.

The solution in equation (4) also serves as a guide for interpreting simulation results. Often, the results of
particle tracking models are taken as is, and only their implications are analyzed subsequently (e.g.,
Kimmerer & Nobriga, 2008). Understanding what boundaries do to the incoming density will allow for more
nuanced control of the systems themselves, when such control is desired. Because our solution handles any
boundary type accurately over the entire system domain, at all times, and all Péclet number regimes, it is also
an ideal tool to quickly examine real‐world management alternatives before expending resources into more
sophisticated models.

Appendix A: Numerical Solution Schemes
Here, we derive the various numerical approximations used in sections 3 and 5.

Second‐Order Backward Difference Scheme

The solution by method of images in equation (4) in section 3.1 requires the numerical estimation of the
density gradient at xB. For accuracy, we chose the second‐order backward difference formula given in
(4c). This derived from the Taylor series expansion about xB of C(xB − Δx,t) and C(xB − 2Δx,t) as

C xB−Δx; tð Þ ¼ C xB; tð Þ− Δx
∂C
∂x

����
xB;tð Þ

C xB−2Δx; tð Þ

¼ C xB; tð Þ−2Δx∂C
∂x

����
xB;tð Þ

þ Δx2

2
∂2C
∂x2

����
xB;tð Þ

−H:O:T:þ 2Δx2
∂2C
∂x2

����
xB;tð Þ

−H:O:T:: (A1)

Multiplying the first equation in (A1) by 4 and subtracting the second equation in (A1) from the resultant
and rearranging gives, to second‐order accuracy,

∂C
∂x

����
xB;tð Þ

¼ 3C xB; tð Þ−4C xB−Δx; tð Þ þ C xB−2Δx; tð Þ
2Δx

: (A2)

Numerical Implementation of Boundary Conditions

Here, we describe how to realize the different boundary conditions discussed in section 3.2 numerically. A
seeding boundary can be realized numerically by both reflecting particles that have overshot the boundary,
as well as by seeding new particles according to the mass balance at the boundary. The seeding flux at the
boundary is a function of the arrival flux at the boundary. We now convert the densities to the number of

particles by binning over a width Δx
2 adjacent to the boundary for accuracy. This gives in terms of the discrete

equivalents of the densities

N In at xB tð Þ ¼ −
vB tð ÞΔt
Δx=2

N x≥xBð Þ: (A3)

These new particles will be seeded with a velocity of vB(t), thereby giving their position as

xp nþ 1ð Þ ¼ xB þ vB tð ÞΔt: (A4)

A partially absorbing boundary can be realized by noting that at the end of the domain, the absorption flux at
the boundary is a function of the arrival flux at the boundary. This gives in terms of the discrete equivalents
of the densities
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NOut at xB tð Þ ¼ vB tð ÞΔt
Δx=2

N x≥xBð Þ: (A4)

In equation (A4), we use a bin width of Δx
2 for accuracy.
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