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Abstract: Just before making landfall in Puerto Rico, Hurricane Maria (2017) underwent a concentric
eyewall cycle in which the outer convective ring appeared robust while the inner ring first distorted
into an ellipse and then disintegrated. The present work offers further support for the simple
interpretation of this event in terms of the non-divergent barotropic model, which serves as the basis
for a linear stability analysis and for non-linear numerical simulations. For the linear stability analysis
the model’s axisymmetric basic state vorticity distribution is piece-wise uniform in five regions: the
eye, the inner eyewall, the moat, the outer eyewall, and the far field. The stability of such structures
is investigated by solving a simple eigenvalue/eigenvector problem and, in the case of instability,
the non-linear evolution into a more stable structure is simulated using the non-linear barotropic
model. Three types of instability and vorticity rearrangement are identified: (1) instability across the
outer ring of enhanced vorticity; (2) instability across the low vorticity moat; and (3) instability across
the inner ring of enhanced vorticity. The first and third types of instability occur when the rings of
enhanced vorticity are sufficiently narrow, with non-linear mixing resulting in broader and weaker
vorticity rings. The second type of instability, most relevant to Hurricane Maria, occurs when the
radial extent of the moat is sufficiently narrow that unstable interactions occur between the outer edge
of the primary eyewall and the inner edge of the secondary eyewall. The non-linear dynamics of this
type of instability distort the inner eyewall into an ellipse that splits and later recombines, resulting
in a vorticity tripole. This type of instability may occur near the end of a concentric eyewall cycle.

Keywords: barotropic instability; eyewall replacement; concentric eyewalls; Hurricane Maria; linear
stability analysis; non-divergent barotropic model

1. Introduction

The dynamical understanding of secondary eyewall formation has significantly in-
creased in recent years through observational and theoretical analyses of well-documented
cases such as Hurricanes Anita (1977), David (1979), and Allen (1980) [1], Hurricane Gilbert
(1988) [2–4], Hurricane Frances (2004) [5,6], Hurricane Rita (2005) [7–11], Hurricane Wilma
(2005) [12], Hurricane Gonzalo (2014) [13], and Hurricane Matthew (2016) [14]. As ob-
servational evidence has accumulated, numerical modeling efforts have proceeded at an
increasing pace, using a hierarchy of models of different complexity [5,15–34]. This body of
work has garnered important physical information from careful analysis of the relevant
boundary layer dynamics [35–43]. This recent research on concentric eyewalls has also led
to improvements in our ability to operationally forecast secondary eyewall formation and
associated intensity variations [44–47].

Important observations for understanding concentric eyewall cycles were made as
Hurricane Maria (2017) approached Puerto Rico from the south-east. Figure 1 shows non-
operational infrared imagery from the National Oceanic and Atmospheric Administration
(NOAA) Geostationary Operational Environmental Satellite 16 (GOES-16) at 03:00, 06:00,
and 09:00 UTC 20 September 2017, as Hurricane Maria passed St. Croix and approached
Puerto Rico, moving north-west with an estimated central surface pressure of 915 hPa and
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maximum winds of 72 m s−1. During the period from 05:18 to 09:50 UTC 20 September,
Hurricane Maria was within range of the WSR-88D radar (TJUA), approximately 35 km
south of San Juan. Figure 2 shows a sequence of radar reflectivity images from this pe-
riod. These images consist of every other base scan (0.52◦ elevation angle), which means
that the time between images is approximately 9.4 min. Each image is roughly 100 km
by 100 km with the domain centered on the storm. Although not readily apparent from
the satellite imagery shown in Figure 1, during this 4.5 h period Maria had a concentric
eyewall structure as it approached Puerto Rico from the south-east at a speed of 7 m s−1.
In the interpretation of these radar images, it should be kept in mind that the hurricane’s
reflectivity is sampled at lower and lower levels as the storm approaches the radar. Since
the radar is located 852 m above sea level, and since the scans were performed at an
elevation angle of 0.52◦, the WSR-88D range–height equation indicates that the storm is
sampled at a height near h(R) = 0.852 km + R sin(0.52◦) + R2/(2.42 a), where 2.42 is twice
the refractive index, a is the Earth’s radius in km, and the slant range R is given in km
(Ref. [48], Chapter 3). The slant range to the center of Maria’s eye decreases from approxi-
mately 150 km at 05:00 UTC, to 100 km at 07:00 UTC, and to 50 km at 09:00 UTC. For slant
ranges of R = 150, 100, 50 km, the corresponding beam heights are h = 3.67, 2.41, 1.47 km,
so the radar sampling in Figure 2 depicts the lower tropospheric structure of the precipitation.

03:00 UTC
66°W 65°W 64°W

06:00 UTC
66°W 65°W 64°W

09:00 UTC

Brightness Temperature (  C∘

66°W 65°W 64°W
16°N

17°N
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−100 −90 −80 −70 −60 −50 −40 −30 −20

Figure 1. Color enhanced 10.3 µm infrared imagery from the NOAA GOES-16 satellite at 03:00, 06:00,
and 09:00 UTC 20 September 2017. The well-defined eye of Hurricane Maria can be seen as it skirts
the island of St. Croix, with a minimum sea surface pressure of approximately 915 hPa. The second
and third satellite images correspond to the period of the San Juan, Puerto Rico WSR-88D radar
(white dot) images shown in Figure 2 and to the aircraft traverses shown in Figures 3 and 4. Note
that these satellite images reveal little evidence of the concentric eyewall structure that exists below
the cirrus.

Although the end of the radar sequence shown in Figure 2 marks the destruction of
the radar due to winds in excess of 65 m s−1, this radar data documents an apparently
important aspect of a concentric eyewall cycle—the dynamic instability and rearrangement
of the potential vorticity structure associated with the inner eyewall. This behavior can be
seen by noting that the concentric eyewall structure was well-defined during the period
02:00 to 05:00 UTC 20 September, when the eye was passing south of St. Croix. However,
during the period 05:00 to 09:00 UTC, the inner eyewall structure distorted into a rotating
ellipse that became filamented and ultimately destroyed (see Figure 2). A clearer depiction
of Maria’s eyewall cycle can be obtained from the animated version (which includes every
base scan) of Figure 2; see the Data Availability Statement for access. Table 1 and Figure 3
summarize the tracks for five storm traverses made by an Air Force WC-130J flying at
10,000 feet (∼3 km) during the 5.5 h period from 3:00 to 8:30 UTC 20 September. Radial
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profiles of temperature, dewpoint temperature, and wind speed for these five traverses
are shown in Figure 4. Traverse 4 (along the storm track) shows local wind speed maxima
of 54 m s−1 at r = 11 km and 60 m s−1 at r = 32 km. During the five traverses, it is also
worth noting two aspects of the dewpoint temperature depression evolution. In the moat,
the dewpoint temperature depression is highly variable due to the rapid rotation rate of
the inner-eyewall ellipse. Initially, the dewpoint depression shows a relatively symmetric
feature approximately 7–9 km wide in Traverse 3. Traverse 4, which is mostly along the
minor axes of the ellipse, shows a wider region of dewpoint depression, 11–12 km. Traverse
5 enters as the major axis passes and exits along the minor axes. In the eye, the dewpoint
temperature depression changes from 15 ◦C to near zero from Traverse 1 to 4, which is
indicative of a decrease in eye subsidence as a result of the weakening inner eyewall [49–51].

05:18 UTC 05:28 UTC 05:37 UTC 05:47 UTC 05:56 UTC 06:06 UTC

06:15 UTC 06:25 UTC 06:34 UTC 06:43 UTC 06:52 UTC 07:02 UTC
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Figure 2. San Juan, Puerto Rico TJUA WSR-88D (denoted by white dot visible in the bottom two rows)
images from 05:18 to 09:50 UTC 20 September 2017. Every other base scan (0.52◦ elevation angle)
has been plotted, which means that the time between images is approximately 9.4 min. The first row
shows Maria passing south-west of St. Croix, while the last row shows the storm passing south-west
of Vieques and making landfall on Puerto Rico, just before destroying the radar. Each radar image is
roughly 100 km by 100 km with the domain centered on the moving storm. The reflectivity scale is at
the lower right, with the low reflectivity of the eye and the moat indicated in shades of blue, and the
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high reflectivity of the primary and secondary eyewalls indicated in shades of orange and red. The
wavenumber m = 2 distortion of the inner eyewall is particularly evident in several images in the
second, third, and fourth rows. The white line shows the Air Force WC-130J aircraft traverses 3–5
from Table 1 and Figure 3 with the white arrow denoting the aircraft position at the time of the
base scan.
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Figure 3. Aircraft tracks for five storm traverses made by the Air Force WC-130J flying at
10,000 feet (∼3 km) during the 5.5 h period from 2:55 to 8:25 UTC 20 September (colored arrows at
10 min intervals denote flight direction). Table 1 contains the directions and times for the five traverses.
The black curve shows Hurricane Maria’s track based on aircraft and radar center position fixes (black
arrows at 1 h intervals). The three white dots along the track correspond to the satellite imagery
shown in Figure 1 and the black dot is the location of the San Juan, Puerto Rico TJUA WSR-88D.

Table 1. Summary of five Air Force WC-130J aircraft traverses of Maria on 20 September 2017, with
the second column showing the direction of the traverse, with the third and fourth columns showing
the start and end times of the traverse to the nearest 5 min. Traverses 3–5 occurred during the radar
sequence shown in Figure 2.

Traverse Direction of Traverse Start (UTC) End (UTC)

1 SW to NE (perpendicular to track) 2:55 3:30
2 NW to SE (parallel to track) 4:20 5:00
3 NE to SW (perpendicular to track) 5:50 6:25
4 SE to NW (parallel to track) 6:55 7:25
5 SW to NE (perpendicular to track) 7:45 8:25
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Figure 4. Traverse time series of wind speed (m s−1, blue curves), temperature (◦C, red curves), and
dewpoint temperature (◦C, yellow curves) at 10,000 feet for the five WC-130J traverses summarized
in Table 1 and shown in Figure 3. Gray vertical lines denote the distance to the center of Hurricane
Maria at 10 km intervals. Since the dewpoint instrument is unreliable in heavy rain, the dewpoint
reading is shown only where it does not exceed the temperature reading.

Concentric eyewall structures and associated wind speed profiles, such as those
shown in Figures 2 and 4, raise questions about possible dynamic instability. The simplest
arguments concerning such instability can be made with the non-divergent barotropic
model. Note that we limit the focus of the present study to the barotropic aspects of the
final stages of a concentric eyewall cycle. Despite the limitations of the non-divergent
barotropic model to observed tropical cyclones, the results in prior theoretical work using
the non-divergent barotropic model have offered insight into observed features [52,53]. This
suggests that providing a more generalized version of the analysis in Kossin et al. [53]—as
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done in Lai et al. [34] for full-physics models—might provide insight into the observations
collected during Hurricane Maria. It is important to note however that many aspects of
the problem cannot be explained by such a simple model, including the important effect
of environmental vertical wind shear [54–58], which complicates the whole process, as
discussed by Didlake et al. [13] for Hurricane Gonzalo (2014), by Dougherty et al. [59]
for Hurricane Bonnie (1998), and by Cha and Bell [14] for Hurricane Matthew (2016). In
the non-divergent barotropic model, a Hurricane Maria-like vortex can be idealized (see
Figure 5) as an axisymmetric flow field with five distinct regions of vorticity: an eye region
(0 ≤ r < r1) of moderate vorticity; an inner eyewall region (r1 < r < r2) of high vorticity; a
moat region (r2 < r < r3) of relatively low vorticity; an outer eyewall region (r3 < r < r4)
of high vorticity; and a far field region (r4 < r < ∞) of irrotational flow. For this five-region
(four-interface) model, the three simplest types of instability are as follows: instability
across the outer eyewall, in which the vorticity waves at r3 and r4 interact through phase
locking and mutual growth; instability across the moat, in which the vorticity waves at r2
and r3 interact; and instability across the inner eyewall, in which the vorticity waves at
r1 and r2 interact. Instability across the inner eyewall was studied by Schubert et al. [52]
and Hendricks et al. [60] using a three-region (two-interface) model, with the goal of
understanding polygonal eyewalls and inner core vorticity mixing. Instability across a
concentric eyewall and across the moat was studied by Kossin et al. [53] using a four-region
(three-interface) model in which the inner vorticity structure was not hollow, so that there
existed only instability across the outer eyewall and across the moat. Kossin et al. [53]
showed that instability across the outer eyewall occurs when the outer vorticity ring is
sufficiently narrow and when the circulation of the central vortex is sufficiently weak that it
does not induce enough differential rotation across the outer ring to stabilize it. Instability
across the moat occurs when the radial extent of the moat is sufficiently narrow to permit
phase locking and mutual growth. In one of the non-linear numerical model simulations
of Kossin et al. (see their Figure 13), instability across the moat led to filamentation and
mixing of the outer vorticity ring while the robust inner disk of vorticity was distorted into
a rotating ellipse. This numerical integration, with its high-vorticity inner core, has some
resemblance to Hurricane Maria, but the radar data in Figure 2 indicates that the outer
vorticity ring is more robust and the inner ring is the one that filaments and mixes.

In documenting the elliptical eyewalls in Typhoon Herb (1996), Kuo et al. [61] and
Oda et al. [62] interpreted this case in terms of the classical Kirchhoff vortex solution ([63],
page 232) and dynamic instability, respectively. In particular, to explain the radar observa-
tions of Typhoon Herb, Oda et al. [62] argued that the elliptical eyewall structure was likely
caused by a dynamic instability arising from radial shear in the tangential flow. To further
examine this possibility, a linear eigenvalue problem was set up using the asymmetric
balance model [64], with the basic flow patterned after the Typhoon Herb surface winds
during the time it had concentric eyewalls. The results showed that an unstable mode ap-
pears with an azimuthal wavenumber of two. The eigenmode structure and rotation period
of this unstable perturbation were comparable with the Typhoon Herb observations. These
results suggest that barotropic instability due to the radial shear of tangential flow was
relevant to the formation of the elliptical eye in Typhoon Herb. The barotropic instability
results presented here are consistent with those of Oda et al. [62], although the dynamical
model used here is simpler since it has no vertical structure.

In a recent study, Lai et al. [34] have analyzed an interesting weather research and
forecasting (WRF) model simulation of a concentric eyewall cycle in Hurricane Wilma.
In order to better understand the dynamic processes occurring in this full-physics model
simulation, they also performed a linear stability analysis and non-linear simulations using
a non-divergent barotropic model. Their results show the importance of wavenumber-two
barotropic instability across the moat in diluting the vorticity of the inner eyewall of Hurri-
cane Wilma. To further explain the dynamics of instability across the moat, Lai et al. [65–67]
conducted numerical experiments with a hierarchy of models, including the full-physics
WRF model. Two simulations with the three-dimensional, non-hydrostatic, 1 km resolution,
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doubly nested, WRF model were made. The first experiment was with full physics, i.e.,
with WRF moist physics, radiative heating and cooling, and a frictional boundary layer.
In the second experiment, all these physical processes were disabled, so that dynamical
instability in its pure inviscid, adiabatic form could be simulated. The two experiments
were initialized with a double-eyewall structure, and both evolved with a wavenumber-two
barotropic instability across the moat. However, there were considerable differences in
their azimuthal mean, absolute angular momentum budgets because the full-physics ex-
periment contained a fundamental aspect of the circulation that was missing in the second
experiment—a secondary circulation forced by diabatic and frictional processes.
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Figure 5. Axisymmetric basic state vortex for the linear stability analysis. The specified geometrical
parameters are r1, r2, r3, and r4, and the specified vorticity parameters are ζ̄1, ζ̄2, ζ̄3, and ζ̄4, resulting
in the basic state tangential wind ῡ(r) (red) and the basic state angular velocity ω̄(r) (green). The
initial condition in (30) for the non-linear numerical model is identical to this figure except that
the vorticity discontinuities and the kinks in tangential wind and angular velocity are smoothed
over by a small radial interval. All the stability calculations presented here use rref = 100 km and
ῡref = 20 m s−1, so that the family of basic state vortices has a fixed “synoptic-scale environment” but
each member has a different “mesoscale distribution” of vorticity inside r = 100 km.

The present work focuses on a barotropic interpretation of the Hurricane Maria obser-
vations, thereby extending the analyses of Kossin et al. [53], Slocum et al. [68], Taft et al. [69],
Lai et al. [34,65–67], and Rostami and Zeitlin [70], and further exploring possible insta-
bilities that may occur after the formation of a concentric eyewall structure, if the moat
between the two eyewalls is sufficiently narrow. In our analysis we shall make use of a
five-region, linearized barotropic model and then perform non-linear numerical integra-
tions that illustrate how instability across the moat could have led to the disintegration of
the inner vorticity ring of Hurricane Maria. The emphasis of the present linear analysis is
on the structure of the eigenfunctions and on the active regions of transformation of basic
state kinetic energy to eddy kinetic energy. The results of the linear analysis for a family
of idealized vortices are given in Section 2 with the energetics of the linear dynamics in
Section 2.3. We then explore this family of idealized vortices with the non-linear barotropic
model integrations of vorticity with associated energetics in Section 3.
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2. Linear Stability Analysis

As a motivation and guide for the numerical experiments described in Section 3, we
begin by considering the linear stability analysis of an axisymmetric basic state vortex
whose angular velocity ω̄(r), or tangential wind ῡ(r) = rω̄(r), is a given function of
radius r. Using polar coordinates (r, φ), assume that the small amplitude perturbations of
the streamfunction, ψ′(r, φ, t), are governed by the linearized, non-divergent, barotropic
vorticity equation (

∂

∂t
+ ω̄

∂

∂φ

)
∇2ψ′ − ∂ψ′

r∂φ

dζ̄

dr
= 0, (1)

where ζ̄(r) = d(r2ω̄)/r dr is the basic state vorticity, (u′, υ′) = (−∂ψ′/r∂φ, ∂ψ′/∂r) the per-
turbation radial and tangential components of velocity, and ∂(rυ′)/r∂r− ∂u′/r∂φ = ∇2ψ′ the
perturbation vorticity. Searching for solutions of the form ψ′(r, φ, t) = ψ̂(m)(r)ei(mφ−ν(m)t),
where the integer m is the azimuthal wavenumber and ν(m) = ν

(m)
r + iν(m)

i the complex
frequency, we obtain from (1) the radial structure equation(

ω̄− ν(m)

m

)[
d

r dr

(
r

dψ̂(m)

dr

)
− m2

r2 ψ̂(m)

]
− ψ̂(m) dζ̄

r dr
= 0. (2)

This radial structure equation serves as the basis for the discussions in the remainder of
this section.

2.1. Review of the Rayleigh and Fjørtoft Conditions

In order to better understand the possible hydrodynamic instability of concentric
eyewall structures, it is useful to recall the Rayleigh and Fjørtoft necessary conditions for
barotropic instability. These two conditions are easily derived by first writing (2) in the form(

ω̄− ν(m)∗/m
|ω̄− ν(m)/m|2

)
ψ̂(m) dζ̄

r dr
− d

r dr

(
r

dψ̂(m)

dr

)
+

m2

r2 ψ̂(m) = 0, (3)

where the star superscript denotes complex conjugate. We assume that ν
(m)
i 6= 0 so that (3)

is non-singular within the domain. Multiply (3) by rψ̂(m)∗ and integrate over r to obtain

∫ ∞

0

(
ω̄− ν(m)∗/m
|ω̄− ν(m)/m|2

)
|ψ̂(m)|2 dζ̄

dr
dr +

∫ ∞

0

(∣∣∣dψ̂(m)

dr

∣∣∣2 + m2

r2 |ψ̂
(m)|2

)
r dr = 0. (4)

From the real and imaginary parts of (4), we obtain

∫ ∞

0

(
ω̄− ν

(m)
r /m

|ω̄− ν(m)/m|2

)
|ψ̂(m)|2 dζ̄

dr
dr +

∫ ∞

0

(∣∣∣dψ̂(m)

dr

∣∣∣2 + m2

r2 |ψ̂
(m)|2

)
r dr = 0, (5)

ν
(m)
i

∫ ∞

0

|ψ̂(m)|2

|ω̄− ν(m)/m|2
dζ̄

dr
dr = 0. (6)

The Rayleigh necessary condition for barotropic instability follows directly from (6). Since
|ψ̂(m)|2 and |ω̄− ν(m)/m|2 are non-negative and ν

(m)
i 6= 0, a necessary condition for insta-

bility is that dζ̄/dr have both signs in the domain. This can be interpreted as allowing the
existence of counter-propagating Rossby waves.

The Fjørtoft necessary condition for instability comes from combining (5) and (6).
Define ω̄s = ω̄(rs), where rs is a point at which dζ̄/dr = 0. Multiplying (6) by ω̄s − ν

(m)
r /m

we obtain ∫ ∞

0

(
ω̄s − ν

(m)
r /m

|ω̄− ν(m)/m|2

)
|ψ̂(m)|2 dζ̄

dr
dr = 0. (7)
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Subtracting (7) from (5) yields

∫ ∞

0

(
ω̄− ω̄s

|ω̄− ν(m)/m|2

)
|ψ̂(m)|2 dζ̄

dr
dr +

∫ ∞

0

(∣∣∣dψ̂(m)

dr

∣∣∣2 + m2

r2 |ψ̂
(m)|2

)
r dr = 0, (8)

for which the second integral is always positive. Thus, for the first integral to be negative,
we must have

(ω̄− ω̄s)
dζ̄

dr
< 0 (9)

somewhere in the flow. This is the Fjørtoft necessary condition for instability, which can
be interpreted as allowing the phase locking of counter-propagating Rossby waves. For
example, consider the somewhat smoothed versions of the ω̄(r) and ζ̄(r) profiles shown in
Figure 5, so that dζ̄/dr is finite for all radii and ζ̄(r) is not entirely flat in the core, inner ring,
moat, and outer ring. Suppose we choose rs where dζ̄/dr = 0 in the moat of this somewhat
smoothed vortex. Then, ω̄− ω̄s > 0 and dζ̄/dr < 0 on the inside edge of the moat while
ω̄− ω̄s < 0 and dζ̄/dr > 0 on the outside edge of the moat, so that both the Rayleigh and
Fjørtoft conditions indicate the possibility of instability across the moat. In other words,
the wave on the inside edge of the moat propagates clockwise (since dζ̄/dr < 0 there)
relative to the strong local angular velocity. In contrast, the wave on the outside edge of
the moat propagates anticlockwise (since dζ̄/dr > 0 there) relative to the weaker local
angular velocity. This general structure of the ω̄(r) and ζ̄(r) profiles allows for possible
phase locking and mutual amplification of the Rossby waves.

Similarly, suppose we choose rs where dζ̄/dr = 0 in the inner eyewall. Then,
ω̄− ω̄s < 0 and dζ̄/dr > 0 on the inside edge of the inner eyewall while ω̄ − ω̄s > 0
and dζ̄/dr < 0 on the outside edge of the inner eyewall, so that both the Rayleigh and
Fjørtoft conditions indicate the possibility of instability across the inner eyewall. The
argument for possible instability across the outer eyewall is identical. To summarize, con-
centric eyewall structures have the distinct possibility of supporting three basic patterns of
barotropic instability. In order to better understand the growth rates and spatial structures
of these unstable flows, Section 2.2 presents an eigenvalue/eigenfunction analysis of the
five-region model of concentric eyewalls.

2.2. Five-Region Model

We now consider in more detail the five-region basic state vortex (Figure 5), which is a
simple model of a concentric eyewall structure. This basic state vortex has the tangential
wind and vorticity distributions given by

rῡ(r) =



1
2 ζ̄1r2 if 0 ≤ r ≤ r1,
r1ῡ1 +

1
2 ζ̄2(r2 − r2

1) if r1 ≤ r ≤ r2,
r2ῡ2 +

1
2 ζ̄3(r2 − r2

2) if r2 ≤ r ≤ r3,
r3ῡ3 +

1
2 ζ̄4(r2 − r2

3) if r3 ≤ r ≤ r4,
r4ῡ4 if r4 ≤ r < ∞,

and ζ̄(r) =



ζ̄1 if 0 ≤ r ≤ r1,
ζ̄2 if r1 < r ≤ r2,
ζ̄3 if r2 < r ≤ r3,
ζ̄4 if r3 < r ≤ r4,
0 if r4 < r < ∞,

(10)

where r1, r2, r3, r4, ζ̄1, ζ̄2, ζ̄3, and ζ̄4 are specified constants. We assume that all basic state
vortices have the same far-field circulation, specified by the choice r4ῡ4 = rrefῡref, with
rref = 100 km and ῡref = 20 m s−1. In this way, the mesoscale structure of the basic state
vorticity field can be varied in a wide variety of ways, but the circulation 2πrῡ(r) for
r ≥ 100 km is fixed at 2πrrefῡref = 4π × 106 m2 s−1. In other words, all the basic state
vortices considered here have the same “synoptic scale environment” but have different
“mesoscale distributions” of vorticity inside r = 100 km.

By restricting this analysis to the class of perturbations whose disturbance vorticity
arises solely through radial displacement of the basic state vorticity, the perturbation
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vorticity vanishes everywhere except near the edges of the constant vorticity regions, i.e.,
(1) reduces to ∇2ψ′ = 0 for r 6= r1, r2, r3, r4, or equivalently, (2) reduces to

d
r dr

(
r

dψ̂(m)

dr

)
− m2

r2 ψ̂(m) = 0 for r 6= r1, r2, r3, r4. (11)

The general solution of (11) in the five regions separated by the radii r1, r2, r3, r4 can be
constructed from different linear combinations of rm and r−m in each region. An alternative
and physically more revealing approach is to write the general solution of (11), valid in
any of the five regions, as a linear combination of the four (i.e., j = 1, 2, 3, 4) basis functions
B(m)

j (r), defined by

B(m)
j (r) =


(
r/rj

)m 0 ≤ r ≤ rj,(
rj/r

)m rj ≤ r < ∞.
(12)

The solutions for ψ̂(m)(r) and ψ′(r, φ, t) are then

ψ̂(m)(r) =
4

∑
j=1

Ψ(m)
j B(m)

j (r) and ψ′(r, φ, t) =
4

∑
j=1

Ψ(m)
j B(m)

j (r)ei(mφ−ν(m)t), (13)

where Ψ(m)
1 , Ψ(m)

2 , Ψ(m)
3 , Ψ(m)

4 are complex coefficients. Since dB(m)
j /dr is discontinuous at

r = rj, the solution associated with the coefficient Ψ(m)
j has vorticity anomalies concentrated

at r = rj and the corresponding streamfunction decays away in both directions from r = rj.

Plots of the basis functions B(m)
j (r) are shown in Figure 6 for both a wide moat case (upper

panel) where (r1, r2, r3, r4) = (10, 20, 50, 60) km and a narrow moat case (lower panel)
where (r1, r2, r3, r4) = (10, 20, 30, 40) km. In the wide moat case the basis functions B(m)

2 (r)

and B(m)
3 (r) have small amplitude in the moat, particularly for large values of m. As we

shall see, unstable coupling of the pair of Rossby waves centered at r = r2 and r = r3 tends
to occur only when the moat is narrow, and then primarily for the low wavenumber case
m = 2.

In order to relate the four complex coefficients Ψ(m)
1 , Ψ(m)

2 , Ψ(m)
3 , and Ψ(m)

4 , integrate
(2) over the narrow radial intervals centered at rj to obtain the jump conditions

lim
ε→0

(ν(m) −mω̄j)rj

[
dψ̂(m)

dr

]rj+ε

rj−ε

+ (ζ̄ j+1 − ζ̄ j)mψ̂(m)(rj) = 0 for j = 1, 2, 3, 4, (14)

where ω̄j = ω̄(rj) = ῡj/rj. Substitution of the solution (13) into the four jump conditions
(14) yields the matrix eigenvalue problem


1
2 (ζ̄2 − ζ̄1) + mω̄1

1
2 (ζ̄2 − ζ̄1)(r1/r2)

m 1
2 (ζ̄2 − ζ̄1)(r1/r3)

m 1
2 (ζ̄2 − ζ̄1)(r1/r4)

m

1
2 (ζ̄3 − ζ̄2)(r1/r2)

m 1
2 (ζ̄3 − ζ̄2) + mω̄2

1
2 (ζ̄3 − ζ̄2)(r2/r3)

m 1
2 (ζ̄3 − ζ̄2)(r2/r4)

m

1
2 (ζ̄4 − ζ̄3)(r1/r3)

m 1
2 (ζ̄4 − ζ̄3)(r2/r3)

m 1
2 (ζ̄4 − ζ̄3) + mω̄3

1
2 (ζ̄4 − ζ̄3)(r3/r4)

m

− 1
2 ζ̄4(r1/r4)

m − 1
2 ζ̄4(r2/r4)

m − 1
2 ζ̄4(r3/r4)

m − 1
2 ζ̄4 + mω̄4




Ψ(m)
1

Ψ(m)
2

Ψ(m)
3

Ψ(m)
4

 = ν(m)


Ψ(m)

1

Ψ(m)
2

Ψ(m)
3

Ψ(m)
4

. (15)

With the basic state vortex given by (10), we can solve the eigenvalue problem (15) once we
have specified the azimuthal wavenumber m and the eight basic state vortex parameters
r1, r2, r3, r4, ζ̄1, ζ̄2, ζ̄3, and ζ̄4. The eigenvalue problem (15) could be put in a dimensionless
form, which would reveal the dynamic similarity of barotropic instability on a wide range
of horizontal scales and time scales. However, to interpret the instability results in terms
of tropical cyclones, it is useful to present results in dimensional form by choosing the
numerical values rref = 100 km and ῡref = 20 m s−1, reasonable values for a major hurricane
with concentric eyewalls.
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(a) Basis functions for wide moat case

(b) Basis functions for narrow moat case

Figure 6. Basis functions B(m)
j (r) for (a) a wide moat case with (r1, r2, r3, r4) = (10, 20, 50, 60) km,

and for (b) a narrow moat case with (r1, r2, r3, r4) = (10, 20, 30, 40) km. According to the first entry
in (13), the radial structure function ψ̂(m)(r) is a linear combination of these basis functions. These
curves serve as measures of the potential coupling of Rossby waves on the interfaces j = 1, 2, 3, 4.
For example, the potential coupling of j = 1 waves with j = 4 waves is weak, while the potential
coupling of waves across the moat (shaded region) can be strong, particularly for m = 2 in the narrow
moat case. However, it should be noted that the most unstable wavenumber is not always m = 2,
since the eigenvalues and eigenvectors of the 4× 4 matrix in (15) also depend on the basic state
vorticity values ζ̄1, ζ̄2, ζ̄3, and ζ̄4.

The time dependence of ψ′(r, φ, t) is given by e−iν(m)t = e−iν(m)
r t eν

(m)
i t, where ν

(m)
r and

ν
(m)
i are the real and imaginary parts of a generally complex eigenvalue ν(m). Basic state

flows that result in ν
(m)
i = 0 for all four eigenvalues of every m are exponentially stable

flows that allow propagating Rossby waves. A simple example of such a stable flow is
the monopolar vortex with ζ̄2 − ζ̄1 = ζ̄3 − ζ̄2 = ζ̄4 − ζ̄3 = −ζ̄4 < 0, in which case the
matrix in (15) is symmetric no matter what values of r1, r2, r3, and r4 are chosen, thereby
guaranteeing that all four eigenvalues are real for every m.

The axisymmetric five-region vorticity distribution (10) contains the four variable
geometrical parameters r1, r2, r3, and r4 and the four variable vorticity parameters ζ̄1, ζ̄2, ζ̄3,
and ζ̄4. For the present discussion, we have reduced this eight-parameter collection of
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vortices down to a two-dimensional family of vortices by fixing some of the parameters
to values informed by the data for Hurricane Maria. In particular, we have narrowed the
number of variable geometrical parameters from four to one by choosing r1 = 7.5 km,
r2 = 12.5 km, 17.5 ≤ r3 ≤ 62.5 km, and r4 = r3 + 10 km, so that the inner vorticity ring
is 5 km wide, the outer ring is 10 km wide, and the moat width (r3 − r2) varies between
5 km and 50 km (the abscissa in Figures 7 and 8). We have also narrowed the number of
variable vorticity parameters from four to one. This was performed by first noting that the
integration of d(rῡ) = ζ̄ r dr from r = 0 to r = r2 and then from r = r2 to r = rref yields∫ r2

0
ζ̄ r dr = r2ῡ2 and

∫ rref

r2

ζ̄ r dr = rrefῡref − r2ῡ2. (16)

Assuming ζ̄1 = αζ̄2 and ζ̄3 = γζ̄4, it is physically reasonable to consider values of the
constants α and γ in the range 0 ≤ α ≤ 1 and 0 ≤ γ ≤ 1. For the calculations presented
here, we have chosen α = 0.5 and γ = 0.2. Evaluating the integrals in (16), we obtain

ζ̄2 =
2r2ῡ2

r2
2 − (1− α)r2

1
and ζ̄4 =

2(rrefῡref − r2ῡ2)

γ(r2
3 − r2

2) + (r2
4 − r2

3)
. (17)

Thus, once the constants r1, r2, r3, r4, rref, ῡref, α, and γ have been specified, the four vorticity
parameters ζ̄1, ζ̄2, ζ̄3, and ζ̄4 are seen to depend on the parameter ῡ2, which we shall choose
to be in the range 15 ≤ ῡ2 ≤ 75 m s−1 (the ordinate in Figures 7 and 8). The relations
r2ῡ2 = r1ῡ1 +

1
2 ζ̄2(r2

2 − r2
1) and r4ῡ4 = rrefῡref can be written in the respective forms

ῡ1 =

(
αr1r2

r2
2 − (1− α)r2

1

)
ῡ2 =

(
15
41

)
ῡ2,

ῡ4 =

(
rref

r2 + (r3 − r2) + (r4 − r3)

)
ῡref =

2000
22.5 + (r3 − r2)

,

(18)

where the final equalities make use of the assumptions α = 0.5, r1 = 7.5 km, r2 = 12.5 km,
r4 − r3 = 10 km, rref = 100 km, and ῡref = 20 m s−1. Based on (18), we conclude that
the inner eyewall basic state velocity maximum ῡ2 can also be interpreted in terms of the
basic state velocity ῡ1, as given in the right ordinate of Figure 7, while the moat width
r3 − r2 can also be interpreted in terms of the outer eyewall wind maximum ῡ4, as given
in the upper abscissa of Figure 7. Isolines of ῡ3 are given by the curved blue lines in
Figure 7, while the curved red line connects points for which ῡ2 = ῡ4, with the upper-right
region corresponding to ῡ2 > ῡ4 (stronger inner-eyewall winds) and the lower-left region
corresponding to ῡ2 < ῡ4 (stronger outer-eyewall winds). Figure 7 summarizes the five-
region, basic state vortex structure for each member of the vortex family being considered.
For a given point (vortex) on this diagram, we can find ῡ1 from the scale on the right, ῡ2
from the scale on the left, ῡ3 from the curved blue lines, and ῡ4 from the scale at the top.
The associated radii are r1 = 7.5 km, r2 = 12.5 km, and r4 − r3 = 10 km, with the moat
width taken from the scale at the bottom. Three specific basic state vortices (A, B, and C)
are defined in Table 2 and correspond to the three points indicated in Figures 7 and 8.
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Figure 7. Basic state structure diagram for the family of basic state vortices with α = 0.5, γ = 0.2,
rref = 100 km, ῡref = 20 m s−1, r1 = 7.5 km, r2 = 12.5 km, r4 − r3 = 10 km, and for moat widths
r3 − r2 ranging from 5 to 50 km (lower abscissa) and inner core tangential wind maxima ranging
from 15 to 75 m s−1 (left ordinate). Using (18) the abscissa can also be interpreted as ῡ4 (top axis)
and the ordinate as ῡ1 (right axis). Isolines of ῡ3 are given by the curved blue lines, shown every
5 m s−1 from 15 m s−1 to 55 m s−1. The curved red line connects points for which ῡ2 = ῡ4, with the
upper-right region (shaded red) corresponding to ῡ2 > ῡ4 (stronger inner-eyewall winds) and the
lower-left region (shaded yellow) corresponding to ῡ2 < ῡ4 (stronger outer-eyewall winds). The
three points indicated in the diagram correspond to the three basic state vortices listed in Table 2.

It is important to note that, although the radar and flight data for Hurricane Maria,
as shown in Figures 2–4, provide a useful guide for determining the parameters needed
to model Maria as an axisymmetric five-region vortex, this data does not completely
define these parameters. In particular, the data provides more guidance about the radial
parameters than about the vorticity parameters. Vortex A is chosen to be a reasonable
Maria-like vortex (when Maria was approximately axisymmetric early in the time period
shown in Figure 2). Vortex B is then chosen to be similar to Vortex A but with a larger moat,
and Vortex C to be similar to Vortex B but weaker.

Once the 4× 4 matrix in (15) is defined, the solution of the eigenvalue problem yields
four values of the complex frequency ν(m), each with a corresponding eigenvector. We
have solved this problem using both the Wolfram Mathematica software package and the
NumPy package for the Python programming language. As a check on the eigenvalues,
we have confirmed that the sum of the eigenvalues equals the trace of the matrix, i.e.,
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ν
(m)
1 + ν

(m)
2 + ν

(m)
3 + ν

(m)
4 = m(ω̄1 + ω̄2 + ω̄3 + ω̄4)− 1

2 ζ̄1. For a given m, there are three
possible patterns for the eigenvalue set: (i) all four eigenvalues are real, which is the
pattern obtained for an exponentially stable basic state; (ii) two eigenvalues are real and
the other two are complex conjugates; (iii) all four eigenvalues are complex, with two pairs
of complex conjugates. Most of the basic state vortex parameter space explored here yields
either Pattern (i) (stable vortex flows, even though the Rayleigh necessary condition for
instability is satisfied) or Pattern (ii) (one unstable mode). Pattern (iii) is less common, but
can occur, for example, when the moat is very wide and there are essentially independent
instabilities across both vorticity rings. A given basic state vortex may have multiple
instabilities for different values of m. The maximum instability or most unstable mode for
such a vortex is the value of m with the largest value of ν

(m)
i .

Table 2. Summary of the parameters for three basic state vortex cases: Vortex A (narrow moat; intense
vortex), Vortex B (wide moat; intense vortex), Vortex C (wide moat; weak vortex). The second through
tenth columns, respectively give the basic state tangential velocity ῡ2 for the inner ring; the radii
r1, r2, r3, and r4 of the interfaces between regions; the reference tangential velocity ῡref and reference
radius rref; and the constants α and γ. Note that for each of these basic state vortices, r1, r2, ῡref, rref, α,
and γ are held constant and r3 and r4 are constrained such that the width of the outer ring r4 − r3 is
also held constant.

Case ῡ2 r1 r2 r3 r4 ῡref rref α γ
(m s−1) (km) (km) (km) (km) (m s−1) (km)

Vortex A 60.0 7.5 12.5 22.5 32.5 20.0 100.0 0.5 0.2
Vortex B 60.0 7.5 12.5 32.5 42.5 20.0 100.0 0.5 0.2
Vortex C 30.0 7.5 12.5 32.5 42.5 20.0 100.0 0.5 0.2

Figure 8 provides a stability diagram for the family of basic state vortices shown in
Figure 7, showing the azimuthal wavenumber m (via the shaded regions) and the growth
rate ν

(m)
i (via the white contour lines) associated with the maximum instability of each

vortex in this family. A simple and useful interpretation is that there are three distinct types
of instability. The first type involves the interaction of Rossby waves at r3 and r4, i.e., across
the outer ring of elevated vorticity. In Figure 8, the maximum instability occurs as this
first type for tangential wavenumbers m = 4, 5, . . . , 12 in the blue region, primarily on the
bottom and right half of the stability diagram. The second type of instability occurs when
the moat is narrow and involves the interaction of Rossby waves at r2 and r3, i.e., across
the moat. In Figure 8, the maximum instability occurs as this second type for tangential
wavenumbers m = 2, 3, 4, 5 in the red region. The third type of instability involves the
interaction of vorticity waves at r1 and r2, i.e., across the inner ring of elevated vorticity. In
Figure 8, the maximum instability occurs as this third type only for tangential wavenumber
m = 4 in the yellow region. The next subsection examines the energetics of the linear
dynamics and provides a useful tool for determining to which vortex region a particular
instability applies.

For interpretation of the eyewall cycle in Hurricane Maria, the red region of Figure 8 is
of most interest. This region corresponds to narrow moats and is dominated by wavenumber-
two instability across the moat. As an example indicative of observations shown in
Figure 4, consider Vortex A, labeled A in Figures 7 and 8, given by ῡ2 = 60 m s−1 and
r3 − r2 = 10 km. This point lies near the middle of the red region and has ν

(2)
i = 2.79 h−1,

i.e., it corresponds to an m = 2 instability with an e-folding time of 1/ν
(2)
i = 0.36 h. The

real part of the corresponding eigenfunction ψ′(r, φ, t), given by (13), is shown in Figure 9.
Since the largest values of ψ′ occur in the moat region r2 ≤ r ≤ r3, this unstable mode
can be considered as an interaction of vortex Rossby waves at r = r2 and r = r3. For this
unstable mode the flow in the inner eyewall (r1 < r < r2) is strongly outward in the SW
and NE quadrants and is strongly inward in the NW and SE quadrants. Barring too much
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deformation due to differential rotation, the high vorticity in the inner ring will be distorted
into a highly elliptical shape. This will be confirmed by the non-linear numerical model
simulation presented in Section 3.

Finally, note that, although we only present linear stability results for one specific two-
dimensional family of vortices here, we did investigate other families (based on different
choices of the parameters r1, . . . , and γ that are not necessarily guided by reasonable values
for Hurricane Maria) and found that the wavenumber-2 instability across the moat is a
common feature for strong vortices with narrow moats in many such families.
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Figure 8. Stability diagram for the family of basic state vortices shown in Figure 7. The shaded regions
indicate the azimuthal wavenumber (for 2 ≤ m ≤ 12) of the maximum instability for each vortex
in this family. The solid white curves are isolines of the growth rate for this maximum instability

(i.e., the largest value of ν
(m)
i for each vortex in this family), shown from 0.5 h−1 to 4.0 h−1 with an

interval of 0.5 h−1. The region shaded red indicates that the maximum instability occurs across the
moat. This region occurs when the moat is narrow, is dominated by azimuthal wavenumber m = 2
instability across the moat, and is the main region of interest in this study. The regions shaded blue
and yellow indicate that the maximum instability occurs across the outer or inner ring, respectively.
The three circles correspond to the basic state vortex cases (A, B, C) listed in Table 2.
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Figure 9. Real part of the initial eigenfunction ψ′(r, φ, 0) corresponding to the m = 2 instability across
the moat for Vortex A, as defined by (r1, r2, r3, r4) = (7.5, 12.5, 22.5, 32.5) km and ῡ2 = 60 m s−1. The
inner and outer rings of the five-region model are shaded in gray, and the moat region is shaded
in yellow. The blue isolines are for ψ′ > 0, the black isoline for ψ′ = 0, and the red isolines for
ψ′ < 0. The perturbation velocity (u′, υ′) = (−∂ψ′/r∂φ, ∂ψ′/∂r) is clockwise around the high and
anticlockwise around the low. The inner eyewall (7.5 < r < 12.5 km) has two regions of strong
radial outflow and two regions of strong radial inflow, producing a rapid distortion of the inner

eyewall into an elliptical shape. The e-folding time for this m = 2 eigenfunction is 1/ν
(2)
i = 0.36 h,

and the local period of oscillation is 2π/ν
(2)
r = 0.365 h, so the whole structure rotates anticlockwise

once in 0.73 h. In the moat region (22.5 < r < 32.5 km), the isolines of ψ′ tilt against the basic state
differential rotation, i.e., (dω̄/dr) < 0 and u′υ′ > 0, so this region is responsible for most (91.8%) of
the conversion of basic state kinetic energy to eddy kinetic energy.

2.3. Energetics of the Linear Dynamics

To better understand the conversion of basic state kinetic energy to eddy kinetic energy,
multiply (1) by −ψ′ to obtain

∂

∂t

(
1
2∇ψ′ ·∇ψ′

)
= ∇ ·

(
ψ′∇ψ′t

)
+

∂

∂φ

(
ω̄ψ′ζ ′ − dζ̄

r dr
1
2 ψ′2

)
+ ω̄ru′ζ ′. (19)
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Integrating (19) over the entire domain, noting that only the first and last terms survive,
we obtain

dEe

dt
= C where Ee =

∫ 2π

0

∫ ∞

0

1
2∇ψ′ ·∇ψ′ r dr dφ,

and C = 2π
∫ ∞

0
ω̄ ru′ζ ′ r dr, u′ζ ′ =

1
2π

∫ 2π

0
u′ζ ′ dφ,

(20)

with Ee denoting the eddy kinetic energy and C the conversion rate between basic state
and eddy kinetic energy. The radial flux of vorticity is related to the radial flux of angular
momentum by

ru′ζ ′ =
∂(ru′M′)

r ∂r
+

∂[ 1
2 (υ
′2 − u′2)]
∂φ

=⇒ ru′ζ ′ =
∂(ru′M′)

r ∂r
, (21)

whereM′ = rυ′ is the eddy angular momentum. Using (21) and an integration by parts,
the energy conversion term can also be written as

C = 2π
∫ ∞

0

(
−dω̄

dr

)
u′M′ r dr. (22)

Note that C > 0 when there is a preponderance of regions in which (dω̄/dr) u′M′ < 0.
Referring to Figure 5, (dω̄/dr) < 0 in the moat, so that the moat contributes to C > 0 when
u′M′ > 0, i.e., an outward radial flux of angular momentum. This occurs when the troughs
and ridges in ψ′ tilt anticlockwise with increasing r, i.e., the troughs and ridges tilt against
the differential rotation, as in the moat region of Figure 9.

The radial flux of angular momentum can be computed from the real part of ψ′,
which is

ψ′ =
[
ψ̂
(m)
r cos

(
mφ− ν

(m)
r t

)
− ψ̂

(m)
i sin

(
mφ− ν

(m)
r t

)]
eν

(m)
i t. (23)

Using (23) in ru′ = −(∂ψ′/∂φ) and υ′ = (∂ψ′/∂r), we obtain

ru′ = m
[
ψ̂
(m)
r sin

(
mφ− ν

(m)
r t

)
+ ψ̂

(m)
i cos

(
mφ− ν

(m)
r t

)]
eν

(m)
i t, (24)

M′ = r

[
dψ̂

(m)
r

dr
cos
(

mφ− ν
(m)
r t

)
−

dψ̂
(m)
i

dr
sin
(

mφ− ν
(m)
r t

)]
eν

(m)
i t. (25)

Taking the product of (24) and (25) and then integrating over φ, we obtain

ru′M′ = 1
2 mre2ν

(m)
i t

(
ψ̂
(m)
i

dψ̂
(m)
r

dr
− ψ̂

(m)
r

dψ̂
(m)
i

dr

)
= 1

2 mre2ν
(m)
i t Imag

{
ψ̂(m) dψ̂(m)∗

dr

}
. (26)

In the five-region model, Equation (21) takes a simple form because ζ ′ = 0 for
r 6= r1, r2, r3, and r4. Thus, ru′ζ ′ = 0 in each of the five regions, but ru′ζ ′ is very
large over the thin regions surrounding r1, r2, r3, and r4. Thus, from (21), ru′M′ is piece-
wise constant, with discontinuities at r1, r2, r3, and r4, which allows (22) to be written as
C = C1 + C2 + C3 + C4 + C5, where

Cj = 2π
(
ω̄j−1 − ω̄j

)(
ru′M′

)
j

for j = 1, 2, 3, 4, 5, (27)

with
(

ru′M′
)

j
denoting the constant value of ru′M′ in region j, and ω̄j denoting the basic

state angular velocity at the point r = rj. Both
(

ru′M′
)

1
and

(
ru′M′

)
5

vanish, so that the
innermost and outermost regions do not contribute to C. To determine which of the other
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three regions is most responsible for growth of the eddy kinetic energy, we have used (26)
and the solution (13) to compute ru′M′, with the result that

(
ru′M′

)
j
= m2e2ν

(m)
i t


P(m)

1,2 + P(m)
1,3 + P(m)

1,4 if j = 2,

P(m)
1,3 + P(m)

2,3 + P(m)
1,4 + P(m)

2,4 if j = 3,

P(m)
1,4 + P(m)

2,4 + P(m)
3,4 if j = 4,

(28)

where P(m)
j,k = (rj/rk)

m Imag
{

Ψ(m)
j Ψ(m)∗

k

}
. For the example shown in Figure 9, namely

m = 2 for Vortex A, we obtain

(C1, C2, C3, C4, C5) = (0.000, 0.0779, 0.9182, 0.0039, 0.000)C,

as shown in Table 3. The dominance of C3 is consistent with calling this example a
“wavenumber-two instability across the moat.” A further appreciation of the fact that the
moat is the seat of this particular instability is obtained by noting that the moat (r2 ≤ r ≤ r3)
is only 35.0% of the area of the energetically active region (r1 ≤ r ≤ r4), but it accounts for
91.8% of the kinetic energy conversion. Table 3 summarizes the linear stability results for
the specific Vortices A, B, and C, as defined in Table 2. In particular, note that Vortex A
(a strong vortex with a narrow moat) has a strong m = 2 instability across the moat, but
Vortex B (a similarly strong vortex but with a wider moat) does not have an instability
across the moat.

Table 3. Summary of the linear eigenvalue analysis for Vortex A (narrow moat; intense vortex), Vortex
B (wide moat; intense vortex), and Vortex C (wide moat; weak vortex). For each instability, the second
through seventh columns, respectively, give the azimuthal wavenumber m, the exponential growth

rate ν
(m)
i , the e-folding time 1/ν

(m)
i in hours, the percentage of the energy conversion from the inner

eyewall (C2/C), from the moat (C3/C), and from the outer eyewall (C4/C). Vortex A, with a moat
only 10 km wide, is unstable to both azimuthal wavenumbers m = 2 and m = 4, with the m = 4
structure having an e-folding time of 1.07 h and most of its energy conversion in the inner eyewall,
while the m = 2 structure has a faster e-folding time of 0.36 h and most of its energy conversion in the
moat. In contrast, Vortex B, with its wider 20 km moat, does not produce m = 2 instability across the
moat but does produce m = 4 instability across the inner ring. The weaker Vortex C produces four
different instabilities, including m = 2 instability primarily across the moat, but this m = 2 instability
is the weakest of the four instabilities that also include m = 4 across the inner ring and m = 6 and
m = 7 across the outer ring.

Vortex m ν
(m)
i 2/ν

(m)
i C2/C C3/C C4/C

(h−1) (h) (%) (%) (%)

A 2 2.79 0.36 7.79 91.82 0.39
4 0.94 1.07 99.67 0.33 0.00

B 4 0.44 2.28 100.00 0.00 0.00

C 2 0.61 1.65 6.69 84.54 8.77
4 0.73 1.36 99.98 0.02 0.00
6 0.84 1.20 0.00 0.00 100.00
7 0.86 1.17 0.00 0.00 100.00

3. Non-Linear Simulation of Barotropic Instability across the Moat

To isolate the barotropic aspects of the non-linear evolution, we now consider the non-
divergent barotropic model with ordinary diffusion. Expressing the velocity components
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in terms of the streamfunction by u = −(∂ψ/∂y) and υ = (∂ψ/∂x), we can write the
non-divergent barotropic model as

∂ζ

∂t
+

∂(ψ, ζ)

∂(x, y)
= ν∇2ζ, where ∇2ψ = ζ. (29)

Note that throughout this paper the symbols u, υ are used to denote eastward and north-
ward components of velocity when using Cartesian coordinates and to denote radial and
tangential components when using polar coordinates. In addition, the symbol ν in this
section is used to denote the constant diffusion coefficient (rather than an eigenvalue). We
shall now present numerical integrations of (29) that demonstrate the process by which
an unstable concentric eyewall structure leads to a vorticity rearrangement that forms
a more dynamically stable structure. To obtain solutions, we employ a finite-difference
model on a domain of size 600 × 600 km with 2048× 2048 equally spaced grid cells with
a constant streamfunction for the boundary condition. The model uses the fourth-order
Arakawa Jacobian [71,72], nine-point stencil Laplacian [73], and multigrid methods from
MUDPACK version five [74] to solve the elliptic equation ∇2ψ = ζ. The model uses a
standard fourth-order Runge–Kutta scheme for time differencing. For the results from the
finite-difference model, the simulations use a time step of 1.875 s and viscosity in (29) of
ν = 2.75 m2 s−1. This value of ν suppresses noise for waves less than 2∆x, 2∆y—similar to a
pseudo-spectral model resolving 1024× 1024 Fourier modes—and prevents enstrophy from
accumulating at small scales. For a comparison of the finite-difference and pseudo-spectral
non-divergent barotropic models, see supplementary file S1.

As the initial condition for (29), we use a smoothed version of (10), with the initial
axisymmetric vorticity field given by

ζ̄(x, y, 0) =



ζ̄1 if 0 ≤ r ≤ r1 − d,
ζ̄1S((r− r1 + d)/2d) + ζ̄2S((r1 + d− r)/2d) if r1 − d ≤ r ≤ r1 + d,
ζ̄2 if r1 + d ≤ r ≤ r2 − d,
ζ̄2S((r− r2 + d)/2d) + ζ̄3S((r2 + d− r)/2d) if r2 − d ≤ r ≤ r2 + d,
ζ̄3 if r2 + d ≤ r ≤ r3 − d,
ζ̄3S((r− r3 + d)/2d) + ζ̄4S((r3 + d− r)/2d) if r3 − d ≤ r ≤ r3 + d,
ζ̄4 if r3 + d ≤ r ≤ r4 − d,
ζ̄4S((r− r4 + d)/2d) if r4 − d ≤ r ≤ r4 + d,
0 if r4 + d ≤ r,

(30)

where S(s) = 1− 3s2 + 2s3 is the basic cubic Hermite shape function satisfying S(0) = 1,
S(1) = 0, S′(0) = S′(1) = 0. This axisymmetric five-region vorticity distribution involves
the specified constants d, r1, r2, r3, r4, ζ̄1, ζ̄2, ζ̄3, and ζ̄4. The new smoothing parameter is
chosen to be d = 1 km, which results in a 2 km smoothing interval between each of the
five regions. The other geometrical parameters are chosen to be the same as those used
in Section 2 and listed in Table 2. We then enforce the constraints in (16), where again the
reference radius rref is taken as 100 km and the reference tangential wind ῡref is taken as
20 m s−1. The inner eyewall wind maximum parameter is chosen to be ῡ2 = 60 m s−1 for
Vortices A and B and ῡ2 = 30 m s−1 for Vortex C. Substituting (30) into the constraints (16),
we obtain

Aζ̄2 + Bζ̄4 = r2ῡ2,

C ζ̄2 +Dζ̄4 = rrefῡref − r2ῡ2,
(31)

where the constants A,B, C, and D are defined in Appendix A. In summary, after specifica-
tion of rref ῡref, and r2 and ῡ2, the right-hand sides in (31) are fixed and the values of ζ̄2 and
ζ̄4 are easily computed from (31), after which ζ̄1 and ζ̄3 are computed from ζ̄1 = 0.5 ζ̄2 and
ζ̄3 = 0.2 and ζ̄4.
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For the first experiment, the numerical integration is performed using the smoothed
version of Vortex A as the initial condition, so that {r1, r2, r3, r4} = {7.5, 12.5, 22.5, 32.5} km,
d = 1.0 km, and {ζ̄1, ζ̄2, ζ̄3, ζ̄4, ζ̄5} = {60.62, 121.24, 7.60, 37.98, 0.0}×10−4 s−1. The resulting
initial condition is shown by the red curve in Figure 10. This tangential wind profile is
generally similar to the observed profiles from the WC-130J radial flight into Hurricane
Maria on 20 September 2017 (as shown in Figure 3). Figure 11 shows results of this
experiment in the form of vorticity maps plotted for t = 0, 10–18, and 48 h. The growth of
the wavenumber-two maximum instability becomes evident as the inner eyewall distorts
into an elongated elliptical shape. An animation of these vorticity maps for Vortex A with a
15 min. time resolution is available as described in the Data Availability Statement.

0
30
60
90

120
150
180
210
240

Vo
rti
cit
y 
/ C

 r
i 
lis

a)
V rtex A
V rtex B
V rtex C

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
Radius (km)

0
10
20
30
40
50
60

Ta
ng

en
tia

l (
m
 s
−1
)

b)

Figure 10. Initial (a) vorticity and (b) tangential wind profiles for the smoothed versions of the three
basic state vortex cases given in Table 2 where ῡ2 = 60 m s−1 and r3 − r2 = 10 km for Vortex A
(red curve), ῡ2 = 60 m s−1 and r3 − r2 = 20 km for Vortex B (yellow curve), ῡ2 = 30 m s−1 and
r3− r2 = 20 km for Vortex C (blue curve), and the constant parameters shared by the family of vortices
are α = 0.5, γ = 0.2, rref = 100 km, ῡref = 20 m s−1, r1 = 7.5 km, r2 = 12.5 km, r4 = r3 + 10 km, and
d = 1 km.

Since no asymmetric perturbations have been added to the axisymmetric initial
condition (30), the exponential instability must grow from very small model truncation
errors. As a result of not introducing an azimuthally broad-banded perturbation to a
circular vorticity distribution, the truncation errors resulting from grid discretization and
domain shape assist in exciting the multiple modes, notably wavenumbers m = 2, 4 in
the moat and inner and outer rings, respectively. However, with the growth rates from
the linear stability analysis being small or zero for m = 4, the wavenumber m = 2 in-
stability, once excited, dominates the simulation and initiates potential vorticity mixing.
Approximately 10 h of model integration are required before the m = 2 instability begins
to be apparent. The instability then develops rapidly, and by t = 11 h the inner eyewall
has been stretched and is now bordered by two pools of low vorticity from the original
moat. At t = 12 h, two regions of low vorticity from the vortex environment are being
entrained, and at t = 13 h there are four regions of low vorticity (pale green) as the vortex
core consolidates. Between 14 h and 18 h, a filamented tripole structure emerges. Although
the limitations of existing observational techniques make it difficult to directly observe
tripole structures, the ubiquitous nature of these structures in numerical model simulations
and laboratory experiments indicate that they are probably common in tropical cyclones.
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As an introduction to the extensive literature on tripoles, see [70,75–83]. Between 24 h and
48 h, the basic tripole structure persists, but becomes less filamented as both the interior
vortex and Gibbs phenomena in the environment are smoothed by the diffusion term.
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Figure 11. Evolution of the vorticity field in the finite-difference non-divergent barotropic model
initialized with the smoothed version (30) of Vortex A, using the parameters (r1, r2, r3, r4) =

(7.5, 12.5, 22.5, 32.5) km and d = 1 km. The panels are for t = 0, 10–18, and 48 h from the top
left to the bottom right to show the initial condition, mixing process, and end of the simulation.

Further insight into the non-linear evolution, illustrated in Figure 11, can be obtained
using concepts from two-dimensional geophysical turbulence theory. The analysis begins
by noting that two integral properties associated with (29) are the kinetic energy and
enstrophy relations

dE
dt

= −2νZ and
dZ
dt

= −2νP , (32)

where

E =
∫∫

1
2 (∇ψ·∇ψ) dx dy, Z =

∫∫
1
2 ζ2 dx dy, P =

∫∫
1
2 (∇ζ ·∇ζ) dx dy (33)

are the kinetic energy, the enstrophy, and the palinstrophy. Because the right-hand sides of
the two equations in (32) are always negative, the kinetic energy E and enstrophy Z both
decay with time. However, the integrations shown here exhibit “selective decay,” i.e., the
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enstrophy decays much faster than the kinetic energy. One way to understand this is to
note that the evolution of the palinstrophy P is governed by

dP
dt

= −
∫∫ [

uxζ2
x+ (υx+uy)ζxζy+υyζ2

y

]
dx dy− ν

∫∫ (
∇2ζ

)2
dx dy. (34)

Although the last term in (34) always acts as a damping effect, P can rapidly increase due
to the first term on the right-hand side. For small enough values of ν, the palinstrophy can
surge to values much larger than its initial value. When P is large, the enstrophy Z decays
rapidly in comparison with E , whose rate of decay becomes smaller as Z becomes smaller.

Figure 12 shows the time evolution of the area-integrated kinetic energy E(t), enstro-
phy Z(t), and palinstrophy P(t) as well as the domain maximum wind for the numerical
experiments involving the smoothed versions of Vortices A, B, and C, given in Table 2, as
initial conditions. The barotropic instability process leads to an active cascade of the spectral
distribution of enstrophy to high wavenumbers, where dissipation operates to decrease the
area-integrated enstrophy. For Vortex A, the decrease in area-integrated enstrophy is ∼30%.
This is in marked contrast to the area-integrated kinetic energy, which tends to be a rugged
integral, decreasing by only ∼0.3%. The rapid decrease in the area-integrated enstrophy
E(t) begins near t = 12 h, when the palinstrophy P(t) pulses to large values due to the
highly filamented nature of the flow.

For Vortices B and C, instability is weaker and the filamentation process does not
result in the same high-palinstrophy episodes seen in Vortex A. However, the instability
does eventually develop across the regions expected from the linear stability analysis, as
summarized in Table 3, and can be interpreted in the context of previous work [52,53]. In
Vortex B, the wavenumber m = 4 pattern develops across the inner ring causing mixing to
reorganize the inner-core vorticity into a monopole-like structure while leaving the outer
ring intact. In Vortex C, a wavenumber m = 8 pattern develops in the outer ring that causes
the vorticity from the outer ring to contract. After this period of mixing, the inner ring
develops a wavenumber m = 2 pattern. There are two potential interpretations for the
development of this m = 2 pattern in Vortex C: (1) the growth rate for m = 2, given in
Table 3, is slow and takes until near the end of the simulation to develop; (2) the smaller
moat created by the contraction of the outer-ring vorticity shifts Vortex C to the left in
Figures 7 and 8, causing the m = 2 instability to become more unstable. For animations of
Vortices B and C, see the Data Availability Statement.

Idealized integrations such as these raise the question of whether real tropical cy-
clones experience high-palinstrophy episodes when the potential vorticity field is rapidly
rearranged due to dynamic instability. If tropical cyclones really experience high- and
low-palinstrophy periods and associated intensity variations, new observational methods
would probably be required to capture such structures so that they could be introduced
into analysis and initialization methods for numerical weather prediction.

Returning to Vortex A, the vortex becomes perched on the edge of dynamic instability
as the inner-core wind maximum decreases and the moat narrows. After the linear phase
of this exponential instability and the high-palinstrophy episode, the vortex evolves into
a Rankine-like structure through homogenization of vorticity inside the outer eyewall.
In effect, the instability across the outer ring and the instability across the moat are both
removed in a single mixing process. During the mixing process, the domain wind maximum
of the vortex briefly spikes before continuing to weaken (Figure 12d). This wind maximum
evolution is different from Vortex B and C, which evolve in a manner more consistent with
previous numerical simulations [52,53,84]. However, despite the spike, the kinetic energy
remains invariant to localized wind fluctuations [85,86].
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Figure 12. Time evolution of the area-integrated (a) kinetic energy E(t), (b) enstrophy Z(t), and
(c) palinstrophy P(t), as defined in (33) as well as (d) the domain maximum wind for the smoothed
versions of the three basic state vortex cases given in Table 2. Note the different scales, indicating that
enstrophy selectively decays compared to energy. Also, the three curves in panel (c) are normalized
by the initial palinstrophy for Vortex A.

The evolution of the ζ field in Figure 11 might be crudely described as a vorticity
rearrangement in which the fluid with the largest vorticity (ζ = 240 f for 7.5 < r < 12.5 km)
exchanges position (with area conservation) with the fluid of the next largest vorticity
(ζ = 120 f for 0 ≤ r < 7.5 km), and the low-vorticity fluid in the moat (ζ = 15 f for
12.5 < r < 22.5 km) exchanges position with the fluid in the outer eyewall (ζ = 75 f
for 22.5 < r < 32.5 km). After this rearrangement, the final monopole has the five-
region vorticity structure ζ/ f = (240, 120, 75, 15, 0) with the four interfaces located at
r = (10.0, 12.5, 26.6, 32.5) km. Under this idealized rearrangement, the values of the en-
strophy Z at the initial and final states are equal, but the values of the kinetic energy E
at the initial and final states are not, even though the azimuthal wind is unchanged for
r = 12.5 km and for r ≥ 32.5 km. Thus, this simple rearrangement argument is flawed, be-
ing inconsistent with the selective decay concepts of two-dimensional turbulence. Improved
models for the final state can be formulated from arguments based on the minimization
of enstrophy with constrained circulation, energy, and/or angular momentum. Another,
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more rigorous approach to predicting the final state is to maximize the Boltzmann mixing
entropy subject to similar constraints on energy and angular momentum (for further details
see Schubert et al. [52]). In passing, we note that barotropic instability across the moat, and
the resulting vorticity rearrangement near the core of the tropical cyclone, probably do
not have a major impact on the track of the cyclone, since the track depends more on the
synoptic-scale steering flow rather than the turbulent motions in the storm’s mesoscale
power plant.

These results raise the possibility that barotropic instability and subsequent potential
vorticity mixing is an important part of many concentric eyewall cycles. A better under-
standing of the universality of the concept of “wavenumber-two barotropic instability
across the moat” might be obtained from the study of satellite microwave data taken near
the end of concentric eyewall cycles, with the goal of identifying clearly elliptical patterns
in the inner eyewall.

The asymmetries observed in the radar reflectivity patterns of Hurricane Maria
(Figure 2) occurred as the storm passed south-west of St. Croix, an island 11 km × 35 km
with a maximum elevation of 355 m. The barotropic model results shown here indicate
that vigorous dynamic instability can occur in tropical cyclones with narrow moats. Since
the model used here does not include topographic effects, it can be argued that such “is-
land effects” are not central to the dynamical processes observed in Figure 2. However,
topographic effects could play a role in triggering the instability. It would be interesting
to explore this possibility using more general dynamical models than the non-divergent
model used here.

4. Concluding Remarks

As a concentric eyewall cycle is near completion, the previously well-defined inner
eyewall often seems to fade away. Two interesting questions concern whether this demise
of the inner eyewall occurs via an axisymmetric process or an asymmetric process, and
what happens to the hollow tower of potential vorticity that was presumably associated
with the inner eyewall. One possible answer is that the demise of the inner eyewall can
sometimes occur asymmetrically, with the potential vorticity being filamented and mixed
across the new eye. This scenario may in fact be common, and may have been observed in
Hurricane Maria only because it occurred within range of a radar that could resolve it in
space and time.

Using a family of idealized vortices with parameters motivated by the aircraft data
collected in Hurricane Maria, the present study explored these questions within the simple
framework of the non-divergent barotropic model, thereby attempting to better understand
the fundamental interaction that can occur across the moat that separates concentric eye-
walls. A linearized version of the barotropic model was used to simulate a hollow central
vortex surrounded by a region of low vorticity, or moat, which in turn is surrounded by
an annular ring of enhanced vorticity. This provides a basic state which can support three
simple instability types. In the first type, phase locking occurs between vortex Rossby
waves propagating along the inner and outer edges of the outer eyewall. In the second
instability type, there is vortex Rossby wave interaction across the moat between the two
eyewalls. In the third instability type, there is an analogous phase locking between waves
on the inner and outer edges of the inner eyewall. Instability across the moat is most
likely realized in azimuthal wavenumber-two, and non-linear model integrations show
that subsequent mixing can disintegrate the inner vorticity ring. In this view, concen-
tric eyewall structures are rich with possible dynamical instabilities, such that concentric
eyewall cycles may sometimes end in an episode of hydrodynamic instability. While
gleaned from a simple framework with a family of idealized vortices, this mechanism
offers an explanation for the remarkable radar and aircraft data obtained in Hurricane
Maria just before landfall in Puerto Rico. Note that there are other possible mechanisms
that arise in more complicated models, e.g., the mechanism of spontaneous radiative
imbalance [12,29,87,88]. This mechanism involves the interaction of a vortex Rossby wave
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and an inertia-gravity wave, resulting in the spontaneous emission of the inertia-gravity
wave and growth of the vortex Rossby wave. This type of dynamic cannot be studied with
the non-divergent barotropic model, so the relative importance of spontaneous radiative
imbalance and classical barotropic instability for Hurricane Maria remains an open ques-
tion. Furthermore, additional work can be conducted with a Hurricane Maria-like family of
vortices by stepping through a hierarchy of models as performed in analyzing full-physical
model simulations [65].

It is interesting to note that the concentric eyewall cycle of Hurricane Maria (2017)
was similar in certain respects to that of Hurricane Beulah (1967), a storm that passed
south of Puerto Rico fifty years earlier. Although the Beulah case occurred before the era of
modern Doppler weather radar, and although the center of Beulah did not pass closer than
approximately 185 km to the San Juan radar, Hoose and Colón [89] were able to use the
34 h of radar reflectivity observations to document an entire concentric eyewall cycle. From
their Figs. 6–9 and their associated discussion of aircraft reconnaissance data, a reasonable
set of parameters for the stability analysis shown here in Figure 8 are ῡ2 ≈ 50 m s−1 and
(r1, r2, r3, r4) ≈ (4, 11, 22, 39) km, such that the moat width is r3 − r2 = 11 km. Assuming
the other parameters used in the construction of Figure 8 are reasonable values for Beulah,
this would place the storm’s general structure in the region of Figure 8 corresponding to
m = 2 barotropic instability across the moat. Although we lack high-resolution radar data
from a large number of cases, it seems possible that this type of m = 2 instability across the
moat is an important part of many concentric eyewall cycles.

The Hurricane Maria radar data discussed in Section 1 provides the motivation for
this theoretical work and constitutes a serendipitous observation of barotropic instability
across a narrow moat between concentric eyewalls. Similar events probably go undetected
when they occur well out over the open ocean, which limits generalizations of this work.
However, synthetic aperture radar (SAR) surface wind speed retrievals from tropical
cyclone overpasses by low-Earth orbiters might provide the needed insight into concentric
eyewalls [90]. These overpasses open up the possibility of at least obtaining snapshots of
potential vorticity rearrangement events that leave a signature in the surface wind speed.
Figure 13, also discussed in [91], shows a possible example—that of Typhoon Haishen
at 21:17 UTC 5 September 2020—when the storm had a double eyewall structure with a
narrow moat in the north-east quadrant, a wider moat in the south-west quadrant, and an
elliptical distortion of the inner-eyewall structure. In Section 2, the Rayleigh and Fjørtoft
necessary conditions for instability were discussed assuming the instability has a normal
mode form, i.e., a form like Figure 9, in which the whole pattern uniformly rotates while
growing exponentially over time. To discuss the instability properties of asymmetric flows,
such as those for Typhoon Haishen shown in Figure 13, it would be useful in future work to
apply the more general non-linear concepts of “Arnol’d conditions” [92–94] in conjunction
with numerical simulations using a hierarchy of models.

If instability across the moat in a real hurricane were to actually result in a stable, long-
lived tripole structure, it is interesting to speculate whether such a tripolar potential vorticity
structure could be detected using our present technology of satellite, radar, dropsonde,
and aircraft observations. The most successful study to date involving the construction of
potential vorticity maps for an intense tropical cyclone is that of Martinez et al. [95], who
were able to combine National Aeronautics and Space Administration WB-57 dropsonde
data with NOAA WP-3D Doppler radar and in situ data to analyze the axisymmetric
potential vorticity structure of Hurricane Patricia (2015) at several stages in its life cycle.
Their study indicates that present technology is on the verge of resolving interesting
potential vorticity structures, possibly including tripoles. However, even if we are unable
to directly observe tripolar potential vorticity structures through detailed analysis of the
wind field, the imprint of such potential vorticity structures might be detected in other
fields such as the vertical motion and cloud fields. The relevant dynamics might be studied
through solutions of an ω-equation, generalized so as to be applied to the high Rossby
number curved flow in a tropical cyclone. The vertical variation of the vorticity advection
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due to the tripole would provide a force for the ω-field, which would be augmented by
diabatic processes and detectable in the convection field. An interesting challenge would
be to separate such an effect from the important effect of large-scale environmental vertical
shear on the vertical motion and cloud fields.
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Figure 13. The left panel, (a), shows a SAR-derived (data from RADARSAT-2) surface wind speed
map of Typhoon Haishen at 21:17 UTC 5 September 2020, when the storm had a double eyewall
structure with a narrow moat in the north-east quadrant and a wider moat in the south-west quadrant.
The right panel, (b), shows the azimuthal mean (black curve) and ± one standard deviation (gray
shading) radial profile of wind speed, indicating the double eyewall structure with peaks in wind
speed at radii of 28 and 67 km, and a moat width of approximately 20 km based on the azimuthal
mean. The well-defined moat in the south-west quadrant is roughly twice as wide as the moat in
the north-east quadrant, indicating a possible preference for subsequent barotropic instability in the
north-east quadrant. More information about this overpass is available from [91].
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Appendix A. Model Initial Condition

In order to make the axisymmetric part of the numerical model initial condition (30) a
slightly smoothed version of the linear model basic state (10), we enforce the constraints
(16), but with ζ̄(r) given by (30) instead of (10). Making use of ζ̄1 = αζ̄2 and ζ̄3 = γζ̄4, this
results in (31), with the four constant coefficients given by

A = 1
2 α(r1 − d)2 +

∫ r1+d

r1−d

[
αS
(

r− r1 + d
2d

)
+ S

(
r1 + d− r

2d

)]
r dr

+ 1
2

[
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+
∫ r2

r2−d
S
(
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2d
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r dr,

B =
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r dr,
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r dr,
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)
r dr +
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[
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(
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r dr
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2 γ
[
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[
(r4 − d)2 − (r3 + d)2

]
+
∫ r4+d
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S
(

r− r4 + d
2d

)
r dr.

(A1)

To summarize, the ζ̄(r) field for the numerical model is constructed by first specifying
r1, r2, r3, r4, d, α, γ, rref, ῡref, and ῡ2, then numerically computing A,B, C, and D from (A1),
and finally computing ζ̄2 and ζ̄4 from (31). This procedure provides all the information
needed for evaluation of (30). To see how the linear basic state vortex (10) is a special case,
set d = 0, in which case (A1) reduces to

A = 1
2 αr2

1 +
1
2

(
r2

2 − r2
1

)
, B = 0, C = 0, D = 1

2 γ
(

r2
3 − r2

2

)
+ 1

2

(
r2

4 − r2
3

)
, (A2)

so that (31) reduces to (17).
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