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Abstract: The Kirchhoff-Ray-Mode (KRM) model has been used in fishery acoustics for more than
two decades to predict backscatter by individuals or aggregations of swimbladdered fish. Backscatter
contributions from a fluid-like fish body and gas-filled swimbladder are coherently summed to
estimate backscatter from the whole fish. For field applications, where morphologies and orientations
of individual fish and their swimbladders are unknown, the coherent KRM model based on a limited
number of X-ray images containing precise morphological information on swimbladders, body sizes
and orientations may not provide statistically stable and robust backscatter predictions. An incoherent
KRM model is proposed, which is independent of the exact knowledge of body–swimbladder acoustic
interactions. When backscatter contributions from fish bodies and swimbladders are comparable,
differences in coherent and incoherent KRM model target strength (TS) predictions can be as high as
a few decibels. Incoherent TS predictions as a function of frequency and orientation are statistically
more stable and less sensitive to variations in anatomy among individual fish than those predicted
using the traditional coherent KRM model.

Keywords: incoherent; KRM; model; predicting; backscattering

1. Introduction

Acoustic models are used to characterize acoustic scattering (i.e., reflected energy)
from fish and other aquatic organisms. Reflected energy amplitudes from single animals,
termed target strength (TS), have been studied over the past 30 years [1]. Ensemble re-
flected energy or echo integration uses TS as a key quantity to determine fish density [2]
and numerous in situ [3–6] and ex situ measurements have been conducted to study the
TS of fish [7–12]. These observations have been used to validate empirical and theoretical
acoustic models, to characterize acoustic backscatter, and to predict TS of individual scat-
terers [13–16]. Many studies have examined factors that affect TS values. While external
factors are primarily dependent on incident frequencies [17–21], fish behavior, such as
incident angle [11,22–24] and depth [25], along with internal factors, including fish phys-
iology and anatomy, can also affect TS values [15,26,27]. All currently available acoustic
scattering models were developed using a variety of assumptions and/or approximations.
A quantitative study by [28] showed that the backscatter by fish swim bladders (SWB)
contributes 90% or more of the total fish backscatter, where the size and shape of swim
bladders are important factors influencing TS. A swim bladder is an air-filled cylindrical
organ in many fish species that is used to control buoyancy. Anderson studied scattering
from a fluid sphere and demonstrated the complex relationship between scattering and
frequency [29]. Love [18] improved predictions of resonance scattering by a non-ideal
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spherical bubble, which included radiation, viscous, and thermal damping terms and
incorporated Strasberg’s [30] resonance frequency prediction for a non-spherical bubble.
Non-spherical scattering models, which are closer to swim bladder anatomy have been
proposed to be more accurate [31,32]. However, the scattered fields from non-spherical
objects are much more directional and have more side lobes compared to spherical objects.
Ye [33] presented a theoretical scattering model using a surface average approximation
to calculate the scattering by a prolate spheroidal swimbladder at low- or near-resonance
frequencies. Furusawa and colleagues [34] proposed a prolate-spheroid model based on the
exact modal series solution with truncated modes, which would not work well for higher
frequencies. Stanton [35–37] developed approximate scattering models to characterize scat-
tering by finite size with an arbitrary shape and a cylindrical cross section and contrasting
boundary conditions, but this approach is only suitable for elongated (large aspect ratio)
targets. Clay [19] used fluid-filled finite cylinders to approximate fish swimbladders and
developed a low-resolution acoustic scattering model. He then found [20] that ka = 0.15
(where k = 2π/λ is the wave number, a is the spherical radius of equal volume, and λ is the
wavelength) approximates the transition between the Kirchhoff approximation and modal
series solutions (i.e., a ka mode solution). The mode solution gives the breathing mode via
a gas-filled cylinder at ka << 1 (<0.15), while the Kirchhoff approximation is applied for
ka ≥ 0.15.

In 1994, Clay and Horne proposed the Kirchhoff-Ray-Mode model (KRM) and calcu-
lated the TS of cod [38]. The KRM model incorporates variability in swimbladder shape,
the capability to include a wide range of frequencies (i.e., from resonance and geometric
scattering regions), the flexibility to include fish bodies and single- or multi-chambered
swim bladders, and is computationally efficient. Exact numerical models, such as the
boundary element method (BEM) and Fourier matching method (FMM), are used to com-
pute scattering by non-spherical and homogeneous swim bladders (e.g., Foote and Francis;
Reeder and Stanton [39,40]). Even though a non-spherical-shaped object such as a prolate
spheroid is more anatomically appropriate to represent the shape of a swimbladder, exact
numerical models are difficult and time consuming to implement and will not converge
at high frequencies. All resonance scattering models mentioned above will not predict
accurate results at frequencies that are much higher than resonance. The KRM model, even
though approximate, can provide a reasonable tradeoff between computational complexity
and accuracy when predicting backscatter from aquatic organisms [38]. As a result, the
KRM model is widely used in fisheries acoustics [16].

The KRM model calculates backscatter by computing scattering contributions (i.e.,
scattering amplitude or scattering length) from a series of circular disks along the fish axis
(i.e., sagittal axis lengthwise along fish body) as a function of length (l), frequency (f ), tilt or
roll angle (θ, φ), or wave number (k). When the frequency of an incident wave is very low
(i.e., <a few kHz), swimbladders will resonate. Clay [19] used an equal-volume cylinder
resonance model at ka < 0.15. At frequencies ka > 0.15, the total scattering length (L) consists
of backscatter from the swim bladder (SWB, LSWB) and from the fish body (FB, L f b). The
KRM model uses radiograph images of both FB and SWB to digitize fish morphology
and then, for backscatter contributions, the two components are added coherently. Since
morphologies and orientations of individual fish within a species are variable [41], a
coherent KRM model may not provide adequate backscatter predictions due to a lack of
information on the range of fish morphologies within a cohort, population, or species.

As an alternate approach, an incoherent KRM backscatter model eliminates the coher-
ent interaction between the fish body and the swim bladder and may be more appropriate
when estimating backscatter from aggregations of animals. To illustrate the application to
aggregations of fish, we calculate and average predicted TS of many fishes that are similar
in length and compare the results obtained from the proposed incoherent KRM model with
those from the coherent KRM model.
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2. Theory and Method
2.1. Coherent and Incoherent KRM Models

For an individual (whole) fish (WF), the KRM model [38] estimates scattering length
(L), or scattering amplitude, as a coherent summation of the fish swim bladder (SWB) and
the fish body (FB):

Lw f ( f ) = Lswb( f ) + L f b( f ) (1)

where Lswb( f ) and L f b( f ) are scattering lengths of fish SWB and FB, respectively, and both
are complex functions.

For a simultaneously insonified acoustic volume that includes N fish, the differential
cross section (square of scattering length, i.e., |L|2) averaged over these N fish is:

〈σbs( f )〉 = 1
N

∣∣∣∑N
n−1 Lw fn( f )

∣∣∣2
= 1

N

∣∣∣∑N
n=1

(
Lswbn( f ) + L f bn( f )

)∣∣∣2
= 1

N ∑N
n=1
∣∣Lswbn( f )

∣∣2 + 1
N ∑N

n=1

∣∣∣L f bn( f )
∣∣∣2

+ 1
N ∑N

n=1 ∑N
k = 1
k 6= n

Lswbn( f )L f bn( f )

(2)

The above equation is the coherent KRM model (Clay, [20] formalized by Clay and
Horne, [38]). The first two terms in Equation (2) represent the incoherent summation;
the 3rd term is the cross term that tends to approach zero assuming Lswbn( f ) and L f bn( f )
are uncorrelated, since individuals within the aggregation have random locations, sizes,
and orientations. This assumption is extremely difficult to validate and then incorporate
in scattering length calculations since the 3rd term in the equation requires exact shapes
of SWB and FB and their relative positions for each fish within the insonified volume.
Signal representation is in a complex form containing amplitude and phase information.
Coherent summation includes both amplitude and phase components (1st and 2nd rows
on the righthand side of Equation (2)) while incoherent summation adds only the real
amplitude component (the first two terms in the 3rd row of Equation (2)). The terms
coherent and incoherent are used to refer to the phases of scattered waves. Coherent
scattered wavelets have non-random phases when reflected back to the source (i.e., in
the receive direction). When predicting amplitudes and phases, the real and imaginary
components are used in calculations. Incoherent wave scattering has random phases and
the real component of the signal is used in calculations. However, according to the law
of large numbers [42], the average differential cross section (〈σbs( f )〉) approximates the
real expected value if N � 1 [43]. Consequently, if the number of fish in any aggregation
is large (i.e., N � 1), then the 3rd term representing the coherent interaction between
SWB and FB can be assumed to approach zero. When the backscatter from aggregations of
animals is estimated, variability in the position of the swim bladder relative to the fish body
causes the average phase component to tend to zero. This approximation is very similar to
the concept used in echo-integration, the conventional method used to acoustically estimate
marine organism abundance [44,45].

By dropping the 3rd term, the average differential cross section can be approximated
by an incoherent average or sum:

〈σbs( f )〉 ≈ 1
N ∑N

n=1

∣∣Lsbn( f )
∣∣2 + 1

N ∑N
n=1

∣∣∣L f bn( f )
∣∣∣2 (3)

This incoherent KRM model can use SWB and FB morphological information from
a few fish to estimate backscatter from an aggregation. Without the unpredictable cross
term, the value of 〈σbs( f )〉 changes relatively little due to anatomical variability among
SWB and FB shapes and orientations and, assuming no multipath scattering, is not affected
by the relative positions of individuals in the sample volume. This incoherent form of
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the KRM model (Equation (3)) is believed to be more robust when describing backscatter
by swim-bladdered fish aggregations compared to the coherent average (Equation (2)).
When predicting backscatter from a fish aggregation where the number of fish is very large,
predicted TS values calculated using the coherent and incoherent KRM models are expected
to converge as the number of fish in an aggregation increases.

2.2. Digitized Fish Images and Scattering Computations

Eighty dorsal and lateral radiograph images (cf. Henderson and Horne [12]) of Pacific
hake (Merluccius productus) were digitized at 1 mm resolution, and their lengths, heights,
and widths were measured. A representative example of hake radiographs includes dorsal
and lateral X-ray images showing the SWB, FB, and other skeletal (e.g., skull, otoliths,
spinal column) elements (Figure 1). The SWB is located below the vertebral column and
appears darker because of reduced X-ray absorption. When digitized, the size, length, and
angle of a SWB are also preserved. If the fish is not aligned along the sagittal axis when
radiographed, the fish is digitally straightened to enable calculations of the finite cylinders.
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Figure 1. Representative X-ray images of Pacific hake: (a) lateral view; (b) dorsal view. Darker area
within fish body represents the swim-bladder.

We will provide a brief summary of how to calculate the TS here. A more detailed
description can be found in Clay and Horne [38] and Henderson and Horne [12]. All
digital dimensions were determined using a 2-D coordinate system interpolated to a set of
concentric 1 mm-thick circular disks. The x-y coordinates were transformed to a rotated u-v
coordinate system relative to the incident wave front (Figure 2). Coordinate u is parallel to
the incident wave, while coordinate v is parallel to the incident ray. In the x-z plane, the
incident ray is at an angle θ relative to the x-axis. ∆u is the projection of ∆x along the x-axis
onto the u-axis [38]:

∆u = ∆xsinθ (4)
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Figure 2. Coordinate rotation from x-y plane to u-v coordinates (left) and a lateral view of a digitized
fish image (fish body and SWB).

Many factors influence backscatter amplitude or scattering length, such as acoustic
frequency and shape, length, and orientations of the SWB and FB. Backscattered waves from
the SWB and FB will also interact, resulting in constructive and destructive interference.
Backscattering cross sections of each finite cylinder in the fish body and SWB are summed
coherently. A low-mode cylinder solution is used when the value of SWB ka is less than
0.15, where k is the wave number and a is the equivalent cylindrical radius. In calculating
backscatter from the SWB, only the lowest mode, or breathing mode, is used [19,20]. For
ka > 0.15, the scattering length of the SWB Lswb( f ) [38] is:

Lswb( f ) = −i
R f s

(
1− R2

w f

)
2
√

π
∑Mswb−1

j=0 Aswb[(ka(j) + 1)sin θ]
1
2
[
e−i(2kVU(j)+ϕswb)

]
∆u(j) (5)

where Mswb is the number of circular disks in the SWB. Aswb ≈ ka
ka+0.083 is the amplitude

of the SWB scattering length, ϕswb ≈ ka
40+ka − 1.05 is the phase for small ka, k = 2π

λ is the
wave number, λ is incident wavelength, and a is the radius of a circular disk. R f s and
Rw f represent the reflection coefficients of two interfaces, FB/SWB and water/FB, and are
calculated using the fish body density (ρ f b) and sound speed (c f b) in fish, the water density
(ρw) and sound speed (cw) in water, the SWB (air) density (ρswb), and sound speed (cswb) in
the SWB (i.e., air):

R f s =
ρswbcswb − ρ f bc f b

ρswbcswb + ρ f bc f b
(6)

Rw f =
ρ f bc f b − ρwcw

ρ f bc f b + ρwcw
(7)

Equation (6) is the reflection coefficient of the FB to SWB interface and Equation (7) is
the reflection coefficient of the water to FB interface. ∆u(j) is the length of each circular
disk along the sagittal axis of the FB. The subscript cases fb, w, and swb indicate fish body,
water, and swim bladder.

The scattering length of fish body L f b( f ) can be expressed as

L f b( f ) =−i
Rw f

2
√

π
∑

M f b−1
j=0 [ka(j)sin θ]

1
2
[
e−i2kVu(j)

−
(

1− R2
w f

)
ei(−2kVu(j)+2k(VU(j)−VL(j)+ϕ f b))

]
∆u(j),

(8)

where M f b is the number of circular disks of the fish body and ϕ f b = − πkVu
2(πkVu+0.4) is an

empirical phase correction.
TS is a logarithmic representation of the backscattering cross section σbs defined as

(Medwin and Clay, 1998):
TS = 10 log10〈σbs( f )〉 (9)
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TS will be used in simulations to quantify backscatter by individuals and by aggrega-
tions of Pacific hake. Simulations investigating differences between coherent and incoherent
scattering models are presented in the next section, where two scenarios, one involving
single fish and the other involving multiple fish, are evaluated.

Ten fish (200 ± 10 mm) are used to demonstrate differences between coherent and
incoherent KRM model predictions as a function of the number of fish used in calculating
backscatter amplitudes for a group (see Table 1). Groups consist of three, five, seven,
and ten fish, with members of each group picked randomly from the ten digitized fish.
The modeling exercise is repeated ten times for each group size. Average TS values are
calculated using coherent and incoherent KRM models separately and then compared.

Table 1. Fish lengths (FL) and SWB length (SWB L) of ten Pacific hake (Merluccius productus) used in
simulations.

FL (mm) SWB L (mm)

1 191 28

2 198 42

3 200 38

4 198 35

5 202 43

6 208 43

7 205 46

8 203 42

9 205 41

10 210 42

Mean 202 40

Std 5.25 4.90

3. Results and Discussion
3.1. Comparison between Incoherent and Coherent TS Predictions of Individual Fish
3.1.1. Small Fish (<60 mm TL)

Incoherent TS predictions of small fish are significantly different from results estimated
using the coherent model. Backscattered waves from fish SWB and body interact to
strengthen (i.e., constructive) or weaken (i.e., destructive) the resulting wavefront (i.e.,
interference). As a result, this cross term may be positive or negative, depending on
the morphologies of the SWB and FB, as well as their relative locations and orientations.
Constructive interference results in a larger TSw f . Destructive interference reduces TSw f to
values less than those from the swim bladder (TSswb).

Differences between predictions from the two models (Figure 3) are illustrated using
a set of numerical simulations from three 60 mm fish under three different scenarios. In
fish ‘a’ at L/λ values from approximately 2.25 to 3.25, backscatter (TS) from the fish body
is equivalent to that predicted from the swim-bladder (at a length of 60 mm, this represents
a frequency of 75 kHz). Differences in backscatter predictions between the coherent and
incoherent models are maximized at L/λ values around 3 and between 5 and 7. For case (b)
(Figure 3b) and case (c) (Figure 3c), backscatter from the SWB is larger than that from the
fish body over the same frequency range. Comparison of the whole fish backscatter curves
for the three cases shows more variability in coherent model curves than those predicted
using the incoherent model. This difference is attributed to the inclusion or exclusion
of the frequency-dependent and phase-sensitive incoherent term (i.e., the third term in
Equation (2)), especially at higher frequencies or ka values. Environmental conditions,
such as temperature and pressure, will affect fish SWB shape and sound speeds in a FB
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and the surrounding water, which further influences the outcome from the cross term.
As a result, the scattering length from coherent summation is expected to cause a larger
difference and fluctuation. For example, if the velocity of sound in water is 1500 ms−1,
the wavelength at 70 kHz is about 0.021 m, which is the same order of magnitude as the
lengths of the SWB and FB. The incoherent KRM model, which is insensitive to the SWB
and FB interference, is expected to provide less variable backscatter predictions across the
range of modeled L/λ. Inspection of Figure 3 TS curves of the three SWBs (TSswb, blue)
shows that the TS varies ~4–5 dB, but TS amplitudes of the whole fish (TSw f , red) predicted
from the coherent model vary more than 8 dB. When the scattering lengths of Lswb and
L f b have the same sign (Lswb, L f b > 0 or Lswb, L f b< 0), the resultant backscatter interference
between the two components will be constructive. This can be easily understood from
Equation (1), Lw f ( f ) = Lswb( f ) + L f b( f ). For Lswb and L f b having the same sign, we obtain
L2

w f ( f ) > L2
swb( f ), which leads to a larger TSw f . Using three fish as an example is a small

sample size, but it demonstrates that incoherent KRM model backscatter predictions have
low variability over length and frequency ranges (see Table 2).
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Figure 3. TS backscatter curves for three individual (fish (a–c)) Pacific hake (Merluccius productus)
with standard lengths of 60 mm. In each plot, backscatter contributions from the swim bladder (SWB),
fish body (FB), and whole fish (WF) are plotted and summed in the coherent (red) and incoherent
(magenta) KRM models.
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Table 2. Differences between coherent and incoherent KRM model predictions for three Pacific hake
(Merluccius productus). All the mean TSs are average over entire simulated frequency domain.

Fish A (TSSWB ≈ TSfb) Fish B (TSSWB > TSfb)
(Little Larger)

Fish C (TSSWB > TSfb)
(Much Larger)

KRM (coh) KRM (inc) KRM (coh) KRM (inc) KRM (coh) KRM (inc)

TSfb (dB) <−58> <−59> <−59>

TSSWB (dB) <−58> <−58> <−55>

TSmax (dB) −53 −55 −53 −55 −52 −54

TSmin (dB) −64 −58 −62 −58 −60 −60

Span (dB) 11 3 9 3 8 6

3.1.2. Large Fish (>200 mm)

In large fish, most backscattered energy is derived from the SWB. The change in TS is
caused by the shape of the SWB. Incoherent TS predictions of large fish show significantly
different results from those estimated using the coherent model. At small (<0.15) ka values,
scattering from the SWB at rather high frequencies is a function of Aswb and ϕswb (cf.
Equation (5)), which are both dependent on ka. ka = 2π a

λ = 2πeaL
L
λ , where eaL is the ratio of

SWB radius to the total fish length, which is essentially constant for any fish. When ka > 0.15,
backscatter estimated from the swim-bladder is calculated using the Kirchhoff integral,
Equation (5), and results in a more complicated frequency response. To illustrate this, we
calculated the TS frequency responses with an example involving two fish (designated Fish
A and B) with similar lengths (~200 mm) and SWB position (Figure 4a–d). The frequency-
dependent TS values calculated from the two models are shown in Figure 4e,f. TS values of
the whole fish (TSw f ) using the coherent KRM model have larger backscatter amplitude
fluctuations overall and along the curves compared to backscatter predictions from the
incoherent model. For orthogonal incidence (e.g., downward-looking echosounder), the
frequency response from swim bladders primarily depends on the area and rugosity of the
swim-bladder dorsal surface. The dorsal surface area of Fish A’s swim-bladder is larger
compared to that of fish B. In this case, backscatter from the two fish bodies is predicted to
have essentially the same overall TS (max ~−45dB) and frequency-dependent backscatter
patterns. Differences in TS frequency responses are attributed to differences in the relative
backscatter contributions from the swim-bladder and the fish body in each fish. For Fish A,
the difference between the maximum and minimum TS using the coherent KRM model is
24 dB (Figure 4e), and only 17 dB predicted by the incoherent KRM model (see Table 3). The
incoherent backscatter TS curve is much smoother than the coherent predicted backscatter
curve. A smoother pattern is observed for Fish B (Figure 4f).

Table 3. Differences in predicted target strengths (dB) predicted using a coherent and incoherent
KRM model.

Fish A Fish B

Coherent KRM Incoherent KRM Coherent KRM Incoherent KRM

TS max (dB) −35 −37 −34 −36

TS min (dB) −59 −54 −46 −46

Range (dB) 24 17 12 10

mean (dB) −42 −42 −39 −39

median (dB) −40 −40 −39 −38

Std 6.003 4.858 3.402 3.151



J. Mar. Sci. Eng. 2023, 11, 473 9 of 14

J. Mar. Sci. Eng. 2023, 11, x FOR PEER REVIEW  8  of  14 
 

 

Table 2. Differences between coherent and incoherent KRM model predictions for three Pacific hake 

(Merluccius productus). All the mean TSs are average over entire simulated frequency domain. 

 
Fish A (TSSWB ≈ TSfb) 

Fish B (TSSWB > TSfb) 

(Little Larger) 

Fish C (TSSWB > TSfb) 

(Much Larger) 

KRM (coh)  KRM (inc)  KRM (coh)  KRM (inc)  KRM (coh)  KRM (inc) 

TSfb (dB)  <−58>  <−59>  <−59> 

TSSWB (dB)  <−58>  <−58>  <−55> 

TSmax (dB)  −53  −55  −53  −55  −52  −54 

TSmin (dB)  −64  −58  −62  −58  −60  −60 

Span (dB)  11  3  9  3  8  6 

3.1.2. Large Fish (>200 mm) 

In large fish, most backscattered energy is derived from the SWB. The change in TS 

is caused by the shape of the SWB. Incoherent TS predictions of large fish show signifi‐

cantly different results from those estimated using the coherent model. At small (<0.15) ka 

values, scattering from the SWB at rather high frequencies is a function of  𝐴௦௪  and 𝜑௦௪ 
(cf. Equation (5)), which are both dependent on ka. 𝑘𝑎 ൌ 2𝜋



ఒ
ൌ 2𝜋𝑒



ఒ
, where  𝑒  is the 

ratio of SWB radius to the total fish length, which is essentially constant for any fish. When 

ka > 0.15, backscatter estimated from the swim‐bladder is calculated using the Kirchhoff 

integral, Equation (5), and results in a more complicated frequency response. To illustrate 

this, we calculated the TS frequency responses with an example involving two fish (des‐

ignated Fish A and B) with similar lengths (~200 mm) and SWB position (Figure 4a–d). 

The frequency‐dependent TS values calculated from the two models are shown in Figure 

4e–f. TS values  of  the whole  fish  ሺTS௪ሻ  using  the  coherent KRM model have  larger 

backscatter amplitude fluctuations overall and along the curves compared to backscatter 

predictions from the incoherent model. For orthogonal incidence (e.g., downward‐look‐

ing echosounder), the frequency response from swim bladders primarily depends on the 

area and rugosity of the swim‐bladder dorsal surface. The dorsal surface area of Fish A’s 

swim‐bladder is larger compared to that of fish B. In this case, backscatter from the two 

fish bodies  is predicted  to have essentially  the same overall TS  (max ~−45dB) and  fre‐

quency‐dependent  backscatter patterns. Differences  in TS  frequency  responses  are  at‐

tributed to differences in the relative backscatter contributions from the swim‐bladder and 

the fish body in each fish. For Fish A, the difference between the maximum and minimum 

TS using the coherent KRM model is 24 dB (Figure 4e), and only 17 dB predicted by the 

incoherent  KRM model  (see  Table  3).  The  incoherent  backscatter  TS  curve  is much 

smoother than the coherent predicted backscatter curve. A smoother pattern is observed 

for Fish B (Figure 4f). 

Fish A  Fish B 

   

(a)  (b) 

J. Mar. Sci. Eng. 2023, 11, x FOR PEER REVIEW  9  of  14 
 

 

   
(c)  (d) 

   

(e)  (f) 

Figure 4. Digital images and predicted backscatter curves of two 200 mm‐length Pacific hake (Mer‐

luccius productus). (a,b) are the dorsal view of the two fish digital images; (c,d) are the lateral view; 

(e,f) are their TS curves as a function of frequency using coherent KRM model (red) and incoherent 

KRM model (magenta). 

Table 3. Differences in predicted target strengths (dB) predicted using a coherent and incoherent 

KRM model. 

  Fish A  Fish B 
  Coherent KRM  Incoherent KRM  Coherent KRM  Incoherent KRM 

TS max (dB)  −35  −37  −34  −36 

TS min (dB)  −59  −54  −46  −46 

Range (dB)  24  17  12  10 

mean (dB)  −42  −42  −39  −39 

median (dB)  −40  −40  −39  −38 

Std  6.003  4.858  3.402  3.151 

3.2. Comparison between Coherent and Incoherent TS Predictions with a Few Fish 

To demonstrate differences in coherent and incoherent model predictions for aggre‐

gations of fish, ten fish of similar length (200 ± 10 mm) were used to demonstrate differ‐

ences between coherent and incoherent KRM model predictions as a function of the num‐

ber of fish used in calculating backscatter amplitudes for a group. Groups consist of three, 

five, seven, and ten fish, with members of each group picked randomly from the ten dig‐

itized fish and the modeling exercise repeated ten times for each group size. Average TS 

values are calculated using coherent and  incoherent KRM models separately and  then 

compared.   

TS curves calculated with the incoherent KRM model always resulted in smoother 

frequency response curves and smaller amplitude fluctuations, indicating that the inco‐

herent TS predictions are less variable and statistically more robust across the frequency 

range. As shown  in Figure 5, both the amplitude range and the standard deviation de‐

creased as  the number of  fish  in each group  increased, whereas mean and median TS 

T
S

 (
d

B
)

T
S

 (
d

B
)

Figure 4. Digital images and predicted backscatter curves of two 200 mm-length Pacific hake
(Merluccius productus). (a,b) are the dorsal view of the two fish digital images; (c,d) are the lateral
view; (e,f) are their TS curves as a function of frequency using coherent KRM model (red) and
incoherent KRM model (magenta).

3.2. Comparison between Coherent and Incoherent TS Predictions with a Few Fish

To demonstrate differences in coherent and incoherent model predictions for aggrega-
tions of fish, ten fish of similar length (200 ± 10 mm) were used to demonstrate differences
between coherent and incoherent KRM model predictions as a function of the number of
fish used in calculating backscatter amplitudes for a group. Groups consist of three, five,
seven, and ten fish, with members of each group picked randomly from the ten digitized
fish and the modeling exercise repeated ten times for each group size. Average TS values
are calculated using coherent and incoherent KRM models separately and then compared.

TS curves calculated with the incoherent KRM model always resulted in smoother fre-
quency response curves and smaller amplitude fluctuations, indicating that the incoherent
TS predictions are less variable and statistically more robust across the frequency range.
As shown in Figure 5, both the amplitude range and the standard deviation decreased as
the number of fish in each group increased, whereas mean and median TS values over
the entire frequency range remain fairly constant (Table 4). According to the central limit
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theorem [46], when the sample size increases, the range and standard deviation should
decrease (Figures 6 and 7).

For fish aggregations, where the number of fish is very large, the cross term in Equation (2)
is expected to approach 0. As a result, average TS curves calculated using coherent and
incoherent KRM models are expected to converge. In addition, the incoherent KRM model
does not need to compute the cross term, which makes it more computationally efficient,
although, given the computational capability of modern computers, this difference is
very small.
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Figure 5. Comparison of TS frequency response for four groups of 200 mm Pacific hake using the
coherent KRM model (red) and incoherent KRM model (blue). (a) Three fish; (b) five fish; (c) seven
fish; (d) ten fish.

Table 4. Target strength (TS) value differences of four group sizes from Coherent (Coh) and Incoherent
(Incoh) Kirchhoff-ray-mode (KRM) backscatter models.

Three Fish Five Fish Seven Fish Ten Fish

Coh KRM Incoh KRM Coh KRM Incoh KRM Coh KRM Incoh KRM Coh KRM Incoh KRM

TS max (dB) −36 −37 −36 −38 −36 −38 −46 −40

TS min (dB) −62 −48 −50 −45 −49 −44 −38 −44

Range (dB) 26 11 14 7 13 6 8 4

Mean (dB) −42 −41 −41 −41 −42 −41 −41 −41

Median (dB) −40 −40 −41 −42 −41 −42 −41 −41

Std (dB) 14.786 9.634 13.91 6.939 12.96 6.393 7.891 3.781
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Figure 6. Comparison of ranges of TS from multiple fish using coherent and incoherent Kirchhoff-
ray-mode backscatter models.
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Figure 7. Box and whisker plots of (a) coherent and (b) incoherent Kirchhoff-ray-mode (KRM)
predicted target strengths (TS) from ten fish of 200 mm length. (c) Comparison of the two plots.
Median values plotted across the fish length to acoustic wavelength ratio (L/λ) match predictions
from the incoherent KRM model.
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4. Conclusions

The incoherent KRM model is a revised version of the original KRM model proposed
by Clay and Horne [38]. Incoherent KRM model predictions are independent of the relative
position and angle of the SWB within the FB. The resulting predicted TS values are less
variable compared to coherent KRM predictions, and, hence, less statistically variable.
The incoherent KRM model parallels the approach used in the echo-integration technique
in that both methods do not include coherent scattering among fish. Average TS values
predicted by both models may not differ significantly if many fish are involved. When
calculating backscatter from large numbers of fish where anatomical data do not exist, the
incoherent KRM model would provide a statistically less variable and computationally
efficient method to estimate reflected energy from the aggregation.

Both coherent and incoherent KRM models can be used to estimate fish density.
When estimating TS of fish within aggregations, both models are effective. The choice of
model formulation is dependent on the objectives. A coherent KRM model may be more
appropriate for single fish model and ex situ measurement comparisons if the morphologies
of the fish SWB and FB are known. However, the incoherent KRM model may be more
appropriate for estimating fish backscatter for large aggregations when the amount of
information on fish morphology is limited.
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