
1. Introduction
Since the discovery of the Earth's radiation belts in 1958, understanding and forecasting the energetic elec-
tron dynamics in this region have been the top concern for space physics community (e.g., Baker, 1998; Ripoll 
et al., 2020; Summers et al., 2011; W. Li & Hudson, 2019). These energetic electrons pose a hazard to satellites and 
humans in space, and are also known as “killer” electrons (e.g., Baker, 2001; Baker et al., 1998) due to their dele-
terious effects. The energetic electrons in the outer radiation belt manifest various acceleration and loss processes 
(e.g., Baker et al., 2004, 2019; Reeves et al., 2016; Turner et al., 2014), where the magnitude of fluxes can vary 
by several orders of magnitude within a few hours. It has been well recognized that there are two major sources 
to accelerate energetic electrons at hundreds of keV to relativistic and ultrarelativistic energies in the outer belt: 
inward radial diffusion by Ultra-Low Frequency and local-wave particle interactions by whistler-mode chorus 
waves (e.g., Drozdov et al., 2022, and references therein; Tu et al., 2019; W. Li & Hudson, 2019). Previous stud-
ies have demonstrated that electron acceleration is dominated by inward radial diffusion when the radial profile 
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parameters on the resulting simulated electron acceleration by chorus. By comparing the simulations to 
observations, our ensemble simulations reveal that inaccuracies in all four input parameters significantly affect 
the simulated electron acceleration, with the largest simulation errors attributed to the uncertainties in Bw, Ne, 
and fm. The simulation can deviate from the observations by four orders of magnitude, while members with 
largest probability density (smallest perturbations in the input) provide reasonable estimations of output fluxes 
with log accuracy errors concentrated between ∼−2.0 and 0.5. Quantifying the uncertainties in our study is a 
prerequisite for the validation of our radiation belt electron model and improvements of accurate electron flux 
predictions.

Plain Language Summary The ensemble modeling technique has only been embraced by the space 
weather community for about 20 years and is a powerful numerical method that can help us understand how 
the uncertainty propagates in the model, as well as the confidence and range of simulated results. Quantifying 
the error distribution and model performance is important to improve space weather predictions. We perform 
an ensemble of simulations of radiation belt electron acceleration using the quasi-linear approach during the 
storm on 9 October 2012, where chorus waves dominated electron acceleration at L = 5.2. By conducting a 
superposed epoch analysis of 11 similar storms when both multi-MeV electron flux enhancements and chorus 
wave activities were observed, we improve the input data sampling in terms of both spatiotemporal coverage 
and extreme case coverage. The comparison between the ensemble simulations and observations allows us 
to quantify how the uncertainties in the simulated output fluxes are apportioned to inaccuracy in the input 
parameters. We also estimate the confidence of the simulation performance by calculating the probability 
density of the simulation error. Our sensitive analysis provides fundamental information for radiation belt 
model calibration and future accurate radiation belt electron predictions.
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of the electron phase space density (PSD) exhibit a positive energy gradient during non-storm or storm times, 
and typically for relatively lower values of the first adiabatic invariant (e.g., Jaynes et al., 2018; Ma et al., 2018; 
Ozeke et al., 2020; Zhao et al., 2018, 2019). In contrast, chorus waves are primarily responsible for the electron 
acceleration around the growing peak of the radial profile of electron PSD at the heart of the outer radiation belt 
(e.g., Horne, 2007; Reeves et al., 2013; Thorne et al., 2013; Turner et al., 2013; W. Li, Ma, et al., 2016). Although 
numerous studies have demonstrated that nonlinear interactions by chorus waves with large amplitude and coher-
ent structures are potentially important in affecting outer belt electron dynamics (e.g., Albert et al., 2021; Bortnik 
et al., 2008; Gan et al., 2020; Mourenas et al., 2018; Tao et al., 2012; Zhang et al., 2018), the quasi-linear theory 
is still the most widely adopted (and possibly the only) approach to reproduce the essential features of observed 
electron acceleration by chorus on a global scale in terms of space and time on relatively long timescales (from 
hours to days; e.g., Horne et al., 2005; Hua, Bortnik, & Ma, 2022; Turner et al., 2014; W. Li et al., 2014; Xiao 
et al., 2014). Most event-based studies construct the simulation model by including the plasma wave model, the 
background magnetic field model, and the total electron density model based on satellite observations within 
several days (e.g., C. Wang et al., 2017; Hua et al., 2018; Ma et al., 2015, 2016; Ni et al., 2014, 2017; Ripoll 
et al., 2016, 2017, 2019; Tu et al., 2014), which can be inaccurate due to the insufficient in-situ satellite meas-
urements with limited spatiotemporal coverage and magnetic local time (MLT) sampling during the event, or 
due to the instrument limitations. To compound the problem, the quasi-linear simulation strongly depends on the 
accurate simulation model (e.g., Abel & Thorne, 1998; Agapitov et al., 2019; Albert et al., 2020; Camporeale 
et al., 2016; Hua, Bortnik, Kellerman, et al., 2022; Hua et al., 2019; Lei et al., 2017). Statistical models remain 
vital for radiation belt modeling efforts. Watt et al. (2019) and Ross et al. (2020) developed a method to calcu-
late, and average over the diffusion coefficients using simultaneous observations of the individual plasma and 
wave parameters instead of the averaged values of the input conditions. These two studies suggest an alternative, 
and potentially improved methodology for creating accurate statistical models of diffusion coefficients from 
observations, stressing the use of an average of individual observation-specific diffusion coefficients rather than 
averaging the inputs before the diffusion coefficients are created, as we have done presently. Watt et al. (2021) 
further demonstrated that diffusion simulations of electron loss due to plasmaspheric hiss are sensitive to varia-
bility time scales, which revealed more diffusion from averaged diffusion coefficients calculated for individual 
observation-specific diffusion coefficients than when the diffusion coefficients are constructed from averaged 
inputs. Nevertheless, constructing the diffusion coefficients using averaged inputs is still an important method 
that numerous studies relied on to reproduce the essential feature of the radiation belt electron dynamics (e.g., 
Claudepierre et al., 2020; D. Wang & Shprits, 2019; D. Wang et al., 2019; Horne et al., 2013; Hua et al., 2020; H. 
Zhu et al., 2019; L. T. Li et al., 2017; Q. Zhu et al., 2021). Therefore, understanding the effects of uncertainties 
in the key inputs of the radiation belt electron simulation is a prerequisite to improve the radiation belt model 
performance, confidence, and forecasting accuracy.

Ensemble modeling has played an important role in forecasting in various fields including meteorology and 
oceanography for several decades, but has only been used in the space physics community for about 20 years 
(Guerra et  al.,  2020; Schunk et  al.,  2014). Ensemble modeling is a numerical method that uses a group of 
predictions with slightly different initial or boundary conditions (e.g., Berner et  al.,  2011; Cash et  al.,  2015; 
Chen et  al.,  2018; Dumbović et  al.,  2018; Greybush et  al.,  2017; Mays et  al.,  2015; Migliorini et  al.,  2011; 
Morley et al., 2018), as done here, or multiple various forecast models (e.g., Abhilash et al., 2018; Kalnay, 2019; 
Krishnamurti et al., 2000; Schunk et al., 2016; Storer et al., 2019) to generate a broad sample of the possible 
future states of a dynamic system (Knipp, 2016). Therefore, one of the main strengths of ensemble simulation 
is that it can help us understand how the uncertainty propagates in the model, as well as the confidence inter-
vals and range of predicted model outcomes, which are important to improve space weather predictions and 
understand how far a given simulation might be from the true value (Morley, 2020; Murray, 2018). For example, 
Chen et al. (2018) used the ensembles to assess the impact of uncertainties in electric field boundary conditions 
on ring current simulations. Camporeale et al.  (2016) presented the first ensemble study to quantify how the 
uncertainties in the input parameters propagate in radiation belt electron simulations by perturbing three key 
input parameters including the geomagnetic Kp index, the maximum latitude extent of chorus waves, and the 
electron density. However, due to the simple assumption of Gaussian distributions for input sampling and the 
lack of comparison between ensemble simulations with observations in their study, the impact of inaccuracies 
of the inputs on the radiation belt electron simulations is still understood in a limit way. Watt et al. (2021) and 
Thompson et al. (2020) demonstrated using ensembles that the temporal variation of diffusion coefficients in the 
Fokker-Planck equation is vitally important, the solutions of which depend sensitively on the timescale of the 
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variation of the diffusion coefficients, as well as the amount of variation in the diffusion coefficients. The study 
of Hua, Bortnik, Kellerman, et al. (2022) performed event-based ensemble simulations of electron flux decay 
due to plasmaspheric hiss, where they sampled the distributions of four key input parameters based on Van Allen 
Probes measurements during a typical event. By comparing the ensembles with observations, the uncertainties 
in the hiss wave amplitude were shown to dominate the simulation errors compared to total electron density, hiss 
wave peak frequency, and background magnetic field. Although the authors obtained the distributions based on 
observations, their event-based sampling is still confined within a limited spatiotemporal coverage of 6 days, 
which is insufficient to provide good estimations of extreme cases and complete distributions of these four key 
inputs at a global scale.

In the present study, we perform an ensemble of quasi-linear diffusion simulations of a typical outer radiation 
belt electron acceleration event at L = 5.2 due to whistler-mode chorus waves during the storm of 9 October 
2012, which has been comprehensively investigated by Thorne et al. (2013). As chorus waves are believed to be 
primarily responsible for the observed electron acceleration in this case (Thorne et al., 2013), we similarly limit 
our study to the two-dimensional diffusion simulation, where only chorus waves are included. Radial diffusion 
can also contribute to electron acceleration, but this is believed to be a smaller contributor for this event and is 
thus beyond the scope of the current study. Similar to the study of Hua, Bortnik, Kellerman, et al. (2022), we use 
percentiles to sample the distributions of inputs and analyze the impacts of the following four key parameters: 
(a) lower-band chorus wave amplitude (Bw), (b) lower-band chorus wave peak frequency (fm), (c) background 
magnetic field (B0), and (d) total electron density (Ne). There are 11 points used to sample the possible range of 
each input parameter, leading to 11 4 (∼14,600) ensemble members. Moreover, we sample the distributions based 
on a superposed epoch analysis of 11 storms that are relatively similar to the storm of 9 October 2012 in terms 
of simultaneous observations of electron acceleration and chorus wave activities. In this way, the data sampling 
is improved in terms of better spatiotemporal coverage and better coverage for extreme cases when the inputs are 
sampled during various storm events comparing to the input sampling based on a single event in the study of Hua, 
Bortnik, Kellerman, et al. (2022). Based on ensemble simulations, our aim is to quantify the effects of uncertain-
ties in the input parameters on the simulated electron acceleration, which is crucial for uncertainty quantification 
of the radiation belt electron modeling and for improvement of the radiation belt electron predictions.

The paper is organized as follows. In Section 2, a superposed epoch analysis of 11 similar storms is performed, 
which enables sampling the distributions of key input parameters based on Van Allen Probes observations and 
describe the details about the model setup of ensemble simulations. Section 3 presents the comprehensive anal-
ysis of our ensemble simulations to examine how the uncertainties in the input parameters influence the electron 
acceleration and their relative importance to the simulation errors. The conclusions and discussions are presented 
in Section 4.

2. Data Sampling and Model Description
2.1. Inputs Sampling Based on Van Allen Probes Observations

The Van Allen Probes provide high-quality plasma wave and particle measurements with a perigee at ∼1.1 RE 
and an apogee of ∼5.8 RE (Mauk et al., 2013). The Electric and Magnetic Field Instrument Suite and Integrated 
Science (EMFISIS; Kletzing et al., 2013) data are used to analyze the chorus wave properties, the background 
magnetic field, and the total electron density (Kurth et al., 2015). We adopt the differential pitch-angle resolved 
electron flux data from the Energetic Particle Composition and Thermal Plasma suite (ECT; Spence et al., 2013), 
with energetic electrons (<1  MeV) measured by Magnetic Electron Ion Spectrometer (Blake et  al.,  2013; 
Claudepierre et al., 2021), and relativistic electrons (𝐴𝐴 ≥ 1.8 MeV) measured by Relativistic Electron Proton Tele-
scope (Baker  et al., 2013, 2021). The L-shell used in this study is the McIlwain L-shell calculated using TS04D 
magnetic field model (Tsyganenko & Sitnov, 2005). The OMNIWeb data of geomagnetic indices provide the 
measurements of SYM-H index with time resolution of 1 min.

We selected 11 storms to perform a superposed epoch analysis, with the detailed (SYM-H)min and the correspond-
ing time, and the MLT when the satellite was close to the apogee of the selected storms listed in Table S1 in 
Supporting Information S1. During the selected 11 storms, the coverage of Van Allen Probes in MLT span from 
night to morning sectors at the L-shell that we focus on, which is favorable for the observations of chorus waves 
(Meredith et al., 2020). Moreover, the magnitude of the storms as indicated by the (SYM-H)min in Table S1 in 
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Supporting Information S1 varies significantly during different storms. Therefore, the chorus wave activities, the 
electron density, and the background magnetic field can vary in different storms, which can potentially improve 
the input sampling in terms of better coverage of extreme cases. The detailed methods of superposed epoch anal-
ysis are described in Text S1 in Supporting Information S1.

Figure 1a shows the SYM-H index for the chosen 11 geomagnetic storms (shown as gray lines), with the red line 
showing the mean profile. Figures 1b–1e present the superposed epoch analysis results of the means of electron 

Figure 1. Simultaneous observations of relativistic electron acceleration and chorus wave activities during the selected 11 
storms. Superposed epoch analysis results of (a) SYM-H index for the chosen 11 geomagnetic storms (shown as gray lines), 
with the red line showing the mean profile. Mean values of (b–e) electron spin-averaged fluxes at the indicated energies, (f) 
lower-band chorus wave amplitude, and (g) electron density as a function of L-shell during the selected 11 storms where 
both multi-MeV electron acceleration and chorus waves were observed. The spin-averaged electron flux data from Magnetic 
Electron Ion Spectrometer (Blake et al., 2013) are used in panels (b and c), and Relativistic Electron Proton Telescope (Baker 
et al., 2013, 2021) data are used in panels (d and e).
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spin-averaged fluxes at energies from 0.1 to 4.2 MeV aligned by the time of (SYM-H)min in each storm. Signif-
icant injections can be frequently observed as shown by the sudden electron flux enhancements at 0.1 MeV. 
Seed electron fluxes at hundreds of keV were firstly rapidly elevated by about one order of magnitude during 
the main phase of the storm (tepoch ∼ 0 hr, where tepoch is the superposed epoch time), and then slowly decreased 
and remained at a relatively stable level during the recovery phase, which is consistent with the study of Hua, 
Bortnik, and Ma (2022) indicating that these energetic electrons reached the upper limit of acceleration by chorus. 
Electron fluxes at multi-MeV started to increase at tepoch > ∼12 hr, with a longer time delay at higher energy, 
which is consistent with the characteristic feature of the energy-dependent electron acceleration by chorus waves 
(Horne et al., 2005; Thorne et al., 2013; W. Li, Ma, et al., 2016). Note that the magnitude and rate of the elec-
tron acceleration varies in different storms, possibly due to different intensities and durations of chorus waves, 
and various intensities of radial diffusion. Using the same chorus identification criteria as W. Li, Santolik, 
et al. (2016), Figure 1f shows the wave amplitude of lower-band chorus waves. The intense chorus waves were 
mostly observed associated with injections as indicated in Figure 1b, especially during the main phase of the 
storm with the most significant injections. During the electron acceleration process, the observed electron densi-
ties were mostly smaller than 10 cm −3 at L > ∼5, which is lower than the empirical density model of the plasma 
trough from Sheeley et al. (2001). For example, the observed density is around ∼5 cm −3 at L = 5.5, which is 
smaller than 11 cm −3 from Sheeley et al. (2001) without considering the MLT factor. This observed lower elec-
tron density is favorable for the local electron acceleration at multi-MeV by chorus waves (Allison et al., 2021; 
Thorne et al., 2013).

As our ensemble modeling is based on a typical event during the storm of 9 October 2012, we sample the distri-
butions of the normalized four input parameters at L = 5.2 based on superposed epoch analysis using Van Allen 
Probe measurements during the selected 11 storms, which are shown in Figures 2a–2d. Here, the inputs are 
normalized by the median value in each storm, and the inputs sampling time period is selected when the chorus 
wave amplitude was intense (shown in Figure 1f) so that chorus waves can potentially contribute significantly to 
electron acceleration. In addition, this time period is close to the simulation time period, which will be described 
below. Due to the reason that the ensemble simulations will be compared to the event-specific electron flux 
observations during the storm of 9 October 2012, we analyze the relative variation of the inputs using normalized 
results with respect to the median values in each storms instead of the absolute values, which results in an overall 
distribution of values that is realistic and makes sense. Among these four input parameters, the variation of the 
background magnetic field (B0) is the smallest, which deviates from the median value by less than a factor of 0.5. 
In contrast, the uncertainties in the observed electron density (Ne), the wave peak frequency (fm/fce), and the wave 
amplitude (Bw) of lower-band chorus waves are much more significant, which will potentially cause larger simu-
lation errors compared to B0. We note that the normalized distributions of input can be sensitive to the selected 
sampling time period. But outside the current selected time period, the wave intensity of chorus drops quickly, 
leading to larger relative variation with respect to the median value in each storm.

The histograms of the normalized sampled inputs are shown in Figures 2e–2h, with the blue star lines represent-
ing the sampled normalized input parameter distributions using percentiles. Similar to Hua, Bortnik, Kellerman, 
et al. (2022), we choose 11 levels for each input, corresponding to the percentiles of 1%, 5%, 16%, 25%, 36%, 
50%, 62%, 74%, 84%, 95%, and 99%, leading to 11 4 (14,641) members in our ensemble. The sampled distri-
butions of the normalized inputs are then multiplied by the median value observed during the 9 October 2012 
storm to calculate the absolute value of the ensemble simulation inputs, which does not vary with time so that 
we can separate the impact of individual input parameters. In this way, the inputs with the 50th percentile in 
the ensembles is the same as the event-based median values during the case that we focus on. The observed 
evolutions of these four inputs during the 9 October 2012 storm are shown in Figure S1 in Supporting Infor-
mation S1, whose median results are: Bw(median) = 69.91 pT, fm/fce(median) = 0.23, B0(median) = 221.14 nT, 
and Ne(median) = 3.80 cm −3. We adopt the statistical distribution of wave amplitudes in different MLT sectors 
(Meredith et al., 2020) and scale it based on the sampled values to calculate the drift- and bounce-averaged diffu-
sion coefficients. The root mean square of the Bw in different MLT sectors is the same as the sampled absolute 
value. We assume that the lower-band chorus waves have a Gaussian frequency spectrum distribution (Glauert & 
Horne, 2005), with 𝐴𝐴 𝐴𝐴𝐴𝐴∕𝐴𝐴ce = 0.08 , 𝐴𝐴 𝐴𝐴lc∕𝐴𝐴ce = 0.05 , and 𝐴𝐴 𝐴𝐴uc∕𝐴𝐴ce = 0.5 (W. Li, Santolik, et al., 2016). Here, 𝐴𝐴 𝐴𝐴𝐴𝐴 is 
the bandwidth rolloff scale, and 𝐴𝐴 𝐴𝐴lc and 𝐴𝐴 𝐴𝐴uc are the lower and upper frequency limits. We use a frequently adopted 
quasi-parallel Gaussian wave normal angle distribution with 𝐴𝐴 𝐴𝐴𝑚𝑚 = 0

◦
, 𝐴𝐴𝑤𝑤 = 30

◦
, 𝐴𝐴lc = 0

◦
, and 𝐴𝐴uc = 45

◦ (e.g., Hua, 
Bortnik, & Ma, 2022; Hua et al., 2018; Thorne et al., 2013), where 𝐴𝐴 𝐴𝐴𝑚𝑚 is the wave angle with peak power, 𝐴𝐴 𝐴𝐴𝑤𝑤 
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Figure 2. Sampling distributions of normalized input parameters at L = 5.2 based on superposed epoch analysis using 
Van Allen Probe measurements during the selected 11 storms. The sampling points are recorded every time when satellite 
crossed L = 5.2 without binning in time. Superposed epoch analysis of normalized results of (a) background magnetic field 
projected to the geomagnetic equator (B0), (b) total electron density (Ne), (c) lower-band chorus peak wave frequency (fm) 
normalized by the electron gyrofrequency at equator (fce), and (d) lower-band chorus wave amplitude (Bw). Here, the results 
are normalized by the median results during each storm. The total sample number (ns) are marked for each input. Histogram 
of the normalized (e) background magnetic field, (f) electron density, (g) wave amplitude, and (h) normalized wave peak 
frequency of lower-band chorus waves by fce, with the blue star lines representing the sampled normalized input parameter 
distributions using percentiles.
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the angular width, and 𝐴𝐴 𝐴𝐴lc and 𝐴𝐴 𝐴𝐴𝑢𝑢𝑢𝑢 the lower and upper limits. The latitudinal coverage of chorus waves varies in 
different MLT sectors and is based on the statistical results from Meredith et al. (2012).

2.2. Radiation Belt Model Description

We use the geomagnetic storm event on 9 October 2012, with the assumption that chorus waves dominate the 
electron acceleration, for the ensemble analysis. The method to obtain event-specific diffusion coefficients using 
pre-computed diffusion matrix was developed in 2019 and applied to the rapid prediction of radiation belt dynam-
ics in the presentation of Bortnik et al. (2019). The detailed methodology was described in Supporting Informa-
tion of Hua, Bortnik, Kellerman, et al. (2022), and named as “Look-up Table” method thereafter. We employ this 
method to rapidly estimate the bounce-averaged quasi-linear diffusion coefficients. By numerically solving the 
two-dimensional Fokker-Planck diffusion equation (e.g., Xiao et al., 2009), we perform the simulations at the 
energy range of 0.1–10 MeV at L = 5.2 over a period of 18 hr, which is the region where the growing peak of 
the  electron PSD was observed. The electron PSD (f) is related to the differential flux (j) as f = j/p 2, where p is 
the electron momentum. The initial electron PSD distribution is collected at ∼18:30 UT on 8 October 2012 when 
Van Allen Probe B crossed L = 5.2. The pitch-angle resolved electron flux data may not provide full coverage of 
electron fluxes from 0𝐴𝐴

◦  to 90𝐴𝐴
◦  equatorial pitch angle, so we assume the initial pitch angle distribution takes the 

simple analytical form 𝐴𝐴 𝐴𝐴
(

𝛼𝛼eq, 𝑝𝑝
)

= 𝐴𝐴
(

𝛼𝛼eq = 90
◦
, 𝑝𝑝
)

sin 𝛼𝛼eq , which has been widely used in the previous studies 
(e.g., Hua et al., 2018; Thorne et al., 2013). We adopt a time-varying lower energy boundary based on Van Allen 
Probes measurements to include the injections at 0.1 MeV energy, and the electron PSDs at the upper energy 
boundary are set as constants. We take f = 0 inside the bounce loss cone, and 𝐴𝐴 𝐴𝐴𝛼𝛼𝛼𝛼

𝜕𝜕𝜕𝜕

𝜕𝜕𝛼𝛼
+𝐴𝐴𝛼𝛼𝛼𝛼

𝜕𝜕𝜕𝜕

𝜕𝜕𝛼𝛼
= 0 at 𝐴𝐴 𝐴𝐴eq = 90

◦ 
following previous studies (Albert et al., 2016; Hua, Bortnik, Kellerman, et al., 2022).

3. Ensemble Simulations
3.1. Simulation Baseline

Figure 3 displays the comparison of temporal evolutions of normalized omnidirectional electron fluxes during 
the 9 October 2012 storm as a function of energy at color-coded times at L = 5.2 from observation (Figure 3a) 
and simulation (Figure 3b) where time-varying input parameters based on observations are adopted (labeled as 
simulation 1). Note that the observed electron fluxes were not always available over the full equatorial pitch  angle 
range from 0𝐴𝐴

◦  to 90𝐴𝐴
◦  . Therefore, in the present study, we calculate the normalized omnidirectional flux of 

𝐴𝐴 𝐴𝐴 =
∫
𝛼𝛼2

𝛼𝛼1
𝑗𝑗(𝛼𝛼)sin 𝛼𝛼𝛼𝛼𝛼𝛼

∫
𝛼𝛼2

𝛼𝛼1
sin 𝛼𝛼𝛼𝛼𝛼𝛼

 , where all the available measurements at different pitch angles are included. The simulated rela-
tivistic electron fluxes reproduced identically to Thorne et al. (2013) with an event-driven computation based 
on using the local measured properties, which remarkably agree with the observation, with the most significant 
acceleration at energies between ∼2 and 5 MeV, further confirming the dominant role of local wave acceleration 

Figure 3. The comparison of the temporal evolution of omnidirectional electron fluxes during the 9 October 2012 storm as 
a function of energy at color-coded times from 0 till 18 hr at L = 5.2 from (a) observation, (b) simulation where time-varying 
input parameters based on observations are adopted, and (c) simulation where the 50th percentiles of all input parameters are 
adopted. Results in the next figures will be extracted at these four times.
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by chorus (Thorne et al., 2013). The electron acceleration in the simulation where the 50th percentiles of all input 
parameters are adopted (the inputs does not vary with time, and labeled as simulation 2, shown in Figure 3c) is 
slightly slower than simulation 1 using the local measurements, possibly due to slightly smaller chorus wave 
amplitude. However, simulation 2 is still consistent with the essential feature of the observed electron acceler-
ation at multi-MeV. For the sake of simplicity, we consider simulation 2 as the baseline in our ensemble simu-
lations for the following uncertainty quantification and the inputs for the ensemble simulations does not vary 
with  time so that we can separate the effects of perturbations in each input on the simulation results.

3.2. Uncertainty Quantification

3.2.1. Varying Only One Input Parameter

Figure 4 presents the regression analysis of the ensemble simulations where we vary only one input parameter 
at a time, while the other three inputs are kept fixed using 50th percentiles. Each panel shows the simulated 
omnidirectional electron fluxes (Jsim) versus observed fluxes (Jobs) color-coded by the percentile of input param-
eters of (a–d) chorus wave amplitude, (e–h) chorus wave peak frequency, (i–l) background magnetic field, and 
(m–p) electron density at the indicated four energies. The lines connecting the “plus” symbols correspond to 

Figure 4. Regression analysis of the ensemble simulations obtained by only varying one input parameter at a time, while 
the 50th percentiles of the other three inputs are adopted, showing the simulated electron fluxes (Jsim) versus observed fluxes 
(Jobs) color-coded by the percentile of input parameters of (a–d) chorus wave amplitude, (e–h) chorus wave peak frequency, 
(i–l) background magnetic field, and (m–p) electron density at indicated four energies. The solid lines connecting the plus 
symbols correspond to the simulated results where time-varying input parameters based on observations are adopted. Each 
column of symbols represents the simulation time of 0, 9, 13.5, and 18 hr. The dot size changes and increases with error 
decreasing.
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the simulated results where time-varying input parameters based on observations are adopted. Here, the size of 
each colored dot is proportional to (100% − |a% − 50%|), where a% corresponds to the varying percentile of the 
inputs. In order to emphasis the lowest error, the results of the simulation baseline with 50th percentile of all 
four inputs are shown as the green dots with largest size. The comparison is evaluated at 4 time snapshots corre-
sponding to those shown in Figure 3, and displayed in such a way that the dots from left to right corresponding 
to the initial fluxes and the fluxes at the end of the simulation (18 hr) in each panel. Similar as the study of Hua, 
Bortnik, Kellerman, et al. (2022), the perturbations in chorus wave amplitude Bw cause the largest deviation of the 
simulated electron acceleration from observations compared to the other three input parameters, with a stronger 
value of Bw leading to a more intense response of relativistic electrons to chorus acceleration (dark red dots in 
Figures 4a–4d). Unlike the results from the study of Hua, Bortnik, Kellerman, et al. (2022) where the uncertain-
ties in the other three inputs have relatively minor impacts on the simulation results, the inaccuracy in chorus 
wave peak frequency fm, background magnetic field B0, and electron density Ne also cause significant deviation 
in the simulation. While larger fm and smaller Ne are more favorable for multi-MeV electron acceleration, the 
influence of Ne is slightly more significant than fm for electrons above 3 MeV. In addition, since the geomagnetic 
field can become stretched and hence less dipolar during the storm time (Tsyganenko et al., 2003), the changing 
B0 also play an important role in affecting the simulated electron acceleration by chorus, which causes an opposite 
trend for different energies due to its impact on the ratio of fpe/fce. (where fpe and fce represent the electron plasma 
frequency and gyrofrequency, respectively).

To quantify the simulation errors, Figure 5 shows the simulation errors calculated by using the log accuracy ratio 
of 𝐴𝐴 log10(

𝐽𝐽sim∕𝐽𝐽obs) (Morley et al., 2016) obtained at the end of the simulations at 18 hr. The log accuracy ratio is 
symmetric for over- and under-estimation, with the error of 1 (−1) representing that the simulation (observation) 
is 10 times higher than the observation (simulation). The largest simulation errors are associated with the most 
intense Bw, suggesting the dominant role of uncertainties in Bw in causing simulation errors, which is somewhat 
different from the results obtained by Camporeale et al. (2016) who found that the uncertainties in density have 

Figure 5. The error of log accuracy ratio of the electron flux at the end of the simulation time period (18 hr) as a function of 
energy and percentile of (a) chorus wave amplitude, (b) chorus wave peak frequency, (c) background magnetic field, and (d) 
electron density by only varying one input on the horizontal axis while the 50th percentiles of other three inputs are adopted.
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the dominant impact on simulated electron acceleration by chorus. Nevertheless, consistent with Camporeale 
et al. (2016), our results demonstrate that the second largest simulation errors for multi-MeV electron acceleration 
are associated with the lowest electron density. These errors are larger than the simulation errors when varying fm. 
The changing B0 overall leads to the smallest deviation of simulations from observation. Therefore, the impact of 
the inaccuracy of the input parameters on the simulation performance follows the order of error magnitude: Err(Bw)  
> Err(Ne) > Err(fm) > Err(B0).

3.2.2. The Effect of Varying Two Input Parameters

Figure 6 presents the simulation errors obtained by varying the two inputs indicated on both the vertical axis 
(percentile of chorus wave amplitude) and horizontal axis (from left to right: percentile of background magnetic 
field, chorus wave peak frequency, and electron density), while 50th percentile is adopted for the left two input 
parameters. The color-coded curves represent the contour of the isolines. Overall, the perturbations in all the four 
input parameters can significantly influence the simulation. The largest simulation errors for both overestimation 
(shown as the red color) and underestimation of acceleration (shown as the blue color) are always associated 
with the extreme cases of Bw, while smaller B0 and Ne, and larger fm are more favorable for multi-MeV electron 
acceleration by chorus scattering, and vice versa.

3.2.3. The Worst Cases in the Ensemble Simulations

To estimate the worst-case performance of the diffusion simulations obtained when there are uncertainties in 
the key input parameters, we identify the largest and smallest simulation errors (i.e., the simulated strongest and 
weakest electron acceleration) for each energy and their corresponding percentiles of input parameters, which are 
shown in Figure 7. The simulation errors of strongest acceleration increase with energy, reaching ∼8 orders of 
magnitude larger than the observations at ∼7 MeV (Figure 7a). The simulations showing strongest acceleration 
are mostly caused by combinations of inputs having the largest Bw and fm, together with the smallest Ne and B0. 
In contrast, the case for the combination of distributions of input parameters associated with the weakest accel-
eration is more complicated (Figure 7b). The simulation errors decrease with decreasing energy. Due to the shift 
of resonance energy when changing fm, Ne, and B0, electron fluxes below 3 MeV are reduced instead of being 
elevated with smallest fm, 16th percentile of Ne, and largest B0. Therefore, the strongest value of Bw leads to the 
most significant underestimation of acceleration in the simulation. However, there is no electron flux decay above 
3 MeV in our ensemble no matter how inputs vary. Therefore, multi-MeV electron fluxes barely change in the 
simulations with largest Ne and smallest fm, resulting in the smallest simulation errors (weakest acceleration), that 
is, the difference between the initial condition and the multi-MeV flux observation remains similar during the 
18 hr of the simulation. It is straightforward to understand that a weaker Bw will lead to a weaker acceleration up 
to no change. However, the weakest acceleration for electrons above ∼5 MeV is mainly determined by the largest 
Ne and is not sensitive to Bw and B0. A caveat of this approach is that extreme value of one (or more) parameters 
can hide the weaker role of others, as we seem to see with fm that is not responding for the case of the weakest 
acceleration and peaking up at 1%. Here, that is further accentuated because on top of that Bw is weak.

3.2.4. Probabilistic Approach

Following the study of Hua, Bortnik, Kellerman, et al. (2022), we employ a similar method to turn this physics-based 

deterministic model into a probabilistic problem. We first use Gaussian fitting 𝐴𝐴
1

𝜎𝜎

√

2𝜋𝜋
exp

(

−0.5 ×
(

𝑥𝑥−𝜇𝜇

𝜎𝜎

)2
)

 to get 

the individual probability density function (PDF) of the four normalized input parameters as shown in Figure 2, 
shown as the red lines in Figures 8a–8d with the mean value (μ) and standard deviation (σ) given at the top 
right corner in Figures 8a–8d. Here, x is the value of each of the normalized input parameters, which is unitless. 
Therefore, the PDF here is also unitless. The integration of individual PDF for each input parameters is 1. Based 
on these fitting results, the probability density for each point of the sampled inputs is shown as the red dots in 
the same panels. For simplicity, we assume that the four input parameters are independent, so that the combined 
probability density of an ensemble member is the product of the probability densities attributed to the four inputs 
corresponding to this member. For instance, the probability density for an ensemble member with inputs of Bw0, 
fm0, Ne0, and B00 equals PDF(Bw0) 𝐴𝐴 × PDF(fm0) 𝐴𝐴 × PDF(Ne0) 𝐴𝐴 × PDF(B00). This approximation seems reasonable since 
the 1D posterior density and 2D marginal distributions of the four input parameters based on Bayesian inference 
(e.g., Sarma et al., 2020) shown in Figure S2 in Supporting Information S1 suggest that there is not a clear corre-
lation among these four inputs. The detailed analysis based on Bayesian framework is described in Text S2 in 
Supporting Information S1. Since the distributions of the PDF of the normalized inputs are based on the direct 
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in situ observations during multiple storms, the probability density calculated here can help us understand the 
probability of the possible combinations of the four inputs in the real magnetosphere.

The distribution of probability density versus the simulation error of each ensemble member is shown in 
Figures 8e–8h as dots, where the red and blue colors show the overestimation and underestimation of electron 
acceleration, respectively. These results are further binned into a probability density grid that is uniformly distrib-
uted in logarithmic space from 10 −11 to 10 with 21 points in total. The median simulation errors of the overesti-
mation and underestimation of electron acceleration are shown as the red and blue circles with upper and lower 
quartiles as error bars. Overall, the magnitude of the simulation error with error >0 decreases with increasing 

Figure 6. The error of log accuracy ratio at the end of simulations (18 hr) obtained by only varying the two inputs on 
the vertical axis (percentile of chorus wave amplitude) and horizontal axis (from left to right: (a, d, g, and j) percentile of 
background magnetic field, (b, e, h, and k) chorus wave peak frequency, and (c, f, i, and l) electron density), while 50th 
percentile is adopted for the left two input parameters. The color-coded curves represent the contour of the isolines.
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probability density for relativistic electrons, with the largest simulation error reaching ∼4 orders of magnitude 
for electrons above 2.6 MeV, demonstrating that the simulated acceleration can significantly deviate from obser-
vations. On the contrary, the simulation errors of the underestimation of acceleration mostly concentrate at the 
lowest value for the higher energies. The reason is that acceleration at higher energies requires a longer time than 
the electrons at lower energies. Therefore, electron fluxes at higher energies barely vary if the preferable  input 
parameters are not present, whose simulation error is the difference between the initial condition and the obser-
vations. Figure 9 is similar to Figures 8e–8h though it only includes ensemble members with inputs between 
36th to 62nd percentiles (±1 standard deviation). The simulation errors are concentrated between ∼−2.0 and 
0.5, suggesting that the simulation members with largest probability density still provide a reasonable estimates 
of radiation belt electron dynamics within a small uncertainty range, which is important for accurate forecast of 
radiation belt electrons.

4. Discussions
In this section, we discuss the limitations and possible improvements of the present study. Although the input 
sampling in our study is limited to the selected 11 storms, which cannot provide a comprehensive analysis 
of the possible variation of the four input parameters, out study has indeed significantly improved it in terms 
of better spatiotemporal coverage and better coverage for extreme cases comparing to the previous studies 
(Camporeale et al., 2016; Hua, Bortnik, Kellerman, et al., 2022). We note that our probability results are based 
on the assumption that the four input parameters are independent for the sake of simplicity, but there can be 
correlations among these inputs in reality. For example, the study of Allison et al. (2021) demonstrated that 
electron acceleration reaching >7 MeV only occurs when the electron density is very low, which is mostly 
associated with strong storms. The geomagnetic field line can be highly non-dipolar and the plasmasphere 
can be eroded during storm time, potentially causing correlated large variation in both B0 and Ne. Therefore, 
future studies are needed to investigate the joint probabilities among these key input parameters (which could 
in general be complex and nonlinearly dependent on storm phase and intensity) to refine the calculation of 
probability density. In addition, our study is limited to the diffusive scattering effects in the quasi-linear regime, 
while the nonlinear effects due to chorus waves could be important (Mourenas et  al.,  2018,  2022; Zhang 
et al., 2018). Furthermore, the simulated electron acceleration is not only sensitive to the perturbations in the 
four key input parameters analyzed in the present study, but also strongly depends on the initial flux distribution 
and lower energy boundary condition, which have been comprehensively analyzed in previous studies (Allison 
et al., 2019; Hua, Bortnik, & Ma, 2022; Varotsou et al., 2008) and are beyond the scope of the current study. It 
is worth noting that the method that calculates the individual observation-specific diffusion coefficients using 
simultaneous observations of plasma and wave parameters (Ross et al., 2020; Watt et al., 2019, 2021) can be 

Figure 7. The error of log accuracy ratio (black star lines) of the strongest (a) and weakest (b) electron acceleration in the 
ensemble simulations as a function of electron energy, with corresponding percentiles of chorus wave amplitude (blue lines 
plus symbols), chorus wave peak frequency (green lines circle symbols), background magnetic field (orange lines triangle 
symbols), and electron density (purple lines square symbols). The blue and green lines overlap in panel (a).
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used to sample the distributions of diffusion coefficients to improve the ensemble simulations in the current 
study, which will be left to the future study. However, in the present study, we have approached this problem 
from a perspective that is perhaps closer to real-life space weather prediction, where the uncertainty is given 
over the range of inputs, and the requirement is to provide the statistical uncertainty of the resulting output 
fluxes.

Figure 8. The probability density function (PDF) of the normalized (a) background magnetic field, (b) total electron density, 
(c) chorus wave amplitude, and (d) chorus wave peak frequency based on superposed epoch analysis using Van Allen Probe 
measurements during the selected 11 storms. The red lines show the Gaussian fitting of the PDF with the corresponding mean 
value (𝐴𝐴 𝐴𝐴 ) and standard deviation (𝐴𝐴 𝐴𝐴 ) given at the top right corner in each panel. (e–h) The simulation error (i.e., log accuracy 
ratio) of the ensemble simulations versus probability density at indicated energies, with the light red and light blue dots 
showing the overestimation and underestimation of electron acceleration, respectively. The red and blue dotted lines show the 
median values, with error bars below and above the dots representing the lower and upper quartiles, respectively.
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5. Conclusions
In the present study, we quantify the influence of uncertainties in the four key input parameters on the wave-induced 
radiation belt electron acceleration by performing ensemble quasi-linear diffusion simulations during the repre-
sentative storm on 9 October 2012, where chorus waves dominate electron acceleration at L = 5.2. Based on 
superposed epoch analysis of 11 storms when both multi-MeV electron flux enhancements and chorus wave 
activities were observed by Van Allen Probes, we use nonparametric statistics (percentiles) to sample the normal-
ized input distributions for the four key inputs to estimate their relative perturbations with respect to the median 
value in each storm, including chorus wave amplitude Bw, chorus wave peak frequency fm, background magnetic 
field B0, and electron density Ne.

We ran a ∼14,600-member ensemble simulation to systematically analyze the performance of the radiation belt 
electron model by comparing with the observed electron flux evolution from Van Allen Probes at different ener-
gies. Our results demonstrate that the uncertainties in all the four key input parameters can cause significant 
deviation of the simulated electron acceleration away from the observation, but the dependence varies with both 
electron energy and whether acceleration overestimation or underestimation is considered. Larger chorus wave 
amplitudes and peak frequencies, and lower electron densities are more favorable for multi-MeV electron accel-
eration. Although the variation in B0 plays a less important role in causing simulation error, its influence is still 
nonnegligible compared with its impact on electron loss driven by plasmaspheric hiss at lower L-shell (Hua, 
Bortnik, Kellerman, et al., 2022). Note that the nondipolar field is not considered in the current study, which can 
directly change the diffusion coefficients (Ma et al., 2012; Ni et al., 2012; Orlova et al., 2012) and the shape of 
electron PSD peak (Green & Kivelson, 2004; Loridan et al., 2019). Our results demonstrate the dominant role of 
the changing Bw in causing simulation errors. Consistent with Camporeale et al. (2016), our results also confirm 

Figure 9. Same as Figures 8e–8h except that only the results of ensemble members with inputs between 36th to 62nd 
percentiles are plotted. Simulations produce a ∼2 orders of magnitude error comparing to the observations with the inputs 
between 36th and 62nd percentiles.
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that perturbations in electron density can cause significant discrepancy between simulated chorus-driven accel-
eration and observation. The impact of the uncertainties in the inputs on the simulation accuracy falls into the 
following sequence of errors: Err(Bw) > Err(Ne) > Err(fm) > Err(B0).

By calculating the probability density of the simulation error in our ensemble, we turn this physics-based deter-
ministic radiation belt model into a probabilistic one, which gives the prediction of electron dynamics along 
with the confidence of simulation performance. Overall, the magnitude of the simulation error with errors >0 
decreases with increasing probability density for relativistic electrons, while the simulation errors of the under-
estimation of acceleration mostly concentrate at the lowest value for higher energies, due to the fact that higher 
energy electrons are more difficult to be accelerated without preferable input parameters. In addition, the simu-
lation only deviated from observation within ∼2 orders of magnitude with largest probability density, while the 
simulations significantly deviate away from observations once the perturbations in the inputs becomes larger, 
which is important for forecast of radiation belt electrons.

Our study reveals the influence of uncertainties in the key input parameters on the simulated radiation belt 
electron acceleration by chorus (within the limitations stated above), with the input uncertainties obtained from 
superposed epoch analysis from multiple similar storms. This type of ensemble-based uncertainty quantification 
is of paramount importance in understanding the range of errors inherent in radiation belt modeling, the probabil-
ity of obtaining such errors, for specifying confidence intervals of any given simulation, and for the verification 
of radiation belt electron models and improvements of accurate electron predictions.

Data Availability Statement
The ECT data were obtained from https://rbsp-ect.newmexicoconsortium.org/data_pub/. The VanAllen probes 
data from the EMFISIS instrument were obtained from http://emfisis.physics.uiowa.edu/Flight. The geomagnetic 
indices were obtained from the OMNI data set (https://omniweb.gsfc.nasa.gov/ow_min.html). The source data 
used to produce figures in the present study are publicly available at https://doi.org/10.6084/m9.figshare.20321670.
v1 (Hua et al., 2023).
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