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ABSTRACT: In a prior paper, insights into tornadogenesis in supercell storms were gained by discovering analytical for-
mulas for vorticity variations along streamlines in idealized, steady, frictionless, isentropic inflows of dry air imported from
a horizontally uniform environment. This work is simplified and extended to the evolution of parcel vorticity in unsteady,
nonisentropic flows by integrating the vorticity equation using nonorthogonal Lagrangian coordinates. The covariant basis
vectors e1, e2, and e3 are material line elements attached to each parcel. Initially they form an orthonormal set with e1 in
the direction of and e2 left normal to the storm-relative wind at each level in the environment, and e3 upward. The surface
containing all parcels with the same initial height constitutes a material surface, within which initially streamwise and trans-
verse material lines are reoriented and stretched or shrunk. The basis vectors propagate a parcel’s barotropic vorticity
through time by factoring in the “frozen-field” effect. With a horizontally uniform environment, the barotropic vorticity of
a parcel depends on its initial streamwise vorticity times its current e1 plus its initial crosswise vorticity times its current e2.
For baroclinic and frictional vorticity, each contravariant component is the integral from initial to current time of the corre-
sponding contravariant component of the generation vector. The “river-bend” effect acting on all parts (baroclinic, fric-
tional, and barotropic) of transverse vorticity produces streamwise vorticity (parallel to 3D wind). In left-turning steady
flow, it arises from e2 rotating toward e1. For steady, frictionless, dry isentropic flow, previous vorticity formulas are
recovered.

SIGNIFICANCE STATEMENT: Air parcels rising in a tornado spin rapidly about their direction of motion. Theory
herein describes the processes that can produce this streamwise spin in supercells. Cyclonic updraft rotation originates
from strong low-level environmental storm-relative winds that turn clockwise with height. Parcels flowing into the
updraft have initially large streamwise spins that are amplified by streamwise stretching. Rain curtains falling through
the cyclonic updraft cause other parcels to descend and turn leftward. Buoyancy and frictional torques give them hori-
zontal spin. Even if these spins are transverse to the flow initially, they are turned streamwise by secondary flow that
develops in left-hand bends. As the parcels reach the ground and converge into the tornado, streamwise stretching
greatly magnifies their streamwise spins.
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1. Introduction

Three-dimensional high-resolution numerical simulations
of supercell storms are now capable of reproducing violent
tornadoes (e.g., Orf et al. 2017; Orf 2019). Despite excellent
visualizations and extensive diagnostic studies of these com-
plex simulations, there is still no universally accepted explana-
tion of how the tornadoes form. This paper develops formulas
for the partial vorticities of parcels that can be used to detect
the origins of tornado vorticity in supercell simulations and
thus assess the merits of various tornado theories. A subse-
quent paper will report and lightly test a methodology for
computing partial vorticities of a parcel along its forward tra-
jectory. The method requires the parcel’s initial vorticity and,
along its path, its velocity-gradient matrix and the torques act-
ing on it. This information can be obtained from the output of
a simulation.

Although still not providing conclusive evidence in favor of
a single tornadogenesis theory, numerical simulations have
nevertheless provided clues. The following briefly summarizes
current knowledge and ideas about tornado formation. In the
typical supercell environment, vertical vorticity is negligible
compared to horizontal vorticity (Davies-Jones 1984, hereaf-
ter DJ84). Moreover, simulated supercells produce tornadoes
even when there is no environmental vertical vorticity. Thus
Earth’s rotation is essential only to the establishment of the
favorable environmental wind shear that is input to a forecast
or model. Within a storm, torques associated with differential
buoyancy, frictional, and precipitation-drag forces generate
vorticity that is predominantly horizontal. Thus any tornado-
genesis theory should explain how the larger-scale flow in a
simulated supercell can produce a tornado with its large verti-
cal vorticity and high energy density at ground level from
ambient and torque-generated horizontal vorticity. In theory
and many simulations with a free-slip lower boundary condi-
tion, intense vertical vorticity near the ground forms from
horizontal vorticity only in air parcels that have descended
from their initial height in the environment (Davies-Jones
1982, 2000; Davies-Jones and Brooks 1993; Adlerman et al.
1999; Davies-Jones et al. 2001; Davies-Jones and Markowski
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2013). As shown by Davies-Jones (2017, hereafter DJ17) and
Rotunno et al. (2017), a current of air entering a tornado has
to subside first in order for its horizontal vorticity to be greatly
amplified next to the ground. The vortex then results from
upward tilting of the crowded near-surface vortex lines. The
near-ground vertical vorticity in many simulations stems from
baroclinically generated horizontal vorticity in cool subsiding
air on the left side of the storm with respect to storm motion
(e.g., Rotunno and Klemp 1985; Davies-Jones and Brooks
1993; Adlerman et al. 1999; Dahl et al. 2014; Markowski and
Richardson 2014; Dahl 2015). Even when the environmental
vorticity is mainly crosswise (left normal to the storm-relative
environmental wind) or when the baroclinic generation is
transverse, the vorticity entering the tornadic region of the
storm can still end up predominantly streamwise (Adlerman
et al. 1999; Markowski and Richardson 2014) owing to the
“river-bend effect,” which turns positive transverse vorticity
into the streamwise direction in left-turning flow (Fig. 1;
Shapiro 1972; Scorer 1997; Adlerman et al. 1999; Davies-
Jones et al. 2001; DJ17).

Recently other origins of vorticity have been proposed. In
supercell simulations with surface drag, substantial increases
in circulation around a material circuit have been attributed
to frictionally generated vorticity generated close to the
ground in the storm inflow (e.g., Roberts et al. 2020). Vortic-
ity generated at the ground diffuses into the atmosphere.
Owing to large vertical gradients of shear stress, the genera-
tion of frictional vorticity near the ground is predominantly
horizontal. Like subsidence, surface drag causes packed near-
surface vortex lines. Turbulent mixing in the model should be
sufficient to produce a realistic surface layer. If this layer is
too shallow, the frictional vorticity is too concentrated near
the ground (Markowski and Bryan 2016; Davies-Jones 2021).
However, Batchelor (1967, p. 282) pointed out that downward
advection can confine vorticity to a shallow layer. Tornado
formation could result if this abundant vorticity is advected

beneath the updraft, tilted toward the vertical, and vertically
stretched. As well as generating horizontal vorticity, surface
drag also acts to enhance low-level convergence in the meso-
cyclone by increasing cyclostrophic imbalance and radial
inflow.

Based on advanced visualization of their numerical output,
Orf et al. (2017) associated tornadoes with preceding and
nearby streamwise vorticity currents (SVC), which form along
a baroclinic forward-flank downdraft boundary (FFDB) or a
left-front convergence boundary (LFCB) (Beck and Weiss
2013; Orf 2019) as depicted in Fig. 2. The tail cloud rising into
the wall cloud in Fig. 3 forms along an FFDB or an LFCB.
Although the tornado is pendant from the wall cloud and
eventually becomes the center of circulation, it forms near an
updraft–downdraft interface (Lemon and Doswell 1979). It
does not form near the place where the SVC-associated tail
cloud ascends into the wall cloud (Fig. 3; Fujita 1959) because

FIG. 1. 3D diagram of streamwise-vorticity development around
a left-hand bend (thin black lines). Black arrows on the inner bank
of the bend entrance indicate the vertical profile v(z) of the pri-
mary flow, which has positive speed shear. The blue arrow indicates
the direction of the primary transverse vorticity entering the bend.
The black arrows on the top face depict the lateral profile in down-
stream velocity, denoted by v(r), where r is distance from the
bend’s center of curvature. The red “L” indicates low pressure on
the inside of the bend. High pressure on the outside of the bend is
not shown. The black arrows at the exit of the bend indicate the
sense of the secondary transverse circulation produced in the bend
(adapted from Davies-Jones and Markowski 2021).

FIG. 2. Schematic flow field near the ground in a tornadic super-
cell. The stippled region depicts the radar echo. The contours at
2 m s21 intervals are of the vertical-velocity field. The zero contour
is omitted and positive (negative) contours are solid (dashed). The
flow arrows depict the storm-relative streamlines. The red “T”
inside the hook and the black “A” mark the location of a cyclonic
tornado and a rare anticyclonic tornado, respectively. Numbers in
the figure are as follows: (1) marks the inflow where upward tilting
of environmental vorticity is occurring. Along the streamline
passing through (3) and (2), the river-bend effect is producing
streamwise vorticity from transverse vorticity in left-turning flow;
(3) locates the downdraft region where baroclinic generation of
horizontal vorticity is occurring near the LFCB; (4) marks a place
where horizontal streamwise vorticity is generated baroclinically
along the FFDB, which is the front that extends from the vortex
northward. The SVC may lie along either the FFDB or the LFCB
(adapted from Klemp and Rotunno 1983).
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the vertical vorticity is forming in air as it is rising away from
the ground (Davies-Jones 1982). Nevertheless the intersection
of the SVC with the updraft is an important location because
it is a place at low altitude where the mesocyclonic rotation is
enhanced locally owing to upward tilting and stretching of
streamwise vorticity, pressure is falling rapidly, the upward
pressure-gradient force is powerful, and the updraft is intense
due to “vortex suction” (Lilly 1986).

The visualizations accentuate the SVC, but do not show
how a tornado obtains its vorticity. Since vorticity is a prop-
erty of parcels, we must adopt a Lagrangian approach and
analyze the vorticity evolution of parcels that enter a tornado.
Air only enters a tornado through its corner region close to
the ground; it does not enter aloft through its sides. Rotating
rain curtains may be instrumental in bringing rotation to the
ground. Based on visual evidence, Fujita (1975) proposed the
recycling hypothesis for tornado formation. A rotating rain
curtain descends around the mesocyclone and initiates a twist-
ing downdraft through drag forces, evaporative cooling, and
advection. The torque due to a horizontal hydrometeor gradi-
ent of 3.5 g kg21 km21 is roughly the same as that due to a
horizontal temperature gradient of 1 K km21. As this down-
draft hits the ground, some of its air flows inwards toward the
axis of rotation, thus transporting angular momentum down-
ward and inwards. The near-ground tornado cyclone that
results from this spinup intensifies into a tornado as a result of
frictional interaction with the ground. An idealized axisym-
metric simulation by Davies-Jones (2008, hereafter DJ08)
models this process using large raindrops released at the top
of the updraft. Animation clearly shows that the tornado
forms ground upward and connects with the one aloft as hori-
zontal vorticity is tilted into the vertical and then advected
upward in an axial jet. In this regard, the axisymmetric simula-
tion agrees with Orf’s high-resolution 3D simulations. The
process also produces anticyclonic vorticity adjacent to the

tornado as often observed. The vortex aloft does not build
gradually downward to the surface by the dynamic pipe effect
(Smith and Leslie 1979; Trapp and Davies-Jones 1997).

We should recognize that there is more to tornadogenesis
than just identifying the origins of the tornado’s vertical
vorticity. Updraft rotation aloft plays an important role.
Even though rotation near the ground develops baroclini-
cally, frictionally, or as a result of differential hydrometeor
drag, it is set up indirectly by the broader updraft rotation
aloft, which originates from tilting of streamwise vorticity
(DJ84) and leads to rotating rain curtains and left-turning
subsiding flow at low elevations. For example, in the DJ08
simulation, azimuthal torque-generated vorticity, although
not tilted, is nonetheless important because its associated
circulation radically alters the flow in the radial–height
plane, resulting in downward and inward transport of angu-
lar momentum. Tornadogenesis would not occur in the sim-
ulation without it.

To help identify vorticity generation and amplification pro-
cesses in supercell simulations, previous theoretical work con-
cerning steady isentropic inviscid supercell-like flows (DJ17)
is extended herein to unsteady nonisentropic flow. Given the
wind field from a supercell simulation, the new work can be
used to calculate the partial vorticities of parcels that enter
simulated tornadoes and thus to formulate the above ideas
about tornadic rotation. The vorticity equation for general
flow is integrated in the nonorthogonal Lagrangian coordi-
nates that were used previously by Dahl et al. (2014) to com-
pute a parcel’s barotropic vorticity. Dahl et al.’s method is
generalized herein to obtain formulas for baroclinic and fric-
tional vorticity as well. For steady flow the new method yields
simpler formulas and derivations than the equivalent ones
generated by DJ17, using Scorer’s (1997, 74–78) secondary-
vorticity approach.

Formulas for the barotropic, baroclinic, and frictional
vorticities are obtained herein for several kinds of flow. In
sections 2 and 3 the flow is very general with Coriolis and
friction forces included. In sections 4 and 5, we specify that
the reference frame is nonrotating and approximately (or
exactly in section 5) storm relative, that the environment is
horizontally uniform, and that the supercell-like flow is fric-
tionless. We also turn the Lagrangian horizontal axes with
height so that they are streamwise and crosswise to the
frame-relative environmental wind. In section 5 the flow is
further restricted to being steady, dry, and isentropic. Section 6
demonstrates how easy it is to deduce the relationship between
updraft helicity and storm-relative environmental helicity with
the techniques developed herein. In appendix B we show that
in the limit of steady dry isentropic flow the formulas obtained
in section 5 reduce to those obtained laboriously in DJ17.
Section 7 uses the formulas to show how rotation may develop
in a supercell, and section 8 encapsulates the vorticity-evolu-
tion theory.

2. Mathematical formulation

In Earth’s rotating reference frame, the equations govern-
ing motion, mass continuity, and entropy are

FIG. 3. Vertical section and horizontal plan view of the SVC and
associated tail cloud along a boundary (either the FFDB or
LFCB). Parcels in the tail cloud acquire baroclinic streamwise vor-
ticity owing to their presence in a transverse buoyancy gradient.
This vorticity is tipped upward as the parcels rise into the wall
cloud and updraft rotation is enhanced locally. The tornado is
located in a gradient of vertical velocity, not in the part of the wall
cloud where the SVC and tail cloud enter it (from Fujita 1959).
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dv
dt

1 2X 3 v 5 T$S 2 gqL$z 2 $ cpT 1 F
( )

1 F, (1)

d lna
dt

5 $ · v, (2)

dS
dt

5 Q̇=T ≡ Ṡ, (3)

where t is time, d/dt is the material derivative, v is the wind
vector, V is Earth’s angular velocity, F is the apparent gravi-
tational potential,2gqL$z is the drag force (weight) of hydro-
meteors, g is the acceleration due to gravity, qL is the
hydrometeor mixing ratio, z is height, F is the friction force
per unit mass, T is temperature, S is the specific dry entropy,
a is the specific volume (reciprocal of density r), cp and cy are
the specific heats of dry air at constant pressure and constant
volume, R is the gas constant for dry air, cpT is the specific
enthalpy, and Q̇ is heat per unit mass added to a parcel. In
terms of a and T,

S 5 cy lnT 1 R lna 1 const: (4)

Let v ≡ $ 3 v 1 2V denote the absolute vorticity. By tak-
ing the curl of (1) and using vector identities and (2), we
obtain the following equation in the true vector w ≡ av:

L w( ) ≡ dw
dt

2 w · $( )v 5 a$ 3 N (5)

(Dutton 1976, p. 382), where N ≡ T$S 2gqL$z 1 F is the net
nonconservative force and $ 3 N is the net torque. The baro-
tropic part, wBT, of w satisfies the homogeneous version (or
torque-free version) of (5), namely,

L wBT( ) 5 dwBT

dt
2 wBT · $( )v 5 0, (6)

subject to the condition that initially the barotropic vorticity is
equal to the total vorticity. Any vector field B for which L(B)5
0 is frozen into the fluid (Borisenko and Tarapov 1979, p. 240).
Thus wBT is a frozen-in field. Given v from a numerical simula-
tion and the initial vorticity field, (6) determines wBT.

For later use, we now summarize basic properties of nonor-
thogonal Lagrangian coordinates. We define right-handed
Cartesian coordinates (x, y, z) ≡ (x1, x2, x3) with unit basis vec-
tors i, j, and k, where i is eastward, j is northward, and k (5$z) is
vertically upward, respectively. The position vector x ≡ xi1 yj1
zk and the wind v ≡ ui1 yj1 wk. In the Lagrangian framework,
(X, Y, Z, t) ≡ (X 1, X2, X3, t) are the independent variables
where t is the Lagrangian time coordinate and the Lagrangian
spatial coordinates X, Y, and Z are defined as the Cartesian
coordinates at an initial time t0 of a parcel that is at the posi-
tion vector x at the current time t. The material derivative
d/dt ≡ ­/­t 1 v · $ in Eulerian coordinates becomes ­/­t in
Lagrangian coordinates. A parcel trajectory is

x t( ) 5 X 1

� t

t0

v X,s( )ds, (7)

where X ≡ (X, Y, Z) is the initial position vector of a parcel, s
is a dummy time variable, and v(X, s) is the parcel velocity at
time s. The integrals in this paper are Lagrangian ones (fol-
lowing a parcel), for which the integrands should be expressed
in Lagrangian coordinates. A numerical simulation provides
the wind field v. Following Salmon (1998, p. 5), we define a
label space with Cartesian coordinates (X, Y, Z) and a location
space with Cartesian coordinates (x, y, z). Parcels are station-
ary in label space, and move along their trajectories in location
space. Alternatively, we can think of the label variables (X, Y, Z)
as time-dependent curvilinear coordinates that the flow drags
through location space according to the mapping (7).

The material Lagrangian curvilinear system used here is a
nonorthogonal coordinate system (Margenau and Murphy
1956, 192–196; D’haeseleer et al. 1991, 7–39) with covariant
basis vectors

e1 t( ) 5 ­x t( )
­X

, e2 t( ) 5 ­x t( )
­Y

, e3 t( ) 5 ­x t( )
­Z

, (8)

where e1(t0) 5 i, e2(t0) 5 j, and e3(t0) 5 k. Hereafter, sub-
script 0 denotes initial values. By the chain rule, the compo-
nents of ej(t) at two different times t and s are related by

­xi t( )
­Xj 5

­xi t( )
­xk s( )

­xk s( )
­Xj (9)

in tensor notation with the Einstein summation convention.
Thus a covariant basis vector evolves according to

ej t( ) 5 J t,s( )ej s( ) where J t,s( ) ≡ ­xi t( )=­xk s( ): (10)

Here J is operating as a state-transition matrix (Miller and
Michel 1982, 96–97).

In terms of the Lagrangian basis vectors, the equation for
continuity or mass conservation is

e1 · e2 3 e3 5
a

a0
, (11)

where a0 ≡ a(t0) is the initial specific volume and a/a0 is the
dilatation.

The ei(t) are tangent to the coordinate curves Xi. Note that
e1(t), e2(t), and e3(t) are the current configurations of short
material line elements attached to a parcel that are initially paral-
lel to the x, y, and z axes. At a point these vectors define a tiny
fluid stencil (Fig. 4; Dahl et al. 2014) that evolves in location
space as illustrated in Fig. 5. The arms of the stencil are propor-
tional to the covariant basis vectors. Initially they are of uniform
length dX5 dY5 dZ ≡ D, and define a tiny cube as shown. The
arms are material “elastic strings” that stretch and turn, and the
material grid volume deforms into a parallelepiped (Fig. 5) of
the same mass as the initial cube (Fig. 4). In label space the cube is
naturally static. Equation (11) is a statement that the mass of the
material parallelepiped in Fig. 5 is invariant (Lamb 1945, p. 14).

By differentiating (7) with respect to Xi, we find that the
covariant basis vectors evolve according to

ei t( ) 5 ei t0( ) 1
� t

t0

­v X,s( )
­Xi ds, (12)
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which describes stretching and reorientation of the material
line elements.

The contravariant basis vectors e j for the Lagrangian coor-
dinates are

e1 5
a0

a
e2 3 e3, e2 5

a0

a
e3 3 e1, e3 5

a0

a
e1 3 e2 (13)

(Margenau and Murphy 1956, p. 193). These are reciprocal to
the ei ones because, from (13) and (11),

ei · ej 5 dji, (14)

where dji is the Kronecker delta (D’haeseleer et al. 1991, p. 8).
Now

ei · $Xj 5
­x1

­Xi i 1
­x2

­Xi j 1
­x3

­Xi k

( )
· ­Xj

­x1
i 1

­Xj

­x2
j 1

­Xj

­x3
k

( )

5
­x1

­Xi

­Xj

­x1
1

­x2

­Xi

­Xj

­x2
1

­x3

­Xi

­Xj

­x3
5 dji 5 ei · ej

(15)

by the chain rule and (14). Hence the contravariant basis vec-
tors are

e1 t( ) 5 $X, e2 t( ) 5 $Y, e3 t( ) 5 $Z: (16)

The contravariant basis vectors are not material vectors.
Instead they are normal to the coordinate surfaces Xi 5 cons-
tant, which are material surfaces. In particular, e3 is normal to
its Z surface, which is the material surface containing all par-
cels with the same initial height Z, and its magnitude |$Z|
measures the local closeness of Z surfaces.

The reciprocals of (11) and (13) are

e1 · e2 3 e3 5
a0

a
, (17)

ei 5
a

a0
ej 3 ek, i, j, k( ) circular (18)

(Margenau and Murphy 1956, p. 193), where (i, j, k) circular
means that (i, j, k) are circular shifts of (1, 2, 3), namely, (1, 2, 3),
(2, 3, 1), (3, 1, 2), for i 5 1, 2, 3, respectively. Via (16), (18)
becomes

a0

a
ei 5 =Xj 3 =Xk, i, j,k( ) circular: (19)

By the chain rule and (16), the gradient operator is

$ ≡ e1
­

­X
1 e2

­

­Y
1 e3

­

­Z
≡ ei t( ) ­

­Xi : (20)

With reciprocal bases, we can represent any vectorA by

A 5 Aie
i 5 Aiei (21)

(D’haeseleer et al. 1991, p. 8), where Ai ≡ A · ei and Ai ≡ A ·
ei are the contravariant and covariant components of A,
respectively. From (14), (20), and (21), we find that

A · $ ≡ Aj ­

­Xj : (22)

From (21), (16), vector identities, and (20), the curl ofA is

FIG. 4. Perspective view of the parcel stencil and volume at the
initial time t0. At this time the spacing of the parcels is uniform and
equal to D. The red ball marks the parcel, and the green, cyan,
blue, purple, yellow, and gray balls locate its eastward, westward,
northward, southward, upward, and downward neighbors, labeled
E, W, N, S, A, and B, respectively. The vectors from the red ball to
the green, blue, and yellow balls are the initial covariant basis vec-
tors e1(t0), e2(t0), and e3(t0), which form an orthonormal set times
D. The triple product e1(t0) 3 e2(t0) · e3(t0) is proportional to the
volume D3 of the tiny cube. In label space, the stencil and cube are
static.

FIG. 5. As in Fig. 4, but at a later time t. In location space the
material stencil is irregular and the tiny cube has deformed into a
parallelepiped with the same mass as the original cube. The covari-
ant basis vectors e1(t), e2(t), and e3(t) are no longer unit vectors
and are no longer orthogonal to one another.
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$ 3 A 5 $ 3 Ake
k

( )
5 $ 3 Ak$Xk

( )
5 $Ak 3 =Xk 5 $Ak 3 ek 5

­Ak

­Xj ej 3 ek:
(23)

Thus in Lagrangian coordinates,

$ 3 A 5
a0

a

∑3
i51

­Ak

­Xj 2
­Aj

­Xk

( )
ei, i, j,k( ) circular, (24)

by (18). Apart from insertion of the continuity Eq. (17), this is
the same formula as in D’haeseleer et al. (1991, p. 37). By
substitutingA5 a$b where a and b are any two differentiable
scalars and using (20) and a vector identity, we obtain the use-
ful formula,

a$a 3 $b 5 a0
­ a,b( )
­ Y,Z( ) e1 1

­ a,b( )
­ Z,X( ) e2 1

­ a,b( )
­ X,Y( ) e3

[ ]
,

(25)

where

­ a,b( )
­ Xj,Xk( ) ≡

­a
­Xj

­b
­Xk 2

­a
­Xk

­b
­Xj : (26)

3. Integral of the Lagrangian vorticity equation for
general flow

Because vorticity is fundamentally a parcel property, we
can find a general integral of the vorticity Eq. (5) only in
terms of Lagrangian coordinates. Thus we begin our quest for
a general integral by obtaining the Lagrangian version of (5).
By temporal differentiation of (8) or (12), we see that the ei
satisfy the differential equation

­ei
­t

5
­v

­Xi : (27)

In Lagrangian coordinates, the quantity L(w) defined in (5) is

L w( ) ≡ dw
dt

2 w · $( )v

5
­ w1e1 1 w2e2 1 w3e3
( )

­t
2 w1 ­

­X1 1 w2 ­

­X2 1 w3 ­

­X3

( )
v

5
­w1

­t
e1 1

­w2

­t
e2 1

­w3

­t
e3, (28)

where we have employed (21), (22), and (27). With use of
(28) and (24), the differential Eq. (5) for w5 wiei becomes

­w1

­t
e1 t( ) 1 ­w2

­t
e2 t( ) 1 ­w3

­t
e3 t( ) 5 a0

­N3

­Y
2

­N2

­Z

( )
e1 t( )

1 a0
­N1

­Z
2

­N3

­X

( )
e2 t( )

1 a0
­N2

­X
2

­N1

­Y

( )
e3 t( ):
(29)

Henceforth, let subscripts BT, N, BC, q, and F denote baro-
tropic, nonbarotropic, baroclinic, hydrometeor, and frictional,
respectively, where N includes all the torques. The total w ≡
av is the sum of partial vorticities, i.e., w5 wBT 1 wBC 1 wq 1

wF where wBC 1 wq 1 wF ≡ wN. From the dot product of the
homogeneous version of (29) with ei and (14), the initial-value
problem (IVP) for the contravariant components of barotropic
w is

­wi
BT

­t
5 0, wi

BT t0( ) 5 wi t0( ): (30)

Similarly from the full version of (29), the IVP for the con-
travariant components of Lagrangian nonbarotropic vortic-
ity is

­wi
N

­t
5 a0

­Nk

­Xj 2
­Nj

­Xk

( )
, i, j, k( ) circular; wi

N t0( ) 5 0:

(31)

Note that in contravariant-component form, the Lagrangian
vorticity equation is a system of linear inhomogeneous first-
order ordinary differential equations with time as the inde-
pendent variable. Its solution is the sum of the barotropic
(homogeneous) solution that satisfies the initial condition on
w and the nonbarotropic (particular) solution that is zero
initially.

a. Barotropic-vorticity formula

The solution of the IVP (30) is simply

wi
BT t( ) 5 wi t0( ), i 5 1, 2, 3, (32)

and therefore, the formula for vector barotropic w is

wBT t( ) ≡ a t( )xBT t( )
5 a0 v1 t0( )e1 t( ) 1 v2 t0( )e2 t( ) 1 v3 t0( )e3 t( )

[ ]
: (33)

This result with the ei defined by (8) is Cauchy’s formula
(Dutton 1976, p. 385; Davies-Jones 2000, 2006, 2015a). The
contravariant components of wBT are just the initial eastward,
northward and upward w components and are thus invariant
(Dahl et al. 2014). As expected for a frozen-in field, the initial
w and the current basis vectors determine the current wBT,
which is independent of the configurations of the basis vectors
at intermediate times. By means of (19), we may write (33) in
terms of potentials as

xBT t( ) 5 v1 t0( )$Y 3 $Z 1 v2 t0( )$Z 3 $X 1 v3 t0( )$X
3 $Y: (34)

From (30) we see that any vector with constant contravar-
iant components satisfies the barotropic-vorticity Eq. (6).
Thus the ei(t), i51, 2, 3, satisfy (6) individually and the ei vec-
tors are therefore material vectors frozen into the fluid [as evi-
dent physically from (12)].
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b. Formula for nonbarotropic vorticity

By integration, the particular solution of the inhomoge-
neous IVP (31) is

wN t( ) 5 a0e1 t( )
� t

t0

­N3 s( )
­Y

2
­N2 s( )
­Z

[ ]
ds

1 a0e2 t( )
� t

t0

­N1 s( )
­Z

2
­N3 s( )
­X

[ ]
ds

1 a0e3 t( )
� t

t0

­N2 s( )
­X

2
­N1 s( )
­Y

[ ]
ds: (35)

By moving the covariant basis vectors in (35) inside the inte-
grals and using (10) and (24), we obtain

wN t( ) 5
� t

t0

J t,s( ) a$ 3 N( ) s( )ds: (36)

This formula states that the w generated by torques in each
short time interval (s, s 1 ds) is brought forward barotropi-
cally to the current time t (i.e., it is frozen in the fluid after
generation). The covariant basis vectors account for the
effects of subsequent stretching and reorientation on each of
these vorticity increments. The total current wN is the sum of
the stretched contributions from all the small time intervals
that span (t, t0) (Davies-Jones 2006).

We observe from (35) that the nonbarotropic vorticity of a
parcel depends on the time integral of torques, but not on the
specific temporal distribution of the torques within the time
interval (t0, t). Thus the timing of the nonbarotropic genera-
tion of vorticity relative to tornado formation is immaterial. It
can occur mainly near the time of spinup or quite long ago
and relatively far from the mesocyclone (Davies-Jones
2015b).

By taking the dot product of (35) with e3 and using (14)
and (24), we see that the nonbarotropic vorticity will have a
component normal to the constant-Z surfaces if and only if
there is a torque in this direction. Torques associated with tur-
bulence, nonisentropic processes, and/or precipitation can
produce vertical vorticity on flat ground (the Z5 0 surface).

c. Formulas for the vorticities due to specific torques

The vorticity arising from torques consists of frictional vor-
ticity, baroclinic vorticity, and “hydrometeor vorticity” (vor-
ticity caused by differential hydrometeor drag). The frictional
part of w, wF, is obtained simply by replacing N in (35) with F.
We obtain the baroclinic part wBC by setting F ≡ 0 and qL 5

0. Substituting T$S for N in (36) and utilizing (25) and (10)
yields

wBC t( ) 5 a0e1 t( )
� t

t0

­ T s( ), S s( )[ ]
­ Y,Z( ) ds

1 a0e2 t( )
� t

t0

­ T s( ),S s( )[ ]
­ Z,X( ) ds

1 a0e3 t( )
� t

t0

­ T s( ), S s( )[ ]
­ X,Y( ) ds: (37)

Using (37) we can compute the baroclinic vorticity of a par-
cel from its current basis vectors and integrals over time of the
stencil’s T, S material solenoids. We can map the temperature
and entropy of stencil parcels onto the T–S plane (or tephi-
gram) and compute each Jacobian as a ratio of areas using
algebraic formulas for areas (Davies-Jones 2001). For each
solenoid,

­ T,S( )
­ P,J( ) 5

enclosed area on tephigram
cross-sectional area in initial stencil

(38)

(see Figs. 6 and 7), where (P, J) stands for (Y, Z), (Z, X), or
(X, Y) and the cross-sectional area in the initial stencil (Fig. 6)
is simply 2D2.

Introducing (19) modifies (37) to

xBC t( ) 5 $Y 3 $Z
� t

t0

­ T s( ), S s( )[ ]
­ Y,Z( ) ds

1 $Z 3 $X
� t

t0

­ T s( ),S s( )[ ]
­ Z,X( ) ds

1 $X 3 $Y
� t

t0

­ T s( ), S s( )[ ]
­ X,Y( ) ds:

(39)

When the flow is isentropic, S(t) 5 S(t0) and the Lagrangian
gradients of S can be taken outside the integrals. Then (39)
simplifies to

FIG. 6. A vertical section of the stencil in label space. Q stands
for X or Y. The parcels in this section are the central parcel P, its
upward (A) and downward (B) neighbors, and two parcels F and
G in the stencil that are horizontally aligned with P. In other words
FPG can be WPE, EPW, NPS, or SPN, where W, E, N, and S are
parcels in Fig. 4. The algebraic area GAFBG is (QGZA 2 QAZG 1

QAZF 2 QFZA 1 QFZB 2 QBZF 1 QBZG 2 QGZB)/2. Its magni-
tude is 2D2.
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xBC t( ) 5 $Y 3 $Z
­ L t( ),S t0( )[ ]

­ Y,Z( ) 1 $Z 3 $X
­ L t( ),S t0( )[ ]

­ Z,X( )

1 $X 3 $Y
­ L t( ),S t0( )[ ]

­ X,Y( ) ,

(40)

where

L t( ) ≡
� t

t0

T s( )ds (41)

is the cumulative temperature. Via the chain rule, (40) simpli-
fies to the formula found by Dutton (1976, p. 390) and Mobbs
(1981), namely,

xBC t( ) 5 $L t( ) 3 $S t0( ): (42)

In isentropic flow the baroclinic vorticity of a parcel depends
on the local gradients of cumulative temperature and entropy.

Replacing T with 2gqL and S with z in (37) results in the
formula for “hydrometeor vorticity,”

axq t( ) 5 a0e1 t( )
�t

t0

­ z s( ), gqL s( )[ ]
­ Y,Z( ) ds

1 a0e2 t( )
� t

t0

­ z s( ), gqL s( )[ ]
­ Z,X( ) ds

1 a0e3 t( )
� t

t0

­ z s( ), gqL s( )[ ]
­ X,Y( ) ds:

(43)

Replacing2gqL in (43) with b produces a formula for the vor-
ticity associated with a buoyancy force bk.

d. Constraints that need to be satisfied

Formulas and diagnostic numerical schemes for parcel tra-
jectories and vorticities should conform to the following rules:

1) To conserve mass, schemes for computing parcel trajecto-
ries should satisfy the Lagrangian continuity equation.

2) Schemes for computing parcel trajectories and vorticities
should be time reversible. In many Lagrangian trajectory
analyses, a parcel’s backward trajectory fails to retrace its
forward one.

3) All the partial vorticities should be solenoidal.
4) The formulas and schemes should conserve the potential

vorticity of a parcel in isentropic motion.
5) They should satisfy circulation theorems.

We verify in appendix A that the formulas developed
herein meet requirements 3–5. The formulas satisfy require-
ment 1 through the continuity equation, Eq. (11), and require-
ment 2 because (10) is time-reversal invariant owing to the
properties of a state-transition matrix (Miller and Michel
1982, p. 96).

4. Unsteady frictionless flow in a horizontally uniform
environment

For simplicity, most supercell simulations and theories
assume a steady, horizontally uniform, sheared environment
over flat ground. Such an environment with veering winds is
impossible with Coriolis and/or friction forces (Davies-Jones
2021), so we henceforth set V 5 F 5 0. In a horizontally uni-
form environment there is no vertical vorticity and the envi-
ronmental vortex lines are initially horizontal (Fig. 8). Being
material lines, the barotropic vortex lines remain in a material
surface of constant Z where Z is initial parcel height. Thus the
barotropic quantity wBT · $Z is zero for all time. Since we are
assuming no stress at the ground, we can use a reference
frame, which moves with a uniform velocity that approxi-
mates the storm motion. Henceforth it is understood tacitly

FIG. 7. Temperatures T and entropies S of the neighboring parcels
in Fig. 6 plotted on a tephigram. Temperatures and entropies are rel-
ative to those of the parcel P. The algebraic area is computed as in
Fig. 6, but with T and S replacing Q and Z, respectively. The case
shown is for isentropic flow (for which G and F have the same
entropy as P). The signed area in this case, 0.5(TG 2 TF)(SA 2 SB),
divided by the area in Fig. 6 is equal to the Jacobian ­(T, S)/­(Y, Z).

FIG. 8. Schematic of vorticity vectors in surfaces of constant Z in
the prestorm or far-upstream environment (adapted from DJ84).

J OURNAL OF THE ATMOS PHER I C S C I ENCE S VOLUME 791260

Brought to you by NOAA Central Library | Unauthenticated | Downloaded 07/19/23 03:41 PM UTC



that all quantities are frame relative, not ground relative. We
use subscript 0 to denote environmental quantities (apart
from use of Z instead of z0). Thus T0(Z), a0(Z), v0(Z), v0(Z),
q0(Z), and b0(Z) are the environmental temperature, specific
volume, vorticity, wind, wind speed, and direction (to which
the wind is blowing, measured counterclockwise from east-
ward), respectively, and w0(Z) ≡ a0v0. These quantities are
functions of just Z and are constants of motion because we
choose the origin of time t0 such that all the parcels in the
region of interest at time t originally start out in the undis-
turbed horizontally uniform environment.

To aid interpretation, we define new Lagrangian coordi-
nates, denoted by overbars,

X 5 X cos b0 Z( ) 1 Y sin b0 Z( ),
Y 52X sin b0 Z( ) 1 Y cos b0 Z( ),
Z 5 Z

(44)

so that, in the upstream environment, the lines Y 5 const:
and X 5 const: are streamwise and crosswise, respectively, to
the frame-relative environmental wind (Fig. 9). This transfor-
mation is practical only within Z surfaces because points in
different Z surfaces with the same X and Y are generally
widely separated in location space. For use in 3D, we adopt

an anholonomic system (Dutton 1976, p. 230) defined in terms
of differentials by

dX 5 cosb0 dX 1 sin b0 dY,

dY 52sinb0 dX 1 cos b0 dY,

dZ 5 dZ:

(45)

Since the new system depends on knowing Z, and having fric-
tionless flow with a steady storm motion, its use in diagnostic
studies of supercell simulations is unworkable. However, it is
a useful tool for conceptualizing flows in supercells.

For later use, we now develop important relationships in
the new “twisted” system. The inverse transformation is

dX 5 cosb0 dX 2 sin b0 dY ,

dY 5 sinb0 dX 1 cos b0 dY ,

dZ 5 dZ:

(46)

In the twisted system, the covariant basis vectors are

e1 ≡ ­x

­X
5

­x

­X
­X

­X
1

­x

­Y
­Y

­X
5 cos b0e1 1 sin b0e2,

e2 ≡ ­x

­Y
5

­x

­X
­X

­Y
1

­x

­Y
­Y

­Y
52sin b0e1 1 cos b0e2,

e3 ≡ ­x

­Z
5

­x

­Z
5 e3,

(47)

by the chain rule, (46), and (8). Initially e1 and e2 are unit vec-
tors that are streamwise and crosswise to the environmental
wind v0. By definition

v0 Z( ) 5 q0 Z( )e1 t0( ): (48)

We may visualize the vectors e1, e2, and e3 as very short material
line elements marked by dye that are initially streamwise, cross-
wise and vertical to the environmental wind. The flow reorients
and stretches or shrinks these material line elements. Since e1 3

e2 5 e1 3 e2 by (47), the mass continuity equation, (11), becomes

e1 · e2 3 e3 5
a

a0
(49)

in terms of the twisted basis vectors. Inverting (47) provides

e1 5 cosb0e1 2 sin b0e2,

e2 5 sinb0e1 1 cos b0e2:
(50)

The contravariant components of a vector transform accord-
ing to

A
i
5

­X
i

­Xj A
j (51)

(Margenau and Murphy 1956, p. 162). Thus from (45)

A
1
5 cosb0A

1 1 sin b0A
2,

A
2
52 sinb0A

1 1 cos b0A
2,

A
3
5 A3:

(52)

FIG. 9. The coordinate axes at a height h above ground. The Car-
tesian X, Y, and Z axes are drawn with black arrows. The vertical
(Z) axis is not changed. The red arrows depict the new horizontal
axes, denoted by overbars, and the red rectangle depicts a part of
the horizontal plane at height h. The X axis is twisted through the
angle b0(h) shown in blue so that, at each height h, the new X axis
(the X axis) is parallel to the storm-relative environmental wind
[magenta arrow labeled v h( )2 c, where c is the storm-motion vec-
tor]. The Y axis is horizontal and 908 to the left of theX axis.
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From (47) and (52) we obtain the identity

A
1
e1 1 A

2
e2 5 A1e1 1 A2e2: (53)

The covariant components of the gradient of a scalar a
transform as

­a
­Xi 5

­a

­X
j

­X
j

­Xi (54)

by the chain rule (Margenau and Murphy 1956, p. 162). Hence
from (45)

­a
­X

5 cosb0
­a

­X
2 sin b0

­a

­Y
,

­a
­Y

5 sinb0
­a

­X
1 cos b0

­a

­Y
,

­a
­Z

5
­a

­Z
·

(55)

Via the identity (55) for general scalars a and b,

­ a,b( )
­ Y,Z( ) 5 cosb0

­ a,b( )
­ Y ,Z
( ) 2 sin b0

­ a,b( )
­ Z,X
( ) ,

­ a,b( )
­ Z,X( ) 5 sinb0

­ a, b( )
­ Y ,Z
( ) 1 cos b0

­ a,b( )
­ Z,X
( ) ,

­ a,b( )
­ X,Y( ) 5

­ a,b( )
­ X ,Y
( ) ·

(56)

From (56) and (50) we find that

­ a,b( )
­ Y,Z( ) e1 1

­ a,b( )
­ Z,X( ) e2 1

­ a,b( )
­ X,Y( ) e3 5

­ a, b( )
­ Y ,Z
( ) e1 1 ­ a, b( )

­ Z,X
( ) e2

1
­ a, b( )
­ X ,Y
( ) e3: (57)

Thus we obtain from (25),

a$a 3 $b 5 a0
­ a,b( )
­ Y ,Z
( ) e1 1 ­ a,b( )

­ Z,X
( ) e2 1

­ a, b( )
­ X ,Y
( ) e3

[ ]
(58)

in the twisted system. From (45) ­Y=­Z5 0. Hence $Y 5

$ZY and similarly for X . Therefore, special cases of (58) are

a$ZY 3 $Z 5 a0e1,

a$Z 3 $ZX 5 a0e2:
(59)

where $Z is the gradient operator with Z held constant.
Furthermore, by the chain rule,

e i · $Xj
5

­xk

­X
i

­X
j

­xk
5

­X
j

­X
i 5 dji: (60)

Thus

e1 · $a 5 e1 · ­a

­X
$X 1

­a

­Y
$Y 1

­a

­Z
$Z

( )
5

­a

­X
,

e2 · $a 5 e2 · ­a

­X
$X 1

­a

­Y
$Y 1

­a

­Z
$Z

( )
5

­a

­Y
:

(61)

Henceforth overbars will be suppressed where they are super-
fluous as, for example, in Z, A

3
, and e3. We use (58) in

sections 4b and 4d, (59) in sections 4a and 4c, and (61) in
appendix B.

a. Barotropic-vorticity formula

Substituting the identity (53) into the barotropic-vorticity
formula (33) yields

wBT t( ) 5 a0 v1 t0( )e1 t( ) 1 v2 t0( )e2 t( ) 1 v3 t0( )e3 t( )
[ ]

: (62)

The initial (environmental) components of w in the stream-
wise, crosswise and vertical directions are

w1 t0( ) 52a0q0
db0

dZ
, w2 t0( ) 5 a0

dq0
dZ

, w3 t0( ) 5 0 (63)

(DJ84). Inserting (63) into (62) produces

wBT t( ) 52a0q0
db0

dZ
e1 t( ) 1 a0

dq0
dZ

e2 t( ): (64)

The static contravariant components in (64) are a0 times the
environmental streamwise and crosswise vorticity. By being
frozen in the fluid and thereby taking parcel deformation into
account, the vectors e1 and e2 in this formula propagate wBT

through time. For t . t0, e1 t( ) and e2 t( ) are usually oblique
to one another, which is vital for the river-bend effect (see
section 5). Note that without knowledge of the instantaneous
wind direction, we cannot deduce the local streamwise and
transverse vorticities when the flow is unsteady. To compli-
cate matters there is even a wind component out of the Z sur-
faces owing to their movement. Use of (59) provides the
following alternative version of (64):

xBT t( ) 52q0
db0

dZ
$ZY t( ) 3 $Z t( ) 1 dq0

dZ
$Z t( ) 3 $ZX :

(65)

As in the steady-flow case (DJ17), the barotropic vorticity
vBT consists of two partial vorticities vBTIS and vBTIC that
depend on the imported streamwise and crosswise vorticity,
respectively. From (64) and (65) they are

xBTIS t( ) 52
a0

a
q0

db0

dZ
e1 t( ) 5 $ZxBTIS 3 $Z, (66)

xBTIC t( ) 5 a0

a

dq0
dZ

e2 t( ) 5 $ZxBTIC 3 $Z, (67)

where

xBTIS ≡2q0
db0

dZ
Y ; xBTIC ≡2 dq0

dZ
X : (68)

The equations of the (frozen-in-the-fluid) vortex lines of
vBTIS and vBTIC are xBTIS 5 const., Z 5 const., and xBTIC 5

const., Z 5 const., respectively. Thus the vortex lines of
imported streamwise vorticity in a given Z surface are the
material lines Y 5 const:, which for unsteady flow are
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generally parallel to the flow just in the environment. Only in
steady flow is vBTIS always streamwise within the storm.
Note that the barotropic quantities xBTIS and xBTIC are
“streamfunctions” for the corresponding partial vorticities
vBTIS and vBTIC, so within a Z surface the vortex-line spacing
is proportional to the vorticity magnitude. Furthermore, they
are both conserved following a parcel, similar to angular
momentum in frictionless axisymmetric flows (e.g., DJ08).

b. Formula for baroclinic vorticity

By following the same steps that led to (28) but in the new
coordinates, we find that

L w( ) 5 ­w1

­t
e1 1

­w2

­t
e2 1

­w3

­t
e3: (69)

The baroclinic w equation is therefore

­w1

­t
e1 1

­w2

­t
e2 1

­w3

­t
e3 5 a0 e1

­ T, S( )
­ Y ,Z
( ) 1 e2

­ T, S( )
­ Z,X
( )[

1 e3
­ T,S( )
­ X ,Y
( )

]
, (70)

where the right side is the baroclinic generation vector a$T 3

$S by the identity (58). Integrating (70) with zero initial con-
dition provides the baroclinic vorticity

wBC t( ) 5 a0e1 t( )
� t

t0

­ T s( ),S s( )[ ]
­ Y ,Z
( ) ds

1 a0e2 t( )
� t

t0

­ T s( ),S s( )[ ]
­ Z,X
( ) ds

1 a0e3 t( )
� t

t0

­ T s( ),S s( )[ ]
­ X ,Y
( ) ds:

(71)

c. Formula for baroclinic vorticity in isentropic flow

Assuming isentropic dry flow simplifies the above formula
for baroclinic vorticity, while having no effect on barotropic
vorticity. The constant-Z surfaces, which exist by themselves
in a homentropic (constant-S) atmosphere, coincide with the
isentropic surfaces S(Z) 5 const. for frictionless isentropic
flow in a stratified horizontally uniform environment. The
entropy gradient becomes simply

$S 5
dS
dZ

$Z: (72)

Since dS/dZ is constant following a parcel, (71) reduces to

wBC t( ) 5 a0 e1 t( ) ­L t( )
­Y

2 e2 t( ) ­L t( )
­X

[ ]
dS
dZ

, (73)

where L is defined by (41). Here we can define L as

L t( )≡
�t

t0

T′ s( )ds, (74)

where T′ ≡ T(t) 2 T0(Z) since T0(Z) does not affect the
derivatives of L in (73); T′ is the excess temperature of a par-
cel relative to its environmental temperature far upstream
where it is generally at a different height. Owing to compres-
sion (expansion), the excess temperature is positive (negative)
if the parcel’s pressure is greater (less) than its original value.
Typically higher (lower) pressure equates to lower (greater)
height.

The PV, w · (dS/dZ)$Z, is zero for this flow because wBT ·
$Z 5 0 from (66) and (67), and wBC · $S 5 0 by (72) and
(73). Consequently the barotropic and baroclinic vorticity
vectors are confined to the Z surfaces and vertical vorticity
cannot exist at the ground.

In isentropic flow, there is a “streamfunction” xBC for baro-
clinic vorticity, which satisfies $ZxBC 3 $Z 5 vBC. By intro-
ducing (59) into (73) and simplifying via the chain rule, we
find that vBC 5 $Z(LdS/dZ)3 $Z and hence

xBC 5 LdS=dZ: (75)

The baroclinic torque generates xBC. In our idealized flow
that mimics an isolated supercell, the baroclinic vortex
lines form within the storm and thus cannot extend to
infinity within finite time. They are contained within isen-
tropic surfaces and cannot end at the ground, which itself is
an isentropic surface in isentropic flow. Since baroclinic
vorticity is a source-free field, the baroclinic vortex lines
must therefore form closed loops (Davies-Jones 2000;
DJ17).

d. Total relative vorticity in isentropic flow

In unsteady isentropic frictionless flow in a horizontally uni-
form environment,

x ≡ xBTIS 1 xBTIC 1 xBC

52q0
db0

dZ
Y 2

dq0
dZ

X 1 L
dS
dZ

(76)

from (68) and (75). Hence the total relative vorticity is

x ≡ $Zx 3 $Z 5 $Z 2q0
db0

dZ
Y

( )
3 $Z 1 =Z 2

dq0
dZ

X

( )

3 $Z 1 $Z L
dS
dZ

( )
3 $Z

5 2q0
db0

dZ
$ZY 3 $Z 2

dq0
dZ

$ZX 3 $Z

1
dS
dZ

$ZL 3 $Z: (77)

The three terms on the right side are, in order, the three par-
tial vorticities, vBTIS, vBTIC, and vBC.

This equation for unsteady flow is the same as the one
derived by DJ17 [his Eq. (83)] for steady flow. (In the DJ17
notation, $ZY is $n0 and $ZX is q0$ZE.) Now (58) with a 5

x and b5 Z yields

x ≡ =Zx 3 $Z 5
a0

a

­x

­Y
e1 2

­x

­X
e2

( )
: (78)
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Inserting (76) into (78) yields an equivalent version of (77),
namely,

w t( ) 5 ax t( ) 5 a0 2 q0
db0

dZ
1

­L t( )
­Y

dS
dZ

[ ]
e1 t( )

1 a0
dq0
dZ

2
­L t( )
­X

dS
dZ

[ ]
e2 t( ): (79)

If a parcel spends enough time in a temperature gradient,
its baroclinic vorticity can exceed its barotropic vorticity. We
can estimate this time by order-of-magnitude analyses of the
terms in (79). For q0 ∼ 10 m s21, db0/dZ ∼ 308 km21, and
dq0/dZ ∼ 5 m s21 km21, the environmental streamwise and
crosswise vorticity are both ∼5 3 1023 s21. For a lifted index
of 26 K, dS/dZ ∼ 24 3 1023 m s22 K21. Assuming that the
parcel is in a Lagrangian temperature gradient of 1 K km21,
the Lagrangian gradient of L at time t is 1023 (t 2 t0)
K s m21. Hence its baroclinic vorticity is 4 3 1026 (t 2 t0)
s21. Thus the parcel’s baroclinic vorticity may exceed its baro-
tropic vorticity in as little as 20 min. This conclusion is consis-
tent with the findings of Rotunno and Klemp (1985) and
others.

5. Steady frictionless dry isentropic flow in a horizontally
uniform environment

As storms in sheared environments evolve into supercells,
they become more organized and quasi steady. In special sit-
uations (environments with circular hodographs and neutral
stratification), steady, inviscid, homentropic, supercell-like
solutions (Beltrami flows) exist (Lilly 1982; DJ08). Supercells
actually exhibit some Beltrami-like properties (Lilly 1982,
1986). Even though supercells are never completely steady,
cyclic supercell simulations (e.g., Adlerman et al. 1999) may
be quasi-steady numerical solutions that orbit quasi periodi-
cally in phase space around a fixed point. We now postulate
that our supercell-like flow has attained a steady state in the
frame moving with the storm so that we can discover its prop-
erties, which a quasi-steady solution will share approximately.
Incidentally we recover nicer but equivalent versions of the
formulas in DJ17 as demonstrated in appendix B.

We assume that all parcels flow through the storm from the
horizontally uniform environment, none are trapped in a gyre
within the storm. The parcels now follow streamlines, which,
like the vortex lines, lie in the static Z surfaces. As in DJ17,
we define the streamwise, transverse, and binormal directions
as the ones aligned locally with the 3D wind, 908 to the left of
this wind in the local Z surface, and upward normal to the Z
surface, respectively. In the environment, transverse is the
same as crosswise. In steady flow, each parcel remains on a
single streamline for all time because the trajectories coincide
with the streamlines. Hence, physical interpretation is simpli-
fied because the material line elements e1 that are streamwise
in the environment stay streamwise in the 3D sense. Thus we
can find formulas for the local streamwise and transverse vor-
ticities (the binormal vorticity is zero). Note that the material-

line elements e2 and e3 do not stay normal to the streamlines
and Z surfaces, respectively.

The steady-state assumption is advantageous because it
yields a simple expression for the wind. Since ­v/­t 5 0 in the
storm-relative frame,

­v

­t
2 v · $( )v 5 0 ⇒ L v( ) 5 0, (80)

so v now satisfies L(B) 5 0. The result of (80) that satisfies
the initial condition, v t0( )5 q0 Z( )e1 t0( ) is

v t( ) 5 q0 Z( )e1 t( ), (81)

so in steady flow the contravariant wind components are
static with two of them vanishing. As well as being the vortex
lines of vBTIS, the material lines defined by Y 5 const: and
Z 5 const., are now streamlines. If we assume that a storm
inflow is barotropic, the storm-relative helicity density of
incoming parcels is

v · xBT 5
a0

a
q0 2q0

db0

dZ

( )
e1 · e1 1 a0

a
q0

dq0
dZ

e1 · e2 (82)

from (81) and (79). Since v 5 qt, where q is the parcel’s speed
and t is the unit tangent in its direction of motion (both in the
updraft’s reference frame), (81) implies that

e1 5 qt=q0: (83)

Inserting (83) into (82) yields

v · xBT 5
a0

a
q2 2

db0

dZ

( )
1

a0

a
q

dq0
dZ

t · e2: (84)

If, in the environment, the storm-relative directional shear is
large compared to the speed shear, the first term on the right
dominates the second one, and the storm-relative helicity den-
sity of a parcel in confluent inflow should increase as the square
of its storm-relative wind speed. This explains Wade et al.’s
(2018) observations of storm-relative helicity in the accelerating
inflows of supercells increasing with proximity to the updraft.

From (B15) in appendix B we find that the streamwise vor-
ticity of a parcel in steady flow is

x · t 5 R
dZ
db

2q0
db0

dZ

( )
︸�������︷︷�������︸

A

1 R
dZ
db

­L

­Y

dS
dZ

( )
︸������︷︷������︸

B

1 x · n cot f︸����︷︷����︸
C

,

(85)

where f is the angle between e1 and e2, and R, dZ, and db are
defined in appendix B. Of consequence here is the nondimen-
sional combination RdZ/db. Its value is one when the parcel
is the environment. It increases as the streamline spacing and
closeness of isentropic surfaces decrease in the parcel’s vicin-
ity. By the continuity Eq. (B6), RdZ/db equals the parcel’s
momentum magnitude rq divided by its momentum magni-
tude far upstream. Hence, term A represents streamwise
stretching acting on environmental streamwise vorticity. Like-
wise term B describes streamwise stretching of the parcel’s
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accumulated streamwise baroclinic vorticity. Term C is the
river-bend effect described next.

Figure 1 illustrates flow of a river around a left-hand bend
(Shapiro 1972; Scorer 1997; Adlerman et al. 1999; Davies-
Jones et al. 2001). Upstream of the bend where the flow is
straight, the flow speed increases with height owing to drag
exerted by the river bottom. Here there is positive transverse
vorticity, and no streamwise and binormal vorticity. The
binormal vorticity remains zero around the bend so anticy-
clonic shear vorticity cancels cyclonic curvature vorticity,
resulting in faster (slower) flow around the inside (outside) of
the bend. From a vorticity perspective, streamwise vorticity
develops owing to v(r) turning the primary transverse vortic-
ity streamwise. In terms of basis vectors, the turning of e2
toward e1 produces streamwise vorticity. In a supercell,
streamwise vorticity is produced in this manner in the left-
turning flow in the outer part of the mesocyclone where the
angular velocity decreases outwards. The force perspective is
as follows. Owing to Bernoulli’s principle, pressure is low
(high) at the inside (outside). As in boundary layers for
instance, pressure varies less with height than wind speed.
Consequently, the faster (slower) fluid at top (bottom) moves
outward (inward) because of excess centrifugal force (pres-
sure-gradient force).

6. Updraft rotation

The vertical component of vorticity is intrinsic to rotating
updrafts. Rotunno (1981) found an integral of the inhomoge-
neous vertical-vorticity equation, which depends on integra-
tion of the tilting and stretching terms along a parcel
trajectory. Barotropic vorticity depends only on the initial
and current configurations of the fluid material and is inde-
pendent of intermediate configurations (Davies-Jones 2006)
so there exists a simpler vertical-vorticity formula, which we
now obtain. Let h(X, Y, t) be the height of a particular Z sur-
face. From k · (64) and k · (47) we find that the barotropic ver-
tical vorticity in a Z surface is given by

a

a0
zBT t( ) 52q0

db0

dZ
­h t( )
­X

1
dq0
dZ

­h t( )
­Y

: (86)

Thus the barotropic vertical vorticity depends on the envi-
ronmental vorticity and the horizontal gradient with respect
to Lagrangian coordinates of the height of the Z surface.
Clearly (86) is the nonlinear compressible extension of
Eq. (20) in DJ84 and is the fully nonlinear version of Eq. (7)
in Rotunno and Klemp (1985) and Eq. (5.7) in Kanehisa
(2002). The main difference between (86) and previous ver-
sions is that the Lagrangian horizontal coordinates replace
the Eulerian ones.

For steady flow we can derive a relationship relating
updraft rotation to environmental helicity. From k · (81) and
k · (47), the vertical velocity w (not to be confused with w or
its components with indices) on a Z surface is simply

w 5 q0
­h

­X
: (87)

Hence for steady flow (86) becomes

azBT 52a0
db0

dZ
w 1 a0

dq0
dZ

­h

­Y
: (88)

With environmental winds veering with height and without
speed shear, there is perfect correlation between azBT and w
with 2a0 db0/dZ as the constant of proportionality (the
abnormality). By multiplying (88) by w, given by (87), we
obtain

a

a0
wzBT 5 q0 2q0

db0

dZ

( )
­h

­X

­h

­X
1 q0

dq0
dZ

­h

­X

­h

­Y
: (89)

As shown above, in steady flow Y is proportional to a stream-
function. For any flow with left–right symmetry in the direc-
tion of the storm-relative flow, the average value across an
updraft of the last term in (89) is clearly zero. Then integrat-
ing (89) over an updraft’s cross-sectional area A produces

� �
A
awzBTdA ≈ a0 v 2 c( ) · x

� �
A

­h

­X

( )2
dA: (90)

Here v is the ground-relative environmental wind, c is the
storm motion, and v 2 c ≡ v0. Thus we expect quasi-circular
updrafts to rotate significantly as a whole when the storm-rel-
ative environmental helicity density v 2 c( ) · x is large
(Davies-Jones et al. 1990; Droegemeier et al. 1993). This is
the same conclusion as reached from Eq. (23) in DJ84 except
for a finite-amplitude steady updraft instead of for an infini-
tesimal and exponentially growing disturbance. Kanehisa
(2002) obtained a similar result. As demonstrated in DJ84
(see his Fig. 9), the relationship (90) can be invalid for certain
quasi-linear updrafts.

7. Application to rotation in supercells

In this section, we apply the formulas to show how rotation
about a vertical axis can develop in a supercell. For brevity,
“vorticity” in this section does not distinguish betweenv (vorticity)
and w (specific volume times vorticity). The 3D vorticity arising
from imported crosswise vorticity is most important in environ-
mental storm-relative winds with large speed shear. It is equal to
the environmental crosswise vorticity times the initially cross-
wise vector e2 [see (67)]. Lifting of imported crosswise vorticity
on the right (left) side of an initial updraft gives rise to cyclonic
(anticyclonic) rotation there (Fig. 10; Rotunno and Klemp 1982,
1985; Klemp 1987). From (66), the 3D vorticity arising from
imported streamwise vorticity is equal to the environmental
streamwise vorticity times the initially streamwise vector e1.
Significant rotation develops where e1 is stretched and tilted
upward. Thus overall updraft rotation of the main storm tower
stems from stretching in the storm inflow and lifting by the
updraft of imported streamwise vorticity (Fig. 11) in environ-
ments with strong low-level storm-relative winds that veer mark-
edly with height.

When applying the formula (71) for baroclinic vorticity,
recall that, owing to the dominant effect of compressional
warming (expansional cooling), a parcel that is at a lower
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(higher) height than its environmental height generally has a
higher (lower) temperature than its environmental tempera-
ture (DJ17). Moreover, S decreasing with Z is necessary for
isentropic flow in our analytical model to have warm updrafts
and cool downdrafts. The third term on the right of (71) is the
component of vorticity produced normal to a Z surface by
integrated solenoids within the material surface. In dry, fric-
tionless, isentropic flow with horizontally uniform environ-
ments, this term is absent and there is no way to obtain
rotation about a vertical axis at the ground.

The baroclinic mechanism is most important at low eleva-
tions for two reasons. First of all, flow along a baroclinic zone
into an updraft enhances updraft rotation. Consider a parcel
flowing in the SVC along a boundary toward the wall cloud
(Figs. 2, 3) with its e1 string streamwise. If the environmental
wind in the parcel’s isentropic surface is mainly in this direc-
tion, the Y direction is left of the boundary. Further suppose
subsidence to the right of the boundary. Since dS/dZ , 0 for

static instability and ­T=­Y
( )

Z
, 0 here, the parcel’s time

integral of the Jacobian ­ T,S( )=­ Y ,Z
( )

in (71) is positive and
the parcel acquires streamwise vorticity baroclinically as it
travels in the baroclinic zone and cyclonic vorticity as it rises
into the updraft (Rotunno and Klemp 1985). Where the SVC
enters the updraft, there is a local increase in rotation with

associated decrease in pressure and increase in updraft veloc-
ity at low levels (Orf et al. 2017) as discussed in section 1.

The second reason is the direct role baroclinic generation
plays in tornadogenesis (DJ17). Consider a parcel descending
along an isentropic surface in unstable stratification. In this

situation ­T=­X
( )

Z
. 0 owing to compressional warming and

­ T,S( )=­ Z,X
( )

is positive. Hence, the second term on the
right in (71) produces positive transverse baroclinic vorticity.
For this air to rotate cyclonically as it is lifted, transverse vor-
ticity must be turned streamwise by the river-bend effect. The
descending parcel acquires streamwise vorticity by being
turned leftward (outside the mesocyclone’s core of solid-body
rotation) by the mesocyclone’s inward pressure-gradient
force. By mass continuity, isentrope packing and streamline
confluence also occurs in the subsiding quickening current. As
the parcel exits the rear-flank downdraft and accelerates
along the ground toward the storm updraft, its 3D streamwise
vorticity grows due to streamwise stretching [lengthening of
e1 in (71)]. Vortex suction (Lilly 1986) then lifts the cool par-
cel into the updraft. Upward tilting and vertical stretching of
its 3D streamwise vorticity greatly increases rotation near the
ground. Upward advection of vertical vorticity intensifies
rotation and induces lowering pressure aloft (as in an anima-
tion of the DJ08 simulation). This produces further increases
in low-level convergence and vortex suction. This positive-
feedback process results in a strong tornado cyclone. Fric-
tional interaction with the ground causes the tornado cyclone
to contract and spin up into a tornado.

8. Summary of vorticity-evolution theory

The most significant formulas, many of which are new, are
cited in this section. We can conceptualize the Lagrangian
dynamics as a configuration of material strings (the covariant
basis vectors) multiplied by mathematical coefficients or
weights (the contravariant components). The covariant basis
vectors, e1, e2, and e3, attached to each parcel are tiny mate-
rial vectors that turn and stretch or shrink elastically with the
flow. Initially they form an orthonormal set of vectors with e1
and e2 horizontal and e3 upward. A general vector is a
weighted sum of its covariant basis vectors. For a material
vector, the weights are static and the strings propagate a par-
cel’s material vector through time via the “frozen-field” effect.
Thus, a material vector at the current time depends only on
its initial value and the current strings. It is independent of
the string configurations at intermediate times. The baro-
tropic w vector, given by either (33) or (34), is a material
vector.

The general formulas for baroclinic vorticity are (37) or
(39). In contrast to the constant weights of barotropic w, the
weights of baroclinic w are time dependent and zero initially.
They are the temporal integrals from the initial to current
times of the contravariant components of the baroclinic gen-
eration vector a$T 3 $S. The frictional vorticity, given by
(35) with F instead of N, is similar to the baroclinic vorticity
except the generation vector is frictional instead of baroclinic.
Owing to large vertical gradients of stress, the generation of

FIG. 10. How rotation occurs in updrafts when the environmental
vorticity is crosswise. Lifting of environmental vortex lines over a
peak in a Z surface results in cyclonic (anticyclonic) rotation on the
right (left) side of the peak with no overall updraft rotation (from
DJ84).

FIG. 11. How updraft rotation occurs when the environmental
vorticity is streamwise. As parcels flow across a peak in a constant-
Z surface, their streamwise vorticity is tilted. The maximum vertical
velocity and vertical vorticity are both located on the upstream side
of the peak, resulting in overall cyclonic updraft rotation (from
DJ84).
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frictional vorticity near the ground is predominantly horizon-
tal. For precipitating convection, there is also a partial vortic-
ity owing to hydrometeor drag [see (43)]. In left-turning flow
with positive speed shear in the Northern Hemisphere, the
river-bend effect produces 3D streamwise vorticity from all
types (barotropic, baroclinic, frictional, and hydrometeor) of
transverse vorticity (Fig. 1).

To model frictionless supercell-like flows, we assume a hori-
zontally uniform environment with Z surfaces that are either
level initially or, for steady flow, level far upstream and that
all quantities are storm relative. It is now convenient to define
a new set of covariant basis vectors, e1, e2, and e3, such that e1
and e2 are initially parallel and left normal to the environmen-
tal wind. These too are tiny material vectors that are attached
to each parcel. The initially streamwise and transverse strings
e1 and e2 are tangent to the material Z surfaces. The static
weights of barotropic w, given by (63), are now the environ-
mental streamwise and crosswise w since a parcel starts out in
a horizontally uniform environment. In unsteady flow, we
cannot deduce the streamwise vorticity of a parcel easily
because there is no simple relationship between its instanta-
neous flow direction and its basis vectors. Like in the steady-
flow case (DJ17), the total relative vorticity v in unsteady
frictionless dry flow consists of three partial vorticities, two
barotropic parts, vBTIS and vBTIC, that depend on imported
streamwise and crosswise vorticity, respectively, and a baro-
clinic part, vBC. These are given by (66), (67), and (71).

Assuming isentropic flow simplifies the formulas for baro-
clinic vorticity as illustrated by (73). For frictionless, isentro-
pic, supercell-like flow, the potential vorticity is zero. Since
the ground is an isentropic surface, there can be no vertical
vorticity at flat ground. To obtain vertical vorticity at ground
level when there is none there initially, torques must generate
vorticity in the e3 direction, which is never tangential to the Z
surfaces. For this to happen, potential vorticity must be pro-
duced by drag forces or diabatic heating or cooling.

In steady flow, the wind v equals q0e1 and is a material vec-
tor. The parcel trajectories are then streamlines, which are
also lines of streamwise vorticity. Thus the imported stream-
wise vorticity remains streamwise within the storm. The for-
mula for streamwise vorticity in steady, isentropic, frictionless
flow is (85). In left-curving steady flow, turning of e2 toward
e1 produces 3D streamwise vorticity from transverse vorticity.

An algorithm for computing partial vorticities along time-
reversible trajectories will be presented in a future paper. This
algorithm is based on the methodology and formulas devel-
oped in section 3 and satisfies the five conditions in section 3d.
It has been tested on an analytical flow with an exact solution.
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APPENDIX A

Formula Checks

First we check that each partial vorticity satisfies the
basic prerequisite of being solenoidal. From (18) and (16),
ei a0/a 5 ej 3 ek 5 $Xj 3 $Xk 5 $ 3 (Xj$Xk) is nondi-
vergent. By this fact, vector identities, (20) and (14), the
Lagrangian formula for divergence is

$ · x 5 $ · a

a0
vi a0

a
ei

( )
5

a0

a
ei · $ a

a0
vi

( )
1

a

a0
vi$ · /

a0

a
ei

( )

5
a0

a
ei · ej ­

­Xj

a

a0
vi

( )
5

a0

a

­

­Xi

a

a0
vi

( )
(A1)

D’haeseleer et al. (1991, p. 36). Thus a partial vorticity
v_ is solenoidal if

0 5
a

a0
$ · x_ 5

­

­Xi

w_ · ei
a0

( )
(A2)

since w_ ≡ av_. For barotropic vorticity

­

­Xi

wBT t( ) · ei
a0

[ ]
5

­

­Xi vi t0( )
[ ]

(A3)

from (33). Therefore vBT is solenoidal since the initial vor-
ticity is solenoidal. From (35) and (14),

­

­Xi

wN t( ) · ei t( )
a0

[ ]
5

­

­X

� t

t0

­N3 s( )
­Y

2
­N2 s( )
­Z

[ ]
ds

1
­

­Y

� t

t0

­N1 s( )
­Z

2
­N3 s( )
­X

[ ]
ds

1
­

­Z

� t

t0

­N2 s( )
­X

2
­N1 s( )
­Y

[ ]
ds 5 0

(A4)

by cancellation of terms so the partial vorticities associated
with torques are also solenoidal.

Second we show that the formulas for vorticity are con-
sistent with the circulation theorems. The vector element of
surface area in the Xi direction is dAi(t) 5 ej(t) 3 ek(t)
dXjdXk, (i, j, k circular) (Margenau and Murphy 1956,
p. 194). From the above, (33), and (11), the barotropic cir-
culation around a material curve C(t) that encloses an area
A(t) is

GBT ≡
� �

A t( )
xBT t( ) · dA t( )

5

� �
A t0( )

v1 t0( )dY dZ 1 v2 t0( )dZ dX 1 v3 t0( )dX dY
[ ]

:

(A5)

Thus the barotropic circulation is conserved (Kelvin’s circu-
lation theorem). Similarly from (35) the nonbarotropic cir-
culation is

D AV I E S - J O N E S 1267MAY 2022

Brought to you by NOAA Central Library | Unauthenticated | Downloaded 07/19/23 03:41 PM UTC



GN t( ) 5
� �

A t0( )

� t

t0

∑3
i51

­Nk s( )
­Xj 2

­Nj s( )
­Xk

[ ]
dsdXj dXk i, j,k( ) circular;

5

� t

t0

�
C t0( )

N1 s( )dX 1 N2 s( )dY 1 N3 s( )dZ[ ]
ds 5

� t

t0

�
C t0( )

N s( ) · dX ds

(A6)

after changing the order of integration and using Stokes theo-
rem. Consistent with Dutton (1976, 372–373), the nonbaro-
tropic circulation is the integral over time of the circulation of
the net nonconservative force around the material curve.

Third we demonstrate that in dry isentropic and frictionless
flow, potential vorticity (PV) w · $S is conserved. From (20)

$S 5 e j t( ) ­S
­Xj , (A7)

so the covariant components of $S are static for any con-
served variable S. Therefore, from the dot product of (33)
with (A7) and (14), we find that

wBT · $S 5 a0w
j
BT t0( ) ­S

­Xj (A8)

is conserved. Because the ­S/­Xi are constants of the
motion and can be taken outside the integrals in (37), it is
easily proven from the dot product of (37) with (A7) and
(14) that

wBC · $S 5 0: (A9)

Hence the formulas are compatible with PV conservation.

APPENDIX B

Agreement of Current Formulas with Those in DJ17

To reconcile present formulas for steady flow with those
derived in DJ17, we define a right-handed set of orthonormal
basis vectors (t, n, b), where t, n, and b are in the streamwise,
transverse, and binormal directions. By definition v 5 qt,
where q is the storm-relative wind speed. In general, e1 and t
are in different directions. For steady flow, however,

e1 5 q=q0
( )

t 5 v=q0 (B1)

from (81). Since e2(t) is a material line whose endpoints are
always on the same two streamlines and e2(t0) is a unit vec-
tor normal to the environmental streamlines,

e2 t( ) · n 5 1=R t( ), (B2)

where 1/R is the ratio of the streamline spacing in a parcel’s
current locality to the spacing in the parcel’s vicinity when
it was in the far-upstream environment. By (B2) and simple
trigonometry e2 · t5 cot f=R, where f is the angle between
e2 and t. Therefore

e2 5 e2 · t( )t 1 e2 · n( )n 5
cotf
R

t 1
1
R

n: (B3)

Next we derive the continuity equation used in DJ17
from formulas in this paper. From (B1) and (B3),

e1 3 e2 5
q
q0

1
R

b, (B4)

since b 5 t 3 n. Hence by the continuity equation,
Eq. (49),

q
q0

1
R

b 3 e3 5
a

a0
: (B5)

Physically this states that the mass of a material parallelepiped
such as in Figs. 4 and 5 is invariant. Note that b · e3 ≡ db=dZ
is the ratio of the spacing of Z surfaces in a parcel’s vicinity,
denoted by db, to the local spacing when it was in the envi-
ronment, denoted by dZ. Thus

R
dZ
db

5
q
q0

a0

a
, (B6)

which is Eq. (42) in DJ17. Equation (B6) equates stream-
line spacing and closeness of isentropic surfaces in a
parcel’s surroundings to its streamwise stretching and dila-
tation or, alternatively, to the ratio of its current momen-
tum magnitude rq to its value when it was in the
environment.

To obtain the formula for the transverse-vorticity compo-
nent v · n of a parcel in DJ17, we take the dot product of
(79) with n and use (B1) and (B2). This gives

x · n t( ) 5 a0

a t( )
1

R t( )
dq0
dZ

2
­L t( )
­X

dS
dZ

[ ]
: (B7)

Next we differentiate (74) with respect to time. For steady
flow this yields

T′ t( ) 5 ­L

­t
5 /

­L

­t
1 v · $L 5 q0e1 · $L 5 q0

­L

­X
(B8)

via (B1) and (61). With (B8), (B7) becomes

x · n 5
a0

a t( )
1

R t( )
dq0
dZ 2 T′ t( )

q0

dS
dZ

[ ]
, (B9)

which is Eq. (89) in DJ17.
We rediscover the DJ17 formula for streamwise vorticity

as follows. Taking the dot product of (79) with t yields the
following formula for the streamwise-vorticity vector (v · t)t
in steady frictionless dry isentropic flow in a horizontally uni-
form environment:
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a t( )
a0

x · t( )t 5 2 q0
db0

dZ
1

­L t( )
­Y

dS
dZ

[ ]
e1 t( ) · t[ ]

t

1
dq0
dZ

2
­L t( )
­X

dS
dZ

[ ]
e2 t( ) · t[ ]

t: (B10)

After substituting for e1 from (B1), (B10) becomes

a

a0
x · t( )t 5 2

db0

dZ
1

1
q0

­L

­Y

dS
dZ

1
e2 · t
q

dq0
dZ

2
­L

­X

dS
dZ

( )[ ]
v:

(B11)

In DJ17 notation,

d⊥L
d⊥n0

≡ n

R
· $L 5 e2 2

q0
q

e2 · t( )e1
[ ]

· $L

5
­L

­Y
2

q0
q

e2 · t( ) ­L
­X

(B12)

by (B3), (B1), and (61). Note that (B12) is true for any differ-
entiable scalar, not just L. DJ17 introduced a variable E,
which we need to relate to quantities used in this paper. The
lines E 5 const. are isochrones because E is the elapsed time
since a parcel passed a “starting line” X 5 const: in the far
upstream environment. By this definition, E5X=q0 1 const:
so ­E=­Y 5 0 and ­E=­X 5 1=q0. Thus (B12) with E instead
of L gives us

d⊥E
d⊥n0

≡ n

R
· $E 52

e2 · t
q

: (B13)

Note that l0 in DJ17 is 2db0/dZ in this paper. Inserting
(B12), (B13), and l0 in (B11) yields

a

a0
x · t( )t 5 l0 2

d⊥E
d⊥n0

dq0
dZ

1
1
q0

d⊥L
d⊥n0

dS
dZ

( )
v, (B14)

which is Eq. (90) in DJ17.
Last, we find a version of the streamwise-vorticity equa-

tion that is useful for physical interpretation (see section 5).
By introducing (B1), (B7), (B3), and (B6) into (B10), we
obtain

x · t 5 a0

a

q
q0

2q0
db0

dZ
1

­L

­Y

dS
dZ

( )
1 x · n cotf

5 R
dZ
db

2q0
db0

dZ
1

­L

­Y

dS
dZ

( )
1 x · n cotf:

(B15)
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