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Abstract
Operational forecast models require robust, computationally efficient, and reliable al-
gorithms. We desire accurate forecasts within the limits of the uncertainties in chan-
nel geometry and roughness because the output from these algorithms leads to flood 
warnings and a variety of water management decisions. The current operational Water 
Model uses the Muskingum-Cunge method, which does not account for key hydraulic 
conditions such as flow hysteresis and backwater effects, limiting its ability in situa-
tions with pronounced backwater effects. This situation most commonly occurs in low-
gradient rivers, near confluences and channel constrictions, coastal regions where the 
combined actions of tides, storm surges, and wind can cause adverse flow. These situ-
ations necessitate a more rigorous flow routing approach such as dynamic or diffusive 
wave approximation to simulate flow hydraulics accurately. Avoiding the dynamic wave 
routing due to its extreme computational cost, this work presents two diffusive wave 
approaches to simulate flow routing in a complex river network. This study reports a 
comparison of two different diffusive wave models that both use a finite difference 
solution solved using an implicit Crank–Nicolson (CN) scheme with second-order accu-
racy in both time and space. The first model applies the CN scheme over three spatial 
nodes and is referred to as Crank–Nicolson over Space (CNS). The second model uses 
the CN scheme over three temporal nodes and is referred to as Crank–Nicolson over 
Time (CNT). Both models can properly account for complex cross-section geometry 
and variable computational points spacing along the channel length. The models were 
tested in different watersheds representing a mixture of steep and flat topographies. 
Comparing model outputs against observations of discharges and water levels indi-
cated that the models accurately predict the peak discharge, peak water level, and 
flooding duration. Both models are accurate and computationally stable over a broad 
range of hydraulic regimes. The CNS model is dependent on the Courant criteria, mak-
ing it less computational efficient where short channel segments are present. The CNT 
model does not suffer from that constraint and is, thus, highly computationally effi-
cient and could be more useful for operational forecast models.
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1  |  INTRODUC TION

Flood forecasting and flood awareness have continued evolving for the last few decades. Operational flood forecasting has gained impor-
tance in the modern era due to the advancement of computational power and speed and has become an integrated part of improved disaster 
risk management (Beg et al., 2019; Carsell et al., 2004; Cloke & Pappenberger, 2009). Civil protection authorities get helpful decision-making 
information from the operational forecasts that are essential for saving lives and properties (Leandro et al., 2019; Meselhe et al., 2021). Early 
availability of flood warning information is a necessary key to reducing losses. However, the success of such forecasts depends significantly 
on the accuracy of river flow model prediction, which is related to initial state errors, forcing errors, and model structural errors (Madsen & 
Skotner, 2005).

The choice of flood routing may impact the predicted peak discharge, time of the peak discharge, depth, and extent of flooding (Alfieri 
et al., 2013; Meselhe et al., 1997; Mockus, 1967; Sabur & Steffler, 1996). There are several options to resolve the flow in one-dimensional (1D) 
or two-dimensional (2D) settings in a river flow prediction. While 2D modeling may provide more accurate and detailed information, the lack 
of high-resolution bathymetric and topographic data and associated high computational costs make the 1D hydrodynamic modeling approach 
the most viable option for large-scale operational flood forecasting (Barthélémy et al., 2018). For this modeling approach, the Saint-Venant 
equations proposed by Barre St. Venant  (1871) remain the most comprehensive form of 1D flow description (Cunge, 1969; Ferrick, 1985; 
Ferrick et al., 1984). The Saint-Venant equations describe a set of two interdependent equations, known as mass conservation and momen-
tum conservation equations. These equations are also known as the dynamic wave model in their full form and can simulate all types of flow 
regimes present in a river system (Fan & Li, 2006; Meselhe et al., 1997).

The dynamic wave model is superior in accuracy as long as all the hydraulic and channel geometry parameters are carefully defined 
(Ferrick, 2005; Litrico et al., 2010). Due to its numerical discretization, the model needs space–time data at sufficiently small intervals 
to represent real-world scenarios with minimal truncation errors. This makes dynamic models computationally demanding, requiring 
more careful input data verification to avoid instabilities (Meselhe et al., 2021). Some of the challenges encountered in an operational 
model implementation at the continental scale include the limited availability of bathymetric data. Furthermore, the heterogeneous 
nature of the hydraulic conditions at a large spatial scale results in numerical stability limits that necessitate a smaller time step to 
maintain the integrity of the numerical solutions (Ferrick et al., 1983). These issues often limit dynamic wave model usage in opera-
tional models.

Literature shows extensive effort finding appropriate simplified models for flow routing by simplifying or ignoring terms of the momentum 
conservation equation. These simplified hydraulics models are classified as diffusion or kinematic wave models. The diffusion wave assumes 
the inertia terms are negligible in the momentum conservation equation compared to the pressure, friction, and gravity terms. The kinematic 
wave further neglects pressure gradient terms compared to gravity terms. Some additional linear models are also developed by researchers, 
such as the Hayami model, Muskingum model, and stock model. These linear models have limitations, and are mostly acceptable only when 
the channel flow remains near the linearization point (Litrico et al., 2010).

The computational expense and possible numerical instabilities are challenging issues when running an operational forecast model 
like the National Water Model (NWM) (Cosgrove et al., 2021; Gochis et al., 2018). These issues become more concerning when consid-
ering the applicability of the dynamic model at such a large scale as the NWM covers the entire continental USA (Meselhe et al., 2021). 
The current update of the NWM (version 2.1) uses a simplified Muskingum-Cunge (MC) model (Cosgrove et al., 2021) built on a kine-
matic wave routing method with some refinements of the diffusive wave equation (Smith, 1980). The algorithm routes flow from the 
upstream end of a given channel, and progresses downstream in a cascading manner while considering no backwater effects (Brunner 
& Garbrecht, 1991). The model applies a storage relationship to the inflow–outflow calculation within a river reach (Chow et al., 1988) 
and involves a finite difference scheme to solve the river routing (Gochis et al., 2018). A thorough model evaluation showed favorable 
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agreement against field data (Brunner & Garbrecht, 1991). The MC model performance for computing discharge is comparable to the 
diffusive and dynamic wave approximations under certain conditions (Meselhe et al., 2021). However, the MC algorithm performs poorly 
for modeling low-gradient channels with backwater effects or strong tidal signals, with the most pronounced errors in modeled water 
levels (Meselhe et al., 2021).

The popularity of the diffusive wave model for unsteady flow routing in recent years stems from the fact that it often produces 
satisfactory solutions with reasonable accounting for downstream backwater effects (Fan & Li,  2006; Ferrick et al.,  1984; Moussa & 
Bocquillon, 1996a; Wang et al., 2014). The diffusion wave routing requires less computational effort than the dynamic wave, making it 
more efficient for large network applications. As demonstrated later, the diffusive wave routing is more robust in the face of limited ge-
ometry data availability compared to dynamic wave routing. The assumption of neglecting inertial effects is valid for most of the slowly 
propagating flood waves, making the diffusive wave model viable for a broad range of hydraulic conditions (Cappelaere, 1997). In the 
diffusive wave method, the system of equations is reduced to a single parabolic equation using two parameters: celerity and diffusivity 
(Moussa, 1996). The equation can be solved analytically if these parameters (celerity and diffusivity) are considered constant (Cholet 
et al., 2017; Fan & Li, 2006; Hayami, 1951).

Given these advantages, we explored the applicability of certain formulations of the diffusive wave approximation in the context of opera-
tional hydraulic modeling. Specifically, we compared two diffusive wave models and tested their ability to hindcasting flood events at different 
hydraulic conditions. We applied a traditional Crank–Nicolson (CN) scheme in the first model and modified it to ingest input from non-uniform 
space grids using adapted Taylor's series and Hermite Interpolation method. We are referring to this method as Crank–Nicolson over Space or 
CNS. Alternatively, we examined an approach originally documented by Moussa and Bocquillon (1995, 1996b), which resolves the CN scheme 
over a uniform temporal spacing and then adapts the solution for the non-uniform spatial grid. The method is referred to as Crank–Nicolson 
over Time or CNT method. We modified both models to ingest inputs from natural cross-sections at highly non-uniform intervals, which is a 
prevalent issue when working with a continental-scale model. The ultimate objective of this effort is to examine the applicability of diffusive 
wave routing schemes for continental-scale operational forecast models.

2  |  GOVERNING EQUATIONS

The St. Venant equations describing the 1D conservation of the fluid mass and momentum can be written as:

where Q is the discharge, A is the channel wetted area, t is the time, x is the distance, ql is the lateral flow, h is the water depth, g is the gravitational 
acceleration, S0 is the channel bed slope, and Sf is the friction slope.

In the case of diffusive model approximation, we neglect the two acceleration terms �Q
�t

 and �
�x

(
Q2
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)
 from the momentum balance equation, 

and we can derive the following form of the diffusive wave equation by combining the two equations.

where C and D are two additional parameters known as celerity and diffusivity, respectively, and are functions of channel flow, water depth, and 
geometry. A detailed derivation can be obtained from Cappelaere (1997) and Fan and Li (2006).

Equation (2) forms the governing equation of a typical diffusive wave, which we refer here as CNS diffusive wave.
Alternatively, we can assume C and D to be constant over time and space and then further partially differentiate Equation (2) with respect 

to x and t. Rearranging and ignoring the higher derivative terms, we arrive at the following equation (Moussa & Bocquillon, 1996b):

Equation (3) forms the governing equation of the CNT diffusive wave.
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3  |  MODEL DISCRETIZ ATION

3.1  |  CNS model

3.1.1  |  Model formulation

We discretize the CNS model governing equation by numerically integrating the partial differential equation (Equation 2). A space–time discre-
tization for the CNS method is sketched in Figure 1a. First, we consider:

While ignoring lateral flow, the equation becomes,

Then, we numerically integrating Equation (5) as follows:

where Qn
i
 is the discharge at value at ith space node and nth time node. Q

∈
 is the phase of discharge between the nodes i − 1 and i  at time n, that 

can travel to the ith space node at (n + 1)-th time. The total number of spatial computational node in the channel is denoted as nx.
Evaluating the integral in Equation (6) and assigning a time weighting � to calculate the 2nd derivative, where 0 < 𝜃 < 1 results in the fol-

lowing equation:

A value of � = 0.5 converts Equation (7) to an integral based on trapezium rule.
At � = 1, the equation is fully implicit, and at � = 0 the equation is fully explicit. Using Taylor's series expansion, we can expand the term 
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F I G U R E  1  Space–time discretization of (a) Crank–Nicolson over Space (CNS) model and (b) Crank–Nicolson over Time (CNT) model.
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Rearranging Equation (7) leads to the following form:

where Qxx∈ is the 2nd derivative of the flow phase Q
∈
 between the points i  and i + 1.

Rearranging the terms further, we arrive at the following form:

Equation (11) can be written as:

where pi, qi, ri, and si are coefficients that can be described as follows:

This set of equations includes Q
∈
 and Qxx∈. We can evaluate these values using two-point fourth-order Hermite interpolation between the discharge 

values and their first derivatives at the space nodes i − 1 and i , such that:

where a1−4 and d1−4 are the coefficients of Hermite interpolation and Qn
xi
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ous derivatives in Equation (10), we can arrive at the following expression:
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Equations (12 and 21) use the terms si and sxi, respectively, as source terms for Qi and Qxi. The effect of lateral flow can be added, and Equation (16) 
is modified as follows:

The value of Qx∈ and Qxxx∈ can be evaluated from third derivative of cubic polynomial using Hermite interpolation:

where b1−4 and h1−4 are the coefficients of Hermite interpolation. The values of all the Hermite interpolation coefficients can be calculated as:

where:
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3.1.2  |  Boundary conditions

The set of Equations (31–36) represents a system of linear equations to calculate the Qn+1
i

 along a given river reach. To solve this system of 
equations, external boundaries at both the upstream and downstream ends of a river reach are required. The upstream discharge boundaries 
are typically known from the hydrologic runoff calculations. If the downstream boundaries (tail water) are unknown, we used an additional 
node, also known as ghost node, to temporarily assign a downstream value. Ultimately, during a backward sweep (Meselhe et al., 1997), the 
downstream most location of a given channel network will be used to back-calculate water levels throughout the channel network. In this case, 
we consider the ghost node value Qn+1

nx+1
, at a distance of Δxnx−1 after the last node nx such that

3.2  |  CNT model

3.2.1  |  Model formulation

We discretize Equation (3) based on a central difference approach in time and forward differentiation in space. Figure 1b shows the space–time 
discretization for the CNT method. The equation considers equal spacing in time and non-uniform spacing in space. The partial derivatives 
can be written as:

Equation (3) can be rewritten as:

The right-hand side is known, and we consider:

where pj, qj, rj, p′j, q
′

j
, and r′

j
 are functions of C, D, Δx, and Δ t, such as

(36)Fxi =
sx i − piFi−1

piEi−1 + qi
.

(37)Qn+1
1

= coming from the boundary time series at the u∕s,

(38)Qn+1
nx+1

= Qn
nx−1

.

(39)�Q

�x
=

Qn
i
− Qn

i−1

Δxi−1
,

�
2Q

�t2
=

1

2

[
Qn+1
i

− 2Qn
i
+ Qn−1

i

Δt2
+

Qn+1
i−1

− 2Qn
i−1

+ Qn−1
i−1

Δt2

]

,

�
3Q

�x�t2
=

1

Δxi−1

[
Qn+1
i

− 2Qn
i
+ Qn−1

i

Δt2
−

Qn+1
i−1

− 2Qn
i−1

+ Qn−1
i−1

Δt2

]

.

(40)pjQ
n+1
i

+ qjQ
n
i
+ rjQ

n+1
i

= s�
j
.

(41)s�
j
= p�

j
Qn−1
i−1

+ q�
j
Qn
i−1

+ r�
j
Qn+1
i−1

−
D

C2

�ql

�t
+ Δxql ,

(42)

pj =
−h

4
−
g

2
−2k

qj =1+g+4k

rj =
h

4
−
g

2
−2k,

(43)

p�
j
=
h

4
+
g

2
−2k

q�
j
=1−g+4k

r�
j
=

−h

4
+
g

2
−2k,



264  |    BEG et al.

and

To solve this equation, we determine the coefficients E and F such that:

and,

We initialize E1 = 1 and F1 = 0.The space loop runs from j = 2 until j = nt (last time step) and we calculate Ej=1,nt and Fj=1,nt. Applying the value 
of Qn+1

i
 (boundary condition), we can solve the system of linear equations.

3.2.2  |  Boundary condition

The CNT model uses a central differentiation approach in time. The approach requires known boundary conditions at both ends of the time 
loop, that is., Q1

i
 and Qnt

i
, where nt is the last time step of the simulation. However, in a traditional hydraulic modeling approach, we know 

the flows Q1:nt
1

 as an upstream boundary and Q1
1:nx

 is generally known as the initial condition. The other required boundary condition Qnt
1:nx

 is 
generally unknown as it also depends on the simulation end time. In this work, we calculated the flows at the last time step boundary using a 
temporal ghost node at Qnt+1
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, which is at Δt�

i
 time interval after t = nt, as shown in Figure 2. For this approach, the values of pj, qj, rj, p′j, q
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, and 

s′
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 need recalculation for the non-uniform time grid settings at the boundary.

We can apply the following relationships (Equations  48 and 49) to Equations  (42 and 43), and recalculate pj, qj, and rj as shown in  
Equations (50 and 51)
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F I G U R E  2  Discretization of CNT model boundary calculation.
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where,

After the model runs through all timesteps at the current spatial channel segment, it resolves the flow on the next (downstream) spatial segment. In 
this manner, the model computes all the spatial nodes and then updates the model parameters C and D using water depth data at the model down-
stream boundary. When restarting the model from a prior simulation, the model resolves the next timesteps using the updated C and D parameters. 
The values of Ent and Fnt are also saved and used for the restart-simulation.

3.3  |  Calculation of water level, celerity, and diffusivity

The calculation strategy for water level, celerity, and diffusivity is similar for both CNS and CNT methods. In a diffusive wave approxima-

tion, we neglect the effect of local acceleration �Q
�t

 and convective acceleration �

�x

(
Q2

A

)
 terms from the momentum conservation equation 

(Equation 1), and we hence reduce the momentum equation to

Discretizing Equation (53) in space, we obtain:

where Sf i is a function of Qi, channel cross-section at i  (Ai), and water depth at i  (hi). Using Manning's equation, we can estimate the friction slope 
Sf i as follows:

where Ki is the conveyance and is calculated as:

where ni is the Manning's coefficient and Ri is the hydraulic radius at the node i .
If the downstream boundary water level/depth (hi) is known, then Equations (54–56) can be used in an iterative loop to obtain water level/

depth at the immediate upstream node (hi−1). For the approach presented here, we used Newton–Raphson formulation to obtain the water 
level at all the spatial nodes of the network.
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Once the water level is known, we calculated the celerity and diffusivity using the following two equations following Litrico 
et al. (2010).

where Ci and Di are the celerity and the diffusivity at the node i . We algebraically averaged values of Ci and Di over a river reach and calculated the 
values of C and D and used them in both, the CNS and CNT models.

3.4  |  Junction boundary calculation

As presently formulated, both models handle a coalescing dendritic network only—there cannot be diverging junctions. At a junction 
node, if j numbers of channel reaches are connected, one river reach is defined as the downstream branch/collection branch. When 
calculating the discharge, the j − 1 upstream reaches drain their discharge to the downstream reach. In the case of water level calcula-
tion, the water level at the upstream most node of the collection branch is applied to all the downstream nodes of the remaining j − 1 
upstream reaches.

3.5  |  Limits on celerity and diffusivity

The calculation of celerity and diffusivity at different nodes (Equations 57 and 58) uses two empirical equations, and both have some limitations 
under certain conditions. In Equation  (57), the presence of discharge in the numerator and the cross-section width in the denominator create 
computational challenges at low (or near-zero) flow conditions. For the test cases examined here, the cross-sections are approximated using com-
pound trapezoidal sections, where the minimum section width remains equal to the bottom width. This is the current strategy used in the NWM. 
This approach creates a minimal value of celerity at near-zero discharge conditions. On the other hand, the presence of Sf i in the denominator in 
Equation (58) creates a very large diffusivity value for low-gradient (or flat) sections of a given river. Such extreme cases are often encountered as 
the computations make dynamic adjustments according to their different hydraulic conditions. To accommodate these challenges, a set limits on the 
diffusivity and celerity values were used. These limits may introduce inaccuracies in the model, but they prevent spurious instabilities when these 
numerical conditions are inevitable.

Sensitivity analyses were performed to determine appropriate upper and lower limits that can be imposed on both the diffusivity and celerity to prevent 
numerical instabilities while minimizing the introduced error. We performed an array of tests applying different bounds of celerity (at an increment of 0.25 m/s) 
and diffusivity (at an increment of 50 m2/s) and applied the conditions to different channels with varying bed slopes. Based on these test results, we adopted 
a lower and upper limit of diffusivity, 50 and 400 m2/s, respectively, and a lower limit of celerity as 0.5 m/s. The tests also suggested an upper limit on the 
celerity, which we applied at three times the velocity at the cross-section, following Sriwongsitanon et al. (1998). Future tests may reveal further fine-tuning 
of these limits.

The CNT model has another stability criterion relating Δx, Δ t, C, and D. Moussa and Bocquillon (1996b) described two dimensionless num-
bers Δx

+
 and Δ t

+
 calculated as:

Very small values of Δx
+
 and Δ t

+
 make the model unstable (Moussa & Bocquillon, 1996a, 1996b). Although the literature does not mention any 

lower limits of these values, sensitivity analysis by Moussa and Bocquillon (1996b) showed that the CNT model produces acceptable accuracy when 
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Δx
+
 and Δ t

+
 stay between 0.1 and 0.5. For the CNT simulations in this work, we applied a more stringent minimum on the calculated D to provide 

a minimum Δx
+
 of 0.1 and a minimum Δ t

+
 of 0.3.

4  |  APPLIC ATIONS

4.1  |  Single synthetic channel

We applied both the CNS and CNT models to a synthetic prismatic channel to test their performance. The channel has a longitudinal bed slope 
of 1:10,000 with a length of 20 km. The channel cross-sections are compound trapezoidal, as shown in Figure 3, resembling the channel geom-
etry currently used in the NWM (Gochis et al., 2018). The cross-sections were spaced at a constant Δx of 1000 m. We applied a hypothetical 
discharge hydrograph at the upstream with a base flow of 20 m3/s which increasing linearly to 25 m3/s in 1 h then dropping to 20 m3/s in 1 h 
(Figure 4). The downstream water depth is fixed at 4 m.

Figure 4 shows the single channel simulation results using the CNS and CNT models. Both models show a similar flood hydrograph at the 
downstream end. The flood peak magnitude and arrival times are almost identical, except for a slightly more diffused flood hydrograph pro-
duced by the CNT compared to the CNS approach.

F I G U R E  3  Cross-section of the single channel.
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4.2  |  Y-shaped synthetic network

We further tested the two models for a synthetic Y-shaped channel network. The three channels are 5, 10, and 20 km in length, respectively, 
and have the same cross-section shape, as shown in Figure 3. The domain has two u/s boundaries and one d/s boundary. We applied the same 
discharge and water levels boundaries as described in the previous test case.

From the simulation results of the Y-shaped network shown in Figure 5, we can see that the two models produce similar results. Like the 
single channel test case, the highest flood peak at the downstream was slightly more diffused in the CNT model than that of the CNS model. 
The two models downstream of channels 1 and 2 produced a slightly different flood hydrograph.

The mass balance of each model was checked. The mass balance error was 0.03% for CNS and 0.12% for the CNT model.

4.3  |  Lower Mississippi River (Louisiana, USA)

The Lower Mississippi River reach considered here has an average discharge of 17,000 m3/s. We applied the CNT and CNS models for the 
2011 calendar year where a significant flood event was experienced. The model upstream boundary is located at Tarbert Landing (point 01 in 
Figure 6), Louisiana (USACE gage no 0100Q), and the downstream boundary was placed at the Head of Passes (point 16 in Figure 6), near the 
outfall of the Mississippi River to the Gulf of Mexico. This river reach is approximately 400 km in length. There are seven discharge extrac-
tion points within this reach length: the Bonnet Carré Spillway, Davis Pond, Caernarvon, Naomi, West Point a la Hache, Bohemia, and Fort 
St. Philip. These extractions were applied as lateral flow time-series data. While detailed cross-section data were available, we opted to use 
the simplified compound trapezoidal cross-sections used in the NWM to allow straightforward comparison to MC-based simulations. The 
spacing between the cross-sections varies between 183 m and 27.7 km. The upstream discharge and the downstream water level boundaries 
were taken from USGS and USACE stations (USACE Gage no 0100Q and 01515, respectively, can be accessed from https://river​gages.mvr.
usace.army.mil/).

As shown in Figure 7, both the CNS and CNT models produced similar results. The discharges and water level hydrographs produced by both 
models agreed well with the measurements. It should be noted that the water levels shown in Figure 7 are in reference to the NAVD88 datum.

4.4  |  Goodwin Creek (Mississippi, USA)

Goodwin creek is a small watershed located in the North-central part of Mississippi state. The catchment area has a steep topography (average 
channel slope is 0.4%) and a drainage area of 21.4 km2 (Downer & Ogden, 2004; Ogden & Julien, 1993). The watershed elevation ranges from 
71 m near the outlet to 128 m at the catchment edges. This humid climatic region has an average annual rainfall of 1440.2 mm, yielding an aver-
age runoff of 144.8 mm (Meselhe et al., 2009). Due to the smaller size of the catchment area and steep topography, the catchment experiences 
flashy flood peaks during rainfall events.

F I G U R E  5  Simulation results from CNS and CNT model (b) at different computational points in a synthetic Y channel (a). The upper 
branches of the Y are designated channels 1 and 2 (Chn 1 and Chn 2), and the outflow below the junction is routed through channel 3  
(Chn 3).
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This creek serves as an experimental watershed under the United States Department of Agriculture (USDA) and has available historical data 
of rainfall, discharge, and water level from 1982 to 2002 (Ogden & Julien, 1993). The watershed had 30 rainfall stations and 10 locations with 
discharge and water depth measurements. Figure 8 shows the locations of the rainfall gages and stream measurement locations. We retained the 
same gage numbering as the original USDA project for clarity and future reference. Only the gage stations that had enough data for this event 
were used in this work. A pre-calibrated HEC-HMS model (Meselhe et al., 2009) utilized the rainfall data to produce the generated runoff results 
used as our model discharge inputs. The cross-section data were taken from the corresponding channel segments from the NWM database. The 
measured water depths at Gage 01 were used for downstream boundary conditions. We used a rainfall event from 1982 to test our model for 
this case.

Figure 9 compares the measured discharge and water depth at several locations. The figure indicates that the case exhibits kinetic wave 
behavior as the hydrographs indicate a sharp rise and a sharp fall within a short period and the sharp wave is preserved as it progresses down-
stream. Although the two diffusive wave models are mainly proposed to replicate backwater effects, they can also simulate kinematic wave 
phenomena. The comparison indicates that both the CNS and CNT results were in good agreement with the measurements. At the location 
of Gage 14, the modeled discharge and water levels were different than the observations but this mismatch is attributed to errors in the sim-
ulated hydrological responses in the upstream branches. No MC model data were available for this case to compare with the diffusive wave 
model results.

F I G U R E  6  Map shows Lower Mississippi River area with all the observed data locations along the river reach. The index map at the 
bottom left indicates the extent of the river using a rectangle.
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4.5  |  Amite-Comite River (South-East, Louisiana)

The Amite River starts from East Fork Amite River and West Fork Amite River in the Mississippi, USA, and confluences around 1.5 km south of 
Mississippi-Louisiana border (Figure 10). The river then flows to the south into Lake Maurepas in Louisiana, USA. At the city of Denham Springs, 
the river meets the Comite River approximately 90 km upstream of the outfall into Lake Maurepas, and the two rivers drain nearly 4880 sq. km 
of the total watershed area. The downstream part of the river has a wide and unconfined floodplain, which remains permanently at or near bank 
full.

For the analysis presented here, we focused on the flood event of August 2016 for the Amite-Comite River. This was classified as a 550-year 
return period event (van der Wiel et al., 2017). For the model setup, we again utilized the channel cross-section geometry used in the NWM 
dataset. Initial tests confirmed that the cross-section widths specified in the NWM channel database for the Amite-Comite rivers were severely 
underestimated the actual dimensions. As an alternative to the NWM channel geometry dataset, and guided by actual channel surveys, we ad-
justed the cross-sections by widening the represented floodplains for the lower part of the river. The diffusive model results from simulations 
performed on the adjusted sections were compared with data from five USGS monitoring stations (Figure 11). For comparison, we also included 
the MC model results. The MC model used the same setup as the two diffusive models. The model used runoff hydrographs produced by a 

F I G U R E  7  Comparison of discharge and water levels from Mississippi test cases. All water levels are in NAVD88 datum. The USACE 
designated River Milage (RM) values are indicated at each subtitle, measuring the distance of the station from the river mouth at the Gulf of 
Mexico. The numerical station numbers are indicative to the station locations in Figure 6.
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calibrated rainfall-runoff model (Dewberry Engineers Inc, 2019). Downstream boundary water levels were obtained from USGS water level 
observations at Lake Maurepas.

As shown in Figure 11, both diffusive models showed similar flood discharge peaks; however, they differed slightly from the MC outputs. 
At Gage 07380120, the CNS and the CNT models showed different phases in the flood waves. Overall, both diffusive wave models and the 

F I G U R E  8  Goodwin creek catchment area with the measurement locations of discharge and water depth. The index map at the top left 
indicates the location of the creek using a black dot.

F I G U R E  9  Comparison of discharge and water depths at different locations of Goodwin creek. The first row indicates the discharge 
comparison while the second row shows the water depth comparison at the same locations.
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MC model agreed well with the flow measurements. However, as the simplified geometry used here severely underestimated the flood plain 
capacity, the water level calculations were strongly influenced. Adjusting the cross-section geometry based on actual surveys allowed the 
diffusive wave models to produce reasonable water level hydrographs. The MC method did not produce good water level hydrographs even 

F I G U R E  1 0  Map shows Amite-Comite River area with all the USGS observed data locations. The black rectangle indicates the extent of 
the river in the index map.

F I G U R E  11  Comparison between discharge at the Amite-Comite River Basin.
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for the adjusted geometry as it lacks the ability to capture any backwater effect. This issue is elaborated and discussed in a later section of 
the paper.

4.6  |  Falls Lake (North Carolina, USA)

We applied the diffusive wave models to a river basin network in the state of North Carolina (Figure 12). The watershed in discussion is in the 
Neuse River basin located at upstream of Falls Lake. We incorporated a subset of the NWM river network containing 737 river reaches from 
a portion of the Neuse River basin. The spatial node to node distances (Δx) varied from 20 to 3000 m, with many of the upstream channels 
having only two spatial nodes in the river reach (only one Δx). The watershed is fairly flat, with a catchment area of approximately 1100 km2.

We simulated the flood event following Hurricane Florence to test our models. This was a Category 4 major hurricane with a maximum 
sustained wind speed of 215 km/h (130 m/h). Intense precipitation created flooding in significant areas of North and South Carolina states. We 
collected the rainfall-runoff simulation results from the WRF-Hydro model and applied them as lateral inflow boundaries to the channels. The 
simulated network extended to the watershed boundaries, so there were no upstream headwaters. We also simulated an MC model for the 
watershed and compared the results with the diffusive models.

Figure 13 shows the comparison of discharge hydrographs produced by the CNS, CNT, and MC models at the available USGS stations 
within the watershed. For the discharge hydrographs, the CNT model produced comparable results to the MC, while the CNS overestimated 
the peak discharge at several locations. For the water level hydrographs, the CNS and CNT models were in reasonable agreement with the 
measurements while the MC model overestimated the peak water level, likely due to the use of normal depth assumptions which is not suitable 
for this watershed with flat terrain.

F I G U R E  1 2  Map shows upper falls Lake catchment area with all the USGS observed data locations in the watershed. The index map at 
the bottom left indicates the extent of the river using a rectangle.
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5  |  DISCUSSION

5.1  |  Kinematic (MC) comparison to diffusive wave routing

The flow routing in the MC model is not influenced by the modeled water depths; rather, a normal depth is assumed throughout the model 
domain. On the other hand, the diffusive flow routing relies on the water depth to calculate the celerity and diffusivity parameters. The ce-
lerity and diffusivity are functions of the discharge, river geometry, and water depth. This makes the diffusive model sensitive to the proper 
application of the downstream water level boundary and accurate channel geometry data, whereas the MC flow routing is largely independent 
of the channel cross-section geometry.

For example, in the application of Amite-Comite River, the river cross-sections in the NWM database do not capture the proper floodplain 
capacity, which resulted in unreasonably large water depths. The water depth calculated by the diffusive wave models improved significantly 
when the surveyed floodplain geometry is used. Interestingly, the flow hydrographs calculated by the MC model were not changed by the 
different versions of the geometry. In most cases, the modeled peak discharge, time of peak flow, and total water flow volume from the MC 
model were very close to the observed data, regardless of errors in the modeled depth. This confirms the disconnection between the MC 

F I G U R E  1 3  Discharge and water level compared to USGS station observations from the falls Lake test case. The top two rows provide 
the discharge comparison while the last two rows provide the water level comparison at the same stations.
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routing method and the local water depth calculations. As expected, and due to the coupling between the flow and water depth calculations, 
the flow routing for both diffusive models was directly affected by the quality of the geometry data.

When the channel geometry is properly represented, the diffusive flood routing is expected to capture the backwater effects and the 
proper time of arrival of the flood peaks. It is anticipated as the quality of the National Hydrographic Database (NHD) geometry improves, a 
diffusive wave routing model would produce a higher quality forecast for flood depths, duration, and the peak time of arrivals.

The MC and diffusive wave models can perform equally well for steep gradient regions (i.e., headwaters) where the water depth is rela-
tively uniform (and close to normal depth), and backwater effects are rare. This phenomenon is seen in the Falls Lake test case in Figure 13, 
where the USGS Gage 08085500, 028524090, and 028675010 are located at the upper part of the Neuse River basin. At these locations, the 
MC and CNT models provided comparable results. Gage 0208524975 is located further downstream, where the CNT model showed better 
agreement with the field observations compared to the MC approach.

Overall, both diffusive models produced reasonable water depth predictions compared to the field observations.

5.2  |  Bathymetric data availability

The NWM channel network database includes channel cross-sectional data at 2.7 million river locations across the contributing drainage 
areas of the Continental U.S. (CONUS). The database contains the river reaches based primarily on the segmentation of the NHD Plus dataset. 
The channel geometry is represented through a simplified compound trapezoidal section derived from terrain analyses (Gochis et al., 2018).  
The geometry approximation at times may not accurately represent the true channel or floodplain capacities. For example, in the case study  
of the Amite-Comite River, we compared the available NWM cross-sections with actual surveys at the same locations. The comparison illustrates 
that the NWM cross-section matches main-channel capacity reasonably well, but largely underestimates the floodplain capacity (Figure 14).

Furthermore, the cross-section data are processed such that no adverse slope is allowed in the database as the MC method does not allow 
for zero or adverse channel slopes. This alteration results in inconsistencies in the overall longitudinal slope of the channel network and affects 
the wave propagation (time of travel and attenuation), which affects the simulation of backwater and other dynamic hydraulic effects.

While the MC method is not significantly affected by the quality of the channel geometry, the diffusive wave methods would certainly 
benefit from future improvements to the NHD. As noted in the model results comparison in Figure 11, the current results of the diffusive wave 
models did not capture the backwater effect properly as compared to the observed data. While the 8-point compound trapezoidal section was 
used for these simulations to facilitate comparison with MC model results, the two diffusive wave models applied in this study can directly 
accommodate complex surveyed cross-sections and are not limited to a more simplified channel geometry description. As the NWM cross-
section database improves in the future updates considering the ability to capture the channel and floodplain capacity, the quality of the depth 
and discharge hydrographs produced by the diffusive wave methods will also improve.

F I G U R E  14  Comparison of National Water Model database cross-sections with surveyed sections.
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5.3  |  Differences between CNS and CNT models

Although both CNS and CNT models start from the same diffusive wave assumption, that is, ignoring the acceleration terms from the St. Venant 
equations, they exhibit differing numerical stability limits that ultimately influence their computational efficiency. Specifically, in the CNT method, 
and as described earlier, we further partially differentiate the CNS governing equation (Equation 2) and ignore some higher-order terms such as �

4Q

�x3�t
 

and �
4Q

�x4
 (Moussa & Bocquillon, 1996b). While CNS might be superior in accuracy as the governing equation contains more terms (Moussa, 1996; 

Moussa & Bocquillon, 1995, 1996a), the CNT method is more flexible for practical implementations (e.g., variable spatial spacing) and more com-
putationally efficient. Given the extreme disparity in riverine segment lengths in the NWM dataset (varying from few meters to several kilometers) 
dictate the utility of small time steps to accommodate the stability limitation of the CNS model. Such limitation does not exist for the CNT model.

The two models apply the diffusive wave equation differently. For the CNS method, the calculation remains within one temporal layer of 
the space–time continuum and solves all the variables at all the spatial locations at the same temporal level. The model can be extended spa-
tially before solving any variable at the next temporal level. However, in the CNT model, the model needs to solve all the temporal variables at 
a certain spatial location before it proceeds to the next river segment. Due to this fundamental difference, as the role of the time and space axis 
are interchanged, these models require specific treatment for their boundary condition setup. The CNS requires boundary values at Q1

1:nx
 , Q1:nt

1
 

and Q1:nt
nx

 while the CNT requires boundary conditions at Q1
1:nx

, Q1:nt
1

, and Qnt
1:nx

. These numerical differences may create slightly different results 
between the two models even if the celerity and diffusivity parameters are assigned similar values (Moussa & Bocquillon, 1996b).

Due to the differences in discretization, the CNS model cannot accurately accommodate true distributed lateral flow inputs. Rather, the 
flow is accumulated as a series of point-sources imposed at the upstream edge of a channel segment, leading to inaccuracy of the flood-peak 
timing (i.e., phase error). On the other hand, the lateral flow in the CNT method is incorporated uniformly along the length of the channel.

TA B L E  1  Comparison of statistical model performance between modeled and observed flow for each of the two models for the simulated 
events.

Case study Station name

CNS CNT Peak 
discharge 
(m3/s)BIAS (m3/s) RMSE (m3/s) BIAS (m3/s) RMSE (m3/s)

Lower Mississippi
2011-01-01–2011-12-31 (365 days)

Baton Rouge 17.16 1370.74 60.295 1407.52 40,210

Belle Chasse 369.73 1919.64 397.442 1986.89 34,830

Goodwin Creek
1982-04-19 (24 h)

Gage 06 0.03 0.22 0.00 0.24 2.2

Gage 05 −0.20 0.97 −0.23 0.99 8.0

Gage 03 −0.08 1.39 −0.38 1.89 14.0

Gage 04 0.06 0.43 0.00 0.56 6.1

Gage 14 −0.25 0.82 −0.24 0.82 4.2

Gage 13 0.05 0.14 0.05 0.13 2.6

Amite Comite River
2016-08-11–2016-08-17 (144 h)

Gage 07377500 73.43 305.49 236.86 539.36 2170

Gage 07378000 — — — — —

Gage 07377000 65.20 466.32 −185.73 616.66 3260

Gage 07378500 69.63 653.39 −50.44 581.78 7700

Gage 07380120 −47.56 373.88 −78.70 363.92 5640

Falls Lake
2018-09-16–2018-09-19 (72 h)

Gage 02085000 147.205 147.531 147.175 147.507 90.0

Gage 0208521324 110.426 113.602 110.310 113.535 250

Gage 02085500 89.296 109.273 88.979 109.272 410

Gage 0208524090 111.453 111.675 111.438 111.664 90

Gage 02085070 73.718 83.323 73.744 83.521 390

Gage 0208675010 87.334 87.487 87.326 87.481 70

Gage 02086500 76.360 76.713 76.477 76.815 490

Gage 0208524975 72.863 82.987 72.737 83.055 400

Gage 02086624 71.161 82.913 71.352 83.339 490

Gage 02086849 75.669 75.702 75.688 75.721 90

Abbreviations: BIAS, mean error; RMSE, root mean square error.
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Table 1 compares the statistical comparisons between the modeled discharge outcomes and their corresponding observed data for CNS 
and CNT. The statistical goodness of fit and overall quality of the two models is compared using mean error (BIAS) and root mean square error 
(RMSE) using the following equations:

where E(�) is the discharge from the model (CNS or CNT), � is the observed discharge, and N is the number of available observed data.
Table 1 shows that the model quality indexes are excellent for the first two case studies, Lower Mississippi and Goodwin creek, as 

the calculated BIAS and RMSE values are small compared to the observed maximum discharge in the channels. The BIAS and RMSE are 
higher for the latter two case studies compared to their peak discharges. Both case studies focused on flashy events where the flood 
peaks were a few magnitudes higher than the regular discharge, and the event dictated a very fast rise of the peak discharge. Many of 
these high BIAS and RMSE values originated from phase error issues as the model calculated the peak discharge earlier or later than the 
observed peak discharge. However, comparing the results between the CNT and CNS, we see that both models have very similar BIAS 
and RMSE at most of the compared stations except for Gage 07377500 and Gage 07377000 of Amit-Comite River. In these two cases, 
the calculated mean error in the CNT model is much higher than those of the CNS model. Identifying the cause of the difference is an 
opportunity for future work.

5.4  |  Computation time requirement for the model simulation

The time required for model simulation is an important parameter when choosing a model for real-time operational forecasting. Therefore, we 
documented the processor wall time for each simulation as shown in Table 2. The model codes were written in Fortran90 while the computer 
used to run these simulations is a common desktop machine with a Core i7 processor (2.66 GHz) and 16 GB of RAM. In our work, we used an 
open-source gFortran compiler under the integrated development environment “Code::Blocks.” However, our tests revealed that the use of 
intel Fortran compiler can provide approximately three times faster computation for both the CNS and CNT methods.

As shown in Table 2, the CNS model is not as computationally efficient as the CNT model. Due to the formulation of the CNS model, the 
model computational time step (Δt) is dependent on the Courant number criterion (also known as Courant–Friedrichs–Lewy/CFL condition). 
For this reason, test cases with small Δx required longer simulation periods for the CNS method. We applied a maximum courant number of 0.8 
for the CNS simulations. The CNT model, however, is not dependent on the courant criterion as the discretization is strictly implicit on fixed 
temporal resolution. Thus, we used fixed Δt = 600 s for all the CNT model simulations.

5.5  |  Characteristics of the outcome: Flood peak, flood duration, low-flow condition

Despite differences in their formulation, the results from the examples presented here indicate that the two diffusive wave models are similar 
in terms of their ability to capture flow dynamics. Both models showed a good prediction of flood peaks and flood durations.

(63)BIAS =
1

N

N∑

i=1

(E(�) − �),

(64)RMSE =

√√√
√ 1

N

N∑

i=1

(E(�)−�)
2,

TA B L E  2  Comparison of simulation time requirements between the models.

Test case
Simulation 
period (days)

Total 
computational 
nodes

Spatial node to node 
distance, Δx(m)

CNS CNT

Simulation 
time (s) Δt (s)

Simulation 
time (s) Δt (s)

Single channel 1 21 1000 0.31 500–615 0.05 600

Y-channel 1 37 1000 0.83 600–900 0.14 600

Mississippi 365 97 183–27,700 882.67 65–250 67.86 600

Goodwin 23 35 129–1487 57.69 36.3–207 4.81 600

Amite-Comite 12 237 13–19,280 430.67 6.9–23.4 9.91 600

Falls Lake 30 2292 20–3000 18,968.11 5–50 382.03 600
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According to Moussa and Bocquillon (1995), the CNS and CNT models are efficient and may provide the exact solution at large wave-
lengths. The test result of the Mississippi river model (shown in Figure 7) confirms the statement. In the test case of the Y-channel network, 
the CNT model showed oscillation when the discharge hydrograph started to increase. This is an inherent characteristic of the model algorithm 
and may become prominent during low-flow conditions. The error due to the oscillation may increase at conditions with small celerity and large 
diffusivity (Moussa & Bocquillon, 1996b). The oscillation disappears at long waves and faster celerity; for example, no oscillation is seen in the 
Mississippi River test case since it has longer wavelengths. The Goodwin Creek test case also did not show any oscillation as it had faster wave 
celerity. A higher-order scheme instead of the CN could be examined in future applications (e.g., Dubey, 2013). However, the potential increase 
in computational burden should be carefully considered.

5.6  |  Advantages and limitations of the diffusive wave approach for operational model applications

The NWM channel dataset provides cross-sectional data over 2.7 million locations over the CONUS. However, the cross-section spacings are 
highly variable. The spacings vary from a few meters (~4–6 m) to several kilometers (~103 m). Such large variations in the spacing create chal-
lenges for the higher-end routing approaches, namely the dynamic and diffusive models (Meselhe et al., 1997, 2021). However, the diffusive 
wave CNT option can robustly accommodate large variations in the spatial spacing without requiring a change in the time steps, as the model 
equation is discretized over the equal time spacing. This flexibility comes as a trade-off since the boundary condition of the model is required 
at the two extreme ends of the time continuum. On the other hand, the CNS diffusive wave is discretized over the unequal cross-sectional 
spacing and works best if the ratio between two immediate Δx's (shown as � in Equation 9) is ~<2. At a higher value of �, the calculated second 
derivative may introduce an error in the solution.

Operational models need to balance accuracy, speed, and robustness. The dynamic wave routing is the most accurate and has broad 
applicability to nearly all hydraulic conditions. However, it is also the most prone to numerical instability and the most computationally 
expensive. Thus, it is reserved for complex conditions that simpler approaches cannot resolve. The kinematic wave approach is the most 
computationally efficient and robust. The current MC of the NWM, for example, produces good results for fairly steep channels where 
backwater effects are less significant as it cannot produce any backwater effects, nor does it capture reverse flows. The diffusive wave ap-
proach is a reasonable compromise and can be applied to a large spectrum of hydraulic conditions. The approach can produce good results at 
low-gradient channels with backwater effects and resolve reverse directional flow. The CNT option is robust and computationally efficient. 
However, there are some limitations to the diffusive wave. The underlying simplification in the diffusive wave equation neglects the inertia 
term from the momentum conservation equation. Thus, the diffusive wave may not be accurate for a rapidly rising flood wave or other sit-
uations where the inertia term may become significant (Cappelaere, 1997). The pressure gradient significantly affects the flow propagation 
process, and its importance increases with lower channel slopes and steeper hydrographs (Morel-Seytoux et al., 1993). This condition also 
makes the stage variable important in the flood propagation calculation and contributes greatly to the calculations of celerity and diffusivity.

It should also be noted that the mass balance in the diffusive wave approach is only guaranteed when the celerity and the diffusively 
stay as a linear function of discharge only. According to Cappelaere (1997), when the ratio of celerity and diffusivity are constant for any 
discharge, the mass balance error is negligible. This criterion is applied in all diffusive waves analytical solutions as they assume celerity and 
the diffusivity as constant (e.g., Hayami's solution, Hayami, 1951). In practical applications, however, such as the NWM, this ratio changes 
throughout the flood peak and recession periods and changes spatially throughout a network. In general, steep channels have a higher C/D 
ratio than mild-slope channels. The applied limits on the celerity and the diffusivity assist in ensuring the stability of the model results. 
Furthermore, maintaining a bounded limit on the ratio of C/D throughout the channel network helps in minimizing the mass balance error 
in the model results.

As demonstrated here, both CNS and CNT models can be applied to high gradient channels. However, the potential benefit is limited, given 
that currently used MC model can also perform well in those channels and may impose less computational burden. For this reason, the future 
operational plan of the NWM follows a hybrid scheme, following suggestions made by Meselhe et al. (2021). The plan applies kinematic wave 
model (MC model) at high gradient channels and higher-order models (diffusive wave) at low-gradient channels with prominent backwater. The 
switching between the schemes will be based on calculated values of different dimensionless parameters.

6  |  CONCLUSIONS

We present two diffusive wave models named CNS and CNT. Both models employ a finite-difference, implicit CN numerical solution with 
second-order accuracy. The CNS model employs finite differencing in space, while the CNT model employs finite differencing in time. We 
tested these two different solution methods using a variety of case studies covering a broad set of hydraulic conditions. The results from both 
models compared favorably with water level and discharge field observations.
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The employed models' quality was also tested and compared with the MC model, which is currently used as the primary channel routing 
scheme for the NWM. The comparison revealed that the new models provide comparable discharge hydrographs to the MC method for 
regions with steep slopes and no backwater effects. For areas with small slopes where backwater effects are more prominent, the diffusive 
wave methods produce water level hydrographs comparable to field observations. In these low-gradient regions, the MC method produce 
unrealistically large water depths. The test cases presented here used geometry data available in the NWM database. In some cases, the 
channel cross-sections in the database severely underestimate the floodplain width. Tests revealed that the flood plain width underestimation 
impacts the routed flow quality for both diffusive models. However, the MC method, as it relies in simple normal depth calculations, is not 
affected by the quality of the channel geometry. This independence is advantageous for regions with steep slopes where the water depth is 
adequately captured by the uniform flow assumption, but it leads to significant errors in the water depth calculations in low-gradient regions 
where the water depth significantly deviates from the normal depth. Conversely, the diffusive wave models are directly affected by the quality 
of the channel geometry. When the channel and floodplain capacities are properly captured, they produce accurate flow and water depth  
hydrographs even in low-gradient regions with significant backwater effects. Thus, as the quality of the channel geometry improves in the 
NHD, the NWM would benefit from employing a diffusive wave model to produce reliable hydrographs in regions with flat terrain.

The results presented here also show that the CNS model is subject to a CFL criterion, limiting the computational time requirement as 
inversely proportional to the minimum spacing length of the domain. This limitation is costly for operational models. The second approach, 
the CNT model, uses a constant (and large) time stepping and is not limited by a CFL criterion. Thus, while both models provided comparable 
results with reasonable accuracy for most case studies, the CNT model shows higher computational efficiency, robustness, and ease of cap-
turing spatially distributed lateral flows. These features make the CNT a suitable fit for operational forecast models. Model applications could 
benefit further from application of high-performance computing and parallel computing, both of which are currently being tested to become 
added model features in the near future.
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