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COVER LEGEND

The concept for the cover design for these lecture notes came as 
an apparition while working o.i a case study of upper-level frontogenesis 
over Northern Europe during r.y visit with Arnt Eliassen in Oslo this 
fall. It was subsequently executed in collaboration with Howard 
Crosslen of the NCAR Graphics Group with additions to encompass further 
aspects of the colloquium subject matter. The design shows isentropes 
turning into isotachs as they encircle the sun to emerge from an egg 
as an isobaric surface depiction of isentropes within an upper level 
frontal zone which narrows, extending upward to turn anticyclonically 
and vanish. The upper front is in the form of a Viking ship with its 
oars formed by the isentropes as they exit the entrance region of the 
front. The sun and the egg are a dual symbol of creation and the Vik­
ing ship the vehicle of the creators, for it was the Scandinavians who 
conceived what we now call modern meteorology and it was they who then 
left their native lands to propagate this knowledge throughout the 
world, in true Viking fashion. The sail of the ship enters into the 
wind distribution for a jet stream core which passes in back of the 
vertical section depiction of the isentropes within upper level frontal 
zone and then emerges as a low-level frontal zone that enters the earth. 
In the cold air behind the front one finds a mountain range and its 
related mountain wave. Ahead of the cold front are turbulent breaking 
waves in an atmospheric boundary layer and a severe convective storm 
which has penetrated the stratosphere and spawned a tornado from its 
base. The color scheme for the cover is representative of the vibrant 
visions of the Norwegian autumn time, with the darkness of the earth 
browns contrasted by the the transitions of aspen and birch. If you 
look closely ycu will see the trolls as they return to the Eliassen's 
summer cottage on the upper pasture to herald the coming of winter.
Var so god.

Melvyn A. Shapiro
Colloquium Coordinator
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PREFACE

May I introduce you to the lecture notes from the Colloquium on 
Subsynoptic Extratrcpical Weather Systems which was held during the 
summer of 1974 at the National Center for Atmospheric Research in 
Boulder, Colorado. This Colloquium was jointly sponsored by the NCAR 
Advanced Study Program and the Small Scale Analysis and Prediction 
Project. It was formally attended by predoctoral and postdoctoral stu­
dents whose responsibility it was to prepare the notes contained herein 
in collaboration with the Colloquium lecturers. Although some editing 
of the notes has been done, they are not intended to be publications, 
and should not be quoted as such.

The subject of this year's Colloquium was selected because it 
represents one of the next frontiers at which observational and theoret­
ical atmospheric scientists will expend considerable effort to obtain 
increased understanding and more accurate short-range prediction of 
small-scale weather systems. It was our intent to give the attending 
students sufficient background material and supplemental seminars by 
active researchers to provide them with a comprehensive account of the 
current state of the science on the Colloquium subject, thus enhancing 
their awareness of the problems that remain to be solved in this area.

For this purpose, two principal lecturers were invited to present 
lectures on selected aspects of the subject. The first lecture series 
was presented by Professor Noel LaSeur, Chairman of the Department of 
Meteorology at Florida State University. Because of my association 
with Noel as one of his students, I was aware of his ability to inte­
grate and develop subject matter illustrating the structural and diag­
nostic aspects of mesoscale weather systems. Though Noel is knowm mostly 
for his contributions to tropical meteorology, these lectures attest to 
his expertise in frontal and extratropical convective-scale processes 
which previously had been shared only with his university students.

The second lecture series on selected theoretical aspects of the 
Colloquium subject was presented by Professor Arnt Eliassen, Chairman 
of the Department of Geophysics at the University of Oslo, Norway. We 
were most fortunate in that Arnt was able to come to Boulder to present



this lecture series. His experience at operational weather forecasting, 
pioneering work in numerical weather prediction, and classical work in 
frontal theory and boundary layer meteorology formed the basis for a 
most interesting lecture series and stimulating discussions and commen­
taries on other presentations.

The supplemental afternoon seminars were presented by invited 
representatives of the university community, federal government agencies, 
and the NCAK scientific and facilities support staff. Here we were ex­
posed to subject matter spanning a wide variety of topics relating to 
the Colloquium theme. The areas of synoptics, dynamics, numerical 
techniques, observing systems, objective analysis, and social impact 
assessment were all represented.

The final aspect of the Colloquium centered upon a special one- 
week workshop during which representatives from four international 
operational numerical prediction groups, the university community, and 
NCAR presented their current work in developing and improving upon 
limited-area short-range numerical weather prediction models.

I would like to thank the principal lecturers, the supplemental 
seminar lecturers, the workshop participants, and Colloquium students 
fo»- their contributions to what we shall all remember as an exciting 
summer of science and newfound friendships.

I hope through these notes we have shared with you that you too 
will sense the excitement of these days and the challenges of this as­
pect of atmospheric science.

Melvyn A. Shapiro 
Colloquium Coordinator
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SELECTED SUBSYNOPTIC FEATURES OF PARTICULAR INTEREST:
AN INTRODUCTION

Lecturer: Dr. N. LaSeur Notes by: J. Cahir

Date: June 17, 1974

Subsyi.optic and mesoscale structures have attracted Increased 

attention from atmospheric dynami 'lists and numerical modelers in recent 

years, but synopticians have long been interested in them. Structures 

such as fronts, squall lines, wind shear lines, cloud bands and jet 

streams, all of which have at least one characteristic horizontal length 

scale that is subsynoptic, are of everyday concern to those involved in 

weather forecasting.

The presentations to follow will emphasize the structure and behavior 

of two classes of mesosystems: strong frontal (hyperbaroclinic) zones, 

and intense organized convective systems. Although a great deal of infor­

mation about these systems is available in routine observations, much 

of it is lost in conventional analysis and data processing.

A continuing point of emphasis will be the relationship and interaction 

of these mesoscale features with other scales of motion, both larger and 

smaller. Larger, synop' ic-scale patterns, provide the setting for the 

development of mesoscale features which in turn influence smaller scales. 

These, in turn, can have important feedback effects on larger scale 

systems.

Consider first the intense upper front, or hyperbaroclinic zone.

Its formation usually occurs in connection with significant cyclonic 

development at the surface (defined here as an increase in surface vor- 

ticity), and important forecasting errors have been related to these



factors. The evidence is persuasive that these errors result in part 

from a failure co adequately resolve the intense gradients associated 

with the zones; they must be observed, comprehended, and modeled 

appropriately in any general weather forecasting scheme. Reed and Sanders 

(1953), Newton (1954), Reed (1955), Staley (1960), and Bosart (1970) have 

all dealt with examplas of intense fronts, where discontinuities of first 

order and even (on rather small scales) of zero order can bu found in 

potential vorticity, the vertical component of vorticity, vertical 

motion, and related fields. First order discontinuities in pressure, 

potential temperature, and wind have been emphasized.

Certain typical aspects of intense hyperbaroclinic zones associated 

with cyclogenesis should be noted. The formation, maintenance, and 

decay of these zones are intrinsically and intimately related to strong 

vertical motions which have large spatial variations. They are, then, 

dynamic in nature and closely related to vigorous wind systems, or jet 

streams. All characteristically involve descending currents of dry air, 

plunging downward and southward from the upper troposphere, and indeed, 

the stratosphere, in the rear of cold upper troughs in the westerlies. 

These cases fall into the category of katafronts (Sansom, 1951)j that 

is, the warm air above the front is descending. There is often descent 

on both sides of such fronts, as the large scale flews suggest; however, 

relative upward motion in the cold air, which can be associated with an 

Indirect thermal circulation, is a common feature on the shorter scales.

The vertical temperature gradient in these zones is very large, 

being of order 10 C km-1, and a typical scaling height H is of order 

one km. Clearly, these are regions which are very stable in the static

sense.



Across the current, the channel width W of the intense horizontal 

temperature gradient is 100-200 km, so that a representative slope is:

corresponding to the average slope of cold fronts.

Alongstream scaling lengths depend on the details of the flow, but 

may be considerably greater. In any event, it is clear that the air 

motion is considerably faster than the phase speed associated with the 

zone of maximum baroclinicity. This suggests that whatever the aiong- 

stream dimensions are, the air undergoes frontogenesis in the entrance 

region and frontolysis in the exit region, in rapid succession.

The phase speed C is usually progressive (C>0) , which means that the 

zone propagates downstream and rotates about the long-wave trough. 

Maximum intensity, as measured by the thermal gradient, is usually 

reached near the southernmost penetration, and rapid cyclogenesis 

typically occurs concurrently at somewhat downstream locations under the 

diffluent flow east of the trough. This is summarized schematically in 

Fig. 1.

The hyperbaroclinic zone can easily be detected on cross sections 

of the upper f-oposphere when it is located to the west of the long­

wave trough position. Thus, the upper front can be a valuable diagnostic 

feature, and the cross section a valuable diagnostic tool for those who 

would predict cyclogenesis.

When the representation involves analysis on cross sections, every



Fig. 1. Schematic 500 mb chart typifies the case of an intensifying 
upper front involving stratospheric air of high potential vorticity. 
Zone usually attains maximum strength at southernmost penetration 
during period of major cyclogeneses in diffluent exit region.

piece cf information in the radiosonde is optimally utilized. Further, 

if surfaces of equal potential temperature are analyzed, the sense of 

adiabatic vertical motion in the plane of the section is easily visualized.

Fig. 2 (Duquet, et. al., 1966) is an example of an actual cross- 

section through one of these zones. The upper front stands out, but, as 

is often the case, there is little or no connection with u surface front 

until the structure moves to the east of the long-wave trough, where 

surface winds are usually convergent and fronts more detectable. In

fact, although there may be a link-up with pre-existing surface fronts 

during those later stages, several authors have noted that they see no
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necessity for such linking, nor that it has any bearing on the cyclo­

genesis process.

Fig. 2. Subjectively analyzed cross section for 21 April 1963 at
1200 GMT.

On the cross section, the region of greatly magnified values of 

the quantity ^^0 or alternatively, VpT are bounded by heavy lines 

where the gradient, rather than 0 or T itself, is taken to be dis­

continuous. Although the degree to which a particular atmospheric 

variable can be treated as discontinuous is largely a matter of scale, 

the hyperbaroclinic zone boundaries are marked as first-order dis­

continuities, and in the case of potential vorticity and vertical mo­

tion, probably by real zero-order discontinuities. The use of potential 

vorticity on isentropic surfaces to identify these zones, first sug-



gested by Reed and Sanders (1953), is readily applicable because, to 

the extent that the air is of stratospheric origin, the quantity:

the product of absolute vorticity on a 8-surface with the static stability, 

which is conserved for adiabatic inviscid flow, has much larger values 

in the stratosphere than in the troposphere. While notable amounts of 

mixing and diabatic effects are known to occur in frontal regions over 

reasonable time frames, potential vorticity maxima will occur within the 

front. The higher stratospheric values of potential vorticity can be 

attributed to the greater mean static stability of the stratosphere 

and also to the fact that:

where the variables have their usual meteorological meanings, tends 

to be positive in the stratosphere but negative in much of the

troposphere as a result of the contribution of the poleward shear term. 

Ail this has led D’nielsen (1959) to suggest that the tropopause be 

considered the barotropic level where the potential vorticity 

characteristically takes on stratospheric values. This is in contrast 

to the usual definition, which considers only the static stability, and 

is therefore often ambiguous. The advantage of looking at the tropopause 

as Danielsen suggests is that it lends itself to the visualization of 

the ready exchange across the tropopause under adiabatic motion.



What can be seen in cross-sections of this type does not, however, 

depend upon the definition of the tropopause. The relatively unstable 

troposphere bounding the stable frontal zone; a strong vertical shear of 

the normal geostrophic (and actual) wind component being concentrated 

in the frontal zone between a mound of cold, lower level air and warm 

air to its west; a high, cold tropopause over warm air, and a low, warm 

tropopause over cold air; the reversing temperature gradient and related 

reversing shear in the stratosphere ordaining the jet near the tropopause; 

all tell their interesting structural story in clear terms.
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CHARACTERISTICS OF UPPER LEVEL BAROCLINIC ZONES 

Lecturer: Dr. N. LaSeur Notes By: A. Friend

Date: June 18, 1974 K.-Y. Fung

I. Introduction

Two case studies of upper-level baroclinic zones are described, 

and calculations of the contributing terms in the frontogenetic equation 

of Miller (1948) and the vorticity equation are presented. Following 

Miller (1948), the intensity of frontogenesis is defined as the rate of 

change of the horizontal gradient of potential temperature following 

the three-dimensional motion, and may be written:

where

&■ = potential temperature

e7 -
v •* horizontal velocity components in y direction 

w = vertical velocity 

t = time

y = horizontal coordinate perpendicular to the flow.

The first term on the right of equation (1) represents changes due to 

diabatic effects, and being very small, may be neglected. The second 

term is the tipping term, representing changes in the gradient of & 

due to differential vertical motion along the y coordinate. The last 

term is the diffluence effect, which represents the change in the hori 

zontal gradient of 9 due to variations of v along the y coordinate.



After Reed and Sanders (1953), the generation of cyclonic vorticity 

following the three-dimensional motion and neglecting the effect of 

curvature, may be written:

where

p = density of the air 

g = acceleration due to gravity 

f = Coriolis parameter 

u = horizontal velocity ir x direction 

( )p = evaluated on a pressure surface.

The first term on the right of equation (2) represents the effect of 

divergence on the vorticity, while the second (tipping) term represents 

the effect a horizontal gradient of vertical velocity has in trans­

forming vorticity about a horizontal axis to vorticity about a vertical 

axis. The last term, called the Rossby term, represents changes in 

vorticity due to latitudinal displacement.

II. Lecture Notes

The Reed and Sanders (1953) case study involves a distinct example 

of frontogenesis at the 500-mb level during the period 1500 GCT 

27 January 1951 :o 0300 GCT 28 January 1953. The 500-mb chart at 

initial time, Fig. 1, (Reed and Sanders, 1953) does not contain a 

distinct baroclinic zone. At the final time the 500-mb chart, Fig. 2, 

shows that a distinct baroclinic zone exists from the west side of the 

500-mb trough, across the bottom of the trough, and partially along its



Fig I 500-mbsurfacefor ! 00 OCT _>7 January 1953 showing contours (thin soli,I line-) nn.l temperatures Washed hiu-).Obser\«'<l 
radiosonde an. I r.iwm report h.rae been added in critical areas. I»c!t half barb represent* wind speed o. o cn, cacn lull «nrb 10 .it, 
..,d each solid wedee 50 kn Contour height in ft and temperature in den C.
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east side. Figs. 3 and 4 are vertical cross sections showing the distri­

bution of geostrophic wind speed and potential temperature from 700 to 

300 mb, as well as the boundaries of the tropopause and the baroclinic 

zone. The cross section in Fig. 4 is taken along BB’ in Fig. 2, and is 

normal to the strong portion of the baroclinic zone at the final time.

The cross section in Fig. 3 is taken in the region shown as M' m 

Fig. 1, which is the origin of the air that reaches 50') mb at the later 

time. The point M in Figs. 1-4 represents a particle originating in 

Fig. 1 with £ - 300K and p = 370 mb. In the subsequent 12 hours, this 

particle experiences frontogenesis as it moves to its position in Fig. 2 

With £■ = 300K and p = 500 mb. To evaluate the terms in equations (1) 

and (2), a vertical cross section, representing the 2100 GCT position 

of the air parcels that terminate on the 500-mb surface, Fig. 5, is 

constructed. Instantaneous values for the terms in equations (1) and 

(2) at the point M are determined from. Fig. 5 and multiplied by 12 hours 

to give the contribution for the period. One exception is w, which 

cannot be obtained directly from Fig. 5, but is instead plotted as 

average vertical motion on the isentropic surfaces over the 12-hour 

period. The calculations tabulated in Tables 1 and 2 show that for 

both the frontogenetic and vorticity equations, the tipping term is 

the most significant. Fig. 6 shows how differential vertical motion 

tips the isentropic surfaces to increase the baroclinieity of the 

horizontal temperature field despite diffluence in the horizontal motion.

In Newton's (1954) article, a baroclinic zone extending along the west 

side of the 500-mb trough (hut not on the cast side) is considered at 

one time, 1500 GCT 3 April 1950, Fig. 7. Two separate baroclinic zones



Fig. 3. Cross section along A —A' in fig. 1. Thin solid lines give geostrophic wind speed (m/see) normal to section 
heavy solid lines are tropopause or frontal boundaries: dashed lines are isentropes.
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TABLE 1.
Changes in temperature gradient at point M due 
to various terms in frontogenetical equation 
expressed in deg C per 100 km per 12 hr.

A(-30/3y)

Tilting effect
Confluence effect

+9
-2

Total (computed)
Total (observed)
Two-dimensional (observed)

+7
+7
+9

TABLE 2.
due to variousChanges in vorticity at point M

terms in the vorticity equation expressed in
sec~l per 12 hr.

AS

Divergence effect
Vertical shear effect

-2 X 
+13

, .-510

Rossby effect
Total (computed)
Total (observed)
Two-dimensional (observed)

+ 1
+12
+13
+18

FIG. 6. Schematic diagram 
illustrating opposing ef­
fects of diffluence and ver­
tical motion in producing 
frontogenesis in tempera­
ture field. Solid lines 
show initial positions of 
isentropes (6) in plane 
normal to flow; dashed 
lines show final position. 
Heavy arrows represent 
displacement of selected poi s on isentropic surfaces.



FIG. 7. 500-mb chart, 1500
GCT 3 April 1950. Light 
solid lines A to E indicate 
locations of cross-sections.

FIG. 8. 850-mb chart, 1500
GCT 3 April 1950. At stations, 
full wind barb-lOkn, triangle- 
50kn (dashed for winds at some­
what lower level) ; temperature 
in deg. C. Thin solid lines: 
contours (interval: 200 ft.); 
dashed lines: isotherms (inter­
val: 2C); heavy lines: frontal 
boundaries. Only south (upper) 
boundary of main front east of 
Rocky Mountains is shown, since 
lower boundary does not inter­
sect 850-mb surface.

FIG. 9. 1000-mb chart, 1500
GCT 3 April 1950. Contour 
interval: 200 ft. Precipi­
tation areas stippled.



are shown at lower levels on the 850-mb chart, Fig. 8 (Newton, 1954).

The first extends from the west coast to Colorado, and the second covers 

the Arkansas-Oklahoma area. The 1000-mb chart, Fig. 9, shows a front 

in this second area, but no fronts in the western U.S. Figs. 10 and 11 

are vertical cross sections along lines C and D in Fig. 7. They show 

the rapid decline in baroclinicity while moving around the base of the 

trough since they are only 275 miles apart at point A. Based on the 

progression of this exit region of the barocxinic zone over the previous 

24 hours, Newton has determined that 8 hours are required for a particle 

leaving point A in Fig. 10 to arrive at a point where the structure is 

equivalent to that at point A in Fig. 11. Figs. 12 and 13 show the 

distribution of potential temperature and shearing vorticity for these 

two cross sections. In these figures the shearing vorticity is drawn 

with a zero order discontinuity at the boundary of the baroclinic zone.

To calculate the contributions of the terms in equations (1) and 

(2), Newton sets up a system of simultaneous equations for the indi­

vidual changes in the horizontal and vertical potential temperature 

changes and the components of vorticity about the y- and z-axes. Due 

to the choice of coordinate axes, equation (1) contains the additional 

term — ^ • Since z is used as the vertical coordinate

instead of p, equation (2) is in a slightly different form. To solve 

the set of simultaneous equations for )A'~/}y' j ~‘l‘-'r/cy ,

and , all other quantities of the system are

measured on the cross sections, Figs. 12 and 13. The initial and final 

value of each quantity is averaged. The mean values are then used to 

obtain the solution of the system. For this case, the horizontal
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advection, confluence, and tipping terms all contribute about equally 

to the frontalysis a particle would experience following the path of 

point A for the eight hours required Co travel from Fig. 12 to Fig. 13. 

The results for equation (2), neglecting the very small contribution 

of the Rossby tern, indicate that the decrease in vorticity about the 

vertical axis is due mainly to the tipping term, with slightly more 

than one third of the change coming from the divergence term.

The results of these two papers indicate that the tipping terms 

make significant contributions in both the frontogenetic and the 

vorticity equations. It is, in fact, concluded that the tipping term 

is of primary importance in these upper-level baroclinic zones. The 

fact that the tipping terms have opposite signs between the two equations 

suggests that they can be combined in terms of potential vorticity on 

isentropic surfaces. This potential vorticity will be a conservative 

quantity as a particle moves adiabatically through a baroclinic zone.
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THE ROLE OF VERTICAL MOTION IN THE DEVELOPMENT 
OF UPPER TROPOSPHERIC HYPERBAROCLINIC ZONES

Lecturer: Dr. N. LaSeur ' Notes By: L. Gidel

Date: June 19, 1974 M. Leach

In this lecture the vertical motion associated with mid- and upper- 

tropospheric frontogenesis is presented, with observational case studies 

of Shapiro (1970) and Staley (1960) serving as examples. The role of 

the vertical motion in the adiabatic and vorticity equations is dis­

cussed as it relates to frontogenesis, and the two equations are com­

bined with the continuity equation to obtain Ertel's (1942) potential 

vorticity equation.

In the case of adiabatic, frictionless flow, the potential 

vorticity is conservative and its form suggests ©- coordinates as the 

natural system for resolving cases of mid- and upper-tropospheric 

frontogenesis.

Fig. 1 (Shapiro, 1970) is an example of the mid-troposheric 

thermal structure. A primary baroclinic zone is positioned on the 

western side of the trough together with additional secondary baro­

clinic zones. Line A designates the cross section shown in Fig. 2.

An important feature of this cross section is the intense packing of 

the isotachs in the primary baroclinic zone., and the tendency of these 

isotachs to align themselves parallel to the boundaries of the frontal 

zones. This behavior is very similar to that of the isentropes in the 

same zone. The lower boundary of the primary zone is continuous with 

the tropopause at the lower edge. The secondary zones are similar to



FIG. 1. 500-mb temperature analysis for 0000 GMT 8 December. Thin
lines, isotherms (°C); heavy lines, intersections of frontal and 
secondary baroclinic zone boundaries with the 500-mb surface; 
square outlined area over southwestern United States, area of 
frontal-scale numerical calculations.



the stable laminae discussed by Danielsen (1959).

The vertical velocity used by Shapiro (1970) and Staley (1960) is 

calculated from the thermodynamic equation. This method is particular­

ly suited to upper-level frontal zones because these zones are char­

acteristically located in non-precipitating, subsident regions and 

hence experience minimal diabatic heating. Thus:

60 - + vt • ^ 0

do
(i)

Because of the difficulty of obtaining an instantaneous value for 

the tendency term, the local temperature change is calculated in a co- 

uvdinen-e system moving at a constant velocity on an isobaric surface,

e.:

&e
a

4 £ ‘\9 (2)

If c is set equal to the translational velocity of the semi- 
n Apermanent frontal zone, -j~r is sufficiently small that the potential
o >

temperature field remains unchanged in the moving system. Substitution 

of (2) into (1) yields the form used by Shapiro (1970):

(Vf- £)• ve
do.
dy

60 = (3)



FIG. 2. Cross section analysis of wind speed and tempeiatu.e along line A 
of Fig. 1 at 0000 GMT 8 Dccembar. Heavy solid lines denote tropopause, 
frontal and secondary layer boundaries.

FIG. 3. 500-mb vertical velocity.
Solid lines, isolines of vertical
velocity at 2 X 10“3 mb sec-* 
intervals; dotted lines, frontal 
boundaries; open circle lines, 
boundaries of secondary baro- 
clinic zones; dashed lines, 
state borders.

FIG. 4. Vertical velocity at 500 mb 
for 1500 GMT 14 March 1957. Thin 
solid (dashed) lines denote positive 
(negative) values at 4 cm .^c'^ 
intervals. Dotted lines denote 
selected intermediate values.
Heavier solid lines represent frontal 
boundaries.



A similar expression was used by Staley (1960):

_ p -t>^6 t ( dt)c

Computations demonstrate that the tendency term calculated in the 

moving system is generally smaller than the first term in each of the 

above equations and up to one order of magnitude smaller in the frontal 

zone.

In Fig. 3 (Shapiro, 1970), the maxima of sinking motion are located 

within the baroclinic zones. Compare the zero order discontinuities 

at the frontal zone boundaries in Fig. 3 to those in Fig. 4 (Staley, 

1960). In bc:h cases, there exists a maximum of sinking motion in the 

frontal zone and zero order discontinuities at the frontal boundaries.

In Fig. 4, note also the position of the maximum positive vertical 

velocity, which corresponds to the area of maximum frontolysis as dis­

cussed in an earlier lecture and by Newton (1954).

The frontogenetical effect of this field of vertical motion is 

illustrated by the frontogenesis equation of Miller (1948):

d
(it ( ^ \ clt/ ^ ^

where the y-axis is parallel to the temperature gradient and points 

toward cold air. The second term on the right side represents the 

horizontal variation of adiabatic heating or cooling resulting from



the horizontal gradient of the vertical motion. 

The vorticity equation in P-coordinates is:

ar
(5)

The second and third ("tilting") terms on the right side represent the 

effsct a horizontal gradient in the vertical velocity field has in 

transforming vorticity about a horizontal axis (i.e., the vertical 

shear of the horizontal wind) to vorticity about a vertical axis. The 

individual derivative of the absolute vorticity on the left side con­

tains the vertical advection of the absolute vorticity.

Figs. 5 and 6 (Staley, 1960) show, respectively, the vertical ao- 

vection of the vertical component of geostrophic vorticity, and the 

sum of the vertical motion terms in the vorticity equation. Again, the 

position of the positive and negative maxima and the discontinuity ex­

isting at the frontal boundaries should be noted, as well as the order 

of magnitude difference between the values witnin the frontal zone and 

those outside it.

Fig. 7 (Staley, 1960) is a simplified composite of what has been 

shown in the preceding figures. In Figs. 7a and ?b, the relative 

positions of the positive and negative centers ox vertical velocity 

are shown. The positive center is northeast of the negative center 

and in the area of the increasingly diffuse frontal zone. Fig. 7d is 

a schematic representation of the orientation of the isentropic sur­

faces within the frontal zone and Fig. 7c is a representation of the
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vertical motion terms within the frontal zones.

The potential absolute vorticity is described by: (1) the three 

dimensional vorticity equation, (2) the equation of continuity, and (3) 

the thermodynamic equation. These can be combined to give:

(6)

where

and where -J^is vorticity in isentropic coordinates. For adiabatic

frictionless flow

The first term on the right side of equation (6) represents the 

effects of the gradient of diabatic heating along the vorticity axis 

The remaining term on the right side is the frictional stress term.

Since frontal zones are characteristically regions of densely 

packed isentropes, the form of the potential vorticity suggests that 

an isentropic coordinate system would provide greater resolution of 

these zones. Isentropic coordinates thus appear to be the natural 

system fo • frontal zone analysis.

As seen before, the conservation of potential vorticity can be

written in Q -coordinates as:



By manipulating these equations and the thermal wind equation, it can

or

Observationally, was found to change less than and could

be resolved with a horizontal scale of 300 km. This is an important 
advantage of ©-coordinates over p - coordinates, because ^changes 

more rapidly in time, anu can be pioperly resolved only with a much

finer grid.
While prediction in 0-coordinates may be the best way to forecast 

cyclogenesis associated with mid- and upper- tropospheric frontogenesis 

it is still an unproven method for predicting cyclogenesis associated 

with convergence of the moisture field, in which case there is less

Deaven (197A) hasresolution in ©-coordinates than in p-coordinates.



proposed a numerical model that employs O-coordinates in the lower 

troposphere and ©-coordinates in the upper troposphere as 3n alternative.
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SOME OBSERVED PROPERTIES OF UPPER-LEVEL 
AND LOWER-LEVEL FRONTS

Lecturer: Dr, N, LaSeur Notes by: R, Livingston

Date: June 20, 1974 H. McComas

I. Upper-Level Fronts

In previous lectures it has been established that narrow zones of 

intense baroclinicity associated with strong jetstreams form and propa­

gate in the upper troposphere. Although the association between baro- 

zones and strong jetstreams is obvious and understandable in 

terms of quasi-geostrophic and hydrostatic balance, frontogenesis or 

frontolysis must be a result of some degree of dynamic imbalance.

Some indication of the frontogenetic properties of the upper-tropo­

spheric, baroclinic zones have been establish id through the work of Reed 

and Sanders (1953), Newton (1954), Reed (1955), and Staley (1960). The 

conclusions expressed by Reed and Sanders (1953) and Reed (1955) con­

cerning the origin of the air found in the frontal zone are of some 

interest. Reed and Sanders (1953) suggest that the lower stratosphere 

undergoes strong, differential subsidence, and Reed (1955) implies that 

the subsidence is manifest in a folding tropopause process which allows 

a tongue of stratospheric air to descent to mid-tropospheric levels.

The work of Reed and Danielsen (1959) also suggests that the upper- 

level frontal zone air is of stratospheric origin. They investigated 

five separate cases where pronounced fronts were evident aloft. Cross- 

sections were analyzed and composite figures were drawn. The analyses 

suggest that the intense baroclinic zone is on the order of 180 km wide 

and extends down to about 700 mb (Fig. 1). The frontal zone is terminated



at 700 mb because, In three out of the five cases analyzed, it became 

quite diffuse below this level.
»■ ■ 1,000 **

Fig. 1. Composite 
section showing 
frontal boundaries 
and tropopauses, 
(heavy solid lines); 
axis of warm air, 
(heavy broken line); 
isopleths of poten­
tial vorticity in 
units of 10~° cgs, 
(light solid and 
dash dot lines); and 
isentropes in deg C 
(light broken line). 
(From Reed and Dan- 
ielsen, lr59).

The analysis also shows that first order discontinuities exist in

the potential temperature field, and zero order discontinuities are 

found in the potential vorticity.field. The potential vorticity field 

within the frontal zone has the same high values characteristic of the 

lower stratosphere. Since tropospheric values are much lower, and since 

potential vorticity is a quasi-conservative air mass property, it is 

clear that the potential vorticity field (Fig. 1) identifies the air in 

the frontal zone as being of stratospheric origin.

In lower tropospheric regions (or on the 0 surface), the frontal zone



is not readily distinguishable. However, potential vorticity defined 

in previous lectures as!

(1)

can also be expressed as:

k - ciVi x V»e = (2>

where ^ Is the relative vorticity evaluated on the pressure surface, 

and the other terms have their usual meanings. The first term of Eq. (2) 

is sometimes called the partial potential vorticity, P’, or:

P. varies tore in space and time than P. Thus, P' is not a conservative 

parameter and cannot be used as an air mass tracer.
The isotherm pattern in Fig. 2 (Reed and Danielsen, 1959) shows 

that the frontal zone is very stable, but the surrounding regions are 

much less stable. Fig. 2 also indicated that the jet stream core is 

located almost directly over the intersection of the upper frontal 

boundary and the 500^b surface. This is in good agreement with the

observations of Palmen and Newton (1948).
Further evidence that stratospheric-tropospheric interaction occurs 

during upper-level frontogenesis is given by Danielsen (1968). Compari­

sons are made of ozone concentration, radioactivity, and potential



Fig. 2. Same as Fig. 1, except isotachs of normal geo- 
strophic wind component in m/sec (light solid lines) 
and isotherms (light broken lines).

vorticity values of the lower-stratospheric upper-tropospheric region 

and the frontal zone. Fig. 3 (Danielsen, 1968) is derived from data 

collected by aircraft which penetrated the frontal zone. Again, the 

indication is that a tongue of stratospheric air is descending into the 

troposphere. There is also a positive correlation between potential 

vorticity and radioactive decay of strontium 90 (Sr90), part of the 

radioactive debris injected into the stratosphere by weapons tests.

In addition, there is a second maximum of potential vorticity-radio- 

activity which is quite distinct. The double maxima, with lower tropo­

spheric values between them, strongly suggest that not only is strato-



Fig. 3. Potential vorticity (contoured at intervals of 100 x 10 cm 
sec (°K) gm_l) and Sr90 activity.

spheric air descending, but aiso that tropospheric air is rising and 

mixing into the stratosphere.

The implication that frequent and continued mass exchange occurs 

through the tropopause does suggest that the tropopause is not a sub­

stantial surface. Using all of the data available on the original 

radiosonde trace (National Weather Service guidelines were not used for 

linear interpolation and identification of significant levels), Danielsen 

(1959) found several stable laminae that had spatial and temporal conti­

nuity. He concluded that there is no distinct discontinuous surface 

which separates the stratosphere and troposphere. Rather, it is suggested 

that the tropopause is a barotropic surface which is quite permeable to



atmospheric motion. In fact, Danielsen (1968) suggests that on the 

average, stratospheric mass outflow into the upper-level frontal zone is 

compensated for by a quasi-steady inflow from the troposphere through the 

barotropic tropopause layer.

In summary; it has been found that the formation of the upper-level 

front (zone of hyperbaroclinicity) is first detectable in the northwest 

flow behind an upper—level trough. Stratospheric air subsides into 

tropospheric regions, either by a folded-tropopause type mechanism or 

by some other means. In time, the hyperbaroclinic zones propagate 

around the trough. Often surface frontogenesis occurs as the upper- 

level fronts move into the southeast region of the trough. In most 

instances there is a coupling of the two fronts. The physics of the 

coupling mechanism is still unclear.

II. Lower-Level Fronts

A notable feature of surface fronts is their ability to form and 

propagate in the absence of any such upper-level feature. One such case 

has been investigated by Sanders (1955). The front is clearly defined 

at the surface, but becomes quite weak between 700 and 600 mb (Fig. 4). 

After rising several thousand feet, the frontal boundaries become almost 

parallel to the earth's surface.

A cross-sectional view of the front shows the surface convergence 

pattern with air rising ahead of and immediately within the front at the 

surface.
The frontogenetic properties of the frontal zone are examined 

by use of the frontogenesis equation (Miller 1949) and the vorticity 

equation for adiabatic frictionless flow. These equations can be



Fig. A. Distribution of horizontal divergence and veri
Boundaries of frontal zone (heavy solid lines), isopleths of di- 
vargence in units of 10—5 sec-1 (light solid lines), vertical vel- 
ocitv at intervals of 5 cm/sec (dashed lines). (From Sanders, 1955)

Fig. 5. Net frontogenetical 
effect for all terms in 
units of 3-hour changes 
in horizontal temperature 
gradient (°C/'00 km). 
Positive values indicate 

frontogeneais.

Fig.
-i

6. Net frontal effect in units of 3-hour changes of 1U sec . 
Positive values indicate frontogeresis in the field of motion.



expressed, respectively, as:

(s>

* Ig^ (’)
The x-axis is oriented parallel to the 6 field. (The individual terms 

have been defined in previous lecture notes.) The frontogenesis effects 

of each term have been determined and the net influence of equations (3)' 

(4) are presented in Fig. 5 and 6. [See Sanders, 1955, for the influence 

of each term of E:js. (3) and (4).]

Both figures indicate frontogenesis ahead of and in the lower portion 

of the frontal zone. It seems apparent that the frontal surface is not 

a substantial or material boundary; rather, air parcels on the warm side 

of the front move into the frontal zone at the surface while undergoing 

frontogenesis, pass upward, remaining within the frontal boundaries, 

and eventually experience frontolysis aloft. There is no indication 

that air from the cold side of the front is entrained into the frontal 

zone.

~le is known on how the surface and upper-level fronts become. 

co‘ nor is there any clear picture of the physical structure of

such a coupling. It is suspected, however, that there is no unique



Tnodel that adequately describes the observed properties of upper-level 

and lower-level fronts and their coupling.
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THEORIES OF FRONTOGENESIS

Lecturer: Dr. N. LaSeur Notes by: R. Smith

Date: June 24, 1974 J. Price

I. Introduction

In addition to the descriptive work on the structure of surface- 

(Type I) and upper-level (Type II) fronts, there has been some attempt, 

notably by Sawyer (1956) and Hoskins (1971, 1972) to construct simple 

mathematical models of these processes. This lecture gives a brief 

account of the results of the two simplest models of Hoskins (1971) .

II. The Models

Hoskins' simplest model is a Boussinesq, rotating, inviscid fluid 

model bounded by rigid surfaces at z = 0 and z = H, where H is a potential 

density scale height, 8 km, and z is a function of pressure. The 

fluid extends to infinity in the horizontal, and the long front direction 

is parallel to y. The initial potential temperature field is given by:

©(x,2,o) = Cz + fan'*/L

where C is a constant stability parameter = 2A0/K,

A0 = 12°C

L > internal radius of deformation 800 km o

L^, the initial length scale of the temperature field in the cross 

front direction, is chosen to be large enough to make the associated 

thermal wind negligible. The response of this system to an imposed 

horizontal deformation field



U = - CX x , ir =• cxy
is then considered.

The deformation field compresses the horizontal temperature field, 

reducin’ its length scale L according to:

O

This, in turn, increases the horizontal gradients of hydrostatic pres­

sure. The fluid particles initially respond by iraoving down the Pressure 

gradient (i.e., the ageostrophic response). Eventually, they are turned 

by the Coriolis force in the direction paralled to the isobars. The 

final cross-front displacement of a fluid particle is simply proportiona 

to the imposed pressure gradient at a given level. In this analysis, 

the assumption of cross front geostrophy is crucial, for without it the 

response of the fluid particles would be oscillatory and much more dif­

ficult to analyze.

As the process continues, the potential temperature field is dis­

torted further due to advection both by the imposed deformation field 

and ageostrophic displacements. There is, in fact, a "snowballing" 

effect in which each increment of potential temperature advection 

sharpens the gradients and increases the sensitivity of the system to 

the succeeding increment of deformation. Near a solid boundary this can 

produce a discontinuity in finite time.



Ill. The Results

For the case of a single rotating stratified fluid adjacent to a 

horizontal rigid boundary, Hoskins finds isotherm and isotach patterns 

qualitatively similar to those of a surface front (Fig. 1). The cal­

culated fi-ont has moved about 400 km to the warm side of its initial 

position and is strongly tilted, less concentrated with altitude, and 

has strong cyclonic shear across it.

In general, there is a direct circulation (i.e., cold air sinking, 

warm air rising) in agreement with observations of cloudiness. Near 

the surface, there is a region where the Richardson number, calculated 

with geostrophic assumptions, is small, suggesting intense local turbu­

lence .

Hoskins briefly discusses the effects of latent heat release and 

surface friction. Latent heat release serves to enhance frontogenesis 

by providing bouyant lift to the already rising warm air, thus increas­

ing the vertical velocity on the cyclonic side of the front. Ekman 

boundary layer flow is convergent at low levels on the cyclonic side of 

the front and is frontogenetic. However, the associated divergence at 

higher levels is frontolytic. The net effect of surface friction is 

therefore not clear.

In an attempt to study the upper-level hyperbaroclinic zone, Hoskins 

has used a two-fluid system with a "stratosphere" having a potential 

vorticity nine times that of the "troposphere". In response to the 

applied deformation field, both surface-and upper-level frontogenesis 

occurs. The tropopause, not being as rigid as the ground surface, 

starts to kink and draw down (Fig. 2), while a wind maximum develops



Fig. 1. Single fluid model from Hoskins (1971). 
of constant along-front velocity. Hatched region 
number.

Dashed lines are lines 
has low Richardson

F



near the tropopause. The general pattern of circulation is direct every­

where but in the extruded stratospheric air. This agrees with the find­

ings of Reed and Sanders (1953), who stressed the indirect circulation 

observed in the hyperbaroclinic zone composed of stratospheric ai. . In 

this case, two regions of low Richardson number were found; one at the 

surface, as before, and one at the tip of the stratospheric intrusion.

Hoskins' models are in surprisingly good agreement with observations, 

but there are still discrepancies. It is questionable whether the imposed 

deformation field corresponds to conditions in the atmosphere described 

in case studies. The penetration of stratospheric air and the strength 

of the wind maximum are both underestimated in the model. Removal of 

the Boussinesq approximation only partially solves the problem.
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MIDDLE LATITUDE CONVECTIVE SYSTEMS 
—AN INTRODUCTION

Lecturer: Dr. N. LaSeur Notes by: M.S. Tracton

Date: June 25, 1974 

I. Introduction

There is currently considerable interest among meterologists con­

cerning the nature of middle latitude convective systems. The interest 

is motivated in part by the fact that significant weather in extra- 

tropical regions is often due to organized convection. As noted by 

Palmen and Newton (1969), a large percentage of the total annual pre­

cipitation in mid-latitudes is attributable to convective showers, and

in many areas convection accounts for the greatest amount of weather-
1

induced damage. Mid-latitude convection is also of interest because it 

is perhaps the most obvious manifestation of the interaction between 

circulations of differing scales of motion. Significant convection is 

largely a consequence of the thermal structure and dynamical influence 

of the synoptic-scale system in which it is embedded. In turn, the 

convection presumably influences its larger-scale environment through 

the release of latent heat and vertical transports of various physical 

quantities.

This lecture is the first of a series which concern organized
2

convective systems in middle latitudes. In these presentations,

^According to Sanders (1971), convective storms kill more people 
in the United States and result in greater financial loss than do extra- 
tropical storms and tropical cyclones.

2The presentations begin with the synoptic-scale conditions neces­
sary for the development and maintenance of organized convection, and



emphasis is placed upon the descriptive aspects of the structure and 

behavior of the intense convection associated with synoptic disturbances 

over the United States. Such convection is typically organized into 

quasi-linear patterns of intense cells (e.g., pre-frontal squall lines) 

and should be distinguished from the less organized and less intense 

"air mass" convection associated predominantly with surface heating.

The characteristic dimensions of organized convective systems 

(i.e.t the characteristic scale of the associated wind, pressure, and 

thermal patterns) are:

Height ^ 10 km. 

Length 100 km.

Width 10-100 km.

Systems with such dimensions, commonly referred to as nesoscale systems 

occupy the middle ground in the heirarchy of scales between individual 

convective clouds end : ynoptic-scale disturbances.

A fundamental point that must be continually stressed is the con­

cept of scale interaction and interdependence. Systems of one scale

proceed down the heirarchy of scales with discussion of the descriptive 
aspects of systems on each scale, and the pertinent interrelationships 
between systems of different scales.

There are a number of survey papers which synthesize and organize 
background material and work concerned with convective systems in mid­
dle latitudes. The principal reviews are cited in the bibliography.

It should be noted that the data and methods utilized to resolve 
and describe subsynoptic phenomena necessarily differ from those 
emphasized in standard analyses of synoptic-scale systems. For example, 
use is made of radar data, instrumented aircraft, special networks of 
surface-and upper-air observations, and time-space conversions. Since 
these data methods of analysis are not a primary concern in this series 
of lectures, particular reference should be made to the reviews by Fujit 

iLk*» (1956) and Fujita (1963) for further information.



cannot be taken out of context from the temporal and spatial aspects of 

systems of other scales. A description of the formation, structure, 

and behavior of mesoscale systems should be presented in the framework 

of the synoptic-scale environment necessary for their development. The 

nature of individual cloud systems, in turn, should be considered from 

the perspective of the mesoscale features in which they are embedded. 

Finally, sub-scale cloud systems (i.e., funnel scale systems) should be 

considered in terms of various aspects of the cloud-scale systems favor­

able to their existence. Thus, even the smallest and most intense of all 

weather systems, the tornado, should be viewed not as a random phenomenon 

but rather the ultimate consequence of complex temporal and spatiax inter 

relationships between systems of all scales.

II. The Synoptic-Scale Setting

The sounding type which most commonly precedes significant out­

breaks of convection is shown in Fig. 1. The structure of the sounding 

is that of a low-level moist layer capped by an inversion with much 

drier air above. Considering the overall depth of the troposphere, the 

sounding is characterized by the presence of both conditional and con­

vective instability. As in the usage of Palmen and Newton (1969), an 

air mss which is both conditionally and convectively unstable (y>Ym and

__w < o, respectively) is referred to as potentially unstable.
3z

The Great Plains of the United States, as a result of a unique 

combination of geography and orography, is a region particularly sus­

ceptible to the generation of potential instability. The Gulf of Mexico 

to the south and elevated desert regions to the southwest provide the 

necessary ingredients for the creation of a low-level moist layer
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FIG. 1. Mean temperature (right 
hand curve) and dewpoint (left) 
shortly before the occurrence 
of tornadoes, after Fawbush 
and Miller (1953).
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FIG. 2. Schematic illustration 
of processes in formation of 
a potentially unstable air 
mass. In (a) and (b), arrows 
are axes of high tropospheric 
and low-level jets. In (a), 
isolines of wet bulb potential 
temperature are indicated 
(from Newton, 19631.
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overlain by much drier air a few thousand feet above the surface. The 

essential features of the synoptic conditions favorable for the devel­

opment of the instability are summarized in Fig. 2. Increasing low- 

level southerly flow ahead of a cold trough approaching from the west 

advects warm moist air northward from the Gulf. Largely as a conse­

quence of orographic features, the southerly flow is not a broad uni­

form current, but rather, a pronounced low-level wind maximum. As a 

result, a pronounced tongue of warm moist air at low levels is produced. 

Aloft, the advection of drier and cooler air from the southwest by the 

mid-to upper- tropospheric jet stream provides the additional require­

ments for generation of instability. It should be noted here that the 

presence of the inversion above the moist layer (Fig. 1.) plays an 

important role in the degree of instability which is produced (Fulks, 

1951). The inversion effectively prevents deep convective overturning 

so that a progressive increase of instability can occur in response to 

the differential thermal and moisture advections just described.

A high degree of potential instability is a necessary but not a 

sufficient condition for the occurrence of significant convection: a 

mechanism for releasing the instability is required as well. That 

"triggering mechanism" is the upward vertical motion connected with the 

mid- to upper- troposphere jet stream and associated pattern of posi­

tive vorticity advection. Cold frontal lifting and surface heating may 

in some instances also initiate the convection.

Note that although vertical wind shear (associated here with bands 

of strong winds in lower and upper levels veering with height) and dry 

air aloft might a priori be considered inhibiting factors in the growth



FIG. 3. Time section through a squall line passing over Ohio 0730 - 
1139 CST 29 May 1947. Surfaces of stable layers, heavy lines 
(polar front at left); dotted lines are boundaries of stable 
layer in squall sector with relatively dry air above it; iso- 
pleths of ew, thin lines. Arrows showing circulation are 
schematic (After Newton, and Newton, 1959).

of convective cells, the foregoing discussion indicates that they are, 

in fact, necessary for the occurrence of intense convection.

III. Introduction to the Structure of Mesoscale Systems

The most characteristic mesoscale system is the pre-frontal squall 

line. Time sections illustrating the well-defined thermodynamic and 

streamline patterns in the mesoscale associated with such systems



' . - -Jk

are presented in Figs. 3 and 4. These time sections, produced from 

serial radiosonde ascents, can be converted to space sections normal to 

the squall line by assuming it is a quasi-steady system travelling at 

some constant speed.

Of particular interest in Figs. 3 and 4 is the evident lifting of 

warm moist air (high Cf ) from low levels over the squall front and the 

descent of cooler drier air (low (STe ) behind it. The sloping upward 

and downward flows take place simultaneously, although separated in 

space. Collectively these observations are our first indication of 

physical mechanisms cooperating to enhance convection. More specifical­

ly, because the rising moist air slopes in the vertical, the updraft is 

relieved of the weight of hydrometeors; consequently the buoyancy cf the

N=> c=30 mph

140 120 100 60 GO 40 20 O distonce (miles)

FIG. 4. Streamlines relative to moving squall front (heavy lines on 
right), on 29 May 1947 (after Newton, 1963).



updraft is enhanced. In addition, since the hydrometeors must fall 

into the descending drier air, the intensity of the downdraft is in­

creased through evaporative cooling. The increased outflow at the sur­

face then provides a mechanism for triggering further convection. Thus, 

dry air aloft and vertical wind shear can provide a self-cooperating 

mechanism for the development of intense convection that can continue 

to propagate as j.jng as the proper kinematic and thermodynamic Condi­

tions are met.
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MESOSCALE ANALYSIS OF SEVERE CONVECTIVE STORMS 

Lecturer: Dr. N. LaSeur Notes by: L.W. Uccellini

Date: June 26, 1974 M. Wheldon

I. Introduction

Thu techniques of mesoanalysis were developed, principally through 

the efforts of Dr. Tetsuya Fujita, to make maximum use of all available 

surface data in describing the lifetime of organized convective storm 

systems and their effects upon surface wind, temperature, and pressure 

fields.

The most important aspect of the analysis technique is the trans­

formation of data from time series to spatial form. The process begins 

with the preparation of station time sections for temperature, pressure, 

winds, clouds, and rainfall. The velocity of the system itself is then 

determined, either through the use of radar or isochrone analyses. 

Assuming that changes in the system are small for a short period of time, 

tendencies in the time section are converted to gradients in space. For 

example, if the maps are analyzed every hour, data from up to one-half 

hour prior to and one-half hour after map time could be taken from the 

time section and placed up or downstream from the station at a distance 

determined by the rate of movement of the system. This transformation 

has the effect of filling the gaps between reporting stations and thus 

converting the analysis to the mesoscale.

The data from Fujita's analyses was derived from many sources.

Fujita (1955) utilized hourly data from Weather Bureau reporting sta­

tions, autographic stations (including nearly 200 accelerated barograph 

traces maintained in the Midwest), and the climatic rainfall network.



Fujita and Brown (1958) restricted the data sources to the hourly 

Weather Bureau station reports, thereby determining that this type of 

analysis is possible within a regular network.

This lecture deals with the results of this analysis technique as 

applied to convective storms by Fujita (1955) and Fujita and Brown 

(1958). A model of the evolution of the mesosystems attending organized 

convective storms is included along with alternatives to this model.

The debate over "pressure jump lines", which resulted from this and 

Tepper's work,(1950) is also discussed.

II. Lecture

Fig. 1 illustrates the effects of a mature convective storm upon 

surface pressure, temperature, and wind fields. The schematic re>r^~ 

sents a summary of many case studies, seven of which are presented in 

Fujita (1955) and Fujita and Brown (1958).

The organized convective storm systems in these studies were shown 

to have the following distinguishable features:

1) Shallow pool of cold air located at the surface directly 
beneath the storm cloud.

As the drier downdraft air is incorporated into the thunder­
storm, water droplets evaporate into it, resulting in much 
cooler air within the downdraft area. The cooling process 
acts to accelerate the downdraft through buoyancy forces, 
resulting in a shallow mass of cold air diverging at the sur­
face. The leading edge of this air is known as the meso-cold 
front, and temperatures may fall as much as 25-30° with its 
passage.

2) Pressure surge line

Within the diverging cold air mass beneath the cloud, a meso- 
high pressure system rapidly develops. This excess pressure 
is essentially a hydrostatic reflection of the denser rain- 
cooled air. The rapidly diverging nature of this air mass 
results in a pressure surge line. Across this line the



Fig. 1. Schematic section through a squall line thunder­
storm and illustration of mesoscale systems as pre­

sented by Fujita (1955).

pressure tendency reaches the order of 1 rab/min with gradients 
of 1 mb/.ui. ihe pressure surge line does not necessarily coin­
cide with the meso-cold rront. In cases of frontally-induced 
squall lines, the pressure surge line acts to distort the 
synoptic-scale frontal boundaries.

3) Gust front

The downdraft air usually originates in the middle troposphere 
where wind speeds are usually large. Thus, as this air descends, 
there is a transport of momentum downward to the surface. The 
leading edge of air is known as the gust front, which may or 
may not coincide with the pressure surge line or the meso-cold 
front.

4) Meso-low

As the thunderstorm develops, and after the formation of the 
meso-high, a meso-low forms behind the storm. This low was 
formerly called the "wake " low, but the terminology has since 
been discontinued.



The analyses reveal how convective storms and the characteristic

meso-features evolve, translate, and interact with synoptic-scale

features. Fujita and Brown (1958) presented a model of three distinct

stages in the life of mesosystems attending convective storms (Fig. 2).

Stage 1: Formative Stage is characterized by the organization of 
the. pressure surge line by the diverging surface wind field and by 
the first appearance of thunderstorms and rainfall.

Stage 2: Mature Stage is distinguished by the rapid expansion of 
the colder downdraft air and increase in the magnitude of the meso- 
high. A very distinct pressure surge line, windshift line, and a 
rapid decrease in the surface temperature are evident during this 
stage. A meso-low behind the system is also apparent. Strong 
surface winds are divergent within the high pressure area and 
convergent along the leading edge.

Stage 3: Dissipating Stage is characterized by the continuing areal 
expansion of the system and a marked decrease in the magnitude of 
the meso-high, ending with its disappearance. The meso-low is the 
dominant feature at this stage.
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Fig. 2: Surface pressure perturbations (p') associated with 
organized convective storms as proposed by Fujita and Brown 
(1958).

These distinct pressure fields increase in magnitude and expand

radially during the mature stage. This expansion, coupled with the 

movement of the cell and squall systems in different directions.



results in a complex translation pattern of the mesosysterns with respect
to both the cell and a ground-based observer. An example of this pat­

tern is provided by Fig. 3 where the tracks of the squall line system, 

individual cells, pressure excess area, and pressure deficit area all 

differ.

cAV

excels OA-<?H

Fig. 3. Illustration of the different tracks of the squall system 
and attending meso-features that have been observed.

The interaction of th~ pressure surge line with the ambient wind 

and moisture fields was noted by Fujita as a possible mechanism for the 

development of new storm cells (Fig. 4). This idea has received 

renewed attention with recent satellite pictures revealing the develop­

ment of new cells along the intersection of pressure surge lines with 

other mesosystems and synoptic-scale frontal boundaries (Purdom, 1973).

Fig. 4. The interaction of pressure surge lines with warm ambient 
wind flow. Point A is where convergence is strongest and where 
redevelopment has been observed.



III. An Alternative Model

Where the model developed by Fujita and Brown indicates one meso- 

low behind the storm system, more recent observations have revealed, 

and numerical models have confirmed, the common existence of meso-lows 

on either side of the high (Fujita, 1963; Fig. 5). Schlesinger (1973) 

has attributed the development of these meso-lows to heating of the 

atmosphere, either by latent heat release or by adiabatic warming 

resulting from compensating downward motion outside the cloud.

Fig. 5. Pressure trace in thunderstorm situations illustrating 
an alternative model with meso-lows on both sides of the meso- 
high.

IV. Pressure Surge vs. Pressure Jump

The completion and results of Fujita's initial mesoanal/sis, pro­

voked a heated debate over the coincidence of intense convective systems 

and characteristic surface pressure perturbations. The rapid increase 

in pressure observed before and during the lifetime of a storm has been 

incorporated into various models, between which causal sequences are 

completely reversed. Tepper (1950, 1954) proposed that a pressure jump, 

caused by an accelerating cold front (an analogy to a hydraulic jump was 

drawn) and traveling along an inversion, initiated squall-line develop­

ment by lifting the lowest layers of a convectively unstable atmosphere.



Fujita insisted that no pressure jumps were apparent before development 

in his case studies, anC that the pressure surge line was a result of 

the convective storms. Tepper did produce some examples of dry pressure 

jump lines which appeared to initiate squall lines. The general outcome 

of the debate, however, was that mesoscale pressure patterns resulting 

from convection are observed more frequently, and convection can there­

fore be considered the more probable cause.

Recent case studies indicate that gravity waves may indeed play a 

role in initiating the development of convective storms (Matsumoto and 

Akiyama, 1969; Uccellini, 1973). Uccellini's analysis of a convective 

storm system which underwent periodic intensification and redevelopment 

revealed a surface pressure perturbation field having the characteris­

tics of gravity waves. The waves were tracked over a few cycles with 

thunderstorms occurring after the passage of the wave trough. These 

observations agreed with a theoretical model which implied that the 

maximum upward vertical motion lags the wave trough by 90*.

There are many questions concerning the nature of the waves which 

were left unresolved by Matsumoto's and Uccellini's analyses. For 

example, how are the waves generated? Or, how was the wave pattern 

maintained for such a long period of time, given that internal gravity 

waves of the observed frequency could well propagate energy vertically 

as well as horizontally? However, the fact that a cause-and-effeet 

relationship between gravity waves and thunderstorm initiation has 

once again been observed may mean that the crucial question is not if_ 

this happens, but how often it occurs.
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INDIVIDUAL CLOUD SCALE MOTIONS 

Lecturer: Dr. N. LaSeur Notes By: L.-F. Chang

Date: June 27, 1974 A. Friend

The concept of scale interaction and interdependence has led from 

the study of synoptic-scale motions to mesoscale and then to individual 

cloud-scale motions. This lecture focuses on the most intense individ­

ual cloud circulations and their interaction with systems on other 

scales.

The typical dimensions of an individual intense cloud are 5-10 mi. 

in diameter and up to 50,000 feet in height. Several of these intense 

clouds may occur around a single meso-high, sometimes called a "thunder­

storm" high. Browning (1964) suggests the name SR storm (S for severe,

R for right) for these intense clouds, because large hail and tornadic 

storms typically occur in their right rear quadrants. The evidence 

presented in this lecture shows that these storms, composed of coexist­

ing up- and down-drafts, exist in a quasi-steady state for several 

hours.

Fujita (1958) described the development of intense clouds as 

typically occurring in convective areas ahead of the cold front in a

synoptic-scale cyclone having a cyclonic vorticity field. In one case 

described by Fujita, two hours after the first intense convective cloud 

appeared, the intense clouds were aligned behind the gust front and 

pressure surge line in the meso-high. In a similar case, Browning (1965) 

describes a family of storms which developed in Oklahoma on 26 May 1963. 

These storms also organized along the leading edge of a meso-high. The 

positions of several of these storms at successive times are connected



with dashed lines in Fig. 1.

Fig. 1. Schematic diagram
illustrating the organization 
and motion of storm cells on 
26 May 1963, as observed by 
radar at Weather Radar Lab­
oratory, Norman, at the inter­
section of the cross-lines. 
Tracks of storms in their SR 
Mature Stage are denoted by 
thick lines, and positions of 
storms at the same time are 
connected by dashed lines.

rxg. 1 also illustrates a prime characteristic of the SR storm, 

which is to travel to the right of its original path after reaching the 

SR stage. Associated with this deviation is cyclonic rotation on the 

scale of the cloud itself. Fujita (1965) found that the embedding of 

the meso-high in a synoptic-scaie cyclonic circulation is a favorable 

condition for the development of the rotation of individual cloud cells. 

Fujita (1958 and 1965) also found that clouds deviate about 25 to the 

right of the mean flow as soon as cloud-scale cyclonic rotation develops, 

and that these clouds return to the original direction of motion when

rotation stops.
Fujita and Grandoso (1968) examined a case where an initial echo 

split into two separate echoes (see Fig. 2). One echo deviated 20° to 

the right of the original path, and the other deviated over 30° to the 

left of the path. The evidence presented by Fujita and Grandoso for this 

case suggests that the echo deviating to the left has anticyclonic rota­

tion, and that the echo deviating to the right has cyclonic rotation.

It also appears that these two storms move with different translational 

speeds. The occurrence of anticyclonic rotation of an intense cloud,



however, needs to be verified by better observations using Doppler radar.

Fig. 2. Hourly positions and features of a split-echo couplet 
of 3 April 1964. Similar split echoes were observed on

23 April 1964.

Attempts to explain the deviation of the SR cloud motion from the 

mean flow are based on an analogy to a cylindrical object embedded in a 

fluid. Newton and Newton (1959) proposed a model in which strong verti­

cal shear induces a large vertical hydrodynamic pressure gradient near 

the edge of the cloud. This gradient favors a new updraft on the right 

flank of the cylindrical cloud. In contrast, Fujita (1965) explains 

the right-veering of the storms in terms of the "Magnus" force, which 
tends to pull the central core circulation in the direction perpendicular



to the general flow. This force Is expressed by F= C^cPwhere F is the 

force toward the side of the highest resultant speed obtained by super­

imposing the rotational and translational speeds, P is the density of 

the environmental air, u is the speed of the environmental air, and p 

is the circulation around the rotating cylinder. Thus, if the circula­

tion is cyclonic, F will be directed toward the right of the geostrophic 

wind, but if the circulation is anticyclonic, F will be directed toward 

the left (see Fig. 3). This explanation does allow for the existence 

of anticyclonic rotation in left-deviating storms, as described by Fujita 

and Grandoso (1968).

CYCLONIC

->

Fig. 3. Schematic illustration of the resultant Magnus force-,
F for cyclonic and anticyclonic - rotating cylinders imbedded 

in a geostrophic flow u.

The circulation within the severe right cloud storm is described 

by Browning (1964). Fig. 4 (Browning,1964) depicts the environmental 
air flow relative to a SR storm. Fig. 4a shows the winds relative to 

the ground and 4b shows them relative to the storm. Fig. 4c shows a 

plan view of the up- and down-drafts within the storm. The updraft is



Fig. 4. Diagrams illustrating 
how the airflow within an SR 
storm is governed by the en­
vironmental wind f .eld and 
its own direction of travel. 
Wind directions in the hodo- 
graphs are representeJ as di­
rections toward which the wind 
is blowing. In each case, the 
velocity of the wind is denoted 
by an open circle.

accelerated into the storm in lower levels from the right forward 

quadrant. After rising at speeds up to tens of meters per second nrd 

turning cyclonically within the updraft, the air leaves the updraft . at 

high levels to become the anvil of the storm. The downdraft origina es 

in middle levels, where the cold and dry air is situated. Further cool­

ing of this air by evaporation of precipitation falling from the down 

shear edge of the updraft creates negative buoyancy, inducing a vigorous 

downdraft. The middle level aii has a significant velocity component 

to the right flank of the storm. Tie downdraft turns cyclon— 

ically as it descends, leaving the storm at low levels from the left 

rear flank. Upon reaching the ground, the downdrafts diverge in all 

directions under the updraft and may actually enhance the updraft motion. 

The co-existing up- and down-drafts continuously provide the mechanism 

to gain kinetic energy not only from a conversion of potential energy,



but also directly from the kinetic energy of the relative horizontal in­

flow. This may explain the severeness of the SR storms.

Two features of the development of SR storms revealed by radar are 

the hook echo and the echo-free vault described by Erowning i'1965) and 

Browning and Donaldson (1963). The development of the hook echo is 

shown in Fig. 5. (Browning, 1965) for storm E on 26 May 1963. Develop­

ment starts as a pendant to the rear of the storm, then grows and turns 

cyclonically relative to the storm, forming a hook. The entire process 

occurs in about 30 minutes. The echo-free vault region, as shown in 

Fig. 5, is interpreted as the core of the updraft. This region is 

filled with clouds composed of droplets too small to be detected by

radar.

Fig. 5. Schematic diagram illus­
trating the development of the 
hook echo within Storm E, succes­
sive positions of the hook being 
shown at times 1510, 1520, 1530 
and 1540 CST.

The distribution of precipitation at the surface has been related 

to the above features of the SR storm by Browning '1964, 1965). In 

Fig. 6 (Browning, 1964), it can be seen that relative to the motion of 

the storm, rain occurs on the left side and hail occurs predominantly 

in the right rear quadrant. The largest hail falls immediately behind 

the vault, decreasing in size to the rear of the storm.

Browning (1964) analyzes a situation where precipitation from a
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Fig. 6. Schematic horizontal (Fig. 6a) and vertical (Fig. Gb) sections oualitativelv 
lll'.'stratu g prec ipitat ic n •; iajectories in different parts of an SR stoim traveling 
at a velocity V. In both •igures the extent of the updraft is represented by solid 
curves and precipitation trajectories are represented by dotted curves. In the 
horizontal section the extents of rain and hail close to the surface are represented 
by light and heavy shading, i espec t ively, v.sd the arrows around FQRS indicate the 
direction of motion of protuberances on the edge of the low-level radar echo The 
vertical section along AB is oriented in the direction of the mean wind shear, into 
which the updratt is inclined at low and medium levels. ’n the vertical section the 
presence of downdrafts with strong normal components of motion is indicated by broken 
vertical hatching. On t.ie downshear side of the updraft (right side of page) these 
components are directed into the page; beneath the updraft, on its upshear side they 
are directed out of the page. y



neighboring storm is drawn into the updraft of a well-developed vault. 

This case indicates that as new cells form to the right of old cells, 

they may tend to cut off the low level in-flow to the old cells. This 

case alsc verifies the sloping updraft required for the cooperative 

up- and down-draft system that sustains the SR storm.

The SR storm may also spawn one or more funnels and one or more 

may become tornadoes.
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OBSERVATIONAL ASPECTS OF MOTION ON TEE 
CLOUD AND FUNNEL SCALES

Lecturer: Dr. N. LaSeur Notes by: T. Curtin

Date: July 1, 1974 K.-Y. Fung

This lecture focuses on certain observed aspects of tornado-cyclone 

and funnel scales of motion. Through careful study of the character­

istics of each successive downscale system, the generating and propagat­

ing mechanisms responsible for the observed motions can be inferred and 

studied further.

As has been previously noted, a mesoscale high embedded in a strong 

synoptic vorticity field characteristically produces the most intense 

convection. Associated with this convection are cumulonimbus clouds 

which move both to the right (cyclonic) and left (anticyclonic) relative 

to the moving convective system. The right-moving clouds have been 

observed more frequently, and have come to be known as "severe right" 

(SR) clouds. Certain properties of these tornado-cyclone clouds are 

observationally well documented by radar echoes, and may be best 

summarized by the following sketches in the x-y and x-z planes:

F



x-z plane:
anvil leading edge of storm

lit" or "wall" (tilting updraft region)

There is a characteristic 3-to 5-mb drop in pressure associated with 

tornado-cyclone clouds. The "hook" region is a mesoscale low accompanied 

by strong convergence with vertical velocities in the "vault" or "wall' 

zone, reaching tens of meters per second. Precipitation is usually 

observed beneath the leading "anvil". Occasional observations have 

verified a significant rotation of the cloud itself. More systematic 

documentation of this feature is expected to emerge from observations 

made with the use of Doppler radar.

Some of the more significant features of these cloud and funnel-scale 

systems can be examined through the study of detailed case studies of the 

following storms:

1. the Illinois tornadoes of 9 April 1953;

2. the Fargo tornado of 20 June 1957;

3. the Dallas tornado of 2 April 1957;

4. the Palm Sunday tornadoes of 11 April 1965.

1. The Illinois tornadoes of 9 April 1953 are illustrated in Figs. 1-3 

(Fujita, 1958). Fig. 1 shows the typical protrusion emanating from an 

echo-free region, or "hook". The curvature of the tornado-related echo 

implies cyclonic rotation. Subsequently, a tornado funnel, spinning off 

at 40—50 mph, emerged from the right-hand side of the echo—free region.
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Fig. 2. Tornado-cyclone 
path fixed by Champaign 
radar and the tornado 
damage path surveyed by the 
Illinois State Water Survey.



Fig. 2 shows the path traversed by this funnel. The funnel emergen 

along an intensified ring of radar echo as can be seen in Fig. 3. This 

is the characteristic location of tornado-scale phenomena for this type 

of tornado-cyclone.

Fig. 3. Location and size 
of the surface tornado based 
upon the picture taken by 
Capt. J. H. Yancy.

2. The Fargo tornado of 20 June 1957 is illustrated in Figs. 4-7 

(Fujita, 1960). Figs. 4a, 4b, and 4c show the well-defined annular ring 

of elevated pressure associated with this tornado—cyclone. Fujita attrib 

utes the embedded high in the overall mesoscale low to the hydrostatic 

weight of large amounts of condensed water. Fig. 5 shows the paths of 

five tornado funnels spawned by this system. The point of emergence is 

again to the right of the cloud, and the path is cycuonic relative to 

the cyclonically-rotating cloud. Ultimately, each cloud reaches the 

left hand side and then weakens.
Fujita has used two methods to estimate the wind speed associated 

with the funnel. In the first method, he assumes that the funnel wall 

- is an isobaric surface and that the radius of curvature is the geometric 

radius of the funnel. The tangential component is then taken to be in 

cyclostrophic balance, that is:



fig. 4. (a) Determination of
the rotational speed of the 
rotating cloud, (b) Relative 
position of the Fargo tor­
nadoes and the center of the 
rotating, cloud, (c) Pressure 
field beneath the rotating 
cloud.

fig. 5. Relative move­
ment of the surface 
tornado center with 
respect to the center 
of the rotating cloud.
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The second method is based on direct observation (photographic tracking 

with motion pictures) cf identifiable moving objects or features. The 

results of calculations based on both methods are shown in Fig. 6. Due 

to the general level of uncertainty inherent in these calculations, the 

order of magnitudes, rather than the specific values, should be noted.

The maximum value of the tangential wind speed is about 100 meters per 

second, and the funnel diameter characteristically varies between 0 and

F



400 meters (although some funnels as wide as 1 mile have been observed). 

More details of the cloud characteristics are given in Fig. 7.

Fig. 7. Schematical diagram 
showing the wind distribu­
tion beneath the rotating 
cloud.

Such clouds typically move from west to east and have a lifetime of 

several hours. The five tornado funnels spawned by this cloud occurred 

quasi-periodically at about 45-minute intervals. Although the funnel 

path is cyclonic relative to the cloud trajectory, the path is not
l

necessarily cyclonic relative to the ground.

3. The Dallas tornado of 2 April 1957 is illustrated in Figs. 8-11 

(Hoecker, 1960, 1561). Fig. 8 schematizes the various types of elements 

used as air flow tracers. From the movement of solid debris particles 

and cloud and dust parcels, estimates of both the tangential and verti­

cal wind components are made and these are given, respectively, in 

Figs. 9 and 10. The isotachs calculated indicate that the funnel did 

not extend to the ground, and as shown in the insert in Fig. 9, the 

vortex is of fairly small scale—on the order of trees and houses. The 

maximum tangential velocity is 175 mph, and the maximum vertical velocity, 

150 mph. The suggestion is one of increasing upward vertical motion
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close to the axis, with a spreading out at the top. Very little verti­

cal velocity is observed along the surface of the funnel itself. Fig. 11 

contain., an additional interesting feature in the derived pressure field, 

which shows a 60-tnb drop from the local environment to the center of the 

tornado. By tracing a particular inter-isobaric separation through the 

system, the resultant vertical acceleration can be inferred. The depar­

ture from hydrostatic equilibrium, indicated by a spreading apart of the 

isobars, implies a local downward acceleration (a contraction of isobars 

would imply a local upward acceleration).

4. The Palm Sunday tornadoes of 11 April 1965 are illustrated in 

Fig. 12 - 16. (Fujita, et. al., 1970). Fig. 12 shows an anemometer 

record registering a peak gust of 150 mph, a characteristic value.

Fig 12 Enlargement of the wind recorder trace. For the wind speed 
chart both time and speed of all visible maximum and minimum values 
were read from the recorded trace and then connected with straight 
lines At the same time, successive maximum and minimum values were 
separately joined to show thr range in the variation of gusty winds. 
Wind velocities plotted at the bottom represent 1-min means of maxi 
mum values in miles per hour.

1



Also typical of this type of storm end shown in Figs. 13, 14, and 15, 

are the familiar "hook", "vault", or "eye"; funnel generation on the

right side of the cloud; and cyclonic relative winds (maximum approach­

ing 100 m/sec). After careful analysis of damage patterns, as well as 

streamline patterns impressed upon low-growing vegetation ("suction-

marks ), Fujita delineated the fine structure inherent in the funnel wall.

Fig. 13. Damage area in 
relation to the hook echo 
at the time of the highest 
recorded wind (upper chart) 
and to the space section 
of the mean maximum winds 
(lever chart).

Fig. 14. Space section of 
relative winds obtained by 
subtracting 60 mi hr-1, the 
translational velocity of 
the storm, from the 1-min 
means of maximum winds. Due 
to the rapid motion of the 
tornado cyclone, the relative 
winds computed tend to blow 
through the tornado-cyclone 
near the ground. Inside the 
tornado area, as indicated 
by the dashed circle, the 
relative winds ere circulat­
ing around the tornado center.



Fig. 16 illustrates the change in shape of the tornado core as determined 

from the analysis of cycloidal suction marks. In addition, further con­

centrations of vorticity have been noted in regions of the wall itself, 

which Fujita has called "suction spots". An average of four "suction 

spots" are observed in the wall of a typical tornado. Fujita assumes 

that their translational speed is the same as that of the wall itself, 

and that a superposition of the translational and rotational speeds 

leads to the expected and observed cycloidal trajectory pattern.

Fig. 15. Enlargement of the 
field of relative winds shown 
inside the dashed circle in 
Fig. 14. The area within the 
circle, 5 mi in diameter, is 
characterized by a tangential 
wind speed inversely propor­
tional to the radius. From 
the widespread damage path, 
clie radius of the circle of 
maximum wind is estimated to 
be about half a mile. The 
wind around this radius 
would be over 175 mi hr-1.

Fig. 16. Change in the 
shape of the tornado core 
as determined from the anal­
ysis of the cycloidal suction 
marks. Core diameter in 
meters, rotation periods, 
and funnel positions 1 through 
7 are given in the upper part. 
Note that the rotational rate 
increased as the core diameter 
decreased, suggesting a con­
servation of angular momentum.



Laboratory studies have demonstrated that it is relatively easy to 

produce tornado-like motions. Whether these artifically-produced cyclones 

are mechanically analogous to those observed in nature is, however, an 

open question. To model the atmospheric generation processes, it is 

not necessary to find mechanisms that generate circulation, but rather 

to find mechanisms that concentrate circulation down the scale.

One simple model that lias been proposed for tangential velocity on 

the funnel scale is the Rankine vortex, which has a tangential velocity 

distribution (and analogous surface pressure distribution) as follows: 

solid body

(distance from center 
of vortex)

The pressure difference between the environment and the vortex center 

is given for cyclostrophic flow by:

fi-fo * f (*)

The basic elements of the Rankine vortex model are solid body rotation 

(Vf0i  = fir) from r = 0 to T"HX > and irrotational flow outside Rmax

(i.e., ^ =-Q Rnvtx/^ • From cyciostrophic balance ( ^f/dT~ ~/^f ), 

equation (2) is easily verified. In the Rankine model, circulation is 

conserved outride the region Rffl&x'



The sense of rotation for geophysical vortices is variable, but a 

pattern which appears to be a function of scale has been observed. The 

following table summarizes the range of these observations:

Description
Sense of Rotation 

(% cvclonic)
Pressure 

Contrast (mb)
Velocity 

Maximum (m/sec)

dust devils 50 1-4 10-20

water spouts 70 36-100 60-100

tornadoes 100 50->100 70->100

Although 100% is given for the percentage of tornado rotation observed 

to be cyclonic, anticyclonic rotation is not impossible; as yet, it has 

not been documented. In conclusion, for scales of motion greater than 

dust devil scale, the intense vortices observed in the atmosphere are 

not random events; they are rather, downscale concentrations of vorticity 

whose net result is a preference in the sense of rotation.
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NUMERICAL MODELLING OF SQUALL LINES 

Lecturer: Dr. N. I.aSeur Notes by: L. Gidel

Date: July ?, 1974 G. Feng

Intense line convection, commot’y called squall lines, differs from 

.’hallow con/ectlon in both, its environment .inti its quasi—steady—state 

configuration. The structure is two-dimensioru.l and highly asymmetric. 

Such storms generally occur in env • .■ mnents characterised by strong ver­

tical yind shear and by low—leve. voist air overlain by extremely dry 

mid- and upper-tropospheric air.

Schematic models of such storms have been suggested by Browning 

and Ludlam (1962), Browning (1964), Newton (1967) and Fankhauser (1971). 

This lecture reviews two anelastic, two-dimensional numerical models 

by Schlesinger (1973a) and Hane (1973) .

Schlesinger aims to simulate basic patterns of pressure, temperature 

and rainfall intensity, and to assess the role of the ambient shear and 

the convective instability. The basic assumptions of the model are:

1. Flow is two-dimensional in x-z plane.

2. Coriolis force is neglected.

3. Liquid water exerts a drag force equal to its weight; ice 
is not included.

4. Pressure deviations are important to gravitational buoyancy in 
tha vertical momentum equation, but they are not important to 
parcel temperature changes in the thermodynamic equation.

5. Supersaturation is instantaneously removed by the release of 
latent heat, and liquid water evaporates instantaneously until 
the air is saturated or until all liquid water has been 
consumed.

6. Liquid water is partitioned into cloud droplets and precipitation 
by the method of Takeda (1965, 1966a,b).



7. Diffusion of heat and moisture are not explicitly included and 
friction is neglected—except at points on or in the cloud where 
a hypothesis of Lettau (1967) is used for calculating Reynolds 
stress divergence.

The model includes prognostic equations for vorticity, temperature, 

and the mixing ratios of water va^or and liquid water. The vorticity 

equation is:

+ u/v + if.) <KP, Fj)
h' h - TIT

where n is vorticity, q^ is liquid water mixing ratio, T^ is virtual 

temperature, and F and F are the horizontal and vertical components 

of the friction force per unit mass.

The temperature equation is:

where T is the dry or moist adiabatic lapse rate, depending on whether 

the air is saturated or unsaturated.

The moisture prognostic equations are:



where q , q„ and q are, respectively, the mixing ratios of water vapor v x p
liquid water and precipitation.

There are also three diagnostic equations. The streamfunction is 

defined from:

\_ c) ^

Mr - L ^ 
ft J~K

The vorticity is related to the streamfunction by:

% =■ vl f ii)

And, finally, the equation of continuity for two-dimensional motion

is: 2 (ft A) blP°«r)
IT 4 ^

The grid on which the numerical integrations are performed is a 

55 x 21 rectangular grid having a width of 172.8 km (AX = 3.2 km) and 

a depth of 14 km (Az = 700 m). The finite difference scheme used is 

forward-time, upstream-space for the advective terms, and centered- 

space for other spatial derivatives, with the exception of the horizontal 

pressure gradient. The truncation error of the forward-upstream scheme



numerically diffuses all advected fields. This pseudo-diffusion is 

proportional to the grid mesh separation and fluid speed, and may be up 

to an order of magnitude greater in this model than might be expected 

in a real thunderstorm. No other diffusion is included in the model.

A movable grid is used in order to keep the main convective cir­

culation within the domain of the model. Inflow lateral boundary conditions 

are specified, but the outflow variables are defined in terms of interior 

information transmitted from upwind. There is no flow allowed through 

the top or bottom boundary.

The initial perturbation is a symmetric streamfunction perturbation

51.2 km wide and A.2 km high. The center of the impulse has an updraft

12.8 km wide with a thermally-buoyar.t saturated region in the interior of

the updraft. Maximum values of temperature excess (1° C), updraft velocity

3
(1.5 m/sec), and liquid water content (1 gm/m ) are located at the center 

point of the cloud.

Fig. 1 (Schlesinger, 1973a) shows the environmental temperature

-to -to -jo o jo o so ICC 
t <*CI -► IH l\l

Fig. 1. Initial base states for air temperature T and relative 
humidity RH in the comparative experiments. Left: numbers in the layers 
sepiarated by dashed lines indicate the lapse rate—9T/3z(°C km-1) in 
each layer; right: cases are numbered 1, 2 or 3 according to the assumed 
constant value it of the relative humidity from the lower boundary to 
2.8 km.



Fig. 2. Initial base states for the wind velocity u in the com­
parative experiments. Cases are identified by the letter L, M or H 
according to the value of the total wind shear between 3.5 and 8.4 km.

and relative humidity, and the environmental wind profile is s'n *n in 

Fig. 2 (Schiesinger, 1973a). Three values of humidity (702, 80%, 90%) 

are used in the low levels, with the air abruptly becoming dry above those 

levels. Three values of the horizontal wind are shown corresponding to 

weak, moderate and strong shear.

The effects of shear on the disturbed flow are shown in Figs. 3,

4, and 5 (Schiesinger, 1973a) for intermediate moisture (80% RH) after 

50 min of integration. The weakening of the convection with increasing 

shear is apparent from the maximum magnitude of the disturbance stream- 

function, the width of the cloud anvil, and the horizontal extent of 

the outermost plotted streamlines. The strongest downdraft is located 

at and near the cloud edges below 6 km, suggesting that after 50 min the 

downdraft is due primarily to negative thermal buoyancy induced by 

evaporation, rather than to liquid water drag. The downdraft is con­

siderably weaker than the updraft, having maximum velocities of 2.5,

2.5 and 2 m/sec, corresponding to maximum updrafts of 12, 9 and 5 m/sec.



Finally, as the shear increases, the anvil becomes increasingly asymmetric, 

and the entire updraft-downdraft couplet tilts more downshear. Fig. 6 

(Schlesinger, 1973a) shows the pressure deviation for case M2 after 50 min­

utes of integration. On the whole, the pressure has fallen in the lower 

part of the region and risen in the upper part. Two meso-lows are located 

at low levels, the main one under the leading cloud edge, and the 

secondary one behind the trailing edge. Contrary to the findings of 

Fujita (1955) and Fujita and Brown (1958), there is no meso-high at the 

surface. The shallow dome of relatively high pressure has developed in 

the cold air beneath and just behind the cold core.

Fig. 7 (Schlesinger, 1973a) shows the temperature deviation for 

case M2 after 50 min. of integration. A warm core updraft has developed 

with a temperature excess of 6 C at about 8 km. The lowest 2 km of 

the cloud interior has cooled. Cold tongues at the cloud edges, resulting

Fig. 3. Deviation of streamfunction from the initial base state 
(106 gm m"l sec-1) for case L2 at 50 min. The shaded region bounded by 
the heavy solid curve represents the cloud. In this and all subsequent 
figures in which the variable x appears, it denotes the distance (km) 
to the right of the initial left boundary (6 grid shifts).
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Fig. A. Same as Fig. 3, but for case M2. (10 grid shifts).

Fig. 5. Same as Fig. 3, but for case 112. (13 grid shifts).

Fig. 6. Deviation of air pressure from the initial base state (mb) 
for case M2 at 50 min. The shaded region bounded by the heavy solid 
curve represents the cloud.



from evaporation into unsaturated air, are delineated by the zero is 
isotherm. The maximum cooling at the surface is -4° C.

Fig. 7. Deviation of air temperature from the in tial base state 
(°C) for case M2 at 50 min. The shaded region bounded by the heavy 
solid curve represents the cloud.

Figs. 8, 9, and 10 (Schlesinger, 1973a) show che effect of increasing 

moisture for moderate shear. The maximum strength of the storm increases 

with increasing moisture.

Fig. 8. Airflow streamlines relative to 'he moving cloud core and 
rainfall pattern for case Ml at 50 min. The heavy solid curve represents 
the cloud boundary. Thinner solid curves with arrows are streamlines at 
intervals of 107 gm m-1 sec-1. Dashed streamlines (if any) indicate half­
intervals. Light shading represents rail fall with an intensity of at 
least 30 mm hr-1; heavy shading (if any) represents rainfall with an 
intensity of at least 90 mm hr-1.
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Fig. 9. Same as Fig. 8, but for case M2.

FiR. 10. Same as Fig. 8, but for case M3.

Schlesinger (1973b) Investigated the relative importance of various 

individual forces for case M2 (moderate shear, moderate moisture) which 

exhibit a nearly 'juasi-steady-state nature stage. The results can be 

summarized as follows:

1. Downdraft formation is due mainly to evaporatl’ cooling from 
rainfall.

2. Thermal buoyancy is the dominant vertical force, but is stron M 
opposed by the vertical perturbation pressure force, which ca

 C
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be up to 25% of the thermal buoyancy.

3. Liquid water drag is significant and can be up to 40% of the 
maximum thermal buoyancy.

The realism of Schlesinger's model Is limited by its two-dimensionality, 

the unrepresentativeness of the pseudo-diffusion, and the lack of 

sophisticated micro-physical processes.

In modeling the squall line, Hane (1973) also tries to include the 

qualitative features of the squall line proposed by Newton (1950),

Bates (1961), Browning and Ludlam (1962), and Newton (1963). His 

experiments are specifically aimed at attaining a quasi-steady, cooperative 

updraft-downdraft system which interacts continuously with the environ­

ment (or a succession of developments, each containing the ingredients 

for redevelopment after dissipation).

Physical processes and characteristics included in the model are.

The environment is convectively unstable and contain^ strong 
vertical wind shear.

2. Condensation and evaporation are included, but ice is not.

3. Horizontal changes in quantities along the direction of the 
squall line elongation are neglected, making this a two- 
dimensional model.

4. The pressure perturbation force is not included, and the only 
buoyancy force is thermal.

5. Sub-grid scale turbulent mixing entrainment is explicitly 
parameterized.

6. Liquid water is included "in bulk" with a Marshall-Palmer (1948) 
drop-size distribution.

7. Radiational effects are neglected.

8. Surface effects such as friction and surface evaporation are 
not taken into account (implicitly in the boundary conditions).



The basic model includes prognostic equations for vorticity, 

temperature and for the mixing ratios of water vapor, cxoud water and rain 

water. The appropriate vorticity equation (Hane, 1972) is:

9u 3w+ -jp is the two-dimensional divergence, Tv is the virtual temperature, 

q^ the rain water mixing ratio, qc the cloud water mixing ratio, Cn 

is the turoulent mixing coefficient, u'' and w'' are the time invariant 

motion of the environment, and » and are the time-space dependent 

horizontal and vertical eddy viscoscity coefficients.

The temperature equation is:

where T is absolute temperature, F is the dry adiabatic lapse rate,
1 d£ is the latent heating or cooling, T'' is the time invariant tem-C dt P
perature profile of the environment and Vg is the constant coefficient 

of thermal eddy diffusion.



!

The moisture prognostic equations are:

^ -'"yr + c*l ^/aT

Ve V C| v +evaporation - condensation

5^3^‘ ■'ur^tv*?v

of)

<■'*)
- autoco .version - accretion - evaporation + condensation

l?j- . - u ^ ^ + f- (. ^
<3t ^ ^ ** ' e ^? h

o/>
+ autoconversion + accretion - evaporation 

where q'' and q" are the time-invariant profiles of water vapor and 

cloud water of the environment and is the effective terminal velocity 

of the rain water distribution.

In addition to the five prognostic equations, there are three 

diagnostic equations. The diagnostic equation relating the streamfunction 

to the vorticity is:

v * ’ ? 5J = n Ot)

The diagnostic equations relating the wind components to the 

streamfunction are:

fn - it e*r - - it (is H)



The final diagnostic equation is the two-dimensional continuity 

equation:

cK tJU)

The time integration of the prognostic equations is carr.ed out 

with the predictor'-co'-r^otor scheme using a variable time step of about 

15-20 seconds, depending on the magnitude of the air motion. The grid 

spacing is -tOO m vertically and horizontally, and the domain of integration 

varies fi om 25-6 km to 38.0 km horizontally by 12.8 km vertically.

Integrat ons are performed in a relative coordinate system.

The nine-point Arakawa-Jacobian scheme (Arakawa, 1966) is used 

for the alvective terms and centered-space differences elsewhere.

Eq. (14) W&-- solved by successive over-relaxation.

No flow is alj.o..”'H through the top cr bottom boundaries, and the 

flow through the lateral boundarie' is constant in tima. The values of

other variables at the boundaries are det.-irined by an ii.flow-outi low 
condition.

The initial perturbation is a well-developed •’hunderstorm-like 

circulation.

The environmental temperature and dew point soundings are shown in 

Fig. 11 (Hane, 1973) and the environmental wind profile is show.' in 

Fig. 12 (Hane, 3974) as the solid line. The environment is quite un 

stable, with a sharp drop in the moisture profile between 600 and 500 mb, 

and is similar to the moderately moist sounding used by Schlesinger.

The wind profile used by Hane in experiment HI and R6 has slightly



more shear than the moderate shear case of Schlesinger, but significantly

less shear than Schlesin?er's strong shear case.

Fig. 11. Initial vertical 
distribution of environ­
mental temperature (solid 
line) and environmental dew point 
dew point (dash-dotted 
line).

HORIZONTAL WIND SPEED (m/::c)

Fig. 12. The vertical dis­
tribution of the hori­
zontal envronmental wind 
used in the model exper­
iments. Numbers in 
parentheses denote the 
approximate rate of 
motion (m sec"1) of the 
system.



The results after approximately 6 minutes of integration are shown 

in Figs. 13 and 14 (Hane, 1973). The streamfunction pattern shows the 

coexistence of an updraft and a downdraft. The updraft has an upshear 

tilt and the do-wndraft, which originates in the midlevels, is located 

beneath the updraft. There is inflow at midlevels on the upshear side 

of the updraft and at low levels on the downshear side. The upper por­

tion of the cloud spreads out horizontally mainly on the downshear side, 

and the rain water pattern shows an increasing accummulation of rain 

water on the upshear edge of the updraft.

As seen in the distribution of temperature anomoly, when the 

downdraft hits the ground, it spreads out, forming a large pool of cold 

air (negative anomoly > 6C) . The amount of cold air, which results 

from the evaporation of rain in the downdraft, is more than Schlesinger 

obtained. Schlesinger, however, did not allow falling rain water to 

evaporate as it fell through the downdraft, but rather evaporated all 

of the rain water instantaneously upon leaving the cloud. The temperature 

anomoly pattern of Fig. 13 (Hane, 1973) also shows the core of warm 

air (anomoly > 7° C) located along the axis of the updraft.

The vertical motion field has a maximum upward motion greater than 

22 tn/sec at 7 km in the updraft and a maximum downward motion of 10 m/sec 

at 3 km in the downdraft. However, unlike Schlesinger's, Hane's model 

does not dilute the thermal buoyancy by including the pressure perturbation 

force.

The equivalent potential temperature field of Fig. 14 (Hane, 1973) 

shows dry air as it is brought down to the surface from the mid­

troposphere, and moist air as it rises and is somewhat diluted by



Fig. 13. Variable fields for Experiment R1 at 5.6 min. Upper: 
solid lines are streamfunction (10^ kg m~l sec ); dashed lines rain water 
mixing ratio (gm kg”1); scalloped lines ciuud water mixing ratio outline; 
middle: temperature anomaly (°K); lower: vertical wind speed (m sec ).
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Fig. 14. 
for Experiment

Ihe equivalent potential temperature (°K) distribution 
R1 at 5.6 min.

mixing in the updraft core.

The results of the integration after 16 min are shown in Fig. 15 

(Hane, 1973), which indicates a lessening in intensity and a lack of 

organization of the system. This is most probably a result of the two- 

dimensionality of the model. The cold air descending in the downdraft 

can only spread out in front and to the rear, whereas in nature some 

cold air is able to spread sideways. As a result, the lower updraft 

undergoes excessive downshear displacement, and downward motion from 

midlevels on the downshear side advects too much dry air into the up­

draft. In the upper levels, the air cannot go around the cloud in two 

dimensions as it can in nature, and the model cloud experiences a strong 

left-to-right flow in the upper levels.

After 42 min, the model shows a significant redevelopment, a 

situation comparable to that found after 6 min of integration. In 

fact, this pattern of dissipation followed by redevelopment continues to 

occur in a periodic fashion for as long as the integrations are carried 

out. Fig. 16 (Hane, 1973) shows the time evolution of the magnitude of 

maximum downward motion and maximum rain water mixing ratio. The maximum

i
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downdraft lags the maximum updraft because the maximum downdraft re­

sults from the evaporation of rain water which must first be produced

in the updraft



Fig. 16. For Experiment R6, the variation with time of the 
magnitude of the maximum upward motion (solid), maximum downward motion 
(dashed), and maximum rain water mixing ratio (dash-dotted).
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I. General Fluid Model

In general, die density of a -sample of a fluid can be expressed 

as a function of pressure p, specific entropy s, ard the mole fractions

V
p - r( 2.^ 0)

The ciiange in the density of an individual fluid element or parcel 

is given by :

\C fhr - j7br i , I ^ t>~. ^

If it is assumed that t' ireel exciianges neither

heat nor mass with its environment, DS‘0 and b'n *0 . Eq. (2)

becomes:

bP

b?

C' F
\ c; OO

wliere C is tlie speed of sound.

If this fluid is in equilibrium in a gravitational field, then 

each of the variables of state are a ‘‘unction of ^ only, nod the pres­

sure varirtion with height is hydrostatic:

J>•.........



? =•

- /m^eC^) llO

p - P.Cj} - FCy.,5,,^.5

Consider a parcel initially a height ^ which is lifted a small 

distance ^ . By Taylor expansion, the density of the environment at

l + t is:

c) F cl $<■ -) d o
+ "VT JT" 4~ <&\ TT/ ^

But since the parcel moves adiabatically and without mixing, and al­

ways at equilibrium with the environment,

1v •"
The buoyancy of such a parcel at ^ + S Per unit mass of parcel is.



f> _ p
* J. rv\r * juvvuA

A

("XvAAJt.1

d F dj^

2>

C> F d /y»v.,
cAi * X <?/"U d

')*

3 .......... ..

If ■? is small compared to the distance over which P changes appreciably,

3
P - P .1 f ll 3s. , V C>F d/^;c\

P ^ 3 s JT x 4- ITT / ^ft

-Nr$

77V

2
where N is the buoyancy frequency (Brunt-Vaisala frequency)

/ 3_t cl's.

Crr*\^

cl /"’UiN

The vertical variation of the equilibrium density is obtained from:

J-
fc C\^

JPc ^ F
h + ^

cl Si
37

cll

^ 3^;

1_ 3a _

£ " c 3



Now consider small disturbances from the equilibrium state for a

2
statically stable fluid where N >0:

N NC£>

s. s sCvr.t)

y ■=. P *S>

ir M.5] is the position vector of the parcel in equilibrium

and 4 [XU. Si is the perturbation displacement of the parcel 

from its equilibrium position.

P(r+ 5) ) and p(ir+S>, t) can be approximated by expanding them 

about IP and keeping only first order terms:

f'Cir+5,0 a V^r>^)A -?'0o0
p'CriS.O -- rOr,t)+ ISI«*-(.f3

f, (\r + s) = p.00 ' % .■ • ■ -

fUir^s) - ROW VYft* '"
Therefore,

PU*S,t) v Y Vo 4 v P'^O



The Individual change in density of the parcel in going from ir 

to IT ^ S is given by Eq. (3):

' be - ^ bT

f(r,M) - KOr) • fj (.-pCir-ts,t>- 

P.'-i') ‘ C ^ )ft ■? v

nr A - fe. S t *2? C7)
The first tern on the right in Eq. (7) represents the perturbation ir 

crease in density due to heavier parcels arriving from below and the 

second term represents compres ibility (i .e., ^'^contributes to (*'>(>) 

The continuity equation is:

— - br^- - - PV-V

M cu A t

jt ’ --(e< *r')v $t

-‘j<* V ?;)*■ Rv-s,
where second order terms have been dropped. Integrate in time:

^ Kr)



If the equilibrium case Is a special case where all perturbations are 

zero, then f( If ) = G

The momentum equation is:

(° ( -v ? in * V y -* ^ C in + V ^ - o
where Ifl is the vertical unit vector. The perturbation equation be­

comes :

 ( st+ v ? \n a ^r',n i- n‘- o
or, when p1 is eliminated by means of (7)

ft L Stt -r ? in *. $t ■*- N1 .S’ to} t v>’ ■+ f ‘ m
ft

The solution^ must satisfy the following boundary conditions:

Rigid boundary;

Free surface at z_

% '-0

bC>c* y}
----- ---- -OIt
_ Aft v W

0
p' - at J '^i

F‘-

Next, eliminate fc from Eqs. (8) and (9) by change of variable 
*// *ys -- 1 s

si *



The continuity and momentum equations become:

VS-f?tC^=c is1)
+ ? in > -i N^ir, j t vj *■ p \n^> =o (f)')

t,b)
The energy relating is obtained by taking (Vj

oE uO<>t 1 V'F< i,;

where E is the wave energy density
E. * i R C V ^

= 7 SViN*?'* 02)
The terms cn the right are the kinetic, potential and internal wave 

energies, respectively. The wave energy flu:: density is:

fe=?‘St=?\ 0*)

Equipartition of wave energy is demonstrated by taking ^ y>Jx (?^ \ 
ivW and using the identity,

v *.»' (t sl)tt - s«

Z ft s; - X fiN1/* * i “ ♦ ( f +

^ (.X P's) - X ft \)



Time and space average this equation and denote the average with an 

"over-bar."

if averaged over a long time

' " T if boundary for the space integration
^ ^ p %\ — O is a rigid box or if averaged over a

“ J large region in space

2 kinetic energy

2 potential energy

2.
internal energy

lifts*.*,)* fR J_A
At

if there is no rotation (i.e., f-0), 
this term is cero

The result is

- f (> c\ AJX
Pure accoustic waves are the solution to Eqs. (8) and (9) if there

2is no gravitation field (g=0), the fluid is homogeneous (N =0), and 

there is no rotation (f=0). Equations (8) and (9) become:



Eliminating yields the classical, non-dispersive wave equation

r - c.;tt
The energy density for this wave is:

r - j_ a -i— Ni^
E “ z. ^ * 2. "^2 t — Et + EA

There is no potential energy in pure accoustic waves.

~Ernvil:,YJi2V£S are the solution to Eqs. (8) and (9) if the 
fluid is incompressible ( ^ O ) and there ls no rotation (f=Q)>

Equations (8) and (9) become

V- & ^ stT = -niX'?in - h 0«)

The energy density for this wave is:

E ' 2. & * 2. ft N E* (H)
There is no internal energy in pure gravity waves.

If the change in the undisturbed density with height is small 

compared to the density itself, variations in the density can be ig­

nored in the momentum equations except in the external forcing terms. 

Eq. (18) becomes:

T & *Cf 3rt- - N\^,n - V £' (2 0)

and the approximation is called the Boussinesq approximation.

These equations can be used to compute the frequency of oscillation 

of a fluid for standing oscillations. The resulting frequency formula, 

called Hoi’and’s frequency formula, shows that the buoyancy 

frequency is an upper limit to the frequency of oscillation that a fluid

can undergo.



Assume that the parcel displacement is> Is a standing oscillation 

in the form:
A

O')S fat) = SO) ° and . ^ r ~ V ~ S

where the frequency T' is a constant. If the fluid is confined in a
A

vessel, then the streamlines S A d ST = 0 must close up on themselves, 

and they are fixed in space. Integrate Eq. (.18) along a closed stream­

line L in a chosen positive direction (see figure below) to obtain:

p* )/; S . c/r m jT /■. a/2 r (a3)
by using Eq. (21). Here both and d ir are tangent to Z- and 

/S/ = S, l^/r/ =• di. . The vertical 

displacement £ - S CoS 6 and 

dlL- dl CoS 0 • Hence,

(13) -V =
dxcoszeScU

This is called the Holland frequency 

formula since Holland (1939) gave a useful mechanical interpretation to 

Eq. (22). By considering the particles in a closed tubular fluid fila­

ment (streamline), we have a mechanical system for which the pressure 

forces have no resultant in the direction tangential to the filament.

The inertial force along the filament per tubular unit cross section 

on the left hand side of Eq. (22) is therefore determined by the re­

storing force on the right hand side, i.e., buoyancy induced by gravity. 

Let <y be a cross section of a narrow stream tube around L. . The



Incompressibility demands the tubular volume element d S = constant 
along i, at any time although CL may vary along L. . Eq. (23) 

becomes:
ti C'C* 0 lit

(23')

In

-v2-^ ,U 
i al'J O-

a special case, if /J (2) = constant.

/
P" r _--------

cU
(24)j'- c\L

The formula gives P if the flow kinematics is known (shape of the 

streamlines). Eq. (24) shows that P< . If Q-ZO along mcst of 

the streamline, the streamlines tend to be vertical (Fig. A) and p^.f\J.

along most of the streamline, the streamlines tend to be 

horizontal (Fig. B) and7J«/V.

Example: standing oscillations are imposed in two fluid-filled 

closed tubes with the same outer shapes: which shape give the higher



From Eq. (24),

where subscripts V and H refer to the vertical and horizontal legs, 

respectively. It follows that the frequency is reduced when Art is 

increases. A small Uh means large horizontal displacements, and large 

horizontal acceleration, which increase the effective inertia of the 

system.
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CR-' VITY WAVES WITHOUT ROTATION

Lecturer: Dr. A. Eliassen Notes by: L. W. Uccellini
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I. Introduction

This lecture is a continuation of Dr. Eliassen’s presentation of 

gravity wave theory, assuming no rotational effects. Discussion of the 

case of a two dimensional box shows that the particular solution for 

this example is a function only of the box shape. Also discussed are 

the concepts of transversal waves, energy density, and mean energy flux 

density. Properties of wave propagation and group velocity are also

presented, as well as an analysis of various composite waves.

II. Two-dimensional Oscillations ir. a Box

Only vertical motions give rise to a restoring force. Horizontal 

motions must then be driven by the vertical displacements through the 

action of pressurt-’ forces.
#

Denoting the pressure perturbations by P , the system of equations

becomes in the Boussinesq approximation, with

(horizontal acceleration)

(vertical acceleration)

o (continuity)



The schematic diagram for this case is shown in Fig. 1.

Fig. 1. Two dimensional oscillations in a box: + , are pressure 
perturbations (p ); ^ accelerations ( ) ; , t displacements ($ ).

To solve this system of equations, let:

7 •

if > x
and pj1- - CCT\Sta-<V

By cross-differentiation of the equations of motion, the pressure terms 

can be substracted, leaving:

cxtt *itt ,

With the boundary conditions

H and L are tlie height and length of the(at x-0, x-I , z=0, 7.-H), where 

box respectively.



1

The solutions of the partial differential equation is:

1 M, <■«)

where: . i *V - t\J ** / L-------
* 'V

tlO

Examining the first mode, where *a» U» JL j

v,\ - wx J*1
lv h*-

or X.v • VJ -A.
n*4 w'

This shows that the frequency of the solution is a function of H/L as 

long as t\J is constant. In other words *)) is a function of the shape of 

the box only, not its size. Note that the first node ( ) is

not the one with lowest frequency.

Th? eigenfunctions represent Fourier components over

the box, and hence form e complete system, lioiland has shewn that no 

complete system of cigcnmodes can be found in the case of a tilted box. 

HI- Simplest Gravity Waves without Kotatlon

Recall: V§ , 0

V -V?’



whereW Is constant. A plane wave is defined by:

a v ftSor.tv- %t
-- -p tl^-Vr rVt}

W)

where ^ and p are complex constants, and \K and V are real constants. 

The real nart of the solution represents the physical solution; the plane 

wave propogates in direction with a phase velocity

c-- K i v '

where Vk\ -- ** ) Vi. o .

Using Eqs. (28) and (29), Eq. (20) can be rewritten
k. & - °

A
- V* $ + *• ilk.^ =o , l?'>

where .q. (30) shows that the waves are transversal. The combination of
A

Eq. (30) and Eq. (31) shews the waves to be plane polarised since S
A

lies in the vertical plane through k (Fig. 2). The displacements SS 
are directed along £ ; the unit vector normal to

V

51
Fig. 2.

Schematic of vector plane 
for plane waves.

Vi



For Cos = ^ , S'aV.-'L* ^O;
k ’ k J V3\o)

A
% • w =

A5 SXAV1 , tivV>)

sjt t
^ * .Awhere J i 5^ < S; and % is directed along $5 • Operating on

AEq. (31) with $ and applying Eqs, (31b) and (31c) yields
A

-v « ♦ lO £ - 0 .

. 4Solving for V f

Therefore:

^ .t x j

10 (. 1 ^ s 5«\V .

or:

V'-tw s * a \&- l?i)

Eq. (32) shows that the plane waves can propogate horizontally, but not 

vertically.

Operating on Eq. (31) with 'k. ♦ gives:
X AJU* ( k 1* * i k* p - 0 x 

A A
p % L ^ t.

K

or



That is, the pressure distribution is 90 out of phase with the vertical 

displacement.

The energy density of a pure gravity wave is given by:

E \ ‘ '/.Mo*;1 ^
Denoting the average energy density over one wavelength or over one 

period by E , we arrive at:

Using the relationship that
;o-w'+v-t\ * cWk-*- *vt) j

Eq. (19a) becomes:

I* %
Applying Eq. (31d) we get:

I* Vj.e.v’-isi’- ivo
The mean energy flux density, Hi , is shown to be

ft ■■ fl, -- |

. yt ^toMs ls«*v> on if-1 ^ss'1

Thus a wave moving in the direction will have an energy flux in

the direction £, i.e., perpendicular to it.

IV. Group Velocity

The group velocity of a wave packet is defined as the velocity at 

which the entire packet and thus its energy, propagates. The group and



phase velocites differ when the wave system is dispersive, that is, 

when the phase velocity is wavelength dependent.

The group velocity, , as it relates to a vector space ( \k.

space) is illustrated m Figs. 3 and 4. is equal to —V ,

where ~\/1 and c i-n the direction of V, . Note that

is directed along the vector ft. , which is perpendicular to |(^ .

Fig. 3. Surfaces of constant 
frequency (Y) in space,
components of \K Kl , 1
horizontal; V^l is vertical.

F

The relationship of and can be shown in the following manner

\ AVI
\M<\ I tO coil*- VO CoS V1

V. \



Since Y - - lO SVA 1*- )
\ V CoS *** I 
l Sv* v*- X 1

and - - c co+^5.

Therefore the group velocity is normal to the direction of propagation. 

Furthermore, it follows from Eqs. (34), (35), and (36) that

Fc * E (TO
The mean wave energy flux density is directed along the group velocity 

vector -5k .

Given that V = - *0 —- I \*Cif**V
r r « *V , the following expressions were
* k« * ^ vT*

derived:
C<^ k* t \c*}

rw v vl kx ^

% k* c)V ^ VCj v ~ k» #
C* V }kt Vv W k*-

The horizontal group and phase velocities therefore have the same sign, 

while the vertical group and phase velocities have opposite signs. Whe 

waves progagate in the vertical, the energy always propagates in the 

opposite direction.

V. Composite Waves
Let vi uv0> denote a plane wave with wave number and

y- —tOCvAtO" • The propagation is in the direction \k and



of unit amplitude. Four wave number vectors are considered (Fig. 3):

-k^, ,

I ttcHt-K-x, VC,,

with \<v* Kj_» Kj * kH y ctViA V1' vty, => : V = 'l\)smi»

1^ (.**, ^ ,Wj ^ 

Fi^. 5. Schematic of the four wave number vectors

Several combinations of the four waves are considered:

A. + WfcVV.,^

1. This combination yields the simple wave form
+ V*vt + ,

The amplitude varies with z and the wave propagation is in 
the horizontal direction

2. C. and \F^ are additive and the e ' rgy flux density is the 
direction of the wave propagation (Fig. 6),

Fig. 6. Schematic of the 
energy flux density for 

the composite waves



The kinematics of this horizontally propagating wave
*- O ) is illustrated in Fig. 7. Since !• j

the horizontal acceleration always acts to restore the dis­
placement to a neutral position. The largest horizontal 
wind perturbations ) are found at the equilibrium
positions ( 9% *• ® ) and art directed according to the wave 
propagation C. and the horizontal displacement occurring 
downstream. Since and p* are positively correlated,

*■ Tt P' is always positive indicating that Vf^.
and C. are in the same direction.

Fig. 7. Schematic of the kinematics of the horizontal wave 
with VCytO. -V-, — are pressure perturbations ( f>
are accelerations; ——& , e wave horizontal velocity.

); 4= , zs?

B. uKIWi') 4-
1. This combination yields the simple wave form

Cr> Cos +Fi)
indicating a vertically propagating wave with amplitude 
which varies in x and y.

2. If , the ve
plane def,u .■ i ■■ rtfric*.a l propagation is upward within the

and IC«. • Pc is also 
vertically c-irected and is opposite to the propagation 
(Fig. 8).

Fig. 8: Schematic of the 
energy flux density for 

the composite waves



3. The kinematics for this wave combination are illustrated 
in Fig. 9 for a wave propagating upward. The accelera­
tions, both vertical and horizontal, act to restore 
the displacements to a neutral position. The vertical 
velocity, , is determined by the vertical parcel dis­
placement as the wave propagates upward with the largest 
vertical motion existing at an equilibrium position. Since 

and p* are negatively correlated, «• 
is always less than zero, indicating that energy is pro­
pagating downward as the wave propagates up.

Fig. 9.

Schematic of the kinematics of the 
vertically propagating wave

+ Pressure perturbations, 
are horizontal accelerations. 

^4- wave vertical velocity (h^l.

Other wave combinations briefly discussed include:

c. itzL-r'Sz)> for
which the simple wave form is a standing wave with a O .

D. UiUki) r ♦ U)t\k,\ «-
yielding standing oscillations within the box. The wave form
reduces to C«d IX** » frl'j Ccn CoS iyt 4*^.



u■ isjsm:* r n unwamirniir w~i«nn in

VI. Summary

This description of the basic concepts of simple gravity waves 

within a nonrotating fluid has produced the following important 

points:

A. Solutions of a two-dimensional gravity oscillation in a box are 
a function only of the box shape, not the area.

B. Vertical velocity is 90° out of phase with the vertical 
displacement.

C. Accelerations always act to restore the displacements 
to a neutral or equilibrium poistion.

D. The group and phase velocities are not the same for 
dispersive waves.

E. The energy flux is directed along the group velocity vector 
which for a plane wave is perpendicular to the direction of 
phase propagation.

F. For horizontally propagating waves, is in the same
direction as C» with lC}U\c.M\-

G. For vertically propagating waves, s* is opposite that of

with



GRAVITY OSCILLATIONS (cont'd.)

Lecturer: Dr. A. Eliassen Notes by: M. Wheldon

Date: July 10, 1974 R. Livingston

I. Pure Gravity Waves with Rotation

The model for incompressible motions, with the Boussinesq approx­

imation, is extended to include rotation about a vertical axis. Eqs. 

(8) and (9) become:

V-$‘0 , Su* J-ir\ \St + Nz£m + VP'm o (34)

For a plane wave solution:

/i i (ik'ir+vt)
$e $ e

£' * d c
l(lk>Tr + vt)

(39) becomes:

(k*$ s o } - vxs •* ivfnxS /VJ’£m / / A £ « O (W)

/%

S is again normal to I*

S ~ S% ds' (#')

Unit vectors and W't form an orthogonal triad with fc , U/

in the plane of in and A

The following identities are readily derived from the second equation of (40)

St * i fcosBs, (*2)
v



Without rotation the wave would be linearly polarized. With rotatirn 

is elliptically polarized, with anticyclonic parcel notion.It

Again we nay choose V< 0 . If K >f than the above dispersion 

relation shows that J" S I 'V& ^

I S, r r / + Hx /W0
III r

kr

The mean wave energy density is:

£ ♦ f po¥ $1

Hail ^



* ifo (v*+ J\os'9 + N*sm*e) Is,1x

The first two terms in the parenthesis denote kinetic energy, and 

the third denotes potential energy. From the dispersion relation we 

see that there is no equipartion of wave energy. The final term in Eq. 

(14) has magnitude j/>oJiccs39 for tiiese waves.

The mean wave energy flux aer ity is:

% - ~jfo (**-j*) c 6 me cos 9/S,/ 'u,'

The motion along ll^ does not contribute to ', because the velocity 

is out of phase with pressure. Finally,

Cq - /Hid.2Cose Stn eu 
J v/c (#V

Again the group velocity is normal to the phase velocity, witli a 

horizontal component in the same sense and a vertical component in the 

opposite sense. This would be somewhat modified if the three-dimensional 

rotation were used rattier than the vertical component alone.

11. Gravity Waves in an Ideal Gas (Constant Composition)

<V/C*/.g_ ,F(he}

I—i J



(%)
-I

ct nr
Cy

Sf £ 
Cv S

- - Q df ddo * 2 JJo
fo dz $o dz

l M --9 - tLl
fo dz 3

* 2 / djb -+ g \ 
To I dz <r/

cs N 9/cJ "V<, /

Unit km-‘ "MS’' s-’ km km

TropoSphprr 520 !2x /o'2 lfto /70 Vis

PtnUvsphrrr 2^0 2'2x I0'z ‘/t* l/2! •/2<1
—_________________

Typical values in the atmosphere

/- Z (— "" 
3 J

} Is the parameter entering the equations of2 V 
motion scaled using the mean density profile. The a.'i.tl values of , 

the speed of sound, have approximately a 102 variation about the given 

value in both the troposphere and stratosphere, n was calculated for an 

isothermal stratosphere, and a tropospheric lapse rate of about 

The Brunt-Vaisalla frequency n is two orders of magnitude greater than 

the Coriolis frequency, f,for which a typical value is 10 ** Scc~' •

In the atmosphere it is convenient to use Kqs. <K1) and (9'):

V’S -J3* + c/’p = ( 9’)



$tt - / "»* £ Vp + jtmp

where:

tv

C&

N1

tj RT°
Cm

i [iT* * %)h 1 -ii o)

t’i(i-f)
Clearly the coefficients Cj ^ s/v and / are constant only

when Jjn - 0 . Assuming the troposphere to be isothermal implies a

value of n‘ considerably greater than observed, close to the stratospheric

value. However, with a normal constant lapse rate in the troposphere,
2 2

N and will vary very slowly with height and we rr,a> use the approxima­

tion Cf -constant, N‘»constant, iS -const ant. Then Eqs. (S’,9') have 

solutIons :

r * % c r ' r
vt)

(«3)

provided:

1W - rH '(vvjA - hLi£)
1 C( /V*-- V* J

The resulting waves are combined gravitational-acoustic-rotational.



•v.
Eq. (49) may be represented as a set of curves Kj = constant in a 

diagram with coordinates jV :

F

Here <z O is represented by two branches of a hyperbola. In the 

area bt '.ween them, K? <0 and the equ.-tions can only be satisfied by 

exponential functions of z. These can be made to satisfy a zero con­

dition on only one horizontal boundary and are therefore called external 

waves. There are also external waves for V3 • There are two

separate regions of internal waves ( Kz )> which have trigonometric



z-dependence and may satisfy zero conditions at two horizontal boundaries
x

The transition from internal to external waves across a line Kz - O
x

is of a very different nature than that across *Z = OO.

The ratio of mean potential to internal energy is given by:

- W (J<L - JLm
£~ /li'.vMvV1 cs

The two regions of internal waves have no common frequencies in the high 

frequency region ( ^ ^ C$ ), ^ ^p . These are

interpreted as acoustic waves, modified by gravity. In the low fre­

quency region V3< N*" and £p i . These are gravity waves

modified by incompressibility. In both cases there is also an influence 

of rotation. If the coefficients Cg , N and are allowed to be

slowly varying functions of height, this picture will be distorted, but 

will have essentially the same character.

III. The Anelastic Approximation

A straight line through the origin corresponds to a constant horizon 

tal phase speed Ck ~ ~ . To describe mountain lee waves we

are interested in phase speeds relative to the wind satisfying Cu «C§. 

Such waves are far from the predominantly acoustic regime. It is 

therefore appropriate to modify the equations to eliminate acoustic 

waves.

dj of (s'): V■ -/ stt + c$-zpctr o c

v • <y - v- -y /n- p* -t Hxfz pz■ °



Subtracting, V - droPs out, and we obtain an equation containing

Vip — • *n Pure acoustic waves, these terms are equal.

In predominantly acoustic waves they are.of the same order. But in 

slow-moving waves, C « y i.e., the Mach number is small,
I Pu l ~ c* l ^V/ << ’ and CS* ptf D,ay be 1Snored versus

Y*p • This makes it plausible for the last term in (8') (<^'*0
5

*) P
or in (8 2) f*') to be ignored for waves where ( C Us r« i

This is not the same as setting Cf3, - O , since the coefficient

retained. Reference to the derivation of Eq. (8) shows that the 

approximation is equivalent to neglecting the local time derivative of 

density in the continuity equation. It is the anelastic approximation. 

In particular it is applicable for waves whose horizontal phase speed 

Ch is small compared with Cj ,

Kh * (Uz+A>)
Nx- V1

V> , + /‘A-zt£_
K2UX **->■/*

(&)

The dispersion relation is now linear instead of quadratic Jn 

V*', indicative of the loss of one regime. The diagram appropriate to 

(52) shows that the acoustic (high frequency) regime is completely

eliminated.



In the anelastic approximation the energy density Is:

E 1 + 
2

should not be Interpreted strictly as potential energy, since, 

because of the scaling transformation, it also includes some internal 

energy.

IV. The Approximation ft*Q
If Ikzl »/ , Lz «3J * ISO , where Lz

vertical wavelength. Then in (8'): //tf/« Ah/ , and in (9')

/ f mp I « / pz l , so that we may ignore theJ$ -terms. Combined 

with the anelastic approximation, this gives the equations:

Y- & - o (*V

F



§tt * J-inx + N*mS t Vp - o (S4-)

These are precisely the equations which apply for an incompressible

cluid using the Boussinesq approximation (39). The wave solutions for
2that case are also va^id for an atmosphere of constant N , provided 

Kz»/ , C«CS and with the substitution S - & *
P' ' ff» • The restriction on the vertical wavelength is good 

for many phenomena of meteorological interest, so the approximation 

j$ 7 0 is a useful one.

Care must be taken in the interpretation of these solutions. The 

amplitudes of § and p are constant with height; therefore, the amplitude 
of & (and velocity S"e ) increases with height as fa ' /x , and the 

amplitude of p' decreases with height as J>o ^ ^ / 'v **
p0'^z and at a suificiently high level /P'I s P°- Similarly, 

parcel displacement is of increasingly large magnitude with height. The 

linearization in the original equation can no longer be valid above a 

certain level, which depends upon the wave amplitude.

With j3"0, Eq. (52) reduces to (43), valid for an incompressible, 

Boussinesq fluid. The wave energy flux vector is normal to ^ »

and its vertical component is opposite to *£ . If we take the equations 

with fipc, then S' is no longer strictly normal to Ik , since

Ik ■ S - J$$

Therefore is also not strictly normal to  , as Eq. (13) shows

that must be in the direction of § . However, the deviation is

generally very small.
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MOUNTAIN WAVES

Lecturer: Dr. A. Eliassen Notes by: R. Smith

Date: July 11, 1974 T. Curtin

I. Introduction

Internal gravity waves can be produced by many sources. Probably 

the best documented and the roost completely analyzed are waves produced 

by atmospheric flow ovar mountains. This lecture discusses a simple 

model of mountain waves containing many of the elements of the real 

phenomena.

II. Lecture Notes

This construction of a theory of mountain waves incorporates many 

of the simplifying assumptions discussed in previous lectures (i.e., 

two-dimensional, anelastic, Boussinesq linearization). This model will, 

however, retain the effects of vertical shear in the mean wind. In 

order to isolate the effect of mountains, and to obtain steady solutions, 

it is required that the basic shearing stratified flow

be stable and not lead spontaneously to growing disturbances. Further, a 

scale small enough to enable us to neglect the effects of the earth's 

rotation will be used for this problem. The basic flow may be in geo- 

strophic balance, but the associated cross-flow pressure gradient will 

not be considered.

After making the above assumptions and transforming the variables 

according to
. _ •  ^ -

U = U P
P=Pc'z

v o



to eliminate the explicit effect of strong vertical variations of 

we obtain for the disturbance quantities the equations:

+ l/ux + (Jz or + Px = O (2)

^ + U + N S + /£ = O (3)

+ ur - O W* a-

ur + Uf as)^ X

(The symbols retain the same meaning they have had in previous lectures.)
~ /v.

Multiplying Eqs (2), (3), and (4) by (X, Uj~, J3 , respectively, and 

adding gives :
(6)

Et+ (EU+piXl+(p^) = -au^
* ■S »

whe re:

E A/ 5 (7)



is the total wave energy (i.e., kinetic plus potential).
Achievement of steady solutions (^ = O > a"d -^sequent elimination 

Cf p and $ from Eqs. (2), (3). (4), and (5). we obtain a single equa­

tion for the field of vertical velocity

•4- = o (?)

This is the "lee wave equation' where

/fz> =
U

is the "Scorer parameter."
In general, if*) «1U vary considerably In the vertical. The 

boundary conditions at the ground la that the 1I<~ follov the terrain

ycx, o) - h M = 06)

Eq. (8) is linear with coefficients independent of x. It is possible, 

then, to reduce (8) to an ordinary differential equation by taking the

Fourier transform:

iZru ,i)- fie j CytK,?) e
h(x) = /?e *)£(K) e** J-k

o

Gw



From (11) and (8) :

UTZi + (jT-k)ur ~ O 02)
while the lower boundary condition becomes, using (10) and (11)

£r(K,6) U A (TO (V3)

For regions in the atmosphere where £ is constant, (12) may be solved 

to give:

a) For K > X K - X ? AA>0

C- - A 0*)*c *

The wave structure is exponential (i.e., external wave).

b) For  E Xk; < JL X - k

The wave structure is oscillatory in z (i.e,, internal).

These results are identical to tlie results for waves in a quiescent 

atmosphere if Uk here is considered to be the "intrinsic frequency"

& of the waves.

In either case [a) or b)) two complex constants must be determined 

The single boundary condition (13) is not sufficient: another condition 

is required. In case a) the solution 0 may be rejected as it



Ayzfivhen Jt . The principlehas infinite energy density, hence
A

in case b) cannot be used because the energy densities of e and
• ^

are both constant with height. Historically, four different, 

but equivalent, methods have been used.

1. C. Lyra (1941) required that the solution LkJ" (X, Z) have no waves 

on the windward side of the mountain.

2. P. Queney (1948) introduced a "Rayleigh friction" (i.e., proportional 

to the velocity). Eq. (15) then becomes:

ur - A e + ek *

where ")q " is related to the friction. Here even for small

"yj" to keep the solution finite.

3. E. Holland (1951) proposed to solve the time-dependent initial 

value problem and determine the stationary wave which develops for 

large £ . This was carried out by Wurtele (1953) and Palm (1953; and had 

the same result as the work of Lyra and Queney.

4. Eliassen and Palm (1954) used the Sommcrfcldt radiation condition to 

select the appropriate solution. The mountain is the source of 

the wave energy and the wave motion may be considered as a radiation 

of wave energy into the infinite half-space Z >0. The situation 
here is analogous to ship-waves (except that II )



considered in a frame moving with the ship.

u Ship Waves

Mountain Waves

In both cases, the group velocity is directed awav_ rather than toward 

the wave source.

Using Parceval’s Theorem, the integrated energy flux is:
OO 09

f * ( pur dx =7^ k O1)
^ n

The contribution from each wave number is k thus:

F = TT Re. (p <*r )
Use of Eq. (3) gives:

(y*
F = (_/ -r— / it ** \7T — T-^(ur ur%) 09)



For case a) k>SL , this gives:

F*’ (20)
which is zero if 13* — O

For case b) k< X

F* = rFy(!K\~ I BkF) ^
** A iXz  _  zHere, (J-;/! £ transfers energy up whereas 

s\ -XX
\aJ" — H e

transfers energy down. We require tint all wave components transfer 

energy upwards , away from tlie source. Therefore, $ s Q for < St - 

This condition is stronger than merely requiring that the net flux or 

the flux for each K be upward. This radiation condition can only be 

applied in Fourier space where the wave components are identifiable. 

This is equivalent, in physical space, to the condition:

//v*w
/*♦i pux - O for all x

3 *-v <w>

but this form is difficult to use in practice.

In the Lyra-Quency solution jt is constant throughout the atmosphere:

K>JL t <X)(K,TZ)=Bk

<Z(K,o) = BK = XkU h(k)



u/-?< , z) = A e
u/( k,o) ~ Ak = A.kUU (k)

oh.tion consists of intreRrals over the internal and external
spect rum.

> 2) - U § j. k h(k) e
oof • /, \ 2 a- k X -»^Afc-Ufcrle e Ukl (23)
A J

tted in KIg. 1.

placements of m rental inos rreputed for an alratrraa fttr 
Is approximately independent of height, (after Sawyer, 1960)

■■I



The energy and momentum flux

Suppose thac E-+0 when)^-^*©© as for a wave system produced 

by a finite width range of mountains. Then from (6) in the steady

state:

^ JS ur cix = cix Oy)
oo

From Eq. (2) :

(u a +p) + - o
multiply by U<X + p and integrate to obtain

oo

If

^(pOdx + L^U^CiZr J.X = O
- ,30 ~

OO .^ yt U/- cA X = - L/ ^ U U/* cXx,
- oo

(2 s')

Combining (24) and (25):

U j~=r £ u}~ clx - O

Therefore, when^/j^^, the momentum flux

= (J~ uur o(x C2 6)

is constant with height (Eliassen and Palm, 1961).



The energy flux is

r= - uk,
so when is upward, is downward. Through the mechanism of

wave resistance, the mountain acts as a sink of momentum.

Ecjs. (24) , (25) , (26) , and (27) do not depend upon being constant

with height, but are generally valid when H"~^Ofor (X I —> oo

Additionally, (25) is valid even where Q
2

U > 0 at all levels
2

No wave motion

No energy flow No momentum flow
, < • • * • m m ^

- ' * Turbulent, dissipating layer ‘ - .

F >0
Upward wave 

energy flux,

increasing 
with height

rgeir!
(because Ua>0) \

(i.e., transformation ^ 
mean flow energy ■+■ 

wave energy)

1
J
i

Downward 
momentum flux

constant with 
height

The mountain is the source of wave energy,,so p' at ground level must

be larger on the windward than on the leeward side, in order for

y p £> ci* > o
In a layer with no dissipation the energy flux F will change with 

height in proportion to U. If U increases with height, there is a



positive flux divergence of wave energy, implying transformation from 

mean flow energy into wave energy.

Suppose the wave reaches a turbulent layer where the wave energy 

is totally dissipated to the extent that there is no wave motion above 

it. This layer will then be a sink of wave energy and will transform 

it into other kinds of energy.

Below the dissipating layer, the momentum flux is downward and 

constant with height, so there is no removal of momentum from the current 

Momentum is deposited onto the ground through the pressure difference 

between the two mountain slopes. Momentum is extracted from the dis­

sipating layer at the same rate, and this layer is therefore slowed 

down (Bretherton, 1969). These conditions will then set up a lateral 

circulation (much like the Ekman layer circulation) , which through the 

action of the Coriolis force will redistribute the momentum vertically.

In this way, the wave resistance will affect all levels.
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AIRFLOW OVER MOUNTAINS. I.

Lecturer: Dr, A. Eliassen Notes by: K.-Y. Fung

Date: July 22, 1974 L. Gidel

A case where Is constant throughout the atmosphere has been 

previously treated. It showed that energy flux is upward to infinity 

and momentum flux is downward on the lee side of a mountain. The 

wave motion is relatively weak at low levels and is strongly damped 

downstream. Scorer (1949) points out that lee waves are often strong 

in the lower troposphere, with many wave troughs and ridges downstream, 

and that this must be due to a variation of JL with height. This 

lecture takes into consideration a two layer atmosphere and investigate 

how it leads to wave trapping.

F

where:



^et Z- - 0 be the level separating the lower layer with Scorer 

number , from the upper layer with Scorer number S.L . The solutions 

satisfying the transformed governing equation

<*4* +(£*-£ )u/ = o

in different regions are shown in Fig. 1. It is assumed that there are 

no waves coming from infinity. (This is true even if the fact the linear 

solution cannot be valid at all levels Z yO is taken into account. At 

a certain height, dissipation must take place as a sink to all wave 

energy.) A, can be determined from the boundary condition at Z - — H
A A

and B, , A2 , , are determined by assuming 1AJ and 
dz

are continuous

at Z-0 • That is,

~ 1 td,z - lJ,2 at ZL-O ( 3*0

This is true provided £^(Z) does not contain a d -function or dipole at 

Z-O (no abrupt change in 0 or U with height).
Consider separately the cases < Jit , < Z , « y$_ :

1) K< -li : internal motion in both layers. Applying the matching 

conditions (32),

B, - A,
A, Aj.

A 2 a, CBM')

These equations give amplitude (0,1 , |A,( and phase (ar$ 6,

Az ) °T the reflected ( 3, ) and transmitted ( Ai ) waves res­

pectively in terms of the incoming wave ( A, ). '.be energy fluxes of



the three waves are

71 A2 IAO*

The reflection coefficient /l is the ratio of the energy flux of the 

reflected wave to the incoming wave:

16.1* , (A,-A,f (15)
* ' |A|“ (A.-AO*

and the transmission coefficient

__ lArl1 4 A, Ar = ,_/L
“ 4, TaTT ( A, -+ AxY

showing that there is partial reflection. The solution in the two

Ady CIO

CesA.Z. 4 - A* ) C 3^)

- ^z:
e

2) ^ < K <j£, ! internal wave in lower layer, external wave in the

upper layer. The matching conditions give:



B. ^ x»-—-A A, 
A i -♦ >*. f t

B, =--------^ 1—A

(3s)

(3<0
A , *

Since the external wave In the upper layer cannot transfer energy, 

total reflection and hence trapping occurs. Here,

71-"W=' ■ Mo)

Also:

'Cd, — ( A, COS A, Z. -Ml 6 in A, 7L) (*||)
A , + «/^ 7

Nodal ■tV
A 

 surfaces ^ccur when I ,
.

 { = 0 at heights Zn :

z„ = a, tarfHy ^
3) K 7 (L, I External wave in both layers ()

e>, = -(M, *xt.) A. /&> yu. > ; £, =
The energy flux is zero in both layers.

■Ur, -- y-‘‘ sinh/t>z ) ^

fiO« I X O for all 71 <0

Suppose the ground is at level 2lr~H and the boundary condition

is:
(/<’. -h!) - / KXJcfi(^) OH)



The solutions of tO, in three cases arc: 

1) from (6)

„ , . * A. Z

^ h A, CosA.M - t Ai S.nA.H
C'+5)

2) from (10)

* Voos A,Z-/C s.nA,Z_
W,*)~tKUe 1 A, tce-A,H -+ <> H (%)

3) from (12)

/* M‘ cos ylU-/VW[lL
= ‘ K U h^, cos/'.i-UMiSc'Ui.H

(V7)

Hence:

-U’,'- X u/--e a* *k r\c‘m k 1

‘, < £ < If does not have a pole for Ji, then it

follows from the Riemann Lebesques Lemma that

Xim (0. — 0
\X\-*oo

and there are no trapped waves. However, suppose that the denominator 

of (46) is zero for certain real values K = • K = ^ • K =
etc, in the internal ( i-z > X, ) where » * nre tlu

roots of tan A. H - " 7j£ A, = U,'-K' 
r 1

i nr r ifniiiniWiirnnirfiMriri it r ii ■itmiriiir



It can easily be seen that these are simple poles. The number of poles

depends on the value j—{

F

As shown in Fig. 2, for H 11,1 - 2./" < ~^/, there are no poles; 

-£ < HiTvT,* < ^ • one pole; < hi /T'^X* <

two poles; etc. /VVr(l2) of (48) does not have a meaning when the 

integral goes through the points K - Kj / ^ ... If we assume K

Is complex, by Introducing some dissipative mechanism in the governing 

equation, the path of integration may be changed from the real K -axis

to that shown in Fig. 3.



Tm K

v<

ft ~ Plane

TOC

L*<o

Re K

v'"Po1Kc< mte<^rat.er\

Fig. 3

betting £;-*•<? • calculate ''using the method of contour integra­

tion and the residue theorem. For X 7 O * the contour integration must 

be through the upper half K plane, and therefore picks up residues.

For X < O , the contour integration must be through the lower half of 

the K plane, and therefore picks up no residues. Thus, on the upwind 

side, there is no wave motion and there are infinite undamped wave 

trains with wave number K# % , on the lee side. The result for

K- C Is:

to' . * ( A.yCCSA )
/ (pf‘* ) V fs.V J

The trapped wave will not transport wave energy upward (it lias vertical 

phase line, but instead the wave energy will escape horizontally down­

stream) .



The trapped wave carries negative momentum downstream, and whenever 

wave energy is dissipated negative momentum is deposited.

Fig. 4

Fig. 4 shows a typical variation of JL with height in the zone of 

westerlies.

The approximation Z “const, does not seem to be a good one any­
where. Still it is useful for quick results. Lliassen and Palm (1960) 

did a three layer model case. They showed that the middle layer witli 

the smallest JL , effectively reflects the shortest waves. Cases 

where X. constant have been studied. Sawyer, Palm, and Foldvlk use
* > -itL — ti , leading to Bessel functions; and Klcmp and Lilly (1974)

}-l
used a second order polynoniais for X. , with the result in terms of 

ttigonometric and logarithmic functions.



The Interface condition we have been using nuy not be satisfied 

in some cases. The kinematic boundary condition at the interface is

AS = -'S, -0

From

ur-'UX
A U = ^ 5.

r A U

therefore ^ t«J — O

only if AU ~ O

Integrate the lee wave equation

with respect to X . We have the equation for

Integrate over a thin transition layer with respect to Z.

( VJ St ^
We obtain the second interface condition. If AU-C and A G - O , 
then the interface conditions arc

A tJ - O , AfJt. - o
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AIRFLOW OVER MOUNTAINS II: NON-LINEAR THEORY

Lecturer: Dr. A. Eliassen Notes by: A. Friend

Date: July 23, 1974 J. Price

I, Introduction

This lecture considers the finite amplitude problem involved with 

airflow over mountains. The wave motions discussed have relatively 

short wavelength, and short time scale (Coriolis effects are not impor­

tant). Vertical accelerations are also considered, and the problem is 

developed according to the methods of Long (1953) and iih (1960).

II. General Development

Development begins by defining potential density, q, for which the 

following relations hold

e-fUf) _ . 
J'Z ~L' r'- if (fl

where is a reference pressure at which the function } ('f~)

equals unity, f is the fluid density, ~ & expresses the

conservation of q for each particle, and y * .=• is another

function of pressure which is useful during the later stages of develop­

ment. When the fluid is an ideal gas, the relations in (1) become:

* - / *72- \ K ^

r-®' (=)
where Cv is the specific heat at constant volume,Cf. is the specific 

heat at constant pressure, is the universal 6as constant, a:\d & is

potential temperature. In the case of an incompressible fluid the

mm ifeiHMI



equations in (1) become:

f *• e t‘i rr--f- ( )3

The solutions obtained here are derived for steady flow of an ideal gas 

in the xz-plane ( - '?~ C) .

The momentum equation is then:

V* W +- VY + ([Vf- ~C (q)

where fiz-ryyand the continuity equation is:
4 '

From (1) and the steady flow condition, we get the conservation of 

potential density:

= o (£)

From (5) and (6) we have that

 --£>
o)v-(r v)

and so may define a streamfunction such that Y - J X Y"

where is in the y- direction. Vorticity is defined in the usual 

manner. t

(VV/\\V =■ Ouj

where  )

From (4), and using the definition of IT in (.1),



V-VV + Y<f + ivrr

or
CajTaV + V((t + iVxfZ) ',rvi (ic)

Taking the dot product of (10) with \)/ we get:

y. OJjxV + V• IP(4 V/'4 'I") - Z-) -

>=The first and third terms vanish from (6). The vector + + Y>'

must be perpendicular to and thus a function only of . In fact,
4 r { V Z + % is the Bernoulli function for this system and will

be defined as:

= 4* i"/2 + f in)

From (6) we may also deduce

From Eqs. (8) and (10):

— v'V'' + V B - 7T V ^ - 0 0

or: to j(i) . ^
y +■ JT‘

(J y)

Eq. (14) is the vorticity equation relating vorticity to pressure along

a streamline. Eq. (14) may also be written:
('/A')



Assuming that the flow is straight and horizontal far upstream, and that 

U'WjTT'W, j the velocity, pressure, and potential

density functions at an upstream point c are known, it may be assumed 

that P^V'jare also known from these conditions. Eqs. (14)

and (15), then, together with (8) and (9), are differential equations for 

. However, they also contain the unknown pressure functions TTan& / . 
Ill. The Work of Long, Yih, and Claus

Long (1953) used the vorticity equation in the form (15) for an 

incompressible fluid (/=/ ). Eq. (15) becomes:

L J( fJ)
f-'Tf ’•

UO

Long was able to integrate (16) for some special cases and verify the 

solutions with laboratory experiments. Long's boundary conditions were 

ty' = C along a lower boundary of specified shape, and constant ^ along 

a horizontal upper boundary.

Yih (1960, 1965) introduced the transformation:

•X >'

(It)

V*\Z' = tv'j (l 1)
Using this transformation, Eq. (4) may be written:

\k '• w' +- vZ +■ vTr * g



uo'7*V' + V(fB) -</Vf- = C (/. C)

with + Tf'

oof. AJdtil _ ctd^t r

Hence

~~Jy' ^ Jy'
or:

v.(Y)--r[4d-df]

C-i)

(•u)

This equation maybe integrated for atmospheric conditions if an 

approximation is made for the unknown function fi'f-') • Claus (1964)

approximated Ifif) by setting

and ignoring A . This gives -f as a function of H; and

An alternate approach, which might be better, is to use hydrostatic 

pressure in f(j) .

For some very special cases, Eq. (22) becomes a linear equation in 

y' which can be solved by standaid methods. Claus (1964) computed
t

solutions to Eq. (22) for a mountain ridge with a horizontal lid 

(constant ) as the upper boundary condition. The rationale for this

boundary condition in atmospheric applications is that the tropopause, 

due to its strong stability, can be considered us j lid. Linear theory 

provides proof that this upper boundary condition is incorrect, since 

the lid is a total reflector, and causes the loss of the continuous 

spectrum of waves transfering energy upward. The only solutions



obtained are for trapped waves (if they exist).

The following figures (Ylh, 1965) illustrate the dependence of 

Claus' solution upon compressibility an<’ upstream functions.

Figure 1. Comparison between the flow of an incompressible fluid w ith that of a 
compressible fluid. Incompressible case (after Claus. (I9&I and 196-1)). (J. Fluid 
Mech., 19, ran 2. Courtesy of llie Cambridge Unit. Press.)

Figure 2 .Comparison between the flow cf an incompressible fluid u ith that of a 
compressible fluid. Compressible case lifter Claus (1961 and 1964J). (J. Fluid 
Mech., 19, part 2. Courtesy of the Cambridge Univ. Press.)

Figure 3. I'pvtrcam conditions leading to a flow patlcrn w.lh one Ice-wase 
component (after C laus (1961 and 1964(1. Ihc velocity is in leriusof \ .vi/. the pres­
sure is in terms of a reference pressure pi. and Ihc density is in terms of a reference 
density po. !J. Hunt Mech., 19, part 2. Courtesy of the Cambridge ( nil'. Frets.)

BIMiMMtHiMi <f 1—1 as



Figure 4. Flow pattern with one lee-wave component (after Claus [1961 and 
1964)). (/. Fluid Mech., 11, part 2. Courtesy of the Cambridge Laic. Press.)

Figure 5. Isotherms in the Row with one lee-wave component (alter Claus 11961 
and 1964]). (J. Fluid Mech., 19, purl 2. Courtesy of the Cambridge t '.nr. Press.)

Figure 6. Upstream conditions leading to a flow pattern with two Ice-wave 
components (after CIjus [1961 arid 1964]). The velocity is in terms of y gj. the 
pressure is in terms of a reference pressure />«. and the density is in terms of a 
reference density p«. tJ. Fluid Aletli., 19. port 2. Courtesy oj the ( ambndge true. 
Press.)



FiOLfRE 7. Mow pattern •»ilh two lee-wave components (after Claus (1961 and 
1964]). (J. Fluid Mi ch; 19, purl 2. Courtesy of the Cun,bridge Unw. Press.)

IV. Blocking

The steady state two-dimensional problem for a given mountain 

ridge, with given upstream conditions, does not always have a solution.

If the upstream velocity at low levels is too weak and the static 

stability sufficiently strong, the low level air is not able to climb 

across the mountain. The term for this non-linear phenomenon is blocking. 

The problem must be reformulated as an initial value problem because a 

wave will move uDstream and change the upstream conditions.

One sort of criterion for "no blocking" may be obtained from the 

Bernoulli equation by comparing two points on the ground streamline.

One point (y - C) is far upstream and the other is a point ( y - Xt )

on a mountain top. From Bernoullis's equation,

X C;«.“ + — = y' yT 4 Ur —r- (w)

Since £ UT 5 O

■4 U.f > ^7- y — ft'*. ~ Vt
‘ . 7 T

(we assume Uv - C if blocking docs occur) ,

(a S')
-i- 
i o

This criterion can be used only if an approximation can be made for the 

unknown Ty. . One approach ic to assume that ]Tt Is hydrostatic.



Strictly speaking, blocking is a tvo-dimensional phenomenon which 

does not occur in the three-dimensional case of a limited mountain.

In the three dimensional case, the low level air may move around the 

mountain: however, for long mountain ridges, nearly stagnant air often 

occurs on the upwind side. In Norway it is not unusual to have blocking 

with either east or west winds- and dense air at low levels.
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MESuSCALE MOUNTAIN WAVES

Lecturer: Dr. A. Eliassen Notes by: L. W. Chang

Date: July 24, 1974 S* Tracton

I. The Spectrum of Mountain Waves

The general solution to the problem of airflow over mountains is 

discussed in order to gain Insight into the nature of the solution which 

applies when mesoscale ( | |Q0 “lOCO k|(\) mountain waves are explicitly

considered.

For small disturbances of a straight baroclinic current with no 

horizontal wind shear and "f -constant, the basic current is set as:

2£_ = -fU£r: I
The perturbation variables are:

u‘3 ir or
tf'= ^ yLijl' i

•^=r'srtl^

The perturbation equations are:

f«'4T S'‘w''Lli‘*t*=0

?.-{( +p.k=o 
¥ si’ *

ux' Y 0*1-0

U> 

(s y

(S’)

.



X ^ t i ^ ^
Ue Introduce new variables: (1 ^ fc (X * ^^ '*'>

l-H*.
Upon substitution of these new variables into Eqs. (1), (2), (3), (4), 

^ disappears from the perturbation equations:

4| ce*}
f

Jg -flVL + N’S (8>

U* + liF* -0 00

The vertical component of vorticity ” w" is , where the

horizontal component, of divergence ^■s Therefore, from Eqs

(6) and (7), we obtain, respectively, the vorticity equation and the 

divergence equation:

^ t f i-C

nt4fr - j« + % Dj w; t ?** ~o 60
Here ft. is equal to unity or zero. Wien ftj r O . denote the

o
quasi-geostrophlc assumption for the perturbation field.

In order to eliminate^ and $ from Eq. (8), apply to

Eq. (8):

it

vhe re:

jUtvi-sV

K~ I
Ot>

o
1

quasi-hydroatatic assumption 

non-hydroatatic assumption



Ass-imlnp a steady state solution (-© ), ap, iy Fourier transform

to Eqs. ■ 1.0) , (11), (12)

v- Rt, e*w«U

J*

^c> get the characteristic equation for •

[(aV~1 ” ^6s >
where:

A
Jt ="yT- Us(-ir)

13, U?^ -nd C."1" are assumed to he functions of "2" only.

The property of Eq. (13) depends upon the wave number . I'nde.- 

normal atmospheric conditions. /) is of the order lo'^StC* and 

jl • Therefore, #

Ve may distinguish between three cases:

A, Gravity Waves

k-.lLK Ll

In this case, non-hydrostatic, nongeostrophic assumptions must he 

set. ft Jr X and

Therefore 7ln *!• <13). Coriolis effect can be 

neglected. The differential equation (13) becomes:

+ (tV) *•c° fl4>

Till* Is the *'lec wave equation*'



I

B. Crcvity-Inertial Waves

In this case, r*K- , and the quasi-static approximation 

may be app’ied. The Eq. (13) becomes

of K, solutions generally oscillate vl'h height, whereas for 

^ ^ . they resemble the exponential function. Due to the

singularity, this case is more complicated than A, and there is 

very little literature roicerninR it.

The equation has a singularity at le % . For larger values

C. Quasi-geostrophic Wa-.cs

Set "»0 , and obtain

The conclusions may be summarized in the following diagram:

F



II. Properties of Hesoscale Mountain Waves

For low Hnch-nusi>t .•*, the steady flow cf a stratified atmosphere 

over a souita. i does not differ much from that of a stratified incom­

pressible fluid. Consider, then, the properties r.f an 1ncomprcs*lb]e 

fluid:
O'* - ,N

k' > «< * specific volone 111)

The generalization ,o l sent Topic flow of a gas is straightforward.

is used as the vertical coordinate (equivalent to Q coordinates), 

The following notation applies:

horizontal velocity on <V surfaces

V-V
M= C{> + ,* -p • Montgomery potential 

The horizontal scale Is assumed large enough (> ,0‘>|s) to allow 

application of the hydrostatic apprc.tltut Ion:

The continuity o: uoss equation Is:

be" + 0 V’v= c
while tlie Botnenturn equal ion Is:

f Ik < V VM
Dt

fel)

The basic geostroplilc current U(^)l% specified:

P* '-U J
(ihcnwl wind equation)

(•>*)



E “X- , tv , and only - o) *•Perturbation variables are functions o:

U ~h m'Cx.*, £)
Af + >m' (*,*.<0

s(_ _ A_ + u$- 
olt dt O'*

P + P'i-X,*, t )
(**0

(') will be dropped from(Note: From this point on, primes 
perturbation quantities.)

the y direction is defined asThe perturbation displacement

O-.rf, *0 •

v~~ t*s-)
dt

The gravitational perturbation is given by:

The perturbation equations are now:

- /V- ■+• = o
dt

At 7 o C3S.)

/m*



Note:
-.-rr> cl& = - A'™-**

— - — ('»! 
6’X ^ 4?L*+ U«/n«*u

■ / tA-tc^t

= - 1r*1’kjL(r-w^)
dt 1 eXcJ &)

11 we multiply (13) by -R^i( , (14) by — R*. IS" , (15) by - Y*\ , 

and add the resulting expressions, we get the Wave Enerpv Equation:
cvTf ^ off +

cit ) 7t = h

whe

(^)

re: £=£(-&) (*'♦ (33)

I -U* — f *<-• 'ryi ~u t$s)

The vertical eddy flux density through -surfaces of momentum

can be written as:

= - •^■7* -- *°(w* - *f*) (S6)

- f (j^ -^Z) ?C

The lower boundary condition is specified as:

f^fo O. t)

i. e. ,

'J'l; — ^ - tfvC'K't) Sit <X-«a (37)



For the steady state case: <L ULdt d'X

ITZ it >7; (38)
Upon integration systems (27) - (30), with C> becomes:

it fri.— fyl) +- ~ °

u2r)x* + W * c‘
^rio( - -j*

Li jo* - fU«+ U^( + P« ^ 0

(39)
fro)

fro
(**)

If fc-^Oand ~v,-*o When iXfr^i , integration of (36) yields:

F« - J* f/ cU 6( u[f^x O-X

, -HFZ («s)

Integration of the wave energy equation (32) yields

d<
4_ Fj ~ j g£■ <*x - - ti* cfr- i UFk

iiifrJ-x [ufrf*'*]

Consequently, when LI C'

^ ^ /7>1 dx — -f ^X-K \ dC X
dd ^

(W)

By Fourier transform,
xm. - /^f?. /" ^n'1 (P/d) dfr^cOz.

Jo

/u -- (L ffr (l<) e ^ dA. ("f)

), !?, f*3 >> ( k, •<) t dk-'



fa - j4 fa (A-.*) <(h~ (j/e?)

Th-> set of equations (39) - (42) becomes:

4<L , tu.7^
^ = _ £ (^- f'K

■f

(«£>)

(«7)

f*0■f Ufa - (-fx uu^ - A u ) \
If 7? is eliminated from Eqs. (47) and (48), and the result is combined 

with (46), we obtain:

where:

A
<7>1

r.-

z-Tfa = - P/7,'7

~ K< + LxL±«
U
cf* .£.**/«<

ft.7- Uft2- U cx^/V2-

-7
I is a function of height (i.e., C* ), and is not the same function 

of height in all cases. Further, a singularity exists at the level

whe re

u
is continuous in space (•'?’? need r.oi be). A differential equa­

tion for -jZ can be derived by taking ^ — of (49) . The result

is (5p,t)(j1 ft*)* i~ yjZ -

From Eqs. (46) and (48), express and in terms of -fa

V
u

-Pi 1 A Ufa!
h' u

A (&0



A
/JL =

U
-P* Kz it

<
poi (*Z)

From (43):

F_r,-
r-o _ . f) { 'A p, dk (63)

U S ^ = - // U.M')*'
cx

F* = - * U& (- yC) = ^ M ^ ("‘* ^

= 7x ur-k iU. (*v
Rlcatti equation: 

Define:

^ = T
-A A

/tvl
A

Then:

— /^<K — <!Fk* r(&)’i /* 7 esc)

■ ft
From (54), can be expressed in terms of -A- :

f = TZ U k~ ^C-b- aa
v F ' (SJ)

Consider now the solution for a layer of constant

i) T> o

V :

From (50a): a
-■fer* +- '-p ~ °

= fit 1Xai + Be

tJ / i n t 2-

455)

jt ±>o; *>o .
rsv)i •-> i 2 \



A-Wave

b) V< o

4 ,f) e "*+ 6 s f* ™ <*>>

r/= -2nk-^ A«- (A6*)
A-Wave

B-Wave

Matching conditions at interface: from (50a)

0



c) Solution near the singularity V -

/,5 - - J2/T ^ = 6 x 10* sec Us

( t/5 = 10 m/sec: /_S = 6 X/0

^ - ex'- <5
(<W)

t1->^r + YxT + "' ^5-;

• f = J-r (i+ a, f 4- -•• )

(rf)r + f f
.£, = /-£+.•• ; fk-f,^'S+
' M

k^n...

The solution is:

+ MT)c-e* u+Kv) M
£ (5) and (^(£) are analytic with
K

Fk(o) - &k Co) = o (67)

and C?^ and fl.are constants.

Hence: + R* t 0 (63)
/ho - - Vi y F - -^Y' (<<A)

A A / (l0)} (7/)



Following Booker and Bretherton (1967), the singularity

Us = ■̂ + * c+ ) \ + ^ ^

Thus:

rs = ^ \j > o U<< > O

LU j < O IF Uo('< 0

Hence, if Ux>0

T 1 0 LO H £■ A7 r>o
<x< y T = Oo Hfz. A'

Tlierefore,

^ J * °
IV HGflJ

(J
and

- TZ U' HFN J < o

Ar = <
JU\. 1 ^ 1 LOH£\) ^ > O AVa

J ) &L / $ / -4.71 j*<0 /Wd (Y«x-> 6

3” -
The energy flux is

^ <r 1 + ,:7T wwf a/ r<<>

)
7T-P V, &n, (7?a ) > u

t~£ ~ j 11 f KC^nu (A/x ) ~i- TTlflkp-] $<0;U«>0
i 11 -f y) £ (A/z &n ) it(ah.\ J r*-0j u«(<o

Tnere is flux convergence in each case.

III. Numerical Study of Mesoscale Mountain Waves

Eliassen and Rekustad (19,71) h-ave performed numerical integrations



of the equations describing air flow on the rotating earth across a 

mountain ridge. The width of the ridge is about 400 km. The motion 

is assumed to be hydrostatic and independent of the coordinate. A 

nearly steady state is reached after 34 hours, showing a system of 

mesoscale gravity-inertial waves which are strongly damped downstream.

Two initial conditions (Fig. 2) are used to determine steady wave 

patterns in relation to the temperature and wind profiles of the air 

current.
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Figs. 3-7 show the steady wave pattern in the plane. The conclusions 

that can be drawn from the numerical study are:

1) With the same mountain profile, the wave amplitudes of weak 
static stratification are stronger than those of strong static 
stratification.

2) With the same mountain profile and static stability, the wave 
amplitudes of linearized equations are much weaker than those 
of nonlinearized equations.

3) The wave pattern is quite sensitive to changes in the mountain 
profile.
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Fig. 3. Vertical cross section 
along the flow (xz plane) after 
34.4 hours, showing mountain pro le
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Fig. 5. Same as Fig. 3. Case b: 
weak static stability, equations 

linearised.

Fig. 6. Same as Fig. 3. Case b: 
weak static stability, symmetric 

mountain profile.

Fig. 7.
Same as Fig. 3.
Case b: Weak static 
stability with a 
wind jet. Symmetric 
mountain profile.



ON THE SEMI-CEOSTROPHIC APPROXIMATION WITH APPLICATION 
TO BAROTROPIC-BAROCLINIC LNSTABILITY

Lecturer: Dr. A. Eliassen Notes by: M.J. Leach

J. FishmanDate: July 25, 1974

I. Introduction

This lecture amplifies the work of Bleck (1973) by introducing 

non-geostrophic perturbations into the potential vorticity theorem. 

Where Bleck uses isentropic coordinates, Eliassen uses levels of 

constant specific volume (•**) in the vertical. In either of these 

coordinate systems vertical advection terms can be eliminated from 

the mathematics. Also demonstated are some criteria for stability 

of flow using the semi-geostrophic approximation.

II. The Potential Vorticity Theorem in ^.-Coordinates

In 0<-coordinate'., it must be assumed that the flu.'d is Incom­

pressible, or:

The fundamental definition and relationships are:

W ~ ^ ♦ p C<

- p
A) - = <p



where: = Montgomery potential

0 = geopotential

P = pressure
Thus, the potential vorticity theorem in ( X, y, « , t ) space is:

i

where the operator V refers to the horizontal derivatives on a given 

•c -surface.
If the absolute vorticity, , is defined by 2 x f * J , then P-te 

tial vorticity, Q , is defined by Q = - 2/>* , where the conser­

vation of potential vorticity requires:

Ad>^7 = O.
At

In his quasi-geostrophic derivation, Bleck. (1973) requires:

where:

Q = h
and:

- geostrophic vorticity 

-» geostrophic wind
Following Hoskins (1972) , the potential vorticity theorem is rewritten 

using the semi—geostrophic approximation.

W + -f^x^'+VfV0
t

Cl)



where Y Is the ge istrophic wind and V is the non-geostrophic wind. 

Solving for the components of the non-geostrophic wind of U and V ,

we get:

Au-- f)(My*Vi)-V)(Mx.u<')

Av = (V^run.+U^ . U,(rvy'«t ,
(A

where:

= f1 ♦ fj *V)<Vr-U>V,. (3)
4

and fa&O in order to have any meaning. Placemen^ of U. and V into 

the continuity equation obtains:

Further substitution of (2) and (3) into (4) yields:

Cf)



Eq. (5) is a linear differential equation in \\^ where the second order 

terms on the left hand side are: .

Since u, ♦ = o the two terms with mixed derivatives are equal.

Thus, the type of the x, y-operator in the brackets depends on the sign 

of(f-hy)(f+Vx)l~ltA Vy » A ■ Moreover, in a statically stable atmosphe 

o < O and since {» O , then (- ft** / f )> 0 •

Therefore, if A>0, Eq. (5) is elliptic. Eq. (5) can thus be solved 

if sufficient boundary conditions are given.

At the surface let

*<*•<, cx.y,*); (6)
and at the top,

of: W • 0 = Y\ - O (*l)* *<T > 'T ‘ ' \d ■

To get a value for «<, in Eq. (6), an advective equation is used:

__ _ v (%)

in which i\ and V are obtained from Eq. (2) and will therefore contain 

t\u and Thus, some type of numerical method must be employee

to get these values.
The kinetic energy equation can be obtained by multiplying Eq. (1)

ly'- ♦ v.V*V- -fkxv.V«-v.VM.(?)



The above equations can be linearized by letting U (y, *) 
represent a basic current (not to be confused with the geostrophic 

wind). Thus, for the basic current,

ho')

Introduce the perturbation quantities W, V , and . The 

linearized momentum equations become:

^ * 0 VAr + v Oy ” f V * V*VX Z 0 00 

vt + + fm = o (il)

The linearized hydrostatic and continuity equations are:

-p ; O (ti )

ta P.m, * (P,v)j so 0*0



The set of equations (11 - 14) has solutions ere x and t appear 

as a factor * (* ' * * . For such a solution,

CU-Ou - ^ -v - " ^ ^

•fu- (0-0><‘;T (U )

Solve (11’) and (12’) for U and V and substitute into (14’)

A' = f ^ - CU"cV k\ ('g^
Once again, it is clear that (16) is an elliptic equation when & >0 

The boundary conditions needed to solve (16) are

* V>> at the top

at the bottom.

01)

or some other equivalent conditions.



III, The semi-geos trophic approximation

Using perturbation equations of motion,

Mt ♦ MU* + AT Uy - fir + Wj, =o (n)

+fo, + vn^ =0 Oa)

Replacing perturbation values of H, fT involved in derivatives by their 

respective geostropiiic values

For solutions of the form

a ikCtt-eu = we
A ik C* -C/vr - ire.
a ibLf-c
w\e

t) 

t) 

t>

one obtains, after differentiation and factoring:



in + m (»")

fn = -m3 4j(U- (ta”)

Substituting these values for M,V into (1«’>. »« -»tain:

Cu-)^ + p4'?a+r*(u'c>s'n/

Using the fact that

q = zf. cn)
ru

t[i(llrHa' fl

=■0

:0

* (i “-r -.1 - (i = o
3



Look at Hiu term3r-*L+ yjL -j-i = [7
L -f G)-F QJ Lc

i
qf

ib. -

Q-F $1
but x £ — \j^ , so the term equals zero. We now have, after

r.dividing by ___

">« - [& *(p *)h w
Multiply Eq. (20) by following Rayleigh's (1880) method:

"W »i*+

By use of the relation

M * = (tn* " '’b*



Integrate over the entire area in ^ -c( space:

//M'i
•f JJ (^/Q)x I m I JLydci (2. <2^

Looking at the left hand side of Eq. (22) we apply Green's Theorem 

in the plane and obtain:

Using the fact that ( - ) is a positive number, and looking at 

the first integral on the right hand side of Eq. (22), we see that all 

of the terms in the integral are positive. We therefore obtain:



Now Impose boundary conditions so that the upper and lower boundaries 

are at constant pressure, i.e., p-  - constant.

The slope of these isobaric surfaces in space is:

Wp T7 ' (33;
The boundary condition says that

iiP+p) -o = +  +

from Eq. (10) . fu - -fy„, we can get

O. ^[(U-c)p-fU'fJ
Substitute for  from (11 * *) and for  from Eq. (13), yielding:

Looking at the left hand side of the integral of Eq. (22a) , we 

tllow the perturbation to approach zero for large ^ .



From Eq. (23),

k}\ ? £^!t
i'i/p

and from Eq. (10) ,
_L_ _ - Q 
?< " £

which allows us to say
i* - f Q u* z-

Substitution yields:
-Mutt* _

from the Boundary Condition Eq. (24),
- -f Un( ^ kl U + ^

~T u-c z 3
or - Uri m _\r\, = - £!k J2.T 3 £ 4-

The left hand side of the equation becomes:

feb-'4
fC«

-/(ia_'112- i mi c! y(U -c) Q d (as-)



Hence, Eq. (22a) becomes:

Rearranging

Writing phase speed c in terms of its real and imaginary parts,

(L- Cr +
we can say:

_t_ = q-c* f
U-c | u-ci

(X5 '
 “ '  + C/ v

The imaginary part of Eq. (26) must equal zero, since the negative

Now, considering the real part of Eq. (26) yields:



Suppose that )p = 0, i.e., on the upper and lower boundaries
0^ is constant. Therefore, from Eq. (29) we see that ( V* )g must

be of either sign or zero throughout the region. From Eq. (30), ( 

must be predominantly positive where is small and negative where 

is large. Similar results and derivations can be found in Charney and 

Stern (1962) and Pedlosky (1964), however, based upon a different 

utilization of the geostrophic approximation.
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FORCED LATERAL CIRCULATION IN A STRAIGHT BATOCLINIC 
CURRENT WITH APPLICATION TO FRONTOGENESIS

Notes by: K.-Y. Fung Lecturer: Dr. Ai Eliassen
J. CahirDate: July 29, 1974 

I. System of Coordinates

The set x, y, p, as shown, is chosen as 

coordinates. In order to study the lateral 
i

circulation, we assume no variation in the x 
direction, i.e., <L = 0 • The conservative

lx
quantities in this system are:

A. Absolute x-momentum (or spin), 

defined as:

J- <■ -fv

It is assumed for the moment that is a constant. If j- is not 

constant, j d if ‘ is used instead of + z/ . The conservation of 

absolute x-momentum can be written in the form,

Ui .i.i

vt
_ /V = 0

vt
CO

B. Potential temperature:

D&
r- 0

VC

andThe steady state current j.fX) , spin S (flf)  absolute

vorticity z satisfy:

-* ^ ->> - -

(3)

(V



or combining:

f Up = YQy (s)

which is the thermal wind relation. 

Here:

d- e 4J1 = e r(f>'>

r(>)

d J?
K_
P-r

JL'

K.

- C*/c
r

is a reference pressure and partial deriviatives are subscripted.

S- LI- fy (G)
SUf, J Sy - f ' ' * (7)

The potential vorticity <? can be expressed in a simple manner:

c) 

<!
\ d* ^ dV doQ:$ 02 Oif _

$ £)(/>.«/) ^(>y)

Suppose the system is perturbed in 

such a way that parcels are dis­

placed OJjK) from their original 

position and at the same time re­

ceive an increment of spin A/&



and of potential temperature . The perturbed quantities Ci, ,

■i' , 9\ corresponding to their steady state quantities L) t ,

. e respectively, satisfy:

- fy - - -f-t' - //

ip - - ye’- fr 0•)

Since the total spin and potential temperature are conserved*

StyyjjfiT:') + 4#r S(y,i>') 4- aA- 
9 (ji V|, /JoiTi) + 91 - 9 (lf, f>) +a &

Expanding /) , Q to the first order,

/{* Z — Yj Sy - Jl S p 4 A A- (

z M?

e’z ->J - n Qp -i AO (iz)

The perturbed quantities may be inserted into Eqs (9) and (10):

= -f + "f $f> 7T - fiy' --f A'L ( 1$)

0 - y&y >J -i Y9p K - - v A© (\4)

The displacements also satisfy the continuity equation, integrated over 

time from the initial disturbance.

+ Ti r 0 ( 15)

Thus the displacement must be circulating in the y-v© plane.



II. Free Oscillations

An example of the application of the above equations to fluid flow 

problems is the case where: A4 -=• <3 = 0 » free oscillations.

Along closed streamlines, the fundamental mode of oscillation with 

frequency V makes the second time derivative r - ■ Integration

along a closed streamline produces: §> 4 § [>^P leading to

 (v£>y>|^epTt) ]

(a)

4-jdj* ffisyrj+{Srn)d’-i+

This is an application of Holland's formula.

Alcng a streamline the relation ~~ holds and (16) can

be written:

§>^7 = + + Y8y')?+-YetS>]7‘^
§ Kir) dy

V* =
§y\^j

07)

(iO

where:

iqz-fSy- G'Sp tvey)5, *■ (19)

|[fSy (-fi,, 

~p1S>Q is required for all stable oscillations. R positive for all 

5- would therefore be a sufficient condition for stable oscillations 

Fro. the thermal wind relation, r l‘y . K definitely positive

implies that:

-fsy>oj

(-fSy) (-YSpX-ffp) (-^>“

OO



) > O represents rotational stability, —represents static 

stability, and - -fSp = - YQy represents baroclinicity of the fluid.

(20) may be combined to give:

-fY U > O Q'p 0

Therefore it is sufficient to have positive potential vorticity in order 

for a fluid to be stable with respect to lateral overtumings.

If A-'S- and A & are not equal to zero in general, the question 
arises: what are the displacements that lead to a new equilibrium 

state? In equilibrium, the acceleration term zero. From

Eqs. (13) and (1A) we have:

ij - f [ve^tvypir-Yis]
(«)

The integrated form of the continuity equation (15) suggests the dis­

placement function *Y" satisfying:

y 7 7t r. .7
Eq. (23) becomes:

\0
- -f Sy 'Ip -f -f ] y&y

£ L(’V')- f -6b- - v
t>’/

-JAt) = F (zO
where / represents the forcing, which may be a differential force 

along vertical lines, or differential heating or cooling in isobaric



surfaces. Eq. (25) is elliptic if:

(-fSy) (- Y&f,') - (- -f Sh: (-Y By) = f > O > ’1

Again, Q>o is necessary for the system to remain in equilibrium 

to the forcing.
The operator /j determines the extent of the horizontal and 

vertical direction of the lateral circulation produced by a disturbance 

( A4. or A 9 ). If = £ Sp- 0 and 4  ̂& f> are constants, L

becomes: .Vr r \ L. + i-[ + p; ayv
The coordinate can be stretched until the coefficients are equal. We 

then have a Laplacian operator which is isotropic in the vertical plane, 

and may therefore estimate the ratio of the vertical to horizontal 

extent of streamlines (H/L , say) for a localized disturbance by 

setting:

fSy _

TF ~ T*1
/M\\ ££v = zUL = £2.
\ L ) ^

Further, if 0 everywhere in a region bounded b} a streamline 

y has a maximum inside C•

f>o, y
 Therefore, the flow is indirect. If 

 has a minimum inside 0 > and the flew is direct.



In coordinates ('y, yp ), the operator in Eq. (25) is oblique, 

and has mixed derivatives V However, when transformed into coor- 

dinates ( £ , ) or ('V , Q ) , the operator becomes rectilinear and much

simpler.

In coordinates ( S, jfc> ) ,

Q = 3
3 ( f.

a fe.s) 3 (»,s) _ 6^
2fp,S) 2(p,if) ~ 1js

The thermal wind equation (5) becomes:

■f^j^ + y'9 s *■ O

~ (y L Vy“ 7s dP
b\ i j

nis

(»)

L (V' ) becomes:

-ys i.(r)r ✓>; + (vOifs')s (?^

F



In coordinates V :

4= -Sl ('iA

fe
The thermal wind equation is:

fs.+ •> h - (s,)
®P'y ’ pe
5y\ ' "p, ( ^ " hit)

/j (V"1) beomes:

-\>s uvn- (f«va')flf (3^
The coordinate systems ( p,5 ) and (y, £> ) are equivalent in the sense

that they both simplify the operator /✓.

HI. Forced Oscillations
Suppose the forcing p” goes on as a continuous process, and the 

variation in time is sufficiently slow. We may still ignore // (£ 

in (13) and assume that the current is always balanced. The response 

of the current to the continuous forcing is a lateral circulation, whose 

velocity ~V and GO may be expressed by a stream function:

3ir-- - % i OJ ; Vj,



Using the same technique as before, we find:

£ d j ^ AM V jL H && \S + TP L^Pr)- fc¥)
This is Eq. (25) differentiated with respect to fc. ”5 is a

momentum added per unit time, or a force. (-. (A9)/jt is the increase **
9 per unit, time, or the heat source.

In any kind of quasi-geostrophic or filtered numerical prediction 

scheme, the non-divergent velocity field may be prescribed. This 

implies a vertical circulation which can be diagnosed by an 6J-type equa­

tion. The CU-type equation in turn, implies changes in the geostrophic 

field by divergence and the concomitant necessity for the calculation 

of advection by the divergent wind. (34) is a special case of a generalized 

(jJ -equation, with = O, involving tilting and non-geostrophic

advection.

Differential temperature advection acts very much like a heat 

source. Thus, Bergeron's deformation field, concentrating the isotherms, 

gives a direct circulation as does a shearing advection. T. W. Sawyer 

(1956) was the first to compute the lateral c.rrculacion in a frontal 

zone resulting from a Bergeron-type differential advection. His equation 

was equivalent to:

 - if V ss)0y Vy (.L (y)

where, on the right-hand-side, the differential heating is replaced by 

differential advection due to stretching along the front (^x) or



- SAujycr^ C/ft G
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compression in the cross-front direction ( Vy - - Uy. ) Eliassen (1962) 

generalized the equation to:

b O') = - 7. V (ey Ox - oy)
r (UpV'y- Uy (36)

Here, the stream function is that of the velocity field. The first part 

of the RHS term represents Bergeron forcing; the second is shearing 

advection.
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VII. EKMAN LAYER 
On the Ekman Layer in a circular Vortex

By Amt Eliassen

University of Oslo, Blinden, S’orway 
(Manuscript received 1 March, 1971)

Abstract

The system under study is an Ekman boundary layer in a ''ircular vortex bounded
by a plane horizontal surface which rotates around the axis in an absolute sense. It is 
found that the vertical motion forced by a turbulent Ekman layer near the axis will 
tend to zero with the radius. In contrast, it is known from the Gre^nspan-Howard 
theory that the vertical motion is constant near the axis in the laminar case. Impli- 
cations for the spin-up mechanism and for the structure of typhoons are pointed out.

Lecture given on July 30, 1974

1. Introduction
Since the early works of Ekman and Taylor, 

the Ekman layer has been a familiar concept 
in geophysics. Their theories apply to straight 
geostrophie currents, and the diffusion of 
momentum is assumed to be balanced bv the 
Coriolis force due to the cross-isobaric flow, 
or, in other words, by the advection of the 
earth's momentum due to the cross-isobaric 
flow. This is valid under the condition that 
the Rossbv number is small, so that the 
absolute momentum of the air motion does 
not deviate much from that of the earth.

Taylor (1910; incorporated a slip boundary 
condition at the bottom of the Ekman layer, 
where the stress was set proportional to the 
square of the relative wind; this gives a 
complete determination of the velocity field 
in the Ekman layer, including the angle be­
tween the surface wind and the isobars.

The Ekman layer is known tc play an es­
sential role in a circular vortex such as a 
tropical cyclone. In this case the classical 
theory does not directly apply, partly because 
of the restrictions imposed by the circular 
geometry, and partly because the Rossby num­
ber is large, i.e. the absolute angular velocity 
of the air motion with respect to the axis of 
the vortex is much larger than that of the 
underlying surface.

Greespnn and Ilowaid (1963) studied the 
laminar Ekman layer in a vortex for small 
Rossby numbers. Using a non-slip boundary

condition at the lower boundary, they found 
that the vertical motion at the top of the 
Ekman layer is nearly constant in the central 
part of the vortex, including the axis itself 
(see also Greenspan (1908). eq. (2.3.9) on 
p. 31).

On the other hand, Ooyama (1969), Rosen­
thal (197(0, Sundqvist (1970) and Yama­
saki (196S), in their numerical simulation 
experiments of the development of tropical 
cyclones, all obtained results which indicate 
the existence of a more or less pronounced 
central eye, with almost no ascending motion 
in the center itself and the maximum at some 
distance from the center. These authors all 
used Taylor’s slip boundary condition appro­
priate for a turbulent Ekman layer.

Thus the distribution of the vertical mo­
tions in these experiments (and in a real 
typhoon l differs considerably from what is 
obtained for a laminar Ekman layer. The 
difference may be1 due to the effect of con­
densation heat, but it is also conceivable that 
it is due to the use of different boundary 
conditions.

The present paper aims at throwing some 
light on this question. The Ekman layer for 
a vortex in a homogeneous-incompressible fluid 
is studied, partly using the non-slip boundary 
condition at the bottom surface, and partly 
using the slip condition appropriate for turbu­
lent conditions. The two cases are found to 
differ considerably.



2. Heuristic analysis of the Ekman layer
Consider a homogeneous and incompressible 

fluid of density p and kinematic viscosity v, 
performing a circular vortex motion with 
respect to a vertical axis Let r denote dis­
tance from the axis, and t time. The motion 
is considered as axially symmetric, so that all 
variables are functions of r, : and

Let <y(r, t) be the absolute angular velocity 
with respect to the axis z, and fet ri r. t) and 
ic(r,z,i) denote the radial and vertical com­
ponents, respectively, of a "meridional” cir­
culation superimposed upon the vortex motion, 
as shown in the figure below.

Ax S

F

The fluid is assumed to be bounded below 
by a solid surface r=0, which rotates with 
the constant absolute angular velocity 

The Rossby number, defined as

Rocs.«•-?*!_ (2.1)

is tentatively assumed small, so that the mo­
tion is one of almost rigid rotation.

The upper boundary is taken either as a 
horizontal surface of symmetry, or as a free 
surface at z—ll. In the latter case, vve assume 
that the "local" Froude number where
0 is the acceleration of gravity, is everywhere 
small, so that H may be considered constant 
in space and time. Moreover, H is assumed 
to be large enough so that the Ekman number, 
defined as

(2.2)

is small.
We shall consider a motion without ex­

cessive inertia waves or oscillations. Under 
these conditions, an Ekman boundary layer 
is known to develop next to the lower bound­
ary: its thickness-8 is of the order

o=(-^ )*=£*// (2.3)

Within the Ekman layer, <u and v both vary 
with height; the advection of angular mo­
mentum is nearly balanced by diffusion. Above 
the Ekman layer, gradients are small, and 
the angular momentum remains very nearly 
constant for each fluid particles 'In the ab­
sence of inertia oscillations, the material sur­
faces of constant angular momentum in this 
region must have the shape of vertical cylin­
ders at all times. Therefore <o and v do not 
change with height: we shall denote their 
values above the Ekman layer by capital let­
ters. and write

w — 0(r,t), v =\\r,t) when z>o (2.4)
Conservation of absolute angular momentum 

for z>8 gives

With H constant, the kinematic boundary 
contition requires

!t>=0 at z=0 and z—H (2.6)

Moreover, it follows from (2.6) and the condi­
tion of incompressibility that

ft fH)vdz~^ vdz=0.

In the second integral, r has the constant value 
F. Denoting the first integral by Q:

Q'-r, t) = \ vdz 
#0

(2.7)

(H-S)V=-Q (2.8)

From the condition of incompressibility, it 
also follows that ir above the Ekman layer is 
a linear function of z:

tc
H-z z><5 (2.9)



of (2.20)

-ttCi\n-t).\<Q-a,)r- (2.22)
p

where C\~i-C.
From (2.11), we obtain in this ease

Q~— C, IQ- .n \(D^r>.\
—;r- '' r- (2.231

Again we take the case of. solid rotation, i.e. 
oQ/Hr — 0. Substituting (.2.23) into (2.8) and 
(2.10), we obtain

C, \Q-Q,\fJ-a,) r-
H (2.24)

a :P_o \!0—Q.'iWc-4C, L-U‘n- r (2.25)
C »l

Equation (2.5) becomes

Cl9,)^ (2.26)

or, integrated from the initial value flo:

(2 27)1
\Q—0,\ \Q<.

1 r r t -.o.: • Cl/7‘

Thus, for the turbulent Ekman layer, V—r' 
and U’~r. We cannot speak of a "spin-up 
time” in this case, since the spin-up or spin- 
down is not described by an exponential func­
tion. It wi'l be seen from 12.27) that the 
time required for a certain adjustment of the 
angular velocity will be inversely proportional 
to r; thus, at the axis there is no spin-up 
or spin-down at all.

3. The Structure of the circular Ekman 
layer in the vicinity of the axis of the 
vortex

The results of the preceding section are 
obtained from a very crude analysis of the 
Ekman layer. Below a more rigorous approach 
to the same problem will be made.

Our objective is to determine the vertical 
velocity If at the top of the Ekman layer as 
a function of r under semi-steady conditions. 
Since IV is not sensitive to a change of //, 
we may just as well consider the limiting case 

(or E-+ 0). In this case, the spin-up 
or spin-down will be infinitely slow, and the 
motion may be considered strictly stationary.

The following scaling will be used:

M=M=( £-)*=« (3-1)

The other quantities will be sealed according­
ly; thus

[r]=[ie]=o-I?i, M=/2, (3.2)
When nothing else is said, all quantities below 
are assumed to be scaled in this way.

The steady-state dynamic equations may be 
written

3r \ , ox . s-'.rv j + r , =03r\ / oz (3.3)

v^(<or2)+w^(wr2)= rz (3.4)

Bv, 3v, ,n, d7v /0 _V^--rW~-ry!J- — u>-)r= ^ (3.5)or oz oz2 v J

The first of these is the condition of incom­
pressibility. The second expresses balance be­
tween advection and vertical diffusion of ab­
solute angular momentum <W:). The third is 
the equation of motion in the radial direction, 
with the horizontal pressure force expressed 
as (—nV). i? is the angular velocity required 
if the centrifugal forces shall balance the 
horizontal pressure force. Since the density 
is constant, the hydrostatic equation requires 
that the horizontal pressure force, and hence 
Q, does not change with height:

3D
3z ■■ J (3.6)

The boundary conditions at the top are

o> —• D, v —* 0, when z —» m (3.7)
At the lower boundary, there is first the 
kinematic condition

n>=0 when 2=0 (3.8)

The form of the remaining boundary condi­
tions at the lower boundary will depend upon 
whether the Ekman layer is laminar or 
turbulent.

In the laminar case,

<o=l, o=0 when 2=0 (3.9)

In the turbulent Ekman layer, the boundary 
conditions are instead:



The value of w at :=S is, according to (2.8)

w.„=W(r.t) = -jfr(rQ) (2.10)

Thus, if Q is known, V, 11' and 911/of may be 
determined from (2.8), (2.10), and (2.5).

To obtain an estimate of Q, we must make 
use of the balance of forces within the Ekman 
layer. In a frame of reference rotating with 
the lower boundary surface, the radial velocity 
v gives rise to a Coriolis force — 2(1,pr per 
unit volume in azimuthal direction. Integrated 
over the Ekman layer, this amounts to —20,pQ. 
Under quasi-stationary conditions, this force 
per unit horizontal area is approximately bal­
anced by the viscous stress (—r) from the 
underlying surface in azimuthal direction. 
Hence

<3 = - 2.9,0 (2.U)

To proceed further, t must be related to the 
motion field. This will be done separately for 
the lamina" Ekman layer and for the turbulent 
Ekman layer.

In any case, however, it is clear that r will, 
ceteris paribus, not depend upon H \s a 
consequence, neither Q nor H' will depend 
upon H, as will be seen from (2.11) and c2.1C).
A. The laminar Ekman layer.

Under laboratory conditions, laminar Ekman 
layers may be produced. In this case, v must 
be interpreted as the molecular kinematic vis­
cosity, and a non-slip condition applies at the 
lower boundary; hence

ni„\,—0,

The surface stress is
r t oa> \—=vr( -, ) p \ oz /«

(2.12)

(2.13)

and a reasonable estimate of t, apart fiom 
a quasi-constant factor of order unity, is

t 0 0—■-r 
P >

Then, from (2.11),

<?~~|<5(.9-0,).r

(2.14

(2.15

- ,
 

)

)

This expression may be substituted in (2.8)
and (2.10). 

solid rotation above the Ekman layer, i.e. 
30,'Sr—0. From (2.8)

Ucvl *j{0-Q.,r (2.16)

from (2.10)
ir~5.(-9-l?,) (2.17)

and from (2.5)

3P (2.18)

and hence

0-0.~(0a-0,)c~H-‘,t (2.19)

We note that V in this case is proportional 
to r, whereas U' is independent of r. The spin- 
up or spin-down process is described by (2.19), 
and the spin-up time is seen to be

These-results are in agreement with the theory 
of Greenspan and Howard '1963).

B. The turbulent Ekman layer.
In vortices in the atmosphere or the ocean, 

the Ekman layer is turbulent. The coefficient 
i must then be replaced by a coefficient of 
eddy viscosity A’, which varies in space. In 
a crude theory, this variation may be ignored, 
except near the lower boundary where A’ tends 
systematically towards zero as the boundary 
is approached. This situation is usually treat­
ed by introducing a shallow “Prandtl-lnyer” 
of variable K underneath the Ekman layer, 
such that most of the wind shear in the entire 
boundary layer takes place in the Prandtl- 
layer. Let tnr denote the angular velocity at 
the top of the Prandtl-layer; then the stress 
near the surftfcc may be expressed approxi­
mately as

— = C!<e,.—-9,1(<i),—.9,)rJ (2.20)
P

where C is a drag coefficient appropriate to 
the level in question. We now assume that

u) r — U,
O—O, f (2.21)

is quasi-constant (this would be true if the 
ratio were only slightly smaller than unity).



V =C(0> —1K'(«—l'W!+r*oz
when z=0 (3.10}

|^= Cvy/(<o — 1)V!4 V- 
oz

We shall assume the solution to be analytic 
near the axis, and that vorticity ard divergence 
exist also at r=0. This may be achieved by 
expressing to, r and if as power series in r:

w(r, z)=wo(z) 4 wi(z)r4<*(2(z)r*4... 

j v{r, z) = t'o(z) 4- Pi(z> 4 t’:(z)r! +...

ui(r,2)=tco(z)4U'i(z;r4it':(z)r:4... C3.11)
Substituting these expressions into (3.3-5) 
and collecting terms of the lowest power in 
r, we obtain (with primes denoting differenti­
ation with respect to z):

2pa+a’,»=0 
2vqu>o 4 tt'oCOor — coo”
£’0*4 W 0 lo' ~r tia'—wy — t’o' (3. 12;

From (3.7):

cuo —* 1?0, t'o —• 0 when z —* oo (3.13) 
From (3.8):

«C«=0, when z=0 (3.14)

A. The laminar Ekman layer.
In the laminar case, the zero-order equations 

are supplemented by (.3.9), which give
&io=l, t'o=0 when z=0 (3.15)

The equations (3.12-15) form a non-linear 
system, which may be solved by linearization 
for small Rossby numbers, i.e.

|l?o-l!«l, iwo-lKl, !-y IC1.

The linearized system is
2t*o4!t’o'=0 
2t’o — (coo — /?o)”
—2(ceo — 17o) = i’o" (3.16)
wo—f?o —*0, i'o —0, when z—»oo 
wo = l, fo=0, «'o = 0. when z = 0

with the solution

wo=.'?o~(.Oo — l)e":cos z ]
l'o=-(.?«-DcT'sin z | (3.17)
ifo=(f?o—1)(1— e"'(cos z4sin z)) )

This solution is identical with the steady-state 
sola ion given by Greenspan (1968) on the 
basis ot the theory of Greenspan and Howard 
i 1963), although the scaling is different.

The vertical motion at the top of the Ekman 
layer is seen to be

!r=ir«t,_.,=»flo-l (3.18)
or. in dimensional units

ir=6-.Q,( f’ —l)=<J(f?o—/?,) (3.19)

in complete agreement with the result of the 
heuristic analysis (2.17).

B. Tin turbulent Ekman layer.
In the turbulent case, the zero-order equa­

tion (3.12-14) must be supplemented by the 
zero-order boundary conditions obtained from 
(3.10): they are

wo'=0 ’'o'=0, when z=0 (3.20)
The system (3.12, 13. 14. 20) has the follow­
ing solution

wo=f?o=const, fo = 0, **'o=0 (3.21)

representing’ a solid rotation all (he way down 
to the surface. It is noteworthy that (3.21) 
satisfies the non-lin< ■■ system of equations and 
is thus not restricted to small Rossby numbers 
( Do— 1 ■<,!). The author has not been able 
to prove that (3.21 ( is the only solution. How­
ever. in the linearized case for small Rossby 
numbers, it is easy to show that no other 
solution exists.

On the basis of (3.21;, we now proceed to 
the first order equations, by collecting terms 
of next-lowest power in r from eqs. (3.3-5), 
(3.7), (3.8). and (3.10). The first-order equa­
tions will automatically be linear, even if the 
Rossby number is not small. They are

3t’i4«’i'=0 *
2.'?„r,=wl"
2!?o(f?i — W;) = V\"

wi —»f?i, z’i — 0 when z — co
tci-'-O I
cei'=C.Oa — 1 (f.'o—1) j when z=0
iT=0 I

(3.22)



The solution is readily found to be

(3.23)

= 2 vf4 f

Xtsin \ Q(,z - cos \ t.'oz)

11 = — 2 'V-%

x(sin v#oZ+ cos\ Qoz)
3 ~ ;i?o-i:(.e0-D

'*',= 2 C-------ft

x (1 —e- ' 3°2 cos % Oni)

Thus the series for the velocity fir'l (.3.11) 
wiil begin as follows

u — wr=Oer -j- «if! -9 —

v= Vi r-+- .3.24)
W= U'ir + —

This represents a solid rota ' with a super­
imposed Ekman spiral. The latter tends to 
zero as r when »—0. so that s'lfiiciently close 
to the axis, only the . ’H rotation remains. 
It is noteworthy that this result holds also 
for large FFossby numbers (Do -1). The thick­
ness of the Ekman boundary layer described 
by (3.23) is seen to be !Vl'! or in dimensional 
units (with A' in stead of r)

•id. 25)

The boundary layer thickness is thus inde­
pendent of O,.

The limiting value of the vertical velocity 
as z—>oo is

u=nv=|c 'O«-rft?0-r> .3.2d)

or, in dimensional units

ft _i;( ft -A3 Q. A Qm 'm
_ 3__ On — li,\{Oq — 0,)
- 2 C 0» (3.27)

in qualitative agreement with (2.25).
Thus we have corroborated the result of 

section 2, that the vertical mot;,n at the top 
of a turbulent Ekman layer in the vicinity of 
.he axis will tend to zero with r. In the turbu­

lent case, the "Ekman layer suction” is there­
fore inefficient near the axis, and must have 
a maximum at some radial distance from it.

4. Conclusion
The results presented in the preceding sec­

tions may perhaps have a bearing on the struc­
ture of tropical cyclones, in particular the 
existence of the central eye. It is true, ol 
course that the vertical circulation in a ty­
phoon is maintained largely by the large 
amount of condensation heat released in the 
ascending currents. On the other hand, it is 
quite conceivable that the Ekman layer has 
a controlling influence on the locution of the 
ascending currents where condensation heat 
is released. Since the turbulent Ekman layer 
has been shown to suppress ascending motions 
near the axis, it is tempting to draw the con­
clusion that the eye structure with the main 
ascending currents taking place outside iht 
ev ' is a result of an Ekntan layer control. 
A consequence of this would be that the eye 
is not •'odd/ reproducible in laboratory
vortices 'aminar Ekman layer.
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