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Abstract
The Madden–Julian oscillation (MJO) is an equatorial eastward moving system with a planetary-scale coupled Kelvin–Rossby 
wave structure. The equatorial waves and their interaction with convection are expected to play an important role in MJO 
dynamics. Using the trio-interaction model for essential MJO dynamics, this study investigates the importance of dynamic 
feedback that includes wave feedback (WF) and boundary layer convergence feedback (BLCF), by comparing the moisture 
mode (MM) that contains only moisture feedback (MF) and cloud-radiative feedback (CRF), with the dynamic moisture 
mode (DMM) that includes additional WF and BLCF. It is shown that the dynamic feedbacks fundamentally change the 
properties of the MJO mode. For the MM, the MF alone yields a damping and quasi-stationary mode on wavenumber 2–4. 
The CRF can destabilize the MM, but it cannot produce planetary wave selection. By including the dynamic feedbacks (WF 
and BLCF), the resultant DMM is an unstable mode with a preferred planetary scale, which moves eastward slowly, yielding 
a 30–90-day period. The dynamic feedbacks produce the planetary scale selection of the DMM through generating more eddy 
available moist static energy on the longer wavelengths. The WF can significantly change the structure of the MM and links 
the propagation of the DMM to the Kelvin and Rossby wave components, with stronger Kelvin (Rossby) wave favoring faster 
(slower) propagation. The BLCF enhances the Kelvin wave component on the longer wavelengths, changing the horizontal 
structures and accelerating the eastward propagation. The WF relates the dispersion feature of the DMM to the properties 
of the Kelvin and Rossby waves. Since the Kelvin-wave (Rossby-wave) frequency increases (decreases) with increasing 
wavenumber, their coupling in the DMM yields a quasi-constant frequency at the planetary scales (wavenumber 1–3).

Keywords  MJO theory · Moisture mode · Dynamic moisture mode · Moisture feedback · Cloud-radiation feedback · Wave 
feedback · Boundary layer convergence feedback

1  Introduction

The Madden–Julian oscillation (MJO) (Madden and Julian 
1971, 1972) is a convectively coupled, planetary scale cir-
culation system (Madden and Julian 1972) which propa-
gates eastward slowly with a speed of about 3–6 m/s over 
the warm-pool ocean (Knutson et al. 1986; Zhang and Ling 

2017) and consequently has a period of 30–90 days (Zhang 
2005). Understanding the fundamental dynamics of the MJO 
is the “holy grail” in the study of tropical dynamics (Ray-
mond 2001).

On the wavenumber–frequency spectra diagram of Out-
going Longwave Radiation (OLR), the MJO dominates the 
tropical variability and displays the strongest signals on 
planetary scales (Wheeler and Kiladis 1999; Hendon and 
Wheeler 2008); it also has a peculiar dispersion relation 
(∂w/∂k ≈ 0) which differs from those of the theoretical equa-
torial waves (Matsuno 1966). To illustrate the unique wave-
number–frequency characteristics of MJO precipitation, we 
show, in Fig. 1, the observed wavenumber–frequency power 
spectra of the daily precipitation data, which are normalized 
by the background spectra following Wheeler and Kiladis 
(1999). Evidently, the MJO signals are concentrated on 
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the planetary scales (wavenumber 1–3) with a maximum 
at wavenumber one, suggesting a preferred zonal planetary 
scale. It is noted that the MJO frequency is nearly independ-
ent of the wavenumber, indicating a near zero group velocity 
( ��
�k

≈ 0) (Chen and Wang 2018).
Theoretical models are capable of elucidating funda-

mental dynamics of the MJO by containing only essential 
physical processes. Wang and Chen (2017) and Wang et al. 
(2016) proposed a theoretical trio-interaction model for the 
study of essential MJO dynamics, which includes the key 
elements of large-scale MJO dynamics in many major exist-
ing MJO theories. This trio-interaction framework, as shown 
in Fig. 2, involves an active interaction among convective 
heating, moisture and dynamics. In this framework, convec-
tive heating contains precipitation heating and the cloud-
radiation feedback (CRF); the moisture process comprises a 
time-dependent moisture budget and the associated moisture 
feedback (MF); the dynamics include the free atmospheric 
wave dynamics and the associated wave feedback (WF), 
along with the boundary layer (BL) dynamics and the asso-
ciated BL convergence feedback (BLCF). The WF, which 
is manifested in the prognostic equations of momentum and 
thermodynamics, is the feedback of wave propagation to 
moisture and convection fields. The MF, which is manifested 
through inclusion of a prognostic moisture equation (with 
the moisture tendency retained) and a simplified convective 
parameterization, is the feedback of the change of moisture 
to convection.

In early MJO theories (Emanuel 1987; Lau and Peng 
1987; Neelin et al. 1987; Wang 1988; Wang and Rui 1990a; 
Wang and Li 1994), the interaction between convective 
heating and wave dynamics is emphasized, while the MF is 
overlooked. The framework of this group of MJO theories 

falls in the regime encircled by the green oval in Fig. 2. The 
MJO-mode in this regime can be regarded as a dynamic 
mode as this mode mainly involves the wave-BL dynamics 
and their interactions with convective heating.

Recognizing the importance of moisture feedback pro-
cesses (Benedict and Randall 2007, Hsu and Li 2012; Feng 
et al. 2015; Johnson et al. 2015), there is a growing body of 
theories that emphasize the interaction between moisture 

Fig. 1   Observed wavenumber–frequency power spectra of the daily 
precipitation data, normalized by the background spectra following 
Wheeler and Kiladis (1999). Superimposed are the dispersion curves 
of the equatorial waves for the three equivalent depths of 12, 25, and 

50 m. The precipitation data used is the daily accumulated precipita-
tion (mm) from the 3B42 version 7 product of the Tropical Rainfall 
Measuring Mission (TRMM-3B42) (Huffman et al. 2007), based on 
the period of record from 1998 to 2016

Fig. 2   Schematic diagram of the MJO trio-interaction theoretical 
framework (Wang et al. 2016). The blue oval outlines the framework 
of the moisture mode, the green oval outlines the framework of the 
dynamic mode and the red rectangular outlines the framework of the 
dynamic moisture mode
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and convection by incorporating the MF. Among them, the 
“moisture mode” theory (Sobel and Maloney 2012, 2013; 
Adames and Kim 2016) considers moisture anomaly as the 
only prognostic variable, thereby emphasizing the impor-
tance of the MF while it neglects the WF by using diagnostic 
momentum and thermodynamic equations. The framework 
of this group of MJO theories falls in the regime encircled by 
the blue oval in Fig. 2. The associated moisture mode (MM) 
can be regarded as a thermodynamic mode, since it mainly 
consists of the thermodynamic processes associated with the 
interaction between moisture and convection.

Besides, there exists a third group of MJO theories that 
contains ingredients of both the moisture and dynamic feed-
backs (Raymond 2001; Fuchs and Raymond 2005, 2017; 
Majda and Stechmann 2009; Liu and Wang 2012, 2016, 
2017; Wang et al. 2016; Wang and Chen 2017). The work 
of Wang and Chen (2017) provided a comprehensive theo-
retical framework which includes a variety of simplified 
convective parameterization schemes and both the dynamic 
feedback (WF and BLCF) and thermodynamic feedback 
(MF and CRF) processes. The general framework of this 
group of MJO theories falls in the regime outlined by the 
red rectangle in Fig. 2. The associated MJO mode can be 
regarded as a dynamic moisture mode (DMM).

Since the MJO has a coupled Kelvin–Rossby wave 
structure (Wang and Rui 1990b; Hendon and Salby 1994; 
Maloney and Hartmann 1998; Matthews 2000; Adames and 
Wallace 2014; Wang and Lee 2017), the equatorial waves 
and their interaction with convection are arguably impor-
tant for MJO dynamics. It is interesting to examine the dif-
ference between the MM and DMM or study how adding 
dynamic feedbacks (WF and BLCF) change properties of the 
MM. Liu and Wang (2017) recently compared the MJO-like 
modes with and without the WF in the presence of BLCF, 
and found marked differences in the eastward propagation, 
instability, horizontal structures and dispersion relation. 
However, the mechanisms responsible for these differences 
remain elusive. Specifically, it is uncertain whether the east-
ward propagation and wave selection mechanisms are dif-
ferent between the MJO modes with and without the WF.

To address these questions, we will use the MJO trio-
interaction model (Wang and Chen 2017) to conduct a lin-
ear normal mode analysis. With a simplified Betts–Miller 
convection scheme, this trio-interaction model has been 
shown to be able to reproduce a number of key large-scale 
characteristics of the observed MJO (Liu and Wang 2016, 
2017; Wang et al. 2016; Chen and Wang 2017; Wang and 
Chen 2017), thereby establishing its credibility in studying 
the issues raised here.

Besides the WF, the MF and parameterized precipita-
tion, two additional physical processes are included in this 
study. One is the BLCF, which is the feedback of BL conver-
gence to moisture and convection fields. The BLCF has been 

considered important for the MJO’s eastward propagation and 
unstable growth in both observational studies (Hendon and 
Salby 1994; Benedict and Randall 2007, Hsu and Li 2012; 
Wang and Lee 2017) and theoretical studies (Wang and Rui 
1990a; Wang and Li 1994; Liu and Wang 2016; Wang et al. 
2016; Wang and Chen 2017). The other process is the CRF, 
which is the reduction of longwave radiation cooling due to the 
presence of deep convection. The CRF not only provides insta-
bility for the growth and maintenance of the MJO (Raymond 
2001; Bony and Emanuel 2005; Fuchs and Raymond 2005; 
Andersen and Kuang 2012; Arnold et al. 2013; Sobel and 
Maloney 2013; Adames and Kim 2016) but also slows down 
its eastward propagation (Bony and Emanuel 2005; Andersen 
and Kuang 2012; Crueger and Stevens 2015).

The purpose of this study is to investigate the dynami-
cal differences between the MM and the DMM of the MJO 
dynamics in a linear system, and to understand how different 
feedback processes, especially the dynamic feedbacks (the WF 
and the BLCF), affect the eastward propagation, instability, 
circulation structures and dispersion relation. The rest of the 
paper is structured as follows. Section 2 describes the trio-
interaction model framework and the linear eigenvalue tech-
nique. Sections 3 and 4 explore the characteristic features of 
the MM and DMM, respectively. In Sect. 5, the mechanisms 
responsible for the differences between the MM and DMM are 
elaborated. Conclusion and discussion are presented in Sect. 6.

2 � The model and methods

2.1 � The general MJO theoretical framework

Wang and Chen (2017) proposed a general theoretical frame-
work for studying the fundamental dynamics of the MJO. The 
model framework is a 1 and 1/2 layer equatorial beta-plane 
model, which depicts the first baroclinic mode in the free 
troposphere and the barotropic BL dynamics (Wang 1988). 
Detailed derivation of the model equations is given in Wang 
and Chen (2017). Briefly, the linearized non-dimensional gov-
erning equations are:

(1)
(
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�t
+ �

)
u − yv = −

�Φ

�x
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Here, the horizontal velocity scale is C
0
= 50 m/s

(gravity wave speed in a dry atmosphere), the length scale 
is L =

(
C
0
∕�

)1∕2 , the time scale is T
0
=
(
�C

0

)−1∕2 , the 
geopotential scale is C2

0
 and the moisture scale is qref  (see 

Table 1 for qref ).
Equations (1–2) are the zonal and meridional momentum 

equations. Equation (3) is the combined hydrostatic, conti-
nuity and thermodynamic equation. u, v and Φ represent the 
free-tropospheric low-level zonal wind, meridional wind and 
geopotential of the first baroclinic mode, respectively. Since 
the observed zonal scale of the MJO is much larger than its 
meridional scale, the long wave approximation in Eqs. (1–3), 
which neglects the time tendency of the meridional wind, 
can be obtained by using scaling analysis and perturbation 
method (Ogrosky and Stechmann 2015). d = 0.25 is the non-
dimensional BL depth. Db is BL divergence. � represents the 
longwave Newtonian cooling and Rayleigh friction coeffi-
cients. Pr and R are the precipitation rate and cloud radia-
tion, respectively. Surface evaporation is neglected, but its 
inclusion is trivial.

Equation (4) is the vertically integrated moisture equa-
tion. q is the column-integrated specific humidity anomaly 
from surface to tropopause. Q̄ , the difference of normalized 
basic-state specific humidity between the lower and upper 
layer, represents the moisture stratification of the middle 
atmosphere; Q̄b , the difference of normalized basic-state 
specific humidity between the BL and the upper layer, rep-
resents the moisture stratification of the whole troposphere. 
The definitions of Q̄ and Q̄b here are slightly different from 
those in Wang and Chen (2017), in which the upper-level 
basic-state specific humidity was neglected. Readers are 
referred to “Appendix” for more details. Q̄ and Q̄b are con-
stants and controlled by the underlying sea surface tempera-
ture (SST) (Wang and Li 1994; Wang and Chen 2017). The 
SST is set to 28.5 °C in this study unless otherwise specified.

Since the Ekman coefficient (damping in BL) is large, 
the BL flow adjusts very fast to the quasi-steady state and it 
has much shorter time scale compared to that of the MJO. 
Therefore, a stationary BL can be used in this study (Wang 
and Rui 1990a):

where the variables with subscript b represent the varia-
bles in BL. The BL divergence in this stationary BL can be 
expressed as (Wang and Rui 1990a):

2.2 � Parameterization

2.2.1 � Precipitation

The properties of the MJO mode in the trio-interaction 
model depend on the forms of cumulus parameterization 
(Wang et al. 2016). To facilitate comparison, the param-
eterization of precipitation anomaly in this study follows 
Bretherton et al. (2004):

where � is the convective relaxation time ( � is set to 12 h). 
This precipitation scheme, which can be considered as a spe-
cial case of the simplified Betts–Miller scheme (Wang et al. 
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(7)
Db =
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2
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2Ey
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2
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�y

(8)Pr =
q

�

Table 1   Parameters and their standard values used in the model

More details can be found in Wang and Chen (2017)

Parameter Description Typical value utilized here

C0 Dry gravity wave speed of the baroclinic mode 50 m/s
ε Rayleigh friction and Newtonian cooling coefficients (10 day)−1 in dimensional unit
E Nondimensional Ekman number in the boundary layer 0.68
τ Convective adjustment time 12 h in dimensional unit
d Nondimensional boundary layer depth 0.25
Q̄ Normalized basic-state specific humidity stratifications of the middle atmosphere 0.81
Q̄b

Normalized basic-state specific humidity stratifications of the whole troposphere 1.79
SST Sea surface temperature, which is used to determine Q̄ and  Q̄b

28.5 °C
L Length Scale 1480 km
qref Moisture Scale 32.65 kg/m2

T
0

Time Scale 29,599 s
r Radiation coefficient 0.2
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2016), has been widely used in the MJO theoretical studies 
(Fuchs and Raymond 2005, 2017; Sobel and Maloney 2012, 
2013; Adames and Kim 2016). Note that the system in this 
study is assumed to be a linear system and the precipitation 
is a small perturbation about a climatological background 
state.

2.2.2 � Cloud radiation feedback

The cloud radiation anomaly is parameterized in such a 
way that the heating in the deep convection zone due to the 
reduction of the radiative cooling is proportional to convec-
tive heating (Fuchs and Raymond 2002, 2017; Peters and 
Bretherton 2005; Sobel and Maloney 2013; Adames and 
Kim 2016):

where r is the radiation coefficient, which is set to constant 
(r = 0.2) in this study.

2.3 � Eigenvalue techniques

Equations (1–9) consist of a closed system. When wave 
solutions are assumed for all variables, the system becomes 
a linear eigenvalue system. Motivated by Gill (1980) and 
Majda and Stechmann (2009), we introduce the character-
istic variables qc = u + Φ and rc = −u + Φ . Supposing that 
qc =

∑∞

n=0
qc
n
�n , rc =

∑∞

n=0
rc
n
�n and q =

∑∞

n=0
qn�n , where 

�n is the nth parabolic cylinder function, Eqs. (1–4) can be 
converted into characteristic equations (Gill 1980; Majda 
2003).

Figure 3 shows the zeroth and second order parabolic 
cylinder functions, which are symmetric about the equator. 
The zeroth order parabolic cylinder function has a Gaussian 
bell shape with maximum at the equator, while the second 
order parabolic cylinder function has a triple-pole structure 
with minimum at the equator flanked by two maxima off 
the equator. As shown below, these two parabolic cylinder 
functions construct the Kelvin wave and the first symmetric 
equatorial Rossby wave.

(9)R = rPr

If we assume that the forcing terms on the right-hand side 
of Eq. (3) and the moisture anomaly have a simple meridional 
structure proportional to exp

(
−y2∕2

)
 (zeroth order parabolic 

cylinder function), the characteristic equations can be reduced 
to a system that contains only the Kelvin wave and the first 
symmetric equatorial Rossby wave (Gill 1980; Majda and 
Stechmann 2009). Then, Eqs. (1–4) can be rewritten as:

where K = qc
0
 denotes the Kelvin wave and R = qc

2
 denotes 

the Rossby wave.  F
0
= (1 + r)q0∕� + dD0

b
 ,  where 

D0

b
=

1

2

�
K +

√
2R

�
e
01
+

R

2
e
02

 is the projection of BL diver-

gence to the zeroth order parabolic cylinder function. e
01

 and 
e
02

 are BL divergence coefficients. “Appendix” describes 
details about how to determine the BL divergence coeffi-
cients. The variables Φ , u and v can be recovered by using 
the following formulas:

Equations (10–12) provide a simple theoretical model for 
the MJO. The merit of this derivative model is that it con-
sists of only the Kelvin wave and the first symmetric Rossby 
wave, and the total number of variables reduces to only three. 
This derivative model is capable of studying how propagation 
of the MJO mode is linked to the Kelvin and Rossby wave 
components. The model parameters are listed in Table 1. This 
derivative model is different from the one in Liu and Wang 
(2017), as in our study there is an assumption that moisture 
and precipitation have a simple meridional structure ( ∼ e−y

2∕2).

3 � Basic features of the moisture mode

When the WF (stands for wave feedback) is turned off 
in the model (i.e. neglecting �K∕�t and �R∕�t ), the third 
order eigenvalue problem reduces to a first-order algebraic 
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Fig. 3   Zeroth (red curve) and second (blue curve) order parabolic cyl-
inder functions
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equation if wave solutions are assumed. If the BL dynam-
ics are further neglected (by setting d to zero), the model is 
essentially reduced to the “moisture mode” model (Sobel 
and Maloney 2013; Adames and Kim 2016). In this MM 
(stands for moisture mode) model, only two feedback pro-
cesses are included: the MF (stands for moisture feedback) 
and CRF (stands for cloud radiation feedback).

To identify the respective roles of the MF and CRF, 
we first exclude the CRF (by setting r to zero) and regard 
the resulting mode as “pure” MM. As shown in Fig. 4, the 
phase speed of the pure MM decreases with increasing 
wavenumber (Fig. 4a). The phase speed is about 6 m/s 
at wavenumber one but nearly stationary for wavenumber 
2–4 (0.5 ~ 2 m/s). The frequency of the pure MM (Fig. 4b) 
decreases with increasing wavenumber (or shorter waves 
have shorter periods) as well, which is inconsistent with 
observations (Fig. 1). The period for the pure MM is too 
long for wavenumber 2–4, which lies out of the intrasea-
sonal range. The pure MM is a damping mode (Fig. 4c) 
with the longer waves being more damped.

In comparison with the pure MM, features of the MM 
with CRF are shown by the blue lines in Fig. 4a–c. The 
CRF has negligible effects on the eastward propagation 
speed and dispersion relation (Fig. 4a, b). It mainly acts 
to destabilize the MM (Fig. 4c). Although the growth rate 
rises as the CRF is included, the MM with CRF remains a 
damping mode when Q̄ = 0.81 . However, if Q̄ increases to 
a higher value of about 0.9 (corresponding to an SST value 
of about 30.5 °C), the MM becomes unstable (green line in 
Fig. 4c). It is worth noting that the CRF does not favor the 
planetary scale selection because the CRF-induced growth 
rate does not favor the longer wavelength.

4 � Essential features of the dynamic 
moisture mode

When the WF, together with the BLCF (stands for boundary 
layer convergence feedback), is included, the linear system 
(Eqs. 10–12) constitutes a third-order eigenvalue problem. 
Solving this problem yields three modes. The first is a Kel-
vin-wave-like mode, with geopotential pattern and frequency 
resembling the Kelvin wave. The second is a Rossby-wave-
like mode, with geopotential pattern and frequency resem-
bling the Rossby wave. The third mode is a convectively 
coupled Kelvin–Rossby wave, with the Kelvin wave compo-
nent located to the east of precipitation and the Rossby wave 
component to the west. This third mode is referred to as the 
DMM (stands for dynamic moisture mode). Comparing with 
the MM, two additional feedback processes are contained in 
the DMM, i.e., the BLCF and WF.

The dynamic features of the DMM are shown in Fig. 5 
(red lines). The DMM exhibits an eastward propagation at 
wavenumber 1–4 and the propagation speed decreases with 
increasing wavenumber (Fig. 5a). This eastward propagating 
MJO-like mode has a period within the intraseasonal range 
(30–90 days, Fig. 5b). The DMM is an unstable mode with 
the growth rate rising with increasing wavelength, indicating 
a preferred planetary-scale unstable mode (Fig. 5c).

To identify the roles of the WF, we compare the DMM 
to the MM with BLCF (blue lines) in Fig. 5. The MM with 
BLCF has no WF but includes effects of the BLCF on the 
MM. There are several important differences between the 
MM with BLCF and the DMM, which highlight the impacts 
of the WF. First, contrasting to the MM with BLCF, the 
phase speed of the DMM at wavenumber 1–2 reduces 
dramatically (Fig. 5a): for wavenumber one, it is reduced 
from about 40 m/s to about 10 m/s; it is around 6 m/s at 

(a) (b) (c)

Fig. 4   Dynamic features of the moisture mode (MM): a phase speed, b dispersion relation and c growth rate. The red lines depict the pure MM 
and the blue lines depict the MM with CRF. In c, the MM with CRF under Q̄ = 0.9 is shown by the green line



5133Dynamic moisture mode versus moisture mode in MJO dynamics: importance of the wave feedback…

1 3

wavenumber two, which is close to observations. Second, 
the frequency of the DMM (red line, Fig. 5b) shows little 
variation at the planetary scales (wavenumber 1–3), which is 
close to observations (Fig. 1). Third, the DMM has a growth 
rate rising with increasing wavelength (Fig. 5c). In summary, 
it is the WF that selects wavenumber one as the most unsta-
ble mode and yields a more realistic dispersion relation.

To understand the aforementioned differences between 
the MM with BLCF and the DMM, we must examine their 
horizontal structures (Fig. 6). Note that the zonal winds are 
in strict geostrophic balance with the geopotential, as indi-
cated by Eq. (2). Both the MM with BLCF and the DMM 
have coupled Kelvin–Rossby structures, with Kelvin wave 
to the east of precipitation and Rossby wave to the west. 
However, a prominent difference between them is seen for 
the long wave (wavenumber one). The DMM has a stronger 
Kelvin wave component than the MM, suggesting that the 
WF has significantly changed the structure of the most 
unstable planetary mode. Due to inclusion of the BLCF, 
BL convergence leads precipitation in both modes on wave-
number one. However, the phase leading of BL convergence 
to precipitation reduces on the shorter wavelength in both 
modes, as seen from Fig. 6.

The results of Fig. 6 suggest that the WF significantly 
changes the horizontal structures, which is manifested by the 
relative intensities between the Kelvin and Rossby waves. 
In the previous study of Wang and Chen (2017), the east-
ward phase propagation speed of the trio-interactive MJO 
mode is shown to be proportional to the relative intensity 
of the Kelvin versus Rossby wave component when the WF 
is included. For this reason, we define a K–R ratio to meas-
ure the relative intensity between the Kelvin and Rossby 
wave components. The K–R ratio here is defined as the ratio 
between the amplitudes of the Kelvin and Rossby wave com-
ponents, i.e. |K|/|R| . The K–R ratios for the MM with BLCF 
and the DMM are shown in Fig. 5a by dashed lines. The MM 

with BLCF has a K–R ratio roughly independent of wave-
number; by contrast, the K–R ratio of the DMM decreases 
with increasing wavenumber and more importantly, its vari-
ation is correlated with that of the phase speed. This implies 
that the eastward propagation of the DMM is closely related 
to the relative intensity between the Kelvin and Rossby wave 
components, whereas in the MM, the propagation does not 
relate to the K–R ratio.

As the DMM involves the BLCF and CRF, it is interest-
ing to explore the roles of the BLCF and CRF in shaping the 
dynamics of the DMM in the presence of the WF. Impacts 
of the BLCF on the DMM can be seen in the upper panels of 
Fig. 7 by turning on and off the BLCF. Evidently, the BLCF 
is the driver of the eastward propagation (Fig. 7a, b), because 
without the BLCF the propagation speed of the DMM drops 
below 1.5 m/s and the DMM becomes nearly stationary. In 
addition, the K–R ratio in the DMM decreases when the 
BLCF is turned off, indicating that the BLCF can acceler-
ate the eastward propagation of the DMM by enhancing the 
relative intensity of the Kelvin wave component. Figure 7c 
shows that the BLCF not only destabilizes the DMM but 
also favor the planetary scale selection, because the increase 
of growth rate caused by the BLCF (DMM minus DMM 
without BLCF) is larger at the longer wavelengths.

The effects of the CRF on the DMM are shown in the 
lower panels of Fig. 7. The CRF can significantly slow 
down the eastward propagation speed of the DMM by about 
3–4 m/s for wavenumber 1–4 (Fig. 7d), resulting in a more 
realistic oscillation period (Fig. 7e). This is realized through 
enhancing the relative intensity of the Rossby wave com-
ponent (Fig. 7d). Figure 7f indicates that the CRF makes 
the DMM unstable, but it does not yield the planetary scale 
selection, as the increase of growth rate caused by the CRF 
(DMM minus DMM without CRF) is larger at the shorter 
wavelengths.

(a) (b) (c)

Fig. 5   Dynamic features of the dynamic moisture mode (DMM): a phase speed, b dispersion relation and c growth rate. The red lines depict the 
DMM and the blue lines depict the MM with BLCF. The dashed lines in a show the K–R ratios of the corresponding MJO modes
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Note that in Wang and Chen (2017), the BLCF alone can 
result in unstable mode, while in this study the additional 
CRF is needed. The difference is that in the present study, the 
basic state coefficient Q̄ and Q̄b are smaller than those used 
in Wang and Chen (2017), because the upper-level basic 
state moisture has been taken into account in this study (see 
“Appendix” for the details). Thus, in the present model, the 
BLCF alone cannot destabilize the MJO-mode for the given 
basic state SST at 28.5 °C. However, if we increase the val-
ues of Q̄ and Q̄b by increasing the SST (e.g. SST = 30.0 °C), 
the BLCF alone can destabilize the MJO-mode.

Table 2 further shows the relative magnitude of the K, R 
and q for the DMM (Fig. 5) and the MM (Fig. 4, with CRF). 
It shows that the relative magnitudes of each component in 
the DMM and MM show some consistency with the results 
of Majda and Stechmann (2009). Table 2 also shows the 
estimated relative magnitudes of the K, R and q in the obser-
vations (see “Appendix” for details about how to estimate 
them). Overall, the relative magnitudes of the K, R and q are 
comparable to those in the DMM. As shown in Table 2, the 
relative amplitudes of K and R (compared to q) in observa-
tion are smaller than those in the DMM. One possible reason 
for this is that the q may be overestimated (see “Appendix”).

5 � Different mechanisms 
behind fundamental dynamics 
between the MM and DMM

In Sects. 3 and 4, we have shown that the properties of the 
MM are quite different from those of the DMM. These dif-
ferences are manifested in the eastward propagation speed, 
the wavenumber selection, the coupled horizontal struc-
tures and the dispersion relation (Figs. 4, 5, 6, 7). These 
differences are due to the dynamic feedbacks (WF and the 
BLCF). In this section, we explore how the dynamic feed-
backs change these properties.

5.1 � Mechanisms of eastward phase propagation

What drives the MM eastward? Since the only prognostic vari-
able in the MM is moisture anomaly, the eastward propagation 
of the MM is determined solely by the eastward propagation 
of moisture anomaly, or equivalently, precipitation anomaly. 
The eastward propagation of the MM can be inferred from 
the moisture equation (Eq. 4) by neglecting BL convergence:

(a) (c)

(b) (d)

Fig. 6   Horizontal structures of the MM with BLCF (left panels) 
and the DMM (right panels) at wavenumber one (upper panels) and 
wavenumber four (lower panels). The black contour denotes low-level 
geopotential, the shading denotes precipitation, the vector denotes 
low-level wind, and the green contour denotes BL divergence, 
which is the projection to the lowest order parabolic cylinder func-
tion ∼ exp

(
−y2∕2

)
 . All fields have been normalized by their respec-

tive maximum (absolute value). The contour levels for BL divergence 

are ± 0.3 and ± 0.6. The black contour starts from − 0.9 and has an 
interval of 0.2. In a–d, the maximum (absolute value) low-level wind 
speed, low-level geopotential, precipitation, and BL divergence, are 
14.0/3.9/9.6/3.7  m/s, 272/72/161/67  m2/s2, 3/3/3/3  mm/day, and 
9.5/1.5/9.6/1. 8 ×10−7/s, respectively. Since the eigenvector has arbi-
trary amplitude, all variables are scaled to a 3 mm/day precipitation 
strength
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When damping is neglected ( � = 0 ), the convergence in 
Eq. (16) is balanced by the diabatic heating [ ∇ ⋅ V⃗ = −Pr − R , 
from Eq. (3)]. Thus, Eq. (16) becomes:

Without the CRF, the pure MM is a standing damping 
mode, because Q̄ < 1 for realistic SST (basic state moisture) 

(16)
𝜕q

𝜕t
= −Q̄∇ ⋅ V⃗ −

q

𝜏

(17)
𝜕q

𝜕t
=
[
Q̄(1 + r) − 1

]q
𝜏

values. When the CRF is included, the MM without damping 
is an unstable standing mode if Q̄(1 + r) > 1 . With damp-
ing included, the free atmospheric convergence is no longer 
exactly in phase with diabatic heating:

Physically, when there is no damping, the Kelvin wave 
and Rossby wave are in quadrature relation with the precipi-
tation (e.g. �K

�x
= −Pr ). When damping is included, the Kel-

vin wave response would be shifted westward with respect 
to the precipitation (e.g. �K +

�K

�x
= −Pr ) while the Rossby 

wave response would be shifted eastward, which is also 

(18)∇ ⋅ V⃗ = −(Pr − R) − 𝜀Φ

(a) (b) (c)

(d) (e) (f)

Fig. 7   Dynamic features of the DMM: phase speed (the first col-
umn), dispersion relation (the second column) and growth rate (the 
third column). The upper panels compare the DMM with the “DMM” 

excluding the BLCF; the lower panels compare the DMM with the 
“DMM” excluding the CRF. The dashed lines in a, d show the K–R 
ratios of the corresponding MJO modes

Table 2   Amplitudes of 
components of the eigenvector 
(K, R and q) in the DMM, MM 
and the observation

For comparison, the amplitude of q is scaled to 1, and the amplitudes of K and R are scaled proportionally

Components DMM MM

K R q K R q

k = 1 4.15 2.55 1.0 3.46 4.23 1.0
k = 2 1.92 1.62 1.0 1.76 2.38 1.0
k = 3 1.20 1.32 1.0 1.18 1.63 1.0
k = 4 0.88 1.14 1.0 0.88 1.24 1.0
Observation 0.88 0.85 1.0
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shown by Adames and Kim (2016, their Fig. 1). The rea-
son is that the free atmospheric friction (damping) reduces 
the eastward (westward) propagation of the forced Kelvin 
(Rossby) wave. Since the MM has stronger Rossby wave 
over Kelvin wave (as shown in Figs. 5a, 6), the eastward 
shift of the Rossby wave would lead to eastward shift of the 
low-level convergence. As shown in Fig. 8, the free atmos-
pheric convergence leads (to the east of) precipitation due 
to the damping effect, and there is good correlation between 
this phase leading and the frequency for a fixed damping 
rate. Note that the free atmospheric convergence is large 
as it roughly balances the precipitation ( q

�
 ). Thus, a small 

phase leading of the free atmospheric convergence to the 
precipitation could result in a small but a significant non-
zero eastward frequency.

Different from the MM, the circulation in the DMM is 
not a stationary response to convective heating. With the 
WF included, the heating-induced wave components (i.e. 
the Kelvin and Rossby waves) can propagate and the asso-
ciated wave-induced moisture convergence (including both 
the free atmospheric and the BL moisture convergence) can 
feed back to the moisture field and affect convection. Thus, 
it is conceivable that the eastward propagation of the DMM 
is related to the propagation of the Kelvin and Rossby wave 
components.

This hypothesis is supported by the results in Figs. 5 
and 7, which show that the phase propagation speed of the 
DMM is positively correlated with the K–R ratio. Note that 
although the Rossby wave have convergence located off the 
equator, the convection associated with the convectively 
Rossby wave are often near the equator in observations 

(Yang et al. 2007; Kiladis et al. 2009). Thus, the Rossby 
wave and Kelvin wave will have a combined convergence 
near the equator in phase with the convection when they 
are coupled together with the convection. An example for 
this is the Gill–Matsuno pattern (Matsuno 1966; Gill 1980). 
Since the Kelvin wave tends to propagate eastward while 
the Rossby wave tends to propagate westward, they have 
competing effects on the combined convergence and con-
vection fields. Thus, a stronger Kelvin (Rossby) wave com-
ponent will accelerate (retard) the eastward propagation of 
the DMM.

5.2 � Planetary wave selection mechanism

It is shown that the growth rate in the MM rises with increas-
ing wavenumber (Fig. 4c) while the opposite occurs in the 
DMM (Fig. 5c), indicating that the DMM has the planetary 
scale selection while the MM does not. What causes this 
difference?

For the MM, the amplification (decay) of the system is 
solely dependent on the amplification (decay) of the mois-
ture perturbation, which relies mainly on whether the mois-
ture supply contributed by the free atmospheric moisture 
convergence can overcome the moisture depletion resulted 
from precipitation (Eq. 16). Due to damping, the free atmos-
pheric moisture convergence slightly leads precipitation. 
Since this phase leading decreases with increasing wave-
number (Fig. 8), less moisture convergence is supplied to 
overcome precipitation at longer wavelengths, resulting in 
a growth rate that increases with increasing wavenumber 
(Fig. 4c). When the CRF is included, it can promote the 

(a) (b)

Fig. 8   Features of the free atmospheric convergence and frequency in 
the MM: a the phase leading of the free atmospheric convergence to 
the precipitation and b the associated dispersion relation. The blue, 

green and red curves correspond to damping time scales of 15 days, 
10 days and 7 days
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free atmospheric moisture convergence [as indicated by 
Eq. (17)], thereby raising the growth rate. For a constant 
radiation coefficient r, the increase of growth rate due to the 
CRF is roughly independent of wavenumber, as suggested 
by Eq. (17) and Fig. 4c. As a result, it explains why the MM 
doesn’t have the planetary scale selection (Fig. 4c).

When the WF is included, the growth of the system is 
not solely dependent on the growth of moisture. To study 
the instability of the DMM, we investigate the perturbation 
column moist static energy (MSE) equation (see “Appendix” 
for derivation):

where h = q − Φ is the perturbation MSE. Since the adiaba-
tic cooling is larger than the latent heating induced by the 
low-level free atmospheric moisture convergence, 1 − Q̄ > 0 , 
the first term on the right-hand side of Eq. (19) represents a 
damping of the perturbation MSE by the free atmospheric 
convergence. Since the latent heating resulting from the BL 
moisture convergence is larger than the damping effect of the 
BL, Q̄b − 1 > 0 , the second term denotes intensification of 
the perturbation MSE by the BL convergence. The third term 
is the intensification of the perturbation MSE by the CRF.

(19)
𝜕

𝜕t
h =

(
1 − Q̄

)
∇ ⋅ V⃗ − d

(
Q̄b − 1

)
∇ ⋅ V⃗b + r

q

𝜏

Analogous to the available energy, we can define an eddy 
available MSE (EAMSE) in terms of h2∕2 . This EAMSE is 
presumably related to the Lorenz’s moist available energy 
(Lorenz 1978), as the perturbation MSE can be considered 
as a potential energy perturbation in the moist atmosphere. 
The equation of the EAMSE can be obtained by multiplying 
h to the both sides of the Eq. (19):

The first term damps the EAMSE if positive h is in phase 
with the free atmospheric convergence. The second term 
increases the EAMSE if positive h is collocated with the BL 
convergence. Since the positive precipitation ( q

�
 ) is basically 

collocated with positive h, the CRF (third term) can enhance 
the EAMSE.

Why does the DMM mode have a preferred planetary scale? 
To address this question, we need to examine the phase rela-
tionship among perturbation MSE, low-level pressure, and 
BL moisture convergence for different wavelengths. Figure 9 
shows the horizontal structures of the perturbation MSE for 
the DMM. On wavenumber 1, as the Kelvin wave low pres-
sure is stronger (Fig. 9a), the maximum MSE is more collo-
cated with the minimum low-level geopotential (Fig. 9a, b). 
On wavenumber 4, as the Kelvin wave low pressure is weaker, 

(20)
𝜕

𝜕t
h2∕2 =

(
1 − Q̄

)
h∇ ⋅ V⃗ − d

(
Q̄b − 1

)
h∇ ⋅ V⃗b + rh

q

𝜏

(a) (b)

(c) (d)

Fig. 9   The horizontal structures of the DMM for wavenumber 1 
(upper) and wavenumber 4 (lower): (left) the geopotential (black 
contour), the precipitation (shading) and the boundary layer conver-
gence (green contour); (right) the perturbation MSE (black contour), 
the low-level free atmospheric convergence (shading) and the bound-

ary layer convergence (green contour). Positive (negative) values are 
denoted by the solid (dashed) contours. All fields have been normal-
ized by their respective maximum (absolute value). The contour lev-
els for BL divergence are ± 0.3 and ± 0.6. The black contour starts 
from − 0.9 and has an interval of 0.2
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the maximum MSE is more collocated with the precipitation 
(or equivalently the moisture, Fig. 9c, d). On both wavenum-
bers, the maximum perturbation MSE is collocated with the 
BL convergence (Fig. 9b, d). Thus, the BLCF is efficient in 
generating the EAMSE on both wavenumbers. On the other 
hand, the free atmospheric convergence is roughly in phase 
with the precipitation, especially for the wavenumber 4. Con-
sequently, the free atmospheric convergence is located to the 
west of the maximum perturbation MSE on wavenumber 1, 
while it is largely collocated with the maximum perturbation 
MSE on wavenumber 4. Consequently, the damping of the 
EAMSE by the free atmospheric convergence is more efficient 
on shorter wavelengths. Given the comparable efficiency of 
BLCF-induced EAMSE generation, the difference in EAMSE 
damping efficiency explains why there is a planetary scale 
selection for the DMM.

The fundamental cause for this planetary scale selection is 
due to the phase difference between the BL convergence and 
the precipitation. For the longer waves the BL convergence 
precedes the precipitation by a larger phase leading, the BLCF-
induced EAMSE generation tends to increase the Kelvin wave 
component, since it is in the Kelvin wave zone; as the Kelvin 
wave is intensified, the low-level Kelvin wave low-pressure 
will be enhanced, which tends to move the maximum per-
turbation MSE to the east of the precipitation such that the 
BLCF-induced EAMSE generation is more efficient while the 
damping of EAMSE by the free atmospheric convergence is 
less efficient. For the shorter waves, the smaller phase leading 
of the BL convergence to the precipitation is not favorable for 
enhancing the Kelvin wave. The reason why the BL conver-
gence tends to have a larger phase leading to the precipitation 
on longer waves is explained in “Appendix”.

5.3 � Mechanisms responsible for the propagation–
structure relationship

The present model only contains the Kelvin wave and the first 
symmetric equatorial Rossby wave, thus the difference in the 
horizontal structures can be, to some extent, quantified by the 
K–R ratio. As shown by Fig. 5a, the K–R ratio is roughly 
unchanged in the MM while it significantly decreases with 
increasing wavenumber in the DMM. How do the dynamic 
feedbacks cause this difference?

For the MM, the K–R ratio can be obtained through 
neglecting the time tendencies in Eqs. (10–11), substituting 
wave solutions into Eqs. (10–11), and then dividing Eq. (10) 
by Eq. (11):

Equation (21) shows that the K–R ratio in the MM is 
determined by the wavenumber and damping rate, thus it is 

(21)
�K�
�R�

=
3
√
2

�� − ik∕3�
�� + ik�

not related to convective heating or the BLCF. For a small 
damping rate ( � ≈ 0 ), it is shown that the K–R ratio for the 
MM is nearly a constant.

For the DMM, due to the WF, the BLCF-induced EAMSE 
generation enhances the Kelvin wave component, leading to 
a higher K–R ratio than that in the MM. The generation 
of EAMSE for the Kelvin wave is more efficient at longer 
wavelengths as explained in the Sect. 5.2, resulting in a K–R 
ratio decreasing with increasing wavenumber. By further 
examining Fig. 9, it shows that the generation of EAMSE by 
the CRF is more located in the Rossby wave zone, especially 
on the longer wavelengths, explaining why the CRF tends to 
reduce the K–R ratio (Fig. 7d).

5.4 � Explanation of the dispersion relation

For the MM, its dispersion relation is determined by the 
moisture equation (Eq. 16), which can be written as:

The right-hand side of the Eq. (22) represent the dif-
ference between moisture convergence and precipitation. 
For a larger phase leading of moisture convergence to the 
precipitation (or equivalently the moisture), there will be a 
larger frequency (real part of � ). Therefore, it explains the 
decreasing frequency with increasing wavenumber (Fig. 8).

With the dynamic feedbacks included, the frequency of 
the DMM is related to the Kelvin and Rossby wave com-
ponents (Figs. 5, 7). Thus, it is conceivable that the disper-
sion relation of the DMM is affected by the dispersion rela-
tions of the Kelvin and Rossby wave components. Figure 10 
shows the dispersion relations of the convectively coupled 
Kelvin and Rossby waves. The convectively coupled Kelvin 
(Rossby) wave is obtained by neglecting the Rossby (Kelvin) 
wave component in Eqs. (10–12). It should be noted that the 
convectively coupled Kelvin wave, the convectively coupled 
Rossby wave and the DMM are not three independent modes 
from the same equations. For example, the equations for the 
convectively coupled Kelvin wave are:

The modes of the convectively coupled Kelvin and 
Rossby wave are chosen as those having reasonable hori-
zontal structures compared to observations.

It is shown (Fig. 10) that the frequency of the convec-
tively coupled Kelvin (Rossby) wave increases ( 𝜕𝜔

𝜕k
> 0 ) 

(22)−i𝜔q = −Q̄

(
𝜕u

𝜕x
+

𝜕v

𝜕y

)
− q∕𝜏

(23)
(
�

�t
+ �

)
K +

�K

�x
= −F

0

(24)
𝜕q

0

𝜕t
+ Q̄

(
1

2

𝜕K
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)
+ Q̄bdD

0

b(K only)
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(decreases, 𝜕𝜔
𝜕k

< 0 ) with increasing wavenumber. Since 
the DMM is a convectively coupled Kelvin–Rossby wave 
system, the increasing frequency contributed by the Kelvin 
wave component competes with the decreasing frequency 
caused by the Rossby wave component, thereby resulting 
in a frequency that is roughly independent of wavenumber 
( ��
�k

≈ 0 , Fig. 10, green curve, on wavenumber 1–3).
Note that since the K–R ratio decreases with increasing 

wavenumber, the frequency of the DMM leans towards the 
Rossby wave frequency more on the shorter wavelength (as 
shown in Fig. 10), and the frequency of the DMM is only 
a quasi-constant on the intraseasonal timescale. However, 
the frequency of the DMM is not a simple linear addition of 
the frequencies of convectively coupled Kelvin and Rossby 
waves.

6 � Conclusion and discussion

6.1 � Conclusion

In this study, the dynamical differences between the MM 
and the DMM are investigated by using theoretical MJO 
trio-interaction model. The MM of the MJO theory is gov-
erned by the MF (stands for moisture feedback) and CRF 
processes, whereas the DMM of the MJO theory includes 
additional WF and BLCF processes.

It is shown that the WF and the BLCF fundamentally 
change the properties of the MM. The MM has no planetary 
scale selection as the growth rate decreases with increas-
ing wavelength. It has unrealistic low phase speed and low 
frequency at wavenumber 2–4. Meanwhile, the DMM has a 

planetary scale selection as the growth rate increases with 
increasing wavelength. The DMM has more realistic phase 
speed and dispersion relation at the planetary scales (wave-
number 1–3). Additionally, the horizontal structure (i.e. the 
K–R ratio) is roughly fixed and independent of the propaga-
tion speed in the MM, whereas in the DMM the propagation 
speed is related to the horizontal structure. These fundamen-
tal differences between the two MJO modes lie in the WF 
and the BLCF.

The WF and BLCF provide a mechanism for selecting 
planetary scale instability. Without the WF, the amplifica-
tion of the MM depends on amplification of moisture or 
precipitation anomaly. The CRF can destabilize the MM by 
increasing the free atmospheric moisture convergence, but 
it does not have the planetary scale selection. With the WF, 
the amplification of the DMM depends on the generation of 
EAMSE (stands for eddy available MSE) by the BLCF. Due 
to the properties of the BL convergence, the generation of 
EAMSE is more efficient at longer wavelengths, resulting 
in planetary wave selection. This result extended the con-
clusion obtained for a convectively coupled kelvin waves 
(Wang 1988).

The WF and BLCF modify the horizontal structure of 
the MJO. The horizontal structures of the MM and the 
DMM can be measured by the ratio of the relative intensity 
between the Kelvin and Rossby wave components (i.e. the 
K–R ratio). In the MM, the K–R ratio is relatively small and 
roughly independent of wavenumber. With the WF and the 
BLCF, the Kelvin wave in the DMM is significantly stronger 
than that in the MM at longer wavelengths due to the BLCF-
induced EAMSE, leading to a higher K–R ratio at longer 
wavelengths.

The WF and BLCF affect the MJO propagation. Without 
the WF and BLCF, the eastward propagation of the MM is 
driven by the small phase leading of the free atmospheric 
convergence to the precipitation, resulting in a very slow 
eastward propagation. With the WF, the eastward propa-
gation of the DMM is driven by the Kelvin wave com-
ponent, and its phase speed is correlated with the K–R 
ratio. A stronger Kelvin (Rossby) wave component pro-
motes (retards) the eastward propagation. Moreover, the 
BLCF accelerates the eastward propagation of the DMM 
by enhancing the Kelvin wave component, while the CRF 
retards the eastward propagation by strengthening the 
Rossby wave component. Without the BLCF, the DMM 
becomes a quasi-standing mode, indicating the importance 
of the BLCF.

The WF and BLCF are important for explaining the 
observed dispersion relationship of the MJO. Without the 
WF and the BLCF, the dispersion relation of the MM is 
primarily controlled by the phase difference between the free 
atmospheric moisture convergence and precipitation, which 
results in unrealistic periodicity and dispersion relation. 

Fig. 10   Dispersion features of the DMM: the dispersion relations of 
the convectively coupled Kelvin wave (red), the convectively coupled 
Rossby wave (blue) and the DMM (green)
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With the WF, the dispersion relation of the DMM is related 
to the Kelvin and Rossby wave components. Since the Kel-
vin-wave (Rossby-wave) frequency increases (decreases) 
with increasing wavenumber, the coupling of the Kelvin and 
Rossby wave components in the DMM yields a balanced 
quasi-constant frequency at the planetary scales (wavenum-
ber 1–3). The BLCF increases the frequency to a reasonable 
value by enhancing the Kelvin wave component.

6.2 � Discussion

Since the presence of the dynamic feedbacks (WF and the 
BLCF) can substantially change properties of the MJO 
mode, cautions should be exercised when interpreting the 
results obtained from the models without the dynamic feed-
backs. It is more advisable to retain the WF and the BLCF 
in the theoretical study of the MJO. Additionally, the results 
of this study suggest that the moisture mode theory can be 
considerably improved by adding the WF and the BLCF.

The results of this study also suggest that in order to 
obtain better MJO simulations, the present-day GCM should 
improve its ability in simulating the interaction between the 
wave dynamics and the convection. As shown in Sect. 5, 
the WF and the BLCF tend to enhance the Kelvin wave on 
the planetary scale. In fact, by studying 24 model outputs 
that participated MJOTF/GASS Global Model Evaluation 
Project, Wang and Lee (2017) found that the good GCMs 
that can simulate the eastward propagation of the MJO tend 
to have higher K–R ratio than the poor GCMs that only 
simulate the nonpropagating MJO. Moreover, the leading 
BL convergence is well simulated in the good GCMs but is 
missing in the poor GCMs. These imply that the effects of 
the WF and BLCF are poorly represented in some GCMs, 
which impedes model’s ability in simulating the MJO.

The finding that the eastward propagation of the MJO-
mode is related to the Kelvin and Rossby waves in the pres-
ence of the WF is supported by results obtained from the 
diagnostic study of the multi-GCM results by Wang and Lee 
(2017), and the GCM study by Kang et al. (2013), which 
showed that the MJO propagates faster (slower) when the 
Kelvin (Rossby) wave component is enhanced. Pritchard 
and Yang (2016) also revealed that propagation of the 
MJO-mode in the GCM is related to the equatorial waves, 
especially the Kelvin wave. However, it is unclear whether 
the propagation speed of the observed MJO has the same 
relation with the Kelvin and Rossby wave components. 
Further study is under way to verify this relation through 
observations.
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Appendix

The moisture equation

As shown in Wang and Chen (2017), the dimensional mois-
ture equation in the trio-interaction model can be expressed as 
[Eq. (29) in their paper]:

where �∗
2
= Δp

(
�u∗

�x
+

�v∗

�y

)
+ �∗

e
 is the vertical velocity at 

the middle of the free atmosphere and �∗
e
= dΔp

(
�u∗

b

�x
+

�v∗
b

�y

)
 

is the vertical velocity at the top of the BL. The asterisk 
denotes that the variable is dimensional. Q̄∗

1
 , Q̄∗

3
 and Q̄∗

e
 are 

the dimensional basic state specific humidity at the upper 
layer, the lower layer and the BL, which are controlled by 
the underlying SST. Substituting �∗

2
 and �∗

e
 into Eq. (25), we 

have:

If we nondimensionalize Eq. (26) using the dimensional 
scales in Sect. 2.1, we have:

where Q̄ =
(
Q̄

3
− Q̄

1

)
 and Q̄b =

(
Q̄e − Q̄

1

)
 . The difference 

between the present study and Wang and Chen (2017) is that 
the Q̄

1
 is included in the present study.

The boundary layer divergence

As shown by Eq. (5), the BL divergence can be expressed in 
terms of the low-level geopotential. The geopotential in the 
eigenvalue system can be expressed in terms of the Kelvin 
and Rossby wave components (Eq. 13). Substituting Eq. (13) 

(25)
𝜕q∗
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1

g

[
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(
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3
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1

)
+ 𝜔e

(
Q̄∗

e
− Q̄∗

3

)]
= −Pr∗

(26)
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into Eq. (7) and projecting the results onto the lowest order 
parabolic cylinder function, we have:

where D0

b
 is the projection of the BL divergence onto the 

zeroth order parabolic cylinder function. Coefficients e
01

 and 
e
02

 are:

where k is the nondimensional wavenumber. �
0
 , �

2
 and �

4
 

are the zeroth, second and fourth order parabolic cylinder 
functions.

The moist static energy equation

The ver tically integrated MSE is def ined as 
1

g

Ps∫
P0

(CpT + Φ + Lcq)dp in dimensional form. The nondimen-

sional vertically integrated moisture in the current model is q. 
Since the temperature is proportional to the thickness of the 
atmosphere (i.e. the baroclinic part of the geopotential, see 
Wang and Chen 2017), it can be shown that the nondimen-
sional vertically integrated enthalpy ( CpT ) in the current model 
can be expressed as − Φ . Since the model contains only the 
first baroclinic motion, the vertical integration of the potential 
energy (geopotential) in free atmosphere is zero, while the 
potential energy contributed from the BL is two orders of mag-
nitude smaller than the enthalpy and is thereby neglected. 
Therefore, the nondimensional perturbation column MSE in 

(28)D0
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2
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the current model is h = q − Φ . The perturbation MSE equa-
tion can be derived by subtracting Eq. (3) from Eq. (4):

The phase difference between the BL convergence 
and precipitation

As shown in Sect. 5, the combined effect of the WF and 
the BLCF favors enhancement of the Kelvin wave at longer 
scales. This selection of planetary scale Kelvin wave is 
caused by the decreasing phase leading of BL convergence 
to precipitation, which decreases with increasing wavenum-
ber. One reason for this is that for the same horizontal struc-
ture, the phase leading of BL convergence to precipitation 
tends to decrease with increasing wavenumber, which can 
be explained as follows.

Let us consider the expression of BL divergence (Eq. 7). 
The second term on the right-hand side of Eq. (7) is pro-
portional to ∼ �Φ

�x
 . This term is in quadrature with the 

low-level low pressure for wave solutions and lags the low 
pressure by 1/4 wavelength. Since this term grows as the 
wavenumber increases ( �Φ

�x
∼ ikΦ ), it can potentially shift the 

(31)
𝜕

𝜕t
h =

(
1 − Q̄

)
∇ ⋅ V⃗ − d

(
Q̄b − 1

)
∇ ⋅ V⃗b + r

q

𝜏

(a)

(b)

Fig. 11   Dependence of phase difference between BL convergence 
and precipitation on the zonal scale: horizontal structures on a wave-
number one and b wavenumber four. Circulation patterns in a and 
b are identical except for different wavelengths. The black contour 
denotes the geopotential, the shading denotes the precipitation, and 
the green contour denotes the BL divergence. All fields have been 
normalized by their respective maximum (absolute value). The con-
tour levels for BL divergence are ± 0.3 and ± 0.6. The black contour 
starts from − 0.9 and has an interval of 0.2
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BL convergence westward. Thus, this term can contribute 
to the westward shift of the BLCF with respect to the low-
level low-pressure center as the wavenumber increases. To 
illustrate this, Fig. 11 shows the horizontal circulation pat-
terns and the associated BL divergence for wavenumber one 
and four. The horizontal patterns in Fig. 11a, b are identical 
except for different zonal wavelengths. Comparing Fig. 11a, 
b, one can find that for the same horizontal structure, the 
phase leading of BL convergence to precipitation decreases 
as wavenumber increases.

Estimation of K, R and q from observations

The datasets used are the daily ERA-Interim reanalysis 
dataset (Dee et al. 2011) for the 34 boreal winter sea-
sons  (November to April) from 1979 to 2013, and the 
daily NCEP/NOAA interpolated OLR dataset (Lieb-
mann and Smith 1996). The K, R and q from the obser-
vations can be estimated by the following steps: (1) 
define qc = u + g × z/C , where C = 50 m/s is the speed 
of gravity wave, and define column integrated moisture 
q as vertically integrated specific humidity from 1000 to 
200 hPa; define qbaroclinic

c
= (q700hPa

c
− q200hPa

c
)/2 . (2) Filter 

the qbaroclinic
c

 and q by removing seasonal cycle and apply-
ing a 20–70-day bandpass filter. (3) Define an OLR index 
by averaging filtered (same filtering in step 2) OLR over 
[10°S–10°N, 80°E–100°E]. (4) Regress the column q and 
qbaroclinic
c

 against the OLR index and filter out the higher 
wavenumber to only retain zonal wavenumber 1–4. (5) 
Nondimensionalize the regressed column q and qbaroclinic

c
 

by using same dimensional scales as in the DMM. Fig-
ure 12 shows the nondimensional column q and qbaroclinic

c
 

along the equator (5°S–5°N). The K can be estimated as 
the absolute value of the minimum qbaroclinic

c
 , the R the 

maximum qbaroclinic
c

 and the q the maximum column q. This 
estimation of R is better than projecting qc onto the second 
parabolic cylinder function as suggested by the theoretical 

definition of R (Sect. 2.3), because the projection will be 
contaminated by the influences of subtropical jet stream 
and perturbations that come from midlatitudes. The esti-
mated K, R and q are listed in Table 2. Since the moisture 
is more concentrated in the equatorial region, the q will 
be smaller when it is projected to the zeroth parabolic 
cylinder function (an assumption made about q and Pr), 
comparing to the current estimation (5°S–5°N averaging). 
Thus, the q may be overestimated in the Fig. 12.
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