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ABSTRACT: This study evaluates ice particle size distribution and aspect ratio ¢ Multi-Radar Multi-Sensor (MRMS) dual-
polarization radar retrievals through a direct comparison with two legs of observational aircraft data obtained during a winter
storm case from the Investigation of Microphysics and Precipitation for Atlantic Coast-Threatening Snowstorms (IMPACTS)
campaign. In situ cloud probes, satellite, and MRMS observations illustrate that the often-observed Ky, and Zpg enhancement
regions in the dendritic growth layer can either indicate a local number concentration increase of dry ice particles or the
presence of ice particles mixed with a significant number of supercooled liquid droplets. Relative to in situ measurements,
MRMS retrievals on average underestimated mean volume diameters by 50% and overestimated number concentrations
by over 100%. IWC retrievals using Zpgr and Kgp, within the dendritic growth layer were minimally biased relative to in
situ calculations where retrievals yielded —2% median relative error for the entire aircraft leg. Incorporating ¢ retrievals
decreased both the magnitude and spread of polarimetric retrievals below the dendritic growth layer. While ¢ radar retrievals
suggest that observed dendritic growth layer particles were nonspherical (0.1 = ¢ = 0.2), in situ projected aspect ratios, ideal-
ized numerical simulations, and habit classifications from cloud probe images suggest that the population mean ¢ was gener-
ally much higher. Coordinated aircraft radar reflectivity with in situ observations suggests that the MRMS systematically
underestimated reflectivity and could not resolve local peaks in mean volume diameter sizes. These results highlight the need
to consider particle assumptions and radar limitations when performing retrievals.

SIGNIFICANCE STATEMENT: Developing snow is often detectable using weather radars. Meteorologists combine
these radar measurements with mathematical equations to study how snow forms in order to determine how much snow
will fall. This study evaluates current methods for estimating the total number and mass, sizes, and shapes of snowflakes
from radar using images of individual snowflakes taken during two aircraft legs. Radar estimates of snowflake properties
were most consistent with aircraft data inside regions with prominent radar signatures. However, radar estimates of snow-
flake shapes were not consistent with observed shapes estimated from the snowflake images. Although additional research
is needed, these results bolster understanding of snow-growth physics and uncertainties between radar measurements and
snow production that can improve future snowfall forecasting.
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1. Introduction microphysical particle properties and processes that cause dual-
polarization signatures or “fingerprints” (Kumjian et al. 2016).
To complement the recent polarimetric advances in radar me-
teorology, newer studies have developed mathematical theories
and methodologies that exploit multiple radar variables to re-
trieve parameters describing particle size distributions (PSDs;
Ryzhkov and Zrni¢ 2019), particle characteristics such as shape
and orientation (e.g., Melnikov and Straka 2013; Matrosov et al.
2017; Matrosov 2020; Matrosov et al. 2020), ice water content
(IWC; Ryzhkov et al. 1998), and snow precipitation rates
(S; Bukovcic et al. 2018, 2020). These microphysical retrievals
are either purely empirical, thereby linking radar quantities di-
rectly to IWC or S through the use of (bivariate) power laws

Corresponding author: Edwin L. Dunnavan, edwin.dunnavan@ (e.g., Hogan et al. 2006; Bukovci¢ et al. 2018; Nguyen et al.
noaa.gov 2019; Bukov¢ic et al. 2020), or estimated from PSD parameters

Dual-polarization radar provides a unique set of variables that
can be used to infer winter cloud and precipitation characteristics.
A better understanding of such characteristics is essential for
accurate snow forecasting (Reeves et al. 2014) and hydrometeor
classification (Thompson et al. 2014). The recent advent of ubig-
uitous dual-polarization capabilities in operational NEXRAD
instruments provides ample opportunity for developing appro-
priate methods to exploit these polarimetric capabilities. As a
result, operational radars can help to improve snowfall fore-
casting capabilities and further enhance understanding of the
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that, in turn, are used to calculate IWC or S (e.g., Ryzhkov and
Zrni¢ 2019). Microphysical relations that rely on PSD character-
ization must make numerous approximations and assumptions
about the shapes, densities, orientations, and degree of riming
for all particles (see Ryzhkov and Zrni¢ 2019). Such assump-
tions are very crude since ice particles are well known to exhibit
a wide variety of microphysical characteristics even within the
same ice particle class (Locatelli and Hobbs 1974; Mitchell
1996) and are expected to vary spatiotemporally depending
upon environmental conditions (Bailey and Hallett 2009) and
growth histories (Chen and Lamb 1994; Harrington et al. 2013;
Sulia et al. 2013; Jensen and Harrington 2015). Despite this
variability, current radar retrieval techniques often employ the
same set of assumptions and approximations including a fixed
(oblate) spheroid particle shape, a fixed density-size (p,—D)
relation, and a fixed canting angle standard deviation o Such as-
sumptions necessitate their own sets of errors and uncertainties
(Westbrook 2014; Schrom and Kumjian 2018), yet these assump-
tions have not yet been rigorously evaluated through careful
analyses with in situ cloud probe observations.

Radar retrievals using reflectivity Z, differential reflectivity
Zpr, specific differential phase Kqp, and copolar correlation co-
efficient pp, should theoretically be most accurate in regions
where all four variables are most prominent.' One such scenario
can regularly occur within the dendritic growth layer, approxi-
mately from —12° to —18°C, where Zpgr and Ky, are elevated
(0.5 < Zpr < 5.0dB and 02 < K4, < 0.8° km ™' at S band) and
pry is diminished (0.96 < pp, < 0.99). For Rayleigh scattering,
Kgp depends upon the inverse of radar wavelength. As such,
dendritic growth layer Ky, enhancements are roughly 3 times as
high for X band as for S band. Enhanced Zpg and K, implies
the presence of anisotropic particles such as dendrites or hexago-
nal plates where the magnitude of Zpg and K, depends upon
the particle aspect ratios and densities. In addition, unlike Zpg,
which is not sensitive to number concentration, K, is dependent
upon number concentration and can therefore indicate enhance-
ments in the number of particles as well. Diminished py, sug-
gests a diversity of different particle types, shapes, densities,
and/or orientations. Many studies have investigated these den-
dritic growth layer signatures and have provided various theo-
ries that explain the underlying microphysical causes (Ryzhkov
and Zrni¢ 1998; Kennedy and Rutledge 2011; Andri¢ et al.
2013; Bechini et al. 2013; Grazioli et al. 2015; Moisseev et al.
2015; Schrom et al. 2015; Schrom and Kumjian 2016, 2018;
Kumjian and Lombardo 2017; Griffin et al. 2018) yet there is no
overall consensus for the validity or reconciliation of these theo-
ries. Some studies such as Kennedy and Rutledge (2011), Schrom
et al. (2015), and Schrom and Kumjian (2018) have hypothesized
that the K4, and Zpg dendritic growth layer enhancements result
from large dendrites that grow in situ, whereas other studies
have hypothesized the role of “seeder—feeder”-type processes
and oblate aggregates as a potential explanation (Moisseev et al.
2015). Furthermore, other studies such as Griffin et al. (2018)
have provided evidence that hexagonal plates in the dendritic

! Herein, radar variable subscripts represent either linear units
(lowercase) or logarithmic units (uppercase).
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growth layer can cause extremely large values of Zpg, and they
attributed Zpr and Ky, enhancements to separate types of par-
ticles. Still other studies such as Andri¢ et al. (2013) and Sinclair
et al. (2016) attribute K, enhancements to secondary ice produc-
tion of small, anisotropic crystals. Homogeneous oblate spheroids
are often used in these studies to represent various ice particle
habits; however, recent discrete dipole approximation modeling
results (Westbrook 2014; Schrom and Kumjian 2018) illustrate
that this approximation can severely underestimate or overesti-
mate both Zpg and Ky, for branched planar crystals depending
upon the assumed effective density.

Untangling the various causes of these polarimetric signa-
tures requires careful consideration of collocated radar and in
situ observations along with appropriate, physical approxima-
tions that govern each retrieval. However, few studies have
directly compared dual-polarization radar retrieval estimates
with in situ observations (e.g., Ryzhkov et al. 1998; Nguyen et al.
2019; Murphy et al. 2020). Such comparison efforts are essential
to ensure retrievals are consistent with observations and to
investigate any biases and uncertainties in such calculations.
Indeed, each retrieval relies on physical assumptions about ice
particle shapes, densities, orientations, and degree of riming
that not only influence the PSD parameters but the resulting
quantities (e.g., IWC or §) that often follow from such assump-
tions through weighted integration of the retrieved PSD. Any
errors in radar quantities from, for instance, calibration biases
or spatiotemporal matching will necessarily propagate into any
retrieved quantity; it is our understanding that few studies have
actually quantified how radar variable uncertainties would af-
fect retrievals and how the magnitude of such uncertainties
compare to the retrieved quantities themselves.

Toward this end, this paper evaluates current PSD and
aspect ratio retrieval methodologies through direct comparison
of Multi-Radar Multi-Sensor (MRMS; Zhang et al. 2016) obser-
vations collocated with in situ aircraft observations obtained
during the 2020 Investigation of Microphysics and Precipitation
for Atlantic Coast-Threatening Storms (IMPACTS; McMurdie
et al. 2022) campaign. While we only evaluate two flight legs of
this winter storm case (constituting approximately 1 h of flight
data), the MRMS in situ collocation approach and subsequent
investigation into fascinating polarimetric signatures can be
thought of as a first attempt at understanding such radar features
through the combined use of multiple observational platforms.
This study is the first to incorporate polarimetric MRMS data
and MRMS uncertainties in the use of radar retrieval algorithms
and the first to attempt collocation of MRMS observations with
measurements obtained from in situ aircraft data.

2. The MRMS system

In this study, the MRMS mosaic of NEXRAD WSR-88D
instruments is used to collocate ice microphysical radar retrievals
with in situ aircraft measurements. The MRMS is an attractive
system for these tasks because the system incorporates data from
multiple radars. Thus, the use of multiple radars allows for a
much larger spatial range than provided by a single radar and
can help mitigate potential calibration biases introduced by indi-
vidual radars. The MRMS is also an operational product.
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Therefore, it would be possible for future MRMS upgrades to
include real-time CONUS-wide microphysical retrieval estimates.

The MRMS consists of 143 WSR-88Ds as well as 30 radars
from Environment and Climate Change Canada seamlessly
interpolated onto a common 3D CONUS grid, forming a mosaic.
Each individual WSR-88D typically has 0.5° (azimuthal) by
250-m (range) resolution with ranges of 420 km at each site.
However, the MRMS grid itself has a horizontal resolution of
0.01° latitude X 0.01° longitude that corresponds to about a
1.1-km resolution and 33 irregularly spaced vertical levels with
250-m resolution from 0 to 3 km MSL, 500-m resolution from
3 to 9 km MSL, and 1000-m resolution from 9 to 20 km MSL
(Smith et al. 2016). This grid in general has a temporal resolu-
tion of 2 min for Z and 10 min for each polarimetric variable.
However, to maintain consistent radar retrievals (which use
both Z and each polarimetric variable), we use the 10-min
MRMS data. The MRMS radar merging methodology
comes from the work of Lakshmanan et al. (2006) who uses
exponential weights in time and in distance between the indi-
vidual radar data bin and the MRMS grid cell. Radar data are
averaged only between radars, whereas MRMS grid points
near each radar are not smoothed. The Kyp, is calculated by us-
ing a local linear fitting to differential phase along the radial
direction (Ryzhkov and Zrni¢ 1996).

MRMS uncertainties for spatiotemporal collocation with air-
craft can result from a number of factors. For example, individual
radars can be miscalibrated, which can affect Z and Zpg, and
K, can be noisy. MRMS uncertainties can also result from the
multiradar merging algorithm (Lakshmanan et al. 2006), which
preferentially weights data according to time and distance.
Therefore, while there are many sources of potential error from
the MRMS, we develop a methodology for incorporating some
of these errors in section 4a when we perform our radar retrievals.

3. Case description

In situ and radar observations used in this work are from the
7 February 2020 IMPACTS case. Measurements were made
across the final frontal system in a series of shortwaves that
moved across the Ohio Valley and mid-Atlantic region in the
preceding days. The fast-moving shortwave associated with the
surface low pressure system was embedded in an extremely deep
and negatively tilted trough centered over the Mississippi Valley
with an attendant jet streak at 300 hPa off the mid-Adtlantic coast
that exceeded 225 kt (116 m s~ 1) by 0000 UTC 8 February 2020.

At the surface, a low pressure system formed in the Tennessee
Valley at 1200 UTC 6 February 2020 and moved quickly
northeast, undergoing rapid cyclogenesis on 7 February 2020 and
deepening to 966 hPa by 0000 UTC 8 February 2020. Concur-
rently, an Arctic front moved southward on the backside of the
system, resulting in frontogenetic forcing within the deformation
zone over the Hudson Valley. A broad swath of heavy snow fell
across the interior Northeast and New England, with up to 30 cm
of snow falling across parts of central New York and snowfall
rates exceeding 3-5cmh™'.

The NASA P3 aircraft flew from 1400 to 1900 UTC, making
multiple passes cutting across the cold front situated in upstate
New York (Fig. 1). Another aircraft, the NASA ER2, made

Brought to you by UNIVERSITY OF OKLAHOMA LIBRARY | Unauthenticated | Downloaded 11/03/22 01:42 PM UTC

DUNNAVAN ET AL.

1681

coordinated passes with the P3 for some of these flight legs as
well. The ER2 aircraft flew above the P3 aircraft at approxi-
mately 20 km MSL and utilized multiple radar and lidar instru-
ments. In particular, the ER2 aircraft housed a nadir-pointing
X-band radar (EXRAD) as well as Ku-band and Ka-band
radars (HIWRAP) that could be used to collocate radar reflec-
tivity with the P3 aircraft location.

The west side of the frontal boundary was composed of snow
at the surface while the east side of the frontal boundary was
composed of rain at the surface. Herein, we focus on perform-
ing radar and in situ retrievals along the first two P3 legs, which
correspond to time periods when the P3 was to the west of the
frontal boundary (Fig. 1). Leg 1 corresponds to roughly
1508-1524 UTC when the P3 flew west to east, whereas leg 2
corresponds to roughly 1530-1551 UTC when the P3 flew east
to west. During leg 1, the P3 aircraft flew at approximately 5 km
MSL (T » —16°C) throughout the flight leg, whereas in leg 2 the
P3 aircraft flew at approximately 3.5 km MSL but with tem-
peratures decreasing from approximately —6°C at 1530 UTC
to —13°C at 1551 UTC (Figs. 1d,e).

Figure 2 shows a Cartesian representation of the 5-km
MRMS horizontal cross section for Z, Zpg, and Kgp, at 1510 and
1520 UTC during leg 1 along with the P3 locations for these
times. At both time periods, there are two separate Kg, and
Zpr enhancement regions. At each period, the P3 aircraft is in
the vicinity of Ky, values over 0.2° km ™! and Zpgr values over
1.0 dB. In comparison with the stratiform nature of Z, these en-
hancement regions are very small [O(10 km)]. Despite these fea-
tures occurring on such a small scale, the P3 aircraft flew through
both regions nearly 100 km apart. This implies that it is possible
for us to utilize in situ measurements taken aboard the aircraft in
conjunction with the MRMS to directly investigate the microphys-
ical properties of these regions (and in between) and to connect
these dual-polarization radar features with physical, causal
explanations. It is important to realize that the small scale
of these features shown in Fig. 2 and the even smaller scale
sampling volumes swept out by the in situ measurement
probes provide a host of uncertainties in such an investigation.
As a result, the next section lays out a general methodology for
collocating the MRMS with the P3 in situ measurements that
encompasses these spatiotemporal uncertainties.

4. Methodology
a. In situ aircraft and MRMS radar collocation

Unlike other studies that have used nearest-neighbor, inter-
polation, or averaging approaches for collocation (Nguyen et al.
2019; Murphy et al. 2020; Chase et al. 2021), collocation of
aircraft and MRMS radar data for this study is performed
through a bootstrapping approach whereby the MRMS grid
points closest to the P3 aircraft are resampled (i.e., sampled
with replacement) to impute P3 radar retrieval statistics (e.g.,
mean and covariance). To do this, we use the latitude, longitude
and MSL altitude for each P3 time stamp and calculate the total
horizontal distances to each MRMS grid point. Only MRMS
horizontal grid points less than 1 km away from the P3 are used
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5.0-km MSL at 07 Feb 2020 15:10 UTC
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F1G. 1. (a) 5.0-km Z at 1510 UTC 7 Feb 2020 from the MRMS system at 5.0 km MSL. The orange, dashed line
corresponds to a convergence line estimate adapted from the 1500 UTC 7 Feb 2020 Weather Prediction Center surface
analysis. The P3 flight track is shown in black, with the flight direction of each of the relevant flight legs denoted with
arrows. (b) Asin (a), but with the GOES-East visible satellite. (c) As in (a) and (b), but with just the terrain overlay.
Also shown are time series of (d) altitude and (e) temperature (black; °C) with relative humidity with respect to ice (red; %)
measured by the P3 probes. The periods corresponding to each leg are additionally shown as white triangles in (a)—(c).

for retrievals. We then estimate retrievals by weighting the sam-
pled retrievals along the horizontal,

1
WMRMS/P3 = >
2 2 2
\/xMRMS = xp3)" + Omrms ~ Yp3)” T (vt,P3A[MRMS/P3)
(1)
and along the vertical,
1
W, MRMSP3 —~ ——> (2)

(Zprms — ZP3)2
where v, p; is the P3 aircraft ground speed in meters per second,
Atvirms/ps 18 the time difference between the P3 time stamp and
the MRMS time stamp, and (x, y, z) represents the Cartesian
locations of the MRMS grid points and the P3 aircraft. Figure 3
shows an example of the horizontal bootstrapping procedure
for a time period (1513 UTC) between neighboring MRMS
time stamps (1510 and 1520 UTC). For each P3 time period, we
calculate the horizontal distance between the P3 location and
each MRMS grid point. Only MRMS grid points less than 1 km
from the P3 are included in the collocated statistics as indicated
by the gray circles in Fig. 3. The temporal term in Eq. (1) can
be thought of as the distance (red lines in Fig. 3) that the P3
travels between a MRMS time stamp, for which there are no
temporal errors, and a time period in between each MRMS
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time stamp. This means that MRMS gridpoint locations that
are spatially and temporally closer to the P3 aircraft at each
P3 time stamp are preferentially drawn. We resample sets of
XMRMSs YMRMs, and fyrwms grid points 10000 times with
replacement for each P3 time period. We then perform the
same bootstrap sampling but with only the vertical weight-
ing [Eq. (2)] to determine which height levels are drawn for
each of the 10000 samples.

We then use each sampled set of MRMS radar variables to
retrieve three key bulk ice microphysical quantities: mean volume
diameter D,,, number concentration N, and IWC. The D,, for
this work is defined as the ratio of the fourth and third moments
of the equivolume size distribution.

b. In situ probes and data processing methodologies

The P3 aircraft housed several different cloud probe instru-
ments including a two-dimensional stereo (2DS) that has both
horizontal (2DS-H) and vertical (2DS-V) oriented photodiode
arrays, two high-volume precipitation spectrometers (HVPS-A
and HVPS-B), a cloud probe imager (CPI), a fast-cloud drop-
let probe (FCDP), and a Rosemount icing detector (RICE), as
well as several other probes not used in this study (Delene
2022). Aircraft probe data were processed using the Air-
borne Data Processing and Analysis package (Delene 2011).
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FIG. 2. MRMS horizontal cross sections of (top) Z, (middle) Zpg, and (bottom) Kgp, at 5 km for (left) 1510 and
(right) 1520 UTC during leg 1. Purple dots represent the P3 aircraft locations at each time period. The x and y coordi-
nates are centered on the P3 aircraft location at 1510 UTC. MRMS radar artifacts near the center of a nearby radar

can be seen in Z in the top-right corner.
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The FCDP and RICE instruments were used to indicate regimes
of supercooled liquid drops and the CPI was used along with
3V-CPlview software (SPEC, Inc.) to estimate habit fractions
for each leg. While the liquid water content (LWC) estimated
from the FCDP was artificially high (up to 200%) due to shatter-
ing effects, we use the spikes in FCDP LWC as a way to infer the
presence of supercooled liquid droplets. The University of
Illinois/Oklahoma OAP Processing Software (UIOOPS;
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McFarquhar et al. 2018) was used to derive PSDs from
the 2DS-V and HVPS-A probes. All 1-Hz PSD samples
from the 2DS were ignored when dead time exceeded
70% (i.e., when the 2DS sampled less than 30% of the 1-Hz
period). Stricter dead time thresholds would limit the number of
time periods with higher concentrations. The remaining samples
from the 2DS and HVPS were then averaged in 5-s time intervals
for particle sizes in the range 0.1-30 mm where sizes smaller than
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F1G. 3. MRMS horizontal Cartesian cross sections at 5.0 km MSL with P3 locations at MRMS
time stamps (a) 1510 and (b) 1520 UTC (purple dots) and a time period in between MRMS time
stamps (1513 UTC; black dots). Red lines indicate the temporal contribution to the weighting
function, where shorter distances indicate a higher probability for the MRMS time period to be
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sampling.
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1.4 mm used 2DS data, and sizes larger than 1.4 mm used HVPS
data. Particle sizes were defined using the circle of minimum
enclosure approach D, of Wu and McFarquhar (2016).
Gamma and exponential distribution fits were performed on
the P3 in situ observations for each 5-s binned PSD using the
form n(D,,,.) = N, Dhax exp(—A D). For exponential distri-
butions (i.e., uw = 0), this form is then transformed into its semi-
logarithmic form: In[n(D,, )] =In(N, ) — A,D such that
In(N, ) and A, was solved by least squares fitting of a first-

max
max’

order polynomial equation. The incomplete gamma moment
fitting method of McFarquhar et al. (2015) was used to estimate
gamma distribution parameters. In this method, three moments
of the in situ observed PSD were numerically calculated that
serve as three constraints for estimating w, NO‘_, and A,. Here,

we used the zeroth, second, and fourth incomplete moments of
the ice-phase PSD because these moments are roughly propor-
tional to ice number, mass, and reflectivity (Ryzhkov et al.
1998) although other moments could be used as well. Even with
these moments as PSD parameter constraints, measurement un-
certainties and the use of other moments can alter these param-
eters (McFarquhar et al. 2015). PSD parameters themselves are
highly correlated with one another (McFarquhar et al. 2015)
and thus any errors in one parameter would manifest in other
parameters. Therefore, these parameter estimations are not
necessarily unique (i.e., problem of moments) such that even
perfect moments can yield multiple plausible parameter sets. In
addition, these in situ fits are specifically valid for maximum di-
mensions between 0.1 and 30 mm, where there is higher confi-
dence in the calculated number concentrations. One set of
gamma distribution fits was performed using the aforementioned
zeroth, second, and fourth incomplete moments and were com-
pared with the radar retrievals. Large differences between in situ
and retrieved N, can occur because », is dominated by concentra-
tions of smaller particles that are not included with the in situ
data. Therefore, each radar retrieval used N, and D,,, and a new
N, was diagnosed from integrating the number distribution func-
tion from Dy, = 0.1 mm to D, = 30 mm.

We estimated ice particle aspect ratios by fitting ellipses to
each particle image. Ellipse fits and corresponding ellipse orienta-
tion angles were computed using the Computational Geometry
Algorithms Library (CGAL) C++ library functions and the
methodology of Welzl (1991) and Gértner and Schonherr (1998)
to find the ellipse of the smallest area enclosing a finite set of
points. Ellipse orientation angles are defined as the angle be-
tween the maximum dimension and the time dimension (i.e.,
flight direction). Aspect ratio statistics were only computed for
particle images that were fully within the probe sampling volume.
Ellipse fits were computed from the horizontally and vertically
oriented HVPS and 2DS datasets. While radar retrieval calcula-
tions used the actual intrinsic (spheroid) aspect ratios, these in
situ ellipse fits represent 2D projections of each ice particle.
Therefore, the projected ellipse fit aspect ratio ® can be in the
range ¢ = ® = 1.0 depending upon particle orientations as im-
aged by the in situ cloud probes.

IWC was estimated from the observed PSDs following two
different methods. The first method adopted a modified form
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of the static m—D relationship from Brown and Francis (1995,
hereinafter BF95) as described in Hogan et al. (2012). The second
method employed scattering simulations of varying riming
degrees and m-D relations from Leinonen and Szyrmer (2015,
hereinafter LS15) to determine the m—D relation that best mini-
mized the reflectivity difference between ER2 HIWRAP radar
measurements at the P3 location and that simulated from the
PSDs for each 5-s interval. Unless otherwise noted, the majority
of results use the BF95 IWC calculations since L.S15 calculations
are only available when the ER2 and P3 were less than 4 km
apart horizontally and when data were within 3 min of each
other.

c¢. Radar retrieval methodology

Radar retrieval equations used in this work come primarily
from two sources: Ryzhkov and Zrni¢ (2019, hereinafter RZ19)
and Bukovcic et al. (2020, hereinafter B20), with the exception
of the nonpolarimetric IWC retrieval from Hogan et al. (2006,
hereinafter H06) that uses Z (dBZ) and temperature in degrees
Celsius. RZ19 and B20 assume that particles are described in
terms of equivolume diameters D and are represented as oblate
spheroids with fixed aspect ratios: ¢ = b/a ~ ¢ where b and a are
the spheroid semiminor and semimajor axis lengths, respectively.
Korolev and Isaac (2003) found that stratiform (predominantly
irregular and aggregate) precipitation particle projected aspect
ratios depend slightly on particle size where most projected as-
pect ratios fall in the range 0.6 = ® = 0.8. Many laboratory and
in situ aircraft studies have, however, demonstrated power-law
behavior of pristine habit shape with size (Auer and Veal 1970;
Lamb and Scott 1972; Um et al. 2015). As a result, we would ex-
pect that RZ19 and B20 retrievals would be most consistent with
observations for cloud systems dominated by irregular or aggre-
gate particles rather than pristine particles such as dendrites or
columns. From RZ19 and B20, there are two separate methodol-
ogies for retrieving D,,,, N,, and IWC from the radar variables.
RZ19 describe an approach using Z, Zpg, and Ky, (three varia-
bles), whereas B20 uses Z and Kg, (two variables). While RZ19
also describe the B20 approach, we refer to RZ19 as the three-
variable approach, whereas we refer to B20 as the two-vari-
able approach for simplicity. Each equation we use is derived
in the same way as RZ19 and B20 with the exception that we re-
lax the PSD form to be that of a gamma distribution rather than
an exponential distribution. Derivations for these equations are
given in appendix. Table 1 provides the general retrieval equa-
tions as well as the simplified forms provided by RZ19 and B20.
These simplified forms assume fixed values of @, the density—
size power-law prefactor «, and the axisymmetric Gaussian ori-
entation standard deviation o and assume p = 0. Notice that
the RZ19 retrievals use a quantity called Zgp,, which is the lin-
ear difference in horizontal and vertical reflectivity: Zg, = Z,
— Z, rather than strictly Zpg. This is because, to first order,
Zgp is conveniently proportional to the third moment of the
size distribution (see the appendix). This means that Zgj, is re-
lated to Zg, and Zj, as de =Z,1- Z(]rl).

Notice that each of the general equations presented in
Table 1 are expressed in terms of a multivariate power-law

d d. d )
relation: F = ch;“P de"" Z,", where Fis Dy, N;, or IWC.
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TABLE 1. Table of retrieval equations used in this paper: D,, is in units of millimeters, N, is in units of number per meter cubed,
and IWC is in units of grams per meter cubed; F; is the combined shape/orientation factor that depends upon ¢ and o. See the
appendix for more details.

Methodological source Variable Equation
RZ19 D,, 054 _ 4 _
e Bt del/zz}i/pz
2 (n+3)(+2)
N, 2wt p+2) n
5384 ——F—FK§. 2457
Pl e e
IWC w2 »
80X 107 = Koy 26y 2,
RZ19 (simplified) w = 0 and D,, (fit) _ [ )
a=02g¢g cm™? mm 01+2.0 de/(AKdn)
N, 80.7°K3, 242 Z),
-3, —
IWC 40 X 107K, 740 7,
B20 D,, 5 V3, 13
0.924 (h+4) (ﬂ) K13 713
T (w3 +2)| 2] T T
N 614 [(u +4)(u +3)(w+ 21" ()" 41
v prl F) KaZn
IWC
0.0027| (n+2)° A\ K23 7113
a |(w+d(p+3)| \F) T®T
B20 (simplified) o = 0, & = 0.178 g cm > mm, D, 0.15K; 137}
4 = 110.8 mm (S band), 3 = 0.65, and P
o=0
N, 2.93 X 10°K3° 7,3
we 0.77K32 2}
HO6 IWC 1(0-060Z(dBZ)—0.02127(°C)~1.92

Because these relations are analytic, it is natural to explore  and «) in Table 1. To first order and ignoring correlations
how uncertainties in each radar quantity affect each re- between each radar variable, retrieval uncertainties can be
trieval. These uncertainties are important in order to prop- expressed through differentiating each retrieval equation
erly evaluate the performance of each retrieval equation with respect to each radar variable using the variance
and to optimize the microphysical parameters (i.e., Fs, u, “propagation of uncertainty” equation

I l _8F 20'2 + —BF 202 + (E)ZU2
F o F oKy | Ko \oZpg) “7ox oz 77 (3)
2 2 2 2
_ o () L p (010) Zpr Tz @ +a pinlo
kol Ky, 100 | gzon/10 _ 1) \Zpg o w100 27

where oy represents the standard deviation of MRMS quan-  errors that only depend upon the relative error in Kq, and
tities and retrievals. Notice that B20 relations have relative  the absolute error (in dB) of Z (i.e., dzd = 0), whereas the
P
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FIG. 4. Relative error contours for D,,, (increments of 0.05), N, (increments of 0.2), and IWC (increments of 0.1) retrievals using Eq. (3)
and Table 1 for different values of ok, /Ky, , oz, /Zpg » and oz (a) relative errors of D,, in terms of o, /D, using RZ19 retrievals
for different values of Zpg and o, (b) as in (a), but for N,, (c) relative errors of IWC using RZ19 for different values of Zpg, and (d) rela-
tive errors in D,,,, N,, and IWC using B20.

RZ19 relation errors depend upon relative errors in Ky, and
Zpr as well as the the absolute error of Z and Zpg. While
there are certainly correlations between (for instance) Z and
K, we use Eq. (3) as a simple way to estimate the propagation
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of error for assumed radar variable errors resulting from cali-
bration biases and spatiotemporal uncertainties.

Figure 4 shows contours of D,,, N,, and IWC relative uncertain-
ties for various ranges of each independent variable in Eq. (3).
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Figure 4a shows that RZ19 retrievals of D,, depend equally
on relative uncertainties in both Zpr and Kgp, with relative
errors strongly dependent upon the absolute Z uncertainty and
weakly dependent on the magnitude of Zpg. Overall D,, uncer-
tainties for oz =< 5.0 dB are less than unity as long as relative un-
certainties of Zpr and Ky, are also less than unity. The N;
uncertainties (Fig. 4b) mirror the contours of D,, uncertainties
but are 2-4 times as large. RZ19 IWC retrievals (Fig. 4c)
also depend equally on Zpg and Ky, relative errors but do not
depend upon Z uncertainties. If Zpg is small (i.e., 0.1 dB), the
relative errors of IWC depend equally upon the relative errors
in Zpg and Kg,. Greater values of Zpyg stretch IWC errors
along the s /Z, axis in Fig. 4c. For small relative errors in
Kp, increasing Zpg from 0.1 to 3.0 dB increases relative errors
in IWC by almost 0.2. Figure 4d shows that B20 retrieval errors
of D,, depend heavily on absolute errors in Z as compared with
relative errors in Kgp,, whereas B20 N, relative errors depend
more on relative errors in Ky, than o B20 IWC relative errors
depend heavily upon both Ky, relative errors and Z absolute
errors. Overall, B20 errors are generally lowest with D,,, and
highest with N,.

To compare the observed size distributions with the radar
retrievals, it is necessary to ensure consistency in the defini-
tion of the chosen particle size (McFarquhar and Black 2004;
Wu and McFarquhar 2016). The radar retrievals use equivo-
lume diameter D, whereas the in situ observations are in
terms of the maximum dimension D, ., which is the mini-
mum diameter of an enclosing circle based on the particle
projections measured by the 2DS and HVPS instruments.
Here, we perform radar retrievals of D,, and then use size distri-
bution continuity [i.e., #(D)dD = n(Dmax)dDmax] to retrieve
mean volume diameters in terms of maximum dimension

D =D, g " “4)

m,max

Although the apparent maximum dimensions and aspect ra-
tios from in situ observations depend upon particle orienta-
tions (McFarquhar et al. 1999; Jiang et al. 2017; Dunnavan and
Jiang 2019) that can be influenced by the cloud probe itself
(King 1985, 1986), the use of maximum dimension here acts as
a simple way to compare radar retrievals with in situ obser-
vations. It is important to note that, neglecting any optical
errors, truly spheroidal particles will have either their semi-
major (oblate) or semiminor (prolate) axis lengths repre-
sented in their 2D ellipse projections due to axis symmetry.
Therefore, we would expect that only prolate-like, or triax-
ial particles would exhibit errors in D,,x, Whereas oblate-
like or planar crystals would have apparent maximum di-
mensions that differ strictly only to morphological effects
(e.g., asymmetric branch structure).

Aspect ratio retrievals are performed following the meth-
odology of Matrosov et al. (2020) where a proxy for circular
depolarization ratio (CDR,) is used to estimate . CDR,, is
constructed from Z, and py,, such that

Zdr +1- 2VZdrphv
Zy +1+2{Zypy,

CDR, = 10log . %)
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To estimate @, pairs of D, and ¢ are used in Egs. (A7a),
(A7b), and (AT7e) to explicitly calculate CDR,, with Eq. (5). A
gridded interpolant function is then fit to the calculated
CDRp(Dm,E) surface from which radar-retrieved simplified
RZ19 D,, values (Table 1) and estimated values of CDR,, are
then inverted to estimate ¢. For both RZ19 and B20 retrieval
methodologies, aspect ratio retrievals are inverted using the
RZ109 retrieval because D,,, does not depend upon @. Aspect
ratio retrievals using this methodology are expected to have
errors that could be at least 0.2 (Matrosov 2020).

Notice from Table 1 that the general retrieval equations for
B20 depend directly upon u, @ and Fy (which itself depends
on ¢ and o), whereas RZ19 does not depend at all on F; and
only depends upon a when retrieving D,,. Furthermore,
RZ19 D,,, max only implicitly depends on ¢ due to the Eq. (4)
conversion and N, from integrating from D,,, max = 0.1 mm to
D, max = 30 mm. Therefore, while the RZ19 retrieval methodol-
ogy conveniently does not substantially depend upon these extra
parameters, it is more difficult to reconcile any discrepancies
between in situ measurements and MRMS retrievals. B20
retrievals, on the other hand, have at least four parameters that
could help explain any possible retrieval discrepancy among the
three retrieved quantities. As a result, we provide an additional
set of B20 retrievals using a cascaded, ensemble Markov chain
Monte Carlo (MCMC) MATLAB program (Grinsted 2022)
based on the Goodman and Weare (2010) affine invariant
MCMC algorithm. This MCMC program is used to explore
the parameter space of B20 variables, thus allowing us to infer
the best parameter sets to use and how parameters are correlated
with one another. The MCMC code works by specifying a log-
likelihood function (i.e., a cost function) for a given set of obser-
vations (in this case, D,,, N;, and IWC) and a model (in this case,
the B20 retrievals). The log-likelihood function incorporates
both the mean quantities as well as errors from both the in situ
measurements and the MRMS bootstrapping. In situ measure-
ment errors are estimated following Finlon et al. (2019) who uses
Poisson statistics to estimate the standard deviation of the num-
ber distribution function for each size bin. MRMS errors are in-
corporated by converting bootstrap covariance matrices of Z and
Kgp, to standard deviations of D, max, Ni, IWC through a variant
of Eq. (3) for Z;, and K, Then, 50 random walkers are gener-
ated with initial values of «, ¢, o, and w. The MCMC program
calculates the log-likelihood function for each walker as each
walker samples various retrieval parameters with acceptance
probability dependent upon the log-likelihood ratio of proposal
to current sample. Each random walker chains together
130000 parameter samples each for every 5-s time period of
leg 1 and leg 2. The resulting posterior distribution of parame-
ters then represents the four-dimensional («, ¢, o, and u) or
three-dimensional («, @, and o) probability space of all param-
eters. For more details, see Goodman and Weare (2010).

5. Results

a. In situ measurements and MRMS collocation

Time-height profiles of Z, Zpg, Kqp, and CDR,, are shown
in Fig. 5 for legs 1 and 2 using the bootstrapping procedure
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FIG. 5. (top four rows) MRMS data collocated along the P3 aircraft flight path latitude and longitude (thick, black line) for (left) leg 1 and
(right) leg 2. Also shown are (bottom) the number of unique MRMS grid points used for collocation with P3 aircraft.

described in section 4c. Figure 5 shows a classic dendritic
growth layer enhancement region in Zpg, Kqp, and CDR,
from 1508 to 1512 UTC (with a maximum at approximately
1510:30 UTC). Values of K, in particular are quite high and
approach values of 0.5° km™! along the P3 flight path. A weaker
K, but higher Zpgr enhancement region can be seen later from
approximately 1520 UTC, which lies just above the frontal
boundary on the easternmost portion of leg 1 (Fig. 1). During
leg 2, the P3 aircraft flew at a lower altitude (higher tempera-
ture). As such, enhanced aggregation at this lower level contrib-
uted to larger Z and diminished K, and Zpg relative to leg 1.

A GOES-16 multichannel imaging algorithm (MIA; Hu et al.
2021) and CPI particle images suggests that the first K4, and
Zpr peak at 1510 UTC was primarily dominated by irregular
dry ice particles, whereas the second peak at 1520 UTC corre-
sponds to a large number of small, supercooled liquid droplets
mixed together with ice particles. In Fig. 6, “irregular” particles
(i.e., polycrystalline) constitute approximately 60% of all particles
throughout each leg except during regions close to the frontal
boundary where “spheroidal” particles, indicative of supercooled
liquid droplets, occasionally dominate the observed particle type
in conjunction with peaks in FCDP LWC measurements. While
the 3V-CPlview software used to perform these habit classifica-
tions is not perfect because of misclassification of planar crystals
and dendrites (such particles would normally be classified in the
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“plates” category but were instead misclassified as “rosettes”),
casual observation of CPI images indicate that irregular polycrys-
tals and spatial planar crystals do dominate the majority of ice
throughout both legs. In addition, the RICE frequency behavior
during this leg shows sharp frequency decreases (indicating
the presence of liquid particles) at various times. Despite the
P3 flying below cloud top, both MIA and RICE observations
(Fig. 6) show a sharp transition from a dry ice environment to
a mixed-phase environment around 1520 UTC. The correspon-
dence between MIA and P3 observations appears to even cap-
ture the sharp spikes of LWC that are estimated from the FCDP
data at 1521 UTC in Fig. 6. In particular, FCDP size distributions
for 1521 UTC illustrate a pronounced peak at 25 um, which is in-
dicative of liquid droplets (Cober et al. 2001; McFarquhar et al.
2007). The appearance of this peak corresponds to a FCDP num-
ber concentration of 19 cm ™ (not shown). At 1510 UTC, on the
other hand, the FCDP measured number concentration values
that were fewer by a factor of approximately 6 (3 cm™°) and
there was no pronounced peak. Therefore, the Kgp and Zpr
peaks shown at 1510 UTC and 1520 UTC in Fig. 5 suggest two
different microphysical regimes where 1510 UTC represents a
population of dry ice, and 1520 UTC represents a population of
supercooled liquid droplets and ice particles.

Figure 7 shows the time series of bulk parameters D, max
and N, from the P3 observations and the exponential and
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FIG. 6. (top) CPI-derived habit fractions for (left) leg 1 and (right) leg 2. Plates were not identified for either leg and thus were not included
in the plot. (bottom) Time series phase fractions of ice (blue), supercooled liquid droplets (red), and liquid water (yellow) as estimated by MIA
for (left) leg 1 and (right) leg 2. Also shown are P3 estimates of LWC (gray) from the FCDP instrument and the RICE (black) frequency.

gamma PSD fits. These plots not only show the observed val-
ues of D,, max and N, that will be used to evaluate MRMS re-
trieval performance, but they also show how well the
exponential PSD and gamma PSD forms can capture the
measured PSDs. Exponential PSD fits (1 = 0) tend to overes-
timate D, max by at least 0.3 mm and underestimate N, by as
much as 20 L', Therefore, errors in the exponential fitting
alone can account for at least 50% of the observed N, values.
Using a gamma distribution (with variable ) dramatically im-
proves the PSD fit where N, can be captured to within a few
numbers per liter for a majority of each flight leg and D,,, max
can be captured well within 0.1 mm. The w is generally posi-
tive for a majority of leg 1 and for the last part of leg 2. Negative
w values are apparent during periods of supercooled liquid drop-
letsinleg 1 (e.g., 1521 UTC) and leg 2 before 1538 UTC.

The Zpr and Ky, during leg 1 are positively correlated with
N, for the dry ice period (Fig. 8) where the K4, and Zpr peak
at 1510 UTC corresponds to a N, peak, whereas the later K,
and Zpr peak at 1520 UTC does not show this correlation.
From 1508 to 1518 UTC, correlation coefficients between
N, and the MRMS radar variables are 0.77 and 0.81 for K, and
ZpRr, respectively. While leg-1 reflectivities are generally higher
during the first peak at 1510 UTC than during the second peak
at 1520 UTC, the correlation between N, and Z (0.48) is not as
strong as with Kg;, or Zpg from 1508 to 1518 UTC. The correla-
tion coefficients for the entirety of leg 1 are overall lower for
Kap, Zpr, and Z (0.48, 0.16, and 0.45, respectively), whereas
leg-2 correlations from 1530 to 1551 UTC are lower as well
(0.43, 0.24, and —0.11, respectively). Size distributions for the
1510 UTC period (not shown) illustrate that the maximum
dimensions of the particles corresponding to the N, peak are
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between 0.1 and 1.0 mm, with a mean maximum dimension
of approximately 0.5 mm.

Ellipse fit joint distributions of major dimension and aspect
ratio (Fig. 9) suggest that particles are apparently very spheri-
cal at all sizes for both the 1510 UTC period and the entirety of
leg 1. While dendrites or other anisotropic particles could yield
high ellipse fit aspect ratios if they are preferentially viewed
along their faces, the observed small sizes instead suggest that
the numerous particles responsible for the first Ky, and Zpr
enhancement region between 1510 and 1512 UTC are either
hexagonal plates or irregular particles consistent with the hypoth-
esis of Moisseev et al. (2015), Griffin et al. (2018) and others or
secondary ice production (e.g., Andri¢ et al. 2013). CPI images
and the CPI classification algorithm shown in Fig. 6 suggests that
there is no substantial change in habit type throughout the first
Kgp and Zpg enhancement region. This is somewhat surprising
considering that these enhancement regions could result strictly
from changes in particle properties alone. Unlike in Griffin et al.
(2018), the Zpg and Kgp during leg 1 are generally correlated,
which suggests perhaps that both signatures were the result of
the same or similar particle types. However, py, (not shown) indi-
cates a brief, sharp decrease from 1510:10 to 1510:40 UTC and
reaches a low value of almost 0.96. Thus, it is possible that some
or all of the 1510 UTC Ky, and Zpg peak results from particles
that are, for instance, denser than the observed irregular particles
from Fig. 6. For example, this decrease in py, could result from
secondary ice production such as from the collisional breakup of
ice particles. The second K4, and Zpg peak occurred at lower N,
and Z values (Fig. 8), which suggests that lower cloud tops with
less numerous but larger anisotropic particles like dendrites were
not masked as much by the presence of larger, more spherical
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FI1G. 7. PSD measurements of D,, max and N, computed directly from measured PSDs from the 2DS and HVPS (black
lines), gamma distribution fits (blue lines), and exponential distribution fits to the 2DS/HVPS PSDs (orange lines) for
(top) w, (top middle) D,,, max, (middle) D,y, may bias, (bottom middle) N,, and (bottom) N, bias for (left) leg 1 and (right)
leg 2; D,,, max and N, biases represent P3 probe observations subtracted from fits to the P3 probe observations. Fit param-
eters D,,max and N, were calculated over the 2DS and HVPS size range (0.10 = Dp,,y = 30.0 mm) representing the

P3-observed PSD.

particles (Griffin et al. 2018). This leads to Zpr being larger at
1520 UTC than during the 1510 UTC peak but with lower Kgp
due to lower N, at 1520 UTC. Particle images indicate local peaks
in D,,; max shown in Fig. 7 are the result of large aggregates, irreg-
ular particles, and/or dendrites.

b. MRMS radar retrieval results

Figure 10 shows the leg-1 and leg-2 distributions of relative
error for D, max, N;, and IWC. Simplified retrievals (Fig. 10a)
consistently underestimate D,, max by approximately 50% for
both legs. The N, is consistently overestimated where RZ19
errors are less than B20. Both N, and IWC relative error distri-
butions are heavily skewed to larger, more positive relative er-
rors, especially for leg 2 where retrievals are heavily biased
during the 1530-1534 UTC period of supercooled liquid droplets
(Fig. 6) where in situ measured IWC values are very low. The
median relative errors of RZ19 N, and IWC for leg 1 are small
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(+17% and —2%, respectively) but are much larger, and
more positive, for leg 2 (+110% and +75%, respectively).
B20 median relative errors are consistently larger overall
for both N, (+117%) and IWC (+43%)

Retrieved aspect ratios from the Matrosov (2020) CDR,,
retrieval methodology (Fig. 10b) for each leg are very low
(0.1 = =0.2) and, unlike the N, and IWC retrievals, are
approximately Gaussian for both RZ19 and B20 methodolo-
gies. These low aspect ratios are surprising considering that ice
particles for both legs are predominantly irregular (Fig. 6) with
mean ellipse fit aspect ratios that are approximately 0.7 for all
sizes (Fig. 9). Despite this inconsistency, general retrievals using
these aspect ratios overall substantially decrease the D,,; max mag-
nitude of the median relative errors for the RZ19 methodology
(—=17%) due to the D,,;-t0-D,,, max conversion [Eq. (4)]. As shown
in Table 1, RZ19 retrievals of D,,, N,, and IWC do not directly
depend upon ¢ or o, and « only affects D,,,. Therefore, these
improvements affect only D,,, max and have no effect on IWC
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FIG. 8. (left) Leg-1 and (right) leg-2 time series of (top) Zpg, (middle) Kgp, and (bottom) Z along with the P3 probe
N, calculations from Fig. 7. Shaded regions represent the 5th-95th-percentile range of MRMS bootstrap samples.

whatsoever. B20 retrievals with these retrieved aspect ratios
not only improve the leg-1 and leg-2 magnitude of the median
relative errors for D, max (+35% and +28%, respectively), N,
(—54% and —47%, respectively), and IWC (—43% and
—13%, respectively) but also substantially decrease the overall
spread of N, and IWC relative errors throughout each leg.

Figure 11 compares the IWC MRMS retrievals from the two
simplified polarimetric methods shown in Table 1 and the nonpo-
larimetric method (HO06) with the BF95 and LS15 in situ meas-
urements. HO6 retrievals using the ER2 EXRAD reflectivity are
also included for comparison as well. For leg 1, RZ19 retrievals
are by far the most consistent with observations, whereas B20
overestimates IWC by approximately 50% and the HO6 retriev-
als underestimate IWC by approximately 50%. Unlike the non-
polarimetric HO6 retrievals, both the RZ19 and B20 simplified
retrieval methodologies capture the correct trend where IWC
fluctuates at higher values from 1508 to 1515 UTC and then
decreases from 1515 to 1518 UTC. B20 is overall biased more
to larger IWC values than RZ19 for both legs and in situ IWC
estimates and thus produces larger overall errors. The H06
methodologies generally underestimate IWC relative to obser-
vations by approximately 50% for the majority of the leg-1 dry
ice half but more consistently captures the observed low IWC
values during the supercooled liquid droplet period around
1520 UTC. Using the ER2 EXRAD reflectivity does improve
the IWC retrievals but only by about 10%. During leg 2, both
RZ19 and B20 on average overestimates IWC by well over
50%, whereas both H06 retrievals on average captures IWC to
within 50% of both sets of in situ measurements.

B20 RETRIEVALS WITH OPTIMIZED PARAMETERS

While the previous section evaluated the simplified approaches
with assumed parameters for @ and o, it is natural to wonder
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how well retrievals could capture the measured D,;, max, N, and
IWC if each assumed parameter varies. To investigate such
optimal parameter sets, we use MCMC runs along with the
general B20 equations from Table 1 such that all three param-
eters: @, a, and o are varied from their assumed values. In addi-
tion, we also vary u as an additional parameter along with the
common pu = 0 assumption. Figure 12 shows leg-1 and leg-2 time
series of the MCMC-optimized parameters that are drawn from
the collated joint posterior probability distribution from each leg.
These joint probability distributions are combined from each 5-s
time period where we have collocated MRMS and in situ probe
data. For both legs and both B20 retrieval methods, the optimal
o is generally about 0.2 g cm™> mm and @ ~ 0.2 for periods of
dry ice. For periods of supercooled liquid droplets such as 1520
and 1531 UTC (see Fig. 6), both « and @ increase in accordance
with the effects of riming.

Unlike « and @, o has no direct information content and the
marginal distributions of ¢ at each time period is roughly uni-
form from 0° to 40°. The optimal w values for leg 1 and leg 2
are qualitatively similar to those estimated from the P3-derived
incomplete gamma distribution (Fig. 7). In particular, similar to
the in situ measurements, the optimal pu values are predomi-
nantly positive during leg 1 and mimic the general increase in
positivity during the latter periods of leg 2. While both u = 0
and variable-u B20 retrievals are capable of retrieving values
of D,;; max» N, and IWC that are consistent with in situ observa-
tions, the inclusion of w is capable of improving N, and IWC
retrievals especially during these periods of positive w.

Correlations between each variable are shown in Fig. 13
where each set of joint posterior distributions corresponds to the
collated optimal parameters for the u-dependent B20 retrievals
for each 5 s time period. As shown in this figure, each pair of
parameters is roughly related to one another in the form of
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probe for 1510-1512 UTC, and (d) HVPS probe for 1510-1512 UTC. Only particles that are fully within the probe

sampling volumes are included.

power laws. In particular, the correlations between ¢ and o
are due to the effects each has on Fj; F; maximizes for low aspect
ratios and low o values. However, D, max depends inversely on
a and implicitly on @ but not . Therefore, for a given Z and Kg4;
pair, optimal lower values of o will map to lower values of « and
higher values of @, whereas higher values of o will map to higher
values of o and lower values of ¢. Remarkably, the joint distribu-
tions in Fig. 13 are very consistent between leg 1 and leg 2. The
main difference between leg 1 and leg 2 results from periods of
significant supercooled liquid droplets at the beginning of leg 2.
During these supercooled liquid droplet periods, « is very high.
Overall, both legs show that aspect ratios are generally low and
less than 0.4 and are positively correlated with . The u is nega-
tively correlated with both « and @ for both legs where leg 2 has
predominantly more negative w values than leg 1.

6. Discussion

a. What caused each dendritic growth layer Kg, and Zpg
enhancement?

The collocated MRMS variables with in situ measurements
shown in section 5a provide a complex picture for inferring which
physical mechanism caused each Ky, and Zpg enhancement in
leg 1. Here, we attempt to explain which physical mechanisms
could plausibly explain each set of observations for each
enhancement region and how each mechanism relates to
previous theories and hypotheses.
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For the first Ky, and Zpr peak at 1510 UTC, Fig. 8 clearly
suggests that each enhancement is in some way related to a local
enhancement in N,. However, it is not entirely clear which physi-
cal mechanism corresponds to such an N, enhancement. A local
increase in the number of dendrites or planar crystals, as sug-
gested by studies such as Kennedy and Rutledge (2011), Schrom
et al. (2015), and Schrom (2018), provides perhaps the most
straightforward explanation. However, the 3V-CPlview habit
classifications (Fig. 6) do not suggest a prevalence of such par-
ticles at any portion of the flight, and the majority of particles
tend to rather be irregular. Secondary ice production processes
such as rime splintering represent another possibility. However,
the lack of supercooled liquid droplets and the colder tempera-
tures during leg 1 do not suggest any rime splintering. Another
secondary ice production mechanism, collisional breakup of ice
particles, represents a better possible explanation. A laboratory
experiment by Lo (1983) suggests that fragment sizes of ice-ice
collisions are approximately exponentially distributed where a
majority of fragments (for collisions of particles 3 mm or larger)
have sizes less than 0.6 mm. These fragment sizes are somewhat
consistent with the 0.5-mm particles that primarily account for
the N, enhancement at 1510 UTC. Another laboratory study by
Vardiman (1978) illustrates that light-to-moderately rimed spatial
planar crystals, such as those observed in the current study, were
the most efficient at producing fragments. However, Vardiman
(1978) also found that such breakup required heavily rimed
particles or graupel to produce such fragments. Thus, it is
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General Retrievals with Retrieved Aspect Ratios

FIG. 10. Box-and-whisker plots of D,,, max, N;, and IWC relative errors for legs 1 (1508-1524 UTC) and 2 (1530-1551 UTC) using the
simplified retrieval equations from RZ19 and B20 (see Table 1). Circles represent the distribution mean, and horizontal black lines represent
distribution medians. Boxes encompass the 25th-75th interquartile range, and whiskers represent the smallest and largest data values within

1.5 times the interquartile range.

unclear whether secondary ice from collisional breakup could
even efficiently take place for the first Ky, and Zpg peak given
the lack of observed rimed particles and supercooled liquid drop-
lets. Some in situ studies such as Lo and Passarelli (1982) have,
however, emphasized that such rimed particles are not required
for breakup to occur. Theoretical studies such as Phillips et al.
(2017) have highlighted the importance of ice-ice collisions yet
some researchers such as Korolev and Leisner (2020) have ques-
tioned the reliability of such theory in the context of known artifi-
cial shattering issues induced by cloud probes and differences in
laboratory setups for the few experiments that do exist. Consid-
ering the apparent correlation between the increase in N, with in-
creases in Ky, and Zpy for the first peak, we hypothesize that
either ice-ice collisional breakup or a seeder—feeder process such
as that proposed by Moisseev et al. (2015) most likely explains
the polarimetric enhancements at 1510 UTC.

For the second Kgp and Zpr peak at about 1520 UTC, in situ
probe data illustrates that supercooled liquid droplets were pre-
sent (Fig. 6). Riming therefore provides a possible explanation
for the second Zpr and Ky, peak. Riming would naturally in-
crease the density of ice particles, which, in turn, would enhance
the effect anisotropic particles have on Ky, and Zpr measure-
ments. Particles at 1520 UTC were also generally larger than at
1510 UTC as indicated by D, max ~ 3.0 mm values as compared
with D, max = 2.0 mm at 1510 UTC (Fig. 7). As indicated in the
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reflectivity time-height profile for leg 1 (Fig. 5), cloud heights
were generally lower at 1520 UTC than at 1510 UTC. As
suggested by Griffin et al. (2018) and briefly described in
section 5a, the lower and warmer cloud top at 1520 UTC
likely led to fewer large aggregates that usually tend to mute
Zpr in the dendritic growth layer. Large anisotropic crystals
(as observed in some of the 2DS images) within these shallower
cloud systems could therefore contribute more to Zpg and Ky,
than for colder clouds with higher cloud tops. This also explains
why Zpr was larger whereas K, was smaller for the second peak
than for the first. However, unlike in Griffin et al. (2018), Zpg and
Ky, are clearly correlated, rather than anticorrelated. Also, unlike
in Griffin et al. (2018), it does not appear that hexagonal plates
were the primary cause of the second enhancement region. Thus,
our best explanation for the cause of the second Zpr and Kgp
enhancement region at 1520 UTC is based on the combination of
1) riming affecting particle density, 2) the presence of a few large,
anisotropic particles, and 3) a lower cloud top that limits the num-
ber of large aggregates and, in turn, reduces the Zpr masking
effect common for colder clouds.

b. What are the true intrinsic ice particle aspect ratios?

While MRMS retrievals seemingly require low aspect ratios
(¢ ~0.2) to appropriately match observations as shown in
Figs. 10, 12 and 13, fit aspect ratio observations (Fig. 9) and
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FI1G. 11. (top) Comparison of bootstrap IWC retrievals following RZ19 (green; simplified RZ19), B20 (red; simpli-
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tained from the P3 aircraft for legs (left) 1 and (right) 2. (bottom) IWC relative error boxplots for each leg using both
BF95 and LS15 IWC estimates. Boxplots have the same statistical meanings as in Fig. 10.

habit classifications (Fig. 6) suggest instead that ice particles were
much more spherical. Could low-aspect-ratio particles, in some
way, explain the in situ observations despite the predominantly
irregular particle types and high projected ellipse fit aspect ratios?
Or, alternatively, are more spherical, but irregular, shapes neces-
sary to explain these in situ observations?

To help reconcile this paradox, we perform idealized simula-
tions of rotating and projecting oblate spheroids (mimicking low-
aspect-ratio, planar crystals) and triaxial ellipsoids (mimicking
various “irregular” particles) under various aspect ratio and ori-
entation assumptions. This allows us to investigate which combi-
nations of ice particle shapes and orientations could explain the
in situ projection observations as shown in Fig. 9. The results of
such an analysis are shown in Fig. 14 for oblate spheroids with
aspect ratios of 0.2 (green, purple, and cyan lines), which are
symbolic of ¢ retrievals as well as various triaxial ellipsoids
(red lines) defined by bivariate beta distributions of two aspect
ratios: ¢p, = b/a and ¢., = cla (¢, = c/b). These tests and their
orientation distributions are described in Table 2 and are shown
alongside the computed distributions for both the vertically
pointing and horizontally pointing HVPS instruments. In particu-
lar, the ellipse orientation angles are quasi-uniformly distributed
but with slightly more counts at 0° and 90°, yielding a concave
shape. To yield this type of 2D orientation distribution, the 3D
orientation distribution must also similarly permit a concave
shape. Therefore, we choose an orientation distribution similar
to an arcsine distribution on the interval 0-1 and perform the
transformation u = sin’0. Figure 14 shows that both the oblate
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spheroid (green lines) and triaxial ellipsoid tests (red lines)
can capture the general shape of the 2D projection ellipse
angle distributions. However, the distributions of oblate spheroid
2D projected ellipse aspect ratios do not exhibit the same shape
as the observations but instead peak at the actual spheroid aspect
ratio and tail off toward unity for both the horizontally and verti-
cally oriented views. Triaxial ellipsoids with the quasi-arcsine
orientations (solid red lines) can explain both distributions of
observed 2D aspect ratios and ellipse orientation angles. Random
orientations (dotted red lines) are qualitatively similar to the
quasi-arcsine distribution with the exception that the 2D ellipse
orientation distributions are uniform on the interval 0°-90°.

For ¢ = 0.2 oblate spheroids to yield the observed bell-shaped
2D projected aspect ratio distributions, the spheroids need to be
canted such that their faces are preferentially pointed toward the
imager as suggested by some of the 2DS particle images. As
shown in Fig. 14, a Gaussian distribution for 6 can approximate
the aspect ratio distribution for one view (i.e., horizontal view)
but not for the other view (purple lines). Normal distributions for
all three Euler orientation angles (cyan lines) can produce similar
bell-shaped aspect ratio distributions to that of the observations
but cannot capture the concave 2D ellipse orientation distribu-
tion. As stated before, retrievals are thought to potentially intro-
duce intrinsic aspect ratio uncertainties up to 0.2 (Matrosov
2020). Despite this uncertainty, the inability for oriented oblate
spheroids to produce the correct distributions of projected ellipse
aspect ratios and orientations suggests that the observed ice
particle shapes were more representative of irregular shapes
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(left) leg 1 and (bottom) leg 2. The MCMC algorithm was used for each 5-s time period for the simplified B20 retrieval
(blue; u = 0) and the general B20 retrieval (red). Black lines represent the in situ measurements from Fig. 7. Shaded
regions represent the 5th-95th percentiles of parameters and retrievals from 10000 random samples of the posterior

B20 parameter distributions, and solid lines correspond to the arithmetic mean of these posterior samples.

characteristic of the triaxial ellipsoid tests in Fig. 14. This is
also consistent with CPI habit classifications (Fig. 6), which
indicate that irregular particles, rather than hexagonal
plates or dendrites, dominate ice habits for all periods.

This projection behavior for oblate spheroids is confirmed in
Fig. 15, which shows a side-by-side comparison of example 2DS
images of dendrites and planar particles with the 2DS-derived
projected aspect ratio and ellipse orientation distributions for
each orthogonal 2DS probe view. Unlike the HVPS, the 2DS-H
and 2DS-V projections have partially overlapping sampling vol-
umes and thus the 2DS-H and 2DS-V distributions more-or-less
represent the same particles being viewed along flight (2DS-H)
and along the particle fall speed direction (2DS-V). Moreover,
an additional Monte Carlo oblate spheroid projection test (test 7
in Table 2) is performed to compare both the resulting distribu-
tions and the example projection images. Here, oblate spheroid
aspect ratios are randomly chosen between 0.1 and 0.3 to mimic
potential observed dendrites and planar crystals consistent with
retrievals using CDR,,. Similar to Fig. 14, low-aspect-ratio oblate
spheroids can explain the observed 2D ellipse orientation distri-
butions if they exhibit some beta-like canting angle distribution
with their major dimension randomly oriented in the horizontal
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plane. As in Fig. 14, the resulting projected aspect ratio distri-
bution peaks at lower values than observed. Example 2DS im-
ages of dendrites and planar crystals in Fig. 15 are qualitatively
consistent with the Monte Carlo simulated oblate spheroids:
both viewing directions show examples where the basal facet of
the planar crystals are tilted away from the imager as well as
facing toward the imager. This further illustrates that a mixture
of a low number concentration of large dendrites and a higher
concentration of higher-aspect-ratio, irregular, and aggregate
particles with triaxial shapes can explain the 2DS and HVPS
observations.

¢. MRMS retrieval uncertainties and biases

One reason for a possible underestimation of radar-based
retrieved particle aspect ratios are potential biases in the esti-
mates of CDR,,, which are based on averaged values of Z4 and
puv [Eq. (5)] as reported by the MRMS system. Previous studies
(Matrosov et al. 2017; Matrosov 2020) with radar measurements
at closer ranges [thus generally with high signal-to-noise ratios
(SNR)] indicated that minimal CDR,, values corresponding to
quasi-spherical particles with larger aspect ratios are around
—27 dB. High minimal CDR, values are generally expected
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from particles with lower aspect ratios (Matrosov et al. 2020).
CDR, estimates are quite sensitive to biases in Zg, and ppy,
data. Underestimation of py, values at low SNRs by about 0.006
could explain an approximate —4 dB in minimal CDR,, values.
Additionally, radar-based ice particle aspect ratio retrievals are
weighted by larger particles because of a general D" depen-
dence of radar variables as shown in Eq. (A9). As a result of
this dependence, particle mixtures (e.g., more numerous smaller
quasi-spherical particles and larger dendritic particles) will yield
biased retrieved aspect ratios relative to a simple mean aspect
ratio value.

The MRMS spatiotemporal resolution could also explain
some of the observed discrepancies between the in situ observed
D,,, max peaks as shown in Fig. 7 and the retrieved D,;, max from
the results section (section 5). Because the D,, max peaks are
rather sharp, it is possible for the MRMS collocated time series
to not properly resolve these regions of enhanced Z responsible
for these peaks. Figure 16 shows evidence for this hypothesis by
comparing the collocated MRMS reflectivity and the airborne
ER2 EXRAD X-band reflectivity with the P3-observed D, max-
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Figure 16 shows that various D, max peaks (e.g., 1515, 1519, 1537,
and 1544 UTC) correlate with the ER2 EXRAD X-band radar
reflectivity peaks, whereas the MRMS S-band radar boot-
strap observations are not able to resolve these peaks. Fur-
thermore, the MRMS Z is generally biased toward lower
values than the EXRAD observations. This suggests that
some of the biases in the retrievals (i.e., low D,, max and
high N,) could result from a low bias in Z from the MRMS.
The 2-min MRMS Z (blue) are very similar to the 10-min
MRMS Z except from 1514 to 1521 UTC and from 1534 to
1538 UTC where the 2-min data has slightly lower reflectivity
values. This suggests that the majority of the discrepancy
between the EXRAD and MRMS comes from spatial uncer-
tainties rather than temporal uncertainties.

7. Summary and conclusions

This study shows that current PSD and aspect ratio dual-
polarization radar retrieval methodologies for ice particles in a
winter storm can produce similar values and behaviors to those
derived explicitly from in situ observations in the mean. How-
ever, there are several important limitations, uncertainties, and
caveats that heavily influence these retrieved PSD and aspect
ratio variables. Using simplified retrieval equations that assume
typical values of ¢ ~0.6—0.8 (e.g., those used in RZ19 and
B20) generally led to underestimation of retrieved D, max by
approximately 50% and overestimation of retrieved N, by ap-
proximately 100%, relative to the in situ measurements for
both legs. While median relative errors for RZ19 N, for leg 1
were reasonably low (+17%), the interquartile range spanned
a large range (approximately from —25% to +100%). These
N, errors expanded for leg 2 where the median relative errors
were approximately +100% for the entire leg relative to in situ
measurements. RZ19 IWC and N, retrievals had the lowest rel-
ative errors within the dendritic growth layer during leg 1,
whereas B20 IWC retrievals with CDR,, aspect ratio retrievals
had the lowest relative errors for leg 2. Aspect ratio retrievals
using the methodology of Matrosov et al. (2020) yielded low
values in the dendritic growth layer (0.1 =@ = 0.2). Using
these low aspect ratios in retrievals of D,, n.x counteracts the
generally low D,, max bias relative to observations through the
conversion of equivolume diameter to maximum dimension
[Eq. (4)]. Optimal aspect ratios using the B20 retrievals
from an MCMC algorithm (Fig. 13) also suggests the need
for these low aspect ratios. However, these low aspect-ratio
values were inconsistent with in situ observations (Fig. 9).

Some discrepancy between the retrieved particle aspect ratios
and their in situ estimates necessarily resulted from discrepancies
between the radar retrievals that represent intrinsic or 3D mean
aspect ratio values and in situ ellipse fit data that were derived
from 2D projections. Thus, some planar particle projections will
have artificially large 2D ellipse fit aspect ratios because of their
quasi-random orientations within the 2DS and HVPS sample
volumes. However, numerical simulations (Figs. 14 and 15)
showed that low-aspect-ratio planar particles cannot simulta-
neously match the observed distribution of 2D ellipse orientation
angles and aspect ratios for both horizontally oriented and verti-
cally oriented in situ cloud probes. To match the observed
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FIG. 14. Leg 1 probability density comparison of observed ellipse projections from the P3 HVPS instrument (shaded histograms) and Monte
Carlo simulated estimates of various ellipsoids (colored lines) assuming various orientation distributions for test conditions given in Table 2:
(a) Horizontal view ellipse aspect ratio 2D projection distributions. (b) Vertical view ellipse aspect ratio 2D projection distributions.
(c) Horizontal view ellipse orientation 2D projection distributions. (d) Vertical view ellipse orientation 2D projection distributions.
Also shown is the (e) Monte Carlo simulated joint distribution (shaded) of triaxial ellipsoid aspect ratios used for projection analy-
sis with the analytic representation (contours). The oblate spheroid aspect ratio in the projection analysis is represented with a
green circle at ¢, = 1.0 and ¢, = 0.2.

distribution of 2D ellipse angles for both probe orientations, pla-
nar particles must be quasi-randomly oriented as might be ex-
pected from turbulence generated within and around in situ
cloud probes. However, these orientations necessarily lead to a
bimodal distribution of 2D ellipse aspect ratios rather than the
observed unimodal distribution. More likely, MRMS uncertain-
ties and retrieval assumptions are responsible for the observed
discrepancies. In particular, a comparison between the collocated
MRMS reflectivity and that of the ER2 EXRAD radar and
measurements of D,, max taken from the P3 probes (Fig. 16) illus-
trates that the MRMS cannot resolve local Z peaks responsible
for enhanced D,,max values due to the MRMS horizontal

resolution. Another source of discrepancy between retrievals of
aspect ratios and their 2D projections is that radar-based retriev-
als are weighted by larger dendritic-type particles due to reflectiv-
ity dependence as approximately D* while in situ estimates
represent simple mean values, which could be dominated by
smaller quasi-spherical particles.

The ability to collocate polarimetric radar variables directly
with in situ aircraft data has also allowed us to investigate the
various underlying causes of the often-discussed dendritic
growth layer K4, and Zpr enhancement regions associated
with the onset of aggregation (Kennedy and Rutledge 2011;
Moisseev et al. 2015). In situ aircraft and satellite observations

TABLE 2. Ellipsoid test parameters used in Figs. 14 and 15, where a = b = ¢ are semiaxis lengths with aspect ratios: ¢, = b/a,
¢@cq = la, and ¢, = c/b; B(a, b) is the beta function; K(x) is the complete elliptic integral of the first kind; 0 = ¢(¢) = 27,0 = 6 = 7/2;
N, is a normal distribution with p, = 60° and o, = 17°; N/, is a normal distribution with p, = 55° and o, = 14°; and 7i(¢,,. ¢.,) is a
bivariate beta distribution (Dunnavan et al. 2019) characterized by $,, = ¢, = 0.75 shown in Fig. 14e.

Test Color/line style Orientation p(d) p(6) p(¥) Pra Peb
Figure 14
1 Green/solid Quasi-arcsine (277)" cos 129 (271')’l 1.0 0.2
V2K(112)
2 Green/dotted Random @m! sin 6 @m)! 1.0 0.2
3 Purple/solid Random/Gaussian Qm™! N, Qm! 1.0 0.2
4 Cyan/solid Gaussian N, N, N, 1.0 0.2
5 Red/solid Quasi-arcsine (271')71 cos 129 (271')71 M Ppas Peg)
V2K(1/2)
6 Red/dotted Random @em! sin 6 @m! @y Prg)
Figure 15
7 Blue/solid Beta quasi-random @m! 2+/tan 6 sin § @em™! 1.0 0.1-0.3
B(3/4,3/8)
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F1G. 15. (left) 2DS images of dendrites and planar particles taken during leg 1. Clear examples of dendrites and
planar particles are circled in red. (right) Comparison of 2DS distributions of 2D ellipse fit aspect ratios and ellipse
orientation angles (shaded histograms) and analogous distributions of beta-oriented (see Table 2) Monte Carlo simu-
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S random samples of oblate spheroid views assuming the (a) 2DS-H and (b) 2DS-V orthogonal viewing angles. The

2DS-H and 2DS-V share the same sampling volume.

(Fig. 6) illustrate that both dry ice particles and mixtures of
ice particles and supercooled liquid droplets can exist in these
enhancement regions. The first K4, and Zpg peak occurred in
a region with little to no observed supercooled liquid droplets
and no noticeable change in ice particle habit (Fig. 6). Low
temperatures (7 ~ —16°C) and lack of supercooled liquid
droplets suggests that rime splintering was not active in this
region. However, this first peak did show elevated values of
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N,, which suggests that increases in N, from irregular crystals
drove enhancements in both K4, and Zpr. It is possible that
secondary ice production such as ice—ice collisional breakup
could plausibly explain this local increase in N,. However, var-
ious studies present conflicting views on the need for rimed
particles for such breakup to occur as well as the reliability of
previous experimentation for understanding the ice—ice colli-
sional breakup process (Lo and Passarelli 1982; Vardiman 1978;
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FIG. 16. Time series of reflectivity for the ER2 EXRAD X-band radar (black lines) and the 2-min (blue) and 10-min (gray) MRMS
S-band radar along with estimates of D, max from the P3 aircraft. For the EXRAD reflectivity, time periods are not included if the hori-
zontal difference in distance between the ER2 and P3 is greater than 4 km.

Phillips et al. 2017; Korolev and Leisner 2020). On the other
hand, in situ probe data illustrate that supercooled liquid droplets
were present during the second Ky, and Zpgr peak. Higher
D, max and lower N, values at 1520 UTC than at 1510 UTC
suggest that large, anisotropic particles at 1520 UTC had a larger
impact on Ky, and Zpgr than the smaller, irregular particles.
Overall, despite similar polarimetric radar variable values and
tendencies, in situ observations in these regions suggest that
IWC, N,, and D,,, max in these regions can be vastly different. It is
clear that some of these differences are attributable to differences
in particle characteristics related to particle shape (@), orientation
(o), and density (). As a result, future retrieval methods will
need to incorporate different strategies or assumed parameter
values (i.e., o, o, and @) for these different types of Ky, and Zpg
enhancement regions.
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APPENDIX

Radar Retrieval Methodology

Four radar variables (Z, Zpgr, Kqp, and pyy) can be used
as constraints to estimate up to four PSD or particle prop-
erty parameters (RZ19). We utilize several simplifications
and approximations for the shape, density, and dielectric
properties of the snow particles and we exploit integral
properties of an a priori defined PSD. First, we assume that
the ice/snow particles are described as oblate spheroids
with aspect ratios of ¢ = b/a, where a and b are the semi-
major and semiminor axis lengths, respectively. We assume
that these spheroids have effective densities that decrease
as D!, where D is the equivolume diameter in units of
millimeters and D =¢'3D where Dy« = 2a is the

max’
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particle maximum dimension. This inverse size dependence
for density has been observationally documented in a vari-
ety of studies (e.g., Magono and Nakamura 1965; Mitchell
et al. 1990; Heymsfield et al. 2004; Brandes et al. 2007; Tiira
et al. 2016) for various definitions and bulk measures of
size. This implies that

p,=aD7!, (A1)

where a (g cm™® mm) is a density quantity that can vary
depending on the degree of riming. Multiplying this density
with particle volume describes particle masses #i, in units of
grams:

m, = p.V, = 0.001 g aD?. (A2)

s

Forward and backward radar Rayleigh scattering ampli-
tudes can be defined as follows:

wD?
fop = £p0) = £, (m) = Wgafb’ (A3)
which contains the combined shape/dielectric factor
1
by = (A4)

L, +——
ab e (D) -1

where &, corresponds to the dielectric constant for ice/snow
and L, represents oblate spheroid geometric factors along
the associated a axis and b axis given by

1+ k2 arctan(k)

L,= o 1- " and (A5a)
1-L

L=t (ASb)

and k = +/¢~2 — 1. For spherical inclusions, &(D) — 1 can
be described in terms of snow density (cf. Ryzhkov et al.
2011):

Py
P
where K; = (¢, — 1)/(g; + 2), and ¢ = 3.168 + 0.0089i is
the dielectric constant for solid ice.

Equations for each radar variable are (cf. Ryzhkov et al.
1998, 2011)

e —1=3

s

K, (A6)

i

1
V4 :—J F, (D)D°n(D)dD, A7a
T ., (D)D"n(D) (A7a)
1

ZU:_ZJ F, (D)D®n(D)dD, (A7b)

9K, I" Jp=0 *

— _ _ 1 * 6

Zay=7,~ 7, = WLOF (D)Dn(D)dD,  (AT¢)
desz F, (D)D’n(D)dD, and (A7d)

;v ID=0 "9
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I F. (D)Dn(D)dD
P, = U lp=o o (ATe)
hv 9|KW|2 /ZhZU ?

where n(D) is the number distribution function, Zy, = Z,/Z,
(linear units), 1 is the radar wavelength in millimeters, and
|K,,]> = 0.93 is the dielectric factor for liquid water. For ra-
dar retrieval purposes, the integral limits given in Eq. (A7)
are from 0 to oo, although it is expected that that there would
naturally be a finite lower and upper equivolume diameter.
The effective shape/density factors are given by

F, (D) = [¢,(D)f — 2Re{,(D)[£,(D)

- §(D)}A, +1£,(D) — &,(D)FA,, (A8a)
F, (D) = |£,(D) = 2Re{£,(D)[£,(D)

= §,(D)JA, +1£,(D) — &,(D)PA,, (A8b)
F, (D) =2Re{£,(D)[£,(D) - £,(D)I}(A, - 4,)

+1£,(D) — &,(D)F(A, — Ay, (A8c)
dep(D) =Re[¢,(D) — ¢,(D)]A,, and (A8d)
F, (D) = £,(D) +1£,(D) — &(D)PAs — £(D)[E,(D)

— §(D)lA, — D)D) ~ §(D)]A,,  (ASe)

where A, = A, (o) are angular moments given in Ryzhkov
et al. (2011) that depend upon the assumed canting angle
standard deviation o; o for different particles is largely un-
known in general, and orientation distributions might not
necessarily be best represented by an axisymmetric Gauss-
ian distribution. For example, orientation distributions de-
rived from the Multi-Angle Snowflake Camera (MASC) by
Garrett et al. (2015) and more recently by Fitch et al.
(2021) suggest that the orientation mode, defined as the ab-
solute value of the angle between the maximum dimension
and the horizontal, is not 0° and depends upon wind speed.
While the 2D orientation angle defined by Garrett et al.
(2015) and Fitch et al. (2021) differs from the 3D orienta-
tion angles defined by Ryzhkov et al. (2011), the inconsis-
tency in modal values suggests perhaps a more complicated
orientation distribution than the axisymmetric Gaussian dis-
tribution used by Ryzhkov et al. (2011). However, it is ex-
pected that the mean 3D orientation angle (defined as the
angle between the maximum dimension and the horizontal
in the range from —90° to +90°) is approximately 0° be-
cause of the lack of observed depolarization effects in snow
(Ryzhkov et al. 2002). While the ground-based measure-
ments of Garrett et al. (2015), Fitch et al. (2021), and
others inevitably introduce orientation uncertainty resulting
from potential instrumental disturbances, the most recent
efforts of Fitch et al. (2021) involved the use of double-
fence shielding, which acts to diminish any potential
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instrumental disturbance. Despite these nuances, we elect
to use the axisymmetric Gaussian convention and distri-
bution by Ryzhkov et al. (2011) such that we can evalu-
ate currently used retrieval equations.

Notice in Eq. (Al) that p; becomes unphysically larger
than the bulk density of ice for small sizes. As a result, the
CDR,, retrievals described in section 4c explicitly sets the
upper limit of p, to the bulk density of ice p; for these small
sizes. For the RZ19 and B20 retrieval methodologies, this in-
consistency is ignored such that the retrievals can be expressed
as simple formulas. Therefore, the following equations are
specifically valid for sufficiently large D,,, (D,, > 1.0 mm).

As shown in RZ19 and B20, when the density of particles
is small, Eq. (A8) can be expanded as a Taylor series in pow-
ers of |e; — 1| where the first term represents a simple power
law (Ryzhkov et al. 1998; RZ19) in terms of D. Replacing
each shape/density term in Egs. (A7a), (A7c), and (A7d) with
its power-law approximation allows for each radar variable to
be represented as

K ()
Z, =1 M,, A9a
" |1<W|2(pi) ! (A%
6K, )3
Z,, = 2(7) FM,, and (A9D)
K, I” P
0277 «
Ky, = Tlelz(*.) FM,, (A9c)

where M, = ID”n(D) dD are the PSD moments (mm” m~>);
Ay — Ay = Ay, F, = A4(Ly — L,); |K{| and |K,,| are the di-
electric factors for solid ice and liquid water, respectively;
and p; = 0.92 g cm™? is the bulk density of solid ice. We as-
sume that the number distribution functions n(D) are
gamma distributions of the form

(uw +4)D

m

n(D)=M 1(D)Hex

T(w+1) D, \D,,

where moments of these distributions are

I'w+1+n)

= + 4)"pD"
M, =N,(u+4)"Dj, T+ 1)

: (Al1)

and T'(x) is the gamma function.

Using Eq. (All) in Eq. (A9) allows for Z, Zg,, and Kgp
to be described in terms of the bulk parameters N, and D,,,.
Therefore, two combinations of the equations in Eq. (A9)
can be used to solve for N, and D,,. IWC can then be
solved by integrating Eq. (A2) with Eq. (A10) as follows:

(w+2)(p+1)

wrap AP

T ar
IWC = 0.001 ¢ aM, = 0.001 £N,D;,

RZ19 first uses the ratio Zy,/Kgp, to calculate D,,. Dividing
Eqgs. (A9b) and (A9c) cancels N, and allows for D,, to be
expressed as
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027K, *p,Z,
D =(u+4 P .
" 6K (1 + 3)(n + 2)aK,,

(A13)

The N, can then be solved using any of the equations in
Eq. (A9). For simplicity, we use Z;, and the resulting ex-
pression for N, is

36 L o t3)(p+2)

N = ) K2 Z:27,.
L0277 K P (ot Ap 1)

(A14)

IWC can be calculated with Egs. (A12), (A13), and (A14):

~0.001p, u +2

IWC = K. 717 .
027K + 4" apap Zn

(A15)

For B20, D,, is solved using the ratio of Kg, [Eq. (A9c)]
and Z;, [Eq. (A9a)]:

13
0277K F (u + 4)*Z
p [02mKPE 477, (AL6)
(u+3)(n + 2)2K,,
Again, N, is solved using Z, [Eq. (A9a)]:
|Kw|2 Pi ’ 2 \—4/3
= L 27w K |°F.
N, |Ki|2 (a) (0.277|K |°F,)
+ + +2)]"
% [(n + D + 3)(p +2)] i“BKé/;Z;”S. (A17)

n+1

Last, IWC is again calculated using Eq. (A12) and Egs. (A16)
and (A17):

_ 0.0017 2K, | p?
2/3 2
6(0.27F ) |IK [«

(n+2)
(o + 4)(u +3)

2213 1213 7113
A deZh .

(A18)

Equations shown in Table 1 are simplified with |K,,[* = 0.93
and |K;| = 0.4195.
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