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Abstract

When using principal component analysis to study causal or structural relations
in a geophysical field (say sea surface temperature, or sea level pressure) the
problem of the statistical significance of the relations arises. This leads one to
consider the probability density function of the eigenvalues of the random covariance
matrix & derived from a set of independent gaussian variates associated with the
principal component analysis. The analytical intractibility of this probability
density function stands in the way of a clean solution of the significance problem of
the geophysical field. Therefore, numerical recourse via Monte Carlo simulations of
® is indicated. These simulations produce two interesting phenomena: the degeneracy of
the eigenvalues of the associated random covariance matrix & and the exponential decay
(with index number) of its eigenvalues. These phenomena also arise in the principal
component analysis of real data. In this note we study these phenomena directly by
returning to the basic probability density function and deriving therefrom a poly-
nomial whose roots are the most probable eigenvalues of the random covariance matrix
®. In this way we provide a theoretical base for understanding the repeatedly observed
phenomena of eigenvalue degeneracy and eigenvalue exponentiality which occur in

geophysical applications of principal component analysis.
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0. Introduction

This study of the most probable eigenvalues of a random covariance matrix stems
from the consideration of two phenomena arising in the numerical determination of the
empirical eigenvectors associated with a real data set {F(t,x): t=1,2...,n; k=1,2,...,p}
drawn from a population of F(t,x) values. These phenomena arise most often when the
number p of spatial points x is specified and at the same time the sample size n of
the data set falls either short of or much beyond p.

The first of these conditions occurs in the study, say, of geophysical data
covering extensive regions of the earth's surface, but with a relatively sparse
historical sample of such data, as for example in the meteorologic or oceanographic
time series over the oceans of the world. The phenomenon encountered is as follows:
For fixed p, as n decreases in value, some of the smaller eigenvalues of the data
covariance matrix

1

o(x',x) = (n-1)" ; F(t,x") F(t,x)
t

=]
appear to become degenerate, i.e., fall abruptly to values at or near zero. Since
the sample size n is finite and contaminated with noise the numerical results are
never quite decisive on this point. Practically, however, the generate eigenvalues*
do seem to appear under wide conditions, i.e., when n<p+3; and when this inequality
holds, there are apparently n-3 non degenerate larger eigenvalues and p-(n-3) degenerate
smaller eigenvalues. We have studied this phenomenon in some detail (Preisendorfer
and Barnett, 1977), using Monte Carlo simulations of the data field {F(t,x): t=1,...,n;
x=1,...,p}. The fact that this form of degeneracy sets in is of practical importance;
for in the empirical eigenvector analysis of, e.g., real climatological data, it is
desirable to retain only those eigenvectors of &(x',x) that have the greatest eigenvalues.

(Presumably these few largest eigenvalues relate in some way to the mechanics

* Strictly speaking, we must say 'most probable eigenvalues; see below,
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of the system under study.) The largest eigenvalues are usually obtained by the

process of eliminating the smaller ones according to some kind of 'stopping rule,'’
usually statistical in form (Preisendorfer and Barnett, 1977). This rule can be
strengthened if it is known that a certain number of the smaller eigenvalues of

®(x',x) are numerically degenerate. These degenerate eigenvalues can then be eliminated
simply on algebraic (rather than statistical) grounds. In this study we shall indicate
that the observed numerical degeneracy of the eigenvalues is related to an analogous

property of the most probable eigenvalues of &(x',x).

The second phenomenon concerns the case when p is large and n>p+3; i.e., when
the data sample is extensive spatially and free of the degeneracy encountered above.
Meteorological data over continental U.S. and Europe areas are rich in high-n values
because of extensive historical records. The phenomenon is most strikingly encountered
however when one plots the eigenvalues Aj of a randomly generated ¢(x',x) as a function
of j. It appears that, after the first few of the larger Aj are past, as one pro-
gresses along the j axis, the values of Aj fall off exponentially; or equivalently,
in the words of Craddock and Flood (1969), the Aj decrease in the form of a 'geo-
metrical progression.' [If there is some theoretical basis to this empirical fact,
then the stopping rule mentioned above has still further properties to help it
estimate and discard the smaller eigenvalues most likely associated with noise rather
than signal in the data. We shall adduce a simple physical argument applied to the

theoretical equations governing the distribution of the most probable eigenvalues of

a randomly generated ¢ matrix to indicate the plausibility of the observed exponential
fall-off of xj with j, for the smaller Aj.

Before going into the theoretical analysis, we examine some evidence of these
two phenomena. We consider first the degeneracy case. Figure 1 is a plot of 2n Z. vs j
for j = 1,2,...,9, where E& are the numerically-sampled estimates of the Aj obtained

as follows. We chose for p the value of 18 thereby defining 18 locations x, and at

each of these eighteen points we built, with the help of random number generators,
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discrete time series F(t,x) for n = 11 in such a way that the series were in the
1imit of infinite n, pairwise statistically independent and each of unit variance.
(These, then, formed the ideal population of unit valued eigenvalues which the sampling
would approximate.) From these we found the 18 x 18 matrix ®(x',x) and its associated
18 eigenvectors and eigenvalues approximating the ideal Aje This kind of numerical
experiment was done 100 times so that we obtained 100 samples of each of the eighteen
eigenvectors. On averaging together the 100 realizations of the jth eigenvalue, we
obtained each E&, j=1 ..., 18 along with its standard deviation S5 In Figure 1 the
plots are of the bounds Qn(EStsj) and 2n E& for the first nine values of j.

It can be seen that the more or less methodical decrease of §5 is abruptly
accelerated at j = 9. Values of 13 for j = 10, and beyond to 18 even more abruptly

decrease toward zero. The following Table I shows this behavior:

Table I E&,sj (p=18, n=11)

j i& S5

1 5.649 0.6588

2 4.469 0.3407

3 3.584 0.3033

4 2.828 0762

5 2.246 0.23093

6 1.651 0.2476

7 1.184 0.2229

8 0.7546 0.1738

Ergfarin 5B432075 thows o) 0.1647

10 0.3549 x 10710 0.6817 x 107!

Another instance of this behavior is for p = 18, n = 6 as shown in Figure 2

and Table 2. The eigenvalues were generated in the same way as in the preceding case.
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Now the degeneracy visibly sets in already at the fourth eigenvalue and decisively

takes over in the fifth eigenvalue and beyond to the eighteenth.

Table 2 2. s. (p=18, n=6)

i S
J Qj Sj
1 17.41 1.761
2 12.54 1.134
3 9.176 1.128
4 5.846 1.234
5 0.3767 x 1010 0.7318 x 107"

It is from empirical data such as these that we formulated the rule enunciated
above, i.e., that for n<p+3, there will be n-3 non degenerate and p-(n-3) degenerate
most probable eigenvalues of the covariance matrix 9.

We turn next to the evidence for the exponential (or geometric) decrease in
eigenvalues Aj with increasing j. In a Monte Carlo experiment of the kind already
described, but now for p=18 and n=100 and with the basic experiment realized 100
times, we find the eighteen values §3 distributed on a semi log plot as shown in

Figure 3. The values E& and s; are given in Table 3,



Table 3 2., s., u; (p=18, n=100)

J J J

J Ej S M

1 ik 0.0985 1.802
4 1.655 0.0725 1.637
) 1.515 0.0593 1.506
4 1.405 0.0480 1.393
5 1310 0.0412 1.291
6 1.225 0.0411 1.199
7 13do9 0.0398 1.114
8 1.063 0.0399 1.034
9 0.9926 0.0359 0.9583
10 0.9220 00355 0.8870
11 0.8476 0.0370 0.8190
12 0.7228 0.0367 0.7540
13 0.7158 0.0373 0.6912
14 0.6514 0.0364 0.6304
15 045985 0.0370 0.5708
16 0.5284 0.0367 0.5118
h 0.4646 0.0354 0.4518
18 0.3882 0.0379 0.3872

The essential linearity of the plot of the 2n E& values is visually clear., Our
experimentation with Monte Carlo simulation shows that the linearity becomes pronounced
for the high values of n for a given p. An illustration of this is given elsewhere
(Preisendorfer and Barnett, 1977) for the case of p = 36 and successive values of

n = 38, 80, 100 and 200, Still further evidence for the exponential decay of the
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smaller eigenvalues is given in Figure 4, drawn from Craddock and Flood (1969). In
this setting p = 130 and n = 1095.

The classical theory of eigenvalues of random covariance matrices, such as
that given in Anderson (1958), suggests several approaches to the explanation of
these phenomena. The basic equation for use in such a study would be that giving the
joint probability densities p(x],xz,...,xp) for the eigenvalues AJ of the covariance

matrix A = (n-1)®, namely:

wp (P P
ﬂgp (I[ \a ) exp {-% LA } 1 (Ai-x.)
1! i=1 e = b
(0.1)

fre) e

where
a = %(n-p-2)

One approach to our solution would be to set p = 18 (say) and n = 100, to see if we
could reproduce E& in Table 3. An order of magnitude estimate can be made of the
number of steps required to find that table's correspondents by numerically integrating

(0.1) for the marginal probability density of A For example simply dividing

i
the range of 15 values in Table 3 into seven parts, so as to get the crudest
estimates via a discretized version of (0.1), we would have to perform about a
hundred thousand steps for each of the seven values. To increase the accuracy, say
to an m-part decomposition of the range of 15 (where m is now greater than 7), it

can be shown* that, for a general number p (rather than 18), we would require

* Preisendorfer (1977)
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(p+m-1)!/p!(m-1)! steps for each estimated value of E&. It can be seen that this
number grows very fast with p and m. For example, in the case of p=36 cited above,
if we Tet m = 7, then about five million steps are needed for the estimate of each
!lj.

In view of these sobering numerical facts, we have cast about for and found
a more tractable route to the solution of our problem of explicating the two observed
phenomena described above. The rcute leads not directly to the estimates of E& but

rather to somewhere sufficiently close to their vicinity so as to cast a sharp light

on them. We have in mind the most probable eigenvalues associated with A = (n-1)d,

i.e., those eigenvalues of the random matrix A that maximize the probability density

function p(A],...,xp) in (0.1). It turns out that these most probable eigenvalues

are accessible to relatively simple but exact analysis and may be represented as the

roots of a certain polynomial which we now go on to derive.

1. The System of Algebraic Equations Governing the Most Probable Set of Eigenvalues

The set of A's that maximizes p(A],Az,...,Ap) also maximizes 2&n p(x],xz,...,xp),

a quantity in this case more easily worked with. Thus, from (0.1) we find:
gn p = C + o(n Ayt AN Ayt an Ap)

-1/2 (A] g P, xp)

+ 2n (A1 -xz) + 4n (x] - A3) + 2n (x] - x4) + ...+ 2n (x] - xp)

(1.1)

+ 2n (12 - A3) + 2n (xz - A4) & i k2N (Az < A)

p

+ 4n (A3 = dgdi b ek A0 (A3 - Ap)

A £ 4n (Ap_] - xp)
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where C is the natural logarithm,

i
C. = 4n [ ; : ]
zl/zp(n']) ];[=] {F(nél) T (p+;-1 )}

The necessary condition on the A's for them to maximize p(A],Az,...,Ap) is

aBld od s k) _
18§_ P = Bans dirmada2s. 4P

J

Applying this criterion to (1.1) and rearranging the results, we find the requisite

algebraic equations governing the most probable A's:

[ P ST c FRAL. R | SO T e, S 5
8 cpendl o p b ] loass Lt L
A2 AZ-X1 AZ-A3 AZ-A4 Xz-ks AZ-Ap
(I (SN S DI Pppera M 1angt 1 _—y (1.2
A3 A3—A] A3—X2 X3-A4 A3-15 A3-Ap E, .2)
a .1 1 g o o LR oy TR
T = 5 = LB - 5
Xp Xp A1 A Az A A3 Ap X4 Ap Ap-]

The structure of this set of equations is most interesting from both mathematical and
physical points of view. Mathematically, they are fully symmetric: each equation centers
on one of the eigenvalues Ai, and uses all others as running variables. Thus the
principal term in the A1 equation is a/xi and the remaining p-1 terms on the left

sides go methodically through the remaining p-1 A's. The right sides of the equations
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are uniformly 4. Thus we can write the system (1.2)' as
p
X HE Tk 3212, (1.2)

where the prime denotes 'omit k=j in the sum'. When placed in this form, the
summation term springs out as suggestive of a physical process; specifically the
potential of a one-dimensional system of particles in a uniform gravitational field
undergoing mutual repulsion by inverse square forces. We can thus imagine the p

particles stacked vertically above an attracting plane

j-1

3+

P @

7777 777 plane

and if we rewrite (1.2) as

buoyant (or upward) gravitational (or downward)
potential on Aj potential on Aj
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we see that the jth

particle appears to be buoyed up by repulsion forces from the
plane and the p-j particles below it, while it is pressed downward toward the plane

by a constant gravitational potential of magnitude % and the repulsion of the j-1
particles above it. All particles, including the jth, are in a static equilibrium

of forces of mutual repulsion, and by 'gravitational' attraction. If we imagine the
column of particles as but one of many standing side by side above the plane, they
are seen to form an 'atmosphere of gas particles' which on the one hand is kept from
collapsing in on itself by the mutually repulsive forces and on the other kept from
going off into 'space' by the pervasive gravitational potential field of size %. It
would then seem plausible that, as p is increased to very large numbers, we would

see the density of particles just above the plane be very great and such that it falls
off exponentially with distance (i.e., with index number j) from the plane.* This
phenomenon of eigenvalue spacing is indeed observed, as we noted above, in some studies
of the distribution of eigenvalues of covariance matrices arising in empirical
orthogonal function (principal component) analysis. These physical interpretations,
aside from being amusing, serve to make plausible the existence of the most probable
solutions xj of (1.2) for all choices of p and @>0. We now show how the solution of
(1.2) can be obtained via the roots of a polynomial which is naturally associated

with the mathematical form of (1.2).

iy The Associated Polynominal whose Roots are the Most Probable Eigenvalues

The summation term in (1.2) is reminiscent of the logarithmic derivative of
a product of p terms of the form (xj—xk). Indeed, on tracing the route to (1.2) via

(0.7) this observation is reinforced. Hence we consider the function

* We shall not pursue this suggestive analogy further here; but perhaps the present
analysis could be extended to attain a derivation of the density of particles
above the plane using the type of thermodynamic reasoning found in texts which
derive the exponential lapse rate of an ideal-gas adiabatic atmosphere.
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For example, if p = 4, then

g(x) = (A-A7) X5} (adg) (h-n)

and g'(x) = (x-xz) (x-x3) (x-x4)
+ (A1) (A-23) (A-2y)
+ (A-29) (A-25) (A-24)
+ (A-2g) (A-25) (A-23)
Moreover,
P spd
gi'{A) = ¥ [z I (x-xkﬁ
3=1 Le=1 k#j,L

i L (x;xk)
J<®& k#j,2

For example, for the case p = 4,

1



g''(x) = (A-23) (A-24) + (A1) (A1) + (A-1,) (A-23)

“+

(A-23) (A=rg) + (A=29) (A=24) + (A-27) (A-23)

+

(A'Az) (A'A4) + (A'A]) (X'A4) + (A‘X]) (X'Xz)

+ (X'Az) (A'A3) + (A'A]) (A’A3) + (A'A]) (X-XZ)

—
D
-
e
(e}
/;

>
N

]

(A-25) (=rg) + (A-25) (A-2g) + (A-2;) (A-23)

<+

(A=27) (A=xg) + (A-27) (A-23) + (A-x) (A-2,)

Next, in both g'(X) and g''(}) set A = Aj. Then this suggests in general that

P
gllxa) Bl =k, )
i
and
p
9"(Aj) ® 2% (i1 )
2=1 k#j,e
whence ol
gll A p
b it e o 1

g'(1;) k=1 (572)

which may be verified in the special example above. Using this result in (1.2), we
find
g'"(x;)
Z_a + _—J— =] ]
J 9'(3;)
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or

A 9" (Ay) + (20-25)9"(0;) = 0.

This suggests that the polynomial
Ag''(A) + (2a-2)g'(X)
has the required Aj, i.e., the most probable eigenvalues, as roots. Moreover, this

polynomial is of order p. Hence it is identical to ag()\) itself except perhaps for a

scalar factor a. That is, for some a,
Ag''(A) + (20-2)g'(X) = a g(n) .
On matching the coefficients of AP on each side, we find that necessarily a = -p. In

this way we arrive at a differential equation governing the polynomial g()) whose

roots are the required eigenvalues of A = (n-1)&:

Ag''(A) + (2a-2)g'(A) +pg(x) = 0 (28

We may solve this differential equation by writing out the polynomial form of g(X):

xp'] i Xp ,

g(A) = ¢, +cpr+ CoA® * L.l Cho1

substituting it in (2.1), and determining the necessary conditions on the c.. For

J
th

example, the terms involving the k™ power Ak of X are:
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k

(k1) Kk Cpyq A (via Ag''(2))

k
20 (k+1) € 4q A

(via (20-1)g' (X))

Py A (via p g(1)0

Since the right side of (2.1) may be viewed as a polynomial in the form 0 + Ox + OX2
S Ar OAp'] I oxp, we conclude that the sum of the coefficients of Ak displayed

above is zero; which implies a necessary connection between Clt] and Cy

(k-p)
(k+1) (k+2a)

Cr4] C km @ 1 cnepsp-] (2.2)

This is a recursion formula for the coefficients Cy- For if we fix CO’ all other

coefficients follow at once. Leaving o arbitrary for the moment and building up

Cys Cps vves € recursively via (2.2) we find
p! (L1pK
c = . 3 C
K kr (p-k)! k-1 0
T (j+2a)
J=0

Observe that c =0 for 2>p, owing to the presence of the factor (k-p) in (2.2).

One final adjustment is needed in our quest for the most probable eigenvalues.
We recall that the Aj are eigenvalues of a matrix A of the form (n-1)¢. Since ¢ in
the 1imit of large n-1 has unit eigenvalues, we see that the Aj in the 1imit, go to

n-1 rather than 1. We therefore introduce a new set u1,U2,---,Up of eigenvalues for

the original covariance matrix & by writing
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Iu.

J' for Aj/(n-l)

Returning to the polynomial g(A) and using the connection A=(n-1)u, we find

g(r)

]
x M™MT

B TR 5 ) G
K k-1

We now require that the coefficient of up be unity, i.e.,

(-1)P(n-1)P
o Ao
I (j+2a)
Jj=0
whence

-1
C ()PP (2

c

and so for k = 0, 1, ..., p, the coefficients of the h(u) polynomial are:

k e ! = ! . - p-k . _=_k___4
ney = of = grppy® (1) NP
p-k k-p -
Here we observed that (-1) = (-1) and that T =1 .
J=p

Thus the most probable eigenvalues of the sample covariance matrix & are the

roots of the polynomial

15
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p-1
5 n (j+2a)
- ':k
h(n) = I (k)uk(-1>pk-l——;,(— (2.3)
k=0 (n-1)
20, = n-p-2
As n > o, we see that
p-1
n (j+2a)
J=k R
(n-1)P7K

and so h(u) has the limiting form (u-1)P, i.e., a polynomial with p unit roots, as

expected.

<9 Ihe Sum and Products of the most Probable Eigenvalues

As a check on numerical experiments in finding the ”j’ we observe that the sum

of the roots of (2.3) must be

n-3
p(ﬁ) s n > pt3 (2-4)

For computation purposes, the product quotients in (2.3), (2.5) may be written

(j+2a)
=k _ ] (n-3)
33)

n-D)PR T ek T =

!
-(p-K) T

e o e e o
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For proof we note that 2a = n-p-2, and so

p-1 p-1
I (j+2a) =0 (n-p+j-2) = (n-p*+k-2)(n-p+k-1) ... (n-3)
J=k j=k
L
[(n-3)-(p-K) 1!
4, The Special Cases p=2, p=3

Returning to (2.3) we set p=2 and find

A L 2(1+2a) A (20) (1+2a)

(n-]) (n-])2
_ .2 _ 2(n-3) (n-3)(n-4)
s T T o e S
n ]) (n_])z
where 20 = n-p-2 = n-4
and so
2at]1 = n-3

The two non degenerate roots of h(u) are therefore

-1
y, = L%E%l {1 2 {n=3)72k " y 'ip >"pH3 =15
From this we can see directly that U, and u_ go to 1 as n > ». Moreover, the sum of
the roots is

L5263 h2al) /-
W VUSSR T2 03

and product is
_ (2a)(1+2a) _ (n-3)(n-4)
4k (n-1)? (n-1)2
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Returning to (2.3) once again and setting p=3, we find

n-3)(n-4 _ (n-3)(n-4)(n-5)
L 3T___%' 3______—__lh 1)3

(n-

The three non degenerate roots of h(u) then are given by

(n-3

s n-1

|
2%
+

=
n
I
<
n
+
L~
33
--‘w

ug = ¥y + {60
where
Yy =2 (2:$ i cos ¢
Yp =2 (2:?)% cos (¢ + %1)
¥ Sa 2 %ﬁf%%% cos (¢ + %1)
and where

¢ = %-cos_](n-3)' » N>p+3 =6
Once again we see directly that “j -1 as n~+ oo, The sum of the roots is

_3(n-3
Hytigtus = "ﬁiT%

- (n-3)(n-4)(n-5)
(n-1)3

and

HiHoH3

§4
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Both special cases exhibit some general properties of the eigenvalues: In
the latter case since the sums are of the form 3(]-%n), and products are of the form.
(]-%.) (1-%u) (1-%n), where n' = n-1, we see that the averages of the most probable
eigenvalues, for any finite n, tend to be smaller than 1. They are, in short,
asymetrically distributed around 1 with a total predilection toward being below 1
than above. A visual examination of (0.1) also suggests that, because of the expo-
nential factors, there is an asymmetry of the pdf along each “j axis so as to make
the average value of Hj slightly greater than its most probable value. These
matters are of interest in that, if the mean and most probable values of each “j are
workably identical, we can obviate the need for the extensive calculations otherwise
needed to obtain the mean values of the p.. We would then have in the form of “j

J

a satisfactory and easily obtained measure of the mean of each xj. Further

observations in this direction are given in §5.

5. Numerical Results

The roots of (2.3) were found for five values of p = 2,3,6,12 and 18 with
sample size n running from 4 to 100. The results are depicted in Figures 5-9.
Several features of these graphs are of interest.

First, we note the degeneracy of the roots whenever n-3<p. For example in

the case of p=2, we have degeneracy when n<5, in this instance, when n=4. When n=3

both roots are zero, as we can see also from the special cases examined in §4.
Moreover, as n»o, we expect the roots to approach 1. This is borne out in Fig. 5
and in the explicit algebraic forms for the two solutions u_ ,u_ in §4.

The degeneracy of the roots for the other cases p=3,6,12, and 18 are clearly
seen in the graphs from Figs. 6 to 9. In each case degeneracy sets in when n-3<p,
and for each step down the n ladder below the threshold n-3=p, another root collapses
to zero. From the perspective of the particle analogy in §1, for fixed p, when

we have a = %(n-p-2)>0, the plane repels the particles (via the inverse square
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force which not only acts on particles but the plane and particle). When n decreases
so that n-2-p = 0, the repulsion between the smallest Ap and the plane vanishes and
xp rests directly on the plane. When n decreases one more notch, so that n-2-p = -1,
another particle, the next larger (i.e., Ap_1) collapses onto the plane, and so on.
Thus the ‘'atmosphere' of particles adjusts itself to the weight bearing down on the
plane and the plane's ability to accommodate that weight.

Next, as n»~, the Aj converge toward 1, in every displayed case. As shown in
the text just below (2.3), this is a general phenomenon, and harks back to the
central law of the large samples in probability theory: The larger a sample we draw
from the population with all Aj=1, the closer will be our estimates to those unit
values.

If we plot the values pj(]OO) as a function of j, as given in Fig. 9, we
would see that they fall off in essentially an exponential manner with j. Rather
than plot these values, we have appended them to Table 3 as the third column of
that table. Observe the closeness of the u. values, i.e., the most probable eigen-

J

values of &, to the empirically determined E& values. It is this closeness of

value that prompted recording our theoretical study of H; as practically acceptable

substitutes for ¢., providing n is large enough. For smaller n values (for a given p),

J
degeneracy sets in and these “j and 13 must necessarily differ appreciably, since the
marginal distributions of p(x,...,xp) are highly skewed, as indicated in the sketch
below.
p(J) ;
|
|
!
i
I
u 7
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This skewness manifests itself even in the closely placed E& and “j values of Table 3,

as may be seen by the necessary (skewness-induced) inequality between and 2, in the

i 3

form L. > U..
i 7 M

6. Bibliographic Notes

It is possible to trace the eigenvalue degeneracy discussed above to an analogous
degeneracy of certain volumes of linear subregions in p-space which arise in the
derivation of (0.1) via the Wishart distribution (cf. e.g., Ch 7, Anderson, 1958).

In this way the suggestive physical argument of §1 may be replaced by more complex
considerations of geometry in euclidean p-space. Apparently one can see this
degeneracy-difficulty coming by simply noting the possible singularities that may
occur in p(A,...,Ap), as given by (0.1), when a<0. A similar phenomenon occurs in

the theory of multiple regression analysis whenever n<p, for then the analysis is

not even well defined, a situation which also requires further study (cf. p161
Dempster, 1969). It is interesting to note that the degeneracy problem is transparent
for the case of p=2; for we generally need n=5 points in the plane to uniquely de-
termine the scatter ellipsoid, and the relation n=5=p+3 is precisely at this threshold
of uniqueness.

The phenomenon of algebraic degeneracy was encountered by Probert-Jones (1973),
but apparently was not recognized as such. The phenomenon of exponential decay was
also discussed in the same reference, but was not seen as being possibly a theorem
in the asymptotic (large n) theory of eigenvalues of a random matrix. The latter
theory, as exemplified by Anderson (1963), does not, however, broach this phenomenon.
Apparently a rigorous proof of the asymptotic exponentiality of the Aj for larger j,
is still to be formulated. Our numerical experiments and the most probable eigenvalue
theory of this note strongly indicate (cf. Table 3) the possibility of such a theorem.

Some interesting work on the distribution of eigenvalues of a random matrix

has been done by atomic physicists in the past twenty-five years, or so. The work
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of Porter and Zweig (1960) is rich in numerical and theoretical examples of this
subject. The study of Dyson (1953) has given rise to a considerable amount of

work on random matrices and their eigenvalue distributions, as summarized in Mehta,
(1967). The latter is a repository of many potentially useful techniques in random
matrix analysis.* A particularly interesting approach to random-systems matrices
which is reminiscent of invariant imbedding techniques (insofar as use of impedance-
like quantities is made) may be found in Schmidt (1957). A1l of these studies give
explicit expressions for the probability density function p(A],...,Ap) or its close
relatives. Yet the authors on the whole do not seem to be aware of the parallel
work done in this area by the statisticians since the early thirties.

The population from which & (in §0) is drawn is such that ideally ¢ = o?I,
where I is the pxp identity matrix. An apparently definitive study of the distribu-
tion of the eigenvalues of a random matrix ¢ drawn from a population which has a
non identity (or nonspherical) covariance matrix was made by James (1960, 1964, 1966).
Unfortunately, the results are inaccessible to simple numerical evaluation. There
is also something still to be desired in the standard tests for sphericity of &
(i.e., = 0%1), for the main references are Lawley (1956) and Mauchley (1940) and
these are quite inadequate for geophysical purposes. Similarly work such as
Chattopadhyay and Pillai (1973), like the James work, is inaccessible to practical
workers. On the other hand, work such as Pillai (1956), while accessible, is
inadequate because of the limited range of tabulated values. Work by Bartlett (1954)
also gives practical tests for sphericity of the eigenvalue distribution, but before
using it one should read the comments on the method as given in Kendall and Stuart
(1976, p 299-300). Finally, we find the classical work by Girshick (1939) beautiful,
but totally irrelevant to the robust needs of the general geophysicist, and clima-

tologist in particular. Pretty theorems about the asymptotic properties of the

* For example, the derivation of the polynomial (2.3) was suggested by some ingenous
arguments, originally due to Stieltjes, as summarized on p 191, Mehta (1967).
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eigenvalues of a spherical & abound in Anderson (1958, 1963), but are inadequate
to the geophysicist's needs, as explained in detail in Preisendorfer and Barnett
(1977).

The largely negative findings of the preceding paragraph have been recorded
principally to document how they have led us to experiment directly and numerically
with the properties of the eigenvalues and eigenvectors of randomly generated
covariance matrices. Our general conclusion is that one well designed numerical
experiment, in this most difficult area of analysis, is worth more than the best of

currently available theory.
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