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ABSTRACT

Recent measuremeﬁts have shown the importance of
ground~-water seepage aéross the floors of lakes and
lagoons. The subagqueous discharge is not only a source
of water but also supplies dissclved chemicals across
the sediment-water interface. To help define this
process, an analytical solution to the steady-state
Richards' eguation was studied in two-dimensions. This
solution was used to derive an expression for the verti-
cal flow of ground water acrcss the floor of a large,
shallow lake. The lake is assumed to rest on an aguifer
of uniform thickness, I. The aquifer is homogeneous but
not necessarily isotropic (its vertical and horizontal

hydraulic conductivities are X, and Ku respectively}; it

h
is unconfined and it overlies an impermeable surface.
The distance from the lake shore to the ground-water
divide is s and the hydraulic gradient, %, is assumed to
be a constant over this distance. When 7msk/47 > 3, the

discharge, g = Kvi 1n {coth mzk/41)/kT where k* = Kv/Kh

and = is the distance offshore. The width of the zcne



of subagueous discharge is effecEively‘4Z/k. The hypo-
thetical lake must be wide compared to this distance.
The solution fails at the shore (and alsc at the ground-
water divide) because the boundary condition is not
differentiable there. As a result, the solution can not

be applied when z < 0.06 I/k.



INTRODUCTION "

People are becoming more and mbre interested iﬁ the
flow of ground water offshore. Bioclegists and environ-
mental scientists, as well as hydrologists, are recogniz-
ing the importance of ground-water seepage out of sub-
merged sediments to supply nutrients and contaminants to
lakes, ﬁarshes, and lagocns. Many excellent studies have
been done in glacial lakes in Canada and the United States
(e.g. Lee, 1977) and in the coastal zone of the United
States, Australia, New Zealand, and the Bahamas, and work
is contiruing in this field. At the Marine Sciences
Research Center we have studied the submarine discharge
in a large coastal lagoon in New York called Great Scuth
Bay (Bokuniewicz, 1980; Bokuniewicz and Zeitlin, 1980;
zeitlin, 1980).

I will‘present an expressicon that describes the
distr;bution of ground-water seepage across the floor of
a large, shallow body of water. Analytical solutions
have severe limitations. They can usually only be done
for relatively simple systems and my solution is no ex~-

ception. Nevertheless, if the soluticn can be written
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in a simple form, it can be useful for estimating the
seepage in situations where it is not practical to do a
numerical sclution perhaps because of limited time,
inadequate data, or insufficient funds.

The solution is developed for the specific con-
figuration of the aguifer and the lake that is shown in
Figure'l. There is an unconfined aquifer sitting on a
flat impermeable basement. The aquifer is homogenecus
but nct necessarily isotropic. A wide shallow lake
covers part of the aquifer and the other part contains
an elevated water table with the ground-water divide
some distance from shore. The expression that I will
present here describes the flow of ground water up across
the lake floor. To simplify the boundary conditions we
will assume that the picture has a great vertical exag-
geration, that is, that the surface relief is small
compared to the thickness of the aquifer. _If this is
the case we can ignore the surface topography and bathym-
etry. The coordinate system is shown in Figure 2.

The origin is at the shoreline. The variable z

increases to the right away from the land, and z, the



depth variable is positive downward. The distance from
the shoreline to the ground-water divide is s. Because
we are assuming the surface relief to be small, the only
other-parameter we need to define the geometry of the
aquifer is the thickness, 1, which is a constant,

The boundary conditions (Fig. 3) are:

l.- there is no flux of water through the bottom
of the aquifer
(at 2 = 1};

2. there is no flux of water across the ground-water
divide;

3. the right boundary is open but the solution must
give finite values for the discharge as the
distance from shore becomes infinitely large.

4. at the top of the aguifer the fluid potential
is zero over the lake and increases linearly
landward to the ground-water divide.

_This arrangement is similar to the one used by T&th
(e.g. 1962) in his study of small drainage basins. T6th
solved an isotropic equation and his solution for the

fluid potential was an infinite series. I have an



open—ended aquifer and obtained a 'simple solution by con-
fining my attention to only the vertical flux at its

surface.

METHODS

The sclution was done as follows. Start with the
steady-state, but anisotropic, Richards' eguation and
boundary conditions (Richards, 1931). ZApply a cosine
transform and solve the transformed eguations. Then
write down the solution to the transformed equations
(Carslaw and Jaeger, 1959). At this point there is a
problem; the inverse transform_of this solution is a
definite integral that can not be integrated in closed
form. Nevertheless, the derivative of this integral
evaluated at z = 0 (the top of the aquifer) is propor-
tional to the vertical, subagueous discharge and this
form can be integrated and I can ncw write the surface
discharge as an analytical function by applying Darcy's

law.



RESULTS

Figure 5 is a schematic of the characteristics of
the sclution. There is an area of recharge near the
gfound-water divide and an area of discharge near the
shore. This distribution had been found in previous
studies . (T6th, 1962). Offshore there is another area of
discharge and the discharge rate decreases rapidly away
from shore. The solution, however, has an unfortunate
characteristic. The seepage fluxes get very large both
near the ground-water divide and near the shore. This is
an artifact of the simplified boundary condition which is
discontinuous at both places. While this behavior is not
fatal, it is troublesome because the predicted discharge
rate is not continuous across the shoreline. 1In practice,
+his means that the solution can not be applied too near
to the shore. I will return to this condition in a moment.

The analytical expression for this solution is:

X1 coth _J_L_“431= X coth T2 :Zzs”‘

v
9% a7k 1n
) hz 7T($+S)k

cot a1



where: L
g is the discharge. I have been expressing it as

2/day-m? after appropriate conversion.

£ is the fluid potential gradient away from the
shore (recall that we have assumed it to be

copstant).

Kv is the vertical hydraulic conductivity at the

surface and

k is the square root of the ratio of the vertical

to the horizontal hydraulic conductivity.

z is the distance from shore.

s 1s the distance to the ground-water divide, and
1 is the thickness of the aguifer,

T is pi.
although Kv/k iz the bulk hydraulic conductivity, I have
left the ratio Kv/k in the expression because in practice

it might be more appropriate to use typical values of the



conductivity for KU. =

This does not look very simple, but for most cases
it can be simplified to study the offshore discharge with
no detectable loss of accuracy. If e is large so that
the argument of the hyperbolic cotangent is greater than
3, that is, if msk/41 > 3,_then'two of the coth~terms have

the value of 1 and the solution can be rewritten as:

In the same way, if‘x > 41/7wk, then the discharge is
effectively zero. The width of the zcne of subaqueous
dischargé is therefore 41/mk. For the inner limit, I
have chosen the case where ln (coth) = m so that the dis-
charge is the bulk conductivity times the gradient. This
is the form that is usually used to calculate underflows

past the shoreline.



DISCUSSION .~

To illustrate this solution I will use some hydro-
geologic parameters from the glacial outwash aquifer on

Long Island, New York., These are:

Kv = 8§ m/day

+ = 0.002

k = 0,316 (1:10)
7 =3Cm

The predicted subagueous discharge is in &/day m?, shown
in Figure 6. Most of the discharge is confined to a
narrow zone nearshore about 100 m wide. This is gquite
reasconable; simi}ar results were found numerical%y and
by direct measurement of other investigators. If we
increase . from 30 m to 300 m, the discharge increase and
the region where the solution should not be applied alsoc
increases. Alterhatively, if we increase kK to 1 (the
isotrbpic case) the flows are drastically réduced.

T would like to conclude by comparing the éredic—
tions to some data from a large coastal lagoon on the
south shore of lLong Island, N.Y., called Great South

Bay. As part of a study of Great South Bay, we have
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made some direct measurements of the subagueous discharge
by embedding water collection chambers into the lagoon
floor. This is a method that has been devised and tested
by David Lee (1977) who is using it to study glacial lakes.

For the mathematical prediction I used hydrogeolegic
data from the principal aquifer under Long Island called
the Magethy. In applying the soclution there are scme
problems because in the literature the important parameters
are specified by ranges rather than by specific values.

So, depending upon your choices, you can generate several
different predicted curves. Figure 7 shows the data and
some predictions.

The data points represent over 300 measurements at
five locations on the lagoon shore. They decrease slowly
offshore from about 50 &/day-m? to about 30 R/day-m? at a
distanbe of 100 m. There are three predicted curves
shown., The uppermost shows the greatest discharges that
I could obtain using the reported values in the litera-
ture. The discharges decrease from 100 to about
70 %/day-m?. The smallest discharges I could get were

all below about 10 2/day-m?. These two extremes bracket

11



the data nicely. The center curve is one of about eight
others that lie between the two extremes. This one seems
to fit the data best.

The agreement here is encouraging because the pre-
dictions are made completely independently from the data.
There are no adjustable parameters. Furthermore, there
are sevéral reasons why it should not work. This agree-
ment also suggests that the discharge at least near shore
is not sensitive to the salinity in Great South Bay because
density differences have not been included in the egquation.

I hope that this equation will be useful to other

investigators in this field.
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