
1. Introduction
The Atlantic Meridional Overturning Circulation (AMOC) plays a significant role in climate (e.g., Broecker 
et al., 1985; Manabe & Stouffer, 1997; Rahmstorf, 2002; R. Zhang et al., 2019). Multidecadal AMOC variability 
has been reconstructed over the modern period using various observed AMOC fingerprints/proxies (e.g., X. 
Chen & Tung, 2018; Fraser & Cunningham, 2021; Rossby et al., 2020; Yan et al., 2017; R. Zhang, 2007, 2008) 
and over the past several centuries using paleo records (Mjell et al., 2016). The directly observed AMOC decline 
from the RAPID program over the recent decade (Smeed et al., 2018) is shown to be part of the multidecadal 
AMOC variability (L. C. Jackson et al., 2016; Yan et al., 2017), which affects the observed multidecadal Labra-
dor Sea water properties (Thomas & Zhang, 2022). Multidecadal variability has also been observed in the Arctic 
salinity (Polyakov et al., 2008). Using a high-resolution climate model constrained by the observed hydrographic 
climatology, R. Zhang and Thomas (2021) show that the Arctic Ocean (rather than the Greenland Sea) is the 
northern terminus of the AMOC, and the subpolar AMOC is sensitive to the salinity/density anomaly along the 
East Greenland Current (EGC). The observed Great Salinity Anomaly events with reduced upper-ocean salinity/
density along the Arctic outflow (e.g., EGC) might have weakened the AMOC in the 1970s and 1980s (Belkin 
et al., 1998; Dickson et al., 1988; R. Zhang & Vallis, 2006).

Climate models also simulate the low-frequency AMOC variability, which has very different periods (from 
multidecadal to centennial) across different models (Keenlyside et al., 2016) and is closely related to the Arctic 
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salinity anomaly (T. Delworth et al., 1993; T. L. Delworth et al., 1997; Hawkins & Sutton, 2007; L. Jackson 
& Vellinga, 2013; Jiang et  al.,  2021; Jungclaus et  al.,  2005). It is unclear what physical processes/feedbacks 
in these models control or influence the different periods of the AMOC variability. Unlike the inter-annual El 
Niño-Southern Oscillation (ENSO) that has been explained through simple conceptual models, the mechanisms 
of the multidecadal AMOC variability and its two-way interactions with the Arctic salinity anomaly, as well as 
the factors affecting the periods and amplitudes of the multidecadal AMOC variability are not well understood 
from the theoretical perspective using simple conceptual models.

Stommel (1961) provides a pioneering and powerful theoretical framework to study the steady AMOC states and 
abrupt AMOC changes using a simple two-box model. However, Stommel's Two-Box Model itself does not have 
self-sustained multidecadal AMOC oscillation solutions. The revised Stommel's Three-Box Model (R. Zhang 
et al., 2002), Four-Box Model (Colin de Verdière, 2007), or Six-Box Model (Colin de Verdière et al., 2006) has 
been combined with Welander-type heat–salt oscillators (Welander, 1982; Whitehead et  al.,  2005) to explain 
ocean model simulated self-sustained millennial-scale AMOC relaxation oscillations (e.g., Colin de Verdière 
et al., 2006; Whitehead, 2018; Winton & Sarachik, 1993; R. Zhang et al., 2002) in the paleo context. The revised 
Stommel's Four-Box Model has been employed to explain the stochastic forced damped multidecadal AMOC 
oscillations (Griffies & Tziperman, 1995). In this study, we construct an AMOC delayed oscillator to understand 
the important role of the Arctic salinity anomaly in the multidecadal AMOC variability. We revise Stommel's 
Two-Box Model by including the oceanic advective time delay for the Arctic density/salinity anomalies to reach 
the subpolar North Atlantic and the coupled negative feedback between the AMOC and the freshwater flux 
entering the Arctic through the atmosphere and/or sea ice response. Both damped and self-sustained multidecadal 
AMOC oscillations can exist in the revised Stommel's Two-Box Model. The regimes and periods of the AMOC 
oscillations depend on the advective time delay and the strength of the coupled freshwater feedback.

2. Revised Stommel's Two-Box Model
The recent AMOC observations, that is, Overturning in the Subpolar North Atlantic Program (OSNAP) (F. Li, 
Lozier, Bacon, et al., 2021; F. Li, Lozier, Holliday, 2021; Lozier et al., 2017, 2019), provide important constraints 
to calibrate the modern climate steady state of our revised Stommel's Two-Box Model (Text S1 and Table S1 in 
Supporting Information S1). Starting from Stommel's Two-Box Model, we consider a revised two boxes of the 
ocean currents along the AMOC pathways separated by the OSNAP section: a low-latitude box of the AMOC 
inflow/outflow extending from the tropical North Atlantic to the OSNAP section and a high-latitude box of 
the AMOC inflow/outflow extending from the OSNAP section to the Arctic. We define the AMOC q of the 
revised two-box model as the maximum density-space AMOC across the OSNAP section (the boundary sepa-
rating the two-boxes), which depends on the west-east density contrast across the section through both ther-
mal wind and horizontal gyre contributions (R. Zhang & Thomas, 2021). The density around OSNAP western 
boundary is affected by the AMOC outflow from the Arctic (R. Zhang & Thomas, 2021), and the density around 
OSNAP eastern boundary is affected by the AMOC inflow along the Gulf Stream from the subtropics (Sutton 
& Allen, 1997) (Figure S1 in Supporting Information S1). Hence we simply assume the AMOC q(t) is linearly 
related to the density difference between OSNAP western and eastern boundaries through a constant k, that is, 
q(t) = k(ρH(t − τH) − ρL(t − τL)). Here ρH(t − τH) is the density advected from the Arctic north of Greenland to 
OSNAP western boundary with the mean advective time delay τH, and ρL(t − τL) is the density advected from the 
subtropics to OSNAP eastern boundary with the mean advective time delay τL, respectively. These advective time 
delays are also included in the temperature and salinity equations when calculating ocean heat and salt transport 
between the two boxes across the OSNAP section. The original Stommel's Two-Box Model assumes a linear 
relationship between the AMOC and the instantaneous density difference between high- and low-latitude boxes. 
Here we include the advective time lags, that is, it takes a mean advective timescale τH (τL) for water properties 
(T, S, and ρ) in high-latitude (low-latitude) box to reach OSNAP western (eastern) boundary to affect the AMOC 
across the OSNAP section, thus the AMOC q and water properties (T, S, and ρ) at OSNAP western and eastern 
boundaries at time t depend on water properties at time t − τH and t − τL in each box, respectively.

The unrealistic surface boundary condition, that is, restoring salinity S to a prescribed value S ∗, in the original 
Stommel's Two-Box Model is replaced with a net freshwater flux F added into the high-latitude box and removed 
from the low-latitude box. The freshwater flux F is usually assumed uncoupled to the AMOC for Stommel-type 
box-models, but here F includes both the steady state Fe and the anomaly F' which we assume is coupled linearly 
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with the AMOC strength anomaly, that is, F′ = c|q(t − τC)|′, where c and τC are the coupled feedback strength 
and time delay. The absolute sign only takes effect in the haline AMOC mode in the paleo context, and for the 
modern climate (q > 0) focused in this study, we have F′ = cq′(t − τC). For example, a stronger AMOC can lead to 
enhanced poleward ocean heat transport (OHT) and heat/moisture released from the ocean into the high-latitude 
atmosphere, resulting in stronger atmospheric moisture transport into the Arctic, hence the river runoff into the 
Arctic increases linearly with the AMOC anomaly with a few-year time lag (Jungclaus et al., 2005). Meanwhile, 
the intensified AMOC and associated warmer high latitude temperature may increase the high-latitude atmos-
pheric blocking and reduce the Arctic freshwater export (Lonita et al., 2016; Peings & Magnusdottir, 2014), and 
the AMOC-induced enhanced poleward OHT can cause more Arctic sea ice melting and less Arctic sea ice export 
(Jiang et al., 2021; Jungclaus et al., 2005; D. Li et al., 2018; R. Zhang, 2015). These processes result in a positive 
Arctic freshwater flux anomaly lagging the AMOC anomaly with a simplified time delay τC.

The dynamic equations for our revised two-box model become nonlinear delay differential equations (DDE) with 
multiple delays (τH, τL, τC):
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where TL, SL, ρL, 𝐴𝐴 𝐴𝐴𝐿𝐿, 𝑇𝑇
∗

𝐿𝐿
, 𝛾𝛾𝐿𝐿 and TH, SH, ρH, 𝐴𝐴 𝐴𝐴𝐻𝐻, 𝑇𝑇

∗

𝐻𝐻
, 𝛾𝛾𝐻𝐻 are ocean temperature, salinity, density, volume, prescribed 

atmosphere temperature, and thermal restoring rate for low- and high-latitudes boxes respectively. Here S0 and ρ0 
are the reference salinity and density, βS and βT are saline/thermal expansion coefficients, and the prime symbol 
(′) represents anomalies relative to the steady state. The nonlinear damping, that is, the last term in Equations 1–4, 
represents the nonlinear dissipation, for example, submesoscale/mesoscale mixing of the AMOC inflow/outflow 
temperature/salinity anomalies with the interior ocean, where the mixing coefficient is proportional to the square 
of density anomalies through a damping coefficient a (L. Chen and Young, 1995). See extended description and 
parameters of the revised two-box model in Text S1 and Table S1 in Supporting Information S1.

3. Results
3.1. Multidecadal AMOC Oscillations in the Revised Stommel's Two-Box Model

Self-sustained multidecadal AMOC oscillations are obtained both with and without the coupled freshwater feed-
back in the revised Stommel's Two-Box Model. Figure 1a shows examples of the numerically solved results at 
τH = 20 years, τL = 5 years, and τC = 5 years with c = 0.005 and c = 0 respectively. When the coupled freshwater 
feedback is included (c = 0.005), the standard deviation of the anomalous freshwater flux F' (0.009 Sv) is similar 
to the observed variations in the Arctic freshwater flux (Carmack et al., 2016). The AMOC anomalies (Figures 1a 
and 1c) have a 10-year low-pass filtered standard deviation of ∼1.8 Sv, similar to the reconstructed estimates 
(Fraser & Cunningham, 2021; Yan et al., 2018). The oscillation period is ∼70 years, also consistent with the 
reconstructed multidecadal timescales of the AMOC variability (Fraser & Cunningham, 2021). The temperature/
salinity/density anomalies in the two boxes have opposite phases and their amplitudes in the high-latitude box are 
much larger than in the low-latitude box (Figures 1d–1f) mainly due to the much larger volume of the low-latitude 
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box compared to that of the high-latitude box (Table S1 in Supporting Information S1). Although we are in 
the  thermally dominant modern climate in the steady state (q > 0), the high-latitude salinity anomaly 𝐴𝐴 𝐴𝐴 ′

𝐻𝐻
 is the 

major contributor to the high-latitude density anomaly 𝐴𝐴 𝐴𝐴′
𝐻𝐻

 both in amplitude and phase (Figure 1g), and therefore 
a major contributor to the AMOC anomaly q′.

The AMOC q lags ρH and SH by ∼18 years (∼τH) while is almost in phase with TH (Figures 1b, 1c and 1f). 
The negative anomalies of the tendencies of ρH and SH lag the positive ρH and SH anomalies by ∼1/4 period 
(∼17 years), providing a delayed negative feedback (Figure 1b). The advective time delay τH plays a crucial role in 
the multidecadal AMOC oscillation. For example, the AMOC oscillation switches from self-sustained to damped 
when τH is shortened from 20 to 10 years (Figure S2 in Supporting Information S1) and disappears when τH = 0. 
The coupled freshwater feedback also contributes to the self-sustained oscillation, but the self-sustained oscilla-
tion may still exist even when c = 0, with a smaller amplitude and longer period (Figure 1a).

The simple revised Stommel's Two-Box Model can obtain multidecadal AMOC oscillations of a wide range of 
amplitudes and periods under different parameter regimes (Figure 2). Self-sustained AMOC oscillations exist if 
τH is above certain thresholds (even without the coupled freshwater feedback, c = 0) and the oscillation periods 
depend crucially on τH (Figure 2). The oscillation period increases with τH and is insensitive to τL (Figures 2a 
and 2c). The oscillation amplitude increases with τH and also increases with τL when τH is large (Figures 2b 
and 2d). The oscillation period decreases with a larger c when τC is small (Figure 2g) and increases in general 
with a longer τC (Figure 2e). The oscillation amplitude also increases with c and is insensitive to τC when τH is 

Figure 1. Numerical solutions of the revised Stommel's Two-Box Model. (a) Atlantic Meridional Overturning Circulation (AMOC) time series q over the model 
years 0–1000, τH = 20 years, τL = 5 years, τC = 5 years, with (blue line, c = 0.005) or without (red line, c = 0) coupled freshwater feedback. (b–g) The example with 
τH = 20 years, τL = 5 years, τC = 5 years and c = 0.005. (b) Correlations with the AMOC at different time lags. Positive lags means that the AMOC leads. (c–g) 
Anomalies of AMOC, high- and low-latitude density, salinity, temperature, and high-latitude density (black) with haline (blue) and thermal (red) components over the 
model years 2000–2200.
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small (Figures 2f and 2h). The τH threshold required for the self-sustained oscillation decreases as c increases 
(Figure 2g), which will be explained in the simplified analytical solution in Section 3.3. When c = 0, the delayed 
negative feedback is mainly provided by the ocean-only process through the ocean salt transport (OST); when 
c ≠ 0, the atmosphere-ocean (or ice-ocean) coupled negative freshwater feedback also plays an important role. 
The oscillation amplitudes decrease as the nonlinear damping coefficient a increases, whereas the oscillation 
periods are insensitive to a (Figure S3 in Supporting Information S1). It is the nonlinear damping on 𝐴𝐴 𝐴𝐴 ′

𝐻𝐻
 (not on 

𝐴𝐴 𝐴𝐴 ′

𝐿𝐿
, 𝑇𝑇 ′

𝐻𝐻
, 𝑇𝑇 ′

𝐿𝐿
 ), same order of magnitude as the anomalous OST and salt flux (Figure S4 in Supporting Informa-

tion S1), that matters for the oscillation amplitudes.

Different periods of AMOC variability have been found in different climate models (Keenlyside et al., 2016), 
and each climate model simulates its own equivalent parameter regimes for τH and c. For instance, Jungclaus 
et al. (2005) found a 70–80 years AMOC variability in a climate model and there is linear coupled freshwater 
feedback in the AMOC-induced anomalous river runoff entering the Arctic (c ≈ 0.004) with a time lag of a 

Figure 2. Numerical solutions of periods (a, c, e, and g) and amplitudes (i.e., peak values, (b, d, f, and h)) of the self-sustained oscillations under different parameters. 
(a–d) τH−τL diagrams at (a and b) c = 0 and (c and d) c = 0.005 with τC = 5 years. (e and f) τH − τC diagrams at c = 0.005 with τL = 5 years. (g and h) τH − c diagrams 
with τL = τC = 5 years.
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few years. In this model, it takes ∼20–30  years for the Arctic salinity anomaly to reach the subpolar North 
Atlantic (τH  ≈  ∼20–30  years) and trigger AMOC oscillations with a 70–80  year period, consistent with our 
revised two-box model results. In another climate model (L. Jackson & Vellinga, 2013), although it also takes 
∼20–30 years for the Arctic salinity anomaly at the north coast of Greenland to affect the AMOC, the simulated 
multidecadal AMOC variability has a longer period, likely related to the weak coupled freshwater feedback 
(c ≈ 0) in this model. Centennial AMOC variability is found in a recent climate model (Jiang et  al.,  2021), 
which takes over 40–50 years for the Arctic salinity anomaly at the north coast of Greenland to affect the AMOC 
(τH ≈ ∼40–50 years) and the coupled freshwater feedback is dominated by the AMOC-induced Arctic sea ice 
export anomaly. With a much longer τH, our revised two-box model also gives a centennial timescale for the 
AMOC oscillation. In contrast, the earlier coarse-resolution climate model simulates a 40–80  years damped 
AMOC oscillation (T. Delworth et al., 1993; T. L. Delworth et al., 1997), which might be related to a shorter 
advective time delay (τH ≈ ∼10–15 years) due to the coarse resolution with simplified land-sea distributions. The 
damped AMOC oscillation can be obtained in our revised two-box model with such a shorter τH. In summary, the 
revised two-box model could provide a novel theoretical framework/perspective to understand the mechanisms 
and different characteristics of the low-frequency AMOC variability simulated in various climate models.

3.2. Delayed Negative Feedbacks

The self-sustained multidecadal AMOC oscillation can be explained by the delayed negative feed-
back mechanism (Figure  3). A positive salinity anomaly in the high-latitude (Arctic) takes an advective 
time delay τH to reach OSNAP western boundary, where it induces a positive density difference anomaly 
across the OSNAP section (i.e., the boundary separating the two-boxes) and thus an intensified AMOC 
�′(�) = �

(

�′� (� − �� ) − �′�(� − ��)
)

≈ ��0��� ′
� (� − �� ) (Figures  1d and  1g). Changes across the OSNAP 

section provide a delayed negative feedback to the Arctic salinity tendency through two plausible pathways, 
the ocean-only OST feedback and the atmosphere-ocean (or ice-ocean) coupled freshwater feedback. The OST 
anomaly can be approximately decomposed into two linear terms, that is, 

�′(�)Δ�� + ��
(

� ′
� (� − ��) − � ′

� (� − �� )
)

≈ ��0��� ′
� (� − �� ) Δ�� − ��� ′

� (� − �� ) (8)

Figure 3. Schematic diagram of the Atlantic Meridional Overturning Circulation (AMOC) delayed oscillator, that is, the 
delayed feedback of the revised Stommel's Two-Box Model. A positive Arctic salinity anomaly takes an advective time delay 
τH (gray arrow) to induce a positive AMOC anomaly across the Overturning in the Subpolar North Atlantic Program section. 
Both the ocean salt transport (OST) anomaly (red arrow) and the AMOC-induced atmosphere-ocean (or ice-ocean) coupled 
freshwater feedback (blue arrow) increases the freshwater flux (F) entering the Arctic and causes a negative salinity tendency 
there, that is, a delayed negative feedback for the Arctic salinity anomaly.
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where ΔSe = SLe − SHe is the steady-state salinity difference between the low- and high-latitude boxes and qe is 
the steady-state AMOC across the OSNAP section. Here 𝐴𝐴 𝐴𝐴 ′

𝐿𝐿
(𝑡𝑡 − 𝜏𝜏𝐿𝐿) is neglected since it is much smaller than 

� ′
� (� − �� ) (Figure 1e). For the first term, the intensified AMOC transports more salinity from the low latitude 

to the Arctic, which is a delayed positive feedback. For the second term, the salinity export from the Arctic into 
the low-latitude across the OSNAP section increases therefore more freshwater accumulates in the high-latitude 
box and thus the Arctic, which is a delayed negative feedback. Since qe − kρ0βSΔSe is positive under the modern 
climate steady state, the second term has a larger amplitude and thus the total OST anomaly is negative and 
provides a net delayed negative feedback to the Arctic salinity anomaly.

For the coupled freshwater feedback, that is, the anomalous freshwater flux F′ in response to the AMOC anom-
aly q′ with a time delay simply represented as τC, several feedback processes might be involved as discussed in 
Section 2. These atmosphere-ocean (or ice-ocean) coupled feedbacks can contribute to the freshwater accumu-
lation in the Arctic, providing a delayed negative feedback, that is, � ′ = ��′(� − �� ) ≈ ���0��� ′

� (� − �� − �� ) . 
In summary, both the ocean-induced salinity/freshwater transport feedback and the coupled freshwater feedback 
can provide critical delayed negative feedbacks to sustain the multidecadal AMOC oscillation in the revised 
Stommel's Two-Box Model.

3.3. Analytical Solutions for the Simplified/Linearized System

To understand the fundamental oscillation mechanism of the revised Stommel's Two-Box Model (Figure 3), we 
simplify/linearize equations to solve for the analytical solution. We keep the linear terms related to 𝐴𝐴 𝐴𝐴 ′

𝐻𝐻
 around 

the steady state SHe in Equation 4 and ignore nonlinear perturbation terms. Since τH is more critical than τL and 
τC for the oscillation (Figure 2), we set τL = τC = 0 for simplicity in solving for the analytical solution. Since the 
anomalous density difference is dominated by the high-latitude density/salinity anomaly, the AMOC anomaly q′ 
can be approximated as:

𝑞𝑞′(𝑡𝑡) ≈ 𝑘𝑘𝑘𝑘′
𝐻𝐻
(𝑡𝑡 − 𝜏𝜏𝐻𝐻 ) ≈ 𝑘𝑘𝑘𝑘0𝛽𝛽𝑆𝑆𝑆𝑆

′

𝐻𝐻
(𝑡𝑡 − 𝜏𝜏𝐻𝐻 ) (9)

Combining Equation 9 with the linearized Equation 4, the linearized OST (Equation 8), and the expression for the 
coupled freshwater feedback F′ = cq′(t) (with τC = 0), the final simplified/linearized equation for 𝐴𝐴 𝐴𝐴 ′

𝐻𝐻
 becomes a 

linear DDE with a single delay (τH):

𝑑𝑑𝑑𝑑 ′

𝐻𝐻

𝑑𝑑𝑑𝑑
= −𝜆𝜆𝑑𝑑 ′

𝐻𝐻
(𝑑𝑑 − 𝜏𝜏𝐻𝐻 ) (10)

where λ is the net delayed negative feedback strength:

𝜆𝜆 =
1

𝑉𝑉𝐻𝐻

(𝑞𝑞𝑒𝑒 − 𝑘𝑘𝑘𝑘0𝛽𝛽𝑆𝑆Δ𝑆𝑆𝑒𝑒 + 𝑘𝑘𝑘𝑘0𝛽𝛽𝑆𝑆𝑆𝑆0𝑐𝑐) > 0 (11)

With an exponential eigenvector solution 𝐴𝐴 𝐴𝐴 ′

𝐻𝐻
(𝑡𝑡) = 𝐴𝐴𝐴𝐴𝐵𝐵𝑡𝑡 , where B = σ + iω is the eigenvalue, A is the amplitude, 

σ is the growth rate, and ω is the oscillation frequency, there is a growing self-sustained oscillation if ω ≠ 0 and 
σ > 0, and the nonlinear damping term in the full equations will stabilize the oscillation if the amplitude is large. 
If ω ≠ 0 and σ < 0, then there is a damped oscillation converging toward the stable steady state SHe. With this 
exponential solution and Equation 10, we have

𝜎𝜎 = −𝜆𝜆𝜆𝜆−𝜏𝜏𝐻𝐻𝜎𝜎
cos (𝜏𝜏𝐻𝐻𝜔𝜔) (12)

𝜔𝜔 = 𝜆𝜆𝜆𝜆−𝜏𝜏𝐻𝐻𝜎𝜎
sin (𝜏𝜏𝐻𝐻𝜔𝜔) (13)

The threshold of the self-sustained oscillation requires σ = 0:

0 = −𝜆𝜆cos (𝜏𝜏𝐻𝐻𝜔𝜔) (14)

𝜔𝜔 = 𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆 (𝜏𝜏𝐻𝐻𝜔𝜔) (15)

Which gives

𝜏𝜏𝐻𝐻𝜔𝜔 =
𝜋𝜋

2
 (16)
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𝜔𝜔 = 𝜆𝜆 (17)

Therefore, we obtain the oscillation period 𝐴𝐴 𝐴𝐴 =
2𝜋𝜋

𝜔𝜔
= 4𝜏𝜏𝐻𝐻 at the self-sustained oscillation threshold. When the 

oscillation decays, cos(τHω) > 0, T > 4τH; When the oscillation grows, cos(τHω) < 0, 2τH < T < 4τH (Figure 4a). 
Using Equations 11, 16 and 17, we get

Figure 4. Comparing analytical and numerical solutions of the revised Stommel's Two-Box Model. (a) Damped and 
self-sustained oscillation regimes on the τH − c diagram (analytical solution). (b) Numerical solutions of the self-sustained 
oscillation period T (color) on the τH − c diagram when τL = τC = 0, overlapped with the analytical damped (dashed thick 
line) and self-sustained (solid thick line) oscillation thresholds shown in panel (a). (c) as in panel (b), but with τH = 0, 
a = 0 for temperature terms in Equations 1, 2 and 5, overlapped with improved analytical solution by considering the 𝐴𝐴 𝐴𝐴 ′

𝐻𝐻
 

contribution (Text S2 in Supporting Information S1).
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𝜏𝜏𝐻𝐻 =
𝜋𝜋

2𝜔𝜔
=

𝜋𝜋

2𝜆𝜆
=

𝜋𝜋𝜋𝜋𝐻𝐻

2 (𝑞𝑞𝑒𝑒 − 𝑘𝑘𝑘𝑘0𝛽𝛽𝑆𝑆Δ𝑆𝑆𝑒𝑒 + 𝑘𝑘𝑘𝑘0𝛽𝛽𝑆𝑆𝑆𝑆0𝑐𝑐)
 (18)

Hence the threshold τH for the self-sustained oscillation decreases as c increases (thick solid line in Figures 4a 
and 4b), consistent with the numerical solution (Figure 4b). Mathematically, there are additional high-frequency 
solutions 𝐴𝐴 𝐴𝐴𝐻𝐻𝜔𝜔 = 2𝑛𝑛𝑛𝑛 +

𝑛𝑛

2
(with 𝑛𝑛 = 1, 2, 3, . . . ) for Equations  14 and 15 and the corresponding threshold is 

𝐴𝐴 𝐴𝐴𝐻𝐻 =
2𝑛𝑛𝑛𝑛 +𝑛𝑛∕2

𝜆𝜆
 , that is, λ would be unrealistically larger for a reasonable τH threshold and vice versa, which are 

unrealistic and not considered further.

If ω = 0, Equation 12 becomes

𝜎𝜎 = −𝜆𝜆𝜆𝜆−𝜏𝜏𝐻𝐻𝜎𝜎 < 0 (19)

hence there is only exponential decay and no oscillation if real solutions σ < 0 can be found for Equation 19. By 
equaling the derivatives of σ at both sides of Equation 19, we get the threshold separating the pure exponential 
decay from the damped oscillation, that is, 𝐴𝐴 1 = 𝜏𝜏𝐻𝐻𝜆𝜆𝜆𝜆

−𝜏𝜏𝐻𝐻𝜎𝜎
= −𝜏𝜏𝐻𝐻𝜎𝜎 , 𝐴𝐴 hence 𝜏𝜏𝐻𝐻 =

1

𝑒𝑒𝑒𝑒
 (thick dashed line in Figures 4a 

and 4b). In summary, with 𝐴𝐴 𝐴𝐴𝐻𝐻 ≥
𝜋𝜋

2𝜆𝜆
 , there is self-sustained oscillation; with 𝐴𝐴

𝜋𝜋

2𝜆𝜆
> 𝜏𝜏𝐻𝐻 >

1

𝑒𝑒𝜆𝜆
 , there is damped oscil-

lation and no real solution for Equation 19; with 𝐴𝐴 𝐴𝐴𝐻𝐻 ≤
1

𝑒𝑒𝑒𝑒
, negative real solutions for Equation 19 exist, that is, 

there is only exponential decay and no oscillation.

The analytical threshold τH for the self-sustained oscillation matches well with the numerical solution when c is 
large, but is overestimated by a few years when c is small (Figure 4b). This is mainly because Equation 9 neglects 
the high-latitude temperature contribution (𝐴𝐴 − 𝑘𝑘𝑘𝑘0𝛽𝛽𝑇𝑇 𝑇𝑇

′

𝐻𝐻
(𝑡𝑡 − 𝜏𝜏𝐻𝐻 ) ) to the AMOC anomaly q′, and thus Equations 10 

and 11 underestimate the net delayed negative feedback strength λ, resulting in a larger analytical threshold τH. An 
example of improving the analytical solution by considering the 𝐴𝐴 𝐴𝐴 ′

𝐻𝐻
 contribution is shown in Text S2 in Support-

ing Information S1 and Figure 4c. When c is large enough, the threshold is also strongly affected by the coupled 
freshwater feedback (Equation 18) and thus insensitive to neglecting the 𝐴𝐴 𝐴𝐴 ′

𝐻𝐻
 contribution (Figure 4b).

4. Conclusion and Discussion
In summary, our simple conceptual model, a revised Stommel's Two-Box Model, provides a novel theoretical 
framework/perspective to understand the mechanisms of reconstructed and simulated multidecadal AMOC vari-
ability, its two-way interactions with the Arctic salinity variability, and the different variability periods simulated 
in climate models. When the advective time delay and coupled freshwater feedback are considered, self-sustained 
multidecadal AMOC oscillations are possible solutions in the revised Stommel's Two-Box Model calibrated by 
the OSNAP observations under modern climate. The key factors affecting the self-sustained AMOC delayed 
oscillator are the advective time scale for the Arctic density/salinity anomaly to reach the subpolar North Atlantic 
and the coupled freshwater feedback strength. Observational-based estimates are needed to reduce uncertainties/
biases of these key factors in climate models in future studies.

The revised Stommel's Two-Box Model is too simple to include many complicated processes. In reality other 
factors including atmosphere/ocean stochastic noise could also contribute to multidecadal AMOC variability. 
Nevertheless, we keep the conceptual model as simple as possible and it suggests that the Arctic salinity anom-
aly and associated delayed negative freshwater feedback play an important role in the multidecadal AMOC 
variability. This is the first time that self-sustained multidecadal AMOC oscillations are obtained in a simple 
revised Stommel's Two-Box Model. Previous studies identified the tropical Pacific oceanic wave propagation 
as a key delay mechanism for the inter-annual ENSO delayed oscillator (e.g., Battisti & Hirst, 1989; Suarez & 
Schopf, 1988). Here for the multidecadal AMOC delayed oscillator, it is the oceanic advection of the salinity 
anomaly from the Arctic to the subpolar North Atlantic that provides a key delay mechanism.

Climate models often underestimate the amplitude of multidecadal AMOC variability (e.g., Kim et al., 2018; 
Yan et  al.,  2018), which might be related to the underestimated Arctic salinity anomalies in climate models 
(Rosenblum et al., 2021). Recent observations show significant negative salinity anomalies in the Arctic (e.g., 
Rosenblum et al., 2021; J. Zhang et al., 2021). Monitoring the potential downstream propagations of Arctic salin-
ity anomalies would be valuable for predicting the timing and amplitude of future AMOC changes.
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Data Availability Statement
The data used to calibrate the revised Stommel's Two-Box Model under modern climate is from the OSNAP 
observations (F. Li, Lozier, Bacon, et al., 2021; F. Li, Lozier, Holliday, 2021, https://www.o-snap.org/data-ac-
cess/). The numerical solutions of the revised Stommel's Two-Box Model Equations 1–7 are solved with the RK-4 
scheme using the widely available software Matlab.
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