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ABSTRACT

Analytical techniques using estimation theory is applied for remote
sensing of soil parameters in the presence of noise. Expressions for the
variance and the best estimate of the parameters are derived for both the
discrete and continuous sampling in the time domain. These derived expressions
are applied to evaluate the variance and the best estimate of the amplitude
and damped frequency of compressional waves in a viscoelastic medium from the
received signal observed over a continuous period of time. The received signal
is corrupted by noise, whose complete statistical description is available for
all values of time. In our case the noise is assumed to be white Gaussian. The
error of estimation of the parameters increases with the damping coefficient

of the system.



1§E§ODUCTION:

The recovery of essential engineering data for the efficient utilization
of thé sea floor is tedious and expensive. .For this reason, remote sensing
technigques are used to estimate the soil parameters. Any acoustic signal re-
ceived from the ocean bottom contains information about the soil along with
unwanted noise; so the problem reduces to an estimation of fhe soil parameters
(U:; Uz,...Un) from the received signal R{t; Ui, Uz,...un} if we assume that a
complete statistical description of noise N(t; U""'Un) is known. Then the

actual signal S{t; Ul,...Un) is

S§{t; Up,...U) = R(E; Uprae-U_) -~ N(t; Ups-..U)) (1)
n n n

The well~known techniques from estimation theory can be used in estimating
the soil parameters. Ideally, one wishes to find estimates that will yield max~
imum precision apnd if one cannot get maximum precisicn, at the least one has to
indicate the precision of estimate. Our measure of the precision of the estimate
uy* from the actual value U. The estimate U* can be either an unbiased or a
biased estimate. The piased estimate is a function of the sample size and the
parameter U. However, we will sample our data in such a manner as to get an
unbiased estimate U*. In such a case, the measure of the precision of estimate,
E({Uu* - u}?) reduces to var (U*) and E(U*} = U. var (U*) is the variance of U*
and E denotes the expectation value.

In general, the received signal R{t; U;,...Un) may contain N parameters. For
Convenience of discugsion, let us consider the.case when the received signal con-
tains only one parameter U, which has to be determined from observation R{t,U).

1,2)

From estimation theory , we know that the variance of U* must obey the inegqualits

2
(BE(U*)/ 3Y) 2)
E((3 (LogP)/ 3 %)

var {(U*) >



where P denotes the joint probability density of the signal R(t) and the

parameter U. The equality sign in Equation (2) is possible only if:

{i) the conditional probability density function R for a given value
of U* and U, P, (R/U*; U) is independent of U

(ii)
dlog Py (U*; U)
u

= K(U) (u*-U)

where P; (U*, U} is the joint probability density of U* and U. For an unbiased

estimate of U, E(U*) = U. Then, Equation (2) simplifies to

var U* > 1 (3)

T E({3log P) /am) %)

and equality sign holds if the conditions (i) and (ii) mentioned above are
satisfied.

In general, there may be many unbiased estimates of U. But at best, only
one efficient estimate of U can exist. In such a case, the unique non~constant

solution U* of Equation (4)

d(log P}/3U = O (4}
is the efficient estimate.

In the next two sections, the expressions for an efficient estimate and the
precision of the estimate.lé derived for both discrete and continuous observation
times. The results are applied in the final section to find from the received
signal the variance and the best estimate of the amplitude and frequency of the
compressional waves observed over a continuous period {-T,T) in a viscoelastic
medium. The noise in the received signal, which is assumed to be white Gaussian,

is due to the jnhomogeneities in the medium.



OBSERVATION AT DISCRETE TIMES

Let the received signal be observed at times t;, tz,...tn and let the values
of R, S, and N at time ti be Ri, Si; and Ni, respectively (i = 1,2,...n). One

nas then

= + N i = “es -
Ri Si i i 1,2, n {5)
Without loss of generality, one can assume that E{N(t}) = 0. The Gaussian noise
N(t}) is then completely described by its covariance function p(s,t) = E(N(t)N(s}).
For the discrete sample, the noise Ni(t) is described by its covariance matrix

0 = p{ti,th. which is a nxn matrix for n samples. This matrix possesses n real

ij
b o
non—-negative eigen values, Ai’ and n real normal eigen vectors ¢i satisfying the

relations
-
pd. = A.d. , i=1,2,...n {6)
$.- ¢ =6, + L3 =L2i..n. 3

From these two equations, it can also be shown that
£z $). (). = A8 _, k, 1 =1,2
: j pl]{¢k)l{¢l)3 = k kl: ' ppees ;0N {8)

.th th . .
Here (¢k}i denotes the i component of the k eigen-vector. It will now be con-

venient to introduce the vector notations

(R, Ra; ... Rn)

(81, S2, ... Sn)

Z+d vy Wy
!

(N1, Na, ... Nn)

-
and their projections on the eigenvector ¢i are ri, Si' and n, . respectively,

For example,

+ -
n, =¢, *N=1ZX (¢ .} N, . (2}



The projection of Equation (5) on ¢i is then

i=1,2, «.. n (10}

Consider now the random variables n, . Since the Nj are by hypothesis

separately and jointly Gaussian, Equation (9) indicates that the ng are also

separately and jointly Gaussian. Hence,

Eln,) = ? c$i)j EWN) =0 i=1,2, «.- n

and

i 173 i3 ' (
: 11)

after using Equation (8). The variables ni are therefore independent Gaussian

=

variates with mean zero and variance E(niz) = Ai' Hance, if ki # 0, (i=1,2, ... n})

{a condition which will be assumed in the following unless stated otherwise) the

joint distribution function for the ni is

Pin.) = —= exp__(~1/2 T nzj/xj) (12)
2 I
(2m) 1
i= 1

+
From Equation (9) and the fact that the ¢i are orthonormal, it is seen that
-ne Jacobian of the transformation (9} is unity, so that (12} is the joint density

One then has
n

2
n(l.)h)—l/z ]
l . e et
i Ai

function, P, of the Ni as well,

2
log p(R,, +--» R U) =~log((2m) (13)



An optimum value of Equation (10) for a given parameter U is Bri/au = 0.

Hence:

dn., _ _ 351 o
L. - _ {14)

au U

The two basic quantities necessary to find an efficient estimate of U anc a
measure of precision of estimate are [d{log p)/3U} and E{{9 log p/BU}z}. They &re

given in Equations {13) and (16) after substitution of Equations {13) and (14).

!
dlog P/U = E ST TR (ri - si) (15)
i M -
E(( dlog P 12) = I ,l_.(_fféugz (16)
U - . li U

Equations (15) and (16) can be written in an alternative form not explicitly

-
involving the eigenvectors and eigenvalues of p. Let the vector F be defined by

-+ -y

-
S = pf and let the projection of F on ¢i by fi (i =1,2, ..., n). One has then

5; = AL, and since Ai is independent of U,
1 asi 8fi
X v v a7n

The right side of Equations (12) and (13) can now be written respectively as

af f, d9s,

3 n and 1 =
U i au ouU

since the scalar product of two vectors in independent of the coordinate system

used, one obtains finally

.
Blog P _ 3 ., F .3 (18)

U oU

-+ -
 3log P .a. _ 9F , 38 |
B —5— %) = = o (19)



where

3 = pF | (20)

The above calculations can be readily modified to treat the case in which
one or more of the eigenvalues of p vanishes. For simplicity, only the results
for the case of a single vanishing eigenvalue will be given here. Let li = 0,
Aj 20, J#iif

asi
50 # 0
Then an estimate U which, with probability one is egqual to U, can be obtained by

. , > -+ -+ >

solving the equation ¢i * 5= ¢i *R for U. If

asi =0 ,

du

the usual estimation theory applies. In using (15) and (16}, however, the terms

on the right invelving Ai are to be omitted.

OBSERVATION AT CONTINUQUS TIMES

The results of the preceding section can be extended to treat the problem
of estimating u, when R(t) is observed continuously during the time interval
{o,T), by passing te the limit as m, the number of times of observaticon of R(t)
in (0,7T), approaches infinity. As m increases, the points ti must partition
(0,T) into smaller and smaller intervals as in the usual definition of the
Riemann integral,

As m = =, the limiting eigenvalue problem Equations (6} and (7) becomes

T p(t,t')¢i(t')dt' = )\i(bi(t) , i=1,2 ,... ,n {21)

[ BN



il
(8]
-

ig = 1,2, .0 {22)

T
J ¢i(t)¢j(t)dt i3
0

The projection n, of N on the eigenvectors of p is
T
= N
n, [ (t)¢i(t}dt (23)
o

&s pefore, it can be readily shown that the ng are independent Gaussian variables
with mean zero and variance li.

The basic quantities of the estimation theory for observation at continvous
time can be now obtained by generalizing Equations (15) and (16). The equation

for efficient estimate is

T
95 3s
dlegP o _ gy 1. 1 - - I S S -
50 =L g s i ] v R T L (24)
1 b 3 0 1

and the eguation for a measure of the precision of estimate is

T
as a5
. dlogp a2y _p L 2,2 P SO Y
E(( =3t )%) = T = 5 ) ) J = (g ) 9t (25)
1 i 0 1

in Equations {24) and (25), however, the li are the eigenvalues of the Fredholm

eguation

T
] plt,e')o(trat' = Ad(t) (26}
Q

and the X and s, are projections of R and S on the normalized eigenfunctions

¢i(t], of (6). That 1is,



T
r =

T

[ R{t)d. (t)dt, .5. = I 5(t,0}¢, (£)dt {27)
i ] 1 i i

0 0

As in Section I, an alternate formulation can be given, by defining

T
st} ~—-j p(t,e'}F{t")at’ (28)
0

which is the analgons equation for the continuous time of Equation (20) in

section I. Then, in a formal way one can obtain

T
dlog P _ dF () T )

59 J v [R{t;U) - S(g;U) ] dt (29)
o _

‘ T

dlog Pya, _ F{B)IU 3s{t;U)
E(C 30 ) v ou de (30)
0

which give the basic quantities in closed form. Equations {29) and {(30) are
certainly valid 3f the F(t) satisfying Equation (28) possesses a convergent ex—
pansion on the eigenfunctions of plt,t'). Such, however, is not usually the case.
Generally, there does not exist a square—integrable solution F to Equation {28).
In certain cases, it has been possible to find families of function F involving
gdelta functions and their derivatives that satisfy Equation (28). The F families
in question are substituted in Equations (29) and (30) and families of closed

forms for -

__a.%gﬂ_g— and E [ (_,_a_}_%g..g——-)?] (31)

are obtained.

conparison of these closed forms with the serieg {(24) and (25) can lead to




the recognitidn of closed forms for the séries.

Equations (24) and (25) hold, of coprse, only if all the li are different
from zero. If Ai =0, kj #0, 3 #1, where i is a single given positive integer,
then if

asi

T #0 {32)

an estimate of u with zero variance exists. It is obtained by solving

T T
J ¢i{t}s(t;U)dt = I ¢i(t}R(t)dt (33}
Q 0
for u, If
3Si
= =0 , (34)

then the usual estimation theory holds where the terms in Equations (24) and (25)

involving li are to be omitted.

APPLICATION TO A VISCOELASTIC MEDIUM:

In this section, expressions for the efficient estimate and the variance for
both the amplitude, A, and frequency of compressional waves, W, of an impulse
function in a viscoelastic medium is obtained. The received signal R(t; A, wc)
will consist of the original signal, viz., the impulse function response of the
medium due to the point source g(t; A, wc) and a general noise function

N(t; A, ch. Hence, Egquation (1) can be rewritten as
R{t; &, wc) = gl(t: A,wc] + N(t; A.mc) {3%)

The response of an impulse function or the Green's function for the com-

pressional wave in a viscoelastic medium is given by (3 & 4)



B0 4"

d%q g
Tu ll + 2“‘ 2;\’ Alr + 2““‘ 2 u 3 -
: A ey - = .
at? o 9y o V() = Sl 8 (30)
where
YV (4 -+,
A= At 4 ik

uo=u' o dwy”

A and y are the comples Lame' parameters. The shear and bulk modulus is given by
u' and A', while u" and A" are the shear and bulk viscosity. A solution to
Equation (36) is obtained by taking its space time Fourier transform. The

equation then simplifies to

({22 + X2 (h + u')/p + ikz(\" + 2u“)/o)>qu(§,z; =1

or
(-z% + w 2 + 2ilw_2) g(ﬁ z) = 2 (37)
n n ! n
where & . the natural frequency = k{{A' + Zu')/DJH (38)
z, the damping constant = (k/2) [(A" + 2u“)2/ptl' + 2u') ]% (39)
and

-+ -+ - =
g (k,2) = w *q (k,2) = wnzj a(r-r') I at Eu(?—?';t)exp{iﬁ - (T-r') ~izt})  (40)

Since we are interested in the time domain response of the point source, let

us take the inverse time Fourier transform of Equation (37). The time response

-
glk,t) is then given by



mz

k,t) = —— C dz explizt) / (-z° + 2iLz + W Z)
- 9Ny 2m : n
= 0 t <0
3 {41)
=0 exp(-ﬁmnt)sin(mnt yi-¢Z Y/ (1~ z%) t >0
= A exp(-Cmnt}sin(wct)
where
A=w//ToT = k(O a1/t (@ - KEQM + 24"/ (R (AT 4 a7
w_ =W V1-=1C% =k(A"+ 2u'/pll’ (@ - k2" o+ 20"/ 4p (At 4 zu'm%
(42)

Cmn = (A" + 2u")k2/{2p)

Substituting Equation (41} in Equation (35), the received signal R(t;A,wc) is

; = A si - t) + t; A
.R{t 4, wc) sin mct exp( Cmn ) N{ ’ wc)

The noise is assumed to be white Gaussian with mean square value N2 and a co-

variance function

plt,t') = N3 (e-t') {43)

It is assumed that a continuous sampling of the received signal is made from
-T <t <T and it is desired to estimate A and w from this signal. From Equation

{24) an efficient estimate of any parameter U for observation st continuous times is

T
L. 39 - -
l " Bu (R - g)dt = 0 | (44)



tiere, A, the eigen value, is given by Equation ({(26)

T
[ plt,t")d (') dt* = A (t}
-T
since plt,t') = N%8(t-t'), (Equation (43) }, the eigenvalue A = N® O,

Substituting A in Equation (44) and using Equation (40) for g, the efficient

e n,
estimate A for A and wc for wc is

T

n,

A = I R{t) sin mct exp(-2§mnt) dt
T

= (45)
T
. 2
[ s t -2zw t} 4
J in“w, exp(-2§ N ) dt
=T
N .
and mc is given by
T _ T
A I t sin wct cos wct exp(ﬂzcmnt)dt = [ t R{t) sin wct exp{—gwnt)dt (46)
- -
The variance of any parameters U for an efficient estimate is
1
Var U = (47}

r(t B9LE 2

T
BlogE 2y 1 ag 2
where E ({ =0 1) J S5 { U 12 dt
=T

Substituting the variance of amplitude A and freguency W are

var & = =

T
1 ( ag ) 2at J exp(*ZCwnt)sinzmct dat
X A e

g S ]



Nz(sznz + mcz)
= ; {48)
B sin 2w T - cos 2w T + W cos L 20w T sin 2w €
n n n c

2
o
var W = B {49)
T N

al j t? exp (-2w Lt) cos? wt At

~T

n,
The variance of A and w are plotted in Figures (1} and (2) for various values of
r. Note that the estimation error increases with increasing value of [. However,

as the system is lightly damped, the erroXx varies over a harrow range.
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