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ABSTRACT

The recovery of the essential enqineering data necessary for the

efficient utilization of the sea floor is tedious and expensive. For this

reason we shall employ remote acoustic -ensing techniques to estimate the

soil para13eters.

Xt is known that the soil parameters, known as the Lame' parameters

 which consist of  X' + 2g'! xeal part, and  X" + 2p"! imaginary part of

compressional wave parameters, and p' zeal part, and g" imaginary part shear

wave parameters!, together with density of the soil "g" and the spatial

wave number "k" of the waves, completely describe viscoelastic properties

of the soil. Hence, it is necessary to make the measurements in such a way

that we are able to describe the following parameters X', k", p', p", P,

and k.

In this investigation it is shown in a qualitative way that we can

~elate the directly measurable quantities  such as y,  , g, lo, and m  l-4 !c c

as illustrated in Figure �!, �!, �!, and �! ! which are obtained through

the data acquisition system  see Figure  l! ! to the soil parameters Ll',

and p by developing the field theoretical model which prescribes the

viscoelastic soil parameters of the max'ine sediments  illustrated in Figures

�!,  8!, and  9!!.



XNTRODUCTIOH

:.arly in this investigation, it was recognized that the widely used

ray theory approach to the acoustic-soil mechanical interactions associated

with the remote sensing of sea floor parameters would not yield, in all

likelihood, increased insights into the basic processes. while the theory

has provided substantial understanding in some acoustic fields of study, a

theory which is more sensitive to sub-bottom parameters is necessary.

field theoretical approach was pursued early in the project because the all-

important physical phenomenology can be included in the analysis. The field

theoretical approach is often discarded bacause of mathematical difficulties.

However, when we seek sensitive interrelationships of acoustic and physical

parameters in a multi-layered environment, we can not oversimplify the

analysis. The emphasis during the first two years has been to overcome the

mathematical complexities with simple models, which are increased step: by

step ''n complexity until they adequately represent the physical world.

The models, based on the physical configuration shown in Figure  l!,

have been developed for the full range of equivalent angles of incidence from

normal incidence to highly oblique angles. The results obtained are for

water depths of 50 to 600 feet  see Figure �! ! and for frequencies  see

Figure �! ! of 3 to 20 KHz. The results are for the acoustic response

created by a steady state point source in a semi-infinite liquid overlaying

of viscoelastic halfspace, with n-Layers of differzng properties.

ln the field theoretical approach, two important measureable parameters

are emerged: 1! compressional wave velocity, and 2! sea floor reflection

coefficient.



<2!

The prototype system  which will be discussed in the subsequent secti<~n!

provides precise measurement of the compressional wave velocity. It. is im-

portant to note that the velocity data is collected while conductinq con-

ventional sub-bottom profiling with the vessel traveling at speeds up to

six knots. The received data involving layer velocity is to be processed

using some mathematical technique  layer velocity is determined, for example,

employing T � X approach of Dobrin and Dix! which is not managable for2 2

direct reading purposes.

The reflection coefficient is defined as the ratio of the Reflected

to the incident signals:

pa -pa

pa +pa
2 L2 g L!

where

 p denotes bulk densities and a compressional wave velocities!
1 2 2

with the magnitude of R a direct function of the change in acoustic im-

pedance  pa ! across the reflecting interface  %reslau, 1965, 1967! .
L

*The primary objective of his investigation was to measure the acoustic re-
f lectivity of the sea floor by using normal incidence and also to study its
geological significance. A secondary objective was to develope a practical
technique that could be used for routine acoustical surveying of sea floor

sediments from a vessel under way.



�!

Field theoretical consideration of reflection coefficient is given in re-

ference �}, �!, and �! .

B> employing a field theoretical approach, an important variation

of the normal incidence reflection coefficient, the simultaneous determination

of the changes in reflection intensity as a function of incident angle is

also relatable to the various sediment types as detailed by Yi3.diz, and later

by Hagnuson, and Magnuson, Stewart, and Newman. Even though in this method

all the important physical phenomenology is included in the analysis, there

is not a direct correlation between the field theoretical model and the

experimental data. Therefore, it was necessary to recast our field approach

in such a way that we could correlate the experimental data directly with

our field theoretical model ~ Tt is further noted  see Figures �!, �!, and

�! ! in order to interpret experimental data directly and ProPerly, we have to

have an analytical model which relates the attenuation constant g, the

damping factor Q, the quality factor Q, undamped and damped frequency of

compressional wave system  t.e. el, and el ~y2 ! to the std"nt para-
C c

meters 3l', y", X', X", p, k which completely describes remotely sub-bottom

ocean marine sediments.

The purpose of this investigation is, therefore, to show that we are

now able to relate directly the measurable quantities  such *s g,$, 9, C

and ld  l � g ! ! obtained. through the data aequi,sition system  see Figure �! !2
c

to the soil parameters g', p", A', X", and p by developing the field theoretical

model which prescribes the viscoelastic soil parameters of marine sediments

by the following relations:



y =Qu! = k  X" + 2p"!/2p, Q= k X" + 2p"!/2[ X' + 2p'!p]
c

l~ ~Q = [ I' + 2p'!p! jkiX" + 2p"!, M = k X' + 2p/p!
C

b3 � � g ! = k X' + 2 p'/p! [ l �  ~" + 2p ! k /4 X' + 24'!pj
C

It is evident that in this preliminary report, we limited ourselves only

to give some qualitative results relevant to sediment classification. In the

subsequent papers, we shall discuss the quantitative results in detail.



�!

THE MEASUREMENT SYSTEM

The University of llew Hampshire, in conjunction with the Raytheon

Company, is engaged in a multi-year study of the application of acoustics

to the determination of marine soil's physical and engineering properties.

These investigations are conducted under Sea Grant sponsorship. Extensive

acoustic and physical data have been acquired as a part of this project.

The initial phases of these experimental data acquisition cruises reported

in the first annual report, and the details concerning data gathered during

the second year are reported elsewherel-but the parts which concern this

investigation are summarized here.

An extensive data bank of acoustic signatures for a variety of known

sedimentary types has been obtained employing a range of source center fre-

quencies from 3 to l6K HZ. Acoustic sampling were matched with core data to

search for acoustical indicators of soil properties and characteristics. For

this purpose, a prototype towed-array measurement system has been designed,

developed, and tested which provides fundamental data concerning sediments

 Figure 3!- incorporated in the array are a series of discrete receiving

elements which simultaneously sense the reflected acoustic response of each

sedimentary layer over a range of incidence angles. Under normal condition

this range generally includes angles from zero  normal incidence! up to

sixty degrees.

To improve the data measurement precision, the array also incorporates

specialized mechanical damping mechanisms and self-contained signal processing;

the latter is primarily directed toward S/N improvement. Received signals are

further processed by the shipboard portion of the system employing a Raytheon
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designed processor which substantially increases the effective dynamic

ranqe of the acoustic signals recorded for subsequent computer analysis

{see Figure  l! ! .

Instrumentation described above and computer aided analysis techniques

describes an operational remote acoustic sediment classification system.

Current output is in the form of digital computer print-out detailing the

measured sediment properties as indicated by Figures �!, and {3!, and �!

as a time series.

Figures �! and �! represent the absolute value of the transfers functions

and are obtained from the time series illustrated in Figures �! and �!, by

employing fast-Fourier transform technique.





Figure �!

Time Series of the Return Signal from Ocean



Figure �!

Time series of the Return Signal from Ocean Sediments



Figure �!

Tirade Series of Znput and Return Signals



Figure �!

The Absolute Value of the Transfer Function

Corresponding to Figure �!



Zi pure �!

The Abso3.ute value of the Transfer Function

corzesponding to Ff.gore �!
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ANALyTICAL HODEL

As indicated in the preceding section, a prototype towed-array

measurement system has been employed to provide the data describing soil

sediments. It is also noted that the current output is in the form of

digital computer print;out, detailing the measured sediment properties in

time series representations.

Xn order to be able to classify the marine sediments remotely, we have to

extract the information from the time series indicated by Figures �! to �!,

which represent the return signal from the sediments as well as the input

signal excited in the ocean.

It is shown that if the marine sediemants are classified according to

their physical and engineering properties  i.e., by using a = compressicnal

velocity, a shear velocity, p = density, p attenuation constant,
T

quality factor g =
l !, then the viscoelastic soil model accurately pre-
2Q

scribes the sediment properties which are also obtained through the measure-

ments remotely in the form of the time series representations. This time

series representations  measured remotely indicated by Figures �!, �!, and �! !,

correspond to analytic models illustrated by Figures �!,  8!, provided that

we employ viscoelastic soil model of the marine sediments.

Therefore, in the following we shall derive the compressional wave

properties of the Green's function in a viscoelastic soil medium.

In a viscoelastic medium, we have the momentum conservation law given as;

3 pv. � B.G., = 0
t i j ij

The macroscopic equation for the stress tensor is given to be

o,, = E',. 3 u. + K".. 3 3 u
ij ijkn n ]c ijkn n t k



which relates to the deformation 3 u
n k

we obtain

With the aid of these expressio<.s.

p3 v. - E' .. aa v - E-.. aa a v = 0
ti ijkn jnk ijkn jntk

2

ijkn ik j i jk 3 ij kn

�a!

+ X' + � p'! 6,,62

ij kn

2

'j i in jk 3 ijkn

�b!

+ X" + -u".! 6

We then have

p3v.-p83v.-p"c!.BBv.0T r i T � i T
t j i j i t j �!

In a similar fashion, it can be shown that for longitudinal components

pa' .� <~ ~ +2~ ! aS v.- <!" +2!-! aaia v -0

Furthermore, the displacement equation for the visco-elastic medium

'+
with a forcing term f can be written as

2pB u - j < g '+p'! +  X"+p"!8 ll % u! �  p'+p" ! V u = p f
t t

Taking the divergence of �!, we obtain

+ + *pB 0 u- [�'+2p'! +  X" +2p"� ] V  V u! p V f
t t �!

TFor skeplicity, let us consider transverse displacements, «here   ~ v 0
~Land for the longitudinal displaceeents which occur when 0 x v ~ 0. Let Us

take the system to be isotropic such that



 9!

Defining 0 ' u = X, Equation �! becomes

 X' + >u'! >a<  ~ '+ ~U '!
t P 0 t

* + ~Hence, the appropriate Green's function for 0 u = X or V V ~ X can

be written as

[ 3~ - ' ~ ! V~ �   ! 7~3 ] g t-t' r-r'! b r-r'!8 t-t'!
t P P

It is often more convenient to discuss and practical, both in this specific

model and in general, to use the spatial Fourier transform of the Green's

function in Equation {9! . Thus,

 LOa!

The employment of the relationship

{10b!

reduces Equation  g! to

{LL!k +

above relationships state that in this example g{t-t';r-r'! is the Green's

~" t«n for the ordinary differential equation describing the nonwquilibrium



�0!

behavior. Specifically, it gives the response to a unit impulsive external

force at time t'. Both 0 u for a general external disturbance and

g t-t';k, A, ls! is called the retarded Green's function.

It is now appropriate to discuss the Fourier transform of g t-t';k, A, U !.

Upon transformation, we then have

�2!

  -z' + kz + iz k! g z; k,X,p!

where the last transformation reflects, that is the causal, nature of

g t-t'; k, 1, p! . Xt is also convenient to define gg + if ~ k, X, p!

which is a function of complex variable z ro + ia, for z in either lower

or upper half complex plane according to the choice of the sign of the ex-

ponential. It should be further noted that the last integral in Equation  l3!

provides such a definition since it is well defined and exponentially decreasing

when te ~ z M + i6 � > 0!. The function of a complex variable z,

g  zt kg X p ! ~ g  o!; k, A., g ! as 5 ~ 0, is clearly analytic and bounded in

the defined lower or upper half z plane. By the inspection of Equation �1!,

g z; k, A,, p! satisfies



By the inversion of Equation �4!, we ca n write

 t-t'!

g t-t'; k, A,,g! = I 2
! [ - v +  X' + 2 p'!k /p + i~  X" + 2p"! k /p]

where the integration is alcng the rea1 axis ar a~ path frcrn � ~ to ~

in the upper half plane.

Explicitly, the impulse function is given to be

g t t . k ~ !  ,! - t-t'! A" + 2u"!k /2 P

k
�- � ! j

P
s in [ t-t ' !

!,   0 ' + 2 !! '! ! 4   k R' ! L 
P

/2p

 b!

0'+2p' L k P.kg �- ! = ~ �-g~! ~
P P

Figure �!: The retarded response, e t-t'; k, k,P!

 a! Underdamped case vhen 2  K ' + 2 u '! > X" + 2p"

 >! Overdamped case ~hen 2  X ' + 2 U '! < X " + 2 g "

  ! Tl + 2 Itg2 ta%ere R, " ', anc  q t-t'! = 1 when t > t and A when t < t'.
4�' + 2p'!



For real +, the Green's func'tion, g z; k, A ~ }} ! is usually divided

parts: a dissipative part and a reactive part. In this case, and ~~,«.

when the system is stationary, that is time reversal invariant,

given respectively by the imaginary and real parts of g v; k, X, g !, a�d a e
denoted as g" 4!; k, !L r }} ! ~'g  & <i "i 4!:

- [ A "+2p"!k /pj'sg"  s}; k,X,p ! =
[k   " !.-co ] +[a>  " !k ]

p p
�7a!

+2 '$k/-z~g' a}; k, A,g! =

 k   ~! u ] + [+<~!k J
�7h!

�8a!

W X + 2p !}i  L-k R !
p P

The Fourier transform of Equation �7a!~ is the imaginary odd function of time
as illustrated in Figure  Sa!. Hence, we have



�3!

Likewise, the Fourier transform of Equation �7b! is the real even

function of time as illustrated in Figure  8b!

g' b-'t'; k, A ip! � [g t;t'; kg 1 gp! + g t.-t; ki X,p!!

�8b!

lt is noted that

H e; k, A,lr!g <,' k, X,y!
�9! X' + 2p'!k

�0a!

�0b!

Thus, h t-t'g k, X, ll! differs fmm g t-t'; k, X, p! by a factor of

  X ' + 2 p '!k /p according to the relationship indicated by Equation �9! .

Since the response is causal, or equivalently, since g  z; k, X, u ! which

we have defined to be analytic in the upper or lower half plane, the real and

imaginary parts of g  a; k, X, g! are related by HiR~ transform according

to the relations



where "P" implies principal value integral, that is, an integral symmetrical

about the singularity.

Figure  8!:  a! Purely imaginary absorntive response

 b! one dispersive response of underdamoed

oscfklation in the time domain



hto Bandwidth

 X'+ 2p'!  A "+ 2p" !k

2  X '+2p' ! p

Figure {9!: Frequency response of compressional wave system



�5!

The transfer function for the compressional system parameters

of the disco-elastic soil is given by Fcuation �9!

H au;k,X,u !
�0!

+ ib!
 A "+2p"! k

9

where the complex number H o!;k,1,p! contains the phase lag between excita-
Ition and response, the response/excitation amplitude ratio ~Ht. For signal

processing purpose it is convenient to redefine the excitation in such a

way that jH�;k,~,p! ! = l. In Fig.  9!, the magnitude of this normalized

frequency response is sketched. In this plot, another measure of attenuation

is shcwa, the quality factor Q, which in this case measures IH�;k,A,g! I when

Q /
2 A'+2p' 2 [ X'+2M'!pJ

�1>

AI.so of' importance is the "bandwidth" of the resonance peak, particularly

for the. case of light damping, say Q> 10. In this case IH�;k,k,g!I is
nearly a maximum at g p ! k and is nearly symmetric about riage/p! k. The'+ 2g

P

- half-poorer points are points for which  H�;k,A,p! I = Q/W2. For light
dampi~ the attenuation constant is small, and the half power points are

A'+2g' X'+2p'given ~proximately by v   !k�.+4! or v>   !k�+1/2Q!, and
0

~is fry'quency spread is often used as a measure of the system bandwidth.

n a suhsequent paper it is necessary to measure power spectra. For this

purpose we shall use a shaping filter that responds primarily to freau ncies
a narrow band which can be used to measure power density spectra.

<anan s~re fluctuations of X=7 u can be manipu3.ated to yield involving
Pre>sional wave spectrum



 l6!
3 3 T

p 2!  X'+Zp'! 2 ~>2~ l  w'+2g' 2 3 lim l [ <2
0 7  p ltd p T +CID

�2!

For this result to be useful, Q must be sufficiently large for the bandwidth

of the filter to be narrow enough for the purpose at hand  see Fig.  g!. �!

is shown that the mean square response of a lightly damped system filter is

determined mainly by the input spectrum at those frequencies within the

filter bandwidth. Thus, P in Eq. �2! can be interpreted as an average
0

of P v! over the filter bandwidth

0 P
�3!

use of Eq. �2! with finite T involves the problem of statistical estimation.

The more the Q of the filter is increased in order to measure detail in

P tA, the longer T must be to achieve a reliable measurement. This problem
r

is studied in some detail in a subsequent paper
  !

Compressional Wave System of a disco-Elastic

Soil As A Narrow Band Gaussian Process.

1t iS noted frOm the aotual data, See Figure �! whiCh iS prOVided

by the Raytheon Company where compressional wave system represents lightly

damped system. The appearance of such processes  see Fig. 4! leads to the

representation as a sinusoidal way with a randomly varying amplitude and

phase.

When the process bandwidth is not infinitely narrow, it is of

X'+2
interest to find the expected compressional frequency u! = k   !, so

c

that the expected number of cycles, as shown in Fig. �! can be computed.

The result of this type of calculation was done by Rice in his classic paper �!



�7!

M P  M;k,k,g!2 XX  O;k,I,p! 2

R  Orki~ rp! 2
'x

�4!

P  ~;k,A, p! cha

2
function and 0

just 2ef , where
C

where P is power density spectrum, R auto correlation

X'+2p'
variance of X. The expected frequency o!   ! k is

C
+

f is the expected number of upward crossings of the line
c

X=0 because of

the way a cycle is defined in Fig. �!. The notion of a cycle loses sig-

nificance if the process is not narrow band. It can also be shown, using

Equation �4!, that if a highly resonant single-degree of freedom system

is excited by white Gaussian noise, the expected frequency  o is just the

undamped natural frequency of the system a! . This result is approximately
c

true as long as the spectrum of th'e excitation is relatively flat over the

bandwidth of the system and does not have strong peaks at other frequencies

near the system resonant frequencies.



SOIL IDENTIF!CATION PROBLEM BY RKbiVZE ACOVSTIC SENSING

I � Parameters obtainable from statistical signal xacessing techniques.

 a! 4i natural frequency of subbottcm soil;
n

 b! a! = damped natural frequency of subbottom soil;
d

 c! g = attenuation coefficientg

 d! Q quality  damping! factor of subbottom soil.

XI � Parameters obtainable from normal and obli e incident techniques.

 a! a = compressional wave velocity of subbottom soil;
L

 b! a shear wave velocity of subbottom soil.

III � Prom the above measurements we obtain infoxmation about

X',X",!I',p",p, and k  which is a Fourier transform parameter!.



Definition of SymbplS ih Terms Of Spil Parameters

Shear Parameters

Ptl k
Q m

2  O'P!

k  p'/p!
h

pit !

>n 2P

to e n sin[a! �-4 ! t]
-qo t z 4

n h
h  t!

z 4
I

�-4 !
�2

k
k  � ! e 2p sin[k  � !  l-, ! t!

h t!- p 4p'p
,.2 2

 l- 4p'p

CO resSiphal ParameterS

 g It+ 2 peal !

2 [  X'+2p'! p!

k  X'+20'/p!
n

k  X"+2@"!2

h 2p

u! e h sin[ad! �+Z ! t!
n n

h t!

h t!-
 l  A "+2@"! k ! 4

4 X'+2p'! p

�2 2
<a � g ! = k p'/p!  l-, !

4!  l
g I +2@i Q  g It+2pll ! k

p 4  X '+2p ' ! p

 l- <0
2

k  ! e 2p Lk  X '+24' ! 4  !'"+24"! k ! ]
P 4<X'+2g'!P



Definition of Symbols in Terms of Soil Parameters  cont'd!

p ~ density of soil

k = Fourier transform parameter

shear modules {real part of shear parameter!

lJ" shear viscosity  imaginary part of shear parameter!

real part of compressional parameter

imaginary part of the compressional parameter



I -  a! Natural Frequency of Subbottom Soil�

In frequency domain we can define

p ~;k,p,A! = dIe N t;k,p,A!r t+T;k,p,A!>

where <r  t:k,4,X! r  t+I;k,g,X!> is the autocorrelation function of the com-

pressional wave system response r  t;k,g,A! .

For a stationary random process with zero mean, the statistical average

frequency or expected frequency is whe re
'/z

p  u;k,p,X!z 4o
2

El!

The result can M simply stated and has a simple interpretation;, i.e.

2
is simply a weighted average of + in which p  u;k,p,A! is the weighting

function. We give a brief outline of the above expression.

+
Let u t! be a stationary process and let f be the expected frequency

a

of crossing the level u=a with positive slope. It will be seen that for a

+
narrow band process f is just the expected frequency of cycles so that

0

Eo = 2lTf
+

n o
It is more difficult to consider a general value of a at th's

Later on, use will be made of f
a

point and set a=o at the end.

We next consider the geometry involved in a sample function crossing

the level u=a during a particul,ar small time interval 4t. The situation is

sketched in Fig. il!,. All sample functions cross the line t t but only a

small fraction of these cross the line x=a with positive slope u!o during

the interval dt. Two such samples are indicated in the figure. He suppcse

that dt is so small that the samples can be treated as straight lines in

the interval. If a sample crosses t~t with an u value less than a, then

i't will also cross u=a with a positive slope during the time dt if its s'"pe

x at t=t has any value from ~ down to the limiting value  a-u!dt. U ing



dt

Ficrure  l!; Sample functions which cross u a durinc the

interval dt have certain restrictions on the

combination of values u t! and u t! taken on at

the becrinninq of the interval.



this statement we can examine each sample at t=t and decide whether or ..ot

its combination u and u values will yield a crossing of u=a.

An analytic method of examining combinations of u and u values is

provided by the joint probability distribution of u and u for this stationary

process. This distribution can be described by a joint density function

y  u,u ! which would be somewhat similar to that sketched in Figure �! . The

probability of a sample having u between u and u+du and having u between
~ ~

u and u+du is p u,u!dudu. Zn the  u,u! plane the "favorable" combinaticrs

of u and u values  i.e. those that cause crossings of u a with positive

slope in Figure  l!.! are shown in the shaded area of Figure �! between

the line u=a and the line where u equals the limiting value  a-u!/dt.

Figure �!

Now the expected number of crossings of u=a during dt is just the

same as the fraction of "favorable" combination out of all possible com-

binations, since a favorable combination gives no crossing. Finally, if

we divide by dt we get the expected number of such crosings per unit time,

+
f . Writing this out, we have

a

+ l
f = � du p  u,u! du

a dt

o a-udt



where the integration limits have been chosen to cover the shaded area in

Figure �!. For small dt the u variable is substantially equal to a in the

u integration so that we have, on letting dt~o,

+
f = u  a u!du

a

�!

This result for the expected number of crossings of the 3.evel u=a, with

positive slope, per unit time, applies to any stationary process not

necessarily normal and not necessarily narrow band. Xt should be noted
+that, f is an ensemble average in the sense that it is based on the fraction
a

of "favorable" ensemble members taken at a fixed instant of time. Because

+the process is stationary f is independent time, i.e, the average frequency
a

of crossing level u=a is constant. This does not imply that a3ong a parti-

cular sample function the time-average frequency of crossing of u=a will be
+equal to f un3.ess the process is ergodic.
a

3.'n order to evaluate Equation �! we now make the assumption that

u t! is a stationary normal or Gaussian process with zero mean. This

requires that the joint density take the following form:

�!

P  u,u!
u u

Note that Equation �! implies that u and u are uncorrelated. Substituting

in Equation �! and eva3.uating the integra3. we find

25
u

The quantities c and a' are obtained from the spectral density p m;k,g,X!
u u

or auto correlation function R T!, i.e.

G.
+ 1 u

f m
a 2m'

u

2
1 u

� �   � +
2 2

u

'2
u
� !

2
0

u



a = P u;k,p,X!du> = R o}2

U ~ = 4! p �!; k,!', ! ! d-'!2 2

u

Hence, in Equation �! we also have
2
u R"  O!

III
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Returning to our original problem, we set a=o in Equation �! to obtain

expected frequency, in crossing per unit time, of zero crossings with positi~ e

slope. Finally, if the process is narrow-band the probability is very high

that each such crossing implies a complete "cycle" and thus the expected

+
frequency, in cycles per unit time, is f . The result in Equation �!

0

follows from Equation �! and �} on setting a~o. 1t should be emphasized

that this result is restricted to normal process with zero mean. Hence,

we can determine the natural frequency of our compressional wave system

u! . Zn soil parameters,n'



I �  b! Damped Natural Frequency of Subbattom Soil � > = > �- $ !
2

The compressianal wave system response is of the form in time

domain r t! = A e n sin  u! �-g ! t!-� !t
O n

where A ~ initial value of the amplitude
0

Zv = system attenuation constant
n

M  L-Q ! = damped frequency of the system

n in terms of soil parameters
2

which is sketched below

Response of lightly damped compressional
wave system.

We can use the above graph in the determination of the attenuated natural

frequency of the campressional wave frequency which is given to be [u   ~ !z



 c! Attenuation Coefficient - Y = M

One of the most important aspects of the compressional wave sy.tern

is that the amplitude of motion decreases expenentially with time; it i s

tA e n, instead of being just A, where A is the initial value of the
0 o

1 ., 1
amplitude. The amplitude decreases by a factor � in a time sec.,

e

where ga = . This length of time is a measure of how rapidly
�'4" +X" ! k

n 2p

the motion is damped out by the noise and is called the modules of decay

T of the oscillations. The fraction of this decrease in amplitude which
n

occurs in one cycle, i.e. the ratio between the period of vibtation and the

modulus of decay, is called the decrement 5 of the oscillations. Another

method of expressing this is in terms of the "Q of the system," where Q

is the number of cycles required for the amplitude of motion to reduce to

l/e of its original value. Zf these quentities are expressed in terms

of the parameters of the system, it turns out that

where

2  A'+2p'!p]

1 2p
T

n ~ {2p "+A."! k

The layer Q and T are, indicating that it takes a longer time for the
n

oscillations to attenuate, and smaller 6 is, indicating that the reduction

in amplitude per cycle is smaller. These properties are independent of

the way the system is excited.
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The compressional wave system response is of the form  in

f re~en' demain!

2  � ! + i2+-
td

n n

where in terms of soil parameters

 X'+2/'!
= k is the natural frequency of the system<

n  A. +2p
is the system attenuating constants

2[ A'+2p'!p]
'z

is sketched below.

!H a!! I Half Power Points and Bandwidth of a Lightly Damped
Compressiona1 Wave System

When the damping is light i.e. the Q of the system is light, the

resonance peak in IH v!!~ occurs approximately at m o and the curve is
n



lapproximately Q � and the amplitude falls to 0.707 times this at ~d;e
2f,

points P and P with frequencies a!  l+1/2Q! = co �+ Q . These points
n n

are called half-power points because the power that can be absorbed U;

a dashpot from a simple harmonic motion at a given frequency is propor-

tional to the square at the amplitude. The frequency difference between

the half-power points is referred to as the band width of the system.



k  X" +2p" !
Neasurement of the Dam in Factor- 2 [ ! '+2p'! p]

The campressional wave system response in time domain is of the form

r t! A e n sin I�-g ! u t]- ru !t 2'4
0 n

where A, Qa!, and u! �-Q ! are as defined in section I-b and is represented
o' n' n

graphically below.

Rate of decay of oscillation is measured by the
logarithmic decrement.

Me would like to determine the amount of damping, q, present in the com-
pressional wave system by measuring the rate of decay of oscillation. This
is easily achieved by 'a term called logarithmic decrement, which is defined
as the logarithmof the ratio of any two successive amplitudes.

The logarithmic decrement 6 is expressed mathematically as
r -gu! t1 e n 1 gLO T~ ln � ln ln e n =gu! Tr -~~  t,+~! n

e n

Since the period of damped oscillation is equal to  from section I-b!

2w

a!  l-r, !



the decrement can also be written in terms of g as

and in terms of soil parameters as

m  X"+2p"!k

4 {g I+2pf ! p

Similarly, the damping factor can be written in terms of 6 as

m 6

�x +6!
2

and in terms of soil parameters as

k   V'+2p"!

It should be noted that we have shown how to determine the damping

factor Q of the compressional wave system response in frequency domain by

the use of Q, the quality factor of subbottom soil as indicated in section

I-d and also in time domain by the use of thelogarithmic decrement 6.

Theoretically, these two methods should give the same damping factor

for the subbottom soil. Furthermore, these two methods could be used

in checking the consistency of our results.




