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Abstract—Ready access to small, inexpensive, unmanned 

aerial vehicles (UAVs) allows for small-scale 

electromagnetic propagation and scattering experiments 

using airborne antennas.  We consider a low-power, copter-

mounted transmit antenna radiating at frequencies on the 

order of a hundred MHz, corresponding to wavelength on 

the order of meters, which at some horizontal distance 

generates a vertical interference pattern due to the 

interaction of a direct and ground-reflected wave.  The 

depth of the interference fringes, which is directly related 

to the modulus of the soil reflection coefficient, can be 

measured by a second copter-mounted receiving antenna.  

By varying the geometry of the copter pair, and/or the 

transmitted signal frequency, the soil moisture profile up to 

a depth of a few meters can, in principle, be retrieved.  In 

this paper we present the results of numerical experiments 

designed to evaluate the sensitivity of the angle- and 

frequency-dependence of the measured reflection 

coefficient to the soil moisture profile. Our simulations 

indicate that retrieval errors are small suggesting that the 

technique is feasible.  

 

Index Terms—Geophysical measurement techniques, soil 

moisture 

I. INTRODUCTION 

The application of electromagnetic (EM) remote sensing 

techniques to the retrieval of land and vegetation parameters 

has a long history of scientific inquiry. Both monostatic and 

bistatic radar geometries have been considered.  The 

scattered/reflected power of the radar signal generally depends 

on the characteristics of the vegetation, roughness of the 

surface, and moisture content of the soil.  For sufficiently high-

frequencies sub-surface inhomogeneities are also a factor [1].  

When using polarimetric techniques the effects of surface 

roughness can be mitigated by computing a polarization ratio, 

which in the first approximation is independent of the surface 

roughness [2]. If vegetation effects can also be accounted for 

through auxiliary information, soil moisture can be retrieved. 

These retrievals typically invoke empirically established 

relations between measured and retrieved parameters [3], [4].  
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Bistatic geometries require both a transmitter and receiver and 

are often difficult and expensive to implement.  The use of 

ground-reflected satellite signals from various global 

navigation satellite systems has proven to be a particularly 

appealing bistatic technique (GNSS-R) because of the widely 

and freely available GNSS “signals-of-opportunity” and ease 

of application.  Most often Global Positioning Satellite (GPS) 

signals are used to retrieve soil moisture because of the 

sensitivity of their L-band operating frequency to soil water 

content.  In addition, associated receivers can be easily 

mounted on a tower [5]-[9] or on an airplane [2],  [10]-[13].  

The similar retrieval of snow parameters was modelled [14] 

and successfully applied as well [15].  An in-depth review 

GNSS-R techniques can be found in [16], [17].   

 

The reception of land-reflected signals by a second satellite is 

another geometry considered because of the potential of 

providing global coverage.  This geometry was first 

successfully tested by the United Kingdom’s TDS-1 satellite 

[18]-[20]. The capabilities of this technique were significantly 

expanded with the launch in 2016 of a constellation of eight 

Cyclone Global Navigation Satellite System (CYGNSS) 

micro-satellites, which provided a very rich, high-time-

resolution data set.  Although intended for measuring tropical 

winds, CYGNSS also recorded land-reflections. Subsequent 

studies demonstrated that the measured land-reflected data 

could be used to retrieve soil moisture as well [21]-[22].  

 

L-band signals, however, only penetrate into the soil to about 5 

cm. In practice, soil moisture profiles to depths up to 1m and 

even deeper (i.e., the so-called root zone) are also of significant 

interest.  This drew the attention of researches to lower 

frequencies, in particular, to communication satellites 

operating in the P-band [15], [23]-[28].  Still, it is 

acknowledged in recent work [28] that “Although the P-band 

frequencies have a much larger penetration depth than the L-

band, single-frequency data at the P-band is inadequate for the 

estimation of root zone soil moisture (RZSM)”. 

 

In this paper we consider an alternative approach based on the 

broad availability of small, inexpensive, copter-type UAVs.  

By using a dual-UAV transmit-receive configuration the 

modulus of the soil reflection coefficient can be inferred from 
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the measured interference pattern produced by a direct and 

ground reflected wave.  Typical UAV separations and altitudes 

would be on the order of 100 m, and typical operating 

frequencies on the order 100 MHz.  Transmitted signals at these 

frequencies can be made very narrow band, and, therefore, of 

very low-power with little chance of interfering with other 

man-made signals. This would allow for a more ready 

acquisition of permissions required to operate in this frequency 

band.  Since the corresponding wavelengths used would be of 

the order of a few meters, the required accuracy of UAV 

locations would not be overly restrictive.  

 

The use of a reflection mode (i.e., a bistatic radar) rather than a 

backscattering mode (i.e., the more traditional monostatic 

radar) coupled with relatively low frequencies offers 

significant advantages. Namely, the reflected signals become 

practically insensitive to surface roughness. The power loss of 

a specularly reflected signal is proportional to the square of the 

Rayleigh parameter, which is the ratio of wavelength to the 

RMS surface roughness height.  For meter-long EM waves and 

centimeter-height soil roughness the Rayleigh parameter will 

be of the order of 10-4-10-3.  Since typical sizes and separations 

of leaves and branches are significantly smaller than the 

wavelength, the presence of vegetation can be accounted for as 

an effective dielectric layer with a possibly anisotropic tensor 
of effective dielectric permittivity. Therefore, in theory, 

vegetation parameters can be retrieved along with parameters 

of the soil.  

 

In this paper the results of numerical simulations of the retrieval 

of soil moisture parameters based on the angle- and frequency-

dependence of the soil reflection coefficient are presented.  In 

general, the reflection coefficient is a complex quantity and 

measurements of its modulus and phase can be used, but phase 

measurements are particularly challenging and we consider 

retrieval algorithms based on knowledge of the modulus of the 

reflection coefficient only.   

 

Let us assume that a transmitter (source S) and a receiver (R) 

are located at elevations 𝑧𝑆 and 𝑧𝑅, respectively, and are 

separated by a horizontal distance 𝑟.  The received signal will 

be the sum of a direct wave and a wave reflected from the soil.  

In what follows we assume that the boundary between the air 

and soil is strictly horizontal, and the properties of the soil are 

horizontally stratified.  Thus, the surface roughness and 

possible horizontal inhomogeneities within the soil are 

neglected.  The presence of vegetation can be also described in 

terms of a dielectric layer with an effective dielectric constant, 

and effectively be considered as a soil layer.  Since the EM 

wavelengths under consideration will be relatively large, such 

assumptions should not be too unrealistic, at least to a first 

approximation.  Variations of the soil properties with the 

vertical coordinate 𝑧 are allowed, and retrieval of the 

dependence of dielectric constant of the soil on 𝑧 represents the 

subject of this work.  Because the dielectric constant 𝜀(𝑧) of 

soil (and vegetation) usually depends strongly on moisture, the 

information regarding 𝜀(𝑧) for a given type of soil (and 

vegetation) can be recast into the dependence of moisture on 

depth.  For frequencies on the order of 100 MHz the penetration 

of the EM field into the soil should be on the order of a few 

meters, and such a range of depths is of interest for many 

applications. 

 

To a good approximation the total field 𝜓𝑡𝑜𝑡  at the receiver can 

be calculated in the geometric optics limit as the sum of the 

direct field 𝜓𝑑𝑖𝑟 and the field radiated by the mirror image of 

the source multiplied by the reflection coefficient 𝑉(𝜃) 

calculated for the corresponding incidence angle, that is,  

 𝜃 = 𝑡𝑎𝑛−1(𝑟/(𝑧𝑅 + 𝑧𝑆)) and  

 

        𝜓𝑡𝑜𝑡 = 𝜓𝑑𝑖𝑟(𝑟, 𝑧𝑅 − 𝑧𝑆) + 𝑉(𝜃)𝜓𝑑𝑖𝑟(𝑟, 𝑧𝑅 + 𝑧𝑆).         (1)                                  

 

Here the air-soil boundary is located at 𝑧 = 0. The direct field 

𝜓𝑑𝑖𝑟 should be calculated, of course, with the directivity 

patterns of the receiver and transmitter included.  When the 

coordinates of the transmitter and/or receiver vary on the order 

of a wavelength, the value of |𝜓𝑡𝑜𝑡 | will change due to phase 

variations of both 𝜓𝑑𝑖𝑟 terms in (1), however, small variations 

of the incident angle 𝜃 (and of the value of 𝑉(𝜃), 
correspondingly) can be neglected.  In this case the ratio of the 

minimal to maximal value of |𝜓𝑡𝑜𝑡 |: 
 

      
|𝜓𝑡𝑜𝑡|𝑚𝑖𝑛

|𝜓𝑡𝑜𝑡|𝑚𝑎𝑥
=

𝜉−|𝑉(𝜃)|

𝜉+|𝑉(𝜃)|
     where   𝜉 = |

𝜓𝑑𝑖𝑟(𝑟,𝑧𝑅−𝑧𝑆)

𝜓𝑑𝑖𝑟(𝑟,𝑧𝑅+𝑧𝑆)
|             (2)                                               

                

defines the interference pattern. From this equation one can 

infer the reflection coefficient |𝑉(𝜃)| from the depth of the 

interference pattern 𝜉. An error in calculating the angle θ will 

be on the order of the ratio of the error in determining UAV 

location to the characteristic distance between UAVs. If the 

former is on the order of a meter, the error in incidence angle 

will be of the order of one percent. On the other hand, one 

would like to avoid very small values of θ because when the 

distance between the transmitter and receiver is significantly 

smaller than the distance between receiver and the mirror image 

of the transmitter, the direct signal will dominate the reflected 

signal and the measurement of |𝑉(𝜃)| will deteriorate.   

 

Another option for measuring the depth of the interference 

pattern is to vary within narrow limits the frequency of the 

signal.  If the characteristic distance between the receiver and 

the transmitter is 𝐿, then a variation of frequency on the order 

of 

                                             𝛥𝑓~
𝑐

𝐿
                                       (3)                                                                 

 

will also lead to a sequence of constructive and destructive 

interference of the two terms in (1).  The variation of  |𝑉(𝜃)| 
within a relatively narrow frequency range can be neglected 

and |𝑉(𝜃)| can again be determined from (2).  For example, if 

𝐿 ~100 𝑚, one finds 𝛥𝑓 ~3  𝑀𝐻𝑧, which is a reasonable 

frequency sweep bandwidth for practical applications.  

 

In what follows we model the soil as a set of homogeneous 

dielectric layers.  The complex dielectric constant 𝜀 of the 

layers strongly depends on their water content [29]-[31].  In 

[29] the following approximate formula was derived: 

                    

                                     𝜀 = 3 + (56 + 7𝑖)𝑤                         (4)                                                                        
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where w is a water content in g/cm3.  Eq. (4) applies to soils like 

Manchester Fine Sand, Suffield Silty Clay, and some others, at 

temperatures above freezing as described in [29]. In [27] it was 

suggested that the moisture profile in the soil can be 

represented by a second-order polynomial: 𝑤 = 𝑎𝑧2 + 𝑏𝑧 + 𝑐. 
In this case our goal is to retrieve the numerical values of 

coefficients a, b, c. Other parametrizations of w were also 

considered in the literature, and in the general case our task is 

the retrieval of the associated soil moisture model parameters.  

Although some frequency (as well as temperature) dependence 

of the numerical parameters in (4) does exist, in this paper we 

investigate primarily the feasibility of retrieving the soil 

moisture profile using the angle- and frequency-dependence of 

the modulus of the soil reflection coefficient, and are not 

pursuing a detailed modeling of the dependence of the 

dielectric constant on water content.  

 

When calculating the reflection coefficient we will be 

representing the soil as a stack of M sufficiently thin layers.  

The medium beneath the last (i.e., the 𝑀-th or deepest) layer is 

assumed to be a homogeneous half-space, and the medium 

above the first layer is assumed to be air with a dielectric 

constant of unity. 

II. CALCULATION OF THE REFLECTION COEFFICIENT 

 

Let us consider a downward-propagating EM plane wave of 
vertical or horizontal polarization incident on the stack of 

layers from the upper half-space at an incidence angle 𝜃.  The 

field within the 𝑛-th layer will be a superposition of two plane 

waves: one propagating downward with amplitude 𝑎𝑛 and 

another wave propagating upward with amplitude 𝑏𝑛. The 

amplitudes of the waves will be considered in an “energy flux” 

normalization [32], in which the plane wave electric field �⃗�  can 

be expressed as: 

 

                       �⃗� = 𝑎(𝑘)𝑞−1/2(𝑘)𝑒 −(𝑘) 𝑜𝑟  

                       �⃗� = 𝑏(𝑘)𝑞−1/2(𝑘)𝑒 +(𝑘),                                (5)                                    

 

where 𝑘 is the horizontal projection of the wave vector �⃗� , and 

 

               𝑞(𝑘) = (𝜀
𝜔2

𝑐2 − 𝑘2)
1/2

,  𝐼𝑚 𝑞 (𝑘) ≥ 0                (6)                                                            

 

is the corresponding vertical projection, 𝑒 ∓(𝑘)  is a unit 

polarization vector for downward (-)/upward (+) propagation, 

and we assume Im 𝜀 ≥ 0.  The vertical component of the 

energy flux for the downward and upward propagating waves 

is given by  |𝑎|2and  |𝑏|2, respectively.       

 

The plane waves in all layers will have the same value 𝑘0 of the 

horizontal projection of the wave vector defined by Snell’s 

Law: 𝑘0 = 𝜔 𝑠𝑖𝑛 𝜃 /𝑐.  Let us consider an individual boundary 

between two dielectric half-spaces with complex dielectric 

constants 𝜀1 (upper half-space) and 𝜀2 (bottom half-space).  The 

Fresnel reflection (V) and transmission (T) coefficients with 

respect to the downward propagating wave in the first (top) 

half-space (i.e. the “𝑎1” wave) can be expressed as [32]: 

 

                  𝑉 =
𝜀2𝑞1−𝜀1𝑞2

𝜀2𝑞1+𝜀1𝑞2
,    𝑇 =

2(𝜀1𝜀2𝑞1𝑞2)
1
2

𝜀2𝑞1+𝜀1𝑞2
,                         (7) 

                                         

for VV (vertical) polarization and 

    

                              𝑉 =
𝑞1−𝑞2

𝑞1+𝑞2
, 𝑇 =

2(𝑞1𝑞2)
1
2

𝑞1+𝑞2
,                             (8) 

                                          

for HH (horizontal) polarization.  We note that 𝑉and 𝑇are 

generally complex and 

   

                                     𝑉2 + 𝑇2 = 1.                                     (9)                                                                               

 

Swapping indices 1 ↔ 2 in (7) and (8), one can see that with 

respect to the wave incident from the bottom half-space onto 

the top half-space (i.e., the “𝑏2” wave) the transmission 

coefficient is also 𝑇 and the reflection coefficient becomes −𝑉 

(i.e., it changes sign).  Based on the definition of reflection and 

transmission coefficients and using the superposition principle 

one can write: 

 

                                  𝑏1 = 𝑉𝑎1 + 𝑇𝑏2 

                                  𝑎2 = 𝑇𝑎1 − 𝑉𝑏2,                                 (10)                                                                       

 

which, with the use of (9), becomes: 

 

                                  𝑎1 = (𝑎2 + 𝑉𝑏2)/𝑇, 

                                  𝑏1 = (𝑉𝑎2 + 𝑏2)/𝑇.                           (11)                                                             

 

Eq. (11) expresses the amplitudes of the waves above the 

boundary (𝑎1, 𝑏1)  in terms of the amplitudes (𝑎2, 𝑏2) below it.  

In general, the amplitudes (𝑎, 𝑏) of the waves at the lower 

boundary of a layer and the upper boundary of the layer differ 

by the phase propagation factor 𝑒𝑥𝑝( ∓ 𝑖𝑞ℎ), where ℎ is the 

layer thickness. Therefore, one can evaluate the amplitudes by 

moving sequentially from the bottom layers upward, and the 

problem reduces to the following recursive equations: 

         

                     𝑎𝑛 = 𝑒−𝑖𝑞𝑛ℎ𝑛(    𝑎𝑛+1 + 𝑉𝑛𝑏𝑛+1)/𝑇𝑛, 
                     𝑏𝑛 = 𝑒+𝑖𝑞𝑛ℎ𝑛(𝑉𝑛𝑎𝑛+1 +     𝑏𝑛+1)/𝑇𝑛,                 (12)                                                                     

 

where 𝑉𝑛 and 𝑇𝑛 are the Fresnel reflection and the transmission 

coefficients, respectively, for the boundary between the 𝑛-th 

and the (𝑛 + 1)-th layers.  The recursion starts from 𝑎𝑀+1 =
1, 𝑏𝑀+1 = 0 since in the lower half-space only the downward 

propagating wave is present.  The last step of the recursion 

corresponds to 𝑛 = 0 and represents the transition through the 

boundary between the top layer and the upper half-space (air).  

At this step one sets in (12) ℎ0 = 0.  The resulting overall 

complex reflection coefficient from the stack of layers can be 

calculated as: 

 

                                        𝑉(𝜃) = 𝑏0/𝑎0.                            (13)                                                                                       

 

The procedure that was actually used in our calculations 

included a little refinement that does not alter the results but 

makes calculations more general.  Namely, since the reflection 

coefficient 𝑉(𝜃) depends in fact only on ratio of amplitudes 
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(𝑎, 𝑏), one can at any step of the recursion multiply current 

amplitudes by the same factor without affecting 𝑉(𝜃).  The first 

factor in (12), namely 𝑒−𝑖𝑞𝑛ℎ𝑛 , for very thick layers or very

high frequencies may become exponentially large.  To avoid 

possible numerical overflow, we multiply both equations in 

(12) by  𝑒𝑖𝑞𝑛ℎ𝑛 .  Thus, the recursion relation actually used in

our calculations is given by:

𝑎𝑛 =  (𝑎𝑛+1 + 𝑉𝑛𝑏𝑛+1)/𝑇𝑛, 
𝑏𝑛 = 𝑒2𝑖𝑞𝑛ℎ𝑛(𝑉𝑛𝑎𝑛+1 +     𝑏𝑛+1)/𝑇𝑛. (14)                                                                  

This recursion prevents exponentially large factors, but may 

include exponentially small ones, which does not present a 

problem. 

III. SOLUTION OF THE INVERSE PROBLEM

Let the square modulus of the reflection coefficient measured 

at a number of incidence angles 𝜃𝑎, 𝑎 = 1,2, . . . , 𝐴 and a set of 

frequencies 𝑓𝑏 , 𝑏 = 1,2, . . . , 𝐵 be denoted by �̃�𝑎,𝑏.  The 

solution of the inverse problem can be posed as a minimization 

with respect to the parameters of a model  𝑝𝑖 of the following 

norm: 

𝑁(𝑝𝑖) =
1

𝐴𝐵
∑ ∑ (𝑅(𝜃𝑎, 𝑓𝑏 ; 𝑝𝑖) − �̃�𝑎,𝑏)

𝐴
𝑎=1

2𝐵
𝑏=1 ,   (15)  

where  

𝑅(𝜃𝑎 , 𝑓𝑏 ; 𝑝𝑖) =   |𝑉(𝜃𝑎 , 𝑓𝑏 ; 𝑝𝑖)|
2,

(16)   

and the reflection coefficient 𝑉(𝜃𝑎 , 𝑓𝑏 ; 𝑝𝑖) is calculated for a

given set of parameters 𝑝𝑖 according to the algorithm presented 

in the previous section. This norm characterizes the mismatch 

between the measured and theoretically calculated values of the 

refection coefficient at points in the parameter space.  

The minimization of the norm 𝑁(𝑝𝑖) with respect to the

parameters 𝑝𝑖 is accomplished through two steps.  The first 

consists of an approximate retrieval.  The limits within which 

the parameters are expected to lie and uniform intervals 

between the limits are defined to form a set of gridded points 

spanning the parameter space.  The norm (15) is then calculated 

at each point and local minima evaluated. These local minima 

become the first-guess (starting) points of the second step, 

which represents a “refined” search.  In our calculations we use 

15 uniformly-spaced points spanning the defined parameter 

limits.   

The refined search proceeds iteratively and is based on a 

calculation of the gradient vector 𝜕𝑁/𝜕𝑝𝑖  of the norm and 

corresponding Hessian matrix 𝜕2𝑁/𝜕𝑝𝑖𝜕𝑝𝑗 at the starting

point.  The gradient vector and the eigenvectors of the Hessian 

matrix generate a set of optimal directions (i.e., 1D manifolds) 

along which the minimization of the norm is accomplished, 

which is a straightforward process.  From the resulting set of 

local minima locations the point with the overall minimum 

value is chosen. This point is set as the new starting point and 

the procedure repeated.  Iterations stop when the value of the 

norm ceases to decrease or the location of the point minimizing 

the norm does not change appreciably.  This procedure appears 

to be rather robust and usually works well even for 

multidimensional parameter spaces.  Its practical drawback is 

the need to be able to calculate the gradient and the Hessian 

matrix analytically.  This task can be rather laborious, but is 

doable.  By differentiating equations (14) with respect to the 

parameters 𝑝𝑖 one obtains equations in terms of the 

corresponding derivatives 𝜕𝑎𝑛/𝜕𝑝𝑖, 𝜕𝑏𝑛/𝜕𝑝𝑖  (and similarly for 

the second derivatives). These derivatives can be calculated 

recursively in a manner similar to the calculation of the 

amplitudes (𝑎, 𝑏) themselves.  

IV. NUMERICAL SIMULATIONS

In this section the following three-parameter Gaussian model 

of soil moisture profile is considered: 

𝑤(𝑧) = 𝑤𝑚𝑎𝑥 𝑒𝑥𝑝 (−
(𝑧−𝑧𝑚𝑎𝑥)2

𝑑2 ), (17)

where 0 < 𝑤𝑚𝑎𝑥 < 1 is the maximum value of water content 

at 𝑧 = 𝑧𝑚𝑎𝑥  and 𝑑 is the width of the profile.  If 𝑧𝑚𝑎𝑥 > 0,  the 

maximum is reached within the soil, otherwise the water 

content monotonously decreases with increase of depth 𝑧 > 0.  

The set of parameters 𝑝𝑖 for this model consists of only three 

members: 𝑝1 = 𝑤𝑚𝑎𝑥 , 𝑝2 = 𝑧𝑚𝑎𝑥, and 𝑝3 = 𝑑.  

For a case study we consider the following simulation 

parameters: 𝑤𝑚𝑎𝑥 = 0.35 𝑔/𝑐𝑚3 and 𝑧𝑚𝑎𝑥 = 𝑑 = 0.2 𝑚.  In

what follows we will refer to these as “actual” values.  This 

profile was represented in our simulations as a set of 𝑛𝐿 = 10
layers of 0.05 𝑚 width each, and is depicted in Fig. 1 by the 

solid line.  At depths 𝑧 > 0.5 𝑚 the water content was assumed 

to be a constant corresponding to the lowest point of the profile. 

Figure 1.  Water content profile in the soil. Solid line – actual 

profile; dash-dot line – approximate retrieval; dashed line - 

refined retrieval. 
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The frequency dependence of the reflection coefficient for this 

model calculated for an incidence angle 𝜃 = 45𝑜 for both

vertical (VV) and horizontal (HH) polarizations is shown in 

Fig.2  It was assumed that the square modulus of the reflection 

coefficient at vertical polarization is given (was “measured”) at 

a set of incidence angles ranging from 10𝑜 to 70𝑜 with a 0. 5𝑜

step at three frequencies: 𝑓 = 100,  125, and 150 𝑀𝐻𝑧 

(121 × 3 values altogether).  

Figure 2.  Frequency dependence of the reflection coefficients. 

To increase penetration of the EM radiation into the soil one 

might be tempted to use lower frequencies. One has to keep in 

mind, however, that this will concurrently reduce the depth 

resolution. We also avoided using very small grazing angles 

because this will significantly reduce the horizontal spatial 

resolution, which is nominally of the order of the size of the 

first Fresnel zone: ((𝐿𝜆)1/2 ∼ (100 ⋅ 3)1/2𝑚 ∼ 15 𝑚).

The penetration of the field into the soil is shown in Fig. 3.  

Figure 3.  Penetration of the field into the soil.  The left plot 

corresponds to an incidence angle of 10𝑜and the right to an

incidence angle of 70𝑜.  The solid line represents a frequency

𝑓 = 100 𝑀𝐻𝑧 and dashed line 𝑓 = 150 𝑀𝐻𝑧. 

Note that field intensity in the figure corresponds to the square 

modulus of the amplitudes of the upward- and downward-

propagating waves |𝑎|2 + |𝑏|2 in a layer normalized by the

amplitude of incident field in the air.  One can see that the field 

penetrates relatively deeply into the soil.   

In the absence of noise it is not too difficult to retrieve profile 

parameters precisely (at least when the first-guess point of the 

refined search in the parameter space is not too far away from 

the precise one).  This is, however, a so-called “inverse crime” 

that poorly represents practical situations.  For this reason we 

artificially distorted the simulated data by adding random, 

multiplicative, uncorrelated “noise” replacing the actual values 

of the complex reflection coefficient R according to the 

following formula: 𝑅 → 𝑅 ⋅ (1 + 𝑛𝐿 ⋅ 𝜂), where 𝜂 are random

complex numbers with real and imaginary parts uniformly and 

independently distributed within the interval (−1,1) and

𝑛𝐿being a real factor that we will be referring to as a “noise 

level”.  For the following simulations we selected the noise 

level to be 0.1 (i.e. 10%). The resulting data are represented by 

the dots in Fig. 4.  The approximate retrieval used the following 

set of parameter ranges: 0 < 𝑤𝑚𝑎𝑥 < 1, −0.5 𝑚 < 𝑧𝑚𝑎𝑥 <
0.5 𝑚, 0.1 𝑚 < 𝑑 < 1 𝑚. 

Three first-guess (starting) points of the refined search led to 

the same retrieved parameters that are shown in Table 1.   One 

can see that the retrieval appears to be of good quality. 

Table 1 𝑤𝑚𝑎𝑥  𝑧𝑚𝑎𝑥  𝑑 

actual values 0.35 0.2 m 0.2 m 

retrieved values 0.3520 0.1977 m 0.1986 m 

error 0.57% 1.12% 0.70% 

This numerical experiment was repeated for the case of 

horizontal polarization using the same set of parameters.  The 

field penetration into the soil and the results of the approximate 

retrieval are quite similar to the case of vertical polarization.  

The angular dependencies of the square modulus of the 

reflection coefficients are shown on Fig. 5.  As before, all three 

first-guess points lead to the same retrieved parameters shown  

in Table 2. The quality of the retrieval is slightly worse but 

comparable to the case of vertical polarization. 

Table 2 𝑤𝑚𝑎𝑥  𝑧𝑚𝑎𝑥  𝑑 

actual values 0.35 0.2 m 0.2 m 

retrieved values 0.3707 0.1949 m 0.1894 m 

error 5.91% 2.55% 5.30% 

As mentioned above, the calculation of the reflection 

coefficient requires measurements of the depth of the 

interference pattern formed by the direct and reflected waves, 

which requires either varying the distance between the 

transmitter and the receiver, or, if both are sufficiently far apart 
(i.e., a large enough L in (3)), varying within relatively narrow 

limits the carrier frequency.  Such a procedure might be 

somewhat impractical, and it may be of interest to try to use 

instead of the square modulus of the reflection coefficient the 

square modulus of the total field measured at a set of points  
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Figure 4 (upper).  The angular dependence of the square 

modulus of the reflection coefficient. The dots represent 

“noisy” data used in the retrieval, the dashed line corresponds 

to the approximate retrieval, and the circles to the refined 

retrieval. Actual values (i.e., without noise) are shown as solid 

lines. 

Figure 5 (lower).  The same as Fig. 4 but for horizontal 

polarization.  The dots represent “noisy” data used in the 

retrieval, the dashed line corresponds to the approximate 

retrieval, and the circles to the refined retrieval.  Actual values 

(i.e., without noise) are shown as solid lines. 
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with known coordinates (i.e., the total field given by (1)).  It is 

convenient to normalize this field by the direct field radiated by 

the mirror image of the source, which gives: 

 

     |�̃�𝑡𝑜𝑡|
2
= |

𝜓𝑑𝑖𝑟(𝑟,𝑧𝑅−𝑧𝑆)

𝜓𝑑𝑖𝑟(𝑟,𝑧𝑅+𝑧𝑆)
+ 𝑉(𝜃)|

2
.                    (18)     

 

We tried this approach by repeating our numerical simulations 

for the same model of soil moisture.   We assumed that the 

source was located at a height of 𝑧𝑆 = 10 𝑚 and the receiver at 

a height 𝑧𝑅 = 20 𝑚. The horizontal separation 𝑟 varied 

between 5.3 𝑚 and 82.4 𝑚, which corresponds to the same 

range of incidence angles 10𝑜-70𝑜.  The total field intensity 

was also evaluated at the same number of uniformly distributed 

horizontal points.  The level of multiplicative noise was set at 

5 % (by a factor of two less than before).  Results are shown 

in Fig. 6.  

 

Figure 6.  The same as Fig. 1 but using the squared modulus of 

the normalized total field.  Solid line – actual profile; dash-dot 

line – approximate retrieval; dashed line - refined retrieval. 

 

The results of the retrieval performed for horizontal 

polarization is shown in Table 3. The quality of the retrieval 

significantly deteriorated. This happens in spite of the 

seemingly very good match of the total field achieved for all 

frequencies shown in Fig. 7.  We suggest the reason for this 

discrepancy is that the value of the reflection coefficient in (18) 

is now masked by the first term (the ratio of direct fields), and 

the 5% multiplicative noise overwhelms the contribution from 

the reflection coefficient.  This becomes even more pronounced 

with respect to vertical polarization, for which the reflection 

coefficient has smaller values for large incidence angles.  For 

this reason simulated retrievals for vertical polarization 

produced even worse results than those shown in Table 3. 

                                                                                        

Table 3 𝑤𝑚𝑎𝑥  𝑧𝑚𝑎𝑥  𝑑 

actual values 0.35 0.2 m 0.2 m 

retrieved values 0.4055 0.1996 m 0.1776 m 

error 15.9 % 0.2 % 11.2 % 

 

The only case considered so far is well suited for a theoretical  

evaluation of the retrieval procedure because it includes both a 

significant variation in water content and it has a non-

monotonic dependence on depth. Such a profile is not, 

however, typical in practice.  In [27] a second-order polynomial 

approximation for the depth dependence of water content was 

considered with references to experimental results. Such an 

approximation follows from (17) for sufficiently large d.  In 

Fig. 8 two such cases are considered with monotonously 

varying water content. In cases (a),(b) as before three 

frequencies  and a 10% noise level were used. One can see that 

the retrieval of deeper moisture levels is less accurate.                                              

If, however, two more frequencies are added (112.5 and 137.5 

MHz: see case (c)), the quality of retrieval improves. It is 

interesting that in the case of the profile shown in (b),(c) a 

strong dependence of the quality of retrieval on noise level was 

observed: for a noise level of 2.5 % the retrieval becomes 

practically exact; however, for a noise level of 3 % the retrieval 

deteriorates significantly.  

V. DISCUSSION 

We have explored the feasibility of retrieving soil moisture 

profiles using the dependence of the square modulus of the 

reflection coefficient on the incidence angle measured at a few 

frequencies.  The soil moisture profile was parametrized by a 

Gaussian curve described by three parameters: the maximum 

value of soil moisture, its depth, and the width of the profile.  A 
case study of a retrieval carried out in the presence of random 

multiplicative noise yielded good results with retrieval errors 

not exceeding a few percent for both vertical and horizontal 

polarizations.  

 

The retrieval based on measurements of the normalized 

intensity of total field instead of square modulus of the 

reflection coefficient produced significantly worse results.  The 

most likely reason is that the dynamic range of the interference 

pattern itself is much higher than the dynamic range of the 

variations of the reflection coefficient, and the same level of 

multiplicative noise masks variations that are due to the angular 

dependence of the reflection coefficient.  Fig. 7 shows the 

dependence of the squared modulus of the total normalized 

field as a function of transmitter and receiver separation for 

three different frequencies. 

 

The results presented in Fig. 7 pose the following question: 

Why does the seemingly perfect match of the actual and 

retrieved fields still lead to a poor retrieval of the moisture 

profile?  The same question applies to Fig. 4.  Why do the actual 

(solid line) and retrieved angular dependence of the reflection 

coefficient corresponding to the approximate retrieval for 𝑓 =
100 𝑀𝐻𝑧 and 𝑓 = 150 𝑀𝐻𝑧 (dashed line) agree so well while 

the approximate profile retrieval depicted in Fig. 1 (dash-dot 

line) differs so significantly from the actual profile (solid line)? 

 

We suggest that this apparent anomaly is due to the relatively 

high value of the dielectric constant of the soil, which results in 

an angular dependence of the reflection coefficient that is 

mostly due to the high contrast between the dielectric constant 

of air and top level of the soil.  Below we consider this issue in 

more detail.  
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Figure 7 (upper).  The dependence of the square modulus of 

the total field in dB on horizontal separation. The actual and 

retrieved values are represented by the solid line and circles, 

respectively.  As in Fig. 4 and 5 the dots represent the “noisy” 

data used in the retrieval.  They are less evident here because 

of the dB scale used.  

 

Figure 8 (lower).  The same as Fig. 1 but using different soil 

moisture profile parameters: (a): zmax = 0;  (b,c) zmax = 0.5 m. In 

all cases wmax = 0.2, d = 1 m, and the noise level was 10 %. In 

cases (a,b) three frequencies: 100, 125, and 150 MHz were used 

for the retrieval, and in case (c) two more frequencies: 112.5 

and 137.5 MHz were added. Solid line – actual profile; dash-

dot line – approximate retrieval; dashed line - refined retrieval. 

a b c 
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Due to Snell’s Law the incidence angle 𝜃𝑛 for waves 

propagating in the 𝑛-th layer within the soil is given by: 

                                                                                  

                                     𝑠𝑖𝑛𝜃𝑛 =
𝑠𝑖𝑛𝜃

√𝜀𝑛
,                                      (19) 

 

where 𝜃 is the incidence angle in the air (a consequence of the 

conservation of the horizontal component of the wave vector).  

For large |𝜀𝑛| >> 1 the incidence angles 𝜃𝑛 become small (i.e., 

the waves in the soil propagate nearly vertically regardless of 

the value of incidence angle in the air 𝜃) and the ratio 𝑣1 of 

amplitudes of up-to-down propagating waves immediately 

below the boundary between the air and the soil (𝑣1 = 𝑏1/𝑎1) 
only weakly depends on 𝜃.  Eq. (12) for the boundary between 

air and soil becomes: 

 

                             𝑎0 = (𝑎1 + 𝑉𝐹𝑏1)/𝑇𝐹, 
                             𝑏0 = (𝑉𝐹𝑎1 + 𝑏1)/𝑇𝐹,                               (20)                                                                           

 

where 𝑉𝐹 = 𝑉𝐹(𝜃) is the Fresnel reflection coefficient for the 

boundary between the air and the first layer in the soil.  From 

(20) one finds: 

 

                            𝑉(𝜃) =
𝑏0

𝑎0
=

𝑉𝐹(𝜃)+𝑣1

1+𝑉𝐹(𝜃)𝑣1
,                            (21)                                                                         

 

where 𝑉(𝜃) is the overall reflection coefficient from the full set 

of dielectric layers within the soil.  For |𝜀𝑛| >> 1 one obtains 

from (7) for vertical polarization: 

 

            𝑉𝐹(𝜃) =
𝜀 𝑐𝑜𝑠 𝜃−√𝜀−𝑠𝑖𝑛2 𝜃

𝜀 𝑐𝑜𝑠 𝜃+√𝜀−𝑠𝑖𝑛2 𝜃1

≈
√𝜀 𝑐𝑜𝑠 𝜃−1

√𝜀 𝑐𝑜𝑠 𝜃−1
,                    (22)                                                       

 

and from (8) for horizontal polarization:  

 

               𝑉𝐹(𝜃) =
𝑐𝑜𝑠 𝜃−√𝜀−𝑠𝑖𝑛2 𝜃

𝑐𝑜𝑠 𝜃+√𝜀−𝑠𝑖𝑛2 𝜃1

≈
𝑐𝑜𝑠 𝜃−√𝜀

𝑐𝑜𝑠 𝜃+√𝜀
..                    (23)                                                              

 

In both cases one obtains from (21): 

                              𝑉(𝜃) ≈
𝑐𝑜𝑠 𝜃−𝜒0

𝑐𝑜𝑠 𝜃+𝜒0
,                                    (24)                                                                              

 

where: 

 

                         𝜒0 =
1

√𝜀

1−𝑣1

1+𝑣1
,  𝜒0 = √𝜀

1−𝑣1

1+𝑣1
,                    (25)    

 

are weakly dependent function of 𝜃 for both vertical and 

horizontal polarizations, respectively. 

 

Fig. 9 depicts the angular dependence of the square modulus of 

the reflection coefficient calculated exactly (solid lines) and 

according to the approximate asymptotic expression (24) with 

𝜒0 set to a constant (dash lines).  One can see that the difference 

between the two results is rather small for both polarizations. 

However, it is this difference that carries information about the 

profile of the dielectric constant in the soil. The bulk of the 

angular dependence is due to the large contrast between 

dielectric constants of the air and soil. Thus, retrieval of the 

moisture profiles based on the angular dependence of the 

reflection coefficient is more difficult for soils with large 

dielectric constants.    

 

We note that 𝜒0, which is only weakly dependent on 𝜃, depends 

nevertheless on frequency.  This dependence for both 

polarizations is shown on Fig. 10.  Thus, the weak dependence 

of the reflection coefficient on dielectric constant profile 

observed for high 𝜀 can be mitigated, if necessary, by 

measurements using a sufficiently broad set of frequencies. 

 

To ensure deeper penetration of the EM radiation into the soil 

one may try using even lower frequencies. It has to be kept in 

mind, however, that in this case vertical resolution of soundings 

will also degrade and some optimal trade off should exist. The 

same applies to the range of incidence angles: too large a θ will 

significantly increase the Fresnel zone size and 

correspondingly reduce the horizontal resolution.                                                                       

 

 

 

 

 

 

 

Figure 9.  Angular 

dependence of the 

reflection coefficient 

calculated exactly (solid 

lines) and according to 

the asymptotic result 

given by (24) (dashed 

lines). 
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Figure 10. The 

dependence of the 

modulus of the parameter 

𝜒0 on frequency. 
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