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CHAPTER 1. INTRODUCTION

A nuclear electric power station has been proposed for land formerly used
as the Charlestown Naval Air Station in Rhode Island; extensive environmental
regearch is required to determine the possible ecological impact of its con-
struction,

The proposed site is on the north shore of Ninigret Pond (Fig. 1). The
determination of the hydrodynamic characteristics of this salt pond is the pre-
liminary step for subsegquent investigations of parameters such as water quality,
temperature and sedimentation.

A breachway connects this pond with Block Island Sound, and water circulation
in the pond is caused predominantly by the tidal changes which reach the pond
through this connection. During recent years, tidal motion in a shallow estuary
has been modeled mathepatically by vertically integrated, two-dimensional, hy-
drodynamic equations [1, 2, 3, 4], which present the approach to modeling in
this work. But due to the complexity of this system of non-linear partial
differential equations and the existence of irregqular geometric boundary con-
ditions in the pond, an analytical solutior. is not feasible. Instead, two
numerical technigues, the finite difference and the finite element, usually
are applied to real estuaries. The finite-difference method uses approximations of
derivatives in terms of discrete differences and subdivides the solution domain
into a finite number of grids, usunally scuare-shaped, The finite-element method
uses approximations of integrals either through minimization of a wariational
statement or through use of a weighted residual principle. The sclution region
is repregented by elements of any size or shape, the most popular being tria

angular,



The chief advantage of the finite-element method ig its convenience for
use with complex configurations, such as estuaries and ponds. It includes local
grid refinement at regions of steep parameter gradients, such as sharp corners
or point sources of discharge.

This study used the Galerkin weighted-regidual method through which the
finite-element scheme can be implemented without a knowledge of the particular
variational principle of the governing equation. Both Massachusetts Bay and the
North Sea have been successfully modeled by this method [3, 47.

The objectives of this report are: (l.) to investigate the efficiency of
different numerical integration schemes; and {2.) to develop a suitable finite=

element algorithm to simulate the tidal currents in Ninigret Pond.
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CHAPTER 2. GOVERNING EQUATIONS AND FINITE ELEMENT FORMULATION

2,1 GOVERNING EQUATIONS

The vertically-integrated hydrodynamic equations used in this report have
been developed fully elsewhere (2, 4]. Therefore, only a brief review is pre-
sented here,

The continuity egquation is

s ® ¢
—_ — + = = -
5T (m + % (a,) Y (gy) q5 (2-1)
where

H =h + T the sum of depth and tidal surface change

1

= udz

“ -l

U]

it

qy [h vdz

n

q. source {inflow on horizontal surface)

i
The source 9 could represent rainfall on the surface or a certain discharge
at the bottom,
The components of momentum equations in the x and y directions are

d d = d = . 3! Pa
3 (q.) + % (“quEf (uqy) fqy - gH z2 + X TWXIWxI

. qx(qXZ + qy2)1/2

- (2-2}
C2H2
d d = D (Tq 3 = g Mg la
5T (qy) + = (v ) + T (qu) - fq_ - gH 5y + k 5 Wylwyl
2 2.1/2
(q, + )
P :y (2-3)



where

Ul
- 1
u = ﬁ'j udz qx/H

=h
~ 1 o0
v = —-I vdz = JH

R, 9y

£ = Coriolis parameter = 2 (] sin ¢
g = gravitational constant
k = dimensionless drag coefficient
) = water density
p = alr density

W, W = wind velocity components

C = the Chezy coefficient
Equations (2~2) and (2-3) are convenient for the calculation of flow
direction at corner point, which will be explained later, There is a second
form of the basic equation. Equations (2-1, 2-2, 2.-3) can be easily converxted

to equations {2-4, 2-5, 2-6) with no source of mass,

(o)} o} -, o} -
- -_ -_ W W
b, —du —0du _ - ol Pa xlxl
= +u = + v > fv - g % + k 7; m
—_—  =2.1/2
_ g ufu +2v } (2-5)
CH
- W W
= - = oo, Pa iyl
bv |, =D - ==fu agse=+k —
b—t-'l'u 6—)—(—"’ VE; by p H
—— —2.1/2
A ;" ) (2-6)
CH

Both expressions give the same results only for the constant depth case and

the difference will be discussed in section 2.2 and chapter four.



2.2 FINITE ELEMENT FORMULATION

In the history of the development of finite element methods, most problems
were based upon minimization of a function because this method was first applied
in the field of structural mechanics, which is governed by variation principles.

The variational principles in fluid mechaniecs have been summarized by
Finlayson [5], who includes these for perfect fluids, magnetohydrodynamics, non-
Newtonian fluids, and low Reynolds-number flows, He further points out that
there ig no known variational principle for the Navier~Stokes equations which
include both inertial and viscous terms.

Similarly, it is not obvious what is an appropriate function to be minimized
for the "hyperbolic" type vertically-averaged equations (2-4, 5, 6) for coastal
waters, McIver [67] derived an adjoint variational principle for these equations,
However, it has no direct physical usefulness due to its extra adjoint variables
which double the number of unknowns and increase the computational complexity.

Use of weighted residuals is a general method for obtaining solutionsz to
partial differential equations. The unknow solution is simulated by a set
of trial functions with adjustable constants which are chosen to give the hest
solution,

Once selected, the trial function is substituted into the governing ecuations
to form the residuals, The constants are chosen in such a way that the residuals,
modified by weighting functions, are forced to be zero in an averag. sense,

There are several ways to choose the weighting function and each way repre-
sents a different method: examples are the Galerkin method, the least squares
method, and the method of moments. In Galerkin's method, the weighting functions
are made to be the trial functions themselves,

Recent work [3, 4] has shown that the weighted residual theory, combined

with finite element concepts, can handle multi-element regions with any complex



boundary, using a digital computer performing ali the calculations.

In most cases, Galerkin's process produces a simpler and more direct
formulation than the construection of a function and its subsequent minimization.
When the equation is self-adjoint, the variational process is identical to that
of the Galerkin weighted-residual method [7].

The triangle element with linear trial functions was chosen here in
consideration of both computing time and flexibility. The nodal points i, j, k
represent the vertices of the triangle, and the unknown variables may be written

as the following matrix products:

M=, N, B T\n‘

ARRECONLY (2-7)

qx = <Ni' Nj, Nk) {EEE

= (N, , N, )[ i
qY i ] Nk \EE;

where‘Ni are called shape functions which can be defined by the coordinates of

W) {a) (2-8)

() {qy} (2-9)

the nodes [8]

N, (x,¥) = (&, +b.x + €, ¥) /2 FAN

where
(2. = . Xy ]
R Sl t
bi = y:] - Yk
T permutations on i, 4, k
- et
and
Xy
ZES = 1/2 det 1l x ¥y is the element area



In the Galerkin Methed, if r denotes the residuals and N the shape functions,
the required integral condition is

Nrda = 0
Domain

Applying this condition to equations (2-1, 2, 3} with the given shape functions

Ni results in

egl er <N>T [<N> {T'} + <N,X> {qx] + (N;Y) {qy}-ie da = Q (2-10)
2§}~F£; T L {q) + w0 (a0 /) + W ) (o m) +

p
g(x) {H} N 2 {n} - £(w {qy} - K —pi W+

qx(qK2 * qyzil/z
g(¥) { 5 117 da =0 {2-11)
e
C'H
where N % denotes {N/0x and n the number of elements,
n 9.9 qy2
r T . Xy
SRS RERE RIS T
pa
g(N) {n} I (nl + €W [q) - & AR
2 2.1/2
(g~ + }
sy (L 5 :Y } ), an=o0 (2-12)

CH
The integration is taken over each element and the summation over the
whole domain is zero. The integration of linear shape-function products into

two dimensions has been tabulated by Baker and Zelazny [2].

ﬂl
T aa ~%§ 1

r -
JA ]1
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6 2 2

2 2 1

2 1 2

2 2 1
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In matrix form, eguations 2-10,11,12 can be written as

] (M) = {Fy)

M1 M2 - W
[ {q,] = {r,} where (M] = |m, m,,
(] {q,) = (=] N

The boundary conditions are conveniently substituted into the coupled
equations (2-2, 3) relating qx and qy' The details will be discussed in the

next section. The coupled form is

[, {a) = {F_}

N0
mll 0 m12 o \\\\\
T =
where [Mq” 0 m, © m .,

N

% ) 1)
. ! Fyi
{q]=(.: i {Fq}j: f

C.Ixn Fxn

yn Fyn

There are many ways to choose the approximation function for the non-linear

term, For example, the convective term can be expressed in two forms,



Ofug )
(@) g Let ug = () {uq }
O (uq)

then =X = (N'x) {ug }

b(uqx) qu
_ du
(b) s e 9% 3%

ret  u =N {u}, q =N {q/]

then dug )

— = (W (4] N g+ ] v (u]

Usually, the first method lumps all the variables into one approximation. The
second one is more lengthy and invelves higher order integration terms such as
I (N>T (N} ..... dA. The lumped-variable form {(a) was chosen for the square
root friction term and convective term.

Again, the only difference between the A qy expressions in equations
(2-1, 2-2, 2-3) and the 4, Vv expression (2-4, 2-5, 2-6) is that A q, are

the lumped product forms of uH and vH,

q = (W {un}
qa, = (W) {va]

If, instead, the q s qY approximations are chosen as

(w) {u} () {n}

Iy

%

the same results should be eventually cbtained from both expressions, because

(M {v] (@ {#}

they are entered into the same governing equations.
2.3 BOUNDARY CONDITIONS

Two types of boundaries, open and land, are used in the model. On an
open boundary, the tidal surface or velocity must be specified, On the land

boundary, the normal velocity at each node is zero, that is, the flow direction



=10~

should be parallel to the boundary. Its direction can be arbitrary, according
to the element orientation.

This "vector" boundary condition camnot be directly inserted into the
matrix form using global coordinates. Instead, a multi-coordinate local
system should he used to resolve this condition, The local coordinate systems
are defined as the outward normal direction of the node toward the land. Then
the normal component of the velocity is easily set equal to zero, At the same
time, the global coordinate is still wvalid for interior point calculations,

There is no such complex procedure necessary in the staggered scheme of
rectangular finite difference metheods [1,2]. Either the u velocity or the v
velocity is zero on the boundary in that method. There is no necessity for
local coordinates. The details of the present coordinate transformation are
explained in Appendix A,

Another difficulty encountered here is the specification of the boundary
condition at corners, Norton et al. [10] used zero velocity at the corner
for continuity ceonsiderations, In a narrow region containing only a few
nodal points, the zero velocity simplification will cause inacurracy in
the global results.

A better treatment has been developed by Connor and Wang [4]. "Flow
leaked out equals flow leaked in" is one way of stating the concept. Fig. 2(A)
shows the relationships at a corner. The shaded volume flux areas in Fig. 2 (B)
are set equal for conservation of mass, The following two equations are thus
solved for the flow direction,

+ =
31 62 6

2B - BC =
B Cos 81 BC Cos 62 0

Experience shows that the condition of zero velocity is appropriate for a sharp

concave corner. For a sharp convex corner, a mesh refinement in the vicinity is
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(4) Angles (B} Volume Flux
Across Boundary

Fig. 2, Flow direction at the corner point,

necessary due to numerical constraints.,

The unknown variables A qy, rather than u, v, are easier to use for the
above calculations. The advantage of staggered-scheme finite differance methods,
where the corner point is not in the computational field, is obwvious.

2.4 STABILITY CONDITION

The precise stability condition for a specific nonlinear finite element
method is not known at the present time., The finite-difference condition on
the time step

T = CL/gh
serves as a rough guide, but there are additional factors which affect finite-
element stability. Some of these factors are {1.) the shape of the triangle
element; (2.) the degree of refinement at sharp corners; and (3.) the area ratio
of connected elements. The final time increment selected in the present study

was based upon numerical experiments to ensure stability,
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CHAPTER 3. THE NUMERICAL SCHEMES

After using the finite element integration in space coordinates, the
original system of partial differential eguations becomes a system of ordinary
differential equations with respect to time, Three numerical schemes have been
compared for a straight channel case where the analytic solution is known,

First, the commonly used fourth order Runge-Kutta method is applied [11].

If

ay _

It fi{t,y) ,

- = - + 1. .

Yn+l yn 0.174?60281{1 0.551480661{2 1 205535601{3 + O 17118478K4
where

Kl = At f(tn, yn)

K2 = At f(tn+0.4 At, yn+0.4Kl)

K, = At f(tn + 0.455737254 ¢, ¥n + 0.29697761K. + 0.158759641(2)

1

= - +
K’11 At f(tn + AL, + 0.218100401(1 3.050965161(2 3.83286476]{3)

The second method is the fourth-order Adams-Moulton predictor-corrector
method [127,

1. Compute Yr{l?-;.' using the Adams-Bashforth formula as a predictor:

{0) At
= + — - + - 9f
Yn+1 yn 24 (San ngn-l 37fn-2 2 n-3)
(o) _
2, Compute fn+l E(tn+1' Yn+1)

3. Compute YrE?-;. ; Wsing the Adams-Moulton formula as a corrector:

(3) _

- (3=1)
yn+1 yn

’ yn-l-l

h
+ - +
54 [of (t ) o+ l9fn sf £

n+1 n-1 n-2

4., Iterate on j until

(1) (i-1)
¥n#1 = Ynn1

Y

< ¢ for a prescribed ¢
n+l
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Since multi-step formulas are not self-starting, the predictor-corrector
method is combined with the previous Runge-Kutta method to obtain necessary
starting values.

The third method is the semi~-implicit method., The continuity equation

and the momentum equation are solved in successive order,
'1 " =
L] {0 = {Fq (qp, T )
£ -+ t
(Mpra g = (Mpapp + 88 (T
M = {F
[ {a} = {Fg tapr My o))
= + At
(a1 ={dd, +ac {a}

The popular alternating direction implicit (A.D.I.) method is not feasible
here due to the irregqular meshes.

The pure implicit method must solve both equations in a coupled form. The
storage requirements usually exceed the memory capacity of the machine {in core).
Through the use of peripheral devices (disks, tapes, etc,), this memory require-
ment can be reduced, and this is recommended for further study because of the
favorable time increment gained.

Fig. 3 gives the dimensions and finite element network of the channel. The

amplitude at the open end is 1 foot and the channel depth is 30 feet.

The analytical solution is

M= —2 e cos | 6 — (1 —%)} cos wt
cos lu —) Jgh
J/gh
u= - a/gh sin[w-&-(l-é)} sin wt
h cos{w —) /ah
/gh

where L, h av~ the length and depth.
The open boundary condition is

T =a cos wt at x=0
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Time = 3/4 cycle Time = 1 cycle
Numerical Analytical Numerical Analytical
T u T u i u n u
00,0000 0.3405 0.0 0.3389 1.0000 0.0005 1.0000 .0
0,0000 00,3399 0,0 0.3389 1.,0000 -0,0003 1.0000 c.,0
0.0000 0.3405 0.0 0.3389 1.0000 0.0005 1.0000 0.4
0.0003 0.2740 0.0 0.2727 1.0183 0.0001 1.,0187 0.0
0.0007 0,2750 0.0 0.2727 1.0193 0.0005 1.0187 0.0
0.0003 0.2740 0,0 00,2727 1.,0183 0.0001 1.0187 0.0
0,0013 0,2073 0.0 0.2055 1,0331 0.0001 1.0333 0.0
0.0008 0.2066 0.0 0.2055 1.0334 0.0005 1.0333 0.0
0.0013 0.2073 0,0 0,2055 1.0331 0,0001 1.0333 0.0
0.0017 g.1382 0.0 0.1375 1.0436 0.0004 1.,0438 0,0
0.0013- 0.1381 0.0 0,1375 1,0438 0.0003 1.0438 .0
0,0017 0,1382 0.0 0.1375 i,0436 0,0004 1.0438 0.0
0.0016 0.0694 0.0 - 0.0689 1.0500 0.0004 1.0501 0,0
0.0018 0,0695 0.0 0,0689 1.0502 0.0001 1.0501 0.0
0,0016 0.0694 0.0 0.0689 1.0500 0.0004 1.0501 0.0
0.0013 0.0 0.0 0.0 1.0530 Q.0 1.0522 0.0
0.0021 0.0 ¢.0 0.0 1.0515 0.0 1l.,0522 0.0
0,0013 0.0 0.0 0.0 1.0530 0.0 1.0522 0.0

Table 1. Comparison of numerical and analytical results

for the rectangular channel in Fiqure 3.
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Table 1 shows good agreement between numerical and analytical results.
The numerical error is approximately 0.5 percent,
faY Tc in table 2 shows the largest time increment with stable results in each

method., The third method is obviously the fastest.

le 67500 ft

1
1

6750 ft

PR, | -

Fig. 3. The dimensions and finite element network for a straight channel,

Numerical method A Tc (sec) Computation time (one cycle)
1, FRunge-Kutta 180 1.2 minutes
2. Adams-Moulton 60 1.8 minutes
3. semi-implicit 120 0.45 minutes

Table 2. Comparison of three different schemes.
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CHAPTER 4. APPLICATION AND RESULTS

4,1 APPLICATION

Ninigret Pond is a small salt pond with a complex geometry. Due to its
small size compared to the tidal wavelength, a relatively large amount of compu-—
ter time is required to model it,

Two critical regions, the breachway and Hall Point, as shown in Fig. 1, prove
to be the most difficult to incorporate into a proper layout of the elements,

The breachway is a long, narrow, irregqular chamnel through which the tidal ampli-
tude sharply decreases. The open boundary is specified at the pond end of the
breachway to exclude this complicated narrow region, Hall Point connects the
wegt basin and the central pond, It is a very narrow channel with a deep center,
An enlarged width distortion was specified here in the model to conserve com-—
puter time,

The finite-element network chosen is shown in Fig. 4. It is composed of 461
elements and 284 nodes, which makes it still a rather crude model for such compli-
cated geometxy, The depth varies from 1.5 to 8 feet, and the element area varies
from 87,500 to 210,000 square feet. The smallest value of L4 gh is 29 seconds;
thus the time increment 8 T = 15 geconds was selected for gtable results. (3,000
steps per tidal period of 12,42 hours.)

The Chezy coefficient is calculated as

c=F2

where N is Manning's roughness factor,
The value of the Manning factor basically depends on bottom roughness and was
taken as 0.03 for the whole pond., This value can be adjusted to fit measured
data in the field,

On all nodes, zero velocity was assumed as an initial condition, and the

water levels were taken at high tide, The transient starting error will be
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damped out by bottom friction after a period of time. The transient period
decreases with the Manning factor, uvhe starting disturbance disappeared after
aﬁproximately eight hours in the present calculations,

The tidal wave at the open boundary was prescribed for simplicity to be
sinusoidal. Since there were only three nodes across the entrance, the same
amplitude and time lag were specified for all three, The amplitude at the
open boundary is about 0.2 feet for neap tide and 0.5 feet for spring tide,
Since the tidal amplitude exceeds 10 percent of the depth in shallow regions,
the convective momentum terms cannot be neglected,

4,2 RESULTS

Two sets of numerical results have been calculated, one based on the flux
approximation and the other,on the velocity approximation. Figs. 5 and 6
show the flood and ebb currents, respectively, in both cases. The two different
approximations give nearly the same result except for the entrance region.

Winds can play an important role in the west basin currents. Gyres are
usually generated in this area with various wind conditions (Figs. 7-10). The
currents in the shallow region along the land are strongly influenced by the wind.
Water depth is the essential factor in determining the rotational direction. In
Fig. 7, the wind direction is opposite to the ebb currents, and the two gyres
separate with ebb flow primarily down the center, 1In Fig, 8, the wind and flood
currents coincide and the primary flow is along the boundaries, Both the flux
and velocity approximations give similar results, Figs. 9 and 10 show results
computed for a southwest wind, which prevails in the area,

Fig, 11 shows the typical time history hodograph of computed currents.

An arrow from the origin to the solid line would represent the magnitude and
direction of the instantaneous velocity. H denotes high water, I low water,

The dottéd lines represent the unrealistic transient period which occurs during
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model start-up. Figs. 12-22 show the computed currents plotted for every tenth
of the tidal period, with no wind and 0.4 feet amplitude at the open boundary.
The measured maximum current values in Filg, 23 are only for gross comparison,
becauge the tidal amplitude and wind conditions are not reported in that set
of data [13].

The measured tidal amplitude in the west basin is about one<half of that at
the entrance [14]. However, the computed tidal amplitudes are approximately equal
everywhere with a 15-minute time 129 between amplitude at the west basin and
the entrance as listed in takble 3, Thisg discrepancy results mainly because the
element size is too large for a good representation of this pond, especially
in the narrow region of the breachway and Hall Point. A s~nd bar is located at
the entrance which is too small to be included in the present model, The
presence of this sand bar is indeed important to the accuracy of the global
results, The enlarged width at Hall Point lets more water flow into the west
basin than in the real case, A more refined finite-element mesh can decrease

this discrepancy in the future.

Point Tidal Amplitude (ft) Fhase Angle (degree)
A 0.415 7.0°
B 0,402 2,2°
c 0.400 0.0°
D 0.412 4,5°
E 0.416 7.5°
F 0.405 2,4°

Table 3. Computed tidal amplitudes and phase angles (see Fig. 4},



~-19-

puoq

TONVHINT
AWNHOYE VY]

(dew u-staedwod oy T *FT7 89s)
}oXFTUTN I0F JIOMIOU JUsULT® I1TUT] "4 *I1g

N

1997
0002 of

N

d

2K

£ 9TA®B] 99S 1 puB § SIUTOq
¢ oTu®y pue (11 8iINFTJ 98S i1 pu® 5 S3IUTOL

-

¢ 9Tqel pue eJ] 2INIFTJ 39S :¢g PUB ¥y SIUTOS

¢ CNOTLYINAMO RLIDOTTA OGNV TOIL

NKAKAR




li.-lll.lla.lulh.lrl.lll-llrl.lllﬂul..ll g, Wy, T — [R——

\\l‘k\?\\\i\i[‘}fﬂf‘ o —— — - -.- .._.- -t... .\\ )

T T e, TR e ol e — . cas . .
.l..lll!l..\ —~—— M, N, Ty — - . .
i T e T T S U - - .- .
S e, - e, — oy - - .. .
i S T - . PR
‘e - -*

- ll..._.. ..L.au .l-..... L..IH..I.J _<.l....,l_..h?|..._r r——
ST t._ _-_w_.T NN u.n
...!hn....l : _..".....w.w l_.cwmmi _-._. __...__m
k.\. R e IR ool S B LAl M- L i
) W ul -‘\.\ Illn!l.lull..lllll.lvl.l-..l.. —— et - IV R R arayrar i g
l..l..._..\u\\\\u\&\\ l\,ll..lu..l....lll.l..llllﬂlalr.....l .ll.b.....l... _.!l..all ' ..l - _ ml ....._.-. . .“. , m\.“ t
; —

L — . ...r.......r!...!:..r........“.l h_......4..-
l’ll.l..-l ..!’.!lA ......_..._J.f Jll.-:...l“_r

l e
i
" .__-_ .

———

OIRE e

‘. RN 1

EAFTR DA L
o SR B

[

vl

L]

"oTofo TePT} £2°7 Je3Fe Sjusxawd qam ‘¢ ‘814



' - P - lfl.“.|)11l.l|l>h
T - - - poroetie et T e e
} ! - -y B . - ' - )
o - - il el o} t“ N
T - C s Sl s A SRVl
pE=str ] ——— ——— - e - T
T |l.\ol....bl.s.l..|rt.. b " i : LT S _.n - i [
- ,‘I.\.Nll-..wl!{..l\.‘:lu\.. T T e e IR LI R S AR Lt B S Lok
l\tti\u\{m.“a\\t\ntl.._.\l . e gl ot M Sy el | ey e [ A e -y ﬁ. e - “ RN
- ; el ~ : A AL e T R T
N B g Mot =cags rd;.n.hﬂnﬁﬂ&!r.!h«“ﬁll:ﬂfdlflﬁif i i 1 e e ] e = S R S
f. i . E = i S H ! " . g . - S amnm gm ermem e V — R e
) .t\\w\\mmb?ﬁfﬁlrjl?_ff[“ ..|_...._..ll l-_.‘..“ .”l_...t.w - a -M.._ '
] e S e i - i . i ; 4 X v . -
I I e T s Rt L Tt S M S ']
s i ferpe - . . ! L S —t— T
L L u.tal\-\ I T TG D TR T e b e - - "rq
B N - e . : 1 B . v t ! 1 i 1. " Pt L
A e B T R Tl P AR S UL LM NI
. : ' " ' RIS S T U G IR
. ™ pLL T S N Ty
| R L S )

uotgeutxoadde £3100T8) (g)

o09s/13 1

uotieuwtxoxdde xnTg (v)

"BT0LD TEPTY: GA°T J0qJB SjUaIand pooTs *'9 *3ITg




—22_

[ ; f‘—

C—— [ .o

[ - DY ]

/ ?\\‘N...Htl\.\ = T - v 4
-t - L.“\\.\..!\\\\\.l\\ T e S . - . - Is sf —\ \y nm -_

- R - e Y - - N

\\&\l\-l\“l\\\'.\\.u.\\u\l\‘\\\\\ . " —— T e e T TR e Ve, e - s - /7 :

e I e i i - - +

e - e RN e M, MmO T e i

e
77

s

uotgewtxoadde AL3T00T84 (g)

o8s/11 1

uotseutxoxdde XnTg (v)

N7 ,
/.(W\
ll\\ : i
.. 295/33 0V
D PUTH
\\.xu “08S/3F OT PUIM 4SBs YlIs

_w/_ \\\ﬁ m.ﬂo_\no TepTIL WN.H JdelIe S3UsIInN0 QQy .N- .w.mr.m







II‘I: A———— A y—— pp———— —— - L]
\:\.‘\\-\U—hﬂl-l”] aty— g — -
\.\\\\\\\ﬂllM:.\l.{.\.. er T T g e e et -— - v Y
e —— g | —— R e ———t—— 1 — - i 7 -
R
Il..l!lﬂ.l!im...‘.__“.llu P . B anate st e e et o r f P H
o [ P I o e s s e " \.\\\I — b, A F A m — v
[ .!...n-.l.. .- —_—— e —— e - ¢ 7 - ] H
- —— — e Y )
L - - i 7 - - = i ﬁ
. 1
|

-

09s/1F CT
PURTM

098 /43 07 DPUTM 3S3aM~Y3nos YTk
aTo4Lo Tepir GZ°1 J93le-sSjuUsxaN0 qam 6 "FIJg



-~ ]

N M e ey e e o - v/ m

N e — L S —— . P \\\“ﬁl
— oy —— ~ - LI -

l 3\

098/23 T

S

09S/21 01
PUTA
"09S /31X 0T PUTM 3SoM-U3N0S Y3 TMm
9TOAS TBpPT} GA'7 a93J® S3UaIan0 POOTJg *OT 'FTg



SjuTed 3® sileaan? peandwcn eIl S

(995/13)

10

(oe3/21) ¢
A

H

n

=1
e
2

et
+)
S
!

)

1y

i'0

-

(%8s/13) 1
A




- -

‘Q puB 5 SjuUTIog j® sjusaane pejnduopn ‘qyr *F

T4

0°T~ 05°0
¢ o- 62°0
A%wmmr 0°0 00
§*0 Gz'o-
4 o't 0570
.._ §°1 G4 o=

(908/33) A



"..*.-\-

°08s/4F t

aToLo TepTs T Jo3Je sjUsaand pajndwoy *zi *F1g




038/43 1

9ToAD TepTs T°7 J93JB SjusIand pejnduo)

‘¢

”

‘2T



-—
_— - — e

e L T T

- . -, e —— -—
/ — et ————n | YT
- s ~ r—— ——— e w— — -
e lr\\nt!.lll.\iﬂill —

: - - g - ) . — —— _— - - .
_— =t o e . N

: - iy e

: \ - l.nx.\n.-n;\ - l.m..hnni.ir..ni...ﬂx{ra.ﬁrmlaura R, e T S - -

I _ . ot PR i — -

i 7v \.lﬂﬁ“\“&.‘\&m\%l&uﬂn}é‘ T e -

H FER T ot .... R ki -
s = "t

i o

AN 085 /AI T
- \\\ .
'

8T0AD TEPTY Z°T J93Je Sjusaand pegndwopn 41 *Fig



8ToAS TepT3 £°*7 I83Fe siusaand payndwony ‘ST *STg



\ cd
|
i )
»
¢ e 09S/27 T
! ' T
ra

8ToL0 TBPTIY 4'7T JI93FB Sjusxan2 pajndwopy ‘91 *FT4



9TO0AT TepPI3 G J93J® siuagand paanduwon *Lt *3B1g



P T

09s/13 1

27{oAo TepIy §9°1 J83Je srusxand paynducy *gl *8TI



5T0AD TEPTY L*T J9%Je

e T . -

0es/13 T

sjusaano pagnduwog 61 ITJI

S et S e ~
. R ~ o~ -

P
- - .
- .
- -
- . -
. .
- .
I - 1
- .-




°95/23 1

8T2A2 TEPI4 g°T J93¥e srusaand pojndwony *0z *HIJ



-37-

{:
N e _\\\\
1 R 3 :
.. H Ilalf.n-””ﬂ,ﬂ,/c)uujl \\;\\V\\.‘L “&\

- i

LA |
RN / \\

S erf.l.reil_‘ou -

\NT
A :

v e
DN A
S /.
- . *
e
P

098 /31 1

9T0AD TBRT} 6°'7-J81J® sjuaxand peojnduwogy *1z *S14




s m %98/21 1

3TOLD TEPIG g 498 SaUadand pajnduwe) ‘gz 'FTJL



-39~

Q95 /w0 ut Ay1ootrea

S
w Fe
ir

v

AMﬁu 9JUsasIsa Aq pejaodaa sijusgano unuixew paansesy (z Iy

ONYIS) 300KHY "ONCd NMOLSIINYHI




—40-

CHAPTER 5. PROGRAM DESCRIPTION AND USER'S GUIDE

5.1 PROGRAM DESCRIPTION

The computer program presented here is composed of three staqges: data
input, matrix formation, and numerical integration. The flow chart is given in
Fig. 24.

First, five sets of data input are required to be read in:

1, computational parameters

2, nodal coordinates and depths

3. nedal connections in each element

4. land boundary conditions

5. open boundary conditions

Then, the global matrix [M1 is assembled by adding each element coefficient
matrix, The typical matrix contains many zeroes beyond the band width. A
compact rectangular array storing only those banded elements is economical for
both storage requirements and arithmetic calculations,

The systems of equations are solved by Cholesky's method, which is very
efficient for banded matrices. Let AX¥ = B be the system of equations. The matrix
should be decomposed into the product A = LU where L is a lower triangular matrix,
and U is a upper triangular matrix, then AX = B becomes LUX = B. The system can
be solved as follows: Let UX = ¥, LUX = B becomes LY = B, Thus, there are two
systems to be solved, First .Y = B, second UX = ¥,

The advantage of this method is that the LU form retains the banded structure
while other methods need full matrix storage, The LU factorization is needed only
once in a given unsteady problem,

The computational speed of LU decomposition and back substitution is quite
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‘Start,

[Read computational parameters l

[?ead nodal coordinates and depths‘

lﬁead element connectionsi

[Read boundary conditionsl

lRead outward normal directions]

IZero the matrix l

{Loop on each element]

[Compute element areal

Eind the bandwidth and L/Sqgrt(gh) |

k-

ICOmpute coefficient of shape functionT

Store element matrix to form a banded
global matrix in a rectangular array

|Rotate coordinates on the land boundary]

ILU decompose matrix

1

Fig, 24 Flow Chart of Computational Procedure
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=

— Print or punch output]

Egmpute right band side vector F|

T_ﬂ+‘1:oT/2|

Eﬁsert land boundary conditions

Solve Ay qY

l

Rotate qf, gg on land boundary back
to global codrdinates

]Empute right hand side vector F

T=T+DT /2 |

ﬁﬁsert open boundary conditionﬁj

Solve 7|

]

> 0

Fig., 24 Flow Chart of Computational Procedure (cont.,)
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fast. Presently, a 46l—element system with 284 nodes and 3 unknowns at each
node, requires 1.4 seconds for every time step on an IBM 370-155 computer.
The H compiler generally needs more storage but less computing time,
5.2 TUSER'S GUIDE
There are ten sets of read statements (input) in the program, Each
parameter in the statement is defined as follows:
STATEMENT
1. (3I110) ®N, WM, NW
NN: number of nodes
NM: number of elements
NW: bandwidth ofmatrix M
2. ({4Fl0.0) T, TLIM, DT, WW
T: start time (sec)
TLIM: end time (sec)
DT: time increment (sec)
WW: period of tide (sec)
3. (4rl0.l1) ATTD, HA, WX, WYy
ATTD: latitude (degree)
HA: amplitude at open boundary (ft)
WX: =x-component of wind (ft/sec)
WY: y-component of wind (ft/sec)
4, (2FlQ,0) STEPO, PUNCH
STEPO: print output for every STEPO step
PUNCH: punch output for every PUNCH step
5, (2rlo,0) UNIT, UNAR
UNIT: unit of length

UNAR: wunit of area
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6. (14, 11, 2F10.5, F3.l) MEXT(I), MB(I}, X{I), Y(I}, H(I)
MEXT (I} : external node number
MB(I): boundary condition type
= 0 interior node
=1 land boundafy
= 2 open boundary
= 3 connecting node of land and cpen boundary
= 4 gero velocity
X{I}: X=-coordinate
Y(I): Y~coordinate
H(I): depth
7. (3I3) W1(I)}, N2(I}, N3I(I)
31 node numbers in each element
8, (16I5) MHNO, (MH(I), I = 1, MHINO)
MHNQ: number of nodes on open boundary
, MH({I): node number
9. (16I5) MLNO, (MLE(I), I =1, MLNO)
MLNO: number of nodes on land boundaxy
MLH (L)} : node number
10, (8Fl10.4) (ANG{I), ¥ = 1, MLNO)
ANG(I}: rotation angle
The complete computer program is given in Appendix B. Two separate pro-
grams, one for the outward normal angle at a corner point and the other for
plotting the results, are listed in Appendices C and D. The program for
corner point angle is based on the bisection method. The plotting program
consists of two subroutines, ARROW and VECTOR, which are available in the

University of Rhode Island computer system for general plotting services.,
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CHAPTER 6. CONCLUSIONS AND RECOMMENDATIONS

The materials presented in the preceding chapters has shown that the hydro-
dynamic characteristics of coastal waters can be modeled successfully by the
finite element method. From the results of the application at Ninigret Pond,
the following conclusions are drawn:

l. A refined finite element mesh in areas of complex geometry is extramely

important to the accuracy of the global results,

2. Wind generated gyres can be clearly visualized in the computed currents

Wind-conditions in shallow water areas cannot be neglected,

It is recommended that.

1. A detailed investigation of stability conditions be conducted to give

information for constructing the finite element network properly,

2., An automatic renumbering subroutine to decrease the bandwidth of the

matrix be included in the main program,

3. A further and more extensive comparison between the finite element

method and the finite difference method is necessary to justify rela-

tive advantages and disadvantages,
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APPENDIX A. ROTATIQON OF THE COORDINATES

The coordinate transformation matrix [T] is

cos 8 -sin ©

(r] =

sin § cos & |
aT .
and the transpose fomrm [T] is

cos 8 sin &
(ry - [r] [T} = [1]

-sin & cos B

where 8 is the rotation angle which is between the outward normal of the land
boundary node and the global x-coordinate,

The momentum egquation [Mq] {&} = {Fq} is in global coordinates originally.
After multiplying [T} and [T]T on the rows and columns of boundary nodes, the

multicoordinate system is formed,
(T 1] :
[ 1T 0 Fup Fup
m \\\\\

1 5

¥
e L m 3 I ILD w07 LI 1)

1T

m * :
r a F
lo lo
;;\‘\ ‘ ] { }
The equation representing the particular boundary point illustrated in eguation

(1) becomes

177 U myp 1 {ag,} + (0] Dn] (2] (210

. F
FRC SV TS I 5 U ey (2)
vb
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The boundary condition is substituted into the above equation (2) for local
coordinates. The rotation procedure does not change the physical structure of
the original problem. 1In fact, the calculation of [T]T [m] [T] in Bqn. (2) is
noé necessary, because if
5 ST
0

[m] =
oo

=m, []

then

T T
(23" (m) {1] = m, (77 [1] (7] = o [}
It is cbserved that equation (2) is identical to the global equation after [T]° is
cancelled in every term:
T £
Let ', = [T]T -xb
9yb lqyb
The solved value of q'xb and q'yb should be rotated back to global coordinates

for the next step calculation.
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APPENDIX B. MAIN COMPUTER PROGRAM

280
281
282
283

284

2G8

300

205

301

302
3013

104

306

307

308
309

319

# R

DIMENS ION X(2B4),Y(284),H{284),81(568,51},82(284,25),
UE284) +V{234),FTA(234)UVPI568) ,EP({284) 4MEXT (2841,
MINTI286) ., L1I568),R2(284)5A19,4611,5(568),MB1284),
CMAN{461),CHEZ(461), AREA(461 )4 NLI46L) o N21461)N3L46LY),
MH{ 3 ) MLE(L1C4) . ANG{104)

READ COMPUTATIONAL PARAMETERS

READ(S5,280) NNgMNM,Mx
FORMAT{3110}

READ(5,281) ToTLIM,OT,0Wu
FORMAT(4F10.0)
READ(S5¢282) ATTDsHAs WX e WY
FORMAT(4F10.1)
READ(5,283) STEPO,PUNCH
FORMAT{2F10.0)
READI5+284) UNIT,UNAR
FORMATI2F10.0}

READ GLNBAL CCORDINATE OF EACH NODE

WRITE(6,258)

FORMAT(LIH ' NODE NUMHBEH? 45Xy "X 39X, Y, 99X "DEPTHY /)
DN 205 1=1,.NN

READ{S,s300IMEXTIT ) oMRITH XL}, YII),HLT)
FORMAT{14,11,2F10.54F3.1)

MINTIMEXT(I} =1

WRITE(S, 30U IMEXTUI ) o1 4MBUI) o X(TVsYLT)oHIT ) I=14 NN}
FORMAT(2(315,3F10.31})

READ ELEMENT DATA

READ{S5¢3021INL{T)4N2UT)4N3{I)+T=1sNM)
FORMAT(313)

WRITEL6,303)

FORMATI1H ,'THE FLEMFNT CCNNECTINNS /)
WRITE(6,304) (I4NLITI,N2LTYN3LT),I=14NM}
FORMATI{SITIT+2X,314))

READ OPEN AND LAND ABOUNDARY

READ{5,4306) MHNDy [MHIT) ,T=1,MHND)

READ(5,306) MLNN, {MLE{I),I=1,MLNO)}

FORMAT(1615)

WRITE(64307) MHAL

FORMAT{1H o' THERE ARE',15,' NODES ON THE OPEN BOUNDARY'}
WRITE{&2300(MH{1]).1=1.NHND)

WRITF(64308) MLNO

FORMAT({1H ,*' THERE ARE',[S5,%' NODES ON THE LAND BOUNDARY')
WRITE{6,3C9) (MLE{I),1=L.¥LND)}

FORMAT{3X,1515%)

READ(S,310)LANGIT),1=1,MLNII}

FORMAT(BF10.4)
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WRITE(64311)

FORMATILH ,°

WRITEL Gy 3L2VIMLE(T) ¢ ANGLT) »1=1 MLND)
FORMAT{S(IB,F10.4))
STEBC=1.E1C

NBAND=0

CRHO=0.00114

G=32.174

CDRAG=0.0025
F=3,141592/21600, *SINLATTDR/180,%3,141592)
NWN=2%NW-]1

NN1=NN%*2

NWl=NW%?2

NWNI=NWN#%2+1]
COX=CORAG*CRHMEABS (WX ) * WX
CCY=CDRAGH¥CRHOFARS{LY)*KY
Cl=1,.73.

£2=1./3.

C3=10,3-

Ca=1./12.

C5=1./12.

Co=1,/12.

Ci=1./6.

CA=1./6.

Co9=1./¢&.

00 201 I=1.KN
X{D)=X{T1)=UNIT
YUI)=Y{1)%UNIT

DO 292 I=1,MLND
ANGUI)=ANG(I}%DATAN{ C.100L) /45,
N 204 I=1,NN1

BO 234 J=1,NwN]1
Rl1lI.,4)=C.

NG 233 I=14NN

DO 203 J=1,NKWN

B2(I,J1=0.

D0 1D [=1,NM

NLIET p=MINT(NLL
N2{T}=MINT{N2{
N3TII=MINTIN3(]

Ih
)
(N

LI=TABSINIUEI=-N2{1))+]
L2=TABSIN2(I)=N3(T)}+1L
L3=TARS{N3(I)-NL{T1))+1
IF(NIAND.LT L 1) NBAND=LL
TFINRANDLLT,L2) NBAND=L2
TF{NBAND,LT.L3) NBAND=L3

XP 1
Xp 2
XP3
YP1
YP2
YP3

TRANSFER TC LCCAL CONRDINATE

2o EX{NLLIDI-XIN2{TII-XIN3{1)))/3.
2o¥XIN2UT)I-XINILI))-X(N3{I}})/2,
2e*XANIMTII-XINLLIDI=X(N2(T)))/3,
2J¥Y{NLOTHI=-Y{N2{IJ)=Y(NIL{IV))/3,
2oXYIN2CTNI=YINL{ID}-YIN3(1)))/ 3,
2HYINI(E)I-YINLL{1))-YIN2{I))}/3,

— e, g g g

woilbowowodloh

CALCULATE ELZIMFNT ARCA

THE DUTKARD NORMAL DIRECTIONS *,/)
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AREA(I)= 0.5%(XP2RYP34XPLAYP2+AP3%YP]
* —XP2EYPL-XP3EYP2-XP1XYP3)

CAILLCULATE MANMING FACTOE
CMAN{T}=0,03
CALCULATE COEFFICIENTS OF SHAPE FYUNCTICN

A{LsTh=UXP2RYPI-XP3RYP2) /{2, %ARCAL{T) }
A2, 1)1=(YP2-YP3)/(2.%4REA(T)
AL, 1= XP3=XP2) /(2. ¥AREA(L))
Al4, 1h={XP3xYP-XPLxY¥YP3)/{2.%AREA{]}}
ALSy T =1YP3-YPLY/{2.%ARFA(L})
Al TI={XPL1-XP3)/(2.*42FAL 1))
AT I)={ XPLEYPZ-XP2%YP L) /(2,%AREA(T})
AlBs1)={YPLl-YP2)/(2,%AREA(L]))
MOy 1 )={XP2=XPL) /(2. *0REA(]))

AREACII=AREA(T}/UNAR
BISI=SORTI{XANLI{TIII-X{MN2{T1 )i &x2+{YINIIT)I}-Y(N2{I})I%x2])
DTS2=SQRT{{X(N2{I I I~XINI{II ) 232+ (YIN2(IT)I=Y{NI(I))}%x2)
DIS3=SQRTI(XINZ(III-X{NLLI I} D=2+ (Y{NI(L))-YI(NLLT}))%x2)
DH1A=DISL/SQRTIGHH{HNLITI)})

DH1A=DIS1I/SORTIGHRH{NZ(TI)))

DH2A=DIS2/5QRT{NxHINZ(TI))

DH2B=NT1S2/SQRTIGXH(N3(T)))

DH3A=DIS3/SQRTAGHEHINIIII))

DH3IB=DTIS3/SQRTIGHEHINLITI Y

IF{STFRC LGTLUHLAY STERC=0HI1A

IF{STEBC.GT,DH1Y )Y STEAC=DHIAB

IFISTEBC.GT.DH2AY STFERC=NHZA

IF{STFRC.GT.NH2:} STEBC=DHZR

ITF{STERC LGT ,OH3A} STERC=NDE3n

TF{STERC.GTLDH3"Y STER(=NH3A

FORYM THE GLOBAL MATRIX

[T=N1(1)}

JJ=N2T)

KK=N2{ 1)

TI 1=tk

JJl=d4~(11-Nw)

KK1=KK=(11=NW]

B2UIETTL1=R2(TT+II1)+CT*ARFALIL)

P2UT14JJ0L)=R2{IT+JJLI+C4*AREA{T)

B2{TT+KK1}=R2{11 yKKLI+TEXAREALT)

[T1=11-fJJ-Nw}

JJl=hu

KK1=KK={JJ~NW}

R2UJJLITL}=B2{JJ,TTLI+CAa*ARTA(T]

B2{JJs JJL1I=82(Jdy JJLI+CBEAREALT)

B2l S IeKKLI=R2{JJ4KKLI+CS%AREA{T)

[Ti=11-{KK=NW]}

JI1=JI=(KK-NW)

KK L=iW

B2{KKyTI1)=B2{KKyIT1}+C&*AREA{T)

B2IKK S JIL)=RZIKK L JIL)+CHHAREALT)
10 R2UIKK,KKVISR2(KK JKKLI+CS=AREA{])
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WRITE{6+3220) NBAND,STFRC,UNAR

320 FORMAT(IHO4 ' THE RANDWIOTH = *,[5,'THE SMALLEST L/SORT{GH} =*

321

12

14
13

15

16

21

22

23

18

17

L3

$F10.3,/7/y1H 4+ ELEMENT AREA (UNIT*,F10.2,"
WRITE(6, 321V T+AREA(T) yI=1,NM}
FORMAT(5(16.F12.4)"}
DO 1 I=1¢NN
DD L7 J=1.NWN
RL{2%TI~142%) I=R2(1,J)
BLIZ2%]42%d )=B1{2%1-1,2%) )

ROTATE COOKDINATE CN THE ROUNDARY

LAl=NWN=-1
LBZ2={NN1=-NW1+2)}/2

DO 13 N1=1,MULND
I=MINT{MLE(NI))
NMB=MB( ]}

GN TO {(14,13,14,13),NMR
CALL ROTBLIBL,ANGINT ) oNNL 4NW1+NWNL ,NWsT +LBL,LR2}
CONT INUE

DO 23 NI=1,MLNG
[=MINTE(MLEINI}}

NMB=MB (1)

GO TO (15423,15,21),NMB
DO 16 J=1,NwWNL
Bli2%1-1,4)=0.,
BL{2*1-1,NW1)=1.

GO TO 23

D 22 J=1,NWN1
BLI2%[~14J)=0.
BL{2%[,J}=0,
Bli2*I,NWL)=1,
Bl{2#1-1,NWl)=1.
CONTINUE

L 1 OECCMPOSE MATRIX

CALL MATRIX{BlsNNLyNWl,NWN])
DT 17 NI=1,MHND
T=MINT{MH{NT]))

DO 18 J=1,NWN

BZ‘I!J'=O-

B2{I,NW)=1,

CONTINUE

CALL MATRIX{B2,NN,NW,NWN}

SET INITIAL VALUFS

READIS31BIIIETACTIYjUCT)VIT)I=1,NN)
N0 9 1=14NN
QU2%]-1)}=ULTI)R{FTatl+H(]))
QE2%T)=VII)*{ETA(TI+HIT))

KL=0
ML=0
MLL=1

STARY SEMI-IMPLICIT METHOD

SQRT FEET}*)
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25 IF{KLJEQ.ML%STEFO) GO TO 27
GO TO 28

27 ML=ML+]
TIM=T/60.
WRITE{643415) TIN

315 FORMAT(/,' TIME=',F10.2}
MWRITE({64316)

316 FURMAT(2X, *ELEMENT TIDE U VELOCITY Y VELDCITY®')
WRITE{G«3LTIITMEXTOLILETACTESULTID) VL) ,1=1,0NN)

317 FORMATI(3(214,3F10.3)1)

28 IFIKL.EQ.MLL*PUNCH)Y GO TO 34
GO T 36

34 MLL=ML1+]
WRITE(7+318M{T.ETATTY,U{T)} Vil)si=1,NN)

318 FORMAT(I593F1le4yI543F1L.4)

36 CALL WH{TyHHyWwoHA)
DG 38 NI=1,MHNO
F=MINT(MHINT))
ETA{I)=HH

38 CONTINUE

39 DO 40 I=14NN
R1{2*%I-1)=0.

40 R1{2*1)=0.
DO 42 I=1,NM
UU=Q(2ENL (T =1} ¥240(2¥N2TE) L) *¥24Q{ 2%N3 (1} -1 p%%2
VV=Q(2RNTCT) 3% 24Q2%N2 1) %2 4Q(2%N3{1) %42
AVEG={ lUU+VV ) /3, 1 ¥%0.5
HEL=HINL(T))+ETAINI(I))
HE2=H{N2({ 1) I+ETA(NZ2{T1})
HE3=H{NI{[))+ETA(N3{L})
AVEGH={{HEL1+HE2+HE3) /3, ) *%2
CHEZ(T1=1449/CMANLT IR { (HEL ¢HF2+HE3 ) /3. ) %%{1,/6,.)
CHG6E=CT*ETA{NI(T ) )+ CAH*ETAINZLTI})+COXETAINACLID)
C4B5E=CA4*ETAINLIT}I+CBXETA(NZ (L)} +CHS=ETAINI(I))
Ce59E=COFETAINLIE))+CS*FTAINZ(IN)+CO*ETAINI(T))
CT46H=CTFHINL{ T} }+C4¥HIN2(T ) )+CoxHINI(T )}
Ca4B5H=CA¥xHINL{T ) }+CBFHIN2 (T I+ S¥HIN3(T))
COESIH=CO%HINLITI I +CO*HIN2{ ) I +CIBH{N3{T) )
AZ25BE=AL2 T I*ETAUINLUT) Y+ALS,I)XETAINZIT))+AL(B, [)XETA(NZLI))
AB09E=AL3, I )*ETA(NL(I} I+ A(6, F)I*ETAINZCI)I+A(D, I IXETA(NZ{I))
PREX1=G¥{CT46H+ T46L }*A258E
PREXZ2=G*{C400H+C 485E ) *A258F
PREX3=G¥{ C6S59H+L 659F }xA258E
PREYL=G*({CT46H+( T46E ) ¥A369E
PREY2=G*({ C485H+C 4BSE )X AA6YE
PREYI=G*{ C659H+C 659E ) A369E
CTa6U=CT*QI2ENLIT )1 +CA*QU2EN2 (1) —L)+CO6*Q{2%N3{1)-1)
CaB5U=Ca%Q(2*NL{T)-1}+CB*Q{2%N2{I)—-L)+C5¥QI2%kNI{T}-1)
Co659U=Co6*QI2EN1{I)~1)+CS*¥QI2%¥N2{1)-1)+CO%*QU2%*N3(I)-1)
CT46V=CT*QL2ANL{ LI 1#C4%QU2%N2 (1) ) +CHXQU2¢NI(T}}
C435v=Ca*Q{2%N1(1))+CB*Q{2XN2{I))+C5%Q{2%N3(1})
CO59V=Co*xQ{2ENLI (1) }+CEO%Q{2%N2{ 1) ) +0O%0(2%N3 (1)}
QXX1=Q(2*NL{[)-1}%%2/HE]
QXX2=Q{2*N2{ 1)-1)#**2 /HE2
QXX3=QU2%N3([)—]1%%2/HZ3
QYYL=QU2%N1{ 1) )*%2/HEL
QYYZ=QI2*N2(T1) )1 %% 2/HEZ
QYY3I=QU2%N3{ 1)) %%2/HFS
QXYL=Q{2%NL{I}~11*Q(2%NL{T)) FHFL
OXY2=0Q{2*N2{ 1)—1L1%QU 2%xN2{T)) /HE2
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QXY3=Q(2¥N3UT)-1 ) %01 2%N3{F)) /13
CONU={A{2,T)%QXXL+A(5, TV RCXX2+A{8, 1) %QXX3

* FA(3 T I%OXYL+AL6 T ) %OXY2+A(9, 1 )%0XY3} /3.
CONV={A(2, I )%OXYL+A{S, 11 *OXY2+A (B, 1} %QXY3
* AL EI*QYYLI+A( 6, TV %QYY2+A({9, T1%0YY3) /3,

GACA=G*AVEG/(CHFZ{T)*%2) /AVFGH
FRUL=GACAX*C 746U
FRV1=GACA*CT46V
FRUZ2=GACA*C485U
FRV2=GACA*C485V
FRU3=GACA%XCE&S59U
FRV3=GACA*C659V
UK1=  (CONU+PREX '—F*(C746V~CCX+FRYULIXAREALT)
UK2=  (CONU+PREX2-F*({4B85V—CCX+FRU2)*AREA(]}
UK3= {CONUHPREX3I-F*COHSSV—COCX+FQUI)*APEA(])
VK1={ CONV+PREYLI+F %[ 746U-CCY+FRV1}®ARFA{ T}
VK2={ CONV#PREY2+F ¥C4 85U~ COY+FRV2 )% AREAL])
VKI=(CONV+PREY34F %CEéS59U-CCY#FRVI)RAREAL])
It=N1{1}
Jd=N2i1)
KK=N3({1)
RLETT#2-11=RL1{I1%¢=1}-UK]
RICJJ%2-1)=R1{JS%2-1)~1IK2
RLIKK*2-1)=F1{KK#2~]1)-UK3
RLICIT#2)=RL{T1%2}-VK]
RIGJJ*2)=RL(JI*D)=VK2
42 RIAKK*2)=R]1(KK%? }-VK3
T=T+DY¥/2,.
0D 50 NI=1,MLNO
T=MINTIMLEINT))
NMB=MB( ]}
GO TO {49450,49.52), MR
52 R1{2#%1-1)=0.
R¥(2*1}=0Q.,
GO T 50
49 CALL POTUVIRL(2%1-1)4R1{2%1),ANGINI))
R1({2%1=~1)=0.
50 CONTINUE
CALL SOLVE(BL,R1,UVP,NN1,NW1,rmwN]1}
DO 52 NI=1,MLNQO
I=MINT(MLEI{NI})
NMB=ME{ 1)
GO Tl 154453454,53),NMB
54 CALL ROTUVIUVP{Z*I=1),UVP{2*%1},~-aNG{NI)}
53 CONTINUE
DO S& J=1.NN
QU2*1-1)=012%1-1 }+0T*UVP{2%]1-1)
56 QU 2%1)=QU2*%1}+DT*UVP{2%1}
DO 62 I=1,NN
HE=H{ I }+ETA(I}
UIL)=n{2%]-1) /HF
VITI)=Q(2%1}/HE
62 R2{1)=0.
DO 64 I=1,MM
EK=(A(2,1l*OIZ*lNl(I)l-l]*Al5'Il*OIZ*(NZl[lI—ll+
* AUB+ 1) %QU2*{NI(T)I-1)+A(3, I1%QL2*%INL(I))) +
* AL, TIRQI2FIN2UTIII+A(O, 11 H+QI2%(NIIT)}) )/ 3. %AREALT)
TI=N1{T1)
JJ=NZL(T)
KK=N3{1)



el eyl

64

66

68

T0

20

45

30

54

55
60

-55-

R2{TII=R2(T1}-E¥K
R2(JJy=R2{IJI-EK

R2(KK}=R2(KK)-EK

T= T+!)T,2 .

CALL WHP(T,HP,WHsHA)

DO 66 Ni=1,MHNO
I=MINTIMH{NT})

EFP(II=HP

R2{I¥=EPLI)

CONT INUE

CALL SOLVE{B24R2,+EP NN+ NWoNWNI
DO 63 I=14+NN
ETACI)=ETA{T)+DT#EP( 1)

KL=KL+1

IF{T-TLIM) 25,25,70

STOP

END

SUBRNUTINE WH{T.HH)WWsHA)

HH=CNS( 2. %3, 141592%({ T/WW) ) *HA
RETURN

END

SUBRNUTINE WHP (T «HP 4y WH 1 HA)

HP==2,%3,141592/WW*SIN(2,%3.141592%(T/WW))*HA

RETURN
END

LU DECOMPOSITIGN

SUBROUTINE MATRIX{(A,NoNW,NWN)
DIMENSION A{N,NWN)

M=N-1

DO 30 K=1l.M

I1=K+1.

NWi=MNW+K—1

IF{NWL.LE.N) GO TOQ 20
NWl=N

DO 30 I=11,NW1

NI=NW-1+11
Y=A{T,NI-L}/B (K, NW)
A{I4NI-1)=Y

NWLL=NT+NW~2

IFINWL1.LELN) GO T0 45
NWll=NW-1

00 30 J=NI.NWL1
A(T+JIZAC T, DY=Y*ALK ., J+I-KI
CONTINUE

RETURN

END

SUBROUTINE SOLVETA B X e Ny NWyNWN)
DIMENSION A{N NWN) B{N}.X{N]
X{1)=B{1)

K1=NW-1

DO 60 K=2.N

SUM=0.

NWZ2=NW=-K+1

IF(K.LELNW) GO TO 54

NW2=1

DO 55 J=NW2,K1
SUM=SUM+A{K , J} X { J=NWtK)
X{K)=B(K1=5LUIM
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80
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XEHP=X{NF/A{NgNW)

K=N

Nwi=NW+1

SUM=0.

K=K—-1

N 3=NW+N—K
ITFENWIJLTLAWNT GO TO &4
NW3=MNWN

DN &5 J=NW4 N3
SUM=SUMLAIK o JIEXCI-NWHK ]
XIKI=(X(KI=SUM) /ALK o NW)
IFIK.FQ., 1) GD TO 80

GO 7O &2

RETURN

EMD

CODRNDINATE ROTAYION

SUBROLITINE POTBL{BL s ANGLE s NNLsNWL,NWNL NW, 141 RL,LR2)

DIMENSION BLINNL NWNL1}
NWM=NW-1

IF{I.LELNWY GO T3 20
LRr=LR1

DO EO J=NW,LR
TI=T-J+NW-1

CALL ROTSMIAL(2%TIT-1,2%342)BL12%11-1,2%J43),B1(2%[1,2%J¢1),

B102%1142%J42) JANGLE)
NwJ=4ENW=2%
BLI2%T yNWI=2)=B1 (2% -1 ,2%J¢2)
BLE2%T JNWJ—3)=B1(2%]I~1,2%J43)
BLU2%T-1yNWJ-11=31(2%[1,2%J¢1)
BL(22I=1,NWJ=2)=RLI2%I],2%J+2?)
CONTINUE
GO TC 30
IF(1.EQe1) GO TO 30
LB=T4NW=2
6o TO 9
IFLI.GT.LR2) GO TO 60
LR=1
DO 70 J=LB,NuM
IT=1~J+NW

CALL ROTSM{BLI{Z2%IT-1,2%J) BL{2¥%[I-1+2%J+1),BL(2%11,2%J-11,

ALI2%IT1,2%0), ANGLE)
NW =44 Nw=2%J
RL({2%] JNWJ)=BLll2¥T1~L,2%J)
BLE2%] 4NWJ«1)=Bl{2%]]<=1,2%)+1)
BLUEZ2%]- Ly NWI+1)=RL(2*1],2%J-1)
Ri{2%1-14NWJ)=RBl(2%T1,2%J)
CONTINUE
GO 10 90
[FET.EQ.NNL1/2) GT TO 90
LB=14(1-LB2)
GO TO 59
RETURM
END
SUBROUTINE ROTSMISML,S5M2,5M3,5M4, ANGLE)
SMIP=SMLRCOS(ANGLE)+SM2ESTINIANGLE}
SM2=-SML2SINIANGLE ) +SM2%*COS{ANGLE)
SM3P=SMABCOSTANGLE J+SMEXSTNLANGLE)
SM4==SMIXSTN{ANGLE ) +SM4%xCOSTLANGLF)
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SM1=5M1p

SM3=SM3p

RETUEN

END

SUBRNUT INE ROTUVIA,BANGLEY
AP=A%XCOSIANGLEI+PXSTNIANGLED}
R=—A%SIN(ANMGLE)+B*CIIS{ANGLED
A=AP

RETURN

END
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APPENDIX C. COMPUTER PROGRAM FOR CORNER PQINT

100

1¢

20
40

50
60

70

«  BISECTTON METHOD

READ(5,100) ANG,X1,Y1,X2,Y2,X3,Y3
FORNMAT(7F10,2)

ANG=ANG*3,141592/180,

THTA4=0.

THTA 2=ANu
DIS1=SQRT({{X2-X1)¥*2+(Y2-Y1)*¥#2)
DIS2=SQRT{ (X3-X2)*#*2+(Y3-Y2)*#2)
FX1=DIS1/DIS2*COS{ANG-THTA1)-COS(THTAL)
THTA3=( THTA14THTAZ2) /2,
FX3=D1S1/DIS2*C03 (ANG-THTA3)-COS(THTAS)
IF(FX1#FX3) 20,60,40

THTA2=THTA3

GO TO 50

THTA1=THTA3
IF(ABS(THTA2-THTA1}-0,5D-05) 60,60,10
THTA3=THTA3%180./3.141592

WRITE(6,70) THTA3

FORMAT( 2% ,F10.4)

END
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APPENDIX D. COMPUTER PROGRAM FOR PLOTTING FIGURES

300
205

301
302
303
a06
304
200

307

Lo
330

305

L6

CALL NAME(YINO100', "CHARLESTOWN PUND ')
OIMENSION X$294),Y(294), MEXT{294) MINT(300} 4MB(2G4) +MLELLLO) o
* XLUL1O0) o YLULLO)» X1{4749) o X214Ta) Y U 4T4)¥Y2(4T4},
x U{294),VIZ294)UEL4T4)Y+ VE(4T4) s NI{4T4) N2LLGT4) 4 N3{4T4)
NN=284

NM=461

Azl,.

8=1.

DO 205 I=1,NN

READ(S (300 IMEXTIT Iy MBLI Mo X (L) Y{I)4H

FORMAT {[4¢ 11+2F10455sF3.1)}

MINTIMEXTI(1))=1
WRITE(6+30L){MEXTII ) I+MBLI) X{T)s¥Y(1),1=]1,NN)
FORMAT {3X,315,2F10C.3}

READI(S5,302) INLIT),NZ{T);N3(T),I=1,NM)

FORMAT (313}
WRITE(6y3031UT o NLIUTIyN2{I)eNALT )}y I=]4NM)

FORMAT {5{415))

READ(5,306) MLNO,{MLE(I),I=1,MLND)

FORMAT {16151

WRITE{6s304)MLNOy {MLE(L)yI=1+MLND)

FORMAT{1615)

READ(S 92003 {1 4ETA, U{1 )4V I}y I=14NN)

WRITE(G 3071 {1 U{1)4Vi1)eI=1yNN)
FORMAT{4([5,2F10.4))

D0 10 I=1,NM

NLOE)=MINT (N1{1})

N2UI)=MINT(NZ21I})

N3I(I)=MINT{N3(]I))
BEAI}=(UINLCL)Y)#UINZITI)+UIN3ILE) )Y/ 6,
VE(TI={VINLI{L))+VINZ2(L)Y}+VIN3II})} /6.
XLEI)=4XANLCTI ) )X (N2CED P XINB(I)Y)/3./20.-UE(T)+A
XZOL =X ENLOT Y ) eXINZI T4+ XANBILN) )/ 3./720.7UEL(T)+A
YLOI =Y INLOL XY #YANZOID)4YINILE)I I /3./20.~VE(T)}+B
Y2(U)=O0YINLETI ) I+ YINZLID FHYANB(L)))/ 34/ 20.+¢VE(T 1B
AL=SORTIUET E) e 24VE(T %2} /1.5

CALL ARROWIXL{T}.YLII . X2(TI)s¥2(1}yAl,3)

CONTINUE

"‘R[TE‘6'330’(IFUEIIl!VFfllil':'l!NH,
FORMATI5L16,2F10.4))

WRITEAG 305N T XU YLUL} X200 haY2U1)0+1,NM)
FORMAT {3X s [5,4F1044%)

DO 16 NI=1,MLNO

I[=MINT{MLE(NI)}

XLINTE)I=X{[)/20.%A

YLINL}=Y{1)/20.48

CALL VECTOR (XLyYLeMLNG,1,0,0}

CALL ENPLT(D0.,50.)

STOP

END






