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This report summarizes lecture notes for a short course

presented by the author at the institute of Water Conservancy

and Hydroelectric Power Research, Academia Sinica and the

Ministry of Water Resources and Electric Power, China. The

material herein is intended to serve as a summary of the

lectures. Due to limitations of space and time, coverage of

many subjects is brief or even omitted. Reader should refer to

selected references for more detailed information.
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Length:

12 in = 1 ft

2.54 cm = 1 in
lcm = 10 6m = 10 4cm
1 in = 0.0254m

1 ft = 0.3048m

1 mi = 1.60934 km

Area:

Vo lume:

Mass:

1 kg = 2.205 l~
1 slug = 32.16 ~.bm
4S4 g = 1 lbf

Density:

1 lb /in = 2.76799 x 10 kg/m3 = 4 3
1 lb /ft3 = 16.0185 kg/m

Force:

1 dyn = 2.248 x 10 lbf
1 lbf = 4.448 N
105 dyn = 1 N

Pressure:

1 atm = 1.01325 x 10 N m
5 2

1 lbf /in2 = 6894. 76 N/m
1 atm = 14.696 lbf/in = 2116 lbf/ft 2

1 atm = l. 01325 x 105 N/m
1 in Hg = 70.73 lb /ft2

f

1 in

1 ft2
1 sq.

1 in
3

1 ft

gal

645. 16 mm
2

0 092903 m2
mile = 2.58999 km

2

l. 63871 x 1! m-5 3

0. 0283168 m

231 in = 0. 004546092 m



CONVERSION FACTORS  cont. !

Energy:
kWh = 3413 Btu

1 hp-h = 2545 Btu
1 Btu = 252 cal

1 Btu = 778 ft.lbf
1 erg = 10 7J
1 Btu = 1055.06 J

1 ft-lbf = 1.35582 J
1 cal�5'C! = 4.1855 J

Power:

1 hp = 745.7 W
1 Btu/h = 0.293 W

Heat Flux:

1 Btu/h ~ ft = 3.15372 W/m2 = 2

1 Btu/h.ft = 0.96128 W/m

Thermal Conductivity:

1 Btu/h ft 'F = 1.730278 W/m -'C2

Heat Transfer:

1 Btu/h-ft -'F = 5.67683 W/m ~ C2 0 2

Thermal Conductivity:

1 cal/s-cm 'C = 242 Btu/h. ft F
1 W/cm. C = 57 ~ 79 Btu/h. ft ~ 'F

Viscosity:

1 centipo ise = 2. 4 2 ibm/hr - f t
1 lb s/ft = 32.16 lb /st ft

f m

13 1
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Agglomerate   JP iP  : c! !

Anchor Ice  +gg + 4>4!

Anchor Ice   g@~ + + !
Dam

Break-up   Q'g4a g !!
Initiation

Beginning of  ! f '$ 0"  ! !I! !
Freeze-up

Black Ice  .4-.f+.4.~ +

Border ice   P ~ !

Brash Ice   g~j. ~}c. !

Break � up   @ 'f, !
Break-up   g :f f! ! $ !
Date

Break-up   @ 'f P Q !
Period

Candle Ice  A g W {~

Columnar  $.j.. 8  +4<!!
Ice

An ice cover of floe formed by the
freezing together of various forms of
ice.

Submerged ice attached or anchored
to the bottom, irrespective of the
nature of its formation.

An accumulation of anchor ice which
acts as a dam and raises the water
level.

Time of definite breaking or movement
of ice due to melting, current or
rise of water level.

Date on which ice forming stable
winter ice cover first observed on
the water surface.

Transparent ice formed in rivers
and lakes'

An ice sheet in the form of a long
border attached to the shore.

Accumulations of floating ice made up
of fragments not more than 2 m
across; the wreckage of other forms
of ice

Disintegration of ice cover.

The date on which a body of water is
first observed to be entirely clear
of ice, and remains clear
thereafter

Period of disintegration of an ice
cover.

Rotten columnar-grained ice ~

Ice consisting of columnar shaped
grain. The ordinary black ice is
usually columnar-grained.





Slush  ;+- <~ -�~~ !
Ice Run

Snow Ice  

bubbles.

Ice Edge  ;~!,+ W ie !

Ice Floe   =,$ .>i~ !

Ice Jam   .g<. + !

Ice Jamming  .+g W T- !

Ice Needle   W gt !

Ice Run   =, Q ng !

Ice Sheet   Q< $ !

Pancake Ice [=,/gal E!.: m!t!

Rotten Ice  ~ '4 f;-;~/!

Rough Ice  wP>F +

Skim Ice   g$ $g ~l' !

Slush Ball  -;!~i'I< 5i:,4« ~f !

The demarcation at any given time
between the open water and ice of any
kind, whether static or dynamic. It
may be termed compacted or diffusely

Free floating piece of ice greater
than l meter in extent.

An accumulation of ice at a given
location which, in a river, restricts
the flow of water.

The process of accumulation of ice
to form an ice jam.

A small needle-like ice crystal
formed under certain nucleation
conditions'

Flow of ice in a river. An ice run
may be light or heavy, and may
consist of frazil, anchor, slush or
sheet ice.

A smooth continuous ice cover.

Circular flat pieces of ice with a
raised rim; the shape and rim are due
to repeated collisions.

Ice in an advanced stage of
disintegration.

General term for ice covers with
rough surfaces.

Initial thin layer of ice on a water
surface.

The result of extremely compact
accretion of snow, frazil and ice
particles. This is produced by
either wind and wave action along the
shore lakes or in long stretches of
turbulent flow in rivers.

Ice run composed mainly of slush ice.

lce that forms when snow slush on an
ice cover freezes. It has a white
appearance due to presence of air
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Surface water bodies in a substantial portion of the

populated regions of the world freeze either totally or

partially in the winter. Figure 1 shows the area of ice cover

and its duration in terms of navigability for the cold regions

of the Northern Hemisphere. The presence of ice can seriously

interfere with the utilization of lakes and rivers for power

generation, navigation, water supply, etc. Ice and its effects

are important considerations in the design, operation, and

maintenance of hydraulic engineering facilities. In rivers ice

can cause serious problems by the damage it does to hydraulic

structures, by the flooding that often accompanies ice jams, by

interference with hydropower operations, and by impeding inland

navigations. Despite the cost associated with the interference

caused by river ice, relatively little effort has been given by

engineers in dealing with these problems versus the level of

study devoted to rivers under ice free conditions.

Nevertheless, substantial progress has been made in the last two

decades. A few treatises on ice engineering exist, including

those of Barnes �2!, Michel �6,57!, Pivovarov �4!,

Shulyakovskii  91!, and Ashton  ll! . Several review papers and

reports on river ice have been published �,8,9,95,105!. This

report will review the hydraulic aspects of river ice with an

emphasis on the formulation and modelling of processes that are

involved.
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Figure l. Average number of days during the year in
which water is unnavigable �3!.



IX.

A river's thermal-ice condition is affected by heat

exchanges through interfaces among the atmosphere, ice cover,

river water, and channel bed. A brief summary of the various

heat exchange processes follows.

Heat exchanges with the atmosphere vary with meteorological

conditions �5,88!. The surface heat exchange process consists

of five major components: �! Net solar  shortwave! radiation,

�! longwave radiation, 0b, �! evapo-condensation, 4 ; �!s b' ' e'

sensible heat exchange, 4 ; and �! precipitation,c r'

� The incoming shortwave radiation at

the air-ice or air-water interface can be written as

[a-b �' -50! ]   1-0 . 0 065C !2
ri C

-2 -1
in which 4, = incoming shortwave radiation, in cal-cm -day

ri

4 = latitude in degrees; C = cloud cover in tenths; and a, b =

constants which represent variations of solar radiation under a

clear sky. Average monthly values for a and b are given in

Table 1. Since part of the solar radiation reaching the water

surface is reflected back into the atmosphere, the net solar

-2 -1
radiation, P , in cal-cm -day ; can be written as

�!



-2 -1
a, in cal-cm -dayMonth

in which a = a coefficient approximately equal to 0.1 for the

water's surface. Dingman and Assur �8! suggested the following

formula for calculating
S

�.1084 ~ - 6.766 x 10 4 . !
s r1 ri ri

�!

For the ice surface, the value of the albedo, n, in Eq. 2

is dependent on the material behavior of the ice cover. Based

on empirical curves developed by Krutskih, et al. �2! for

snow-free sea ice in the Arctic, Wake and Rumer �06! proposed

the following expressions:

for T   0 C
a

Q = CL ~
3.

�!

u =a +  u - x !e
QTa 0

a i a
for T ! 0 C

a

in which ~., n, and 4 = empirical constants; and T = airi' a' a

Dec.

Jan.

Feb.
Mar.

Apr ~

TABLE 1.-Values of a and b in Eq. l.

100
142
228

394
554

8.2
ll. 0
11.2

12.7
8.4



temperature in degrees Celsius. Bolsenga �1! reported values

of albedo for Great Lakes ice covers, and observed that the

albedo varies with surface temperatures. Por uneven surfaces,

the albedo also varies with solar latitude. Table 2 gives

albedo values reported by Bolsenga for various ice conditions.

TABLE 2 ~ Albedo of Great Lakes Ice �1!

Albedo, as a percentageIce Type

The penetration of shortwave radiation into the ice cover

can be considered as an internal heat source. The vertical

distribution of the intensity of monochromatic shortwave

radiation can be described by the Bouguer-Lambert exponential

law �3,90! .

se

in which 4 = intensity of the shortwave radiation at depth z;
P

a bulk extinction coefficient which varies between 0 ' 004
i

-1 -1
cm and 0.07 cm . The extinction coefficient is strongly

wavelength dependent so that the solar heating in ice cannot be

represented by a simple exponential law with a constant bulk

Clear lake ice  snow free!
Bubbly lake ice  snow free!
Ball ice  snow free!
Refrozen pancake  snow free!
Slush curd  snow free!
Slush ice  snow free!
Brash ice  snow between blocks!
Snow ice  snow free!

10

22

24

31
32

41
41

46



extinction coefficient �3,10! . However, since ice thickness

computations usually do not consider the vertical distribution

of solar heating in ice, a simple exponential law with a

constant bulk extinction coefficient may be used.

Based on Eq. 5, the amount of shortwave radiation that

penetrates into the water underneath an ice cover is

�!

in which 9. = a fraction of absorbed solar radiation that
1

penetrates through the ice-water interface. Due to the small

difference in the refractive indices of ice and water, the value

of 8. can be taken to be 1.0 �9!.
1

d' ' . � The longwave, or terrestrial,

emissivity of the body's surface, 4b can be
bs

account for the

represented by

�!

«7
in which a = the Stefan-Boltzman constant, 1.171 x 10

-2 -1 o -4
cal-cm -day K ; T = water or ice surface temperature, in

sk

degrees Kelvin; and ~ = emissivity of the surface, assumed to be

0.97 for both the water and the ice surfaces.

The atmospheric radiation under clear skies, 4b , can be
bc

radiation is the combination of the longwave radiation emitted

from the water surface or the ice cover, $b , and the netbs'

atmospheric thermal radiation absorbed by the water body, 4b
bn

Based on the Stefan-Boltzman law of radiation, modifed to



estimaied by considering the atmosphere as a gray body:

4

~bc a ak

in which T k = air temperature, in degrees Kelvin; and
ak a

emissivity of the atmosphere. The Brunt formula �5! gives

= c+ due
a a

 9!

~b ~b �+k C ! � T k  c + d ~e! � + k Cc!4 2
�0!

in which k = empirical constant - 0.0017. Considering that the

reflectivity of the ice or water surfaces is 0.03, the net

atmospheric radiation is

�1!!b = 0.97]b

-2 -1
atmospheric radiation, in cal-cm -dayin which fb = net

bn

Combining Eqs. 7 and ll, the effective back radiation becomes

in which e = vapor pressure of air at the temperature T , ina ak'

millibaxs; and c and d = empirical constants, 0.55 and 0.052,

respectively.

Under cloudy skies, water and ice particles at the bottom

of the clouds emit additional radiation. Using Bolz's formula

the atmospheric radiation under cloudy skies, pb , can beba'

represented by



~b ~b ~b = 1 1358 x 10 ~T k �+ k Cc! c+dve !T k~ �2!

-2 -1
in which g = effective back radiation, in cal-cm -day

b

� The heat flux from the water surface

due to evapo-condensation, 4 , can be estimated by using thee'

Rimsha-Donchenko formula �5!

�.56K + 6.08V ! e - e !e n ' a s a �3!

in which g = rate of heat loss due to evaporation, in
e

-2 -1
cal-cm -day ; V = wind velocity at 2 m above the water

K = 8.0 + 0.35 T � T !
n s a

�4!

river surface temperature; and T = airin which T
s

temperature at 2 m above the water surface, in degrees Celsius.

Since the existence of an ice covex on the river surface tends

to suppress evaporation  88!, the heat flux due to

evapo-condensation from the ice surface will be considered as a

fraction, C , of that calculated from Kq. 13, ore'

= C  l.56K + 6.08V ! e � e ! �5!

� The energy conducted from thed c

surface in meters per second; e = saturated vapor pressure at
s

temperature T ; and K = a coefficient that accounts for the
s n

effect of free convection determined by



water surface as sensible heat by air can be determined by the

Rimsha-Donchenko formula �5!

 K +3 9V! T � T! �6!

-2 -3.
in which p = rate of conductive heat loss, in cal-cm -day

c

Simi3.ar to the evapo-condensation flux, a coefficient, C , is
c

introduced in Eq. 16 when the river surface is covered by ice,

1 ~ e ~

C  K + 3.9V ! T � T ! �7!

Heavy snow fall dur ing theD

ice formation period can increase the amount of ice in the river

and affect the ice cover formation significantly. The heat loss

due to snow falling on the water surface can be estimated from:

= A [L. + c. T � T !]
r sn i i s a

 lS!

-l. -1 o -1
g ; and c. = specific heat of ice, l.0 cal g C

1
A can

sn

be estimated from the visibility by:

A = 7.85 V
sn p

�9!

in which, V = the visibility in km; and A is in the unit of g
p sn

in which, A = the mass rate of snow fall per unit area of
sn

water surface; L. = the latent heat of fusion of ice, 80 cal
1



-2 -1
cm day

The turbulent heat transfer from the flowing river water to

the ice cover has significant effects on the thickness of an ice

cover �! . The heat flux from the water to the ice cover can be

represented by

�0!q» = h»  �- Tf!

in which a . = heat flux from the water to the ice cover; h
wl W1

-2 -1 o -1
heat transfer coefficient, in cal cm day C ; T = water

w

N = C R P
u

�1!

h .R/k ; P = Prandtl Number,
wi w r

where, N = Nusselt Number,
u

C /k = 13.6 for water near 0 C; C = specific heat of water,0

w p w p

1.0 cal g C ; C = empirical coefficient approximately 0.023;
-1 o -1

R = Reynolds Number, UR/~ ; k = thermal conductivity of water,
e w w

-1 o -1. -6 2 -l.
0.552 W m C ; v = viscosity of water, 1.788 x 10 m s

w

and R = hydraulic radius. The heat transfer coefficient can be

evaluated �,8,9! by the following equation:

10

temperature, in degrees Celsius; and Tf � � the freezing point of

water, 0 C. By considering the ice-covered river flow as a

smooth-walled closed-conduit turbulent flow, the turbulent heat

flux can be formulated as �6!:



0.8

= C
wi wl. de 2

W

�2!

in which U = flow velocity in meters per second; d = flow depth
w

in meters; and C . = 1622 W sec m ' C �.2 Btu hr
wi

-2.6 o -1
ft ' F ! . Laboratory and field investigations indicate that

the coefficient C . may vary with the resistance of the ice
W l.

cover �6,24!. A refined form of Eq. 22, based on the

formulation of Petukhov and Popov �3!, is

2k �. /8! R P
i e r

w 1. 07+12. 7~f. 8  P � 1!
�3!

in which, f. = friction factor of the ice cover.
1

Xn ice-covered rivers, the heat exchange at the bed, q g
gw

is an important component of the river's heat budget. O' Neil

and Ashton �3! developed a procedure for analyzing heat

transfer at the channel bottom by considering one-dimensional

heat conduction in the channel bed. Expressing the normal water

temperature during a year as a sinusoidal function, which

intercepts 0 C at times tl and t2-.

T + a sin �vt/T ! , t < t and t > t2
w 0

w 0 t < t1 � � 2
�4!

in which, T = the period, 1 year; and T and a = the mean and
y w

amplitude of the sinusoidal function, respectively. The

11

nondimensional river bottom temperature gradient at the

bed/water interface can be obtained as shown in Figure 2. The



dimensionless variables in Figure 2 are defined as

T
W

!
T T

 e  r! =  b
~ET

�5!

flux, ta Tb/ay ~, can be determined from the value of 8+RE
b=0

obtained from curvea in figure 2.

12

in which; yb = depth of the soil from the bed/water interface,

Tb = temperature in the bed; K = k/p C = thermal diffusitivity

of soil; in which, k, pb, and Cb = thermal conductivity, density

and heat capacity of the bed material �0!. The actual bed beat



1.0

0.5

ae
<a ~y =0

b -0.5
-1.0

12

Time  months!

Figure 2. Nondimensional river bottom temperature gradient,
evaluated at the bed/water interface, as a function
of time and r. The nondimensional river bottom
temperature e is also shown �3!.



Thermal and ice conditions in rivers are strongly

influenced by the ambient weather conditions through heat

exchanges. Figure 3 shows the normal air and water temperatures

of the St. Lawrence River. In this section the winter thermal

regime of rivers will be discussed in relation to water

temperature distribution, frazil ice formation, and the growth

and decay of ice covers.

a a a
aT

 pC AT ! + �  QpC T ! =  AE pC ! + BZg
at p w ax p w ax x p ax

�6!

in which A = cross-sectional area of river; B = channel width; 9

river discharge; p = density of water; C = specific heat of

water; E = longitudinal dispersion coefficient; x = distance
x

along the river; and Zf = net heat influx per unit surface area

of the river.

A few freeze-up forecast models exist  87! for predicting

the time at which the water temperature at a river station drops

to the freezing point. By assuming that changes in river

Ice begins to form when the water temperature reaches 0 C0

and continues to lose heat to the atmosphere. Under the

consideration of complete mixing over the channel cross section,

the conservation of thermal energy in a river reach can be

represented by a one-dimensional advection-diffusion equation.

For water temperature above freezing, this equation can be

written �2! as
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discharge are not significant, and neglecting the longitudinal

mixing term, Eq. 26 can be reduced to a simplified form

BT BT
W W

� + V
Bt Bx pC d

p w

�7!

in which, V = the average flow velocity, and d = the depth of
w

flow. By representing the heat exchange as a simple linear

function in the form of:

Z$ = h  T � T !
wa a w

�8!

where h = the energy exchange coefficient. For the St.
wa

-2 -l
Lawrence River, h is approximately equal to 46.4 cal cm day

wa

o -l
C . By representing the air temperature T as a combination

a

of normal air temperature approximated by the first harmonic of

the Fourier series with a period of one year and the short-term

variations, a freeze-up forecasting scheme has been developed

based on an analytical solution of Eqs. 27 and 28  87!. The

short-term variations in air temperature can be obtained from

the weather forecast. This scheme has been applied to the upper

St. Lawrence River, and is shown to be capable of accurately

forecasting freeze-up.

Frazil ice forms in supercooled turbulent water. Frazil

suspension consists of fine spicule, plate or discoid crystals.

Present understanding on the formation of frazil ice has been

summarized by Osterkamp �4! and Daly �5!. Figure 4 shows the

16



Figure 4. Frazil i ce:  a! Ini ti al indi vi dual pl atel ets,
 b! frazil floes,  c! frazil pans,  d! an
initial ice cover resulting from frazil
accumulation �4!.



dT

dt C M
p w

�9!when t < t
n

dT dN.

dt i dt
=  L. � � I*! l [C  M -M !]

P w 3.
when t > t

n
�0!

in which, g* = net rate of heat loss from the water mass, Li

latent heat of fusion of ice  80 cal/g!, M. = mass of ice
l.

formed. Since frazil ice concentration in rivers is usually on

18

different stages of the evolution of frazil ice in rivers. When

the water temperature drops to the freezing point, further

cooling, usually by a few hundreths of a degree, causes frazil

ice to form in the river. At. the supercooled condition, the

frazil ice crystals are in their active state of growth. Active

frazil ice is found to adhere to nearly any object submerged in

the water. Frazil ice blockage of water intakes is a common

problem in northern rivers. The temporal variation in water

temperature for a constant rate of surface heat, loss during the

supercooling and frazil formation is typically as shown in Fig ~

5. The initial cooling from time t to t is governed by the
e n

surface heat loss. At t� initial nucleation begins and the

cooling rate decreases as frazil ice is being produced. The

temperature reaches its maximum depression ~T before
m

asymptotically approaching a residual supercooling temperature

A T . Flume experiments indicated that the values of ~ Tr' r

approaches zero at a large turbulence level �0,3l!. Xn general

the rate of change of the water temperature of a water mass M
W

can be determined using an energy budget analysis:



0. 05

Time

e n

Figure 5. Schematic tremporal history of water temperature and total
ice mass produced in water �4!.



the order of a few percent or less, one can assume N. « M
1 W

Neglecting the effect of dTgdt during the short period t <trtn r'

Eq. 30 gives

i $*
dt L.

1

�1!

For a given river reach at freezing point the rate of ice

production can then be estimated by

dQ, -ZpA
S

dt p.L.
i 1

�2!

by replacing pC T with -p.L.C..
p w i 1 1

While the general nature of frazil ice formation can be

described by the dynamic balance of the heat loss from the water

to the ambient environment and the latent heat released by the

growing frazil ice crystals, the initial mechanism of frazil

nucleation is not completely understood. The available data

seems to support that the formation of frazil is started by the

introduction of seed crystals into supercooled water. The

concept of mass exchange at the air/water interface proposed by

Osterkamp �4! is the most probable mechanism by which the seed

crystals are introduced. The origin of the seed crystals and

20

where, A = surface area of the river reach, g. = volume rate of
s

ice production. Figure 6 shows the total ice production per

unit open water area versus the total freezing degree-day of the

winter for the St. Lawrence River �8! . Recognizing the thermal

energy per unit volume in a frazil-laden water as -p.L.C., Eq.
1 1 1

26 can be used to determine the concentration of frazil ice, C.,
1
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Figure 6. Correlation between seasonal values of ice
production and air temperature, St. Lawrence River
at Massena, N.Y. �8!.
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the rate at which they are introduced will depend on the local

environmental conditions. Water originating in a river and then

introduced into the air by bubble bursting, splashing,

windspray, evaporation, etc., can freeze and return to the river

in the form of seed crystals to initiate the formation of frazil

ice in rivers. It is interesting to note that minimum air

temperatures of -9 to -8 C are often reported as necessary for0

the production of frazil. These temperatures correspond to the

minimum temperatures at which spontaneous heterogeneous

nucleation could be expected in water particles suspended in

air. Ice particles that originated at some distances above the

water body, such as snow, frost, ice particles from trees,

shrubs, etc., could be effective seed crysta3.s. Very cold soil

particles and cold organic materials at temperatures less than

the supercooling 3.evel necessary to cause spontaneous nucleation

can also be introduced across the air/water interface and may

serve to nucleate ice, although their effectiveness is not

known.

The mass exchange mechanism provides a reasonable

explanation for the observation of ice crystals at the water

surface at the start of frazil formation. This mechanism cannot

explain the existence of all frazil crystals, however. The

number of ice crystals increases rapidly when a crystal is

introduced into turbulent supercooled water in which spontaneous

nucleation is not possible. This increase in the number of

crystals occurs on3.y because of the presence of the original

seed crystal and secondary nucleation. Therefore, to determine

the rate of increase of frazil ice crystals, the rate of
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introduction of new crystals and the rate of secondary

nucleation must be known. The relative magnitude of these rates

will depend on the local environment; however, the rate of

secondary nucleation is probably much greater than the rate of

introduction.

In regions with very low velocity, frazil ice crystals

formed at the surface of the water freeze together and rapidly

grow into a thin cover which thickens during the winter. In

fast flowing channels, the turbulent mixing will both supercool

the water over the entire depth and entrain frazil crystals deep

into the flow to prevent the formation of the thin static ice

cover �5!. Active frazil ice adheres to river bottom material

and leads to the formation of anchor ice �!. The suspended

frazil ice will agglomerate and eventually float to the surface

to form a moving surface layer of ice pans, floes and slush ice

mixture. This moving surface layer may develop into a

continuous ice cover initiated by the formation of an ice bridge

or surface ice jam at a river section or from an artificial

obstacle.

In rivers with fast flow velocity or steep gradient, a

natural stable ice cover will not form. Without the existence

of an ice cover the production of frazil ice will continue in

order to balance the surface heat loss. Once formed, the frazil

ice will sweep underneath a downstream ice cover and eventually

accumulate on the underside of the cover. Nassive undercover

accumulations of ice mass, termed hanging dams, have been found

in both large and small rivers �4,49,60,83,84!. The hanging

dams can block the water passage and lead to substantial changes
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in water levels. The large accumulation of frazil ice in the

river may eventually lead to extensive flooding by forming ice

jams in the spring �6! .

The thermal growth and melting of the ice cover can take

place on both the air-ice and the ice-water interfaces, Fig. 7.

The growth and decay of the ice cover is governed by the heat

conduction across the thickness of the ice cover, which can be

described as

.C. ~T 3 ~Ti i 8 b k b ! + ~  z t! �3!

in which p. = density of ice, 0.92 g/cm ' C. = specific heat of
3. i

ice, 1.0 cal g C ' k = thermal conductivity of ice, 0.0053

cal cm S C ' $ = rate of internal heating per unit volume
P

due to the adsorption of shortwave penetration, Eq. 5; T

k � = K$. - p.L.3T d8
atz=Q

Bz i i i dt
�4!

temperature in the ice cover, in degrees Celsius; and z,t =

space and time variables, respectively.

The ice surface is assumed to be well-drained during the

melting period. As a consequence, the growth of the ice cover

is assumed to take place only at the ice-water interface. These

assumptions can be justified by considering the existence of

cracks in the ice cover for drainage and furthermore that no

flooding of river water can occur over a floating ice cover

�06!. At the upper boundary, the boundary condition is
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Figure 7. Heat exchanges in a river ice cover  88!.



in which Zy. = net heat loss rate at the air-ice interface
i

excluding g ; e = thickness of the ice cover, in centimeters.
s

Similarly, the boundary condition at the lower boundary is

k> � � q. +pL.; atz=eaT = d9

3z wi i i dt
�5!

finite-difference techniques �3,44!. However, the

time-dependent ice growth and decay at each station along the

river can be approximated by a one-dimensional, quasi-steady

state linear temperature distribution over the thickness of the

ice cover. [The validity of linear temperature distribution for

thin ice covers has been examined by Greene �4!.] For the

quasi-steady state linear temperature distribution, Eq. 33 can

be approximated at each time step by

BT f
3z= e �6!

With this approximation, the shortwave contribution should be

included in the heat loss term Z4. in the boundary condition,
1

Eq. 34. A detailed numerical model for coupled water

temperature and ice thickness distributions exists  88!. For

practical applications a simple stepwise integration procedure

can be used �,80!. In this procedure Z4. can be expressed in
1

26

in which q . = net flux from water to the ice cover. The heat
Wi

flux q . is a function of local water temperature T , which can
Wi w

be determined from Eq. 27. The boundary value problem defined

by Eqs. 33-35 is a nonlinear problem, which can be solved by



terms of a heat transfer coefficient, Zg. = h.  T � T ! . The
i ia s a

ice surface temperature can then be calculated by

kT< + T h. e
a ia

Ts h. e + k �7!

If the calculated T < Tf, then the rate of change of ice cover
s

thickness is

"wi  'w �8!

If the calculated T ! Tf, then the top surface of the ice cover
s

is melting. The surface temperature is Tf and

p.L. � = � h.  T -T ! � h .  T -T !de

i i dt ia a f wi w f �9!

in which, T = temperature on the top surface of the cover; T
s a

air temperature; Tf = melting point, 0 C; k = thermal0
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conductivity of ice; e = ice cover thickness; h. , h . = heatia' wi

transfer coefficients at the air-ice and ice-water interfaces.

Eqs. 38 and 39 can be used to determine the ice cover thickness

through stepwise integrations. The water temperature can be

efficiently calculated using a Lagrangian finite-difference

solution of Eq. 27 with Z$. as the heat exchange term �! ~ In
1

the preceding discussion, effects of snow cover above the ice

sheet and the accumulation of frazil ice were not considered.

Both of these can influence the heat exchange through the ice

cover. These heat exchange effects can be accounted for by



adding appropriate layers to the ice covez  8,9! . The frazil

accumulation tends to accelerate the thickness growth since less

water mass is required to be frozen in the frazil layer �3! .

The snow covez generally tends to retard the growth in ice

thickness through its insulation effect. In regions with heavy

snow fall, however, the submerged portion of the thick snow

accumulation on the ice covez can lead to the formation of snow

ice and compensate for the insulation effect on ice thickness

growth.

Further simplifications can lead to an empirical degree-day

model  86! .

 h2 + S! ' � 0DYL/2
i t

�D!
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in which, h. = initial ice cover thickness; D = number of days
1 t

since the formation of the ice cover, S = cumulative degree-days

of fzeezing since the fozmation of the ice cover; a = an

empirical coefficient which is a constant during the growth

period and decreases linearly with the air temperature during

the decay period; g and Y = empirical constants which account

for the suppression effect of the turbulent heat flux from the

river water. The value of Y is approximately l.O.

Assuming that the turbulent heat transfer a . is equal to
wl

zero, T = T, and the initial thickness h. is negligible, Eq.s a' 1

40 reduces to the classical degree-day formula for ice thickness

gzowth.



1/2
0

�1!

Theoretically, the value of a is 1.0 day F for ice

e=e a' s
max 0 T

�2!

in which, e = maximum ice thickness at the beginning of the
max

ice decay; ST = accumulated thawing degree-days, and a' = an
empirical constant that is site dependent.

Table 3. Typical values of coefficient a �6!
0

Ice cover
0

Q
0

 cm 'C d !condition

Windy lakes with
no snow

Average lake with
snow

Average river with
snow

Sheltered small river
with rapid flow

2.70.8

1.7-2.4

1.3-1.7

0.7-1. 4

0.5-0.7

0.4"0.5

0.2-0.4
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covers free of snow. This value is much higher than the acutal

values due to the assumptions introduced. Empirical values of

are given in Table 3. Eq. 41 is applicable only to the
0

growth period, Bilello �9! suggested the use of an accumulated

thawing degree-days formula to describe the decay and breakup of

ice cover from their maximum thicknesses.



IV.

At the beginning of the winter as the ice is being produced

and transported along the river, a significant portion of it.

will rise to the surface to form a moving layer of a mixture of

ice floes, pans, and slush. The concentration of this surface

layer increases as it moves downstream. The downstream

transport of the surface ice will cease when it reaches an

artificia3. obstacle or a river section where an ice bridge

across the river is formed by the congestion of the ice. Once

an obstacle is reached the incoming surface ice will accumulate

at its upstream side and extend the ice cover upstream. Frazi3.

ice that remains in the suspension underneath the surface layer

will be transported downstream and deposited on the underside of

the ice cover to form a layer of frazil ice accumulation.

The phenomena of ice bridging is not well understood, even

though ice bridges usually form at the same location of a river

each winter. The formation of an ice bridge at a river section

is related to the ice transport capacity of the section and the

rate of ice discharge coming from upstream. The maximum rate of

ice discharges that can pass through a river while not forming

an ice bridge is dependent on the flow velocity, channel top

width between banks or border ice boundaries, surface slope,

size and concentration of ice in the surface layer  l,26! .

The upstream progression of ice cover from an obstacle is

dependent on the rate of ice supp3,y from upstream and the river

flow conditions. In low velocity reaches, a relatively thin

smooth cover can be formed while in other reaches ice jams or
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hanging dams may form before upstream progression can proceed.

The above discussion is presented in the context of ice cover

formation in the beginning of the winter. A similar process can

occur when a large volume of surface ice floes is released

during the breakup of ice cover upstream. In this case, the

leading edge of the intact downstream ice cover often acts as

the obstacle which initiates the ice accumulation process.

Once an ice cover is initiated, it will progress upstream

through the accumulation of incoming surface ice floes and

slush. The rate of progression of the leading edge of an ice

cover, V , can be calculated from the conservation of mass
cp

V Q.
V = � + ~!   � !/[h. �-e !8 ]

cp V 1 e i p c
S

�3!

in which, Q. = sur face ice discharge; h. = thickness of the ice
l 1

cover formed by the accumulation; e = porosity of individual ice

floes; e = porosity in the accumulation between ice floes; B
P C

width of the newly accumulated cover; and V = mean velocity of
S

�!
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the incoming surface ice discharge.

In order for an ice cover to progress, a stability

condition for incoming ice floes must be satisfied. The

stability of an ice floe, when the leading edge thickness of the

ice cover equals that of the ice floe, can be determined by an

equilibrium analysis of an arriving ice floe �,35,103!. Using

a "no-spill" condition, the stability criteria was shown to be
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t
2 �- � ! 3.

H
V

c
�4!

in which, V = critical velocity upstream of leading edge for
C

underturning and submergence; t. = thickness of the ice floe; H
i

= upstream flow depth; and g = acceleration of gravity. A

similar expression has been obtained by Pariset and Hausser

�6,67! .

V

F = = F  ! �- � !
ZC

gH i
H

�5!

where, F t./i.! = a form factor which varies between 0.60 and
i 1

1.30; R. = length of the ice floe. Eqs. 44 and 45 are identical
i

if F  t./R.! = v2/[5-3 l-t./H! ] . The effect of porosity, e,2 1/2
i i 1

of an ice floe is included in Eq. 45 �6! . Under the criteria

32

given by Eqs. 44 or 45, an ice cover of one floe thickness will

form by simple juxtaposition.

At a velocity higher than V , incoming ice floes will
c

submerge and deposit on the underside of the cover. This leads

to a gradual increase of ice cover thickness in the vicinity of

the ice front. The velocity that is required for ice floes to

submerge below the ice cover increases with the thickness of the

ice cover. For a given flow depth and velocity upstream of the

ice front, a limiting value exists for the accumulation

thickness of an ice cover during its progression. Pariset , et

al. �6<67!, Michel �6,57!, and Tatinclaux �00! have developed

methods for predicting the equilibrium thickness h. of the ice
i

cover formed by floe accumulation. For a given flow condition,



the thickness h. may be estimated by �7,58!
i

�6!

From Eq. 46, one can show that there is a maximum Froude number

for the flow in front of an ice cover at which it becomes

unstable and can not progress further upstream. This critical

Froude number, which occurs when h./H = 0.33, is
1

V
0 158 ~1-a

rc C
gH

�7!

effect on the progression of an ice cover. For e = 0.55 and e
p

= 0.4, one gets F* = 0.082. Field observations �1! indicated
rc

F* can vary from 0.05 to 0.10 for different floe and
rc

accumulation characteristics. Newly formed ice floes will have

higher porosity and, therefore< smaller F* . If the ice
rc

thickness resulting from Eq. 46 leads to an undercover velocity

U exceeding the critical velocity of entrainment for ice floes

on the underside of the cover, the ice cover thickness will then

be governed by this undercover entrainment velocity. In this

case the ice cover progression will cease. Laboratory flume

observations indicate that at F close to F* incoming floes
rc

could be carried under the accumulated ice cover and swept along

the underside of the cover  98!. This leads to a possible

physical interpretation of' the existence of F* . Detailed
rc

in which, e = e +  l-e ! e, is the overall porosity of the ice
c p p

accumulation. This equation indicates that e has an important
C



P P P.

p p c H ~1/2
H/gh, k + �- � !
H

�8!

in which, k = minor loss coefficient for the ice cover front;

= angle of friction of granular ice mass.

A graphical summary of formulas for calculating ice cover

thickness by accumulation, h., is presented in Fig. 9. The
1

Froude number upstream of the leading edge, V/~gH, is used as

the vertical coordinate for the convenience of interpretation.

T ' kM c

In a wide river the increase in streamwise force may exceed

the increase in bank resistance. In this case the internal

resistance of the ice accumulation will be unable to resist the

increasing streamwise force as the cover progresses upstream.

If the stress in the ice accumulation exceeds its internal

strength, the cover will collapse and thicken until an

34

discussion of the critical velocity for undercover entrainment

will be given later in relation to the formation of hanging

dams ~

Ice cover thickness formulas derived from the consideration

of hydraulic accumulation are often categorized as "narrow river

jam" theories �6,67!. This type of formulation can be used to

determine the ice cover thickness if the internal resistance of

the ice accumulation is able to withstand the streamwise force.

For accumulations of loose ice floes or slush ice, local packing

of an ice cover at its front is often observed �1!. Michel

�9! derived an expression for ice thickness by considering the

frontal packing due to hydrodynamic thrust at the ice front.
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h, 2 2z h, p. p,h,
2

[f. +  f+f ! j � = +p le!�- � !
3. i U 8 c i 1 1 1

i p b i d 8g pg p p p
�9!

in which, f. and fb = Darcy-Weisbach friction factors related to

the ice covers and the channel bed, respectively; d = depth of
w

flow under the ice cover. Bank resistance per unit length of

the ice cover is quantified as < h.+wF , where T h. is the
c i s c 1

cohesive contribution; uF is the ice-over-ice friction term;

and P is the streamwise force per unit width of the cover. The
s

coefficient p has a value of about 1.28, and T h. varies between
C i

75 lb/ft and 91 lb/ft �7! . Eq. 49 was obtained by considering

the ice cover as an accumulation of granular material. A plot

for Eq. 49 is included in Fig. 9 to provide a comparison between

ice thickness resulting from different river conditions. Michel

�9! has pointed out that it takes only a little freezing to

form a solid crust on the top of the ice cover and prevent the

occurrence of shoving'
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equilibrium thickness is reached �8,66,104! . This process of

mechanical thickening is commonly known as "shoving", and an

accumulation of this kind is often called "wide river jams"

{66,67! . When shoving occurs, a relatively long reach of ice

cover will suddenly collapse and the leading edge will move a

long distance downstream. Based on the analysis of Pariset and

Hausser �6,67! and Uzuner and Kennedy �04!, the following

equation for the equilibrium thickness h. can be obtained for

steady uniform flows.



Large accumulations of ice mass in rivers is commonly known

as hanging dams. According to their formation processes,

hanging dams may be classified into two categories  83,84! . The

first type of hanging dams, which will be referred to as surface

ice hanging dams, are accumulations of surface ice floes or

frazil ice pans, formed near the leading edge of an ice cover

during its upstream progression. The initial thickness of the

ice cover formed during the leading edge progression can be

estimated by Eqs. 46 or 48 using the local value of V/~g

Since the depth and velocity varies along  and across! the

river, the initial thickness of the ice cover in a river will

not be uniform. Xn fast flowing regions, the initial ice cover

will appear as large localized ice accumulations in the form of

hanging dams. When the ice cover leading edge reaches a rapid

section with an upstream Froude number exceeding F* , incoming
rc

surface ice pans and slush will be forced to pass underneath the

cover and carried downstream until the velocity of the flow

becomes low enough for them to deposit. These depositions will

then increase the thickness of the existing ice cover and

hanging dams. Mechanical thickening can occur during the above

described process when the shoving condition given by Eq. 49 is

satisfied.

Little is known about. the mechanism of the transport and

accumulation of ice floes on the underside of the ice cover.

Using laboratory data by Pilippov �9!, Ashton �! obtained

empirical relationships, as shown in Fig. 10, for the undercover

travel distance of ice floes
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�0!

in which, I, = undercover travel distance of an ice floe before

its rest; V = mean velocity upstream of the cover; ~p = p-p , n.
l l

Manning's roughness coefficient of the underside of the ice

cover, and K. = length of the block. The experimental data
i

indicate that when t./R. decreases or n. increases the value of
1 i

L/E. decreases. Tatinclaux and Gogus  99! studied the
1

re-entrainment criteria of an ice floe resting under the ice

cover behind an artificial obstacle of height 0 equal to or less

than t.. Based on laboratory data, they found that the critical
i

Froude number for entrainment can be expressed in terms of the

ratio t./g,. and size of the obstacle 6
1 1

t. 2 t.
[C !+C !+C]

3. 3

�1!
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where Cl, C2, and C3 = coefficients which are dependent on the

size of the obstacle. Suggested values for Cl C2 and C3 are

-2.26, 2.14 and 0.015, respectively, for 4 = 0. Both Eqs. 50

and 51 are applicable to a flat ice cover.

The second type of hanging dams, which will be referred to

as frazil ice hanging dams, are formed by the deposition of

suspended frazil ice particles on the underside of a stable ice

cover. These frazil ice particles are produced in open water

areas upstream of a stable ice cover during periods of

supercooling. In the early stages of their production, frazil

particles are active, which means that they very readily stick

to any surface with which they come into contact. Therefore,



near the leading edge of a river's ice cover, almost all of the

frazil particles that reach the ice-water interface are

deposited. Frazil particles, which remain entrained in the

flow, lose some of their adhesiveness and become inactive.

Therefore, further downstream from the leading edge, these

frazil particles will deposit on the underside of the ice cover

only in regions of relatively low flow velocity. Based on

observations in the LaGrande River, Michel and Drouin �1!

suggested that the critical velocity for ice deposition ranges

between 0.6 and 1.3 m/sec. Shen and VanDeValk  83! found that

this critical velocity is about 3 ft/sec in the upper St.

Lawrence River. Besides the activeness of the frazil ice, the

rate of deposition is depended upon the buoyant velocity and the

concentration of the frazil ice suspension �5! . Neither the

buoyant characteristics nor the adhesive properties of frazil

ice particles are well understood.

For a surface ice hanging dam, which is located near the

leading edge of an ice cover, a relatively soft outer layer of

frazil slush could form on the surface due to the accumulation

of active frazil ice particles produced in the open water area

during the winter. Such hanging dams have been found in the St.

Lawrence River  83,84! .

A few computer models exist for simulating flow and ice

conditions in a river �S,61,70,71,72,89,94!. Ice cover

formation is a major component in these models. In applying the

existing theories to a natural river, it is important to

recognize that the flow conditions in the river are continuously
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changing in space as well as in time. During the ice formation

period, the progression and thickening of the ice cover can

cause a rapid change in a river's flow conditions especially in

steep shallow rivers. The processes and evolution of the

initial ice cover as discussed in this chapter can be summarized

as in Figure ll. Figure ll is developed for one-dimensional

models. Two-dimensional effects, which appear to be very

important for the distribution of ice cover thickness and the

progression of ice fronts in large rivers, are presently being

studied �8! .
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3Q 3
3x + 3t = 0 �2!

and the momentum equation

3Q 2Q 3Q Q 3A3t +  A 3x 2 3x] + PgA 3 +  P.x.+Pbvb! = 0 �3!

in which, Q = discharge; A = flow area; H = zb+d +h., water
e b w

levels zb = bed elevation; d = depth of flow; h. = equivalent

thickness of the ice cover, p.9/p; pb,p. = wetted perimeter

formed by the channel bed and the ice cover, respectively; ~b,T.b' i

= shear stress at the channel bottom and at the ice-water

interface, respectively.

To solve Eqs. 52 and 53 for Q and H , it is necessary toe'

know the geometry of the cover and the additional resistance

induced by the ice cover. The estimation of the ice cover

geometry including its thickness and areal extent may be

obtained according to information discussed in previous

chapters. The resistance term in Eq. 53 can be expressed in
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The flow condition in a river not only influences but also

interacts with its ice condition. Except in very narrow

channels, the ice cover is able to accommodate gradual changes

in water level and can be considered as floating in hydrostatic

equilibrium. Stage and discharge variations of a gradually

varied flow in a river with floating ice covers can be described

by the continuity equation



terms of the resistance coefficients of the underside of the ice

cover and the channel bed.

In river hydraulics, the friction term in Eq. 53 is often

expressed in terms of the frictional slope, Sf.

Sf  p' T pbzb! /  pgA! �4!

�. 486! R 8 1/2
n f

�5!

in which R = hydraulic radius. The friction factor f is

dimensionless and has the most general range of application.

However, it has the drawback of being a function of the Reynolds

number and relative roughness both of which are a linear

function of R. Chezy's C has the disadvantage of being

dimensional and varying significantly with flow. Manning's n,

although dimensional and only applicable to fully rough flows,

is nearly constant over a wide range of R for a given roughness

height. Hence, it has been used for the analysis of most, river

flows �2,77!.

Uzuner  l02! and Pratte �5! reviewed different methods of

calculating the roughness coefficient for ice-covered channels

and showed that the method of Larsen �3! is the most rigorous.

By dividing the flow depth into two zones at the maximum
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This boundary resistance is usually measured in terms of the

Chezy C, the Darcy-Weisbach f, or the Manning n. For uniform

flow these three parameters can be related by Eq. 55.



velocity plane, assuming zero shear stress at this plane, and

using the Karman-Prandtl velocity formula for both zones, I,arsen

showed that the equivalent Manning coefficient, n , of an
c

ice-covered channel can be calculated by Eq. 60.

1 d + 1 d
1 n j Q

�0!
�! 2/3d5/3

2 w

n
C

a  b-1! n./d �   i] 3/2
i b b  a 1! n

b

�1!

in which, a = ln �0 db/kb!; and b = ln   30 d . /k . ! . For channels
1 i

with small relative roughnesses, Eq. 60 can be simplified to the

Belokon-Sabaneev formula �2<102! .

1 3/2 3/2 ! 2/3n = 2 n ~ + Qb �2!

sarsen suggested two methods for determining the roughness

height from a measured vertical velocity profile. In the first

method, the roughness height and Manning's coefficient of the

underside of the ice cover can be determined from the measured

velocity profile above the plane of the maximum velocity by

using Eq. 63.

in which, n = equivalent Manning's coefficient; n. and nb =
c

Manning's coefficients of the ice cover and the channel bed; d

total flow depth; d. and db = depths of flow above and below
i

the maximum velocity line. The depth ratio d./db can be
i

expressed as:



k. = 30 y exp[-1/�-v/v! ]; n. = 0.032 k. L/6
i i

�3!

5.75 ln k + 6.25
v*

�4!
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in which, v = velocity at depth y below the ice-water intexface;

v = mean velocity between the ice-water interface and the depth

y; k. = roughness height of the ice cover. In the second
i

method, the velocity prof ile is f irst obtained by f itting the

measured velocity data by a straight line on a semilogarithmic

plot. The roughness height is then determined from the fitted

velocity profile. This second method is the least desirable of

the two methods due to difficulties involved in determining a

best-fit line from the measured data. Some of these

difficulties are discussed by Calkins, et al. �7!.

It should be pointed out that, since Larsen's formulation

was derived for a channel with a flat ice cover, this

formulation is not valid for Locations with Large localized

accumulations of ice, such as hanging ice dams.

Tatinclux and Gogus �00! discussed the deficiency of

assuming zero shear stress at the maximum velocity plane, and

suggested a refined method for analyzing flow in channels with

large differences between the ice cover and channel bed

roughness.

The Manning equation can be derived based on the "1/6 power

law" approximation of the Logrithmic velocity profile for free

surface flow in a wide rectangular channel with rough walls  93!



For R/k less than 5 the "1/6 power law" is a very poor

approximation of Kq. 64. Gerard, et al. �0,41,42! suggested

the use of average roughness height to quantify the boundary

resistance. In terms of roughness heights, the Belokon-Sabaneev

formula becomes

�5!

in which, kt = the composite roughness; k. and kb = the
1

effective ice cover and bed roughness, respectively; and m

exponent of the appropriate power law.

t c D

For steady-state flow, Eq. 53 can be written as

3H 1 g2
[ � � � �  p,w,+p v !]

3x gA 2 Bx p i i b b
�6!

in which, H = water level = zb + d + h.. For a partiallye b w i'

ice-covered channel, shown in Fig. 12, the resistance term can

be expressed as �9!:
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The method of analysis described above can be used to

evaluate local roughness coefficients from measured velocity

profiles. It is not adequate, however, for the purpose of

computing backwater profiles or unsteady flow modeling where the

gross effect of the ice cover on the flow resistance of a river

reach is required. Determination of the resistance coefficient

for a river reach from recorded discharge and water level data

can be made through the use of flow equations.
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2 4/32 2 4/3 , 4/3 ~ Pb
Pi~1 b b Ynb 7/3 a + �+F'!   7/3 ! 8]

A A

�7!

in which, F ' =  n./nb!  p. /pb! 8, e and 8 = subscr ipts which3/2
i b l

represent portions of flow areas under free surface and ice

cover, respectively. The partial discharges g and Q8 can be

obtained from Eq. 12  Bl! .

g A P2/3 A R2/3 g g
0 1 QQ + 1 88 8 o.

Q 2   2/3 � 2/3 ! 1 g 1 Q
AR AR

�8!

Since both the free surface case and the fully covered case can

be considered as special cases of the partially covered

condition, Eq. 67 can be used as a general formula. Terms with

the subscript <x reduce to zero for the fully covered condition

and terms with the subscript 8 reduce to zero for the free

suxface condition. Based on Eqs. 66, 67, and 63, roughness

coefficients of river reaches can be determined from recorded

discharge and water levels. Computational methods were

developed for both single channel or channel networks �8!.

It is well recognized that the roughness of the underside

of the ice cover varies over a wide range throughout the winter

�9,47,101!. Initially, the roughness is generally high as a

result of the rough bottom surface of the new ice cover. The

roughness gradually diminishes during the winter due to a

gradual thickening of the ice cover and smoothing of the ice

surface under the influence of the flowing water. The roughness

reaches a minimum value and increases immediately before the

spring break-up with the formation of relief features on the

ice-water interface �,29!. The rate of change of ice covex



roughness is dependent on the nature of the ice cover, the flow

characteristics, and meteorological conditions. The effect of

meteorological conditions is particularly important in rivers

with large open-water areas. In those rivers, variations of the

thermal and ice conditions of the water are predominantly

governed by the ambient atmospheric conditions. If the weather

is mild, a decrease in ice cover roughness and reduction in

frazil accumulation will occur. If the weather is cold, frazil

ice will be produced in open-water regions. Accumulations of

frazil ice underneath downstream ice covers may then occur

causing rapid changes in the roughness of the ice cover and the

flow cross sectional area.

Nezhikhovskiy {62! reviewed studies performed by Russian

researchers for predicting Manning's roughness coefficient, n.,
i

on the underside of a rivex ice cover. In this review a method

for estimating n. was presented. This method considers the

difference between the roughness characteristics of a smooth ice

cover formed statically in a slow flowing river and rough ice

cover foxmed from slush or ice floe accumulations in a fast

flowing river. Por smooth ice covers, Nezhikhovskiy suggested

n. values of 0.01 - 0.012 for the beginning of fxeeze-up, and
1

0.008 - 0.01 for the middle and end of winter. Fox rough ice

covers, Nezhikovskiy's proposal takes into consideration

meteorological conditions and the nature of the ice cover.

Nezhikovskiy related the initial ice cover roughness

coefficient, n. . to the type of ice which forms the initial ice
ig3.

cover and its thickness, h. as shown in Pig. 13. The
lp
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Figure 13. Relationships between the initial roughness
coefficient of the ice cover and its thickness
�2!.



time-dependent variation of n. during the winter is then
1

described by the following exponentia3. function.

-kt
n. = n. +  n. . � n. !e

i 1 pe i,i i,e
�9!

in which, t = number of days from the beginning of the ice

covered period; n. = the roughness coefficient at the end of
i,e

the ice-covered period, which is found to be approximate3.y equal

Table 4. Values of Parameter k in Eq. 69 �2!

Characteristics of the Ice Cover
Many Open Few Open No

Conditions of the Winter Water Areas Water Areas Open Water

0.005
0.023
0.050

0.020
0. 025
0.030

0.010
0.024
0.040

Severe

Moderate
Mild

Shen and Yapa  85,108,109! analyzed data from the upper St.

Lawrence River and proposed a conceptua3. model for the time

dependent variation of the ice cover resistance coefficient. By

including the effect of hanging dams, the empirical model

expresses the resistance coefficient as a combination of three

components, i.e. n. = nd+nt+n  Fig. 14! . The first component,
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to that of the smooth ice cover, 0.008 - 0.012; k = a decay

constant which varies from river to river and year to year.

Suggested values of k are given in Table 4, which show that the

k value is dependent upon the severity of the winter and the

relative amount of open water.



Figure 14. Seasonal variation of the resistance coefficient
of i ce cover.
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tF

Time, td

tb





�4!for t < tbn = 0
t

n = s  t tb! �5!for t > tb

where, s is a constant which may vary depending on the location
n

and year.

The fluctuating component, n, is considered to be governed

by the transport and deposition of frazil ice. This component

can be obtained from the following empirical relationships.
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freezing-degree-day; T = water temperature at the upstream end
wo

during the freeze-up period; A = the total surface area of the

reach; AI = area of the ice cover at the end of the freeze-up
0

period; Q = the discharge during the freeze-up period; t.
0 i

size of the ice floe; X = location of the river reach; and a,b =

empirical constants. The parameter t. is included for the
i

reason that the roughness of a flat ice cover formed by the

accumulation of frazil and brash ice will increase with the size

and roughness of ice floes.

The increase in n. during the decay period of the ice
3.

season is represented by the component nt in the simulation

model. This component is assumed to be a linear function of

time. For the upper St. Lawrence River, the first day to have

the effect of nt was found to be the first day in the late

winter to have an average daily temperature rising above 27 F.
0

Let this day be defined as tb. The functional form n is then



n= <A T U
o a

�6!for t

n= ~ o a+Tr �7!for tF < t

Table 5. Empirical Constants of the Resistance Model
for the Upper St. Lawrence River �08!

Estimated ValueEmpirical Constant

2

0.5
2

ll when U < 1.9 fps
9 when U > 1.9 fps

0.01

With the existence of an ice cover, the head loss in a

river channel will increase significantly over that of open

water conditions at an equivalent discharge. This increase in
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in which, T = average mean daily air temperature of the three
a

preceeding days in terms of the freezing degree-days, F-day; T
0

a reference temperature; U = average of the flow velocity of

the day under consideration and that of the preceeding day in

fps; A~ = open water area within or immediately upstream of the

study reach; K: and ~ = empirical constants. Application of the

model to reaches of the upper St. Lawrence River �08! shows

parameters X, y, 6, ~, and ~ are site independent, although the

ice cover condition varies substantially along the river.

Values of these constant parameters are presented in Table 5.



head loss, which is caused by the increase in wetted perimeter

and the displacement effect of the floating cover, often leads

to an increase in water level. If the resistance coefficient of

the ice cover is known, then conventional backwater or unsteady

flow computation techniques can be applied to Eqs. 52 and 53 to

determine discharge distribution and water surface profiles in

rivers and channel networks. Examples of these computational

models include those of Calkins et al. �8!, Pasquarell �8!,

and Yapa  l08! .

t -D' c

2/3 K A R 2/3
i 1 0 0

�8!

One important aspect of river engineering is to obtain

accurate stream flow data at selected gaging stations. The

stage-discharge relationship at a given gaging station developed

for open water conditions is not suitable for ice-covered

conditions. Cook and Cerny �3! and Rosenberg and Pentland �6!

discussed gaging techniques used in the United States and

Canada. With adequate winter data at a gaging station a

stage-discharge relationship may be developed. The accuracy is

much poorer due to the changing resistance of the ice cover

related to the variations of the ice cover roughness and the

frazil ice accumulation. Hirayama �7! proposed a procedure for

estimating a stage-discharge relationship for ice-covered rivers

with no unstable frazil ice accumulation. In this method the

winter stage is related to the summer stage of equal discharge

by Eq. 78



in which, S = channel slope; A = flow cross sectional area; R =

hydraulic radius; i and o = subscripts representing ice-covered

and open water conditions, respectively. The coefficient is

defined as

n Sc   o!l/2
nb S.

�9!

The coefficient K varies as a function of time during a winter.

Based on field data a typical curve for K can be constructed and

used in Eq. 78 to determine the winter discharge from the winter

stage and the summer stage-discharge curve. Figure 15 shows the

variation of K for a typical river.

49, Beltaos  l7! obtained an expression for the stage, H., of an
j

equilibrium ice jam as the following:

f.

q = 0.635 g + � I.1+[1+0.lip  ] j~ M

C

 80!

in which, q = H./ S B!; g =  q /gS ! /S B; f =  f.+f !/2;2 1 3

f.,fb = friction factor of the ice cover and the channel bed,
b

respectively; S = channel slope; B = top width of the flow

cross section; q = Q/B; Q = flow discharge. Since Eq. 80 is
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In cold regions, many flood events are ice-related. Most

severe ice-related flood events are those caused by ice jams due

to their large thickness and hydraulic resistance. A practical

problem related to this is to estimate the stage caused by an

ice jam given channel geometry and flow discharge. Using Eq.
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weakly dependent on f. and f , a standard curve can be developed
i c

with some field data for the relationship between dimensionless

stage, q, and dimensionless discharge, E, as shown in Figure

16. Gerard and Calkins �2! incorporated a similar method into

flood frequency analysis and developed a method for constructing

synthetic flood stage probability distribution curves of rivers

in cold regions.
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VI. DETERIORATION AND BREAKUP OP ICE COVER

Early in the spring or late in the winter, especially after

the disappearance of the snow cover, the ice cover melts from

both its top and bottom surfaces and disintegrates from inside.

This deterioration process causes rapid reduction in the

strength of the ice cover and hence its load carrying capacity.

The breakup of ice cover is a phenomena contributed by both the

deterioration of the ice cover and the increase in discharge

�8,37,56!. Ice jams formed during the breakup and the

accompanying flooding is a major cause of concern in many

northern rivers.

The thermal growth and decay of river ice cover has been

discussed in Chapter II. Methods for determining the reduction

in ice cover thickness were presented. In this section,

deterioxation or the weakening of the internal structural

integrity of ice cover will be discussed.

The phenomena of ice cover deterioration is commonly

observed early in the spring. During this period, the internal

melting of ice at boundaries of crystal grains by the penetrated

solar energy will lead to the loss of strength. Bulatov �0!

considered the melting of the ice cover by short-wave

penetx'ation and established that the strength of melting ice is

dependent on its liquid content. Ashton  l0! developed a

similar ice deterioxation model independent of Bulatov. In

Ashton's model the melting of the ice cover is analyzed by

considering the combined radiation-conduction heat transfer.
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The water content is determined by solving the unsteady heat

conduction equation, Eq. 33, in the intact portions of the ice

cover. The strength of the ice cover is then related to the

porosity e by considering the reduction in effective contact

area between grains. The relationship is

a.

1 � 2. 813e
0

0

�9!

in which, e = porosity in the ice cover due to internal

melting; a. = failure stress; and a = failure stress when e is
0 m

zero. Ashton also suggested that the elastic modulus will

decrease with the increase in porosity. Based on studies in sea

ice, the following linear relationship was postulated.

E/E = 1 - e /e
0 m o

 80!

in which, E = Young's modulus; E = values of E when e is zero;
0 IQ

and e = value of the porosity when E is zero.
0

due to the deterioratoin of the ice cover by

radiation-conduction heat transfer until it can gradually
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The timing of breakup is of importance in the planning of

ice-related operations such as the scheduling of a navigation

season, the planning of hydropower production, and the

assessment of the severity of the potential river flood

associated with breakup jams. Breakups can generally be

categorized into two types: "overmature" breakup and "premature"

breakup �S,37>56!. The overmature breakup is a slow process



disintegrate in place by frictional and gravitational forces.

This type of breakup often occurs in controlled rivers and is

known to cause relatively little negative impact on the river

reach. The premature breakup is a faster and more drastic

process occuring as a result of a substantial increase in river

discharge caused either by intensive snowmelt or rainfall during

a warm period. With an increase in discharge, the ice cover

first fractures in fast steep sections, breaks into pieces and

moves downstream to accumulate at the upstream end of still

intact ice sheets. This process forms ice jams, which can be

analyzed by theories of ice cover progression as discussed in

Chapter IV. A continuous warming trend and increase in

discharge will lead to successive fractures of ice sheets. This

will lead to the shifting of existing ice jams downstream to

form even larger jams. The flood stage during a premature

breakup increases with the size of jam until the final ice run

clears the ice in the channel �6! .

The initiation of breakup in a river is influenced by ice

cover conditions, weather conditions, flow conditions and the

morphology of the river channel  9l!. Shulyakovskii  92!

formulated an analytical model for the initiation of breakup

assuming the ice cover is already separated from the river banks

with a water level higher than the maximum winter freezeup

level, HF. The initiation of the breakup is defined as the

instant when the strength of the cover is exceeded and

transverse cracks form. By considering the force and moment

acting on the ice cover, the breakup is shown to initiate when
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 81!

Beltaos �6,18!, extended this model and shows that

H /H = f2  8/W , v./ ~., dimensionless constants!
i 1

 82 !

q + >~3   � � ! 1~3 f  , other dimensionless river!  83!l. 59 ~i 9 1.59 8

f F f F constants
C C

in which, q* = dimensionless ice clearing discharge,
c

q /  gs! YF!; s = channel slope; f = composite friction2/3 1/3

factor of the flow under the cover. Equation 81 is confirmed by

field data, which shows that q increases with 0/WF ~ Based on
C

the conceptual model of Beltaos, methods for forecasting the

initiation of breakup were developed with moderate success using

hydrometric station records �5,97! .
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in which, 8 = ice cover thickness; HB and HF = average depth

associtaed with flows breakup initiation and freezeup; W
F

maximum freezeup width of the cover during the winter;

shear stress on the underside of the cover due to flow. Field

data shows that HB/HF increases with the value of 8/WF. Beltaos

further shows that there exists an ice clearing discharge q
C

which has an upper limit depending on 8, a., HF, ~. and channel

geomorphology.



In this report, a review of various aspects of the

hydraulics and ice processes in rivers is given. A great deal

of progress has been made by researchers in this field in the

last two decades. It is expected that the understanding on many

of the subjects discussed will be improved in the near future.

A number of subjects are not covered in this review. These

include field observation techniques; river ice controls; inland

winter navigation; dispersion in ice covered rivers; and

sediment transport under ice conditions.
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NOTATION

this report:

= flow cross sectional area;

= surface area of a river reach;A
s

= mass rate of snow fall;A
sn

= width of the ice cover;

= Chezy's Coefficient;

= cloud cover in tenths;C

= frazil ice concentration;C.
i

-l o -l
= specific heat of ice, 1.0 cal g Cc ~

1

-l o -l
= specific heat of water, 1.0 cal g CC

P

= depth of flow;d
w

= Young's modulus;

= longitudinal dispersion coefficient;

= porosity of ice floe;

= vapor pressure at the temperature T ;a'

= porosity in the ice accumulation between ice floes;
P

The following is a list of symbols which are often used in



= saturated vapor pressure at the temperature T ;
s

e
s

= Froude number upstream of the leading edge of the ice

cover V/vgH;

= critical Froude number for juxtaposition;F
rc

= critical Froude number for ice cover progression;F
rc

= friction factors of the ice cover and channel bed,f.,fb

respectively;

depth of the flow upstream of an ice cover;

water level, z+d +h.;
w 1

H

H
e

= flow depth under an ice jam;H
u

= initial ice cover thickness;h.
i

h.
i

= equivalent thickness of the ice cover;

= energy exchange coefficient at the air-ice interface;h.
ia

h wa

h . heat transfer coefficient for q
wi W3.

roughness heights of the ice cover and the channel bed,

respectively;

thermal conductivity of ice;

the composite roughness height;

k.,kb
1

kt

k
w

= thermal conductivity of water;

= under-cover travel distance of an ice floe;
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= energy exchange coefficient at the air-water interface;



-l
= latent heat of fusion of ice 80 cal gL.

1

= horizontal dimension of ice floe;

= Nusselt Number, h .R/k
WX W

N
u

= Manning's coefficient;

= composite Manning's coefficient;n

bed, respectively;

= Prandtl Number pv C /k
w p w

P
r

p.<pb = wetted perimeter formed by the channel bed and the ice
1

cover;

= river discharge;

= surface ice discharge;gS
i

= bed heat influx;q

= heat flux from water to ice;q

= hydraulic radius;

= Reynolds Number, UR/v
W

R
e

= cumulative freezing degree-days;

= Temperature in ice cover;

= air temperature;T
a

= freezing point, 0 C;0 ~

= temperature at the surface of the river;
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n.,nb = Nanning's coefficients of the ice cover and the channeli' b



= water temperature;

= a time period of one year;

= air temperature in k;
k

= su r f ace temper atur e in k;0

sk

= thickness of ice floe;

= flow velocity under an ice cover;

= velocity upstream of an ice cover;

= wind velocity;

= visibility;
P

= velocity of surface ice floes;V
s

V
cp

cover;

= bed elevation;zb

= albedo;

P-P
i

= emissivity;

= ice cover thickness;

= kinematic viscosity of water;'V
W

= density of water;

= density of ice;
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= shear velocity;

= velocity of progression of the leading edge of the ice



= Stefan-Boltzman constant;

= failure stress of the ice cover;

= shear stress at the channel bed and the ice cover,i' b

respectively;

latitude in degrees;

angle of friction of granular ice mass;

long wave radiation flux;

= sensible heat exchange;

= evapo-condensation flux;

= penetrated short wave radiation;

= heat exchange due to precipitation;

= net solar radiation flux
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