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ABSTRACT

In this study, a numerical model is developed for two-dimensional,
trangient mixing for steady uniform flow in natural river chamnels. Through
the use of an orthogonal curvilinear coordinate system, the river channel
is mapped into a rectangular strip by introducing the cumulative discharge
as the new transverse coordinate. Concentration distribution in the channel
is determined by a collocation finite element scheme. A computer program is
developed and verified with analytical solutions and a steady state field
measurement. The result is also compared with a finite difference method
which uses a combined implicit/explicit scheme. The collocation finite
element method is more efficient and stable. The "overshoot” near the peak

of the dispersing front presented in the finite difference solution did not

appear 1in the present solution.
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CHAPTER I

INTRODUCTION

Mathematical modeling for mixing processes in rivers has developed
rapidly during the last decade. Field surveys and laboratory models are not
usually feasible for studying the transport of dispersants in a water body
due to logistical and economic considerations. Because of this, mathematical
models have long been considered as an efficient and practical alternate for
predicting the distribution of disgolved or suspended materials, such as
water temperature, chemical and biological pollutants, and suspended sedi-
ments {(43,19)., Numerous numerical models have been developed based on finite
difference or finite element methods. Loziuk, et. al. (23) developed a two-
dimensional model for predicting water temperature distributions in rivers
and cooling lakes, using the Galerkin finite element method. Banks (1)
developed a finite difference model for predicting BOD and DO distributions
in rivers and lakes using a mixing-cell concept. Leimkuhler (22) developed
a two-dimensional vertically integrated Galerkin finite-element model to
predict sediment dispersion in Massachusetts Bay taking into consideration
the variation of depth in the flow field. Any two-dimensional dispersion
model requires a hydrodynamic model to provide a correct description of the
velocity field. For analysis in tidal estuaries, most of the hydrodynamic
models are developed based on the two—dimensional vertically integrated
shallow water wave equatiomns in Cartesian coordinates (22,44). For the case
of steady state flows in natural rivers, two-dimensional potential flow
solutions are often used (1,23). Potential flow solutions are not able to
provide an adequate description of velocity field and the effect of depth
variations.

Fischer (11) iIntroduced a stream—-tube model in a study of transverse



mixing to account for transverse variations in depth and flow. Chang (6)
used an orthogonal curvilinear coordinate system as a means of accounting for
meandering effects in a natural river. Yotsukura and Cobb (46) formalized
the stream—tube formulation by using the cumulative discharge to replace the
transverse distance coordinate and obtained analytical solutions for
transverse diffusion in straight uniform streams. This approach was extended
by Sayre and Yeh (33) to meandering channels. Based on a rigorous analysis,
Yotsukura and Sayre (45) have shown that by employing the concepts of
cumulative discharge and the orthogonal curvilinear coordinate system, a
simple form of convection-diffusion equation can be obtained for steady state
two-dimensional mixing in meandering rivers.

Based on the analysis of Yotsukura and Sayre (45), Shen (36) extended
the steady state mixing equation to the case of transient mixing in steady-
state river flows. This type of formulatjon eliminated the presence of the
transverse velocity term in the convection diffusion equation and mapped the
irregular physical domain into a rectangular strip in the new coordinate
system. This appreach is much more convenient for mathematical treatment
than the two-dimension convection-diffusion equation in Carteslan coordinates.
Moreover, it also has the advantage of avoiding the cumbersome, if not
impractical, numerical solution of velocity field by using available simple
gimulation formulas for transverse flow distribution.

The mumerical solution of convection diffusion equations has been a
subject of interest to engineers and mathematicians for their applications
in mixing processes in porous media, surface water bodies, and the
atmospheric environment. Early finite-difference solutions were obtained by
Peaceman and Rachford (26,27), Roberts and Weiss (31), Stone and Brain (41),

and many others. Price, et. al. (28) summed up the early experience and



discussed the difficulties of oscillations and the undue numerical diffusion
in these solutions. Spalding, et. al. (40) proposed the "upwind" difference
scheme which incorporated the idea of weighting technique. Shaimir and
Harleman (34) developed a combined implicit-explicit finite difference scheme
to solve two-dimensional groundwater dispersion problems. In this scheme,
the longitudinal convection and diffusion are treated by the Stone-Brain
method, whereas transverse dispersion is treated by the alternating direction
procedure., In an attempt to solve the two~dimensional convection-diffusion
equation in the natural (stream-tube) coordinates, Harden and Shen (15)
applied the Shamir-Harleman scheme to transient mixing in natural rivers and
verified numerically that the longirudinal diffusion term is negligible.
An "overshoot' near the peak of the dispersing front exists in their
solution. The size of the time increment and the space grid size required
in order to satisfy the convergence criterion is relatively small. This
limitation makes the scheme relatively inefficient in simulating field
problems. Recently, the Omaha District, U.S. Army Corps of Engineers and
the Sutron Corporation %2) developed a finite-difference scheme for
simulating two-dimensional mixing in rivers, This model retained with
transverse distance as an independent variable in the convection-diffusion
equation rather than the cumulative discharge. The numerical method used in
this medel is an ADI method G0 ) similar to the method used by Harden and
Snen {13) and has similar numerical problems, To avoid the limitation of
small time increment, the Sutron report suggested the use of unrealistically
large values of the longitudinal diffusion coefficient.

In the last ten years, finite element methods have been applied to
dispersion problems. TFinite element methods are considered to be more

flexible for problems with irregular boundaries and usually allows larger



element size in discretizing the solution domain, resulting in savings in
computing time and storage. However, in contrast to the finite-difference
method, relative little is known about the stability criteria of transient
finite-element solutions. At the present time, most of the multi-dimensional
finite element models for mixing in surface water bodies are developed using
the Galerkin formulation in the Cartesian coordinate system. Triangular
elements and linear interpolation functions were used to represent the
spatial distribution of unknown variables. The Galerkin finite-element
formulation will lead to a system of equations which is symmetric and
positive definite. This type of system of equations can be solved by the
"skyline" solver. Besides the Galerkin method, there exist other finite
element methods such as the Rayleigh-Ritz method and collocation method,
Smith, ét. al. (39) discussed some advantages of the Galerkin method over the
Rayleigh~Ritz method. Almost ne study has been done using the collocation
finite-element method to simulate multi-dimensional convection-diffusion
problems. 1In the collocation method, the governing equation is exactly
satisfied at the collocation points. The system of equations developed in
the collocation finite element method 1s non-symmetric and positive semi-
definite, which is more difficult to solve than the system of equations
formed in the Galerkin finite element method. However, with new techniques
developed for solving systems of non-symmetric equations and the fact that
us integration over the spatial domain is required, the collocation method
could be more efficient than the Galerkin method especially when the
governing equation has variable coefficients. Houstis, et. al. (17) have
compared the efficiency of collocation, Galerkin and least square finite
element metheds for elliptic partial differential equations, and conclude

that the ceollocation method is more efficient for solutions with moderate



accuracy.

In the present study a collocation finite-element method using
rectangular bi~cubic elements is developed to solve the transient mixing
equation in the orthogonal curvilinear (natural) coordinate system {45).
This model is verified against analystical solutions. The scheme is applied
to a reach of the Missouri River and compared with analytical and finite
difference solutions and field measurements. The medel is shown to be more

efficient than existing finite difference models.



CHAPTER 1I

PROELEM FORMULATION

GOVERNING EQUATIONS

As discussed in Chapter I, the erthogonal curvilinear coordinate
system, or the natural coordinate system, developed by Chang (6), Fukuocka and
Sayre (13), and Yotsukura and Sayre (45), will be used in this study. As
shown in Figure 2.1, the natural coordinate system consists of naturally
orthogonal longitudinal, transverse, and horizontal coordinate surfaces. The
longitudinal and transverse coordinate surfaces are vertical and typically
curved and nonparallel. The horizontal coerdinate surfaces are all parallel
horizontal planes. The longitudinal coordinate surface should be aligned
closely with the depth-averaged total velocity vectors. The origin 0 is
located at the intersection point of three selected coordinate surfaces. The
Intersection of horizontal and longitudinal coordinate surfaces forms the
x—axis which 18 positive in the downstream direction. The z-axis is defined
as the intersection of the transverse and horizontal coordinate surfaces and
are positive to the right. The y-axis is the intersection of longitudinal
and transverse coordinate surfaces and is.positive in the upward direction.

The horizontal distances measured along different longitudinal (or
transverse) coordinate surfaces from one transverse section (or longitudinal)
to another are in general not equal, This is due teo the curvature in chénnel
alignment and/or variations in width along the channel. As shown in Figure
2.1, lengths of differential elements can be quantified by introducing the
metric coefficients m and m_. The differential distances along an arbitrary

coordinate surface are:

dl._ = m_dx e a e e e s e e e e e e e e e e e e ek e e e e e (2.1)
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and

sz = mzdz S (2.2)

where m and m, are generally a function of both x and z, and thelr values
generally vary between 0.8 and 1.2, |

The value of the metric coefficient my is always equal unity, since all
horizontal surfaces are parallel, while the values of L and m, vary from one
point to another except on an x-axis and z-axis where m = 1 and m, =-1.

In the natural coordinate system, the three-dimensional continuity

equation for water and the convection-diffusion equation, with no restriction

as to steadiness or uniformity of flow are (6):

Ju
3 X2 =
o (mzux) + m - + yn (mkuz) 0 e e e e e e e e e e e (2.3)
and
3(u c) ?3{m u ¢)

%, 3 y x2 3 T2 3 3 B
o Bt + ax (mzuxc) + net, ay * ?z 9x (mx x Bx) + Ty Iy (ey ay

m
+ 2 (B 4y (2.4)

3z 'm Z 9%
z

where uos u and u,  are the local velocity components in x, y, and z
direction, € sy and e, are the local turbuelent mass diffusivities. c is
the local solute concentration, ¢ is a source/sink term which is function of
space and time. By integrating Eqs. 2.3 and 2.4 term by term over the depth
flow from the bed YB(x,z,t) to the surface Ys(x,z,t). Yotsukura and Sayre
(45) have shown that the two dimensional depth integrated continuity and

convection-diffusion equations are



oh ] = ] =
mza—t'-l'-a-;{-[huxmz]"l'-é;[hmxuz] 0 " e s e sk a s e e s s (2.5)

and
om S (Ch) + 2 (mvCh +2 (mvCh) =
x z ot Ix zZ X iz X Z

%;(:—:hExg—f[— +§—z(z—:hﬁzg§)-alc+xz e e e e e (2.8)
in which, C = depth averaged concentration; VeV, = X2 components of the
velocity vectors averaged over the local depth h; Ex’Ez = mixing coefficients
that include the cowbined effects of depth-averaged turbuelent diffusion and
convective diffusion; and Al and 12 = decay constant and generation function,
respectively,

This set of egquations are quite general, in that, it is applicable to
unsteady, non-uniform flow. By introducing the cumulative discharge, as
suggested by Yotsukura and Sayre (45)

Z
q, = £L mzhvxdz 4 b e e e e e s e e e e e e e e e e (2.7
integrating Eq. 2.5 with respect to z from the left bank z, to z, and

subgtituting into Eq. 2.6, one can chow that the convective-diffusion

equation for tramsient mixing Iin steady-state flow is

a¢, Va1 3 Magooac 3 Moo M
at m 99X mmh "3x ‘m X ax x m X d4q 9x
X X 2
NI T %, P 3¢ a‘*c) 2"“c]
ch m x 9x’ Bx 3 ‘m X 99 93X ax
Yx 3 2 3¢
+E;3€:(mxhvsz§-(¥)—)\lc+lz e 4 4 & s & = e s e 5 e ® = (2.8)
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By aligning the longitudinal coordinate surfaces in the direction of the

depth-averaged local velocity vectors, and using the relationship 3qc/3x =

—mxhvz, Eq. 2.8 can be reduced to yield the following equation for the stream—

tube model
ac, Yxac 1 3 [Tz, 5C
at m 0x mmh 93x m X 3x
Yx 3 2 aC
—Ia;-a—q-;(mxhvsz—aE;-)—llc‘l‘Az * 5 " & = = & & s ® = = & = (2.9)

Yotsukura and Sayre (45) have pointed out that the longitudinal mixing term

containing Ex can be neglected in practice.

By introducing the following non-dimensional variables:

tu
2 : L
o o
v q
y == , £ = =% .. .. (2.10)
u, Q
b = h AK = M1to
R * 1 u
(s
A -
Ak = 2% s = &
2 udcC ? C
o 0 o

where ﬂo is a reference length, u, is the mean velocity, R is the hydraulic
radius, Q is the total discharge and C0 1s reference concentration, Eq. 2.9

can be transformed to the following non-dimensional form:
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=] - xks + AR L L L. oo s a e e e e e (2.11)

where D =

TRANSVERSE FLOW DISTRIBUTION

In order to use the natural coordinate system, it is necessary to know
the transverse distribution of the discharge per unit width, q(z) or the
cumulative transverse flow distribution. When there is no field measurement
available, an anlaytical formula developed by Shen and Ackermann (37} can be
used. This formula gives the cumulative discharge as

A Q |
o 8
+ A (1 - Q )] & 4 % ® F B " ¥ 4w m = 2w 4 & = s = (2 .12)

42
[
™

S =

Q

|
«OlQ )

in which, Qa = flow passing the partial cross-sectional area Aa; AB = partial
cross—-gection area, A_Aa; dd and 68 = discharge throygh partial cross-

)

o

q, (a/r?
sectional areas calculated by the formula'a— = —;;575———.

Shen and Ackermann (37) tested this formula against measured data and found
that it provides good agreement for both ice covered and free surface flow
conditions. The ice covered case is of interest not only because of its
application to river thermal conditions in the winter, but also due to the
fact that the discharge of pollutants into rivers during the winter low flow

period could lead to the worst water quality condition.
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COORDINATE TRANSFORMATION

Values of the different parameters in the physical domain are generally
measured in the (X,y,z) coordinate system. To make use of the governing
convection-diffusion equation in the natural coordinate system, i.e. in the
dimensional x-qc coordinate system, or in the n—£ nondimensional coordinate
system, all of the parameters, nanely, m., I, Ex’ Ez, h, v and ¢ must be
evaluated at the corresponding (X, qc) points in the new coordinate system.

A computerized procedure developed to perform this transformation is described
in this section.

Consider a cross—section in natural coordinate system, with given
values of the velocity vx(xi,zj) and depth h(xi,zj) at different transverse

distances in the cross—section as shown in Figure 2.1. The amount of unit-

width discharge q(zi) at a vertical slice can be determined by

q(z,) = vx(zj) - h(z,) e e e e e e e e e e e e e e e e e e (2.13)

3 3

For a cross-section located at X)s the width of the channel is LA and the
total amount of discharge can be determined from the q(z) distribution as
shown in Figure 2.3 by

n-2 (a(z5,4) + a(z,))

Qror = 4E0 2

j+1—zj) T I R T (2.14)

*(z

in which, n = total number of verticals with measured q.
1f qc(z) is the cumulative discharge at an arbitrary point z where

qc(z) is defined as:

4

qc(z)=£ i‘-(E)vx(E)mEdE (2.15)
L
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then at z = 2r qc(zL) = 0, and qc(zR) = QTOT' Figure 2.4 shows the
relation between qc(z) and z, and for zj—l <z < zj the cumulative discharge

is determined by,
q.(z) = {ﬂgi (zn—zn_l)(vx(zn_l) "hiz )+ (z) - h(z ))/2]

(v, (z,) h(z,) - v (zq9) ° h(z;_;))

(zj - zj_l)

+ [

+2v (2 ) hlay D] (g /2 e (2.16)

j_

* Z
Let £, = —ia and
_] W

i
q (.)
q*(gf) =< J. e e e ) . ... e e e . 2D
¢ 3 Qror

* * k *
The values of £j and qc(gj) are then varied from 0 to 1. If the e

*
coordinate is divided into K equal segments such that Aq_ = 1/K, with qc(O) =

is then obtained

N %0 %

* *
0 and qc(l) = 1, the following relation between gk and q

for and 1 k K
< < <

(@ ~-qa )
B+ o ey @ -t 2.1
Jk o= gi_l (qg _ qg ) Ej - EJ_l) a + * s s v @ e e = T ( - 8)
b j-1

*
Similarly, the depth at the point Ek' can be calculated by

* % *
[(h(Ej) - h(E, ;) - (& - Ej_l)]

eoe e e e .. (2.19)

LI

* *
h(E) = h(E;_)) +

& -

3-1

e

*
and consequently, ¢(£k) can be written as:

. )
¢(:k) ST e e e e e e e e e e e e e e e e e e e e e (2.20)
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where R is the hydraulic radius.

*
The velocity v(Ek) can be determined from

* %
q(«‘;k)'QmT

- P ¢ 293
w, h(Ek)

v(gy) =

* %
where the amount of discharge g (EK) at the boundary of the kth stream—tube
is given by,
A * A *
* _k q q
FEH st e )
- (5 = &)
(Ek Ek—l) k+l k

The value of the transverse mixing coefficients is determined by

Ez =8 h u, e T {2.23

where u, is the shear velocity defined as,

*

u, = VERS, e €22

in which g is the acceleration gravity, Sb is the bed slope and R is the
hydraulic radius. Different values of the constant f are given by many
authors. Yotsukura, Fischer and Sayre (47) reported a value of about 0.6
for the constant B as observed in the Missouri River.

The value of the longitudinal diffusion coefficient can be estimated
by using the following formula,

Ex = 0 h u* - . r & 8 & & 8 & & & 2 a4 s ® # = s & + & » & = & o+ (2;25)

with a value of a equal to 6.0 for this study.

Yotsukura and Sayre (35) suggested the following formulas to evaluate

the metrie coefficients m and m o,

A S PO ¢ Ly e o pAx
no- LRy iy s B - B BT L 228
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* & % 8 4 ¥ 8 ¥ ¥ 4 4 w & + # &2 =+ 2 =2 2+ = = (2«27)

E|£
==

and m =
2
o

where the index i refers to the cross sections where velocity and geometry
measurements are obtained. L, LL and LR are longitidunal distances between
the ith and (i+l) cross section measured along the longitudianl coordinate
surfaces through the channel center line, left bank and right bank of the
natural river, respectively. (Lk/w)i is the fractional transverse distance
from the left bank to the boundary Between kth and (k+l)th stream tubes at
the ith measurement cross section. P is the number of steps of uniform
length (Ax) measured along the x-axis downstream from ith cross section as
shown in Figure 2.5.

The procedure discussed can be used to determine all the parameters in
the X—q_ coordinate system (or the n-£ coordinate system), and it has to
be repeated for each cross section. These parameters are then interpolated
linearly in both the x—-direction and the q, direction to find values of the

parameters at any specific points, namely the Gaussian points.



19

CHAPTER III

THE COLLOCATION FINITE ELEMENT SCHEME

MATHEMATICAL BACKGROUND

The mathematical models for two~dimensional convection-diffusion
processes are generally difficult to solve in closed form (i.e. as a finite
combination of "nice' functions such as polynomials, exponentials, sine,
cosine, etc,..). Let 'C' be an exact solution for problem 'P', and 'A' be an
approximate solution. Most of the approximation techniques including
collocation method seek an approximation solution 'A' instead of the exact
solution 'C'.

Generally, a solution is carried out in three major steps:

{i) Choose n linearly independent functions ¢1, ¢2, eas ¢n and ask

that
Ax) = 2 ( (3.1)
{(x) = iél ui ¢i x) sk e e e e e e e e e e e e s e .

It is worthwhile to note that these n-independent functions
¢1, fcres ¢n generate a space of finite dimension n, call it S, and
those function ¢1, cany ¢n are basis functions for 5, which means
that, the exact solution 'C' belongs to a large 'infinite'
dimensional space X of functions, and 5 C X. If basis functions

¢1, enes ¢n are chosen to be piecewise polynomials, then the
solution procedure would become the finite element method, and
that choice is responsible for the success of the method. These
choices have the common characteristics, that is: each ¢i is

nonzero over only a small part of the domain {1, and zerc over the

remaining 'large' part of Q.
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(1L Construct a system of n-equations, with respect to the n-unknowns

a . Such systems can be written as,

a - » 8
l’ » n

Ka=5 (3.2)
in which,

K = (kij);,j=l is a known n X n matrix,

B = (bj)gl=1 is a known vector,

o = [al, Ops vevs an]T = (aj)?=1 is a vector of unknown
coefficients.

(ii1) Solve the resulting system of equations, find Ggs oy woes Ay
and consequently the approximation solution A(x).

Very often, the elemental matrix K has a structure which is difficult
to be stored in a computer, such as in the case of the collocation method.
The choice of the method of solving this system (either using a direcﬁed
method or an iterative method) 1s responsible for optimizing computer time

and memory storage.

THE FINITE ELEMENT COLLOCATION METHOD

Let, L, B be differential operators such that

i

LA(x) f(x) R x € £ (domain) e e s e e e s e e e (3.3)

BA(x) g2{x) s x £ 602 (boundary) e e m e e w e e e s . (3.4)

In the collocation method, the residual LA(x) - £(x) is forced to be zero at
a number of points in ? (interior collocation points = Int.), and the

boundary residual BA(x) - g(x) is forced to be zeroc at a number of points in



21

8Q (boundary collcocation points = nb). For a total of n-equations, the total

number of collocation points must be equal to n. Accordingly, the n-colloca-

tion equations are

LA(Ui) = f(oi) ; at nyoe points o € Q e e s a s e e e s e s e . (3.5)
and
BA(cj) = g(aj) 3 at o points, oj £ 60 e ot s e e e e e s e e e (3.6)

where noe + n = n. The one-dimensional collecation finite element
formulation have been discussed in detail in Ref. 25. In the following
paragraphs the one-dimensional formulation will be summarized and generalized

to the two-dimensional formulation.

ONE DIMENSIONAL FORMULATION. To define the Hermite cubic elements in

one dimensional case, let 8 = (a,b) and 0 = QuéQ = [a,b]. The closed

interval @ is subdivided into N subintervals Ii where

I, = [xi, 1. 1 =1, ..., KN

1 Xi+1

and the length of each subinterval is hi =Xy T Xys 38 showm in Figure

3.1.

& *2 ®ie1 %5 *i+1 b=xy
Figure 3-1. Sketch of the element Ii

For Hermite cubic elements, the space 5 consists of all fumctions in
C' [0,1] which reduce to a cubic over every subinterval. A total of 4N
coefficients, or four coefficients per subinterval, are needed. Since two

continuity (compatability) conditions are available at each interior node,
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the number of free coefficients are equal to n = 2(¥+1). The n basis
functions ¢1, cany ¢n can be constructed by associating two functions to each

node, as shown in Figure 3.2.

Any cubic polynomial can be written as,

_ 2 3
P3(x) =a_ + alx + a,x 4 an

For Hermite cubic basis functions, the values of the coefficients a;s i=20,
1,2,3 can be determined by satisfying certain requirements for the values of

the basis functions, ¢ and its derivatives, at the two end points of each

element. The requirements for ¢2i—1 are:

¢21-1(xi) = 1 and ¢2i_1(xj) =0 , j#i O & )
¢2i—1(xj) = 0 for all j
and } e e e e e e e e e e e e e (3.8)
¢21_1(x) = 0 for x ¢ Ii—l v Ii
and
¢21_1 is a cubic polynomial on 11_1

} - - L3 L] . - . L] - - - - » - - (309)
¢Zi+1 is a cubic polynomial on I1

The requirements for ¢2i are the same, except that:

¢, (x.) =0 for all j
233 A & 36 11
¢éi(xj) =1 for all j=1

and

¢éi(xj) 0 for j#1

With these conditions the basisc functions can be obtained for each element as
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XX xX~xX
-2 (h i)3 -3 q;—jﬂz +1 s - X € Ii—l
i-1 i-1
X-X A-X
_ i3 1,2
¢21“1(x) = 2 ( ™ S IR I ¢ ™ Y+ 1 » X € Ii e e e e s (3.11)
i i
0 otherwise
and
X-X X-X X=X
57 +2 B2+ Din, .+ xe1,
i-1 i-1 i-1
Ax-X X—X X-X
_ i 2 1,2 i
¢Zi(x) = 5" -2 )"+ (] hy > xe L, ... (3.12)
i i i
0 otherwise

Since only ¢21_1, ¢Zi’ ¢21+1, and ¢21+2 are MoNzero over Ii’ the

approximate solution A € S can be written as:

n
Alx) = I

181 %4 ¢, (x)

e e s e s e e e e e e e e e e s (3.13)

2141
= 5Epi1 %5 45 OO

consequently, Ii is an element with four degrees of freedom. The coordinates

of the Gaussian points are

R T I N

2i 2 ‘/5'2

and “ e e e e e e e e e e e e e e e (3.14)
o =f_i‘.:.iiﬂ+ ll_-l..j.'.

2i+1 2 /3 2

By substituting Eq. 3.13 into the governing differential equation, and using

Gaussian points as the interior collocation points, a system of 2N linear



equations can be formed.

elemental matrices.

P =0 o (0,

}Zi+l, 2i+l

k=2 i_l [

»

j=2i

for £ = 0,1,2

or,
(2) (2) L)
975-1(%24) PECITR A O RCIP
k" RO (2 RO
’ 951-1890541) P21 25410 2511411

in which, D* is defined as the %th

By using Eqgs,.

elemental matrices for the element

3.11 and 3.12

L0 _ a h,8 1l-a —hiE ]
S 1-a hiE a -h B
_ 9+ 4Y3 g =3t V3 -
* = "7g ’ 3% » B =
) -1/b, 376 1/ng V376
and
(2) _al!/hjz- _B“/hi a“/hi
(X) [ " 2 n 2
a /hi R /hi -u/hi
=2/3 ,8"=Y3+1, "=V3 -1

& /n,
B!I‘/hi

Ii can be obtained,

)

derivative of a function, Dz = E‘I"

dx

25

Thig system of equatdions include the following

(3.15)

the following form of the collocation

(3.16)

(3.17)

(3.18)
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With the 2N equations obtained for the interior collocation points
and two equations from boundary conditions, the 2(N+l) unknown coefficients
of A can be determined for each time step.

TWO DIMENSIONAL FORMULATION. A two~dimensional formulation can be

developed by generalizing the one-dimensional formulation. 1In the two-
dimensional case, the region Q is divided intc a finite number of
rectangular elements. Bicubic Hermite basis functions, which are products
of two Hermite cubic piecewise polynomials of one variable, are used.

Associated with each node there are four basis funections:

(0) =
Bij (st) = ¢21_1’2j_1(xs3")

bpsg ) byy 1 )

e e e e e e e (3.19)
Bﬁ) (%,Y) = bp4 1, 250Y) = b5 1 (XD 45503 |
and
BB 0y) = 0y 55 G09) = (1) 4y, )
The approximate solution can be written as,
Ax,y) = I E a9 ) e (3.20)

k=i,i+1 r=2k-1,2k
2=j,j+1  t=28-1,2%
Fach rectangular element has sixteen degrees of freedom, four for each node.
The boundary value problem for predicting concentration distribution
in rivers 1s defined by the governing differential equations, and boundary

and initial conditions in the two-dimensional connected domain O and on the

boundary 8%, Fig. 3.3.
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38
L 8n

as 98
"a'i,‘ + fl("l,'c:) Eﬁ' - fz(n.E)

3

an (D

] +

3 Lk

£5(n,&,7) (3.21)

in which, £,(n,£) = v/mx; fz(n.i) = R/(mxmzcb); f3(n.5) = (& v R ui)/(mez);

= 25, - p = . = 208 )/
fa(n,E,T) = kl’ fs(n,E,T) = 12, DL = (mz¢Ex)/(mxuoR), and DT = (mx¢ v z) (uoR).

8(0,8,1) = gl(E,T) ; for Tt >0 e e e e e e e e e e e e (3.22)
a5 _ .

- 0 ; on BL’ BR, Ds for T2 0 . 00 v e e e e e e (3.23)
and,

S(n,g’o) = 0 on Q - - - - L) . - - (] L] » L] - *» » » - . - - . (3.24)

A solution of the problem in the space domain is accomplished by applying
the approximate solution A to Equations 3.21 to 3.24. It is of interest
to mention that the two-dimensional convection-diffusion equation in the
n-£ coordinate system is a linear, non-symmetric, elliptic partial

differential equation. The non-symmetry arises from the convection terms

which have been the principal source of difficulty in numerical solutions of

the problems of this type.

In order to be able to use different element sizes in different
fegions of the solution domain, the domain 2 is first divided into n, and

n, divisions along the n-axis and the {-axis, respectively. These divisions,

which are not necessary equal, are then further divided into o, and m, equal

subdivisions with lengths h, and ki. respectively. Such divisions yield a

i

total of ¥ rectangular elements.



29

[11 n
N=N*'N = ¢ (m), -~ £ (mn,) e e e e e e e e e e e e e e (3.25)
XY a1 11 j=1 2’

The total number of elements along the n-direction is Nx’ and that
along the f£-direction is equal to Ny. Since there are four functioms
associated with each node, it is required to construct M equations to

evaluate the M = A(Nx+l)(Ny+1) coefficients of the approximate solution

M
A(n,§,1) = (I, o (1) $,(n,&) O ¢ 21D

In terms of tensor products and elemental matrices, the following

expressions are obtained from the approximate solution A(n.&,T).

s(n,E,1) = [KT(IO) ®Kéo)] a(t)

-

2o - kK2 @x{?) 330

3s (1) 0), -
__‘Jﬁ(”"g"r) [Kn ®K€ ] aft) e e e e e e e e e e e e e (3.27)

%E—(n,s,'t) = [K,EO)@KS)] a(r)

2

e - x? @1 3
A\t

525 (0) o ,(2), +
'B'E'z-(nsg"[) = [Kn ®KE 1 alT)

where each [ @ ] represents 4 x 16 matrix of given coefficient and 3(1) is a
16 x 1 vector of unknown functions of time to be determined.
By assembling the preceeding relations, the governing equation, Eq.

3.21 becomes,

-
[H] (%) S IR A + £gMET) e e e e e (3.28)
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where

(©) g (O
1 = k. @K1

3D
(£, + £,0.0) 59 © KD @x 1+ 6,00 1 -

[K]

(2) (0) . e (O) (2)
[KT1 ®K£ 1 + £4(n,£) D, [Kn ®K‘g ] +

aD
T (0) o (D) o (0) o (0)

At =0, the initial values of E(T), (E(T)O), can be obtained from the
initial condition A{(n,£,0) = 0. Matrices [H] and [K] are constructed from
elemental matrices. Various methods can be used to obtain the relationship
between (u(T)o) and (a(T)l), the solution at At. In the present study,
the following implicit formula is used to approximate Eq. 3.28,

m1EEDH, + A-00GDH ) = [KI(8 a(r); + (1-8) a(0) ) + £, (n,E17) . . (3.29)

where 8 1z a scalar parameter. When 0 = 1/2, this becomes the well-known

Crank-Nicolson method. The forward and backward differencing in time yields,

> a(1), - (1)
mE - me—AHA Lo (G
1

and,

i &’(-c)m - 3(1),
[H](E?)B = [H]( At/2 ) C e e e e e e e e e e e e (3.31)

Substituting Equations 3.30 and 3.31 into Eq. 3.29 one gets

+> >
122 da @ 1
BIGD, + GD = [H] » 47 G0 = atn)y

1

[K](?i(ﬂl +57(-r)0?+ 2 fs(n,E,'r) e e e e (3.32)
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which can be generalized to

[A] (1) = [D] &(0), 3 + 2 £5(ET)  + e e e (3.33)
where

2
[A] = 2= [H] - (X]

(0] = 2 (u) + [x]

This system of equations together with boundary conditions will be used to
solve for coefficients a(t)n, in order to find the approximate solution
A(n,E,7). It should be noted that Eq. 3.33 is a system of linear equations

in which matrix [A] and [D] are non-symmetrical, not positive definite and

sparse 1n general.

Boundary conditions can be formulated through the use of Eq. 3.27. At

the upstream boundary, Eqs. 3.22 and 3.27 give

gl(E.T)'—"- A(n,E,T)

k< @x{”) A
= gy 1 (M by (M) dypsr (1) by ps ()]
@ [6,,_1(8) $,,(8) 8y 1 () $pp n (TP (D)« o v oo (3.38)

in which,



(o) = lop1,20-1(T  %2k1,20(  %op1,2041( %2x-1,2042C"
%k, 20-187) %k, 20 (D %k, 2041 (T %k, 2042 (%)
%re1,20-1T %1200 %ois1,2041¢0 %2k, 2042

(1

%rt2,20-10 S, 20T Uo2,2041$T) %oke2,2042

Since along the boundary, n = n., ¢2k(nk) = ¢2kﬁl(nk) = ¢2k+2("k)

¢2k-1(nk) = 1, Eq. 3.34 can be reduced to

0) » _
KE a(t) = gl(E,T) ......................
in which,

-5
a(1) = fogy 1 90 1) 9 200 %oy 2041 (T Fpt, 0040

At the two corner points (nk,Ez), since ¢2£—1(££) = 1 and ¢2£(€£)

= ¢22+2(ER) = 0, Eq. 3.34 can be reduced further to
8 (™) = by 1) b5y 18 g1, 291 (V)
= a2k—1,22-1(1) ..................

For left and right banks, Eqs. 3.23 and 3.27 gives,

g—g (n,E,1) =0 = %2— (n,€,1)
= ‘O W), %
= K@K ] alr)

L] T 1 -+
(93,1 () 93,(E) 83, (E) 63, (D)1} A(D) .« . . . .

32

)

)

)1t

= (0, and

(017

= 020418

(3.36)
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Noticing that along the banks, ¢££(££) = 1 and ¢éz_1(51) = ¢52+1(E£) -

¢2£+2(5£) = 0, Eq. 3.37 can be reduced to
Kﬁo) () =0 e e e e e e e e e e e e e e (3.38)
in which,

a(r) = | ]
a(t) = logp 1,20 %ok, 20 %2kt1,28 *2k+2,22) .

At the downstream boundary, Egs. 3.23 and 3.27 gives

Js -
EE (n,€,t) =0 =

m‘w
=aL=

(n:E:T)
- {K§1)®Kéo)] a(r)
= ({63, 1M ¢35, () ¢ () &) (M@
[0y 1(E) 0y (B) 0,1 (8) 4y ()]} GG . o o o . o (3.39)

Since along the downstream boundary, n = n, ¢ék(nk) = 1, and ¢ék—1(nk) =

241 M) = 93540 ) = 0, Eq. 3.39 can be reduced to

Ké0)3(1)=o e e .. (3.40)

in which,

- T
a(t) = [agy 9-1(T) oy 20 (1) Ggp 9041 (™) o, 2042(T)]

At the two corner nodes, (nk,EE), since ¢2£_1(E£) = 1 and ¢2£(££) = ¢2E+1(££) =

¢2£+2(Eg) = 0, Eq. 3.40 can be further reduced to

L'¢ = y =
Sor M) $p 1(6) pp 20-18T) = Fgp 9 4 () =0

Equations 3.35 , 3.38, and 3.40 are to be evaluated at the Gaussian points
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for each element along respective boundaries.

SOLUTION OF THE LINEAR SYSTEM OF EQUATIONS

The linear system of equations resulting from the collocation

formulation can be written in the following form:

Ax = b (3.41)

where A 1s an N x N non-symmetric matrix, and T and b are vectors of length
N. If N is small or A is dense, then the standard algorithm for solving this
system is 'Gaussian elimination' with partial pivoting (provided that A is
well conditioned)., The simulation of two~dimensional mixing in natural rivers
generally requires a large number of elements. This requirement together
with the bicubic collocation formulation results in a large sparse system

of equations. The standard technique beccmes not feasible for this type

of problem.

Te overcome this problem, one can either apply one of the iterative
techniques, such as the frontal technique, the successive over relaxatien, or
the Gauss-Siedel iterative method; or use z direct method, such as Gaussian
elimination or matrix inversion (4). Since an iterative method cannct be
applied to a system of equations with zero entries along the diagonal, direct
methods are preferred if care 1s taken for the large number of zeros that
exist in the system. Recently, several methods have been developed using
sparse Gaussian elimination to solve systems like Eq. 3.41 (9,10,14).

Herein, the algorith of Sherman (38), whiqh is considered as a
refinement of the other algorithms, for solving linear systems and performing
Gaussian elimination with columm interchanges will be used. 3Briefly, this

algorithm can be summarized as follows,
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{(a) The linear system of equations, Eq. 3.41 is used to obtain a

factorization of the form

AQ = LU et e e e e s e e s s s s e s e e e (3.42)

where L is lower trlangular, U is upper triangular and ¢ is a
permutation matrix corresponding to the columm interchanges.

(b) Once this factorizatien has been cbtailned, one can find 3 by

solving

-+

Ly = g
(3.43)

and e e e e e a e e e e s e e e e e e

Qe =3

The data structure for the sparse matrix that 1s both compact and
easily accesgible is the important feature of this algorithm. All calcula-
tions are carried out in three one-dimensional arrays, two of them list the column
indices and numericél value of the nonzero matrix entries, the third array
is a set of row pointers.

The algorithm is "'stable"” numerically since the application of standard
Gaussian elimination with row interchanges is stable. The number of
operations required by this algorithm depends strongly on the number of
nonzero entries of sparse matrix A, Concerning computer time, this algofithm
works quite efficiently and as far as the authors are aware are better than

any other algorithms available (38).

ERROR ANALYSIS

The objective of any numerical technique is generally to obtain

sufficiently accurate approximations with minimum effort. The efficiency of
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an approximation method with respect to its use in computation is measured
by the "Truncation Error," (defined as the amount by which the exact solution
fails to satisfy the difference equation) and is denoted by T.

To analyze the error encountered when applying the collocation finite
element method with rectangular Hermite bicubic elements to the nonsteady

two-dimensional convection-diffusion equation, consider first Eq. 3.29 with

1
6 =3
(1) (AR L+ A2y 5w K] (D), + @(D) )+ 26 (,E) . . (3.44)

If a forward or backward difference scheme is used, the result will
produce a local truncation error of order 0(At), where At is the time
increment. To devise a procedure with local truncation error of order O(Arz),
Smith, et. al. (39), suggested to use a forward and backward difference in
time which gives the most accurate result for this type of problem. This can

be done by using the Taylor series in time which yields

(a(T)n+1 - (a('r))n

(M) = -
o1 (n+l1/2) AT
1 2 a3a(ro) 33a(11)
‘z-g (AT) [ 3 + 3 ] L T L I T T T S (3-45)
at at
where € (1,7 + %E), € {t - %1, ).

This method is a second order method and the local truncation error is
of order 0(&1)2 i.e.,

a3a(T0) 33a(rl)

2 ( + 3 ) e e e e e e e e e s (3.46)
at

_ 1
T=7Zg 4D 3
at

provided the solution of the differential equation satisfies the usual
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differentiability condition. The error bound can be written as

ERROR BOUND = |T| < <-—- At M M, T & YY)
3 .0

at

The error encountered when applying a finite element methed in space
can be analyzed by using Taylor's theorem in two variables. In general,
suppose that C(n,£) is the exact solution for the problem 'P' and all of its

partial derivatives of order less than or equal to (m+l) are continucus in

the domain 0.
Q= {(n,E)fla<n<b, ¢ <&<d}

and let (no,Eo) ¢ . Then for every point (n,E) e @ there exists a peint

(%.8) ¢ 2 with
CME) = B (D) + R, (HE)  vve oo en e e e e e e oo (3.48)

where

P_(nE) = C(n .50 + [(n=n) 3 (n,6) + (6-£)) 5 (n.E)]

i )2 2 2 (g- 50) 3 C
+ ["'—2—"'_3_— (n sE Yy + (n- n ) (&- EO) a€ (ﬂ 3 )+_'2_'__ 2 (rl sE )]
n Jg
"c(n £ )
-1_-— m m _ m...j _ j [s)
T o j§0 (j)(n no) (E 50) m'jagj ) I (3.49)

and
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and

1wl mHl-] j ™ c(° )
Ropp (M:8) = (m+l)' mio j )(n-n_) (E-E ) BEj e e . (3.50)

Pm is a Taylor polynomial of degree m in two variables for the function
C about (no.io) and Rm+l (n,£) 1s the truncation error associated with
P08,

Using the collocation method with Hermite bicubic elements the

remainder term or the truncation error can be written as

R (n,8) = 77 ., ()(An)4J(A£)j—gD’—E— e e (35D
4 4 3=0 %4 3£j

where, An = (n-n_ ) and A = (E~E ).
Assuming that the mesh size (element length) in the n-direction is the same

as that iIn the £—direction, Eq. 3.51 becomes,

4 0
- 41 4, 3'c(R,E)
R, (M,E) = (An)" 75 jgo (j) T3 e e e e e e e e e e e (3.52)

which means that the error is of order O(An)A, provided that all the previous
conditions for smoothness of the function C{n,£) is atisfied. The error

ol cdi ve wiitien as
r )
IR’Z‘(H’E) | i EE (ﬂrl) Mz - - - - - ] [ - . - - . » - - » N - - (3-53)

in tthich,
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4 4 4 4
. ’ g C s c
3 C(n1 El) 3 °C(ng El) (n1 El) 3 (nl,ﬁl)
M, = max |{ ’
2 4 3
an an"ng

» ¥

Bn23§2 Bn353

s*c(n, £

354

anf tnl.El) e @ Dnye [n,an,mHan] , §) € [E~Am, E+An]

Let ET be the error when applying finite differencing in time and

finite element in space. From Eqs. 3.51 and 3.52 one can then write,

max |ET| = max | T+ Ra(n,£)| e e e e e e e e e e e e e (3.54)
Ny&>T NEst
<cen?+c, Bn® <oy’ + an*1

where C1 and C2 are independent of At and 4An, and 03 is the max{Cl,Cz}.
Equation 3.54 shows that the truncation error when using the collocation
method with rectangular Hermite bicubic elements is of order O[L\.'r2 + Ana].

To make use of the higher order of accuracy, (A1) should be chosen in

a way such that,

BT SCBMT (3.55)
where C4 is a constant, independent of At and An. Consequently, Eq. 3.54
becemes,

4
max |ET| j—CS(ﬁn) T T (3.56)
NsT
in which, C. is independent of At and An. Eq. 3.56 shows that the order of

5

convergence is equal to 4.
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Numerically, the following formula can be used to check for the

order of convergence K.

K=z (B /B N7 R S . 7))

TAn An/2

where ET , ET are errors for element sizes An and An/2 at a& same At value.
an an/f2



CHAPTER IV

MODEL VERIFICATION AND APPLICATION

In this chapter the numerical scheme developed in Chapter III is

41

verified against exact analytical solutions. The order of convergence of

the scheme 1s verified numerically. The scheme is also used to numerically

simulate mixing in a reach of the Missouri River and compared with a steady

state analytical solution and field data.

MODEL VERIFICATICN

Two two-dimensional initial boundary value problems with analytical

solutions are used to verify the numerical scheme. These two boundary value

problems and their analytical solutions are:
PROBLEM 1

du  du 3Ju 9 u £

3c T Bx 2 2 1
x

in which,

_ 2 1
£, = =2e{x"¢( 3 3 ) +y

, 23
u(o,y,t)=t(32—-3'§—)

Bu

ax (l’y,t) = 0 ¢ ¥ = = = « & & s+ & ® ¥ & & » 3 & s B ® .

du

3y (x,0,t) =

I
o
L]

3u
By x,1,t)

n
=]
.

.
.
.
.
.
.

and u(x,y,0) =0 , 0 <

H]
A
|_l
]
4
o
A
e
| A
(]
.

The exact solution is,
u(x,y,t) = t2( EE-+ XE XL
’Y’ 2 2 3 3 - . . . . . - - - -

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

4.7
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PROBLEM IT
2 2
du _ du du_3du._
3t+3x 2 2 fz s & = B & ¥ B = ¥ & w # m 4 s & & ¥ & 4 @ (4-8)
ax ay
in which,
-l x_ 1 2,y _1
2 3
WOy, (=) e (B9
ax ’Y’ l.lIl..ll'--ll.l-..'l-t.tol L]

gu _

ay (X,O,t) - 0 - - = 3 L] L] L] - L] L] - - * L3 . - (4-11)
N (x,1,8) = 0 (4.12
ay st - L . - . . . . . )

andu(x,y,ﬂ):[) : 0<xiland0iy<l. e e e e e e e e s e (413

The exact solution is,
2 2 3 3

u(x)Y’t) = t( xT-'- 22—-' - '}Ej_- - % ) + 4 B & % ® s 0w 8 & ®m = 2 » v = (4-14)

To test the degree of accuracy and the rate of convergence, the model
was run for different values of time increments (At) with rectangular
clements. Table 4-1 shows the calcualted order of convergence for Problem I
for various element sizes and time steps. Calculated values of K using
Eq. 3.57, as shown in Table 4-1, are approximately equal to 4.0, which
verifies the conclusion obtained from Eq. 3.56.

Numerical solutions for problem II for various element sizes and time
steps are also obtained and compared with analytical scolutions. The maximum

absolute error is of order 10ﬁ7.
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TABLE 4-1
ORDER OF CONVERGENCE (K) FOR COLLOCATION METHOD
2 2
Ar/(Ax)" = 2 At/ (Ax)“ = 4
At Ax ET K At Ax ET K
0.5 0.5 2.13 x 10 2 - - - - -
0.125 0.25 1.33x100  4.00 | 0.4 0.33 1.20 x 1072 —
0.03 0.125 8.29 x 10>  4.02 | 0.1  0.165 7.61x 10°%  3.99
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APPLICATION OF THE NUMERICAL MODEL

A field study of the mixing characteristics of Missouri River by
Yotsukuna, Fischer, and Sayre (47) for a six-mile reach below Blair,
Nebraska, shown in Fig. 4.1. This particular reach has two mild alternating
curves. At the time of field test, the river discharge was 34,100 cfs, the
average depth was 9 feet, and the width ranged from 500 to 700 feet. The
average velocity was 5.7 fps, and the shear velocity was estimated to be
0.24 fps. Detailed depth and velocity data were obtained at twe cross
sections as indicated in Fig. 4.1. The field test consisted of continwously
injecting a tracer into the river and measuring the steady state concentra-
tion at downstream cross sections. Yotsukura and Cobb (46) has obtained
the steady state concentration distribution by using a two-dimensional
analytical solution by assuming variations of Ez over a cross section are
negligible.

The collocation finite-element solution was applied to the
Missouri River for a reach extending from 8730 fr station to the 12,000 ft
station. The distribution of the velocity and the depth at different points
in the transverse coordinate for the first two cross sections are listed in
Table 4.2. The corresponding wvalues in x-qc coordinates are determined by
the subroutine APPR. The velocity and depth were tazken to be equal to zero
at the channel boundaries. Egs. 2.23 and 2.24 are used to calculate values
of the longitudinal and transverse dispersion coefficients Ex and EZ with
o =6.0and B = 0.6. Metric coefficients m and m_were taken to be equal
to unity. A value of 3280 ft for the reference length 20 is used. The
upstream boundary concentration used in the sample calculation increases
linearly from zere to a steady state boundary comncentration distribution,

over a period of 10At. The steady state concentration distribution at the
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TABLE 4--2
TRANSVERSE DISTRIBUTIONS OF VELOCITY AND DEPTH
AT THE FIRST TWO CROSS SECTIONS IN MISSOURLI RIVER.

x = 8730 ft. x = 11,850 ft.

P @ W) m | @ ) (h)
) COORD. VELOCITY DEPTH | CCORD. VELOCITY DEPTH

1 0 0.0 0.0 0 0.0 0.0
2 25 3.36  3.50] 25 3.36  3.36
3 60 6.88  10.25| 60 6.88  6.88
4 90 8.27 13.50] 90 8.27  8.27
5 120 8.27 13.50] 120 8.27  8.27
6 155 8.07 13.00| 155 8.07  8.07
7 185 7.86 12.50| 185 7.86 7.86
8 225 7.54 11,75 225 7.54 7.54
9 270 6.99  10.50| 270 6.99  6.99
10 320 6.07  8.50] 320 6.07  6.07
11 385 4.82  6.00] 385 4.82  4.82
12 415 4.82  6.00] 4.15 4.82 4.82
13 435 4.82  6.00| 435 4.82  4.82
14 490 3.98  4.50{ 490 3,98  3.98
15 525 3.52  3.75] 525 3,52 3.52
16 560 3.20  3.25] 560 3.20 3.20
17 600 0.0 0.0 | 600 0.0 0.0
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upstream boundary was adapted from the analytical concentration distribu-
tion given by Yotsukura and Cobb (36) for the station corresponding to 8730
ft. This concentration distribution is illustrated in Figure 4.2.

The model was run for different values of time increments with different
combinations of Nx and N ., Numerical solutions for the concentration dis-
- tribution were obtained until the steady state condition was reached, for
all cases. Table 4.3 gummarized calculated steady state concentration
distribution at x = 11850 ft. for q: = 0.2, 0.4, 0.6 and 0.8.

According to the analysis given in Chapter I1I, for an appropriately

chosen value of AT, the maximum error can be estimated by

max|E, | = c- |maxtanae?, anae?, andag, an®, ae%}]

Based on this, the error for the case Nx = Ny = 10, which is the most
accurate case, is of 0(10_4). For other combinations of Nx and Ny in

Table 4-3, the same accuracy can be obtalned, except for cases with Nx =3
and cases with Ny = 3, Errors for these cases are of 0(10-3) and 0(10_2),
respectively. Numerical results presented in Table 4-3 generally agree with
the error analysis. Cases with Ny = 3 are in general least accurate. This
is consistent with the error analysis. An additional reason responsible for
the inaccuracy in cases with Ny = 3 i3 the linear interpolation used to
approximate the transverse concentration distribution at the upstream
houndary. Tt is of interest to note that the use of larger time steps has
relative small effect on the accuracy of the solution.

Table 4-4 represents the mumber of time steps and the computer time
required to reach the steady state. Thia result shows that the computing
time required for each time step is the same for a given combination of Nx
and Ny values, even though At values are different. Computing time required

for each time step varies from 2.4 sec. for Nx =3, Ny = 10 to 15 seec. for
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TABLE 4-3.

Transverse distribution of relative concentration at cross section 2*
(11,875 fr.) at different values of relative comulative discharge (qc)
for the different values of Nx’ Ny and At at steady state.

{min n=0, min £=0,0, max n=0.619 and max E=1.0].

(522 ) Nx/Ny s(qt=0.2) s(q:=0.4) s(qt=0.6) s(qt=0.8)
3/10 0.0283 0.2845 0.7167 0.1957
5/10 0.0284 0.2897 0.7405 0.1850
8/10 0.0285 0.2905 0.7362 0.1853
10 :
10/3 0.0120 0.2856 0.7394 0.2319
10/8 0.0275 0.2865 0.7255 0.2103
10/10 0.0283 0.2898 0.7371 0.1856
3/10 0.0288 0.2897 0.7328 0.1877
5/10 0.0292 0.2921 0.7350 0.1851
8/10 0.0286 0.2906 0.7359 0.1855
25
10/3 0.0120 0.2868 0.7420 0.2339
10/8 0.0275 0.2868" 0.7254 0.2099
10/10 0.0284 0.2901 0.7370 0.1854
3/10 0.0291 0.2910 0.7334 0.1862
5/10 0.0289 0.2910 0.7345 0.1860
8/10 0.0285 0.2902 0.7359 0.1857
50
10/3 0.0120 0.2868 0.7416 0.2343
10/8 0.0275 0.2868 0.7260 0.2098
10/10 0.0284 0.2901 0.7376 0.1856
3/10 0.0292 0.2914 0.7334 0.1862
5/10 0.0289 0.2909 0.7345 0.1860
8/10 0.0285 0.2903 0.7358 0.1857
100
10/3 0.0118 0.2867 0.7316 0.2344
10/8 0.0275 0.2868 0.7251 0.2099
10/10 0.0284 0.2900 0.7366 0.1856
3/10 0.0292 0.2914 0.7344 0.1862
5/10 0.0289 0.2910 0.7345 0.1860
8/10 0.0286 0.2906 0.7384 0.1857
200
10/3 0.0121 0.2864 0.7405 0.1823
10/8 0.0275 0.2868 0.,7257 0.2099
10/10 0.0284 0.2898 0.7362 0.1855
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Nx = 10, Ny = 10, Table 4-4 also provides some informarion for selecting

Nx’ Ny and At values with which a required degree of accuracy can be
acheived with a minimal computing time. By comparing the computing time
required by the present model with that of the finite difference model
developed by Harden and Shen (15), one can see that for At = 10 seconds,
the computing time required by the finite-difference model is about fifteen
times longer. This is due to the fact that the order of the accuracy of
the finite-difference model is 0(AT, Anz, AEz).
Figure 4.3 shows the transverse concentration distribution
at the 11,875 ft station after steady state conditions were reached for
dif ferent values of At, Nx and Ny. Those values are compared with values
obtained in the previous studies (47). The various figures indicate that
the predicted values are in an excellent agreement with those of the analy-
tical model (46), the finite-difference solution and the measured data.
Figure 4.4 shows the concentration profiles along the stream tube
boundary corresponding to q: = 0.6 at various time levels. The "overshoot"
near the peak of the dispersing front presented in the finite difference

solutions did not appear in the present solution.
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TABLE 4-4.

The CPU time and the number of time steps required to reach the steady state,

N_/N
BN 3/10 | 5/10 18/10 |10/3 | 10/8 | 10/10
(sec.)
CPU Time
Min.) 3.4 6.4 |14.4 | 4.8|17.0| 18.2
10
No. of
Time Steps 85 80 80O 80 75 70
CPU Time
(Min.) 2-4 3.5 8-5 3-6 9.5 12.5
25
No. of
Time steps| | °° | 50 | 350 50
CPU Time
(Min.) 2.0 3.15{ 8.0 | 5.1 | 9.5 | 10.0
50
Ne. of
Time Steps| ~C ] % | °7° 50 | 45 40
CPU Time
(Min.) 2.4 4.2 7.8 ] 3.6]11.4 | 13.75
100
No. of
Time Steps| 00| 90| 60 60 | 60 55
CPU Time 3.4 § 5.95|14.45| 5.1 [15.2 | 21.25
(Min.)
i 2006 a.‘\:?_. . -
| rime Steps 85{ 85 (85 | 80| 80 | 65
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CHAPTER V

CONCLUSIONS

A collocation finite-element model using rectangular bi-cubic elements
to solve the transient mixing equation in a matural coordinate system for
rivers is developed. This numerical model can be used to predict transverse
concentration distributions in a natural river when the concentration becomes
reasonably uniform over the depth. The model 1s compared with an existing
finite~diffrence model based on a combined implicit/explicit scheme and is
found to be more efficient and stable. The order of convergence of the
collocation finite-element scheme is analyzed to provide a guideline for
choosing appropriate element sizes and time steps. The efficiency of the
model can be further improved when more efficient techniques for solving

systems of linear equations become available.
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APPENDIX

USER'S MANUAL AND COMPUTER PROGRAM

This appendix describes the computer program which solves the

convection-diffusion equation for transient two-dimensional mixing in natural

rivers using collocation finite-element method.

NX
NY
Al
TA2

TA3

K
ELZERO

BF

DT

LTEST

UZER¢
o7,
USTAR
NCCS
ICDN

N1

Main variable names used in this FORTRAN program are as follows:

Number of elements in n-direction
Number of elements in £-direction
Number of Gaussian points in n-direction
Number of Gaussian points in E-directiom

Total number of interior points, boundary points and corners,
i.e. TA3 = 4% (Nx+1)* (NY+1)

Number of segments in E-direction
(20) reference length

Average width of the channel
Hydraulic radius

Bed slope

Time increment

Control parameter for calling APPR subroutine to perform the
interpolation procedure

Reference velocity (uo)

Reference concentration (Co)

Shear velocity (u*)

Number of control cross section

Control parameter for the mesh size of the elements in £-direction

Integer array contains the number of elements in each control
cross section



XCR

AK

RPKC
SEGI
SEGJ
XCOR
YCOR
F1,F2,F3,
F4,F5,F6,
F7

MR

QTOT

NNT

KIN

TPEAK

TAU

DTAU

Bl

LPRINT

AM
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Dimensional x—-coordinates of each cross section

Real array contains E-coordinates of the nodes in £-direction
Source concentration at the Gauasian points upstream
Gaussian points longitudinally

Gaussian points transversely

n~coordinate of the nodal points longitudinally

g£-coordinates of the nodal points transversely

Input values for the coefficients of the P.D.E. {required

if LTEST = 1)

Control parameter for calling APRINT subroutine
Total discharge

Number of time steps

Control parameter for source distribution

Time for source concentration to reach peak
Dimensional time

Non-dimensional time

Non-dimensional time increment

Solution at time T

Solution at time T + DT

Number of points other than nodal points where concentration
is to be evaluated -

x-coordinates of the points where concentration is to be
evaluated

£—coordinates of the points where concentration is to be
evaluated

Control parameter to printing procedure

One~dimensional array contains the actual nonzero entries
of the resulting system

Row pointers of AM



IRR
ICL
IC

ITEMP

WORK
RTEMP
We
ICD
CEMX
CEMZ

NPTS

Hl

QC
QCK
ALPHA
BETA

AL
ALR

ALL

Order of rows of AM

Order of columns of AM

Inverse of ICL

Interger array for internmal use

Maximum number of off-diagonal nonzero entries of the upper
triangular matrix which may be stored

The right hand side of the linear system of equations
Real array for internal use

Widch of the channel upstream

Control parameter for metric coefficient values
Constant value for m

Constant value for o,

Number of data points at the ith cross section (for
approximation purposes)

Velocity at the given points
z-coordinates of the given points

Depth at each given point

Discharge at the given points

Cumulative discharge at the given points
Cumulative discharge at the kth segment
Elder's coefficient o

Elder's coefficient 8

Length of the central line at the ith control cross section

(L)

Length of the right side of the ith control cross section
(Ly)

Length of the left side of the ith control cross section
)

Velocity at the Gausslan points
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FHIN
EMXN
EMZN
EPSXN
EPSZN
FF1,FF2,
FF3,FF4,
FFS5,FF6,
FF7
CMX¢
CMX1
CMX2
CMY$
CMY1

CMY2
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Depth at the Gaussian points

Non-dimensional depth at the Gaussian points {(¢)

Metric coefficient at the Gaussian points (mx)

Metric coefficient at the Gaussian points (mz)

Longitudinal diffusion coefficient at the Gaussian points (ex)
Transverse diffusion coefficient at the Gaussian points (sz)

Real arrays contain the coefficients of the P.D.E.

Elemental matrix (Kio))
Elemental matrix (Kil))
Elemental matrix (Kiz))
Elemental matrix (K§0))
Elemental matrix (K;l))
Elemental matrix (K;z))

Width of cross section (i)



The MAIN program reads input data and controls the execution of the

other subroutine subprograms. All variable names and arrays which start wit

the alphabets I, J, K, L, M and N are INTEGERs. A flow chart which ocutlines

the program data input structure is presented on pages 66-69. The following

is a 1ist of subroutines and their functions:

(1)

(2)

(3)

(4)

(5)

(6)

(7

APRINT: Used to evaluate the concentration at the different points
other than the nodal points. In the n-direction the
coordinates of the points must be read as an input dacta. Im
t-direction the points are fixed with coordinates (0, 0.05 m),
n=0,.,.,20. This subroutine is called as follows:

CALL APRINT(NX,NY,IAl,IA2,IA3,XCOR,XX,NM,YCOR,YY)

GAUSSP: Calculate the coordinates of the Gaussian peints in n and E-
direction. The calling statement is,

CALL GAUSSP(NX,NY,IAl,IA2,IA3,XCOR,YCOR)

APPR: The interpolation procedure is performed in this subroutine.
Mainly, it reads the input data for all variablex in x-z
coordinates, transform those data to n~E coordinates, apply
piecewise linear approximation in both directioms and finally
find the new values of all parameters at the Gaussian points.
The calling statement is,

CALL APPR(NX,NY,IAl,IA2,TA3,K1,NCS,XCR,QTOT)

VALUEl: Used to find the values of the different variable coefficients
in the main P.D.E. The calling statement is

CALL VALUE1(NX,NY,IAl,IA2,IA3,QTOT)

CINPUT: Calculates the source distribution upstream for time step T
second. The calling statement is

CALL CINPUT(CO,T,TPEAK,IAl,IA2,RPKC,KIN,TAU)

ELMAT: Used to calculate the elemental collocation matrices
CMX0, CM¥1, CMX2, CMYO, CMY1l, CMY2., The calling statement is

CALL ELMAT(NX,NY,IAl,IA2,IA3,I,J)
CORNER: Build up the equation results when applying the boundary
conditions at the four corner points. The calling statement
is,

CALY. CORNER(NX,NY,IAL,IA2,IA3,DTAU,LM,LN,IORD)
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(19
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BOUNDX: Construct the equation results when applying the boundary
conditions at the Gaussian points (left and right bank).

The calling statement is,
CALL BOUNDX(NX,NY,IAl,IA2,IA3,DTAU,LM,LN,IORD)

BOUNDY: Build up the equation results when applying the boundary
conditions upstream and downstream at the Gaussian points.

The calling statement is,
CALL BOUNDY (NX,NY,IAl,TA2,TIA3,DTAU,LM,LN,IORD)

AINTP: Construct the equation results when applying the P.D.E. at the
interior points for each element. The calling statement 1s,

CALLAINTP (NX,NY,IAl,IA2,TA3,DTAU,LM,IN,TORD)
SUBC: This subroutine is called by AINTP., It performs some
intermediate calculations required by AINTP subroutine. The
calling statement is,

CALL SUBC(I,J,NX,NY,TIAl,IA2,IA3,ICODE,DTAU)

TENSRP: Called by SUBC subroutine. It performs the tensor product of
two matrices each of dimension 2x4, The calling statement is,

CALL TENSRP (AKX,AKY,AKE, ICODE,CONST)
AADD: Called by SUBC subroutine to accumulate the wvalues of the
resulting matrix of dimension 4x16 which is used by AINTP
subroutine. The calling statement is,

CALL AADD(NX,NY,IAl,TA2,IA3,ICODE,AKE,JJ)

FV1: Functional subprogram used to assign values at downstream
boundary,
Fv2: Assign values at left and right bank.

*
ALAM1: Assign values for Al (n,E,1).
*
ALAM?:  Assign values for 12 {(n,E,T1).

GELLM: Subroutine subprogram used to solve the linear system of
equations, The calling statement is,

CALL GELLM(N,MAX, IERR, ITEMP,RTEMP)

PREORD: Used for re-ordering rows anc columns of the matrix AM, The
calling statement is,

CALL PREORD(N)



(20) GAUSPV: Called by GELLM. Perform all operations for factorization

the matrix AM to upper and lower triangular matrices and

solve the linear system by using Gaussian elimination with
partial pivoting {(using column interchanges).

Memory size required to run this program is 250K bytes using single

precision arithmetic or 500K bytes when using double precision arithmetic.

The maximum number of elements that can be used is 100, 10 elements

along each coordinate, for example. This can be increased by changing the

dimensions of the arrays.

65



FLOW CHART FOR DATA INPUT

(o )

READ, ELZERO, BF, R, S, CO, DT, LTEST, UZERO
FORMAT (6F9.0, 11, F9.0)}

READ, NCCS, ICDN, (N1(I), I = 1, NCCS)
FORMAT (2212)

READ, (XCR(I), I = 1, NCCS+l)
FORMAT (5F10.0)

READ, NY
' FORMAT (I2)

{(constant mesh size)

ICDN =2 —{E{)

=] (variable mesh size)

READ, {AK{(I), I = 1, NY)
FORMAT (5F10.0)
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READ, (RPKC{(I), I = 1, IAZ2)

FORMAT (10F6.0)

2 {(functions of s e,
interpolation)zB )

= 1 (constant coefficients)

READ, Fl, F2, F3, F4, F5, F6, F7
FORMAT (7F10.0)

READ, MR
FORMAT (Il)

READ, NNT, TPEAK, KIN, LPRINT
FORMAT (I5, F10.0, Il, I3)

= 1 (perform calculation at
additional given points)

READ, NM
FORMAT (I5)
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READ, (XX(I}), I = 1, NM)
FORMAT (5F10.0}

l END }

READ, K, MR
FORMAT (I5, I1)

READ, WO

FORMAT (F10.0)

READ, ICD, CEMX, CEMZ
FORMAT (I1, 2F10.0)
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DO I =1, NCCS + 1

O

READ, NPTS
FORMAT (I3)

FORMAT

READ, 2(I1l), V(I1), H1(Il}

(3F9.0)

FORMAT

READ, ALPHA, BETA

(2F10.0)

Yes

I=NCCS+17?

No

READ AL,

ALR, ALL, W

FORMAT (4F10.0)

* *
/géAD, F6, F7 (11. Az)

FORMAT (2F10.0)
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PROGRAM LISTING

70



71

/ INCLUDE OSJE

SYSTEN=*VS1"* +RETURN

Z7CR0LHTQAS J0B CX01CLASS=AJREGI ON=500K

ZEJOERARM T IME=30.1L INES=8

/#ROLUTE PRINT MUSIC

Z¥ROLTE PUNCH MUSIC

/77 EXEC GLIFORTGPARM.GOD='SIZE=S00000+MARJLISTFRINTY,
/7 REGION.GO=500K

//FORT. SYSIN DD *

C -
c RIS tALEINIRINRISEIRNIEBRRERRRRRS .
C +» THI S PRCGRAM IS USED TC SCe. .
(o o~LVYE TW(O DIMENSIONAL DISSE-, .
C +PERS ION PROBLEM USING THE. .
C +FINITE ELEMENT ¥ETHCLCS . .
c (B E R ENNEENEENENERBENEENREEERENNERNNN.LE,] L ]
C .
C .
C a e st 0800000000000ttt iatatttstsslsnotesiantaedtlioarsaasenssssna
C -
C I R RN R R R R RS R R R R R R R R R R R R R R R R R R R R R b -
C SPREPARED EY:I YAHIA Se FALAEL 2

[ of tCLARKSON COLLEGE OF TECHNCLOGY H

C TMATH, ANC COMPUTER SCIENCE DEPT. : .
C -G R SO - O S 4 - B0 -0 O S S0 OO 0 »
C .
c....‘...........-..............-...............-.....--.......
C

IMPLICIT REAL*8(A-KH.C-2}

INTEGER*2 LOC,IAPSIRRICLIC+ITEMF

CIMENS ION N1(20)e XCR{22)RPKCI22) e XCOR( 11 YCOR(11)
DIMENSICN RTEMP(15000})ITEMP(16418)

DIMENSION CL22022) +MDORK(48A) JXX(20) oYY (21)

D IMENS TON AKL10)}e HU10)+SEGIL22).SEGIL Z2)

DINENSICNM VNI{22 422 }2sHN{(22422 ) FFIN(22,22)sEMXN( 224 22)
OIMENSION EMZNI22:22) +EPSXN(224+22) +EFPSIN(22.22)

D IMENS ION FFL1(22¢22)2FF2(22:22) oFF I(22+22)+sFFA(22,22) .
1 FFS (22422 )+FF6 (22422 ) FF7(224:22)

OIMENSION B14284),D1(a84) sAM(6T724)

D IMENS ION CMXOU 2:4)sCMXL(2+8) +CWHX2{(2,4),CMYD{2,4),

LCMY1 (248 )+CMY2(2:4),CC (#+16),CCLl{4,16)

CONMON LOC{6724) +TAP{48B )+ IRRIABS JaICL{ABA), IC(424)
COMMON CoWORKsAK 2 He SEGI +SEGJeUSTARBF +RsLU2ERQELZERG,
LVNsHN s FHIN, EMXN EMZN; EPSANSEPSZINFF 1+ FF 2:FF JaFFE A .FFS+FF 6
IFFTeB aBl AN qCMNXQ o CVXL s CMX2 o CMYO 4 CHY L 4 CNY 2,5 CCWo CC1I

c ******

¢ REAC THE REFF. LENGTH

[ o g
MAX=]1 6000
READ( S 1)ELZERO+BF +R+S+CQ+DT,LYESTSUZERD

1 FORMAT (6F943+ 11+ F9.3)
USTAR=(32,2¢«RES)*% .5
WRITE{G+10)ELZERCsBF sReS+COGsDTWLTESTLUZERC +USTAR

10 FORMAT (LH14 /7 +5Xs "ELZERO="3sF 104 3o SN *AVERAGE WIDTH=® 3F10.3.
1 /aSX s "HYLCRULIC RADIDUS=?,F 10,32+ 5X, "BED SLOPE=",
1 FlQ0a& o/ sS5X " REFe CONCENTRATICN=" s F10 o8+5X,
1'TIME INCREMENT="4F10.2:/8Xs'LTEST =7 ,12.,2X,
1V ZERO=! , F10 44, 75X s "USTAR="4F 10 .95)

Cmm————a

€ READ NUMBER OF CONTROL CRCSS SECTIONSNO. OF ELEMENTS IN EACH
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C CONTROL CRDSS SECTION. CODE FOR NUMBER OF ELEMENS VERTICALLY.
C 1 -FEED THE LENGTH OF ELEMENTS,2~ CONSIDER EGUALLY LENGTH,

READ(S+ ISINCCSICONS(NL{I) I =14NCCS)
| = FORMAT (22 12)

€ NCS IS THE NUMBER OF CROSS SECTIONS
C NX.NY ARE THE NUMBER OF ELEMENTS IN X AN QC COORD.

NCS=NCCS+1

NX =0
DO 20 I=1.NCCS

20 NX=NX+NLIT(T)
URITE(6-25}NCCS.ICDN-NX.(Nl(I)-I=l.NCCS}

2% FORMAT(//5X.* NUMEER OF CONTROL CROSS SECT IONS=*, [ 2,

175Xy * ICON=9,12s/5Xs*TOTAL NOe OF ELENENTS IN X-DIRECTION®,
1°=%412+,/5%Xs *NO. OF ELEMENTS IN EACH CONTROL CROSS EECTION=",

17+5X:2001I24+1%1))

READ({S 30} (XCR(I} s I=1 +NCS)

a0 FORMAT{SF 10.3)
WRITE(G6+s3IS)IXCRLI)s I 14NCS)

35 FORMAT(/SX ¢ * DIMENS IONAL X~COORC . /5Xsa4{5F10,3,/+5X}}
AB=XCR( 1)

DO 1909 I=2,NCS
1909 XCR{I)=XCR{I)-XCR(1)
XCR{1)=0,.D0O

C—rmmn
C CALCULATE THE NON=CIMENS IONAL X—CODRD.
Commma—-

DO 40 I=1.NCS
40 XCRUT)=XCR{I)}/ELZERD
C-=====PRINT THE NON-DIMENSIONAL X-COORC.
WRITE(6+45)}(XCRII) oI =1 ¢NCS)
45 FORMAT (/75X "NON-D IMENSIONAL X~COORDs * « /50 44 (5F10.37:5%))
Crom==a READ THE NUMBER OF ELEMENTS IN QC-COQRD.
READ{S+15)NY
WRITE{G6+S0INY

50 FORMAT (/SX+ * NUMEER OF ELEMENTS NY=*,12)
GO TO (55 .65} +ICCN
5% READ(S+860(AK{(I)eI=1+NY)
60 FORMAT (SF10.5)
G0 TOo 75
65 DO 70 I=teNY
70 AK{ T)=1./0FLOATI{NY)
75 WRITE(6+80) (AK(I)s I=1,NY)
ao FORMAT{S5X+* ELEMENT SIZ2E IN OC-CIRECTICN*/SXs 10 (6F 10,54/ 5X)})
Cormmrme CALCULATE THE COORD. OF ELEMENTS IN GC-DIRECTION.
YCOR{1 ¥=0.CLO
L=NY+1
DO 8% [=2,L
as YCOR{ LI )=YCOR( I-1)+AK(I=1)

YCOR{INY +1 )=1 .00
WRITE(6+90)( YCORTI)I=],4L}

90 FORMAT(SXs 'QC-CDORD. OF NODAL POINTS* /75X 43({6F10.84/5,5X))
I A2=2 £NY 42

Cmmacm-

C READ INITIAL CONDITICN UP-STREAM,

Lo o
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REACIS +95 ) (RPKC( I} I=1s1IA2)
S5 FORMAT(10F6,2)
WRITE(G6+100)(RAPKCII)eI=1+EA2)
100 FORMAT {SX+ *INITIAL CONDITION®/SX+6(6F 1054 7e5X))

C CALCULATE THE X-=-COORD, ANC MESH SI2E OF EACH ELEMENTS IN X-COORD,

L1=1
XCOR({1 }=XCR({1)
DO 1190 I=1.NCCS
ALI={XCRII+1)}-XCR{I))I/DFLOAT(NL(I))
L2=L1+N1(1I)-1
DO 105 [1=L1,.,L2
H{11)=A1
105 XCOR(1I1+1)=XCOR{I1}+A1
XCOR(NX+1 }=XCRINCS )
List2+1
110 CONT INUE
Li=NX+1
WRITE(6,115) (XCOR{TI)+I=1s 1)
118 FORMATL /75Xe " XCOR=0F NODAL POINTS? /SX6(6F12:57+5X1))
WRITE(S 4120} (H(I) e I=1,NX)
120 FORMATL /S5X."MESH S1ZE CF EACH ELEMENT IN X-DIRECTICN®
1/75XK+sB6(5F12.5:7))
TAL=2%RX4+2
IA3=1A1%IAZ

€ FINC THE COORC. OF GAUSSIAN POINTS

CALL GAUSSP{NXoNY+IALIA2,IA3XCORYCCR)
WRITE(6,121)

1214 FORMAT(/5X +? GAUSS [AN POINTS FORIZENTALLY®}
WREITELG+122)(SEGI(L) +L=1s1Al)

122 FORMATISXs 10(6F 1028+ /+5X))
WRITE(6.123)

123 FORMAT(/S5X % GUASS AN PCOINTS VERTICALLY")
WRITE( 6,122 SEGJLL) +L =1 4[A2)

C TEST IF CCONSTANT CCEF. FCR P.D.E WiLL EE REAC,
C OR APPROXIMATION TECHNIQUE OPTION.

C LTEST=1,READ THE CONSTANT COEF,

C LTEST=2, DC AFPROXIMATIGON TECKENIQUE.

[ o ——

c..'.....‘. [N RN NN EE N ENLNMNIDEZJSEJNH:EH:RJN]
GO TO (91+92),LTEST

S1 AEAD(S+6S51)FL +F2 +F3 sFa4 oF3 2 FGF7

651 . FORMAT{(T7F 10.4)
WRITE(6:+33)F6F7

$3 FORMAT(SX ¢ * NON—DINENS IONAL —{LAMCAL }*+F10,5,
1/75Xs "NON-DIMENSICAAL -{LAMDAZ)"* +F10.5)
READ(5s 599 MR

599 FORMAT{I1)
WRITE{6+641)MR
GO TO 1136

92 CONT INUE

¢ APPROXIMATE THE PARAMETERS IN THE NEW COORDIMATES
€ READ THE NUMEER OF SEGMENTS TRAVERSLY (K)
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READ{S»125)K+MR
125 FORMAT (IS, 11)
WRITE{(G «54) )NR
641 FORMAT(SX " OPTION CCDE FOR APRINT SUBes ISe MR=', I1)
C—=MR=1 ~READ NM+ XXsAND CALL APRINT
C+=MR=2 ~NON OF THE ABOVE
C WHEHRE MR IS CPYION FCR MORE APPROX, AT ACDIT IONAL POINTS
KiI=K+1
CALL APPRINXsNYs [ALle JA2:IA3:K1+NCS:XCRQTCT)

C FIND THE VALUES OF FUNCTICNS IN (P, D, E,])

READI(S: 130 )F6&6.F7
130 FORMAT (2FL0.5)
WRITE{G6:135)QTAT F&«FT7
135 FORMAT  IHLE+ /772 SX+ "TOTAL DISCHARGE="® oF 1243
178X+ '"LAMECAL='e FLO «#42Xe? o LAMDA2=4,F 1044)
CALL VALUEL(NX+«NYLTALl +1A2,4,1A3.0TCT)
1136 CONTINUE
Ce====-=WRITE(H2136)
136 FORMATI{L10X " FF1® g1 OXe P FF29 10X *FF3*, 10X *FF4 %, 10X. "FFS*,
172X+ 700 1HI))
0O 138 I=1,1A1
G0 138 J=1.1A2
GO TO (1380.1381) LTEST
1280 CONTINUE
FF1(Il.J)=F1
FF2(T1 +J)=F2
FF3(14.J4)=F1
FFatl,J)=Fa&
FF5 (1+.J3)}=F5S
1381 CONTINUE
Cmmm==WRITE(Gs 13731 s JoFFLI( L1 sJ) sFF2{1 2 J) oFFI ([ s J) +FFA {1+ JVsFFS(1.,J)
137 FORMAT (1X s 134 %4 " I3s F7a8:4{IX+F10.4))
138 CONT I NUE

C REALC THE NUMAER DOF TIME STEPS.TPEAKLINITIAL CONDITION CORE
€ ANC LPRINT{PRINTING COUNT CODE).

READ( S« 14QI)NNTs TPEAK s KINSLPRINT

140 FORMAT(IS:F10+3011+13)
WRITE(6 +1ASINNTsTRPEAK 4K INSLPRINT

145 FORMAT(S X *NUMBER CF TIME STEPSxT®,1S5.5X+" TRPEAK®' ;F10.3,
1/75Xs *KIN= %4114 10Xs *PRINT EVERY *,[3+* TIME STEP.')

[
CI KNI TIL ALILI ZATION
Crmmm——

T=0 «DO

TAU=0.CO

O TAUSD T*#UZERQ/ELZERQ
DO 150 I=1.1A23
E{1)=0.00

1590 B1{(1)=0.00

CREAD THE CODRDe. OF POINTS AT WHICH CONCENTRATICN
C I5 TO BE EVALUATED.

(==



GO TO(719+717) MR
Til9 CONT INUE

READ{ S+997)INM
997 FORMAT( IS)

READ(S 2996 }{XX {I)sI=]1.NM)

§96 FORMAT(SF10.4)

WRITE(G6:s9S88)(XX(I)sI=]1eNM)
998 FORMAT {SX,*X~CO0ORC+ OF PDINTS AT WHICH CONCENTRATION® »
| IS TGO BE EVALUATEL?Y +/5X+5(6F10 .3/5X}}

DO 1221 I=1:NM
1221 XX(I)}=XX(1}-AB

YY{i}=0.D0

D0 995 I=2.21

995 YY{1)=YY{TI=1)+0.,08D0

YY(21 )=1.CO
DO 994 =1 +NM
994 XX{1)=xx( 1)/,ELZERQ

WRITE(6:993) (XX I3: I=1oaNM)
993 FORMAT(SX " NCN~-DIMENS ICNAL COCRD,*/SX+6(6F10,4/5X 1))

717 CONTINUE
Cca ass I=1.1A1
0Cg A86 J=1, 1A2
BRE& C(I+J})=0,00
WRITE( &, BEQ)
889 FORMAT {1H1)
D3 300 WML =1 +NNT
DO 116 1IP=1.TA2
[CLCIP}=1IP
IC{IP)}=1P
116 IRR{IP)=1F
DO 155 I=1.1A3
WORK ( I)}=0.00
155 CONT INUE

LENXENYESA+LOEXENX+]1 6XNY 48

IAP{1)=1
TAP({TA3+1)=1L+1
DO 141 I=1.L
141 AM(I)=0.00
TAU=T AU 4DTAU

T=T+DT
C ______
C EVALUATE INITAL CONDITIDNS
Crmm——-
Cormnmm-

C CALCULATE THE CDEFF+ IN P.DsEs {FF &€.,FF 1}

DD 160 I=1,.,IAl
DO 160 J=1.1A2
A1=SEGI(I)

A2 =SEGJ{J)
ELZ=ELZERCQC
UZR=UYZERO

FFE{T.JISALAM] LAl A2 TAUSELZ+UZR,FE)
160 FF7(1 +Jd)}=ALAM2U{Al ¢ 22 4 TAULELZ+UZR+CO+F7)

C INITIAL1ZE ROW NUMBERFIND THE ENTRIES IN THE BIG

C MATRICES RESULTING AT
c

C
C

1~ CORNER

2~-BCUNDARY CF X {LLEFT AND RIGHT EANKS)
3-BOUNDARY OF Y-UP AND DOWN STREAM
4~-AT THE ENTERIOR POINF¥S,.

75
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C _______________________ o
[ ofpe—

LN=0D

IORD=

LM=0

CALL CURNER(NX.NY-!All|A2|[A3QDTAUQLH0LN.IURD)
CALL BOUNCK(NX'NY.IA].lAZoIAJoDTAU.LN.LNOIURD)
CALL BCUNDY‘NX.NYlI‘l-IAZ.IAJ.BTAU.L“.LN.lQRD’
CALL AlNTP(NX.NY.]Al-I§201A3tD‘AUcLN'LNQICRD)

C SOLVE THE RESULTING SYSTEM AM*{B1)=wWORK FOR (B1)
C LSING GAUSSIAM ELININATION METHOD,
[ ———
CALL PREORD(IAZ)
CALL GELLM{IA3I, MAXs IERR. ITEMP ,RTEMP)
D0 B39 I=1.,1A3
839 WORK (I)=8B1{(1)

Crmmmmm
€ CHECK FOR CCNVERGENCE
c...._._---

!F‘ML-ML/LPR[N‘*LPRINT)1179930501179
305 CONT INUE
WRITE(5.+3671)1IERR
3671 FORMAT{SX,"IERR = *,110)
WRITE(6,310)T.TAU
310 FORMAT{1HO +4X + "CCEFFICIENTS AFTER *2F10,24
| ', sTAUZ? sF 10u5/33RMe65{LH=)/
115{10F1Q.a/))
Llx==]1
L2=NY+1]
MM=2%[A2
CO 1234 1=1,.,L2
LI=L1+2
1234 URITE(6|1245)(31(J"J=LI|I‘30“N,
1245 FORMAT (SX+ 10(6F 10a4e 74 5X))
GO TO (1i78+1179) MR
1178 CONTINUE
CALL APRINT‘NXQNV'IAlollZ.lA3|lCOR.Nx'hko\CORQVY)
1179 CONT INUE
DO 315 11=1,IA3
3is B{Il1y=Bi1{11)
3090 CONT INUE
999 sSTOP
END
SUBROUT INE ADRINT(NXQNY|IAlolﬁ?.lA3thCR.,XQNNOYCCR|YY,
IMPLICIT REAL*B{A-NH,0-2)
INTEGER®2 LOC+IAPSIRRLICL,IC
DIMENSION xCDR(lll.xx(20)-CNEl130-30)-C¢22.22).HORI(4841
1+YCORC(11)
DIFMENSION AK(IO}'H(10'|SEGI‘22’DSEGJ‘EZ’.FI(Q’QFJ(QloYY(ill
COMMON LOC{G??"-IAP(‘EBI.IRR(484|.ICL(4B4,|IC(4B‘}
COMMON Co+WORKs AKysHsSEGI » SEGY
DO 99 [=}] .30
DO 99 Jy=1,.,30
99 CNEW(1,4)=0,.D0
0O 1 I=1 4NM
DO 11 II=1eNX
l?i(ﬁk(i)nGEcKCDR(l!))nANDo[xx‘l)-LEaXCCR(II*I},'GC TC 190
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100

107

108
109

C THIS SUBROQUTINE IS USEL TG CALCULATE TRE GAUSSIAN

C IN X

(o e e S b . . . . . k. el s i -

CONT INUE
WRITE{6+130) XX (L)

FORMAT{10XsF10e6+" [S WRONG X-COORD.*)
RETURN

ALL=(XX{(I)=XCOR( IV )I/HLTI)

XL2={ XX(I)=-XCOR{ 1I+1))/HCL])
FI(L)=2,00%(XL1993)-3,D0%(XL.L*#2)+1,D0
FI(2)=((XL1%%3) -2 ,CO*{XLI*s2}exXL1IeKLIT)
FI(3)==2,00%( XL2%53J) =3, D06 ( AL2%22)+1.D0
FI(A)=C({XL24%3)+2.COR(NL2802)42L2)2H(11)
DO 100 K=1,.,21

DO 111 KK=1.NY

77

IF({YY(K }GEYCOR{KK) ) 4ANDW { YY(K) LEs YCORIKK+1)))GC TO 13

CCNT INUE
WRITE(6.131)YY(K)

FORMAT(10X4F10e6s* IS WRONG Y~COORD.*)
RETURN

YLIS{YY{R)-YCOR(KK) )}/ AK (KK}

YL2={ YY(K)~-YCOR(KK+ 1)) FAK{KK)
FJ(1)=2.,D0%(YL1333)-3,D0&({ YL1%62)+1,D0
FJ(21=((YLL19%3)=2.00%(YL12%2)+YL 1 )eAK (KK}
FJ{3)=-2.00%{YLZ%283)-3,008(YLZ2%32)+1.C0O
FI(SI=((YL22%I)+2.DOk{YL2* 23+ YL2)®AK({KK)

DA 106 MNL=1.4

LN=2% (FNL =L )@ ENY+41 J42%(KK—] J+4S{NY 41 )a(11~1)
DO 105 MN2=1,4

LN=LN+1

CNEW(Y oK) ZCNEW T oK)+ {(FIIMNL 1%FI{MN2 )} *WORK (LN}
CONTINGE

CONT INUE

CONT INJE

WRITE(6,107)

FORMAT( /775X "RELATIVE CONCENTRATICN® /5% 465 (1 h=))
DO 108 J=1,21

WRITE(G 2109 )(CNEW(IsJ]eI=1sNM)
FORMAT(SX+1S{6F10.4/-5X))

WRITE(E.110)

FORMAT (SX+65(1+= 1))

RE TURN

END

COORDINATE AND QC CCORDINATES.

SUBROUTINE GAUSSP(NXoNYs 1ALy 1A2s 1A3.XCOR, YCOR)
IMPLICIT REAL#*8(A-H,(C-2)

INTEGER$2 LOC«IAP+IRRJICL,.IC

CIMENSION XCOR(11 )eYCOR{11)

OIMENSION Cl22+22 ) +WORK(4B4 )

DIMENSION AK{10)sH(10) +SEGI(22) ,SEGI(22)
COMMON LOC(6724 ), TAP(ABB ). IRRIA8BA)JICLI(4ARA),IC(AES)
COMMON CoWCRK+AKsHaSEGISEGY

X1=XCORL 1)

X2=XCOR{(1)

SEGI (1) =X1

DO 1 I=1sNX

X2=X2+H(1)
SEGI{(2%1)=(X14X2)/2.CO-H{[}/{2.C0*CSART(I .0C0}}
SEGI( 2141 )={X1+X2) /2. D041}/ (2. CO*DSART {(3.001})
X1=xX2

COCNT INUE

POINTS 2



SEGIUIIAL}=XCORINX+1)

Y1=YCOR(1)
Y2=YCOR(1)
SEGJ{ 1)=Y1
00 2 J=1+NY
Y2=Y2+AK{J)}
SEGJI{2*J)={(¥Y]l + Y2)/2.00-AK{ 4} /({2.L0%DSCRT(3.,00))
SEGIJIZ3)41)=(YI4+Y2)/2.D0¢AK{I) /(2. 00*DSART( 3. D0} )
¥Yi=v2
2 CONTINUE
SEGJ(TIAZ)=YCOR(NY+1)
RETURN
END

G o o e o e e e i i S e R e e e i

€ THIS SUBROUTINE IS USED TO APPROXINMATE THE DATA (SET) @
C OF FARAMETERS L INEARLY.HORTIZENTALLY AND TRAVERSELY H
C » FIRSY STEFP IS TO TRAMRSFLRM THE VALUES FRCOM X=Z7 COOR.:

C TO THE CORRESPUONDING VALLES IN X=QC CCCRDINATES, H
o e e e e s e e e e e e i e e
SUBROUTINE AFPRIAXanNY s TAL o IA24 IA3.K]1 NCS+XCRL,ATAT)
IMPLICIT REAL®*B{A-H.,C~2)}
INTEGER*2 LOCsIAPIRR:ICL+1C
DIMENSICON XCR{22) 92(22)sv(22)sP1{22).0GC(22).,0(22),
1GK{ 22 ) o ZK(22+22) s VK{22:22) sHK(22:22)4EMX (22,22 )»
1EMZ(22422)+FHI(22:22) sEPSX(22:22) +EPSZ(22.22)
DIMENSTON QCK{22022 )WV {22:22)sWHIZ2,22)0WP (22,22},
LWEMX{ 22422 s WENZ (22 +22) o WEPX (22422 )« WERZ(22,22)

c ------
DIMENS [ON C{(22,22 )+ WORK {284
PIMENSICN AK(10) o H{10}+SEGI(22 )aSEGJ(22)
DIMENSION VN{22+22)eHN{22:22) FHIN(22 +22) EWXNI{2Z2,22)
DIMENS ION EMZN(2Z, 22 )+EPSXN(22:22)+EPSINIZ2:22)
COMMON LOCI6T24) +1APL4ABA ), IRR(48BS ), ICL{4B4), IC(ABS)
COMMON C +WORKsAKsH s SEGI + SEGJs USTARBF 4R oUZERD .
LELZERD VN s HN s FHINJEMXNLEMZNEP EXN 4EP SZN
C ______
VFUN({AL s A2:3A3 A8 4 A5 )AL ¢ (A2=AL J/ AT (AA=-AS }
c ______
WRITE{G.1)
1 FORMAT(1Ht +// +SX « YAPPROX IMAT IOON TECHNIQUE®)}
READ(S+2) W0
2 FORMAT(2F10.3)
KK=K] -]
WRITE(G64+3}KK,W0D
3 FORMAT( /SX, "NOes OF SEGMENTS TRAVERSELY=' 415,
1 /75X "W ICTH OF UP=STREAM =* ., F10.3)
C ------

C READ ICD CODE LCEMX.CENZ
C ICC=1-—EMX{IsJ)ZCEMX.EMZ{ I, J}=CEMZ

Cmmam= .
READ (S «71 1 ICD+CEVMX +CEMNZ
71 FORMAT(I 1+2F10.3)
WRITE(G6.72)ICD+CEMXyCEM2Z
72 FORMAT{SX +* ICD=* 3 [2+4IX "CEMX=*, F 10,39 INe "CEMZ= ", F1(.3)
Cesmrr—e—

DD 4 (=1.NCS

Cmmmmm =

C READ NUMBER OF POINTS AT (I} CROSS SECTION
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READ{S5.5 INPTS

FORMAT(I3})

WRITE{G6s5)XCR{1)«NPTS

FORMAT (SXs *ETAT Y4 F10 429 5Xe *"ND e OF POQINTS2*,13)
WRITE (6,7}

FORMATISX s *Z* 210X e*V 3 10Xa"HL® oa6Xs*C* 0/ s2X+33(1H2))

-=READ 2 —~COORD++DIMENSIONAL VYELOCITY AND DEPTH

DO 8 I1=1+NPTS
READUS«F)Z(I1)eVIILl) HLI{11)
FORMATI( IFS.3)

AZN=Z (NPTS)

aK{1)=0.00

Cm====CALCULATE DIMENSICKAL @

QIIN1I=VIIL)*HIC(I)

8 WRITE(6418)Z0E1 s V{I1)aHI(TI1)eQC11)
18 FORMAT{IXeF65,2+4XsF7 43 04X s2F7 ,3:4Xs2F7.3)
C—~——~—CALCULATE COMULATIVE DISCHARGE AY EACH PCINT
QCi{1)=0.C0
L=NPTS
D0 10 [1=2.L
10 QCEIN)I=QC(TIL=- 1)+ (Q{I1-1)+QUI L) DR (2C(LL)-2(11~-1))/2.C0

IF{I .EQ. 1) AWL=QCINPTS)
QTOT=AWL

Cr====CALCULATE THE NON-DIMENTIONAL Z AND QC

12

17

DO 11 I1=1+NPTS
ZLI1)=Z(11}/7A2N
QC{I1)Y=0C{(11)7QT7QT

~=~EVALUATE QCK(!sJ) AT THE DIFFERENT SEGMENTS »2ZKsFHI sVKHK

DQ=1 +CO/DFLOAT (KK )

L=K1l

DO 12 Il=1.L

QCK (T« 11 )=(I1L -1 )/CFLOAT{KK }

ZK(1+1)=0,D0

FHI(I+1)=0.D0

HEK(Is1)=0,C0

VK(I«1)=0,00

DO 55 [1=2sL

DO 14 J=2,NPTS

IFC(QCK(T o1 ) oGT 2OC{I=1) ) AND L (QACK (I, 12} LEQC(I)}IGO TO 7
GO TO 14

ZK(I2 11 )=Z2C00—-1)+{(OCK(I+112)-QC L J-1})/00C{J)-CQC(U-1))®
1(ZCA)=-20u-1))

HEIT SI13=HL{d=1 i+ {1 (D =HLLJ=E } M7 (20 J ) =20 =) )8 (ZK(1s 11}-2¢J0~1]))
IF (1I1.EC.2) GO TQO 14

AK{I1-1)}=,50(DC/ (ZK{1 oI =1 0=ZRLTs I1=2 ) }40C/7 (2ZK(Lo L1}-2K{1s11~11))})
QD=GK (T 1-1)*Q TOT/AZN

FEI{(I«I1=-2)=HK{Is[1-1)/R

VKT w11 -33=00/7(HK (I, 11~1 YBUZERD )

GO TOD 5S4

CONT [NUE

FHI{I L}=0,.D0

HK{I,.L)=0.D0

vK{IsL )=0.D0

QK {L })=0.C0

--PRINT THE VALUES IN THE NEW COORDINATES

WRITE(G6.1%)
FDRMAT(SX.'ZK',IOX.'VK'.Sx.lHK‘.Gx.'FHI'.lOX-'GCK'.
17+55(1H3})

DO 16 I1=1.,L

WRITE(Ge2A)ZK( I T1doe VK{ I+ [ L)uHK(L « X1} +FHE(T+11)+QCKRET 11
FORMATY {IXsFGLZ o8 XaFT 208X 22F7 208X sF7? .2:8X2F6,271
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READ(5,632)ALPHABETA
FORMAT (2F10.5)
WRITE (6 +635) ALPHALEETA
FORMAT{ 2X+"ALPHA=*4F1Ce3+* BETA=?,F10.,3)

CCALCULATE THE METRIC EMX +EMZ. AND EPSX.EP£Z

25

26

39

28

aa

T7

35

36

27
as

-

IF(I +EQs NCS)GO TC 230

READISs 22 )AL s ALR sALLL s W

FORMAT(5F10.3)
WRITE(S+26) 1 +ALALRsALL W

FORMAT(2X: "CROSS SECTION *s124+/.
12X *CENTRAL LENGTH=?*, Fl0 .32/
12X4"RIGHT SIDE LENGTH=*3F10.3¢/»

12Xs *LEFT SIDE LENGTH=*4F10a347/4
12X+ "WILTH OF SEGMENT='4F10,.3)

CONTI NUE

WRITE(6.28)

FORMAT(// +5X e "EMX ¥, BXy 'EMZ * 3 SX, *EPEXt s EXs "EPSZ2* /74X 42(1H2))
M=Kl

DO 24 11=1:M

IFL ICD-1)177.88.77

EMX{IsIl)=CEMX

EMZ{I+11)=CEMZ

GO 7O E9S

CONT INUE

IFIIL-1)35.:35,36

EMX{I +I1)=ALL/AL

GO TO 27
EMXI{T«T1)=CALL/AL)+{ (ALR=ALLY Z7ALY®{(ZK(T11)
1 =Z¥{1:11=1))/w*BF

EMZ{I JI1)=w/ W0

EPSX{I «1 1)=ALPHA®RHX{(]I »11)®USTAR

EPSZL 1+1131=BETAXHK{I:11)SUSTAR

WRITE(G 329 )EMX (T o J1 JoEMZUTIL T} EPSX{T I} 4EPSZIT.11)])
FORMAT(SXoF 508 35X sFBa 845N asFTeHs5XsF7:e5)
CONT INVUE

CONTINUE

-

C APPROXIMATE LINEARLY IN GC- DIRECTION

LL=T1A2~1
DO 200 I=]4NCS

AVI{Ts1)=VKLI,s 1)

WY I+ TAZ)SVK({IsK 1)

WHT 21 )=HKL(Is1}

WHE T+ TAZ)=HK(] 4K1)

WPlIse13=FHI(IW 1)

WPI{l.1A2)=FrI(E.KL1)

WEMX(I +1)=EMX{I51)

WEMX{I+TAZ)=EMX{I,K1)

WEMZ(I1)=EMZ(]: 1)

WEMZC(I «SA2)=EMZ{I.K1)

WEPX{ [+ 1)=EPSX(I s1)

WEPX {1, 1A2)=EPSX{ [+K 1}

WEPZ(Isl)=ZEPSZ(L.1)

WEPZ(1.,JA2)TEPSZ{1,Kl1)

D0 200 J1=2.LL

DA 170 J=1,KK

A1=SEGJ(JL1)

IF({SEGI(JIL) GEs OCK(TI 4J)) ~ANDs (SEGUCJLI)eLEQCK({IsJ+1)}



1y GO TO 169
GO TO 170
169 WY(TeJ1ISVFUNIVKI L o d} o VK( I s J+1) «DQeAL 4CCKR(TJ)}
WHIT+J1)I=SVFUNC(HK (ToJ)aHK (10 )21 )eDA+ALsQCK(IL «J)}
WHT o J1)=VFUNLCFHEI(T o) o FHI(T1a 241 }oTQaALGCKITsJ)})
WEMX{ I e J1}SVEFUNCENXIT o J) sEMX{L o J¢l }sDUsAL 4 CCK (I} )
UEHZ([iJl’=VFUN(E"Z(I.J’.EHZ([oJ+I]9DOoAloQCK(IOJ)I
WEPX (I sJ1 ) =VFUNCEFSX (I3 J)sEPSX{Is 41 }sD0aAl+QGCK{TNII)
WEPZ(TsJd1) SVFUN(EPSZ(1 4J) +EPSZ(TsJ#1 LG sAl ¢QCK{Isa))
J=KK
170 CONT INUE
200 CONTI NVE
GO TO 171
3423 CONTINUE
WRITE{6,152}
152 FORMATLLIOX % VY 46X+ " WH? 16X s* WP* sEGX s *WEMX?Y o §Xu *WEMZ Y,
16Xs "WEP X3 £X4 "WEPZ *)
D0 154 I=1.NCS
DO 154 J=1.1A2
154 WRITE(6 218314 0eWV(IeJ)aWHIL oI} WP(ToJ)aWEMNITIoJ )
LYEMZ{I +J) +WEPX{ T +J)WERZ(L +.J)

G e e v
C AFFROXIMATE HORIZENTALLY
[
171 CONTINUE
LD=NCS-1
Li=1A1-1

DO 190 I=]1,1A2

VN{l1sI)=wv(lsl)

UYNOLAL [)=WVINCS. )

HN(1 +I)=WH{L I}

HN{TAl+]1)=wWH{NCS,.1)

FHIN{1:. I)=wWP{ 1,1}

FHIN{(IAL + 1)=WPINCSs1)

EMXN(Ll +1)=wEMX{L «I)

EMXN{ IALl, I)aWEMX{NCS,[}

EMZN(l,1)=WEMZI{1.1)

EMZN{I ALl + 1) =WEMZ(NCS»I)

EPSXN(1s I)=WEPN( Lo}

EPSXN(IAL. I)=WEPX(NCS: 1)

EPSZN(L+1}=WEFZ(1,1)}

EPSZIN({IA1+1)=WEPZ(NCS.1)

DO 190 Ji=2eLL

DO 180 J=1.LD

Al=SEGI(J1)

IF((SEGI{J1)«GELXCRIJIIDILANDSISEGLI (J1) +LELPCREU+1)})

} GO TO 269

GO TO 180

2E9 AF=XCRIJI+1)=XCRL J)
VNIILs TISVFUNCG WV Je D)eWVII41:T00A3A 14 XCREI))
HN(JL o1 ) 2VFUNCG  WHEJ s 1) aWH(I#L s I)e A3, AL XCREJ))
FHINC JL1oI)=VFUNE NP Jol) «WP(J¢L 1) o83 4Al «XCRUJ))
EMXN(JI.II=VFUN(3EMX{J.I)-UEH!(Jil-!).AJ.AI.xthJ)i
EHZN(JI.I)=VFUN(iE'Z(J'I]o'EHZ(Jfl-l'oA3¢‘l.KCR‘J"
EPSXN{ J1+1)=VFUNI{NERX(Js1) +WEPX{J+1,12uAIsAlXCRIJ))
EPSZNI{Jls LISVFUNIWEPZ{ Jo 1)« WEPZ(J+ 141} +AJ Al + XCRLJD)

J=L0
184¢ CONTINUE
190 CONT INUE

GO TO 1181
487€&€ CONTINUE
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WRITE(G, 1E1)
181 FORMAT (1H1ts"* In J%:4Ke *WN*e6Xa "HN '3 56X, *FHIN', €Xy

LYEMUN® b4 X" EMINY o 5X»* EPSXN® oSN *EPSZN®)
DO 182 1=1,1A1
DO 182 J=1.1A2
WRITE(641B3)1eJeVA{L eI HN{TIo S )eFHIN(LIoJ )
LIEMXNI L+ J) sEMZNCL o J) +sEPSXANIT 2 JY2EPSINTI»J)
182 CONT INUE
183 FORMAT (11X o120 0 s 120 1X s FT o83 2XsF7 o451 XaFT.8,23%,
IF 7. 843X sF T e INF Tl s5XeFTabt)
1181 CONT INUE
RETURN
END

IS SUBROUT INE IS USED TD FIND THE VALLE OF THE FUNCTIONS @
1 «FF2 +FF3 +FFa4 AND FF5 IN Ps. Da E. H

L I B R R N B R I B B A A N N N N N N AR AN - -
.'....IIC..-II.I..C.l..l.....'.....

SUBROUTINE VALUELI(NXsNYsLALoIAZIA3QY0T)
IMPLICIT REAM%8(A=H,0-2)

INTEGER®Z2 LOCHIAP,IFRR.ICLy IC

DIMENSION C{22.22) « WCRK{484)

DIMENSTION AK(IQ)+HU10)+SEGI{22)+5SEGJ( 22)
ODIMENSION VN(22¢22)oHN(22:22)1+ FRIN(22,22).EMXNI22.22)
DIMENSION EMIN(22:222) +EPSXN(224:22):EPSZIN(22.22)

DIMENSION FF1(22,22)+FF2{ 22¢22)+FF I(22222) +FFA{22+22)»
1 FFS {2222 )+sFFG(22.22):FFT7{22: 221}

COMMON LOC(6724) +LIAP(488) +IRR(484),1CL (48B4), IC{484)
COMMON CaWORK s AK sH o SEGI +SEGJ2USTARBF +RLZERDOLELZERQ,
LVNsHNs FHIN EMXNs EMZN: EPSXNIERPSZNoFF 1. FF24FF A3FF A ,FFS+FF 6+

IFF7

DO LI I=1.1IA1l
DO 1 J=1, 1A2
FFLCL o J}=VN(L o JV /EMXNIL o d)
FF2{ 1+ J)=EPSXN(I + JI/{(EMXN(1 s J)S*2)}RELZERC*UZERG)
FF3(I1.,J)=0.00
Al =ELZERC*{VN(lasJ)*#2 ) (R*¥R)x{UZERD |/ QTOT
A2=ALR{FHIN(T s J)S#2) &EPSZIN([+ S} 7QTCT
FF&(I+J)=A2
FFS {1 +J)=0.00
1 CONTINUE
RETURN
END

C THIS SUBROUTINE 1S5S USED TC FIND THE INITIAL CCNCITIONMS :
C UP-STREAM AT TIME STEP (T) SECOND. :

SUBROUTENE CINPUT(CO+TeTPEAK AL 4IA2, RPKCKINLSTAY)
IMPLICIT REAL®B8(A~-FH,.0-2)
INTEGER#2 LOCs1APLIRRLICLHIC
DIMENS ION RPKC(2Z)
DIMENS ION C(22.22)
COMMON LCCIO6724) 18P (488 )+ IRR{4B4 )4 ICLLABA), IC(4BA)
COMMON C
IF(T +GT. TPEAK) GO TQ 320
GO TOUL o2l 01 YeKIM
1 DO 300 J=t.lAa2

300 Clle JIS{RPKC(JIIF/TPEAKIRT /CO
RETURN

2 DO 3 J=l.1A2

3 ClleJ)=CO2{ 1.D0-DEXP{~TAU) )}
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RETURN
320 DG 340 Jsl.1A2
340 Cll+0)=Cl1sJ)}

RETURN

END
Cmm e o o e e e s e - e i o T S S P A S o S T - — —— — i . e e e et P . A o -
C THES SUBROUTINE IS USED TC CALCULATE THE ELENENTAL MATRICES :
C aeaCMXO+CMCI CMX2, CMYQeCMYLsCMYZ. :

SUBROUTINE ELMATINXsNYoIALIAZ.1A3,41.4}%

IMPL ICIT REAL #8( A-H.0~-2)

INTEGER®2 LOCsTIAPIRRICL,IC

DIMENSION C(22 .22 }+9WORK{484)

DIMENSION AK(10)+H{10).,SEGI(22),SEGJI(22)

DIMENS ION VYN{22:22)sHNI{22,22)sFHIN{ 22+ 22)+EMXN{(22,:22)
DI VENSION EQZN(22.22]|EFSXN(22'22'lEPSZN(Eszzi
DIMENSION FF1{22422)2FF2({22422) FF3(22422)+sFF4 {22:22)
s FFS(22.22)2FF&{22+22)«FFF{22:22)

DIMENSICN B{a484),E1 {484, AM{6ET24)

DIMENSION CMXO(2+4) sCHXLI248) 2CUX2(244)sCNYD(2.8)
le CHMY L{ 2+ #8)sCMY2(2:4)

COMMON LOC(6724),1AP(488),[RR(484 ), ICLIAEA).1C(484)
COMMON C 2+ YWORK3AKsMH s SEGI oSEGJsUSTARBFeRsVIERD,
1ELZERD s VN s HN s FHINJEMXN 4EMZINJEPSEXNIEPSIN+FF1 +FF24FF3sFF4 4
I1FFSeFFO 2sFFE7 oD Pl s AN QCMXO 2 CMX 1o CMX 2, CMYQ.CMY L, CMY2
ALPHA={9,00+4 ,DO*DSORT(3.00))/18.0D0

BETA={ 3.D0+DSART( 3.00) ) »,36.D0

BETH={3 .LCO-DSQART (3«00 ) )7 36 .D0

CMXO{Lls1)=ALPHA

CHMX0{ 1+ 2)=H(1)*%BETA

CMXT(1+43)=1.00~ALEHA

CMXO {1l 8 }=—H{I ) %RETH

CMX0(2+¢1)=14D0=ALPHA

CMX0{ 2, 2)=H{I)*BETH

CMXD (2«3 )=ALPHA

CMI0( 248} =—H{TI)}XBETA

CMYO {Ls1 )=ALPHA
CMYD(1.+.2)2AK(J)*EETA
CMYO(1e3)=1.D0-ALPHA
CMYD {Led)=—-AK(JISEETH
CHMYO(24+1)=1.D0~ALPHA
CMYQ{ 2,2)=AK( JI*BETH
CMYOD (2. 3)=ALPHA

CMYO (2 o )=~AK{(J)SEET A

CMX1{1ls1)==1.00/H(1)

CMX1 (1.2 )1=DSQART{(3.CO)/6.D0
CMXL(L»3)==CMX1(1.1l)
CMXT(1s4)=-CMX1{1.2)
CMXLT(2:1)=CMX1(1.1)
CHMXL(22)=CMX] (1 +8)
CMXL{ 2+ 3)=CMX1{Ls D)
CMXL(2.4)=CMX1{}s2)

CMYL  1+1)==100/AK(J)}
CMYLE(L«2)=DSQGRT( 2.00)/6.D0
CMYL1 (1 +3)=~CMY1 ({1 .1)
CMY1{14)==CMYL1(1 +2)}
CMY1(2s+1}=CMYI(1s1)

CRY 1 (2:2)=CMY1 ({1ls4)



C THIE
C OBTA

IVNs HN e FHIN sEMXNs ENMZNLEPS AN +EP SINGFF1+FF2:FF 3 sFFA +sFFS oFFG6 4

1

Cm————

CMY1(2+3)=CMYL{1 +3)
CMY1{2.8)=CMYL(1.2)

ALPHA=2,D0#DSGRT (3,C0)
BETA=DSOQRT(3.00)+1.0D0
BETH=DSARYT( 3.00)~1.00
CMX2 (1 o1} =-ALPHA/ (H(L }®¥2)
CHX2{ 1.2} =-BETA/H (1)
CMX2{1+3)=—CMX2{ 1+ 1)
CMX2 (1 +8 )==BETH/HL(])
CMX2{2:1)=CMX2(1 +3)
CHMX2(2+2)=-CMXZ{ 1. 4)
CMX2 (2+3)=CMX2(1 1)
CMX2(2+8)=-CMX2(1 +2)

CMYZ2 (1,1 )=~ALPFAZ{AK(J )92}
CMY2(1.2)=-0ETA/ AK{J]

CMY2( 1 3)==CMY2(1s1)
CMY2(1+,4)=-BETH/AK{(J)

CMY2 (241 32CMY2(1+3)
CMY2(22)=-CMY2{1.+4)
CMY2(2. 31=CMY 2( 1+ 1)

CMY2 {2 48 )=-CMY2(1.:2)

RETURN

END

SUBROUTINE IS USEL TC FIND THE VALUE OF THE ENTRIES:
INED AT THE CORNER CF YHE FIELD. :
SUBROUTINE CORNERINXoNYoI1A1s A2, IA3.0TAULLM.LN4IORD}
IMPLICIT REAL®BLA=H,(C~2Z)

INTEGER#2 LOC+IAP»IRRJICLIC
DIMENSION C{22,22).WORK{484)

DIMENSION AK{10)+H{10)+SEGI(22)5SEGI(22)

DIMENSION VWN(22,22):HN(22422) sFHIN(22+22) »ENXN(22,22)

DIMENS ION EMZIN{22,22)+EPSXN(22+22),EPSZNT §2.22)

DINENSICN FF1 (22222} oFF2 {22422 1eFFI(22+22)+FF4(22:.22)»
FFE(22:22)+FF6(22422) «FFT(22:22)

DIMENS ION B(A484).BL{ALA), AM(ET24)

CONNON LEC{(6728) 2 1AP(488), IRRIAB4 ), ICL{(484),IC{484)

COMMON C 4 WORK AK+H 4 SEGI + SEGJ2sUSTARBF +RWU2ERO+ELZIEROD,

FF7T +sB381 1AM

LM=0

LN=0

Al =SEGI(IAl1)
AZ=SEGH{ 1}
A3=SEGJ(IAZ)
FIRST CORNER

DO 6 Il=1+4
LM=LM+1

GO TO (1+2¢3s8)e 11
I=1

J=1
WORK(LM)I=C{ i, 1)
Q0 TO S

SECOND CCFRNER

I=1

JENY +
WORK{LNM)=C(1l,1A2)
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GO TO 5
Crm===THIRD CORNER
3 CONT INUE

LMI={ 2k{NX+1)-2) %] A2+2
WORK(LMI=FVI{(A1.A2,DTAU)

GO0 TO 16
Covnm- FOURTH COFRNER
4 CONT INUE

LMI={2%{NX+1)-2)2[A24(2%({NY+]1))
WORK(LN)=FV] (Al A3,CTAU)

GO TO 16&
S CONT INUVE

LML =(2%(I=1))}%{(2%(NY+]1)})4224~]
1€ LNsSLN+I]

I0RD= IORD+1

TARP(IORD)I=LN

AMILN)=1,00

LOC{LN)=LM]
6 CONT INUE

RETURN

END

C THIS SUBROUTINE IS USED TO FIND YTHE COEFF. WHEN AFFLYIMAGE
C THE BOUNDARY CONDITION AT LEFT AND RIGHT BANK :

SUBRDUT INE BOUNDXINXsNY s TAL I A2 I A3 DTAU LN LN IORE)
IMPLICIT REAL*8{A-M,0-2)

INTEGER*2 LOC+1AP+IRER.1ICL, IC

DIMENSION C{22:22)+.%0RK(484)

DIMENSION AK{ 10)+H(10)+SEGI(22).SEGJL22)

DIMENSION VN(22:22) sHN{22+22)s FHEIN(22422 JEMXN( 22,22}
DIMENSIUON ENZN(22422) sEPSXNI{Z22+22).EPS5ZIN{(22.:22)
DIMENSION FFL{22422)+FF2{ 22+22)sFFI(22422) +FF4(22+22) »
1 FFS (22 o22 Y oFF6 (222220 FF7{ 22422}

DIMENSION B(ABA) Bl (48B4) AM{ET24)

D IMENS ION Cﬂlotzo"oCHXl(ZQﬁlQCﬂxz(znﬁ’nc-YO(ZQQli
1 CMYL (2:4).CMY2(2:4)

COMMON LEC(6724),1AP(4BB)>IRR(484 ). ICL {484}, IC({ABA)
COMMON CsWORKsAK sH e SEGL +SEGJsUSTAR ¢BF «ReUZEROGELZERD,
TVNsHNs FHINs EMXNs EMZNs ERSENEPSINGFF 12 FF23FF 3FF &4, FF5,FF &
1FF7 +B 4Bl AN, CMXO 3 CNXL 4 CMX2 . CMYD, CMY 14 CMY 2

00 3 NT=1,2
» 7 1eNT
. s el - - RIGHT BAMK

[T |
e O

s -
s O

o N
*r
(X 3
"
-
CQTLE R
Ho oo O = N [Tl =]
T
e B
w O
" m

L1}
(L]
(1]
LL]

tmmmm e LEFY BANK

2
-«
+*
- g

-~ N
L1
..
1)
.

J1=NY
Mi=TA2
8 CONT INU E
DO 3 IaleNX
A3=SEGJIML)
A1=SEGI(2¢1)
A2=SEGI(2¥]+1)
C—~-==CALCULATE THE ELENENTAL MATRIX FOR ELEMENT(I,J)
CALL ELMATI(NX+NYeIAlsIA2:TA3elJ1}
DO 3 JJu=1.2
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IQRD=I0RD+1
LIAP({ I0RD )=LLN+1

LML M+

DO 4 K=1,.,4

LMI={K=1)2TA2¢25 J+Ax(T-1)%{NY+1)
LN=L N+

AMILNY=CHNXO (JJaK)

LOC{LN}=LN]1

4 CONT INUE
GQ TO (9510 )eJdd
9 WORK(LM)Z=FVZ (ALl ¢ A3.CTAU)
GO TO 3
10 WORK{(LM)=FV2(AZs A3« DTAU)
3 CONTI NUE
RE TURN
END
c....—-..-.... ______________ - - Wl e i il e e e P o A i ——

C THIS SUBRGUTINE 15 USELC TC FIND THE COEFF, OETAINED :
C WHEN APPLYING THE CONDI TICNS UP AND DCWN STREAM,

T Ty o —— . bk . e i S T T

Commoe- —_— - —— -
SUBROUTINE BOUNDY {NXeNYo1Als IAZ, TA3, OTAULMLN IORD}Y
IMPLICIT REAL*8{A=MH.0~Z}

INTEGER*2 LOC+IAPIRRLICL(IC

DIMENSION Cl22.22 )., WORK{4A4&)

DIMENSION AK{(10) +H(10)+SEGIL22)+SEGJI(22)

DIMENSION VNI 22+22)+HNU22322) FHIN(22.,22) EMAN(22,22)
DIMENS ION EMZN{22+22 )+EPSXN(224221+EPSINILZ2.22)
DINENSICN FF1 {22 4,22 ) +FF2 (22322 )eFFI(22422 )1sFFA(22+¢22).
1 FFS(22,22)+FFB{22:+22) +FFT122.22)

DIMENS ION E(484),Bl1(484),AM(6724)

DIMENSION CMXO (2,4 ) sCMX1 {28 s CMX2(2,4 ) CMYO(2:4]),

H CMYL(2:4) sCHNY2(2,4)

COMMON LOC{S6724), IAP(AE8)IRR{A84) ,ICLIAEA)IC(4084)
COMNON CaWORK s AK s HeSEGI+SEGI+USTARBF+RyUZEROLELZERD .
LVNsMNoFHINEMXNJEMZN EPSXNIEPSINsFF1 o FF22PF3,FFh, FFSe FFG»
IFF7sBsBl s AM¢CMX0 sCMX 1 2CMX2,CMY0CMYLoCeY2

C—..._--.-.

DO 2 NKT=1,2

GO TO (S:€)N

llq

oI - 31 ==~=UP~-STREAM CONDITION
S

12221223 ~—==DCWN-STREAM CONDITICON

7 CONTINUE
AAL=SEGI(M1)
DO 2 J=1 «+NY
AA2=SEGJL 2% })
AA3=SEGI(Z%a+1)
CALL ELMAT{NX+NY: IA1.IA2:IAd.114J)
DO 2 JJ=] .2
IORD=TI0ORD+1
IAP(IORDY=LN+1
LM=L M+ 1
DO 3 K=1.4
Al=CMYD(JJ.K)
GO TO (8 +9)sNT



& LMI1z=2%( J=1)+K
IF{K +GT. 1)GO TO 10
GO TO (13+15)+44

12 WORK(LMI=C(1 2% 4)
G0 TO 10

15 WORK(LM)=C(1s2%J41)
GO TO 190

9 CONTINUE

LMI=(2#NX+1)21A242%(J-1)+K
IF{K .GT, 1)GO FC 10
GO YO (16:17) +4J

16 WORK {ILM)I=FV1(AA1,AAZ,DTAV)
GO TO 10
17 WORK(LM)=FV1I{AAL ¢AA3 +OTAL)
10 LN=LN$+1
AM(LNY=AL
LOC{LN)=LN]
3 CONTINUE
2 CONTYT INUE
RETURN
END
(o mm——————— - e e . e o il i A e e i i - i i e R e e o e
CTHEIS SUBROUT INE 1S USEL TO FIND THE COEFF. WHEN :

C APPLYING THE P, D, E. AT ENTERIOR POINTS,

c -------- i o s bl sl Y A T —— —— - - -
SUBROUT INE AINTP{NXNYs IA1sTA2:IA3+DTAUCLN LNI10RD)
IMPLICIY REAL®B(A-H,U-2)

INTEGER®2 LOC.IAP,IRR+ICLSIC

DIMENSION Cl22,22)s WORK{ 4B4)

DIMENSION AK(10D)eH(10)+SEGI(22)sSECI{Z2)4AA(4)
DIMENSION VN(224+22) sHN(22 +22) +FHIN(22422)EMXN(22,22)

le EMZNL22+22)4EPSXN( 22,22) +EPSIN(224+22)
OIMENSION FF1 (22,22 )+FF2{22:22)sFFI(22422)+FFA(22:22)»
1 EF5(22+22) +FF6(224+22)«FFT7{22,22)

DIMENSION B(A484) +BL1{4L4) ,AMIG6T24)

DIMENS ION CMXO (2 4 )a CMXLL 25 8) 4CMX2(2:84) 2CNYO{ 244)

1 CHY1(248) s CNY2 (248 ),CC(A,16):CC1{A,16)

COMMON LOC(ﬁ?Z‘)lIAP(QEB)'!RR(434)QICL(QBQ)QIC(QBQ)
COMMON CoWORK: AK s Hs SEGLe SEGI+ USTAR +BF sR+UZERO JELZIERD

1 s VNoHNFHINJEMXNLEMZIN,EPSXNs EPSZN,
lFFloFonFFJ|FFQ.FF5QFF6§FF7.B.B[OA’.CNXO.CMxlQCMX2’CMYOC

LCMY 1. CMY2,CCoaCC1

Cmmo=-
DO 1 J=] oNY
DO 1 I=1aNX
CALL ELMAT (NXyNY, TAls TA2s IA3. 154}
C::::::ICODE-CCDE T0 DEFFERENT IATE EETWEEN THE COEFF. OBTA INED
ciizez FOR MATRIX AM grR (D)}
Ciz2t:: ICODE=1=-=FOR (AM)
cisssss =2~--—FOR (0 )
Cmmm———
ICODE=1
DO 3 [3=1+4
DO 3 J3I=1l.16
3 CC{I3+J3)=0,D0
CALL SUBCII+JaNXsNY+1ATIAZ.1AILICCDE DTAV])
ICODE=2

DO & [4=1.4
AA(14)=0.D0
00 4 J4=1.16

4 CCl1(14a,44)=0.C0

87
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CALL SUBC(IsJoNXaNYoIAL o1 A2+TA3LICCCELLCTAU)
ICN=LM

DO 2 KT=14+4

IORD=I CRO+1

IAP{IORD ) =L N+ 1

I1H=0

LM=LM+1

DO 2 11=1,4

LMI=2%{II-1)%{NY+1)+2%(J=1)+4% {NY+1)%([~-1}
00 2 Ji=1.4

IH=TH+1

LMI=LMI+1

LN=LN4+1

AMILNI=CCIKT s T}

LOCCLN)=LWM]
AAIKT)=AA{KTI+CCI{XT . IHI®XR(LML)

2 CONT INUE
WORK({ICKHL )=2 JDOSFEFT (281,230 4BAC1)
WORK{ ICN+2) =2 ,DORFFT{2%] 2% J+1)+AA(2)
WORK( [CN+3)=2 ,DOSFFT{ 25T+ 1+ 2% J)+AAL D)
WORK { ICN44 )=2 DO SFFT(2814142%J41)4AAC &)

1 CONTI NUE
RETURN
END

[ R e T I —— o - -
C THIE SUBROUTINE 15 USED TC PERFORM DIFFERENT CPRERATIONS:
Cy PERFORMING FIRST-TENSOR PRODUCTEVALUATE ENTRIES. 2
o - 20 e e o e

SUBROUTINE SUBC(I s JoNXoNYoIAL+IA2,1A3,1LCCELsCTAU)

IMP_L ICIT REAL*B(A=-MH,0~2)

INTEGER*2 L OCe IAP, IRR. ICL 4 IC

CIMENSION AKX (228 )} ¢ AKY (224 )2 AKE (4216 )eCONST (&)

DIMENSION C{22¢22)+KORK{ 484)

CIMENS IGN AK{10)+FE(10):SEGIL22):SEGI{22)

DIMENSICN VN(22,22) s HN({22¢22 )+ FHIN(22:22 )+ EMXNL 22,4 22)
1sEMZIN( 224 22) +EPSXN{22:22) +EPSIN(22 .22

DIMENSION FFL1( 22 22)sFF2(22.22)oFFA{22:22)+FFa(22 4,22
1 WFFS5(22+22) oFF6(22:22)s FF7L122:22)

DIMENSION B(484) +BL{484) JANM(ETO)

DIMENS ION CMXO(2s4)sCMXI(204)oCHR2(2:4) sCMYD(224)sCMYI1(2 o) o
1 CMYZ (2+8)eCC{0,18)eCCLEALLE)

COMMON LOC(SET24) « IAP(488 ) +IRR(ABA) 4ICL(ABA), IC(484)

COMMON CoWORK 2 AK sH s SEGL s SEG JeUSTARBF sR.UZERDLELZERD,
lVNiHN.FH!NIEMxN.E"ZN'EPst!EPSZN.FFl.FFz.FF!.FF..FFSIFFGO
IFF7+B8+81 s AMgCMX0 o CMX]L +CMX2 CMYD s CHMYL 4 CMY2,.,CCaCC1

DD 3 JJI=1,6

GO TO(4:54627358:9)eJd

4 CONST L) =~FFLI (2514250 )¢FFI (231,254

CONST(2)=~FF1{ 2% 2 28 J+ 1) +FFI(2¢]1 2% J+1)

CONSTUII==FF1{2%1 414 2%J)4FF IA( 2%[ 4+ 1. 2% J)

CONST{A)==FF1 {2FTI4]1 42823 )4+FFA(2%141,.,20041)

GO TO 2

5 CONST{1)=SFF2( 2%1 ,2%J)

CONST (2 )1=FF2 (29[, 2%)+1}

CONST(3)ZFF2(2%l4l :23J)

CONSTI{AI=FF2(2%[+],2%J+1)

GG TOo 2

6 CONST{1)=FFa (251,20}

CONST{ Z2)=FF A( 2%] 2% J+ 1}

CONSTI(3)=FFa(2%141,2%))

CONST(4I=FFA (20T 41 42%04+1)




GO TQ 2

7 CONST{ 1 )=FFS{ 281, 2%J)
CONST(2)ISFES(2%1+2%0+¢1)
CONST(I)=FF5(2%[ 41 2% J}
CONST(A)=FFS(2%141,2%J4+1)
GO TO 2

a CONSTI{1)=FFHL(23],2%J)
CONST( 2)=FF 6(2%] s 29J+1)
CONST{3)=FF6(28[+1,2%J)
CONSTI4)}ZFFS6{2%T1¢] ,28J+1)

GO TO 2
9 DO 10 M=1.4
10 CONST {M)=2.00/CT AU
2 CONTINUE
Crmmm e = - ———————————— -

CO 13 Lil=1e2
00 13 L2=1+4
GO TO (14:15:16517+18,18)043
14 AKX (LEL2)=CMXLI{L1.,L2)
AKY{LL +LL2)=CMYO (L14L2)
GO TO 3
15 AKXIL1.L2)=CMX2{(L 1+1.2)
ARY (L] sL2)=CMYO(LL4L2)
GO TO 13
16 AKX(L 1o L2I=CMXO{L1L2)
AKY (L1sL.2)=CMY2{L IsL 2)
G0 TO 13
1?7 AKX(LLL2)=CMXQ{L]1.L2)
ARY (L 1L 2)=CHMYI(L 1L 2}
GO TO 13
18 AKX(LY +L2)=CMXO{L] +L2)
AKY(L 1+L2¥=CMYQ{L1,L2)
13 CONYT INUE
CALL TENSRP (AKX s AKY s AKEs ICODE. CONST }
CALL AADD(NXsNYsIAlL:I1A2:1A3:ICODE+AKE»JJ)

3 CONT INUE
RETURN
END
Lo o e o e v e e e e — - -

C THIS SUEROUT INE USED TG FIND THE TENSOR PRODUCT
C OF TwO MATRICES AND EBUILC UP THE 4X16 ELEMENTAL
C MATRICES cC AND CC1l.

Crmamemrr e —— - — -

SUBROUTI NE TENSRP(AK!.AKY-!KE.ICODE.CDNST]
IMPL ICIT REAL#8( A~H,0-2}

INTEGER®2 LOC, IAPs IRR, ICL » IC

DIMENSION AKX (238 ) s AKY{2 94 ) sAKE(#4 416 )+ CONST {4)
IM1=0

DG 1 11=1s2

DO t IN=1,.,2

IMI=IMi+1]

I1H=0

DO 1 J1=1 .4

L=0

00 1 K=1. 4

IH=IH+1

L=L+1

AKE(IMIZIHISAKX{T 1+ JL)*AKY(IM,L)

TIPLY BY A VECTCR CCNST
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DO 2 I1=1.4

Dg 2 J1=1.16

AKE(L1+J1)=AKE(I1+J1 }#CONST{I1)
2 CONTINUE

RETURN

END

c____..__.._..__...._-..--..-_—.——__-—-----—------—--m A

C THIS SUBROUTINE IS USED TO MULTIPLY TwWC MATRICES
C AND SYORE THE RESULT EITHER IN CC QR CCl»
C DEPENDING ON THE VALLE CF [CODEa.

LTI T I T Y

Ciisasssisossssssrsgzazzodaissizzssazosneasonoeee
SUBROUTINE AACD{NXoNY s IA14+[A241A3,ECOCEs AKEJY

IMPLICIT REAL%8(A-H,C~-2)

INTEGER*2 LOC»IAPIRR.ICLSIC

DIMENS ION AKE(4, 16)

DIMENSICN C{22.:,22)sWORK (484}

DIMENSION AK{ 10} H{10)+SEGI{(22)+SEGJ(22)

DIMENSION VN(22: 22)s HN({ 22, 221 FHIN{22:22) EMXN{22,22)
DIMENSION EMZNI{22 422 ):EPSXNI{22.:22).EPSINIZ2.22])

DIMENSION FF1(22422) oFF2{ 22,22 ).FF3(22.22)FFA(22.22)
1 » FFS{22.22)4FFG(22:22)+FF 122422}

DIMENSICON B(484).E1(484),AN(56T24)

DIMENSION CMXO(2 o8 ) +CHX1(28) s CMNZ2(Z2e4)4CWYO {228 )2 MY 1(2u4),
t CMY2{228)4CCLA,16),CCUL4,LE)

COMMON LOC(6724 ), TAPL(48A), IRRIAAA)ZICL (424),1CLAEA)
COMMON CoWORK s AK+HsSEGIsSEGJ2USTAR:BF s RsUZEROs ELZERD,
IVNeHN3s FHINSEMXN; EMZNJEPSXN +EP SINFF 1 o FF2 4FF 34FF4 4 FFS 4 FF6»
L1FF7sBsELls AMe CMXO 2 CMX L+ CM X249 CMYD 2 CMY 1, CMY S 4CCHoCC)

DO 1 I1=1.4
DO 1 J1=1,16
GO 70 (4.3), 1CODE
3 CCLU{I1+J1)=CCL01I1+J1 )+AKE(TILJi)
GD TO 1
4 CONT INUE
IF{JJ ,GT, 5) GO TC 6
CClT14J1)=CCL{IN+J1)=AKE(I1,J]1)
GO 10 1
CCI{I1 4J1)=CClIlatL)+AKE(I2eJ1]}
1 CONTINUE
RETURN
END

c ______________________ - - - e

C THIS FUNCTION IS USED TQO ASSIGN VALUES AT COWN-

¢ STYREAM BOUNDARY.

c— - i A A Al e A S S S Sy -
FUNCTION  FV1 (Al +A2 4 T#)
IMPL [C 1T REAL #8{ A—Ho0-2)
FV1=0 .CO
RE TURN
END

c-_-_-——u-———-a- - ——— —

C THIZE FUNCTION USED TC ASSIGN VALUES AY BOUNCARY
C X— LEFT AND RIGHT BANK. z

FUNCTICN FV2{A1:42,TN)
IMPLICIT REAL*B{A~M.0-2)
Fv2=0.00

RETURN

END

Com e - ——
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C THIS FUNCTION IS USEC TO FIND THE VALUE :
C OF LAMDAL AS A FUNCTICA CF X.Y AND TINE :

Cmmm— - cme———
FUNCT ION ALAMI (Al A2, TAULELZWUZRSFE)
IMPLICIT REAL¥8(A~H,0~-Z)

ALAMI=F6
RETURN
END

=———— -

€ TRH1S FUNCTIDON IS USED TO FIND THE VALUE OF 3

C LAMCA2 AS A FUNCTION GOF X.Y AND TIME :

Cowmmmm o —me—-

10

20

FUNCTION ALAMZ2{A1,A2:TAULELZ 4LZR«sCOF7)

IMPLICIT REAL%B({A=FH,0-2)

ALAN2 =F7

RETURN

END

SUBROUT INE GELLM{(N+MAXs TERR. ITEMP +RTEMP)

INPLICIT REAL*B(A~H,0~-2)

INTEGER%®2 LOCIAPSIRRWICL »IC I TEMP

DIMENSION CU22+22) s WORK(ALA) AKL{LO)+H{10) +SEGI(22) +SEGJIL(22) »
LAWI14,22:322) «B(484),EB1 (4841, AMIGT24 ), ITEMP{16418).RTEMP{1€6CQ0}
COMMON LOC(ST248) +1AP{A28) JRRIABA) JICL(4ABA)ICL484)
COMMON CsWORK s AK s Hs SEGI + SEGJs USTAR+BF +R2LZERDSELZERO AW,
18481 « AV

I¥=1

Iul=1Y+N

ip=]

IUZ=1P+N+1

JU=TUZ24N+ 1

CALL GAUSPY {NsMAX s RTEMP(IY)s ITEMPL IP)»ITEMP(ILZ) +
1LITEMP{ JU) RTEMP(IUL1 ).« [ERR}

RETURN

END

SUBROUT INE GAUSPYI(N.MAX:Y,s IP, IUs JULVU, IERR)

INPLICIT REAL®O(A-H,0-2)

INTEGER® 2 JAsIASIRRICL 2 IC

INTEGER®2 IP. IUs JU

DIMENSICN C(22 22 ) 4WCORK(ABA ), AK(10 JoHILO J4SEGI(22)+SEGH(Z22)»
LIAW( 18¢22+22) sB(AEA) ,B1(484) JAMIETZ24) oY (1) +IP({L1)sIULL )
LUl d2UM L)

COMMON JA{6724 ), LA(AB8).IRR(484), ICL(484),1IC(4EAN}
COMMON C + WORK2AK oH +SEGT +SEGIsUSTARBF o Re UZERC+ EL ZERD»
1AW, BsB1,AM

IF{N +EQe 0)1GO TO 1001

ONE=1.D0O

ZERO=0.D0

0D 10 J=1sN

Bl {J)=ZERC

[uil)=1

JUPTR=0

CO 170 K=1sN

IPIN+1)=N+1

KKv=IRR{K)

JMIN= [A{KKV)

JMAX=TACKKY+1) - 1

IF{JMIN ,GT, JMAX)IGC TO 1002

J=IMA X

JAI=IALL)

JYv=1C(JAS)

Bi{ SJYVI=AM(J)



30

40

S0

60
70

80

90

100

110

120

120

1a0Q
150

IIK=N+1

IK=]IK

TIK=IP(IK)
IF{IIK~JVV)304:41003.40
IP{IVY )=T1K

IP(IK)=J VY

J=J=1

IF(J «GEe JMINIGO TQO 20
IVI=NS]

YK=WORK(KKV)
IVITIPCIVI)

IFC(IVI +GE. ¥}GO TO 110
ALKI==-B1{(1VI}
B1(IVI¥=ZERD
YKaYK+ALKI®YL{IVI)
[IK=IvVI

JMIN=IUtIVL)

JMAX= TUCTVI+L)-1
IF(JMIN +CTa JMAX)GO TO S0
DO 160 JeJMIN. JMAX

NIVNE NIFE D}

JYv=1Ctaug)

IF{B1 {JVV).NE.2ERCIGO TO 90
IFLIVV=-1IK)ED.,90.7¢
IIK=I(IVI

IK=1IK

IIK=IPLIK]
IF{IIK=JVV)}T70.,90.,80
IP{JvV )=l 1IK

IP(IK) xJ¥yY

LIK=JVY
Bi{JVV)I=A1{JVVI+ALKI $U( J)
CONT INUE

GO TO 50

IF(IVIWGTWNIGO TO 1004
XPYMAX=CAES (B1(IVvL))
MAXC=IVI]

NZCNT=0

1PY=IV1l

IVR= 1PV

IPv=1IP{IPY}
IF1IPV.GT«N)GO TO 130
NZCNT=NZCNT +1
XPV=DAES(BY (IPV) )
IF{XPV LE, XPVMAX)}GC TOQ 120
APVMAX=XPV

MAXC=IPY

MAXCL=IVR

GO TO 120
IF(XPVYMAX.EQ.ZERO)IGO TO 1004
IF{IVI .EQ. K)GO TOD 140
IF(IVI .EC.MAXCIGC TG 140
IP(MAXCLISIP{MAXC)

GO Ta 150

IVISIPUIVI)

CONTINUE
DK=0ONE/B1{MAXC)

Bl {MAXC)I=E1l (K )

I=1CL{K])
ICL(KI=TCL(MAXC)
ICL(MAXC)=]

92



160

17¢

180
180

200

1001
1002
1003
1004

1005

10

ICK=ICL{K)}

IC{ICK)=K

ICTCE)=MAXC

Bl (K }=ZERDO

Y{K}=YKxDK
IU(K+LISTUCKISENZCNT
IF(IVIK+1).GT JMAX41)GO TO 1005
IF(IVI .GT, N)GO TC 170
J=ivl

JUPTR=JUPTR+1
JULIUPTRISICL {J)
U{JUPTR} =81 (J)sDK

Bi{ J)Y=ZERD

J=IP{J}

IF(Y +LEa« N} GO TO 160
CONTI NUE

K=N

DO 200 I=1+N

YXK=yY(X)

JMIN=TU(K)

JMAX= IUIK+1)=-1

IF(IMIN +CT. JMAXIGO TO 190
DQ 180 J=JMINe JMAX
Jud=Jull}

NITRER S U TR )

YKaYK = U{Jisvisud)
CONTINUE

Y(K)=YK

ICK=ICL{K)

BL{ICK]) =YK

K=K=1

CONT INVE

IERR=IUINSL )~1UL]1)
RETURN

IERR={

RETURN

IERR==K

RETURN

IERR=={N+K )

RETURN

IERR== (2% A4+K)

RETURN

IERR=~( ISN+K )

RETURN

END

SUBROUTEINE PREODORD(MN)
IMPL ICIT REAL *B{ A=H,0-Z)
INTEGER#2 L 0OCs YA, IRR, ICL .« IC
COMMON LCC(67248),1A{4B88)+IRR(484),ICL. {484 )s IC{484)
DO 1 I=1.N ’
JRRCII=I

ICcLi{l}=1

IC(1)=1

DO 5 I=1«N

1cL(1)=0

DO 10 K=1+N
KDEG=TA(K+1)—-TA{K)
IF(XDEG +ECGs D IDEG=KCEG+1
IC{K)=ICL(KDEG)
ICL{KDEG)=K

CONT INUE

a3



I=0
DQ 30 J=1.N
IF(ICL{J) LEQ. 0)GO
K=lCL(J)
20 Ixl+1
IRR{ I 1=K
K=IC(K}
IF{K .GT. O0)GO TO 20
3o CONTI NUE
DG 40 I=14N
ICL{I)=]
IC{T})=]
40 CONTINUE
RETURN
END
¥
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