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ABSTRACT

In this study, a numerical model is developed for two-dimensional,

transient mixing for steady uniform flow in natural river channels. Through

the use of an orthogonal curvilinear coordinate system, the river channel

is mapped into a rectangular strip by introducing the cumulative discharge

as the new transverse coordinate. Concentration distribution in the channel

is determined by a collocation finite element scheme. A computer program is

developed and verified with analytical solutions and a steady state field

measurement. The result is also compared with a finite difference method

which uses a combined implicit/explicit scheme. The collocation finite

element method is more efficient and stable. The "overshoot" near the peak

of the dispersing front presented in the finite difference solution did not

appear in the present solution.
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CHAPTER I

INTRODUCTION

Mathematical modeling for mixing processes in rivers has developed

rapidly during the last decade. Field surveys and laboratory models are not

usually feasible for studying the transport of dispersants in a water body

due to logistical and economic considerations. Because of this, mathematical

models have long been considered as an efficient and practical alternate for

predicting the distribution of dissolved or suspended materials, such as

water temperature, chemical and biological pollutants, and suspended sedi-

ments �3,19! . Numerous numerical models have been developed based on finite

difference or finite element methods. Loziuk, et. al. �3! developed a two-

dimensional model for predicting water temperature distributions in rivers

and cooling lakes, using the Galerkin finite element method. Banks �!

developed a finite difference model for predicting BOD and DO distributions

in rivers and lakes using a mixing-cell concept. Leimkuhler �2! developed

a two-dimensional vertically integrated Galerkin finite-element model to

predict sediment d.ispersion in Massachusetts Bay taking into consideration

the variation of depth in the flow field. Any two-dimensional dispersion

model requires a hydrodynamic model to provide a correct description of the

velocity field. For analysis in tidal estuaries, most of the hydrodynamic

models are developed based on the two-dimensional vertically integrated

shallow water wave equations in Cartesian coordinates �2,44 !. For the case

of steady state flows in natural rivers, two-dimensional potential flow'

solutions are often used �,23! . Potential flow solutions are not able to

provide an adequate description of velocity field and the effect of depth

variations.

Fischer �1! introduced a stream-tube model in a study of transverse



mixing to account for transverse variations in depth and flow. Chang �!

used an orthogonal curvilinear coordinate system as a means of accounting for

meandering effects in a natural river. Yotsukura and Cobb �6! formalized

the stream-tube formulation by using the cumulative discharge to replace the

transverse distance coordinate and obtained analytical solutions for

transverse diffusion in straight uniform streams. This approach was extended

by Sayre and Yeh �3! to meandering channels. Based on a rigorous analysis,

Yotsukura and Sayre �5! have shown that by employing the concepts of

cumulative discharge and the orthogonal curvilinear coordinate system, a

simple form of convection-diffusion equation can be obtained for steady state

two-dimensional mixing in meandering rivers.

Based on the analysis of Yotsukura and Sayre �5!, Shen �6! extended

the steady state mixing equation to the case of transient mixing in steady-

state river flows. This type of formulation eliminated the presence of the

transverse velocity term in the convection diffusion equation and mapped the

irregular physical domain into a rectangular strip in the new coordinate

system. This approach is much more convenient for mathematical treatment

than the two-dimension convection-diffusion equation in Cartesian coordinates.

Moreover, it also has the advantage of avoiding the cumbersome, if not

impractical, numerical solution of velocity field by using available simple

simulation formulas for transverse flow distribution.

Yhe nua~erical solution of convection diffusion equations has been a

subject of interest to engineers and mathematicians for their applications

in mixing processes in porous media, surface water bodies, and the

atmospheric environment. Early finite-difference solutions were obtained by

Peaceman and Rachford �6,27!, Roberts and Meiss �1!, Stone and Brain �1!,

and many others. Price, et. al. �8! summed up the early experience and



discussed the difficulties of oscil1ations and the undue numerical diffusion

in these solutions. Spalding, et. al. �p! proposed the "upwind" difference

scheme which incorporated the idea of weighting technique. Shaimir and

Harleman �Q! developed a combined implicit-explicit f inite dif ference scheme

to solve two-dimensional groundwater dispersion problems. In this scheme,

the longitudinal convection and diffusion are treated by the Stone-Brain

method, whereas transverse dispersion is treated by the alternating direction

procedure. In an attempt to solve the two-dimensional convection-diffusion

equation in the natural  stream-tube! coordinates, Harden and Shen �5!

applied the Shamir-Harleman scheme to transient mixing in natural rivers and

verified numerically that the longitudinal diffusion term is negligible.

An "overshoot" near the peak of the dispersing front exists in their

solution. The size of the time increment and the space grid size required

in order ta satisfy the convergence criterion is relatively small. This

limitation makes the scheme relatively inefficient in simulating field

problems. Recently, the Omaha District, U.S. Army Corps of Engineers and

the Sutron Corporation �2 ! developed a finite-difference scheme for

simulating two-dimensional mixing in rivers. This model retained with

transverse distance as an independent variable in the convection-diffusion

equation rather than the cumulative discharge. The numerical method used in

this model is an ADI method �O ! similar to the method used by Harden and

Sn n  x5'! and;>as similar numerical problems. To avoid the limitation of

small time increment, the Sutron report suggested the use of unrealistically

large values of the longitudinal diffusion coefficient.

In the last ten years, finite element methods have been applied to

dispersion problems. Finite element methods are considered to be more

flexible for problems with irregular boundaries and usually allows larger



element size in discretizing the solution domain, resulting in savings in

computing time and storage. However, in contrast to the finite-difference

method, relative little is known about the stability criteria of transient

finite-element solutions. At the present time, most of the multi-dimensional

finite element models for mixing in surface water bodies are developed using

the Galerkin formulation in the Cartesian coordinate system. Triangular

elements and linear interpolation functions were used to represent the

spatial distribution of unknown variables. The Galerkin finite-element

formulation will lead to a system of equations which is symmetric and

positive definite. This type of system of equations can be solved by the

"skyline" solver. Besides the Galerkin method, there exist other finite

element methods such as the Rayleigh-Ritz method and collocation method.

Smith, et. al. �9! discussed some advantages of the Galerkin method over the

Rayleigh-Ritz method. Almost no study has been done using the collocation

finite-element method to simulate multi-dimensional convection-diffusion

problems. In the collocation method, the governing equation is exactly

satisfied at the collocation points. The system of equations developed in

the collocation finite element method is non-symmetric and positive semi-

definite, which is more difficult to solve than the system of equations

formed in the Galerkin finite element method. However, with new techniques

developed for solving systems of non-symmetric equations and the fact that

int- g~ation over the spatial domain is required, the collocation method

could be more efficient than the Galerkin method especially when the

governing equation has variable coefficients. Houstis, et. al. �7! have

compared the efficiency of collocation, Galerkin and least square finite

element methods for elliptic partial differential equations, and conclude

that the collocation method is more efficient for solutions with moderate



accuracy.

In the present study a collocation finite-element method using

rectangular bi-cubic elements is developed to solve the transient mixing

equation in the orthogonal curvilinear  natural! coordinate system �5!.

This model is verified against analystical solutions. The scheme is applied

to a reach of the Missouri River and compared with analytical and finite

difference solutions and field measurements. The model is shown to be more

efficient than existing finite difference models.



CHAPTER IX

PROBLEM FORMULATION

~ ~ I I ~ ~ ~ i ~ ~ t 4 ~ ~ ~ ~ ~ ~ �-1!dL =m dx
X X

As discussed in Chapter I, the orthogonal curvilinear coordinate

system, or the natural coordinate system, developed by Chang �!, Fukuoka and

Sayre �3!, and Yotsukura and Sayre �5!, will be used in this study. As

shown in Figure 2.1, the natural coordinate system consists of naturally

orthogonal longitudinal, transverse, and horizontal coordinate surfaces. The

longitudinal and transverse coordinate surfaces are vertical and typically

curved and nonparallel. The horizontal coordinate surfaces are all parallel

horizontal planes. The longitudinal coordinate surface should be aligned

closely with the depth-averaged total velocity vectors. The origin 0 is

located at the intersection point of three selected coordinate surfaces. The

intersection of horizontal and longitudinal coordinate surfaces forms the

x-axis which is positive in the downstream direction. The z-axis is defined

as the intersection of the transverse and horizontal coordinate surfaces and

are positive to the right. The y-axis is the intersection of longitudinal

and transverse coordinate surfaces and is positive in the upward direction.

The horizontal distances measured along different longitudinal  or

transverse! coordinate surfaces from one transverse section  or longitudinal!

to another are in general not equal. This is due to the curvature in channel

alignment and/or variations in width along the channel. As shown in Figure

2.1, lengths of differential elements can be quantified by introducing the

metric coefficients m and m . The differential distances along an arbitrary
X z

coordinate surface are:
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and

dL = m dz
z z

~ ~ ~ ~ ~ 0 ~ t ~ ~ ~ ~ ~ ~ ~ ~ ~ 0 ~ ~ ~ ~ ~ ~ ~ �.2!

where m and m are generally a function of both x and z, and their values
x z

generally vary between 0.8 and 1.2.

The value of the metric coefficient m is always equal unity, since all

horizontal surfaces are parallel, while the values of m and m vary from one
X z

point to another except on an x-axis and z-axis where m = I and m = l.
x z

In the natural coordinate system, the three-dimensional continuity

equation for water and the convection-diffusion equation, with no restriction

as to steadiness or uniformity of flow are �!:

a
Bu

�  mu!+mm ~+  mu! 0
Bx zx xz By Bz xz �.3!

and

+ �   � c � !+yB x Bc

Bz m z Bz
z

~ ~ ~ ~ ~ ~ t ~ ~ ~ ~ t ~ ~ ~ ~ ~ ~ ~ ~ t ~ �.4!

where u , u and u are the local velocity components in x, y, and z
x y z

direction, c, E and c are the local turbuelent mass diffusivities. c isx' y z

the local solute concentration, P is a source/sink term which is function of

space and time. By integrating Kqs. 2.3 and 2.4 term by term over the depth

flow from the bed Y  x,z,t! to the surface Y  x,z,t!, Yotsukura and Sayre
8

�5! have shown that the two dimensional depth integrated continuity and

convection-diffusion equations are

B u c! B m u c! B m
Bc B x z B z Bc B Bcmm � + �  muc!+mm +   c � ! +mm �  c � !x z Bt Bx z x x z By Bz Bx m x Bx x z By y By

x



Bh 3
mm � + � [hum]+ � [hmu] 0 ............. �5!

x z Bt Bx x z Bz x z

and

m m �  C h! + �  m v C h! + �  m v C h!
3 3 3

xzBt 3x z x Bz x z

�   � h E � ! + �   � h E � ! � A C+ X
3 z BC 3 x BC

Bx m x 3x Bz m z Bz 1 2
x z

~ i ~ ~ ~ ~ 4 ~ ~ ~ �.6!

2

q = j mhvdz
c z x

~ ~ ~ ~ ~ ~ ~ ~ ~ J ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ � ~ 7!

integrating Eq. 2.5 with respect to z from the left bank z to z, and

substituting into Eq. 2.6, one can chow that the convective-diffusion

equation for transient mixing in steady-state flow is

� + � � =BC x BC l 3 z BC 3 z BC c[ �   � hE � ! + �   � hE � !
Bt m Bx m m h Bx m x Bx Bx m x Bq BX

X x z X x c

3 BC Bq 3 Bc
+   � hE � ! � + �   � hE ! ]

Bq m x Bx Bx Bq m x Bq Bx Bx
c x c x c

+ � �  mhvE ! -AC+A
x 3 2 BC

m 3q x x z Bq l 2
x c c

~ ~ ~ a ~ ~ ~ ~ ~ ~ ~ ~ e � ~ 8!

in which, C depth averaged concentration; v ,v x,z components of the
X Z

velocity vectors averaged over the local depth h; E ,E mixing coefficients
x z

that include the combined effects of depth-averaged turbuelent diffusion and

convective diffusion; and X and A. = decay constant and generation function,

respectively.

This set of equations are quite general, in that, it is applicable to

unsteady, non-uniform flow. By introducing the cumulative discharge, as

suggested by Yotsukura and Sayre <45 !



10

3C x BC 1 B z BC
Bt m Bx m m h 3x m x Bx

X X Z X

+ � �  mhvE ! � AC+A3 2 BC

m 3q x x z Bq 1 2
X C c

~ ~ ~ ~ ~ ~ ~ ~ ~ 4 ~ �.9!

Yotsukura and Sayre �5! have pointed out that the longitudinal mixing term

containing E can be neglected in practice.
x

By introducing the following non-dimensional variables:

tu
0

r
0

X
7

0

Q

V
X

u
0

�.10! .

lo

1 u
0

h R

jt,
2 0

2 u C
o 0

C
S

C
0

where I is a reference length, u is the mean velocity, R is the hydraulic
0 0

radius, Q is the total discharge and C is reference concentration, Eq. 2.9
0

can be transformed to the following non-dimensional form:

By aligning the longitudinal coordinate surfaces in the direction of the

depth-averaged local velocity vectors, and using the relationship Bq /Bx =c

-m hv, Eq. 2.8 can be reduced to yield the following equation for the stream�
X Z

tube model



a' + v 35 � R a [D as]
a~ + m a~ m m 0a a~ L aq

X X Z 0

RvRu
3 2

+ � [D � ] � X+s + 4~2
2 3  T 3g 1

X

~ ~ ~ ' ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ s ~ �.11!

m $E m!vE
2

Z X X Z
DL m u R and DT u R

X 0 0
where

TRANSVERSE FLOW DISTRIBUTION

In order ta use the natural coordinate system, it is necessary to know

the transverse distribution of the discharge per unit width, q z! or the

cumulative transverse flow distribution. When there is no field measurement

available, an anlaytical formula developed by Shen and Ackermann �7! can be

used. This formula gives the cumulative discharge as

Qu A~ Qo Au Q
� = [ � � + �  I - � !]
Q A Q A Q

�. 12!

that it provides good agreement for both ice covered and free surface flow

conditions. The ice covered case is of interest not only because of its

application to river thermal conditions in the winter, but also due to the

fact that the discharge of pollutants into rivers during the winter low flow

period cauld lead to the worst water quality condition.

in which, Q flow passing the partial cross-sectional area A ; A partial
0 g

A
cross-section area, A-A; Q and Q = discharge through partial cross-

 AIR2/3!
sectional areas calculated by the foruu1a

AR

Shen and Ackermann �7! tested this formula against mess~red data and found
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COORDINATE TRANSFORMATION

Values of the different parameters in the physical domain are generally

measured in the  x,y,z! coordinate system. To make use of the governing

convection-diffusion equation in the natural coordinate system, i.e in the

dimensional x-q coordinate system, or in the q-< nondimensional coordinate
c

system, all of the parameters, namely. m , m , E , E , h, v and ! must be
x Z x 2

evaluated at the corresponding  x, q ! points in the new coordinate system.
c

A computerized procedure developed to perform this transformation is described

in this section.

Consider a cross-section in natural coordinate system, with given

values of the velocity v  x,,z ! and depth h x ,z ! at different transversex i'

distances in the cross-section as shown in Figure 2.1. The amount of unit-

width discharge q z ! at a vertical slice can be determined by

q z ! = v  z.! . h z ! ~ ~ ~ - ~ ~ - ~ . - - . . . . . . . . . . . �.13!
x j

For a cross-section located at. Xl, the width of the channel is wi and the

total amount of discharge can be determined from the q z! distribution as

shown in Figure 2.3 by

n-2
Z

j=O *  zj~l � j! ~ ~ ~ ~ ~ ~ ~ ~ o r ~ �a 14!

in which, n = total number of verticals with measured q.

If q  z! is the cumulative discharge at an arbitrary point z where
c

q  z! is def ined as:
c

q <.! = J -. F.! - «!
zg

~ ~ ~ ~ ~ ~ ~ ~ ~ i ~ ~ ~ ~ �.15!



0 1 n-1
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Figure 2.3. Transverse Flow Distribution in a Cross Section

Z2

z* z* j
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Figure 2.4. Cumulative Discharge Curve



q   ! [ Z   � ! v  z 1! h z ! + v  z ! ' h z !!/2]

 v  z ! ' h z ! v  z 1! h z ]!!
+ [   " !  zzj 1!

�. 16!+ 2v  z. ! h z !]  z-z. 1!/2x j-1 j-1 j -1

A
Let  . = ~, and

j w

q �.! =
<TOT

~ ~ 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 4 ~ ~ ~ ~ ~ �.17!

* * *
The values of < and q � ! are then varied from 0 co 1. Zf the q

C C
* 'k

coordinate is divided into K equal segments such that Aq = 1/K, with q �!C C

0 and q �! = 1, the following relation between 4 and q is then obtained
C k C

for j, < g < F , and 1 < k < K.j-1 � k�

C q
* * * *

+  C. � E. !'k i-1  q* � q* ! j j -1
~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ � a 18!

Simiiarly, the depth at the point gk, can be calculated by

h g~! = h g, ! + �. l9!

 C. - 6j 1!

4 Qk! can be written as:and consequently,

h  k!
4 .k! .= �. 20!

then at z = z . q  z ! = 0, and q  z ! Q . Figure 2.4 shows the
c L C

relation between q  z! and z, and for z 1 < z < z the cumulative discharge

is determined by.



where R is the hydraulic rad.ius.

The velocity v   ! can be determined from

'*' k' ' 'STOT
v gk!

w h   !

~ ~ 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ �.21!

* *
where the amount of discharge q  8 ! at the boundary of the kth stream-tube

is given by,

B,q

* *j
* * ]q ~k!=2[ 4 '* �.22!

The value of the transverse mixing coefficients is determined by

~ ~ ~ 0 ~ ~ 0 + ~ 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ �. 23E =ghu
z *

where u� is the shear velocity defined as,

u = MRS ~ ~ 4 ~ ~ ~ ~ ~ 0 ~ ~ ~ ~ ~ ~ t ~ ~ ~ ~ �.24!

in which g is the acceleration gravity, S is the bed slope and R is the

hydraulic radius. Different values of the constant 5 are given by many

authors. Yotsukura, Fischer and Sayre �7 ! reported a value of about 0.6

for the constant g as observed in the Missouri River.

The value of the longitudinal diffusion coefficient can be estimated

by using the following formula,

~ ~ ~ ~ ~ ~ ~ ~ ~ 0 ~ ~ ~ ~ ~ ~ ~ 4 ~ ~ ~ ~ ~ ~ ~ ~ �.25!E =jehu
X *

with a value of cr equal to 6.0 for this study.

Yotsukura and Sayre �5! suggested the following formulas to evaluate

the metric coefficients m and mx 2'

LR LL Lk Lk Lk 5x= � +  ! 'l  � !. +    � !. -   � ! ! ~  ~	 . . . . . . �.26!
x L L w i w i+1 w i L
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4r
0
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W,
i

and m
z w

0

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ e ~ ~ ~ e ~ ~ ~ � e 27!

where the index i refers to the cross sections where velocity and geometry

measurements are obtained. L, L and L are longitidunal distances between

the ith and  i+1! cross section measured along the longitudianl coordinate

surfaces through the channel center line, left bank and right bank of the

natural river, respectively.  L /w! is the fractional transverse distance
k

from the left bank ta the boundary between kth and �+1! th stream tubes at

the ith measurement cross section. p is the number of steps of uniform

length  hx! measured along the x-axis downstream fram ith cross section as

shown in Figure 2.5.

The procedure discussed can be used ta determine all the parameters in

the x-q coordinate system  or the q-g coordinate system!, and it has to
c

be repeated for each cross section. These parameters are then interpolated

linearly in both the x-direction and the q direction to find values of the
c

parameters at any specific points, namely the Gaussian points.



CHAPTER III

THE COLLOCATION FINITE ELEMENT SCHEME

MATHEMATICAL BACKGROUND

that

nA x! = Zi a 4  x! ~ ~ t ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 4 ~ ~ ~ �.1!

It is worthwhile to note that these n-independent functions

generate a space of finite dimension n, call it S, and
n

those function 41, ..., $ are basis functions for S, which means
n

that, the exact solution 'C' belongs to a large 'infinite'

dimensional space X of functions, and S CX. If basis functions

4 , ..., 4 are chosen to be piecewise polynomials, then the
n

solutian procedure would become the finite element method, and

that choice is responsible for the success of the method. These

choices have the common characteristics, that is: each 4i is

nonzero over only a mall part of the domain 0, and zero over the

remaining 'large' part of Q.

The mathematical models for two-dimensional convection-diffusion

processes are generally difficult to solve in closed form  i.e. as a finite

combination of 'nice' functions such as polynomials, exponentials, sine,

cosine, etc...!. Let 'C' be an exact solution for problem 'P', and 'A' be an

approximate solution. Most of the approximation techniques including

collocation method seek an approximation solution 'A' instead of the exact

solution 'C'.

Generally, a solution is carried out in three major steps:

 i! Choose n linearly independent functions $ , $ , ..., $ and ask
n



20

 ii! Construct a system of n-equations, with respect to the n-unknowns

a , ..., a . Such systems can be written as,
n

Ka - b

in which,

nK  k ! l is a known n x n metr ix,

n
b =  b.! . is a known vector,

T n[ol s +2 0 ~ ~ ~ t + ]  u ! . is a vector of unknown1' 2' ' n j j 1

coefficients.

 iii! Solve the resulting system of equations, find o , e , ..., an'

and consequently the approximation solution A x! .

Very often, the elemental matrix K has a structure which is difficult

to be stored in a computer, such as in the case of the collocation method.

The choice of the method of solving this system  either using a directed

method or an iterative method! is responsible for optimizing computer time

and memory storage.

THE FINITE ELEMENT COLLOCATION METHOD

Let, L, B be differential operators such that

�. 3!x e 0  domain! ~ ~ ~ ~ ~ ~ ~ ~ 4 ~ ~ ~ ~LA x! = f  x!

�.4!x e 80  boundary!BA x! = g x!

In the collocation method, the residual LA x! � f x! i.s forced to be zero at

a number of points in 0  interior collocation points = Int.!, and the

boundary residual BA x! � g x! is forced to be zero at a number of points in



6G  boundary collocation points = n !. For a total of n-equations, the total

number of collocation points must be equal to n. Accordingly, the n-colloca-

tion equations are

LA v ! = f o ! ; at n points o.c 0 . . . . . . . . . . . . . . �.5!
i i ' Int i

and

BA a ! = g a.! ; at n points, 0 z M
J

where n + n. = n. The one-dimensional collocation finite element
Int

formulation have been discussed in detail in Ref. 25. In the following

paragraphs the one-dimensional formulation will be summarized and generalized

to the two-dimensional formulation.

ONE DIMENSIONAL FORMULATION. To define the Hermite cubic elements in

one dimensional case, let 0  a,b! and 0 AU6Q = [a,b]. The closed

interval Q is subdivided into N subintervals I where

I = [x, x. ], i=1, ..., N
i+1

and the length of each subinterval is h = x 1 � xi, as shown in Figure

3.1

x2 i+1

Figure 3-1. Sketch of the element I.
i

For Hermite cubic elements, the space S consists of all functions in

C' [O,l] which reduce to a cubic over every subinterval. A total of 4N

coefficients, or four coefficients per subinterval, are needed. Since two

continuity  compatability! conditions are available at each interior node,
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Any cubic polynomial can be written as,

P  x! =a +ax+ax +ax
2 3

0

For Hermite cubic basis functions, the values of the coefficients a, i = 0,

1,2,3 can be determined by satisfying certain requirements for the values of

the basis functions, $ and its derivatives, at the two end points of each

element. The requirements for ! are:

 .! = and!  x! =0 ~ ~ ~ ~ ~ ~ ~ ~ a ~ o �r 7!

 x ! 0 for al 1 j

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ e � 8!and

 x! 0 for x $ I 1 U I

and

42i l is a cubic polynomial on I

~ ~ ~ ~ ~ 4 ~ ~ ~ ~ ~ ~ t 0 ~ �. 9!

42.+> is a cubic polynomial on I
2i+1

The requirements for P are the same, except that:

4  x ! = 0 for all j
2i j

 x ! = 1 for all j = i
2i j

~ ~ ~ ~ + ~ ~ ~ ~ ~ ~ ~ ~ ~ � t 10!

and

$'. x,! = 0 for j g i
2i j

With these conditions the basis functions can be obtained for each element as

the number of free coefficients are equal to n = 2 N+1!. The n basis

functions ! , ..., g can be constructed by associating two functions to each
n

node, as shown in Figure 3.2.
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x-xi 3 x xi
-2  ! � 3 h ! +1,. xzI

i-1 i-1

x-x 3 x-x
+ 1

i i

 ! = �.11!

otherwise

and

x-x 3 x-xi 2 x-xi
[  ! + 2   ! +   !j h , x s Ii 1

i-1 i-1 i-1

x-x 2 x-x 2 x-x
I.  h � 2 h + h hi , x c Ei . �.12!

i i
42  x! =

otherwise

Since only $2i 1, 42i, $2i+1, and $2i 2 are nonzero over E., the2 i+2 i

approximate solution A z S can be written as:

A x! .Zl e g  x!

consequently, Z. is an element with four degrees of freedom. The coordinates
i

of the Gaussian points are

and �.14!

3y substituting Eq. 3.13 into the governing differential equation, and using

Gaussian points as the interior collocation points, a system of 2N linear

2i+1

� .Z2. 1 uj fj  x!

x, + x, h
i i+1 1 i

0 2i 2 ~2

i+1 1 i

2i+1 2 ~ 2

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 0 ~ ~ ~ ~ 0 ~ �.13!
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equations can be formed. This system of equations include the following

elemental matrices.

2i+1, 2i+1
K = D |tk  o2i! , for P. = 0 1 2

1t=2i-1, 3 2i
�.15!

or,

 <!  <!  a!  a!
2i 1 2i 2i 2i 2i+1 2i 2i+2 2i

� a!
i  L!  <!  <! !  i!  

2i � 1 2i+1 2i 2i+1 2i+1 2i+1 2i+2 2i

a d
in which, D is defined as the Kth derivative of a function, D

dx

By using Eqs. 3.11 and 3.12 the following form of the collocation

elemental matrices for the element I can be obtained.

1-a -h 5
i

a -hg

3- v33+ v3

36
~ ~ ~ e 4 e ~ ~ ~ ~ �.].6!

-1/h ~3/6 1/h -/3/6

-1/h -~3 6 1/h ~3 6

~ ~ ~ ~ ~ ~ ~ ~ a ~ � I 17!

and

 p! a h 8
K 1 h

i

9+ 4P3
18

 

 x! /h2

g 'll /h
i

goal�/h

"!

-a/h
2

-f! /h !
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With the 2N equations obtained for the interior collocation points

and two equations from boundary conditions, the 2 N+1! unknown coefficients

of A can be determined for each time step.

TWO DIMENSIONAL FORMIEATION. A two-dimensional formulation can be

developed by generalizing the one-dimensional formulation. In the two-

dimensional case, the region Q is divided into a finite number of

rectangular elements. Bicubic Hermite basis functions, which are products

of two Hermite cubic piecewise polynomials of one variable, are used.

Associated with each node there are four basis functions:

�!
ij ' 2i 12j 1 ' 2i 1 2j 1

 x.y! = 4 .  x y! = 4  x! 4 .  y!�!

�.].9!

  J! 42i 1 2 '   y! $2i 1  ! $2j  y!�! 2i-l,2j

and

'ij'  " y! = 42i 2  x y! = 42i "! ~2j y!�,2!

The approximate solution can be written as,

�.20!E a !  x! $  y! 92 ~ ~ 4 ~ ~ ~
r 2k-l,2k
t=2R-1,2R

A x,y! Z
k=i,i+1
Jh=j, j+1

boundary 60, Fig. 3.3.

Each rectangular element has sixteen degrees of freedom, four for each node.

The boundary value problem for predicting concentration distribution

in rivers is defined by the governing differential equations, and boundary

and initial conditions in the two-dimensional connected domain 0 and on the
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� + f  n,F! � - f  n.K! � [D � ! +Bs 38 3 Bs
a~ 1 an 2 3~ L an

f  n,g! � tD � ] � f  q,<,~!s +

�.21!f  n,<,x!

�.22!s�,<,T! g   ,T! ; for T > 0

� = 0; on B, 3, D for T > 0 .............. �.23!

and,

�.24!s q, ,0! 0 on 0

A solution of the problem in the space domain is accomplished by applying

the approximate solution A to Equations 3.21 to 3.24. It is of interest

to mention that the two-dimensional convection-diffusion equation in the

q-  coordinate system is a linear, non-symmetric, elliptic partial

differential equation. The non-symmetry arises from the convection terms

which have been the principal source of difficulty in numerical solutions of

the problems of this type.

In order to be able to use different element sizes in different

regions of the solution domain, the domain 0 is first divided into n and

n divisions along the q-axis and. the  -axis, respectively. These divisions,

which are not necessary equal, are then further divided into m and m equal

subdivisions with lengths h and k , respectively. Such divisions yield a

total of N rectangular elements.

in which, f  rl, ! = v/m ; f2 n,<! = R/ m m 4!; f3 rl, !  R v R u !/ m 9 !;3 2 2.

* 24 '~' ~l' f  v,6,~ ~2' DL m ~E  m u R!; and D =  m $ uE !/ u R!.
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nl n2
N = N 'N = Z   1!x y 1 li ~1 2j

~ ~ ~ ~ ~ ~ ~ ~ ~ i ~ ~ ~ ~ �.25!

The total number of elements along the q-direction is N, and that

along the  -direction is equal to N . Since there are four functions

associated with each node, it is required to construct M equations to

evaluate the M = 4 N +1! N +1! coefficients of the approximate solution
x y

M
  6.!=  ! 4  6! ~ ~ ~ i ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ �.26!

In terms of tensor products and elemental matrices, the following

expressions are obtained from the approximate solution A q,g,x!.

s q,F�x! = [K . K ] a T!�! �!

�. q,g,T! - [K .K ] � o ~!Bs �!  o! a
Rt 3t

'dq�,s q,g,<! - [K .K. ] a ~! ~ ~ ~ ~ ~ ~ ~ ~ a ~ ~ ~ � e 27!

q
�  q,g,z! = [K I K ] a T!

2

�  q,E,<! = [K . K ] a T!�! �!
2 ' ' q E

�.28!

where each [ Q ] represents 4 x 16 matrix of given coefficient and a ~! is a

16 x 1 vector of unknown functions of time to be determined.

By assembling the preceeding relations, the governing equation, Eq.

3.21 becomes,
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where

[8] = [K gj K ]

[K] =  -fj ~ <> + f2 ~ <! g ! ' [K 8K ] + f2 ~ 4! DLL , �! �!

[K QK ]+ f  qg! D [K .K ]+3 ' T

3D

f  q,g! � ' [K g K ] � f  q,g,~! ~ [K .K ]
4

At ~=0, the initial values of a ~!,  u x! !, can be obtained from the
0

initial condition A rl,g,0! = 0. Matrices [H] and [K] are constructed from

elemental matrices. Various methods can be used to obtain the relationship

between  o v! ! and  o v! !, the solution at Av. In the present study,
0 1

the following implicit formula is used to approximate Eq. 3.28,

[H] e  � ! +  l-o!  � ! ! - [K] e a ~! + �-8! a ~! ! + f  n,<,v! .. �.29!
3t 1 3t o 1 o 5

a v! � o ~!
�.30!

and,

 ~! � �  <�
[H]  ~ � � [H]   A � ! �.31!

Substituting Equations 3.30 and 3.31 into Eq. 3.29 one gets

�.32!

where 8 is a scalar parameter. When 0 1/2, this becomes the well-known

Crank-Nicolson method. The forward and backward differencing in time yields,



which can be generalized to

e ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~   3 ~ 33!

where

[A] = � [H] � [K]2

[D] = � [H] + [K]
2

This system of equations together with boundary conditions will be used to

solve for coefficients n r!, in order to find the approximate solutionn'

A q,<,r!. It should be noted that Eq. 3.33 is a system of linear equations

in which matrix [A] and [D] are non-symmetrical, not positive definite and

sparse in general.

Boundary conditions can be formulated through the use of Eq. 3.27. At

the upstream boundary, Eqs. 3.22 and 3.27 give

.K 
q

2k-1 2k 2k+1 2k+2

. 2R-1 2R 2JF+1 ~2K+2

in which,
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2k-1,2R 2k-l,2R+1 2k-l,2R+2

2k,2R" 2k,2R+12k,2R-l 2k,2R+2

2k+1,2R 2k+1,2R+1 2k+1,2R+2

T

2k+2,2R 2k+2,2R+1 2k+2,2R+2

2k+i,2R-l

2k+2,2R-l

Since along the boundary, rl = q , 4  q ! = $  rl ! = $  q ! 0, and

 n ! = 1, Eq. 3.34 can be reduced to

< ~! = gl�~~!�! �.35!

in which,

T

2k-l,2R-1 2k-1,2R 2k-l,2R+1 2k-1,2R+2

gl ~R,T! = 42k 1 qk! 42R l FR! 82k 1 2R 1 T!

2k-1,2R-l
�.36!

For left and right banks, Eqs. 3.23 and 3.27 gives,

[K . K ] O T!
n  

~2k-1 2k 2k+1 2k+2

t42R 1  ! ~2R F! 42i+l ~! ~2R+2 ~!]!   ! �. 37!

At the two corner points  rlk 4R!, since $2R 1  R! = 1 and $2R  R! = $2R+1  R!
� ! = 0. Eq ~ 3.34 can be reduced further ro
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Noticing that along the banks, $2~ «~! 1 and $2~ 1 «~! $2~+1 «~!

]2<+2 «<! 0, Eq. 3.37 can be reduced to

K a v! = 0
�! ~ �. aS!

in which,

T

2k-l,2', 2k,2X 2k+1,2R 2k+2,2i

At the downstream boundary, Eqs. 3.23 and 3.27 gives

�=> ,«,!3s BA

~K » .��!~ -. ,!

~2k-1 2k 2k+i 2k+2 .

~2k-1 «! ~2a « ~2a+1 « ~2a+2«! ~

Since along the downstream boundary, TI = rl, $'  rl ! 1, and $'  n�!

/2k+1 qk! /2k+2 qk! 0, Rq. 3.39 can be reduced to

K a ~! =0
�! ~

~ ~ ~ ~ ~ 0 ~ 0 0 ~ ~ 4 ~ ~ ~ ~ ~ ~ ~ �.40!

in which,

'+ T

2k, 2 R-1 2k, 2t 2k, 2 JL+1 2k, 24+2

At the two corner nodes, ~k «4!, since ~2k-1 «k! = 1 and ~2k «R ~2K+1

 « ! = 0, Eq. 3.40 can be further reduced to

2k t" 2R-1 R 2k,2k-l 2k,2k-l

Equations 3.35 , 3.38, and 3.40 are to be evaluated at the Gaussian points
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for each element along respective boundaries.

SOLUTION OF THE LINEAR SYSTEM OF E UATIONS

The linear system of equations resulting from the collocation

formulation can be written in the following form:

�.41!

where A is an N x N non-symmetric matrix, and a and b are vectors of length

N. If N is small ar A is dense, then the standard algorithm for solving this

system is 'Gaussian elimination' with partial pivoting  provided that A is

well conditioned!. The simulation of two-dimensional mixing in natural rivers

generally requires a large number of elements. This requirement together

with the bicubic collocation formulation results in a large sparse system

of equations. The standard technique becomes not feasible for this type

of problem.

To overcome this problem, one can either apply one of the iterative

techniques, such as the frontal technique, the successive aver relaxation, or

the Gauss-Siedel iterative method; or use a direct method, such as Gaussian

elimination or matrix inversion �!. Since an iterative method cannot be

applied to a system of equations with zero entries along the diagonal, direct

methods are preferred if care is taken for the large number of zeros that

exist in the system. Recently, several methods have been developed using

sparse Gaussian elimination to solve systems like Eq. 3.41  9,10,14!.

Herein, the algorith of Sherman �8!, which is considered as a

refinement of the other algorithms, for salving linear systems and performing

Gaussian elimination with column. interchanges will be used. Briefly, this

algorithm can be summarized as follows,



 a! The linear system of equations, Eq. 3.41 is used to obtain a

factorization of the form

�.42!AQ LU

where L is lower triangular, U is upper triangular and Q is a

permutation matrix corresponding to the column interchanges.

 b! Once this factorization has been obtained, one can find ~ by

solving

Ly = b

�.43!and

UQa=y

ERROR ANALYSIS

She objective of any numerical technique is generally to obtain

sufficiently accurate approximations with minimum effort. The efficiency of

The data structure for the sparse matrix that is both compact and

easily accessible is the important feature of this algorithm. All calcula-

tions are carried out in three one-dimensional arrays, two of them list the column

indices and numerical value of the nonzero matrix entries, the third array

is a set of row pointers.

The algorithm is "stable" numerically since the application of standard

Gaussian elimination with row interchanges is stable. The number of

operations required by this algorithm depends strongly on the number of

nonzero entries of sparse matrix A. Concerning computer time, this algorithm

works quite efficiently and as far as the authors are aware are better than

any other algorithms available �8!.
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an approximation method with respect to its use in computation is measured

by the "Truncation Error,"  defined as the amount by which the exact solution

fails to satisfy the difference equation! and is denoted by T.

To analyze the error encountered when applying the collocation finite

element method with rectangular Hermite bicubic elements to the nonsteady

two-dimensional convection-diffusion equation, consider first Eq. 3 29 with

1e=�
2'

lHl <  ! +   ! > - lK]   a r!! +  a ~!! > + 2f  ROC! ~ ~ �.44!

 a ~! +1 �  a r!!3a r!
Br  n+1/2!

3 a z ! 8 a ~1!3 3

[ + ] . . . . . . . . . . �.45!
at Bt

where r e  x,z + � !, T E  T � � s 'c!-
0 ' 2 ' 1 2

This method is a second order method and the local truncation error is

of order 0 hv! i.e.,
2

2 a ' '0! a �!
3 3

T = �  h~!   + !
s8 3 3

at at
�.46!

provided the solution of the differential equation satisfies the usual

If a forward or backward difference scheme is used, the result will

produce a local truncation error of order 0 ht!, where ht is the time

increment. To devise a procedure with local truncation error of order 0 dr !,2

Smith, et. al. �9!, suggested to use a forward and backward difference in

time which gives the most accurate result for this type of problem. This can

be done by using the Taylor series in time which yields
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differentiability condition. The error bound can be wri,tten as

ERROR SOUND ~ ~T  < � AT N1 2

� 24 1
~ ~ ~ o ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ �.47!

8 a T! o
3 0

ATwhere N - max ~ ! ; x e Ix � � , x + � ].
Bt

2 ' 2

0   q,g! Ia < n < b, c < g < d!

and let  rl,g ! e A. Then for every point  n, ! z 0 there exists a point
0 0

o 0
 n,F! z 0 with

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ �.48!C n,g! - P  n. ! + R~l v.l!

where

P  a,4! = C e,  ! + [ V-n ! �  n,4 ! + �-0 ! �  n .Z !]m 0 0 o Bn o' o o 3$ o' o

o! ac 2  C-C,! ,2,

BT]

and

The error encountered when applying a finite element method in space

can be analyzed by using Taylor's theorem in two variables. In general,

suppose that C rl,g! is the exact solution for the problem 'P' and all of its

partial derivatives of order less than or equal to  m+1! are continuous in

the domain Q.
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and

m+1 o

P is a Taylor polynomia1 of degree m in two variables for the function

C about  n ,< ! and R  rl, ! is the truncation error associated with
0 0

p  n,4!.

Using the collocation method with Hermite bicubic elements the

remainder term or the truncation error can be written as

4 4 o 04! = ~, .!   !  b !  ~K! ~~! I ~ ~ ~ ~ ~ ~ ~ ~ ~ <3.5!.!4 ' 4! j=0 a<4-j s«

where, Aq =  q-q ! and Ag =  g-g ! .
0 0

Assuming that the mesh size  element length! in the rl-direction is the same

as that in the < � direction, Eq. 3.51 becomes,

R4 q,<! =  Aq! 4, .r0   ! n4 j~~j ~ ~ ~ ~ ~ t ~ ~ ~ ~ ~ ~ ~ �.52!

cubi. ue '~ i L ten as

�.53!

which means that the error is of order 0 d,rl! , provided that all the previous
4

conditions for smoothness of the function C q, ! is atisfied. The error
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a C ~l Zl! > C Rl Kl! ~ C Rl Cl!   l Cl!4 4 4 4

Bg 3n qg aq ag BnBQ

and  vl <l! s > 0 vis [v,hn,n+hn], 0l s [ -An,4+Am]

Let E be the error when applying finite differencing in time and

finite element in space. Prom Eqs. 3.5l and 3.52 one can then write,

C  hT! + C2  hn! < C3[h'T + dr] ]2 4 2 4

where C and C are independent of hr and hq, and C is the max C,C !.1' 2

Equation 3.54 shows that the truncation error when using the collocation

method with rectangular Hermite bicubic elements is of order 0[br + hq ].
2 4

To make use of the higher order of accuracy,  hx! should be chosen in

a way such that,

hv < C4 drl!2 �. 55!

where C is a constant, independent of Zx and b,q. Consequently, Eq. 3.54

becomes,

max ~E I < C  hq! �.56!

in which, C is independent of Ax and hq. Eq. 3.56 shows that the order of

convergence is equal to 4.

a C nl,Zl!4

1' 1 !i
3E.

~ ~ a ~ ~ a ~ ~ ~ ~ t ~ ~ � 54!
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Numerically, the following formula can be used to check for the

order of convergence K.

where ET , ET are errors for element sizes hrl and hn/2 at a same 6~ value.
Br'/2

K= &  E /E !/kn
2

hrl hrl/2
~ ~ ~ ~ ~ t ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ �.57!



CHAPTER IV

MODEL VERIFICATION AND APPLICATION

In this chapter the numerical scheme developed in Chapter III is

verified against exact analytical solutions. The order of convergence of

the scheme is verified numerically. The scheme is also used to numerically

simulate mixing in a reach of the Missouri River and compared with a steady

state analytical solution and field data.

MODEL VERIFICATION

3u 3u 3 u
2

3 u
2

� = f
2 1

3y

~ » ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ � 1!+

3x

in which,

f = -2t[x   � - � ! + y   + - � ! + t  x � 3x + 2 � 2y!] .2 x 1 2 y 1 2 2
1 3 2 3 2

2u o,y, t! = t   ~ - ~3 ! ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ �» 2!

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ � ~ 3!

�  x,O,t! = 0
3U

3y
~ ~ ~ » ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ » ~ ~ ~ � ~ 4!

 K,l,t! = 0
3u

3y
~ ~ ~ ~ » ~ »» ~ » ~ ~ ~ ~ » ~ ~ ~ ~ ~ ~ �» 5!

andu xy0! 0, 0 <x< 1and0 < y< l.........,... � 6!

The exact solution is,
2 2 3 3

u xy t! = t   � +~ � � ~!X X

2 2 3 3
~ ~ ~ ~ ~ ~ ~ ~ ~ ~ »» � 7!

Two two-dimensional initial boundary value problems with analytical

solutions are used to verify the numerical schemery These two boundary value

problems and their analytical solutions are:

PROBLEM I



PROBLEM II

2
Bu B u

Bt Bx B 2
Bx

2
B U f
a2 2By

~ ~ ~ ~ % ~ ~ ' ~ ~ ~ ~ ~ ~ F 4 ~ ~ �.8!

in which,

f = -[x   � � � ! + y   � � ! + t  x � 3x + 2 � 2y!!.2 x 1 2 v 1 2
2 3 2 3 2

2 3

u Q,y,t! = t  ~ � ! ' ~ ~ ~ ~ ' ~ ~ ~ ~ 4 ~ 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ �.9!

�  l,y,t! = 0
Bx

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 0 ~  F 10!

 x,O,t! � 0
Bu ~ ~ ~ t ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ I ~ ~ 0 ~ �.1 !1
By

 x,l,t! = 0
BU

By
+ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ t ~ ~ ~ ~ �.12!

and u x,y,O! = 0 ; 0 < x < 1 and 0 < y < l. . . . . . . . . , . �.13!

The exact solution is,
2 2 3 3

  'y' !   2 2 3 3 ! ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ � 14!

To test the degree of accuracy and the rate of convergence, the model

was run for different values of time increments  ht! with rectangular

elements. Table 4-1 shows the calcualted order of convergence for Problem I

for various element sizes and time steps. Calculated values of K using

Eq. 3,57, as shown in Table 4-1, are approximately equal to 4.0, which

verifies the conclusion obtained from Eq. 3.56.

Numerical solutions for problem II for various element sizes and time

steps are also obtained and compared with analytical solutions. The maximum
-7

absolute error is of order 10
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TABLE 4-1

ORDER OF CONVERGENCE  K! FOR COLLOCATION METHOD
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APPLICATION OF THE NUMERICAL MODEL

A field study of the mixing characteristics of Missouri River by

Yotsukuna, Fischer, and Sayre �7! for a six-mile reach below Blair,

Nebraska, shown in Fig. 4.1. This particular reach has two mild alternating

curves. At the time of field test, the river discharge was 34,100 cfs, the

average depth was 9 feet, and the width ranged from 500 to 700 feet. The

average velocity was 5.7 fps, and the shear velocity was estimated ta be

0.24 fps. Detailed depth and velocity data were obtained at two cross

sections as indicated in Fig. 4.1. The field test consisted of continuously

injecting a tracer into the river and measuring the steady state concentra-

tion at downstream cross sections. Yotsukura and Cobb �6! has obtained

the steady state concentration distribution by using a two � dimensional

analytical solution by assuming variations of E over a cross section are

negligible.

The collocation finite-element solution was applied « the

Missouri River for a reach extending from 8730 ft station to the 12,000 ft

station. The distribution of the velocity aud the depth at different points

in the transverse coordinate for the first two cross sections are listed in

Table 4.2. The corresponding values in x-q coordinates are determined by
c

the subroutine APPR. The velocity and depth were taken to be equal ta zero

at the channel boundaries. Eqs 2.23 and 2.24 are used to calculate values

of the longitudinal and transverse dispersion coefficients E and E with
X z

o = 6.0 and 8 = 0.6. Metric coefficients m and m were taken to be equal
X z

to unity. A value of 5280 f t for the reference length R is used. The
0

upstream boundary concentration used in the sample calculation increases

linearly from zero to a steady state boundary concentration distribution,

over a period of 10At. The steady state concentration distribution at the
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Figure 4.1 Missouri River Near Blair, Nebraska



x = ll 850 ft.x = 8730 ft.

 z!  v!  ~!
COORD. VELOCITY DEPTH

POINT

NO.
 z!  v!  h!

COORD. VELOCITY DEPTH

0.00.00.00.0

3.36 3.363.36 3.5025

6.886.88 10.25

8.27 13.50

8.27 13.50

8.07 13.00

7.86 12.50

60 6. 8860

8.278.279090

8. 27 8.27120120

8.07 8.07155155

7.86185 7.86185

ll, 75 7.547.542257.54225

6.99270 6.996.99 10.50270

6.078.50 320 6.07320 6.0710

4.82 4.824.82 385385 6.00

4.824.15 4.824.82 6.0041512

4.824.824354.82 6.00435

3.98490 3.983.98 4.5049014

3.523.525253.52 3.7552515

3.203.203.20 3.25 56016 560

600 0.0 0.00.0 0.060017

TABLE 4-2

TRANSVERSE DISTRIBUTIONS OF VELOCITY AND DEPTH
AT THE FIRST TWO CROSS SECTIONS IN MISSOURI RIVER.
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upstream boundary was adapted from the analytical concentration distribu-

tion given by Yotsukura and Cobb �6! for the station corresponding to 8730

ft. This concentration distribution is illustrated in Figure 4.2.

The model was run for different values of time increments with different

combinations of N and N . Numerical solutions for the concentration dis-
x y

tribution were obtained until the steady state condition was reached, for

all cases. Table 4.3 summarized calculated steady state concentration

distribution at x = 11850 ft. for q* = 0.2, 0.4, 0.6 and O.S.
c

According to the analysis given in Chapter III, for an appropriately

chosen value of ht, the maximum error can be estimated by

maxIE ~ = C ~ [maxfAYgg, hq 5 , Aq h,q, Aq, hg ! I

Based on this, the error for the case N = N = 10, which is the most
x y

-4
accurate ca-e, is of 0�0 !. For other combinations of N and N in

x y

Table 4-3, the same accuracy can be obtained, except for cases with N = 3

-3 -2
and cases with N = 3. Errors for these cases are of 0�0 ! and 0�0 !,

y

respectively. Numerical results presented in Table 4-3 generally agree with

the error analysis. Cases with N 3 are in general least accurate. This

is consistent with the error analysis. An additional reason responsible for

the inaccuracy in cases with N = 3 is the linear interpolation used to

approximate the transverse concentration distribution at the upstream

boundary. It is of interest to note that the use of larger time steps has

relative small effect on the accuracy of the solution.

Table 4-4 represents the number of time steps and the computer time

required to reach the steady state. This result shows that the computing

time required for each time step is the same for a given combination of N

and N values, even though h,t values are different. Computing time required

for each time step varies from 2.4 sec. for N = 3, N = 10 to 15 sec. forx ' y
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Figure 4.2. Source Concentration Distribution
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TABLE 4-3.

Transverse distribution of relative concentration at cross section 2+�1,875 ft.! at different values of relative comulative discharge  q*!c
for the different values of N, N and ht at steady state.x' y
[min g=O, min !=0.0, max @=0.619 and max F~l.O].

b,t

 sec.!
s q" =O. 8!

Cs  q~ =0. 2! s  q+=0.4! s  q" =0. 6!
c C CN /N

x y

10

25

50

0.2914

0.2909
3/10
5/10

O. 0292

0.0289

100

0.2868

0.2900
0.0275

0.028410/10

3/10
5/10
8/10

10/3
10/8
10/10

3/10
5/10
8/10

10/3
10/8
10/10

3/10
5/10
8/10

10/3
10/8
10/10

3/lO
5/10
8/10

10/3
10/8
10/10

0.0283

0.0284

0.0285

0.0120

0.0275

0.0283

0.0288

0.0292
0.0286

0. 0120

0.0275

0.0284

0.0291

0.0289

0.0285

0.0120

0.0275

0.0284

0.0292

0.0289

0.0286

0.0121

0,0275

0.0284

0. 2845

0.2897

0.2905

0.2856

0.2865

0.2898

0.2897

0.2921

0.2906

0.2868

0.2868

0.2901

0.2910

0.2910

0.2902

0.2868

0.2868

0.2901

0.2914

0.2910

0.2906

0.2864

0.2868

0. 2898

0.7167

0.7405

0.7362

0.7394
0.7255

0.7371

0 ' 7328

0.7350

0.7359

0.7420

0 ' 7254
0.7370

0.7334
0.7345

0.7359

0.7416

0.7260

0.7376

0.7334

0.7345

0.7358

0.7316

0.7251

0.7366

0.7344

0.7345

0.7384

0.7405

0.7257

0.7362

0.1957

0.1850

0.1853

0.2319

0.2103

0.1856

0.1877

0.1851

0.1855

0.2339

0.2099

O. 1854

0.1862

0.1860

0.1857

0.2343

0.2098

0.1856

0.1862

0.1860

0.1857

0.2344

0.2099

0.1856

0.1862

0.1860

0.1857

0.1823

0.2099

0.1855



N = 10, N = 10. Table 4-4 also provides some information for selecting
x ' y

N, N and At values with which a required degree of accuracy can bex' y

acheived with a minimal computing time. By comparing the computing time

required by the present model with that of the finite difference model

developed by Harden and Shen �5!, one can see that for At = 10 seconds,

the computing time required by the finite-difference model is about fifteen

times longer. This is due to the fact that the order of the accuracy of

the finite-difference model is 0 AT, Ag , Ag !.
2 2

Figure 4.3 shows the transverse concentration distribution

at the ll,875 ft station after steady state conditions were reached for

different values of At, N and N . Those values are compared with valuesx y'

obtained in the previous studies �7!. The various figures indicate that

the predicted values are in an excellent agreement with those of the analy-

tical model �6!, the finite-difference solution and the measured data.

Figure 4.4 shows the concentration profiles along the stream tube

boundary corresponding to q = 0.6 at various time levels. The "overshoot"
c

near the peak of the dispersing front presented in the finite difference

solutions did not appear in the present solution.



TABLE 4-4.

The CPU time and the number of time steps required to reach the steady state.
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x = 11875 ft.
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CHAPTER V

CONCLUSIONS

A collocation finite-element model using rectangular bi-cubic elements

to solve the transient mixing equation in a natural coordinate system for

rivers is developed. This numerical model can be used to predict transverse

concentration distributions in a natural river when the concentration becomes

reasonably uniform over the depth. The model is compared with an existing

finite-diffrence model based on a combined implicit/explicit scheme and is

found to be more efficient and stable. The order of convergence of the

collocation finite-element scheme is analyzed to provide a guideline for

choosing appropriate element sizes and time steps. The efficiency of the

model can be further improved when more efficient techniques for solving

systems of linear equations become available.
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APPENDIX

USER'S MANUAL AND COMPUTER PROGRAM

Main variable names used in this FORTRAN program are as follows:

Number of elements in n-directionNX

Number of elements in  -direction

Number of Gaussian points in q-direction

NY

IA2 Number of Gaussian points in g-direction

Total number of interior points, boundary points and corners,
i.e. IA3 = 4* Nx+1!*  NY+1!

IA3

Number of segments in g-direction

 i ! reference length
o

Average width of the channel

Hydraulic radius

Bed slope

Time increment

EL ZERO

R

DT

Control parameter for calling APPR subroutine to perform the
interpolation procedure

LTEST

Reference velocity  u !
0

Reference concentration  C !
o

Shear velocity  u~!

Number of control cross section

Control parameter for the mesh size of the elements in  -direction

UZER!

NCCS

ICDN

Integer array contains the number of elements in each control
cross section

Nl

This appendix describes the computer program which solves the

convection-diffusion equation for transient two-dimensional mixing in natural

rivers using collocation finite-element method.
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Dimensional x-coordinates of each cross sectionXCR

RPKC

SEGI

SEGJ

XCOR

YCOR

Input values for the coefficients of the P.D.E.  required
if LTEST = 1!

Fl,F2,F3,
F4,F5,F6,
F7

Control parameter for calling APRINT subroutine

Total discharge

Number of time steps

Control parameter for source distribution

Time for source concentration to reach peak

Dimensional time

Non-dimensional time

Non-dimensional time increment

Solution at time T

Solution at time T + DT

QTOT

KIN

TPEAK

TAU

DTAU

Bl

Number of points other than nodal points where concentration
is to be evaluated

x-coordinates of the points where concentration is to be
evaluated

<-coordinates of the points where concentration is to be
evaluated

LPRINT Control parameter to printing procedure

One-dimensional array contains the actual nonzero entries
of the resulting system

Row pointers of AM

Real array contains $-coordinates of the nodes in $-direction

Source concentration at the Gaussian points upstream

Gaussian points longitudinally

Gaussian points transversely

q-coordinate of the nodal points longitudinally

 -coordinates of the nodal points transversely



61

Order of rows of ANIRR

Order of columns of ANICL

Inverse of ICL

Interger array for internal use

IC

ITEMP

The right hand side of the linear system of equations

Real array for internal use

Width of the channel upstream

Control parameter for metric coefficient values

Constant value for m

Constant value for m
z

WORK

ICD

CENZ

Number of data points at the ith cross section  for
approximation purposes!

NPTS

Velocity at the given points

z-coordinates of the given points

Depth at each given point

Discharge at the given points

Cumulative discharge at the given points

Cumulative discharge at the kth segment

Elder's coefficient a

Elder's coefficient

QC

QCK

Length of the central line at the ith control cross section
 L!

AL

Length of the right side of the ith control cross section

Length of the left side of the ith control cross sectionALL

 L,!

Velocity at the Gaussian points

Maximum number of off-diagonal nonzero entries of the upper
triangular matrix which may be stored



FHIN

EMXN

EPSXN

EPSZN

FF1,FF2,
FF3,FF4,
FF5,FF6,
FF7

CMXl

CMX2

CMYl

CMY2

Depth at the Gaussian points

Non � dimensional depth at the Gaussian points  f!

Metric coefficient at the Gaussian points  m !
X

Metric coefficient at the Gaussian points  m !
Z

Longitudinal diffusion coefficient at the Gaussian paints  c !X

Transverse diffusion coefficient at the Gaussian points  s !Z

Real arrays contain the coefficients of the P.D.E.

Elemental matrix  K !
�!

Elemental matrix  K !
�!
X

Elemental matrix  K !
�!
X

Elemental matrix  K !
�!

Elemental matrix  K !�!

Elemental matrix  K !
�!

Width of cross section  i!
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�! APRINT: Used to evaluate the concentration at the different points
other than the nodal points. In the q-direction the
coordinates of the points must be read as an input data. In
g-direction the points are fixed with coordinates �, 0.05 m!,
m=0,...,20. This subroutine is called as follows:

CALL APRINT NX,NY,IAl,IA2,IA3,XCOR,XX,NM,YCOR,YY!

�! GAUSSP: Calculate the coordinates of the Gaussian points in rl and E-
direction. The calling statement is,

CALL GAUSSP  NX,NY, IA1, IA2, IA3,XCOR, YCOR!

�! APPR: The interpolation procedure is performed in this subroutine.
Mainly, it reads the input data for all variablex in x-z
coordinates, transform those data to q-g coordinates, apply
piecewise linear approximation in both directions and finally
find the new values of all parameters at the Gaussian points.
The calling statement is,

CALL APPR NX,NY,IAl,IA2,IA3,Kl,NCS,XCR,QTOT!

�! VALUEl: Used to find the values of the different variable coefficients
in the main P.D.E. The calling statement is

CALL VALUEl NX,NYiIAl~IA2,IA3,QTOT!

�! CINPUT: Calculates the source distribution upstream for time step T
second. The calling statement is

GALL GINPUT  GO, T, TPEAK, IAI, IA2,RPKC,KIN, TAU!

�! ELMAT: Used to calculate the elemental collocation matrices
CMXO, CMXl, CMX2, CMYO, GMYl, GMY2. The calling statement is

CALL ELMAT  NX, NY, IAl > IA2, IA3, I, J!

�! CORNER: Build up the equation results when applying the boundary
conditions at the four corner points. The calling statement
isg

CAL'L CORNER  NX ~ NY ~ IAl ~ IA2 IA3 ~ DTAU LM ~ LN ~ IORD !

The MAIN program reads input data and controls the execution of the

other subroutine subprograms. All variable names and arrays which start with

the alphabets I, J, K, L, M and N are INTEGERs. A flow chart which outlines

the program data input structure is presented on pages 66-69. The following

is a list of subroutines and their functions:
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 8! BOUNDX: Construct the equation results when applying the boundary
conditions at the Gaussian points  left and right bank!.
The calling statement is,

CALL BOUNDX NX,NY, IA1, IA2, IA3, DTAU,LM,LN, IORD!

 9! BOUNDY: Build up the equation results when applying the boundary
conditions upstream and downstream at the Gaussian points.
The calling statement is,

CALL BOUNDY NX,NY,IAl,IA2,IA3,DTAU,LM,LN,IORD!

�0! AINTP: Construct the equation results when applying the P.D.E. at the
interior points for each element. The calling statement is,

CALLA INTP  NX, NY, IAl, IA2, IA3, DTAU, LM, LN, IORD!

 ll! SUBC: This subroutine is called by AINTP. It performs some
intermediate calculations required by AINTP subroutine. The
calling statement is,

CALL SUBC  I,J,NX,NY, IAl, ZA2, IA3, ICODE,DTAU!

�2! TENSRP: Called by SUBC subroutine. It performs the tensor product of
two matrices each of dimension 2x4. The calling statement is,

CALL TENSRP  AKX,AKY,AKE, ICODE,CONST!

�3! AADD: Called by SUBC subroutine to accumulate the values of the
resulting matrix of dimension 4xl6 which is used by AINTP
subroutine. The calling statement is,

CALL AADD NX,NY, IAI, IA2, IA3, ICODE,AKE,JJ!

�4! FVl: Functional subprogram used to assign values at downstream
boundary.

�5! FV2: Assign values at left and right bank.

�8! GELLM: Subroutine subprogram used to solve the linear system of
equations. The calling statement is,

CALL GELLM N,MAX, TERR, ITEMP,RTEMP!

�9! PREORD: Used for re-ordering rows anc columns of the matrix AM. The
calling statement is,

CALL PREORD N!

�6! ALAMI:

� 7! ALAM2:

Assign values for X>  Tl,g,T! ~

Assign values for X>  q,g,x!.
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Called by GELLM. Perform all operations for factorization
the matrix AM to upper and lower triangular matrices and
solve the linear system by using Gaussian elimination with
partial pivoting  using co1umn interchanges!.

�0! GAUSPV:

Memory size required to run this progra~ is 250K bytes using single

precision arithmetic or 500K bytes when using double precision arithmetic.

The maximum number of elements that can be used is 100, 10 elements

along each coordinate, for example. This can be increased by changing the

dimensions of the arrays.



FLOW CHART FOR DATA XNPUT

ze!
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PROGRAM LISTING



71

/ INCLUDE OS JE
SYSTE>~» VSL ~ .RETURN
//CXOLH705 JOB CXOL »CLASS=A ~ REGI ON=500K
/4JQ f P ARM T IME= 30 ~ L INE S=8
/4 ROL. TE PR INT MUS I C
/4ROI 'IE PUNCH MUSIC

ll EXEC G IFQR TG ~ PARM GO= SIZE >500000 ~ MAP ~ L I ST ~ PRINT ~ ~
// 8 EG I ON ~ GO=SOOK
l/FORT ~ SYSIN DD
Cr ~ ~ ~ ~ ~ ~ ~ ~ ~ r ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ MAIN
C
C ~ ~ ~ r ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
C
C
C
C r

C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ r ~ ~ » ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
C
C
Cr ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ $» ~ ~ ~ ~ ~ ~ r ~ » ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ » ~ ~ ~ ~ » ~ ~ ~ ~ ~ ~ ~ » ~ ~ ~ ~ ~ r» ~ ~ ~ ~ ~ ~ ~ ~
C
C
C !PREPARED eYL YAHIA S ~ WALAar
C : CLARK SON COLLEGE DF TECHNCLOGY
C : MATH AND COMPUTER SClEHCE DEPT
C

PROGRAM» ~ ~ ~ ~ ~ ~ ~ ~ » ~ ~ r ~ ~ ~ ~ ~ ~ » ~ ~

~ THI S PROGRAM IS USED TC SC ~
~ -LVE TWO D f MENS{ ONAL DI SS- ~

~ PEAS ION PROBLEM USING tHE ~
~ F INI TE ELEMENT FETHCCS r

~ ~ ~ ~ ~ ~ s ~ e e o e ~ ~ ~ ~ ~ ~ ~ ~ e e ~ ~ ~ e r e e e r r e o ~ ~ e e ~ e e~ ~ ~ ~ s ~ ~ ~ o o e e o o $0 ~ ~ o ~ o e e $0 o e e $ $ s ~ ~ ~ ~ ~ ~ ~ ~ ~ e

o o ~ ~ ~ ~ s ~ ~ o e e O e o ~ ~ ~ o o o ~ e ~ o e e e e o e e o s ~ ~ ~ ~ e e eo e r ~ ~ o ~ s o o ~ ~ o r ~ ~ ~ ~ ~ e ~ o r ~ e $ e e s ~ ~ ~ o e e ~ ~ ~ e e e

C ~ ~ ~ ~ ~ ~ ~ r ~ ~ ~ ~ ~ ~ ~ ~ ~ » ~ ~ ~ ~ ~ ~ r ~ ~ ~ ~ ~ ~ ~ r ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ a ~ ~ ~ a ~ ~ ~ ~ ~ r ~ ~ ~ ~ ~ ~
C

I MPL I C I I REAL%'8 { A-H ~ O-Z !
INTEGER42 LOC ~ IAP ~ IRR ~ ICL ~ IC ~ 1 TEMI
DIMENS ION Hl {20 ! ~ XCR {22 !»RPKC�2! ~ XCOR  I I } ~ YCOR{ 11!
Dl !»ENSI Ch RTEMP l 6000 } ~ ITEMP�6418 !
DIMENSION C�2 ~ 22! ~ WORK�84! ~ XX�0!»YY �l !
DIMENS IOH AK  10! ~ H  10!r SEGI�2! r SEGJ{ 22!
Dl NENSI Ch Vh�2»22 ! ~ HN {22 ~ 22 } ~ Fl IN�2» 22!» EMXN  22» 22!
Ol MEN SION E MZhl { 22 ~ 22! ~ EPSXN�2 ~ 22! ~ EPS ZN {22»22 }
D IMENS IOH FF I { 22 ~ 22! ~ FF 2  22 ~ 22!»FF 3  22 ~ 22 !»FF4�2 ~ 22 ! ~

I FF5 �2»22 !»FF6 �2»22 } ~ FFT { 22 ~ 22 }
DIMENSION 9 {484!»BL �84!»AM�124 }
DIMENSION CMXO{ 2 4! ~ CMXl{2 ~ 4! ~ CPX2� ~ 4! ~ CMYO� 4! ~

1 CMYl {2 ~ 4 ! ~ CMY2 � ~ 4 ! ~ CC{ 4 ~ 16! ~ CCL  4» 16!
C 0 li NON LOC { 6724 } ~ I AP �88 ! ~ IRR �84 } ~ I CL �84 ! ~ IC �84 !
COMMON C ~ WORK ~ AK ~ H ~ SEG l ~ SE G J ~ USTAR BF R»U ZERO ~ ELZ E RO.

1 VN. HN. FHIN. EMXN. EMZH. EPSX% ~ EPSZH.FF l»FF2»FF 3»FF4 ~ FFS ~ FF6 ~
LFFT 8 ~ 81 AP ~ CMXO ~ CNXL ~ CMX2 ~ CMYO ~ CMY I » CMY2 ~ CC ~ CCl

C
C REAC TH'E REFF ~ LENGTH

C
MAX=l6000

READ { Sr 1! ELZERO ~ BF»R» S»C 0»D T ~ LTEST»UZERO
1 FORMAT {6F9 ~ 3 ~ I I ~ F9 ~ 3 !

UST1R= {32 ~ 24R4S ! 44 »S
WR I TE { 6 ~ 10! ELZERC»BF ~ R ~ S»CO»DT ~ LTEST ~ UZERC»USTAR

l0 FORMAT { LH I ~ // ~ 5X ~ 'ELZERD"» F 1 0 ~ 3» SX ~ ~ A VERAGE t ID TH= ~ FLO ~ 3 ~
1 / ~ SX r» HY GRUL I C RAD IOUS= » ~ F LO ~ 3 ~ SX ~ »BED SLOPE ~ » ~
1 FL0 ~ 4»/»SX ~ » REF ~ CONCEhTRAT ICh»» F10 »4»SX ~
I ~ TIME INCREMENT= ' ~ F 10 ~ 3»/SX ~ ~ LIEST ~» ~ l2»SX»
l U ZERO- r Fl 0 ~ 4r/5X ~ USTAR- ~ F 10 ~ 5 !

C-
C READ NUMBER OF CONTROL CRCSS SECT I ONS»hO ~ OF ELEMENTS IN E*C!'
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25

85

C-

C COkTROL CROSS SECT IOH CODE FOR NUMBER OF ELEVENS VERTICALLV ~
C 1-FEED THE LENGTH CIF ELEMENTS»2- CONSIDER EQUALLY I ENGTH
C

READ� ~ 15!HCCS» ICON ~  N 1  I !»I ~t »NCCS!
15 FORMAT �2 l2 !

C

C NCS I S THE NUMSE R OF CROSS SEC Tf GNS
C NX.hr ARE THE HUM8ER OF ELEMENTS IH X AH QC CODRD
C

N CS=NCCS+ 1
NX~O

DG 20 I =1 ~ NCC S
20 NX=HX+N 1   I !

WRIT E � ~ 25 !NCCS ~ ICDH ~ NX ~  N 1  I ! ~ I= 1 ~ NCCS!
FORMAT   //5 X ~ HUMERI» GF CONTROL CROSS SECT IOHS~ » ~ I 2»

1/5X»» ICON= ~ ~ 12» /SX ~ » TG TAL NG ~ OF ELE VENTS IN X-D I IIECT ION» ~
1 ~ =» ~ l2 /SX ~ 'NO ~ OF ELEMENTS IH EACH CONTROL CROSS SECTION= '
1/»5X»20 �2»l X! !

C

C R EIC THE O IMEH T IONAI X- CGGRD I NATE 5 OF EACH C AGSS SECTION
C

READ <5 ~ 30!  XCR   I ! ~ f=l ~ NCS!
30 FORMA T  SF 10 ~ 3!

WR ITE� ~ 35 !  XCR  I !» t~ I ~ NCS!
35 FORVAT  /5X ~ DI MENS IGNPL X COORC ~ ~ /SX ~ 4   SF 10 ~ 3 ~ / ~ 5X ! !

AB=XCR  1!
DD 1909 I 2 ~ HCS

1909 XCR I!RXCR I !-XCR� !
XCR  1 ! =0» DO

C

C C ALCULAT E T HE NGN 0 IMEHS ION AL X-COORD ~
C

DO 40 I= 1 ~ HCS
40 XCR I!=XCR f!/El ZERG
C------PR IN T THE NOH-0 I VENS IOHAl X-CGORC ~

WR I TE   6 ~ 45!   XCR  I ! ~ I ~f ~ NCS!
45 FORMAT  /5X ~ »NOH-D IMEHS IOHAI X COGRD»» ~ /5X ~ 4  SF 10 ~ 3/ ~ 5X! !
C------READ THE HUM8ER Of ELEMENTS IN QC-COORD ~

READ� ~ 15! NY
WR I TE   6» 50! N V

50 FORMAT  /5X» ~ NUMEER OF ELEMFH TS NV>»» I 2!
GO TG �5»65! ~ ICCN

55 READ  5 ~ 60!  AK  I ! ~ 1=1 »hV!
60 FORMAT �F 10 ~ 5 !

Ga Ta 75
65 DO 70 1=1 ~ NV
70 AK   l != I ~ /DFLOA T  HV !
75 WRITE� ~ 80!  AK  I ! ~ 1>l ~ NY!
80 FORVAT�X ~ ~ ELEVEhT SIZE IN OC-DIRECT ICN /5X 10 �F10 ~ 5 /» EX ! !
C------CALCULATE THE COORD ~ OF ELEMENTS Ih QC-DIRECTION»

YCOR� !=0 ~ CO
L-NY+ 1

DO 85 1=2»L

YCGR  I !=VCGR  1-1!+AK  I 1!
YCOR NY+1!=F 00
WRI TE  6»90!   YCOR  I ! ~ I ~I ~ L!

90 FORMAT  SX ~ QC COORD ~ OF NODAL POI HTS /5X» 5 �F1 0 ~ 4 ~ /»5X! !
I A2=2 ANY+2

C

C READ IHI Tl AL COND I Tl Gk UP-STREAM»
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READ � »95 l  RPKC   I ! ~ 1~ 1 ~ IA2 l
95 FORMAT{ 10F6 ~ 2!

WR ITE { 6» 100! { QPKC  I ! ~ I~ I ~ I A2!
100 FORMAT {5X ~ IN IT IAL CONG IT IOH r/5X ~ 6{ 6F 10 ~ 5 ~ / 5X! !
C
C

L~HY+t

C CALCULATE THE X COGRD ~ AHC MESH 5 IZE Of EACH fl EMENTS IH X-COORQ
C

1=1
XCOR� !~XCR t !
DG ll0 I=l ~ HCCS
A 1= { XCR   I+ 1! � XCR   I 1 ! /DFLGA T  N 1   I ! !
L2=Li+Nt { I !-1
DD 1 05 11 =Ll ~ L2
H  I 1!=A 1

105 X COR   I 1+1 !=XCOR { I t !+A 1
XCGR  HX+1 } =XC R  NCS !
L 1 =L2+ I

1 10 CONT INUE
Li HXr I
WRITE�� ~ 115!  XCOR I! ~ I~t ~ Ll }

1 15 FORMAT{ /5X ~ ~ XCOW-OF NODAL PGIHTS« /5X »6 �F12 ~ 5/ »5X ! !
WRI TE {6 »120!  H  I } ~ I~l ~ NX }

120 FORMAT  /5X ~ ' ME SH SI ZE CF EACH ELEMf HT I H XW IRECT I :Nr

1/5X ~ 6�F12 ~ 5»/! !
IA1 =24 hX+2
IA3=I A 14IA2

C
C F INC THE COORC ~ 0 F GAUSS I AN PD IHTS

C
CALL GAUSSP HX»NY»IAl ~ IA2 ~ IA3 ~ XCGR ~ YCCR!
WR ITE� ~ 121 !

121 FORMAT  /5X ~ ~ GAUSS I AH POINTS O'OR IZENTALl V r }
WRt TE� ~ 122!   SEGI  L! ~ L+I ~ IA1!

122 FORMAT  SX ~ 10  6F 10 ~ 5 ~ / ~ 5X! !
WRIT E � ~ 123!

123 FORMAT /5X ~ ~ GUASS III«PGINTS Vf RT I CALLY ~ }

'WRITE  6r 122!   SEG J L! «L+I ~ EARl

C
C TEST IF CChST14T CCEF ~ FC t P ~ Daf W ILL f f Rf AC r
C OR APPROXI MA TI ON TECHhI {!UE QPTIOH ~
C LTE ST=1 ~ RKAO THE COHSTANT COEF ~
C LTf ST««2 ~ DC APPROX IMMIT ION T f CI'H IOUf ~

C
C ~ ~ ~ ~ ~ ~ e ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ r ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

GO TO  91 ~ 92 !»LTf ST
9 1 RE AD   5 r 65 1 } F 1 r F2 r F3 ~ F4 r F5 ~ F6» F7

651 FORMAT{ 7F 10 ~ 4!
W R IT E {6 ~ 93 ! F6 ~ F7

93 FORMAT� SX ~ ~ NGN-0 IMfhS IGHAL - LAMCAI ! ~ F10 r5r
I/5X ~ «HOH-O I ME N SI C hAL - { LAMDA2 ! ~ eF 1 0 ~ 5 }

READ { 5 ~ 599 !MR
599 FORMAT{ It !

'WRITE{ 6 ~ 641!MR
GO TO 1136

92 CGNTINUf
C
C APPROXIMA T'E THE PARAMETERS IH THE HEW CGORDIh ATES
C Rf AD THE NUMEER O'F Sf GMENTS TRAVER SLY  K !
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READ  5e 125! K ~ MA
125 FORMAT  15 ~ I I!

wRITE�e61} !MR
641 FORMAT  5X ~ OPTIOh CCOE FOR APRINT SU8 ~ IS ~ MR~ ~ I I !
C--MR= I -READ NM ~ XX ~ AND CALL APRINT

C--MR<2 NON OF T HE ABOVE
C WHE RE, MR I S CRT I ON F CR MORE APPROX ~ AT ADD IT IONAL PO INTS

K I=K+ I
CALL APPR NX ~ NY ~ IA 1 ~ IA2e IA3eK I ~ NCSe XCR ~ QTOT!

C
C F lhD THE VALUES QF FUhCT ICNS IN  Pe 0 ~ E ~ !
C

READ�e 130!F6 ~ F7
1 30 FORMAT � F I 0 eS !

WRI TE  6 ~ 135! OTOT eF6 ~ F7
FORMAT  IH1 ~ ///e 5Xe eTOTAL D I SCHARGE>e ~ F12e 3 ~

I/5Xe ~ LAMDAl=e e F}0 e4e2X ~ e e LAMDA2+ e ~ F IO ~ 4!
C ALL VALUE I  NX ~ NY ~ IAI e IA2 ~ IA3 ~ OTOT !

I 136 CONT INUE
C-- --WRIT E �e 136 !
I 36 FORMAT�  !OX e FFl ~ 1 OX ~ FF2 ~ I OX ~ e FF3 ~ lOX ~ FF4 ~ I OX ~ FF5 e ~

I/2X% 70  IH ' ! !

PO 138 i= le lA I
GO I 38 J= I ~ I A2
GO TO �380 ~ 1381 ! eLTESY

1 380 CONT INUE

FFI   I ~ J!=f1
FF2 I ~ J! =F2
FF3  I ~ J! =F3
FF4  I ~ J !~F4
FF5   I ~ J !=f5

13 ! I CONTI HUE
C- � --WR I TE   6 ~ 1 37! I ~ Je FF 1  I ~ J! eFF 2  I ~ J! ~ FF3   I e J ! eFF4 '  I ~ J! ~ F F5   I ~ J !
l. 37 FORMAT   IX ~ l3e ~ ~ e ~ 13 ~ F7 ~ 4 ~ 4�XeF10 ~ 4! !
I 38 CONTI NUE
C
C READ THE NUMBER DF TIME STEPS ~ TPEAÃ ~ I ht Tl AL CCNDI TION CODE
C ABC LPRINT  PR INT ING COUNT CODE ! e

C
READ  5 ~ 140! NNT ~ TPEAKeKIN eLPRINT

140 FORMAT   l5eF IO ~ 3e I I ~ l 3!
WRI TE � ~ 145! NNT e T PE AK eK tN ~ LPR INT

145 FORMA T  5X ~ NUMBER CF I I ME STEPS< ~ 15 ~ 5X ~ TPEAK>e ~ F10 e3 ~
I/5X e K IH ~ I I ~ IOX ~ PR tNT EVER Y ~ I 3 ~ TIME STEPe e !

C
C I 0 I T I A L I 2 A T I O h

C
T=O eDO
T AU=0 ~ CO
D TA U D T4UZERO/ELZE RO

DQ l 50 I= 1 ~ IA3
E I !=0 ~ CO

150 BI  I ! MO ~ 00
C
C L 0 0 P F 9 R T I ME 5 T E P $ ~ ~ ~ e ~ ~ ~ ~ ~ ~ e ~ ~ r ~ ~

C
4 ~ t t ~ ~ 4 ~ ~ ~ 4 0 ~ ~ ~ I 4 92 ~ I 0 ~ 92 0 92 e 0 ~ ~ e ~ ~ ~ 0 4 ~ I I I ~~ ~ ~ ~ ~ ~ ~ ~ 4 0 ~ ~ 0 0 ~ ~ 4 92 ~ 4 ~ ~ ~ i ~ ~ ~ ~ 0 92 92 0 0 ~ I 92 ~ 92 ' ~ ~ 4 ~ 0 t ~ ~ ~ ~ ~ 0 ~ ~ 92 4 0 0

C
CREAD THE c 00RD ~ oF Pot N Ts AT 'wHICH CDNCEAT RAT I C N

C IS TO BE EVALUATED ~
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GO TO  719»717! ~ MR
r19 CONT INUE

READ  5 ~ 997! HM
997 FORMAT   IS !

READ�»996 !  XX   I !» l«1 ~ HM!
996 FORMA I  5F I 0 ~ 4!

WR ITE  6» 998!   XX  I ! ~ I«1 ~ NM!
998 FORMAT  SX ' X-COOR C ~ OF PO ILATS AT WHICH COhCENTRA Tl OH

1 I S TO EE EVALIJATEC»»/SX»5 �F10,3/5X ! !

DO 1221 I = 1 ~ HM
1221 XX   I !=XX   I !-AB

YY� ! «0 ~ OO
OO 995 I «2»21

995 YY  I !«YY  I- 1!+0 ~ 05DO

YY �1 ! =1 ~ CO
DO 994 I «1 ~ NM

994 XX  I!«XX  I !/ELZERO
WR IT E� ~ 993 !  XX   I '!» I«1 ~ HM !

993 FORMAT �X ~ ' NOh-D I YEhS ICNAL CGORD ~ /5X ~ 6�F ID ~ 4/5X ! !
71r CONTINUE

OQ 886 I= 1 ~ I A 1
OO 886 J«1 ~ I 12

886 C  I ~ J! «0 ~ OO
WRITE  6»889!

889 FORMAT   1H I !
DO 300 YL «1 ~ HhT
DO 116 IP«1 ~ ! A3
ICL   fP != IP
IC   IP !« IP

116 IRR I P! «IP
DO 155 i«1»IA3
WORK   I !=0 ~ D0

1 55 CONT f HUE
L=H X4 NY464+ 1 64HX+1 64 HY+4
I AP  1!i«1
I AP   I A3+I !=L+I

OO 141 I «1 ~ L
141 AM  I !«0 ~ 00

T AU=T AU+DTAU
T T»OT

C
C EVALUATE IN ITAL COND I T  OH S
C

CALL CI HPUT  CO»T»TPE AK ~ IA1 ~ IA2 ~ RPKC ~ K IH ~ TAU !
C
C C AL CUL ATE THE CQEFF ~ IN P ~ D ~ E ~  FF 6»FF 7!

C
DO 160 1=1 ~ I AI
DO f60 J=1 ~ IA2
AI=SEGI  I !
A2«SEGJ J}

ELZ>ELZERQ
UZR=UZERO
FF6 t I ~ J !i«ALAM1 t A I » A2 ~ TAU ~ ELZ» UZR»F6!

IeO FF7 I ~ J! «ALAM2 A1»J2 ~ TAU ~ ELZ»UZR CO ~ F7!
C------

C IN I T IAL IZE ROW NUMBER ~ F IHD THE ENTRIES IN THE 8IG
C VATF ICES RESULTING AT 1- CORNER
C 2-eOUHDARY OF X tLEFT AND R ICHT RANKS !
C 3-BOUHDAR Y OF Y UP AI»O DOWN STREAM
C 4-AT THE ENTER IOR POINTS ~



76

315
300
999

1 ~ YCOR  1 1 !

DI Nf hSI OH AK I 0! ~ H{1 0! eSEGI �2 } ~ SECJ �2! ~ F 1�!eFJ  4} ~ YY  21 !
COMMON LOC�724! ~ I AP�88! ~ IRR{484! ~ ICL�84! ~ IC�84 !
COMMON C ~ WORK ~ AK ~ H ~ SEGI ~ SEG J
DO 99 I ~I ~ 3G
DO 99 J= 1 e30
CHEW  I ~ J !=0 eDO
OO 1 I=1 eHM
DO 11 I l=l eHX

e aXA  < !oGf ~ XCOR  II ! !eAHD ~  XX l! ~ Lfe XCCR{IK+I!! !GC TC 10

99

C
C

N=0

IQRD=G
LM= 0

CALI CORVER NX ~ NY ~ IA 1 ~ IA2 ~ IA3eDTAUeLM ~ LN ~ IORD!
CALL BOUNCX  NX ~ NY ~ IA1 ~ IA2 ~ IA3 ~ DTAU LMeLNe lORD !
CALL BCUHO Y   NX ~ NY ~ I A I ~ I A2 ~ IA3 ~ CTAU ~ LM ~ LN ~ lORO !
CALI AINTP NX ~ NY ~ IA1 ~ IA2 ~ IA3eOTAUeLN ~ Lh ~ ICRD!

C
C
C
C

C SOLVE THE RESULT ING SYSTEiM AM f'{ 81 !CWORK FOR { B 1 !
C LSI hG G AUSSI Ah EL I Ielh 0T I Oh METHOOie
C

CALL PREORO  KA3!

C ALL GELL M  IA3e MAXe lf RR ~ {TEMP eRTEMP!
OO 839 I =1 eIA3

839 WORK   I ! =B 1  I !
C

C CHECK FOR CChVERGEHCE
C

IF ML-ML/LPR IN T4LPR INK ! I 179 30 ~ 11 79
305 COHT I NU E

VR I TE � e3671 ! IEGER
3671 FORMAT  5Xe ' KERR ~ ' ~ I 10!

VR ITE� ~ 310 !T e TAU

310 FORMAT�HG 4X ~ CCEFF ICIENTS AFTER ~ F10 ~ 2 ~
1' e ~ e ~ TAO= e ~ F10 ~ 5/eSX ~ 65 �H= ! / ~
115  10FIG ~ 4/! !

Ll ~-I
I 2<HY+1
MM= 24 I A2
CO 1 234 I= 1 ~ L2
Ll ~LI+2

1234 WRITE  6 1245!  BI { J! ~ J Ll ~ IA3 ~ MM!
l245 FORMAT�Xe 10�F10 ~ 4 ~ / ~ SX! !

GO TO �178 ~ 1179! ~ HR
1 178 COHTI NUE

CALL APR IIVT NXeNY ~ IA le IA2 ~ IA3 ~ XCOR ~ >Xeh!I ~ DECOR ~ YY!
1 1 79 CGHT IHU E

DO 315 11 =1 ~ I A3
8  I 1 }~B 1  I 1!
CONT INUE
STOP
f ND

SUBROUT INE APR IN I HX ~ IVY ~ IA  el A2 ~ I A3 ~ XCCR e !i X ~ NM ~ YCCT ~ Y Y!
IMPI I C IT REAL fi8  A HeO-2 !
I HTEGERf 2 LOC ~ IAP ~ IRR ~ ICI ~ IC
DIMENSION XCOR  1 1 ! XX�0! CHE V{30 ~ 30! eC�2 22! ~ VORK{484!
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130

�

106

100
1

�7

108
109

110

C THI 5
C IN X

C

SueROUY! r E IS USEG TO CALCULATE r!-.E GAUSS IAN POINTS
COORO I NA TE AND OC CODRD !HA YES ~

SUBRDUTI NE GAUSSP  hX ~ hY ~ lA1 ~ I 12 ~ IA3 XCOR ~ VCOR !
IMPL I C I T REALMS  A H e C-I!
INTEGER 42 LOC ~ I AP ~ IRR ~ ICL ~ IC

DIMENSION XCOR {1 1 ! ~ YCORt 11!
OIMEHSI ON C�2 22 ! WORK�84 !
DIMENSION AK  10! H  10! ~ SEG! �2! ~ SEG Jt 22!
COMMON LDC�724 } ~ lAP{ 488 ! ~ IRR�84! ~ ICL  48 ~ ! ~ IC�84}
COWVON C e WC RK e AK ~ H. SEG I .SEG J
X 1= XC OR  1!
X2=XCOR{l!
SEGI l!=Xl
OO 1 I= le NX
X2=X2+H  I l
SEG I �%I ! =  X 1 +X2 !/2 ~ CO-H  I }/� ~ G04CSORT  3 ~ 00! !
SEGI   241+ 1 ! =  Xl+ X2! /2 ~ 00+H  I !/�e 004'DS{}RT � e00 ! !

X 1 � X2
CCNT INUE

CONY INUE
'WRI TE {6 ~ 1 30} XX  I !
F QRMA T   10 X ~ F 1 0 ~ 6 ~ e I S 'WRONG X-COORDe !

RETURN
XL1=  XX{I !-XCOR  I I! }/H{I I !
XL 2= { X X   I !- XCOR   I I+1 ! ! /H   I I !
F I � !=2 ~ 004  XL14 43 l-3 ~ 00 4{ XL ! 442!+ 1 ~ OO
F I � } ~    XL� { 3 } -2 ~ 004  XL! 442 !+XL1 l4!'{ I I !
F I { 3! =-2 ~ 004   XL2443!-3e 004   XL2442 !+I eOD
F I � !~    XL2443!+2 ~ G04  XL 2442 !+XL2 ! 4H  I I !
DO 100 Kil e21
DO 1 1 1 KK=I ~ NV
IF {YY K ! ~ GE ~ YCGR KK! l ~ ANO ~ t VV{K! ~ LE ~ VCORIKK+1!! !GC YO 13
CCNT INUE
WRlrE� ~ 131! YY K}
FORMAT  ! OXeF ! De6 ~ e I S WROHG Y COORDe ~ !

RETURN
YL! = YY K! -YCOR KK! !/AK {KK!
YL2=  V V  K! - VCQR  KK+ ! ! ! /AK I KK!
FJ   1 !=2 ~ O04  VL ! 443!-3eD 04  YL �L42}+ 1 ~ OO
F J � 1=    YL! 443 !-2 e004{ YL1 442!+YL1 }OAK  KK !
F J �} ~-2e 004  VL244i3 !-3 e004 YL24'42 !+1 ~ GO
FJ �!e'    YL 2403 }+2eDD4 I VL2W+2!+VL2! WAK KK!

OO 106 MN!=! ~ 4
LN=24   H'Nl -I } i {NY+! !+24  KK-I !+44{ NY+I ! 4  11 I !
DD 106 MN 2= 1 ~ 4
LN=LN+!
CHEW ! ~ K} iC NEW   I ~ K }+  F I t MN! ! 4FJ  MH2 } ! CWORK  LN !
CONTI NUE

COHT INUE
CONT I HUE
WRI TE � ~ ! OT l
FORMAT /// ~ 5X e eRELATI VE CONCENYR*TICNe /SX e65 tlh~} !
DO 108 J= le 21
WRITE�� ~ 109 ! I Chf W   I ~ J l ~ !~ 1 ~ HM !
FORMA T  SX ~ 15{ 6F I Oe4/e5X } !
WRITE� ~ 110!
FQRMAT �X ~ 65   I t> ! !
Rf TURN

END
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SEGI   I Al ! =XCOR  HXti }
C
C

Y i=YCOR� !
Y2= YCOR   1 }
SEG J  1 != Y 1
DO 2 J= 1 ~ HY
Y2<Y2+ AK  J!
SEGJ  24 J ! =  Y 1» Y2! /2»00-AK  J! / t2 ~ C04050% I � »DO ! !
SEGJ   2tJ+ 1 !=  Y I+Y2 !/2,00tAK  J! /� 00eDSOR I  3 DO! !
Yi =Y2

2 COHTIHUE
S E GJ   1 A 2 ! = V CO R   N Y+ 1 !
RETURN

END

C Tl-15 SUBROVT INE 1 5 USED TO APPROXI PATE THE OA TA  SET!
C Gf F JRAMET ERS L IHEARLY» kOR IZENTALLY AHD TRAVERSELY
C ~ FIRST STEP 15 TO TRAhSFCRM TkE VALUES FROM X Z COORel
C TO THE CORRESPOhlO ING VALLES Ihl X-OC CCORP I hA TES
C

SU8ROUT I hE APP 8   hX ~ HY ~ I Ai ~ I A2 ~ I A3 ~ K 1 ~ HCS ~ XCR ~ OTOT }
I MPL I C I T REAL48  A-H ~ C Z!
IHTEGER t2 LOC ~ IAP ~ IRR» ICL ~ IC

DIMENSION XCR�2} ~ Z�2} ~ V�2! ~ 1 l�2!»OC�2 } ~ Q�2}»
lOK  22 !»ZK�2 ~ 22! ~ VK  22 ~ 22!»HK �2 ~ 22! ~ EMX�2 ~ 22 !»
IEMZ�2» 22! ~ FHI  22 ~ 22! »EPSXt 22 ~ 22! ~ EP SZ�2 ~ 22!

D IMEHS IOH OCK�2 ~ 22 !»WV �2 ~ 22! ~ Wk�2» 22 !» WP �2»22 }»
1 WEM X  22 22 } ~ WE YZ �2 22 ! ~ WEPX �2»22 ! ~ W EPZ �2 ~ 22 !

C
D IMEhtS IOhl C�2 ~ 22 ! ~ WORK�84!
DI NEhSI CH AK� 0} ~ H�0 ! ~ SEG I�2 !»SEGJ�2 }

D IMEHSI ON VN   22 ~ 22! ~ HH  22»22! »FHI iH�2»22 !»EWXH �2»22 !
0 IMEHS ION EM ZH �2» 22 ! ~ EPSXN   22 ~ 22 ! ~ EP SZH  2 2 ~ 22!
CO!»VGN LGC�724! I AP �88 } ~ IRR�84 !» ICL�84 } ~ IC�84!
COMMOH C ~ WORK ~ AK ~ H ~ SEGI ~ SEG J»USTAR»EF ~ R ~ U?ERO ~

1 EL Z ER 0 ~ UN ~ HN ~ F H I H ~ E M XN ~ E M Z N» E P 5 XH ~ EP SZ N
C

VFUH Ai ~ A2 ~ A3 ~ A4» 15! =hi+   A2-Al }/A34 A4-A5 }
C

WRITE�» 1!
FORMAT   }HI r// ~ 5X ~ ~ APPROX IMAT IOOH TECH% IOUE ~ }
READ� ~ 2! WO

2 FORMAT�if 10 ~ 3!
KK=KI-1

WRI TE �»3! KK ~ 'WO
3 FORMAT t /5X ~ 'NO ~ OF SEGMENTS TRA VERSELY~» ~ 15 ~

1 /5X ~ 'W I DT 1' OF UP-STREAM ~» ~ F 10 ~ 3!
C------

C READ ICO CODE»CE MX ~ CEWZ

C ICC= I--EM X  I ~ J !~CEMX ~ EMZ t I » J! =CEMZ
C

READ � ~ 71 } I CD ~ CEWX ~ CEMZ
71 FORMAT  I 1 2F 10 ~ 3!

WiR lTE  6» 72 ! ICO ~ CEMX» CEMZ
72 FORMAT �X» ICD ~ 12 ~ 3X ~ CEMX+ ~ F 10 ~ 3 ~ 3X» CEMZ> ~ F' 1 C ~ 3!
C

DO 4  =1 ~ NC5
C
C READ NUMBER OF POINTS AT  l ! CROSS SECTION
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READ� ~ 5 ! NPTS
F OR!»AT { I 3!

WR I TE  6» 6! XCR { I ! ~ NPTS
FOR%AT �X s»ET A~ » ~ F 10 ~ 3» SX ~ NO ~ OF POINTS< ~ I 3!
WRI TE � »7 }
FORMAT  5X ~ »Z»» 10X ~ » V»» I OX ~ »Hl ' ~ 6X»» 0» ~ /»2X»33 �H' ! !

C-----READ Z -COORD ~ ~ D I ME NS IOlIAL VELOCI T'V AND DEPTH
OQ 8 11=1 ~ hPTS

READ{ 5»9} Z { I 1 ! ~ V{ I 1 !»Hl { I 1 !
FORMAT�F9 ~ 3!
A ZN= Z { NPTS !
QK{ 1 ! eO ~ 00

C � � -CALCULATE 0 ICE HSI QkAI 0

0{ I I !=V  I 1 !%HI  I 1!
WRITE� ~ II! !Z  tl ! ~ V�1! ~ Hl{ 11! ~ Q�1}
F OR RAT { 3X»F6» 2»4X ~ F7 ~ 3 »4X»2F7 ~ 3 ~ 4X»2F7 ~ 3!

C-----CALCULATE COPULA TI VE DI SCHARGE AT EACH PCINT
QC l I !=0 ~ CO
L � NPTS
DQ 10 !1=2 ' L
QC  tl !=QC{ 11- 1!+�  I 1- 1!+Q Ill� Z I 1!-X  Il-1!l/2 ' CO
IF{! AEQUI I} AW1 QC NPTS !
QTQT=AW1

C-----C AL C UL ATE THE NQN-D I HENRI ONAI. Z AND QC

OQ 11 II~I,NPTS
X{I I } ~Z t 1 }/AXN

L=K1
DQ l2 I l~ I ~ L
QCK   I ~ I 1 !>   Il -I !/DFLQAT{ KX }
XK  I »1 } ~0 ~ DO

12

FHI{ I» I!=0 ~ DO
HK  I ~ 1 !~0 ~ DO
VK{ I ~ 1 } =0 ~ 00
DQ 55 I 1=2»L
DQ 14 J=2 ~ NPTS
IF { {QCK{ I s Il ! ~ GT ~ QC{ J-1 ! }»AND ~  QCK   I ~ I 1 } ~ l E»QC  J ! } !GQ TQ

GG TO 14
ZK   t ~ I 1 !=X{ J- I !+{ QCK { I ~ I 1 l-QC  J-1! ! /  QC{ J l-OC   J-1 ! !'~

1  Z J! Z J-1 ! !
Z J I } }

~ 11 I!!}

HK{I »11! ~HI { J-I !+ kt {J! Hl { J-I ! !/ Z{ J } 2{ J-1!� XK I ~ Il!-
IF { Il ~ EQ ~ 2! GO TO 14
QK ll I !- ~ 5+ DC/ ZK{ I ~ 11 I ! ZK I» tl 2! !+CC/{ZK I ~ I I!-ZK{ 1
QD=QK   I I � I ! I'0 TQ T/AZN
FH I   I ~ 11 � I !=WK   I ~ I 1-1 !/R
VK  I ~ I 1-1 ! =00/  HK   I ~ Il 1 ! 4UZERQ }
GO TQ 54
CONT I HUE14

54 FHI   I ~ L! >Oe DO
HK  I ~ L! ~0 ~ DQ
VK  I ~ L !~0»DO

55 QK{L !~0 ~ 00
C-- � --PRI NT THE VALUES Ih TI»f NEW COORD INAT ES

WRITE   6 ~ 15!
15 FQRNAT �X ~ XK ~ 10X ~ VK ~ 5X» HK ~ 6X ~ FHI ~ 1 0X ~ QCK ~

1/»55�H{} }
DO 16 I 1= 1 oL
WRITE� ~ 23!ZK{ t ~ I 1} ~ VK{ I I I! ~ HK I ~ ! 1! FHt{ I 11! ~ QCI»� ~ Il }
FORHIAY I 3X »F6 ~ 2 »4X ~ F7 e2»4X»2F7 »2 ~ 4X ~ F7 ~ 2»5X ~ F6+2/ !

11 QC  I 1!=QC{ I 1! /QTQT
C-----EVALUATE QCK  I ~ J ! AT THE D IFFEREN T SEGIIEN ! 5 ~ X K »FHI ~ VK»HK

DQ=1 ~ C0/DFLCAT  KK }
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632

BETA=' ~ F!D 3!

EMX ~ EMZ ~ AND EPSX ~ EP Z

25

26

30

28

4 ZK I ~ I I!

SX  I ~ I I } ~ EPSZ  I ~ I I}
~ F7 ~ 5!

C
LL~ I A2-I
DO 200 I>! oNCS
WV  Is 1!=VK  I ~ I!

WV  lo IA2!=VK  I ~ K I!
WH l . I } =HK l ~ 1!
'WH  I ~ I A 2! =HK   I o K 1 !

WP  Io 1 !=FH I   I ~ 1 3

RE AD   5 ~ 632! ALPHA ~ BE TA
FORMAT �F 10 ~ 5 l

WRI TE � r635 } ALPHA ~ EET A
635 FORMA T  2X ~ o ALPHA> o ~ F I C ~ 3 ~ o

C
CCALCULATE THE MET R IC

C
IF  I oEO ~ NCS!GD TC 30
READ� ~ 25!AL ~ ALR oAl L ~ W
FORMAT �F I 0 ~ 3 !
WRITE� ' 26!I ~ ALiALR ~ ALL ~ W
FORMAT   2X ~ ' CRO $$ SEC T IOH o ~ 12 o/ ~

12X ~ ' CENTRAL LENGTH o ~ F 10 o3o/ ~
12X RIGHT SIDE LEHGTH o of 1G ~ 3o/ ~
I 2Xo LEF T SIDE LEHG TH ~ F 1 Da 3 ~ /' s
12X ~ ~ W IQTH OF SEGMENT ~ of 10 3!

CONTI NVE
WR I Tf   6 ~ 28!
FORMAT  // ~ 5X ~ oEMX o ~ 8Xo ~ EMZ o ~ 8X ~ sf

M@K!

OO 24 1!=I'M
IF  ICD- ! 377 ~ 88 ~ 77
EMX   I ~ I 1 }=CEMX
EWZ I ~ 11 } =CEMZ
GO TO e9
CONT INUE
IF   I 1 -I ! 35o35 o36

MX I ~ I I } =ALL/AL
GO TO 27
EMX{ I ~ I I! = ALL/AL!+   ALR-ALL!/AL!

I -ZK   I ~ I I- I ! l/W 48F
27 EMZ I ~ I I l >W/WD
89 EPSX  I ~ I I! =ALPHA4HK  I o I I ! ILUSTAR

EPSZ   I ~ I 1 !=BETA 4HK   I s I 1 ! 4USTAR
WRITE �s20 !EMX   I ~ I I 3 ~ EMZ  Io II }o EP

29 FORMAT  5X oF6 ~ 4 o5X of 6o 4 ~ 5X ~ F7o4 o5X

24 CONT !HUE
CONTINUE

C
C APPROXIMATE LI NEARLV IN GC- DIRECT IOH

WP  I ~ IA2 !~FHI   foK! !
Wf HX  I ~ I ! ~EMX Is! l
WEMX  IoIA2'3 EMX  IoKl!

WEHZ  I ~ 1 !~EMZ   Io I l
Wf MZ I ~ I A2! =EMZ  IoK! }
'WEPX  I ~ 1! =EPSX I ~ 13
WEPX   Is IA2 !>EPSX  I ~ K I I

WEPZ  I ~ 1 !=EPSZ  Iol }
WEPZ  I ~ IA2! MPSZ� ~ Kl !
OO 200 J 1=2 ~ LL
DQ I 70 J~ 1 ~ KK

A!=SEG J  Jl l
If     SEGJ  J I! ~ GE ~ OCK  I ~ Jl 3 e AHDe

P X ~ 8X ~ EPSZ o /4X o42 �H ! !

 SEG J  J I ! o LE ~  !CK  I ~ J+I ! 3
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169

170
200

3423

152

154

C APP

CONTINUE
LMNCS-1
LL»e I A 1 - 1
OO 190 lal ~ li2
VN  1» I !>WV  i»I }
VN{ I41» I !=VV  NCS ~ I !
HN� ~ I } =WH� ~ I !
HN  IA 1 ~ I ! 'WH{ NCS ~ I !
FHIN  1 ~ I !=WP   I ~ I !
FHIN IAI tl }~WP NCSsl !
EMXN  I ~ I ! ='WE MX� ~ I !

EMXN  IA1 ~ I !~VEMX{ NCS ~ I !
EMZN� ~ I !<WEMZ l ~ ! !
E MZN { I il ~ I ! t'WEMZ l NCS ~ I '}

EPSXN   1 ~ I !=VEP X{ 1 ~ I !
EPSX N   I AI t I }= V EP X {NCS. I !
EPSZN� el ! =WEPZll ~ I !
EPSZN  14 1 ~ I ! = 'WEPZ   NC Sr I !
DQ 190 J I >2 ~ LL

DO 1 80 J>1 ~ LD

Al � SEGl   Jl}
IF    SEG I   J 1 ! ~ GE ~ XCR  J! ! ~ AND ~   SEGI   J 1!

1 ! GO TO 269
GQ TQ 180
4 3=XCR  J+ 1 !- XCR  J!
VN J1 ~ I!~VFUN  WV J ~ I !e'WVl J+Iel ! ~ A3 ~
HN  Jl tl } +VFUN   WH   J t I ! ~ W H J+I ~ I ! ~ i3 ~
FHI N  J I ~ I } � VF UN  WP   J r I ! t WP{ i+ I ~ I ! ~ 43 t
EMXN   J Is I !iVFUN  WEMX{ J ~ I ! ~ WEM X  J+ I ~ I !
EMZV  Jl .I !=VFUH{WEVZ J, I! ~ WEMZ i+I s I }
EPSXN  Jl » I } =VFl N WEPX  J ~ I } ~ VEPX I J+1 s I
E P S ZN   J I I ! = VF UN   WE PZ   J ~ I ! ~ WE P Z { J+ I e I
JKLD
CQN T I NUE

CONT INUE
GO TD 1181
C ONT I NUE

171

~ LE ~ OCR { J+ I ! !

A I ~ XCR{ J! !
XCR{J}!

11 ~ XCR J}!
»A3 ~ A I ~ XCR{ J! }

~ A3 ~ A I ~ XCR{ J ! !
! ~ A3 ~ Al ~ XCRl J! !
! ~ Ai ~ AI ~ XCRl J} }

180
190

4876

1! GO TO 169
GQ TQ 170
V V   I ~ J 1 ! = VF UN   VK   I ~ J ! ~ VK   I ~ J+ I } »DO »11 ~ CC IE l I ~ J ! }
W H   I ~ J 1 } -V FUN   HK   I ~ J ! ~ HC   I ~ J+ I ! ~ OO ~ A 1 ~ OC K   I ~ J ! }
WP   I r Jl } =Vf UN  FBI   I ~ J } ~ FBI   I»i 41 ! ~ COs Al ~ QCK  Ie J } }
WEMX{ I ~ J 1 } =VF UN  E FX  I ~ J! ~ EMX l I ~ J+I ! »00e41 ~ CCW   I ~ J ! }
WEMZ   I ~ J 1 !=VFUN EMZ  I ~ J ! ~ EMZ  I ~ J+1 ! ~ DQ »Al ~ OCK  I ~ J! !
WEPX   I ~ J1 } -VFUN  EPSX   I e J } ~ EPSX   I ~ 4+I ! ~ DQ ~ Al tOCK  I e J }
WEPZ   I ~ Jl } =VFUN EPSZ  I ~ J! ~ EPSZ  I ~ i+I ! ~ GC il »QCK  I J! !
J=KK
CONT I NU iE
CONTI kUE
GO TQ 171

CONT INUE
WRITE � »152 !
FORMA T  I OX ~ WV »6X t » WH»»6X ~ s 'WP» »6X r» 'W f VX » ~ 6Xs t W EMZ ~

16X» ~ 'WEP X ~ 6X ~ 'WEPZ }

DQ 154 1~1 ~ NCS
DO 164 J= 1» IA2

WRITE � ~ }83 } I ~ J e'WV l I ~ J } »WH  I ~ J ! ~ WP  I ~ J ! s WEMX  I ~ J ! ~
1 WE M Z   I r J ! ~ WEP X   I ~ J } ~ WE I Z '  I t J !

F OX I MAT E HOP I ZENT iLLY
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~RI TE  6, I e I!
FORMAT   I W 1» I ~ J ~ 4 X ~ VN ~ 6X ~ HH ~ 6X e FHIH ~ 8X ~

I EMXN e4X ~ EMZN ~ 6X ~ EPSXH »5X ~ ~ EPSZN ~ !
DQ 182 I = I ~ I A I
DQ 182 J< 1 ~ I A2

WRITE � ~ 183! I ~ J ~ Vh  I ~ J }*WH  I ~ J ! ~ FWIH  I ~ J ! ~
1EMXN  I ~ J!»EMZH  I ~ J! ef PSXN  I ~ J! »EPSZh  I e J!

CONT IHUE

FORMAT �X e � ~ ~ ~ I2» 1X ~ F7 ~ 4 ~ 2X ~ F7 ~ 4 ~ 1X ~ F7 ~ 4 ~ 3X ~
1F 7» 4 ~ 3X »F7 ~ 4 ~ 3X »F7»4 »5X ~ F7 ~ 4 !

CONT IHUE
R CT URN
F HD

181

182

183

1181

1FF 7
C

DO 1 1=1 ~ IA1
Da I J~ I r I A2
FF 1   I ~ J! ~VN  I ~ J } /f IeXN   I ~ J!
FF 2  I ~ J!=EPSXN  I e J! /   EMXH  I ~ J�42! 4ELZERCCUZERQ!
FF3   I ~ J !=0 ~ DO
Al =ELZERG4   VN  I ~ J }442 ! 4 ROR } 4 U ZERO !/OTOT
12=A I 0  FH I H  I ~ J! 442! 4EPSZN  I ~ J! /0 TOT
FF4  I r J !=42
FF5   I ~ J! =0 ~ DO
CONTINUE
RETURN
END

C TW I 5 SVBRQls TI NE I 5 USED TC F I ND THE IN I Tl AL CCNC IT IOh5
C VP-STREAM AT T IME STEP   T! SECOND»
C

SUBRQVTI Hf C I HPVT  CO e T ~ 1 Pf AK ~ III e I A2» RPKC ~ K IH» T AU !
I MPLI C IT REAL48   A-I' ~ 0- Z !
I HTEGER42 LOC ~ I AP ~ I RR ~ I CL » IC
0 IMEHS IQH RPKC  22 !
DI MENS IQN C �2 ~ 22 !
Cor MOh LGC�724! ~ IAP �88! ~ IRR�84 ! ~ ICL�84! ~ IC�84!
COMMON C
IF T ~ GT ~ TPEAK! GO TO 320
GQ TO� e2 ~ I ~ I ! ~ Klh
DQ 300 J=1 ~ IA2
C   I ~ J != RPKC  J !/TPE AK ! 4T/C 0
RETURN
DQ 3 J=1 »I A2
C t 1 ~ J ! ~C 04  !»DO-DE XP  - TAV! !

300

2 3

C THIS SUBRDVT INE IS USED TO F IHD THE VALVE OF THE FVHCTI OHS
C FFi »FF2 ~ FF3 ~ FF4 AND FF5 IN P ~ Oe E ~
C ~ 92 ~ 0 0 0 0 0 ~ ~ ~ ~ ~ 0 ~ 0 0 ~ ~ 0 ~ 92 ~ 0 ~ ~ ~ 4 ~ 4 ~ 0» ~ ~ 0 5 ~ I 0 i 0 0 0 0 0 0» I ~ 0 92 4» 4 4 ~ » ~ ~~ » 0 r 4 r ~ ~ ~ 0 ~ ~ ~ ~ 0 0 0 ~ ~ t ~ 4 92 S 0 0 I ~ ~ ~ ~ ~ ~ »» ~ »» ~ ~ »» ~ ~ 0 0 0 0 4 4 ~ 0 S 0 4 0 4 0 4 ~

SUBROUTINE VALVEI HX ~ HT ~ IA1 ~ I A2 ~ I A3.OTQT!
IMPL I C IT Rf AL48{ A-W» 0-Z !

I NTEGER+2 LOC r I JP ~ I R R ~ I CL e I C
DIMENSION C�2 ~ 22! e WCRK�84!
D IMENS ION AK  10! e H   10! ~ Sf GI �2! ~ SEG J  22 !
D I ME NSI Qh VN�2 ~ 22 ! ~ Wh �2 ~ 22 ! ~ F W IH �2 r 22 ! ~ EMXH  22» 22 }
D IMENSION EMZH�2 »22! ef PSXN�2 ~ 22 ! e EPSZN �2 e22 !
D IMENS IOH FF 1  22 ~ 22! ~ FF2  22 22!»FF 3�2 ~ 22! »FF4�2 »22! ~

I F FS �2 »22 ! ~ FF6 �2 ~ 22'!» FF7  22 ~ 22 }
COMMON LOC   6724! ~ I AP �88! ~ I RR�84 ! ~ I Ct �84 ! e IC �84 !
CQMMQH C WORK ~ AK ~ H ~ StG I ~ SEG Je VSTAR»BF R ~ I, ZERO» ELZE RO ~

I VN» WN ~ F WIN» EMXN» EMZN ~ EPSXN ~ EP SZN ~ FF 1 ~ FF2» FF 3» FF 4»FF5»FF6 ~
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RETURN
DG 340 J~I »I A2
C� e J!=C  I ~ J!
R ETURN
END

320
340

SUBR OUT I NE ELMAT   NX e NY ~ I A 1 ~ I A2 ~ I A3» I ~ J !
IMPL IC IT AEAL 48  A-H 0-2 !

INTEGER42 LDC» IAP ~ IRR ~ ICL ~ IC
DIMENSION C�2 »22 ! »WORK�84!
DIMENSION AK  10!»H  10l ~ SEGI   22! eSEG J�2!
DIMCNS ION VN�2» 22 !e HN�2 ~ 22! ~ FHIN�2 ~ 22! eEMXN�2 ~ 22!
D I IIENSI OIV EMZN �2' e22 ! ~ EPSXN �2 »22 l ~ EPS ZN   22» 22' !
0 IMEN SION FF I l 22 ~ 22! ~ FF2  22 »22! eFF3�2 »22! »FF4 �2 ~ 22 l

1 ~ FF5�2» 22 l ~ FF6�2 ~ 22! ~ Ffl�2 ~ 22!
D I I»ENSI Ok 8�84 } El �84 ! ~ AM�724 !
DIMENSION CMXO� ~ 4! ~ CMXI �»4! »CMX2 � ~ 4! »CRYO � »4 !

! ~ CMY I  2 ~ 4leCMY2  2 ~ 4!
COMMON LOC �724 ! ~ I AP �88 } ~ IRR �84 ! ~ ICL l 484 ! ~ IC l 484 }
COMMON C ~ WORK ~ AK H ~ SEGI »SEG J ~ USTAR SF ~ R ~ U?ERO

! ELZERD ~ VN HN FHIN ~ EMXN»EMIN»EPSXN»EPSZN Ff 1 FF2»FF3 FF4 ~
1 FF5 ~ F Fb F Fr,e.e! ~ AII ~ CMXO ~ CMX i ~ CMX2 CM YO CM Y 1 CMY2

ALPHA=  0 GO+4 DO@ DSQRT �» DO l ! /18 ~ DO

BETA=   3 QO+DSORT  3 DO} l /36 DO
BET H= � ~ DO-QSQRT � ~ DO ! !/36 DO
CMXO� ~ I } ~ALPHA
CMXO  1 ~ 2 l=H  I ! %BE TA
CMXO   1 e 3 != 1 ~ 00 ALPHA
CMXO �»4 ! =-H  I ! SEETHE
CMXO� ~ 1! <1 ~ DO-ALPHA
CMXO   2e 2 !~H  I ! 4BETH
CMXO � ~ 3 ! >ALPHA
CMXO  2 e4! =-Hl I ! 48ETA

C----- CMY0   1 ~ 1 != ALPHA
CMYO  1 ~ 2! e»AK l J! 4EETA
CMYOl I ~ 3 }= 1 ~ DO-ALPHA
CMYO   1 ~ 4!~ � AK   J ! %BETH

CMYO � ~ 1 ! 1 ~ DO ALPHA
CMYO  2 ~ 2! =AK  J! +BETH
CMYO   2 ~ 3 !~ALPHA
CMYO � 4 ! =-AK   J! O'BET I

C
CMX I   1» 1 !~- I ~ 00/H  I l
CMX 1   1 ~ 2 !~ DSOR 1'   3 ~ OO !/6 e DO
CMXl   1 »3! =-CMXI  I ~ 1 I
CMX'll 1 ~ 1!= CMXi  1 e2!
CMX 1 � ~ 1!~CMX I � ~ 1 !
C 1»X1 � »2} <CMXI �. ~ 4 !
CMX1  2»3!=CMXI� ~ 3!
CMX 1 � ~ 4 !~CMX 1   1» 2!

CMYI  1 ~ I! =-I ~ DO/AK  J!
CMY I   I ~ 2 }~DSQRT  3»DO!/6 ~ D0
CMYl  ! »3!= CMYI � ~ I l
CMYI   1 ~ 4} ~-CMYl   1 »2!
CMY1   2% 1 !=CMY1  1 ~ 1!
CMY 1 � ~ 2 !~CMY1 �» 4 l

C TH I SUBROUTI NE I 5 USED TC CALCULATE THE ELE WE NTAL MAT@I CES
C ~ ~ ~ CMXO ~ CMC 1 ~ CMX2 ~ CMYO ~ CM Y 1 »CMT2 ~

C
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CMYl � ~ 3} =CMY1 � e3 }
CMY1   2e 4!=CMY1  I ~ 2!

C----- ALPHA~2 ~ 004OSORT � ~ 00!
BETA=DSORT  3e DO!+ 1 ~ DO
BETH~DSORT  3 ~ 00! I ~ 00
C MX2 � ~ I } >-ALPHA/  H   I ! CO2 }
CMX2  1 ~ 2! =-BE TA/H  I !
CMX2  1 ~ 3!- CMX2{ I ~ 1!
CMX2   1 e4 ! =-BETH/H l I }
CMX2  2 e I ! >C MX2 { I e3!
CMX2  2e 2 !~ CMX2  1 ~ 4!
CMX2 l2 ~ 3 !=CMX2 � ~ 1 !
CMX2� ' 4}~-CMX2{ 1 e2 }

C----- CMY2 { I ~ 1 != � ALPI A/ l AK  J ! 442!
CMY2 � s2! =-BETA/PK { J !

CMY2  1 ~ 3! ~-CMY2  I s1!
CMY2  1 e 4 !~-BETH/AK t J !
C MY2 � ~ 1 ! >CMY2 � e3 }
CMY2  2 e2! ~-CMY2  I ~ 4!
CMY2   2e 3 !=CMY2  1 ~ 1 !
CMY2 � e4 ! =-CMY2  I ~ 2 !

RETURN

END

C TH I 8 SUBROUTL NE LS USEC TC F LMO THE VAI UE OF THE ENTR IES

C OBTA INED AT THE CORNER GF THE FIELD ~

C
SUBRQUTL NE CORNEA  hX ~ NY ~ I Al ~ I A2 ~ IA3 ~ OTAU ~ LM ~ LN ~ IORO }
IMPL IC I T REAL48  A H ~ 0 I!
INTEGER 42 LOC ~ LAP ~ LRR ~ ICL ~ IC
01MENS LQM C�2 ~ 22 ! ~ WORK�84!
DIMENSION AK{10} ~ H�0 } eSEG I�2 ! ~ SEGJ�2!
DIMENSION VN�2 ~ 22! ~ HN�2e22! eFHLN�2 ~ 22! eEMXN�2e22!
0 IMENS IQN EMZH �2 ~ 22 ! ~ EPSXN  22 ~ 22 } ~ EPSZNt $2e 22!
Q I NE NS I CN FFI �2 e22 ! ~ FF2 �2 e22 ! ~ FF3 �2e 22 ! ~ FF 4 t 22e 22 } ~

1 FFS�2 ~ 22! eFF6�2 ~ 22! eFFV�2e22!
Q I MENS ION 8 �84 } ~ 8 I   424 ! ~ AM  6724 !
C OW POH LGC �724 } s I AP �88 ! e IRR �84 '} ~ LCL �84 ! ~ I C  484 }
COMMON C ~ WORK s AK eH e SEG I ~ SEG J ~ VS TAR ~ BF ~ R eU 2ERO e ELZ E RO ~

1VN ~ HN ~ FHLN ~ EMXN ~ EMZN ~ EPSXN e EP SZHeFF 1 ~ FF2 eFF3 eFF4 eFFS eFF6 ~

1 FF7 ~ 1 e 81 ~ A!s

LM=O

L¹0
Al =SEGI   I A 1 !
A2=SEGJ  1!

AMSEGJ{ LA2!
C-----F I RST CORNER

DO 6 I L=l ~ 4
L M=LM+ 1
GQ TO � ~ 2 ~ 3e 4! ~ 11
I =1
J= 1
WORK LM ! � C  ls 1!

GO TO S
C-- � --SECOND CCRhER

2 I= 1
J=NY+1

WORK LF!~C I e I A2 }
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GO TO 5
C-- � � T H IR D CORNER

3 COHTthUE
LMl~  24  HX+} ! 2! 41A2+2
WORK   LM !=FV 1  A 1 ~ A 2rD TAU!
GO TQ 16

C-----FOURTH CORNER

CONT I NUK
LMl= �4 NX+I !-2! 4I!2+�4 NY+1! !
50RK  I II! =FV1   AI ~ P3 e CT AU !
GG TO 16
CONT INUE
L M} = � 4   I -1 ! ! 4 � 4   hIY + I ! !+2 4 J- 1
LN=LN+ }
IOR D= IOR D+ 1
I AP   IQRD!~LN
A II   L Ie ! = 1 ~ GO
LOC  LN ! =LM 1
CONT INUE
RETURN

SUBRQUT INE BQ UNDX  NX ~ NY ~ I A I ~ I A2 I A3 ~ DTAV ~  . II e LH ~ I GRC!
IMPL I C IT REAL+8 A-Iee O-Z !
I HTEGKR42 LOC ~ I AP ~ I R R ~ I CLe t C
DIMENSION C  22 ~ 22! ~ QORK�84!
D  MENS ION AK  }0! ~ H  }0! e SEGI   22! ~ SKG J  22!
D IMEHSI OhI VN�2e22 ! e HH�2 ~ 22! ~ F}eIN�2 ~ 22 t ~ EMXhi  22 ~ 22!
D I MENSI ON EMZH�2 ~ 22! ~ KPSXN�2e22 ! ~ EPSZht�2 r22 !
DIMENSION FF1�2 ~ 22! ~ FF2  22e22! eFF3�2 ~ 22! FF4�2 22! ~

1 FFS �2 e22 ! ~ FF6 �2 ~ 22! ~ 1 FT�2 ~ 22 !
0 I MENS I QN 8 �84! e81 �84! ~ AM�724 !
D IMENS ION CM X4  2 ~ 4! eCM!I I  2 ~ 4! eCMX2� ~ 4! ~ C II YO� e4! ~

1 CMY1 � ~ 4!i CMY2� ~ 4!
C OMMOIe LCC �724! ~ I PP �88 ! e IRR �84 ! ~ I CL �8 4 ! ~ IC �84 !
COMMON C ~ IIIQRK ~ AKeH ~ SEGI ~ SEG J ~ USTAR rBF ~ ReU ZERO eELZE RO ~

}VH ~ HN ~ FHIN EMXN EMZN ~ EPSXN ~ EPSZN ~ FF 1 ~ Ff 2 ~ FF3 FF4 FFS FF6 ~
1 FF 7 ~ B ~ Bl ~ AM ~ CMX 0  IIX} ~ CMX2 ~ CMYO CMY 1 ~ CMY2

DQ 3 NT=} ~ 2
GO TQ �e7! eNT

'------------ R I GHT

J=}
Jl= 1
II} =1

GO TQ 8
---- � ------LEF T~ t ~ ~ ~ 0 0 ~ 0 I ~ ~ ~

BAhKC ~ ~ ~ ~

6

C 4 ~ ~ 4 BANK
J=NY+1
Jl=NY
M I= I A2
CGNT Ill E
DO 3 I >} ~ hX
A3=SEG J M}!
A}=SKG I  24 I !
A2~SEGI�4 1+1 !

C � ---CALCU' ATE THE ELEIIEhTAL MATRIX FOR E} EMEHT   I ~ J !
CALL ELMAT N X ~ NY ~ lA l ~ IA2 ~ IA 3 ~ I ~ Jl !
DQ 1 JJ=} ~ 2

C Tl IS SUBRQUT INE I S USED TO FINO THK COEFF ~ NHEh APFLYthG
C THE BOUNDARY COND IT ION AT LEFT AND R IGHT BANK
C
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CORDzIORO+1
I AP   CORO !zLN+ 1
LMzLH+l
DO 4 K=1 «4
LM1=  K- 1! 41A2+241 J+44   l-l ! 4 {MY+I !

LNzLN+ 1
AM LN!zCMXO   J J ~ K!
LOC LN!=LM1

CONT KNuf
GQ TO  9«10! ~ JJ
WORK   L!«! zf V2 l 11 ~ P3 ~ PT AU !

GO TO 3
WORK{ LM !=FV2 A2« Aje OTAU!
CQHTK HUE
R'E TURN
END

10
3

C THK5 SUBROUTKhf KS USEC TG FINO THE COEFF ~ 08TAKNEP
C WHEN APPLYING THE C 0hPK Tl CNS UP AND OC WN ST% 8 AM ~

C

C---

DO 2 MT=1 e2
GO TO { 5 ~ 6! «NT

C ' ~ ~ i ~ ~ ~: ~ ~ i - � -UP STRE AM COND I TKON
CGhT KNUE
11=1
M 1= 1
GO TO 7

C 1 < ~ ~ i i i 1 ~ ----DCWM-STRE AM CQhPIT KGh
CONTI NUE
li NX
Hl z I Al
CONTINUE
AAl=SEGIl Ml!
PO 2 Jzl ~ hY
AA2=SEG J  2'h J!
AA3=SE GJ   24J+ 1 !
CALL ELMAT  NX t NV ~ IA 1 ~ KA2 ~ KA3« I 1 ~ J !
DO 2 JJzl ~ 2
IORDz CORD+ 1
I AP   I OR 0 !zLN+ 1
L H=LM+ 1
OO 3 K= 1 ~ 4

AlzCMYO  J J ~ K !
GG TG l8 «9 ! tNT

SUBROUT lh'E BPUNOY  hX ~ hY ~ I A 1« I A2 ~ IA3 ~ PTAU«LM LN ~ CORO!
IMPLICI T REAL4e8{ A H«0 Z!
lNTEGE R42 LOC ~ CAP ~ IRR ~ I Cl ~ 'I C

DIMENSION C�2 ~ 22 ! «WORKl 484!
DIMENSION AK l 1 0! ~ H  1 0! ~ SEG I �2 } «SEG J �2!
OKMENS!ON VN  22« 22! ~ HN�2«22! «FHI hl�2 ~ 22} «EMXN�2t22!
0 CMENS ION EM ZN {22 ~ 22 ! ~ EP SXM   22«22 ! ~ EPSZNl 2 2t 22 !
O I HENSL Ch Ff1 {22 «22 ! «FF2 {22 «22 ! of F3�2 ~ 22 } ~ FF4 {22«22! ~

1 FFS�2 ~ 22! «FF6�2 ~ 22! «FF7l22«22!

0 IMENS lON 8 { 484! ~ 8 1  484 ! ~ AM l 6724 !
Dl HENSI Ck CMXO � 4! ~ CMX1 � 4! ~ CMX2{2 ~ 4 ! ~ CMYO  2 ~ 4! ~

1 CMY I   2 ~ 4! ~ CMY2{ 2 ~ 4!
COMMON LOCI 6724! ~ IAPl 488! ~ IRR  484! ~ I CL  484! ~ KC�84!
COMMON C ~ WORK ~ AK ek«SEGI ~ SEGJ«USTAR ~ 8F ~ R ~ UZERO ~ ELZERO ~

1 VN ~ HN ~ FHIN f HXN«EMZhef PSXN«EPSZh«f Fl ~ FF2 ~ FF3 ~ FF4« FF5 ~ FF6 ~
1 f F7«Bt 8 1 ~ AM ~ CM XO ~ CMX I tCMX2 «CMY0 «CMVl ~ CMY2



87

LMI e'2 4   J- I !+K
IF K ~ GT ~ 1 !GO TO 10
GO TO {13 tiS! ~ JJ
WORK {t M! =C  1 ~ 24 J!
GO TO 10
WORK LM!e:C I ~ 24J el !

GO TG 10
CONTI NVE
LMI =  24NX+1 ! 4112+24  J- I!+K
IF K eGTr 1 !GO TC 10
GO TO   16 ~ 17} ~ J J
WORK  LM !=FV 1  AA 1 ~ AA 2e DTA V !

GO TO 10
WORK LM! =FVI AAI ~ AA3 ~ DTAV!
LN=LH+ l
AM  LN != 11
L OC   L N ! = L III 1

CONTINVE
CONT IHUE
RETVRh
END

13

17
10

CTHIS SUBROUT INE IS USED TO F INP THE COEFF ~ WH'EN
C AFPLYI hKi THE Pr Dr E ~ AT f NT f R IOR PO IhTS ~
C

C-
DO 1 J~I «hY
DO 1 I= 1 ~ NX
CALL ELMAT  NXt NY ~ IAlt IA2t IA3e It J !

: ' I CODE-CODE TQ DEFFERENT I ATE BETWEEN THE COEFF ~ 08TAINEP
FOR MATRIX AM OR  D!

ICODE~ 1---FOR   AM !
~2---FOR   6

~ ~ ~ 0
~ e ~

C ~ 0 ~
  ~ 4 ~ 4

ICODE~ I
DO 3 13= lt4
DO 3 J3~ 1 ~ 16

CC �3 ~ J3! =Oe DO
CALL SVBC { I ~ J ~ HX r NYt I A I ~ I A2 ~ I A3 ~ ICCDE tPTAL/!
ICOOE=2
DO 4 14=1 t4
AA  I 4 ! ~0tD0
DO 4 J4=1 ~ 16

CCl   14 ~ J4 !~0 ~ D0

SUBROUT INE A INTP  NXr NY ~ IA I ~ IA2 ~ IA3 ~ OTA VeLW eLN ~ IORP!
I MPLICIT rEALea A-V ~ O-Zl
INTEGER+2 LOC ~ I AP ~ IRR ~ ICL ~ IC
D  MENS ION C  22 ~ 22! WORK  484!
0 I ME kS ION AK �0 ! t H �0 ! ~ SEGI �2 ! ~ SEC'J   22! ~ AA  4 }
DlMENSION VN�2e22! eHN{22 e22! ~ FHIN�2 ~ 22! ~ EMXN{22 ~ 22 !

1 ~ EM ZN   22 ~ 22 ! ~ EPSXN  22 ~ 22! eEPSZN  22 ~ 22!
0 {MENS IOH FF1 �2 ~ 22 ! ~ FF2  22 ~ 22! ~ FF3  22 ~ 22! FF 4  22 ~ 22! ~

1 FF5 �2 t22 ! rFF6 { 22 ~ 22 ! eFF7 �2 ~ 22 !
D IMENSIOH 8  484! ~ 81  484! AM�724!
0  MENS ION CMXO �e 4 ! ~ CMX I  2» 4! eCMX2  2r 4! rCW YQ  2t4! ~

1 CMY 1 � e4 } ~ CMY2 � ~ 4 ! ~ CC {4e 16 ! ~ CCI � ~ 16 !
COMMON LOC  6724! e IAP { 488! ~ IRA �84! ~ ICl �84 ! ~ IC �84 !
COMMON C ~ WORK ~ AK ~ H» SEGI ~ SEGJ ~ USTAR ~ BF rR ~ '@ZERO tELZERO

1 ~ VN eHNrFH I N ~ EMXNe EMZN ~ EPSXNe EPSZNe
IFF 1 rFF2 tFF 3 rFF 4 tFF8tFF6tFF 7tB ~ 61 ~ AWr CMXO ~ CMX 1 ~ CMX2 eCMYO ~
1 CMY I ~ CMY 2e CC ~ CC 1
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CALL SUBC  I o J»NXehY ~ I AI ~ IA2 ~ I A3 ~ f CCCE ~ CTAU!
ICN=LM
DQ 2 KT=1 ~ 4
I QRO~ I CRD+1
IAP   IORD ! =LN+ 1
I H= !
LM=LM+1
DQ 2 If=!� «4

LM!~24  I I-!}4 NV+1}+24{ J 1!+44 NV+1� f-l !
QO 2 JJ<1 ~ 4
IH= I H+I

LMl =L M 1+ I
LN=LN+ 1
AM  LN !=CC tKT ~ fb !
LOC  LN} =LM!

AA KT! =AA  KT! +CC 1 t XT» IH! 48{LM1 !
CONT INUE

WORK   I Chtf ! =2 »00 4FF7 t 241 ~ 24J ! tbA{ 1 }
WORK  f CN+2! ~2 ~ 004FFT �4 I »24 J+l !+A A �!
WORK   ICN+3 ! 2 D04FF7  24f t ! ~ 24 J!+AAl 3!

WQRK t ICN+4 !e2 ~ 004FF7�41+i ~ 24Jt 1 !+AA{ 4!
CONTI NUE
RETURN

END
C

C TH I 3 SUBROUTI NE I $ USED TC PERFORM Of FFEREhT CPERAT I OhS
C ~ P f RFORM ING F IRST- TENSOR PRODUCT ~ EVALUATE EN TR IE $ ~
C

SUBRQUTf NE SUBC  I o J»NX ~ NY of Al ~ I A2 ~ I AB ~ I COTE» CTAU }
IMPi IC IT REAL%8  A-H ~ 0 I !
INTEGERi2 LOCe IAP» IRR ~ ICL ~ IC
DI MENSI Qh AKX {2 »4 } ~ 1K Y� »4 } ~ Af E � ~ 16 ! ~ CONST {4 !
D I MENS  QV C�2,22! ~ WORK�84!

0 I MENS IQN AK   �! ~ I.l 10 !o SEGI l 22!e SEGJ  22!
Dl MENSI Qh VN�2»22! ~ Hh�2 ~ 22 !e FHIN t22 ~ 22 } ~ EMXN�2e 22'}

I ~ EMIN  22 ~ 22! ~ EPSXN{22»22! ~ EPSZNl22 e22 !
D IMENS ION FF 1  22» 221 ~ FF2  22» 22! ~ FF3  22 ~ 22 ! »FF4�2 ~ 22!

1 ~ FFS �2 »22 ! ~ FF6 �2 ~ 22 } ~ FF7�2 ~ 22 }
0 IMENSION 8�84! »8 l {484! ~ AM{ 6724 }
DIM'ENS IQN CMXO� ~ I! ~ CMXll 2 4! eCMX2l2 ~ 4! CMYO{2»4! »CMYl {2 e4! ~

1 CMY2 {2 ~ 4 ! ~ CC� ~ ld ! ~ CC I {4 ~ 16 !
COMMON LOC   6724 } ~ IAP �88 } o I RR �84 ! ~ I CL �8 4 ! o I C �84 !
COMMON C ~ WORK ~ AK »H o SEGI ~ SEG J ~ US TAR »BF »R ~ U ZERO ~ ELIEGO»

1 VN» HN ~ FHIN ~ EMXN ~ EMZN» EPSXN o EP SIN»FF I ~ FF 2 ~ FF BoFF 4»FFSe FF 6 ~
lFF 7» B ~ 8 1 ~ A M ~ C M XO ~ CMX 1 o CMX2 ~ C MYO ~ CRY 1 ~ CMY 2 ~ CC ~ CC 1

OO 3 JJ=! ~ 6
GQ TO� ~ 5 ~ 6 ~ 'F ~ B»9! ~ JJ
CONST   I } FF f �4 I »2 i}i J } +FF3 �4 I e 24J }
CONST  2! =-FF 1 t 241 24 J+1!+FFB {24 I »24 J+l !
CONST l 3 !~-FF 1 t 241+ 1 ~ 24'J !+FF 3  241 t 1 ~ 2t J!
CONST�!=-FF1 �4ft! ~ 24Jtf!+FF3�0 It! 2tJtf }
GG TQ 2
CONST  I !~FF2{ 24{ ~ 24J!
CONST � !=FF2 �4' I ~ 24J tl !
CONST�}~FF2�0ftf »24'J}
CON S T t 4 ! =FF 2{ 24 I + l ~ 2+ J+ 1 !
GQ TQ 2
CONST !}~FF4�4f»2tiJ }
CONST  2! =FF 4  241 ~ 2' J+ 1!
CONST t 3!=FF4  241 t 1 ~ 24J!
CONST �!=FF4 {201 tl ~ 24J+I !
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GO TO 2
CONST  1 !~FFS�+I ~ 24J!
CONST � !=FFS �+I e24J+I !
CONST�} =FF5�4 I+1 e24 Jl
CONST   4! FFS  2f I+ I ~ 24 J+ I !

GO TD 2
CONST�! =FF6�4 e24J}
CONST  2 ! ~FF 6  2l I e 24' J+ 1 !
CONST  3 } FF6  24f t 1 ~ 24J }
C ONST � ! >FF6 �4' I t 1 e24 J+ 1 }
GO TQ 2
OO 10 M= 1 ~ 4
CONST <M!>2 ~ 00/CTAV
C QNTI NUE

9
10
2
C

DO 13 L1~1 ~ 2
DO 13 L2=1 el
GO TO   14 ~ 15 ~ 16 ~ 17e18 ~ 18! e JJ
AKX < L I ~ L2 !~CMX l  L l ~ L 2 !
A KY < L 1 e L2 ! <CMYO   L 1 eL2 !

GO TO 13
AKX L1 ~ L2!=CMX2<L l ~ L2}
AKY <L 1 ~ L2 }=CMYO  L I «L 2 !

GO TO 13
AKX L 1 ~ L2! <CM X1 LI eL2!
AKY  Ll eL2!~CMY2 L leL2!

GO TO 13
AKX L 1 ~ L2! =CMXO L 1 eL2!
AKY <L 1 eL2 !~CMY1  L leL2!

GQ TO 13
AKX LI ~ L2! =CMX0  Ll eL2 !
AK Y L I ~ L2! =CM YO  L 1 eLZ!
CONT II4J E
CALL TEHSPP AKX ~ AKY ~ AKE ICOOE CONST !
CALL AADD  NX ~ NY e I A 1 ~ I A2 ~ I A3 ~ I CODE ~ AKE ~ J J !
CONT INUE
RETURN

END

16

17

13

SUBROUTI HE TENSRP  AKX ~ AKY ~ AKEe ICQOE ~ CONST !
IMPL IC IT R EAL 48  A He O-Z !
INTEGER42 LOC ~ IAPe IRRe ICL ~ IC
OI } ENSI GH AKX � ~ 4 ! e AKY� e4 ! AKE � ~ 16 } ~ CONST � !
lM1=0
DO 1 I  ~le 2
DO 1 I !e=l 2
I MI =I M1+ 1

I~O
OO 1 Jl=le4
L=O
OO 1 K= le 4
IH- I H+ 1
1. =L+ 1
AKE  IM1 ~ IH!=AKX  I 1i Jl!CAKY IM ~ L!

8 ~0 ~
I I PLY BY A VECT CR CCHST

C ~ ~ ~ a

C MLL
~ ~ ~ 0

C THIS SUEROUT INE USED TO F INO THE TENSOR PRODUCT
C OF f 80 MATRI CES AND EUILC UP THE 4X16 ELEMENTAL
C MA TR ICES CC AND CC 1 ~

C
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DO 2 II= I«4
DO 2 J1= 1 ~ 16
AKE   I I ~ Ji ! =AKE   I I ~ JI ! @CONST  Il !
CONTINUE
RETURN
E ND

6 1

C
C THIS FUNCTION IS USED TO ASSIGN VALUES AT Cqmh-
C STREAM BOUNDAR Y ~

C
f UNCTION F Vl  Al ~ A2 ~ T!I}
IMPL I C IT REAL 48  A-Hs O � Z !

FV1 =0 ~ CO
RE TUR N

EHD

C THI 8 FUNCTI OH USED TC ASS I GN V ALUES
C X- LEFT AND RIGHT BAhK ~

C

IY BOUNDARY

FUNCTI Ch FV2   A1 s I2«TN !
I MPL I C I T REALWB  A~ 0-Z!

FV2~0 ADO
RETURN
END

C
C Tl. IS SUBROUT IHE f S USED TO MULTIPLV TWC MATRICE 5
C IND STORE THE RESULT EITHER IH CC QR CC I ~
C DEPENDING ON THE VALUE CF I CODE ~
C 4 4 4 4 4 4 ~ 4 ~ ~ ~ ~ ~ 0 4 ~ i ~ ~ t t 4 0 4 ~ 4 ~ ~ ~ 0 ~ ~ ~ ~ 4 I 4 ~ ~ ~ ~ ~ ~ ~ ~ 0 0 ~ ~~ t 92 0 0 t 92 4 ~ I ~ i i i 0 4 ~ ~ ~ 0 ~ 0 J t 0 t ~ ~ I 4 4 ~ ~ S I 0 0 4 5 ~ S ~ ~ 0 ~ ~ ~ 4 i ~

SUBROUT INE I ADD   hX ~ NY e IA 1 ~ I l2« I I3« I COCEe AKE e J J !
I MPLI CI T REAL48  I-H « 6-Z!

INTEGER 42 LOC ~ I AP ~ I RR ~ I CL o I C
D I MENS IOH AKE �« 16 !
OI MENS I Oh C�2 «22 ! ~ IIQRK �84 !
DIMENSION AK  IO! ~ H   10! s SEGI �2! ~ SEG J�2!
0 IMEHS IOH VH�2« 22! ~ HN  22« 22! ~ FHIH�2«22! eEMXH�2 ~ 22!
0 I MENS f Oh EMZN�2 «22 ! s EPSXH�2 ~ 22 ! ~ EPSZH  22e 22 !
DIMENSION FF I �2«22! «FF2�2 ~ 22! «FF3�2«22 ! ef F4 �2 ~ 22!

1 ~ FF5  22 ~ 22! ~ FF6  22« 22! «FF T�2 ~ 22}
0 I MEhS ION 8�84 ! ~ EI �84 ! e AM�724 !
DIMEHSIOH CMXD� «4! ~ CMXI � «4! «CMX2 � ~ 4 ! «CVYD� ~ 4 ! ~ CMY 1�« 4 !e

l CMV2� ~ 4! ~ CC� ~ 16! «CC I� ~ 18!
COMMON LOC�724! ~ IAP�88 ! e IRR�81! ~ ICL �84! ~ IC�84!
COMNON C ~ 1ORK ~ IK H «SEGI ~ SEG J«USTAR ~ 8F R U ZERO ~ ELZERO

1VN ~ HH ~ FH IN« EM XN« EMZH «EPSXN «EPSZiht ~ FF 1 ~ FF2 «FF3 ~ FF4 ~ FF5 ~ f F6«
IF F7 ~ Bs E 1 ~ IM CMXD ~ CMX 1 CM X2«CMYD CMY 1 ~ CMY2 «CC CC I

C
DO 1 I 1=1 ~ 4
DO 1 J 1= le 16
GO TO �«3! e ICOOE

3 CCI  I 1 ~ Jl ! =CCl   Il ~ Jl !+AKE ll ~ Jl !

GO TO 1
4 COhlT INU C

IF  JJ ~ GT ~ 5! GO TC 6
CC  I 1 e Jl ! =CC  I I e Jl ! AXE  I l ~ Jl !
GO TO 1
CC  fl ~ Jl !=CC  fl ~ Jl !+AKE  I I ~ Jl !
COHTf NUE
RETURN
END
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C THiS FUNCTION IS USED TO FIND THE VALUE
C OF LAMOAL AS A FUNCT ICh 0F X ~ Y AND TK ME

C
FVNCT l0N ALAML  A1 o A2 ~ TAUo 6 Z ~ UZR eF6 !
I MPLI CI T REAL48  A H ~ 0 Z }

ALAM 1=F6
RETURN
CND

C THIS FUNCT IGN IS USED TO F IND THE VALUE OF
C E ABC AZ 15 1 FUNCT ION OF X e Y ANG T I ME

C FUNCTION ALAM2 ALsA2» TAUoELZoLZReCOsF7!
IMPL I C IT REAL 48  A-Ho 0-Z !
A LAM2 ~F7

RE TURN
END
SV BROUT INf GELLM  N ~ MAX ~ KERR ~ ITE MP RTEMP !

I NPt I CI T REAL48  l Ho0-Z}
INTEGER%2 LQC ~ IAP s IRR ~ ICL ~ IC ~ I TEMP
0 IME NS ION C�2 22 ! ~ WORK   481 ! ~ AK t ! 0! H  LO! o SEGI   22! sSEG Jt 22! ~

I I Tf MP   JU! ~ RTE MP   KUI } ~ I f RR }

RE TURN
ENO
SU BROWST INE GAUSPV  No MAXs Y ~ Kl ~ KUo JUeU ~ KERR !
I MPLI CI T REAL48 t A-H ~ O-Z!
INTEGE R+Z JA ~ I A ~ IRR ~ ICL ~ KC
KNTEGE R42 KP ~ IUs JU
DIME!oSI OH C�2 e22 } sWORK �84 }e AK  LO ! ~ Ht LO }eSEGK�2!sSE GJ  ZZ } ~

1A W  � 22 22! ~ B�84! BL�84! ~ AM�724! ~ Y L ! IP L !s KU i ! ~
LJU� ! ~ U  I !

COHNON JA�724 ! ~ I A �88 } ~ IRR �84 ! ~ KCL   484 } ~ IC  484 !
COMMON C s WORK ~ AK sH ~ SEGI ~ Sf G JeUSTAR ~ BFs Re UZE ROs EL ZERO ~

LAW ~ Bo BL ~ AM
IF N ~ EQs 0 ! GO TG 100 1
ONE=1. DO
Zf RO=O ~ DO
00 10 J=1 ~ N
BL   J!=ZERC
IU� !=1
JUPTR=O
00 170 K< I ~ N
IP N+L}~is+I
KKV~IRR  K!
JM IN= IA KK V !
JMAX=IA KKV+I ! � I
IF  JMIh ~ GT ~ JMAX }G0 T0 1002
J= JMA X
JIJ-JA J!
JVV~IC JAJ!
Bi  JVV!=AM  J!

10

20

IA W�4 22 e22! ~ B�84 } EL �84 }e AM{6724 } ~ ITEMP{ 16418! ~ RTEMP  16CQO!
COMMON LGC t 6724! ~ I AP   488! ~ I RR { 4 Si ! ~ I CL �84 ! ~ I C {484 !
COMMON C ~ WORK ~ AK ~ H SEGI SEGJ ~ VSTAR BF oR ~ LZERO ~ ELZERO ~ AW o

18 eBL ~ AW
I V= I

IUL IY+N
I P~1
I U2 = I P+ N+ I
JU= I U2+N+ 1
C ALL GAUSPV   N ~ MAX ~ RTEMP I I Y ! ~ I TEMP t IP ! ~ I Tf MP   I 'i'2 ! ~
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60
70

SO

oo
100

110

120

130

140

ISa

I IK=N+I
IK~ I IK
I I K~! P L K!
LF   I LK-JVV! 30e 1003 ~ 40
IP  JVV !& I LK
I P  I K! K JVY
J=J 1

fF J eGE ~ JMIH!GO TO 20
I Vl=bk+I
YK~ IIQRK  KKV!
lV I~ fP  LVI !
IF  IV I eGE ~ K !GQ TO 110
ALKI~-81 IVI!
81  LVL !=ZERO
Y K> YK+ Al K I 4Y { f V I !

ILK=IVI
JMIH= I U  i VI !
JMAXa LLJ  LV 1+1 ! 1
IF   JMIN ~ GT ~ JMAX !GQ TO 50

QQ 100 Jw JMI H ~ JNAX

JVJ~ JV  J !
JYY~ I C  JU J !
IF  81   JVV! ~ HE ~ ZERC ! GO TO 90
IF  JYV-I I K! 60 ~ 90 ~ 70
LIK= LV I
IKif IK

I 1K~I P  IK!
IF  I tK-JVV�0e90e80
I P  JVV !e I!K
IP IK! >JVV
I IK= JVV
81  JVV !>81  JVV!+ALKI 4U  J!
CONT I NUiE
GQ TO SO
IF  IV I ~ GT eH !GQ TQ l 004
X PV MAXe-CIES  81   IV I ! !
HAXC~LVI
HZCHT= a
LPV= fV I
I VR> I PV
I PV~L P L PV!

IF  IP VeGT ~ H! GO TC 130
HZCH T=NZCHT+ 1
Xr VaOAeS el   IPV! !

IF  XPV ~ LE ~ XPVMAX! GC TQ 120
XP VM AX~ XP V
MAX C~ IPY
MAXCL=I VR

GO TQ 120
lF  XPVMAX eEO ~ ZERO ! GQ TQ 1004
IF LV I ~ EO ~ K ! GQ TQ L40
LF I VI .EC. MAXC!GC TG 140
IP  MA XCL ! ~ IP   MA XC !
GD TQ 180
I VI =L P I VI !
CUH T1 HUE
OK=ONE/81 MAXC !

Bl  MAXC!=BI  K !
I=I CL K!
LCL  K ! = I CL  MA XC!
LCL  MAXC!= I
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160

180
190

200

1001

1 002

1003

1 004

1005

10

ICK~ECL K!
IC  ECK!~K
IC  I!iMAXC
Hl  K!=ZERO
V K! =YKCOK
IV K+ 1!=IU K!+NZCHT
IF { IU  K+ l ! ~ GT ~ MAX41 ! GO TO I 005
IF {I VI GT~ 4! GO TC 170
J~1 VI
JUPTR= JUP TR+ I
JU   JUPTR!~ ICL   J l
V  JUPTR! el   J!eO«
8 1  J ! =IERO
J=EP J !
IF{ J «LEa N l GO TO 160

CONTI hVE
K=N

OO 200 I= 1 ~ N
YK<Y K!
JMIN=I U  K l
JMAX= IUI K t l !- 1
IF { JMIN +AT~ JMAX !GO TO 190
OO I 80 J JMI N ~ JMAX
JUJ=JU  J !
JUJ= IC JU J !
YK>YK U  J�Y  JU J!

CON T I NUE
Y K !~YK
I CK= I CL  K !
BI   ECK! «YX
K=K- 1

CONT ENUE
ICRR=EU hi+1 l-EU{1 !

RE TURN
I ERR= 0

RETURN
IF RR=-K

RETURN
 ERR~- N+K !

r ETVRN
I ERR~- �4 h+K!

RETURN
I ERR~ -   34N+K !
RETURN
E HD
SUBROUTE NE PREORD   h!
IMPl EC IT REAL 4II  A-H ~ O-Z !
INT BGER42 LOCo I Ai ERRe ICL ~ EC
COMYGbl LCC�724! ~ Ii�88! t IRR�84 ! ICL�81 ! ~ IC�84 }
OO 1 I= 1

ERR  I !~ I
ECL I !=I
EC  I !~I
OO 5 I= le N
ECL   I !MO
OO 10 K=1 oH
KOEG= I A K+ 1!- IA K !
IF  KDFG ~ EQ ~ 0 !KOEG~KOEG+ I
I C   Kl ~t CL  KDEG!
ICL KOEG!=K
CONT INUE
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20

40

//GQ ~ 5TSIN DD

I=O

DO 30 J~l tN

IF  ICL J! oEO ~ 0�0 fO 30
K~ I CL   J !
I iI+ I

IRR  I ! ~K
K= IC K !
IF  K eGT ~ 0 ! 60 YQ 20
CONTI NUE
DO 40 I~ l ~ H
ICL r !=I
IC�! =I
CONTI HUE
RETURN
END




