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SUMMARY

A model is developed for salt intrusion in partially mixed estuaries
that speci fies the vert ical and hori zontal distribution of salinity and
volume transport in response to run-off and mixing assumptions. An esti-
mate is made of the dispersion of a pollutant by the calculated velocity
distribution in the intrusion region. The model is accessible to further
refinement for use in specific estuaries.

The salt flux through any cross section is shown to be composed of
a freshwater component, a dispersive mode resulting from density-induced
flow, a dispersive mode of tidal mixing, and a diffusive mode resulting
from turbulent mixing. The diffusive mode arises from the correlation of
random turbulent fluctuations, while the dispersive modes arise from
cross sectional averaging of deterministic variables.

The coupled salt and momentum equations in a vorticity-stream func-
tion formulation are solved on a numerical grid that resolves one meter
in the vertical and six kilometers in the horizontal. The maj or dynamic
simplification is specification of the channel as narrow. For the cases
studied, it was assumed further that the density-induced flow predomi-
nated over tidal mixing as an intrusion mechanism. The maj or intent is
to calculate directly the differential advection of salt from the vertical
profiles of the horizontal currents, avoiding the necessity of parameter-
izing the advective circulation with a horizontal dispersion coefficient.
The time step restriction of the small vertical grid interval was removed
by treating all points in a vertical column implicitly. The system was
solved by a Gaussian elimination technique.



Thirteen examples were run to assess the effects of river discharge,

wind, and various assumptions of vertical turbulent mixing. The charac-

teristic estuary dimensions and parameters are from the Hudson River. A

constant depth of 14 meters and a constant width of 1040 meters were used

throughout, although the formulation can accomodate horizontal variations

in these dimensions. Four cases were run with constant values of the

vertical eddy viscosity, A, and diffusivity, K , assuming a run-off of

212.4 m /sec. With A = Kz = 4 cm2/sec, the 0. 1%. isohaline was located

138 kilometers from the seaward boundary where fixed values of salinity

were maintained. The distance for 10 cm2/sec values was 72 km and the

distance for 25 cm2/sec was 60 km. The vertical variation of the salt

profiles decreased with increasing eddy diffusivity. When K = 4 cm2/secz

and A = 8 cm /sec, the intrusion length was 96 km, indicating that the

dynamic balance is important in determining intrusion length.

Variable coefficients were also investigated. The coefficients

consisted of an adiabatic mixing coefficient with a maximum, KM, that

decreased toward the bottom and surface, modified by a separate

Richardson number dependence for the eddy viscosity and the eddy diffu-

sivity. It was assumed that the generation of turbulence is not related

to the tidal mean flow so that the Richardson number is a function of

stability only. In an example in which the depth but not the stability

dependence was used, velocity magnitudes within the intrusion region

were considerably different from those of the constant coefficient

cases, indicating that replacing depth variable coefficients by virtual

constant coefficients will not produce similar results.

The use of stability dependence makes a qualitative improvement over

1.L



constant coefficient cases hy tending to form a stronger halocline near

mid-depth. Results for different values of KM, considered proportional

to the intensity of tidally generated turbulence, suggest that for large

adiabatic values, KM = 20 cm2/sec, the eddy diffusivities remain large,

while for lower values, KM = 10 cm2/sec, the stability factors reduce the

in situ value of the eddy coefficients to the values of 2 to 5 cm2/sec

which are observed in partially mixed estuaries with less intense tidal

mixing. With KM = 10 cm2/sec, a change in run-off from 99 m~/sec to

424 m>/sec produced a displacement in the limit of salt intrusion of

25 km. The results of the model suggest that the horizontal distribution

of salinity in the Hudson River, under summer run-off conditions, is

associated with high values of KM in agreement with the strong tidal

currents of the Hudson.

The dispersion of a slug load and continuously released pollutant

was calculated using the velocities and eddy diffusivities derived by the

intrusion model for summer conditions. The circulation spreads the pollu-

tant initially, then the pollutants recirculate seaward in the surface

layer and return landward in the botto~ layer, The apparent one dimen-

sional hori zontal dispersion coefficient estimated from the pollutant

distribution in the model after seve~ days was 36 x 10 cm2/sec. This

corresponds to a value estimated from a dye release in the Hudson River

under similar conditions of 7 to 22 x 10 cm /sec.
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I. INTRODUCTION

"The estuary - septic tank of the megalopolis"

P. De Falco in Estuaries

Estuaries are zones of transition from an oceanic to a freshwater

environment. In this region saline ocean water adjusts to fresh river

water over oceanographically short horizontal distances on the scale of

200 kilometers or less. The mechanism of salt intrusion can be separated

into a diffusion-like effect due to lateral and vertical shear of tidal

currents, or more simply "tidal mixing", and a convective mode due to

density effects.

In the lower reaches of most coastal plain estuaries of the East

Coast of the United States, tidal mixing predominates because of the

effects of wide shallow embayments and strong tidal currents, The large

horizontal extent of these lower reaches allows lateral shear of the tidal

current to develop, which, when averaged over a tidal cycle, may result in

a net landward current in one region of the estuary which is balanced by a

net seaward flow elsewhere. If the average salinity is higher in the land-

ward flow, a net flux of salt into the estuary is produced.

Estuaries typically become narrow and deep farther upstream, reducing

the cross-channel variation of the tidal currents. Tidal energy in this

region may be insufficient to maintain vertical homogeneity and density

effects may, accordingly, become more important. This transition repre-

sents the change from a well mixed estuary circulation to a partially mixed

system. In the partially mixed region, seawater, being denser than the

water of the river, flows into the estuary as a bottom layer, displacing

the lighter less saline water. As the salt intrudes, it gradually mixes



u = u +
T � . I!

The concept of turbulent fluctuations implies that, for apparently

similar external conditions, values for turbulent velocities u' are

distributed according to a probability density function. It is thus

necessary to define an averaging rule  E! such that when a velocity signal

is averaged by this rule, the random fluctuations are filtered from the

signal, leaving only the deterministic parts. Therefore,  E! should have

the following property:

upward, modifying the overlying seaward flowing surface layer. The con-

vective circulation derived from this density flow is known as the gravi-

tational circulation. Clearly, in some parts of an estuary, both salt

intrusion mechanisms, tidal mixing and gravitational circulation, are

acting simultaneously.

Freshwater outflow continually tends to flush salt out of the estuary

to counteract the landward flux of salt from the diffusive and convective

modes. An equilibrium distribution of salt is established when the net

salt flux through all cross sections is zero. The limit of salt intrusion

and the vertical variation of salt in the estuary are functions of the

amount of fresh water influx, oceanic salinity, intensity of tidal action,

wind stress, intensity of locally generated turbulence, and variations of

width and bathymetry.

To provide a quantitative definition of these salt fluxes, the

instantaneous horizontal velocity, u , is separated into a random turbulent

component, u' , a tidal component, uT , and a non-tidal mean velocity,

uM, such that



so that

 u!E � uM + uT �. 3!

  !, and the mean over several tidal cycles as   !. The long term

equilibrium flux through a given cross section is given by:

M M M M+"T 7+ UT I.SM+ 5$! +~U's'! = 0E �.4!

where ui, s>, L!', sT are deviations from their respective crossM' M' 1 ' T

sectional means, ug, sM, u, s

Equation  l. 2! is satisfied exactly if  E! is taken as an average across

an ensemble; that is, if' one considered a large number of possible reali-

zations of the flow field, u , the average value of all the realizations

is the most probable value of u and is defined by �.3!. One could

alternatively consider  E! to be a space or time average such that the

averaging interval is large enough so that �.2! is satisfied, but is

much shorter than the length and time scales defined by the tidal period,

T. The probability density function of u' may be considered to be a

slowly varying function, however, so that an averaging interval to

with T > >t , can be found so that �.2! is satisfied approximately for

most naturally occurring conditions.

Decompose the salinity field, s , in a similar manner as the

velocity field and define a cross-channel cross sectional average as



Defining flow into the estuary as positive, the first term on the

right side is always negative and is the contribution of the net outflow

of fresh water, uM being the cross sectional average of the tidally

averaged flow. In the second term, gravitational circulation results in

a positive deviation of the non-tidal flow, uM', near the bottom of the

channel, and a negative uM near the surface. This vertical variation of

the horizontal flow, when coupled with an increase of salinity with depth,

contributes a net positive flux. The third term is the correlation of

the cross sectional means of the tidal components, u and sT . Within

the salinity intrusion portion of estuaries with predominantly progressive

wave tides, uT and sT are nearly out of phase, so that this term may

not contribute significantly to the salt balance. The fourth term is the

dispersion effect from vertical and lateral variation of the tidal current

and provides the major salt intrusion mechanism in well mixed regions.

The last term is the time and cross sectional average of the purely turbu-

lent contribution to the salt flux. It is considered to be insignificant

compared to the second and fourth terms.

A. Dis ersion versus Diffusion

Turbulent diffusion as defined in this paper refers to the fluxes,

<u'w'>E , <u's'>E , <v's'>< , <w's'>E , etc., that result from the smooth-

ing of the equations of motion and salt conservation sufficient to make

all variables deterministic. These turbulent fluxes must be parameterized

as functions of the remaining deterministic variables.

The notion of dispersion, on the other hand, results when a further

averaging of the equations is carried out over space and time scales that

suppress details of the interaction among the deterministic variables as



they vary within the averaging interval.

The original reference on a dispersion mechanism is Taylor's classic

model for pipe flow  Taylor, 1954!. Oceanographic applications have been

considered by Bowden �965!, Okubo �967!, and Kullenberg �972! . Taylor

reasoned as follows: A vertical shear of a horizontal current near a

boundary will advect differentially contaminants or hydrodynamic tracers.

This advection spreads the tracer in the horizontal direction and weak

vertical turbulent diffusion mixes the tracer in the vertical, producing

an effective horizontal dispersion of the tracer much larger than the

cross sectionally averaged horizontal turbulent diffusion. Vertically

integrated models must parameterize this dispersion effect as well as

that of turbulent diffusion. Taylor shows that horizontal dispersion

is inversely proportional to the intensity of turbulent mixing. The

results of Taylor and others suggests that if the detail with which the

velocity field can be specified is increased, the necessity of specify-

ing parameters that contain the effects of many physical processes

involved in dispersion is reduced.

The last tens in Equation �.4! , Yuus' E , represents the diffusive

flux, while the second and fourth terms are dispersion terms arising from

cross sectional averaging, lt is seen that the mean freshwater velocity,

uM, is the only remaining deterministic horizontal velocity in a cross

sectional and tidally averaged model. There is thus a trade-off between

simplifying a model by depth and width averaging and the added necessity

of parameterizing many physical processes involved in dispersion in terms

of the few remaining variables.



B. The Basis of the Pro osed Model and Review of Previous Work

In the present work a model of the effect of the gravitational circu-

lation on salt intrusion in partially mixed estuaries is presented. The

basic premise is that the extent of intrusion is best modelled by direct

computation of the vertical variation of the horizontal velocities induced

by the gravitational circulation. In this manner, the upstream flux of

salt is computed directly, avoiding the necessity of parameterizing the

effect of the gravitational circulation with a dispersion coefficient.

The motion and salinity fields are strongly coupled because the magnitudes

and vertical variation of the mean horizontal velocities influence the

upstream flux of salt through the effect of vertical shear, and the

salinity gradient determines horizontal accelerations.

In a recent paper, Fisher, Ditmars, and Ippen �972! proposed a

model to determine the longitudinal and vertical distributions of veloci-

ties and salinities in estuaries, They decouple the system by first

establishing the horizontal variation of salinity with a one-dimensional

salt equation, and then substitute this variation into the two-dimensional

equations to find the vertical profile of mean horizontal velocities.

Their approach necessitates an eddy dispersion coefficient in the one-

dimensional model that already includes the effects of gravitational

circulation on the upstream salt flux; thus, they have not solved the

full two-dimensional problem. Their overall approach, however, has laid

the groundwork for further developments of more sophisticated models of

actual estuaries.

The classical papers on gravitational circulation were written by

Rattray and Hansen �962!, Hansen �967! and Hansen and Rattray �965! .



In the first paper the horizontal salinity variation is specified, formu-

lating essentially the same type of model as proposed by Fisher et al. In

the other two papers, a horizontal eddy diffusion term is defined, but not

interpreted, which probably can be thought of as parameterization of the

tidal dispersion terms in Equation �.4!. One method of solution is a

series expansion in terms of the inverse of a mixing parameter proportional

to their horizontal eddy coefficient. This has the effect of decoupling

the system to the extent that the horizontal salinity gradient is deter-

mined solely by the tidal components of the salt flux without the gravita-

tional component. A similarity solution is also found for the central

regions of an estuary under several restrictive conditions. A solution,

however, is obtained for the ratio of the gravitational component of the

salt flux to the total upstream salt flux . While their work is the only

definitive work on the problem, their methods of solution leave little

room for refinement of their model to include detailed variations in

specific estuaries; indeed that was not their purpose.

The following model, developed with the aid of numerical techniques,

is a first step in the development of an estuarine circulation model which

includes explicitly the physics of the gravitational circulation, and

which can estimate the extent of salt intrusion. It is accessible to

further refinement and specialization for use in specific estuaries. By

specifying the vertical variation of the mean horizontal velocity through-

out the estuary, the dispersion of a pollutant resulting from the vertical

shear associated with the gravitational circulation can be calculated

directly.



I I. MATHEMATICAL FORMULATION

A. Governin E uations

Quantitative derivation is based upon conservation principles for

water, salt and momentum, A right hand coordinate system is utilized with

z positive upward and x positive into the estuary, and with the origin

at mean sea level at an arbitrary seaward limit of the estuary as shown

in Figure I. The center of the channel or "Thalweg" is specified by

y = 0. A Boussinesq hypothesis is used which specifies that variations

of density are dynamically important only in determining the vertical

pressure gradient. The major dynamic simplification is that the channel

is specified as narrow; this restricts the cross channel velocity and

renders Coriolis accelerations of secondary importance. The governing

equations, which have been averaged over the ensemble so that all

variables are deterministic, are

Bu auV auW - I Bp a   u u ! a  u V ! a Cu w !� + � + � +~- fv E 'E 'Eat aX ay dZ PO dX ax Wz

� I!

Bv Buv Bv + Byw+ fu= - I BP B a B

�. 2!

= - g  a + <P!BP
�->!



Figure 1. Specification of coordinate system



Bu Bv Bw+ � + � = 0
Bx By Bz

{2. 4!

r 'r
Bs Bus Bvs Bws B , , B , , B

The operators,   ! and   ! , imply ensemble average.

The x, y, z components of velocity are u, v, w respectively. The

salinity is specified as s and 6p is the deviation from the reference

density po. All prime quantities are turbulent fluctuations. The

acceleration of gravity is g, P is pressure and f is the Coriolis para-

meter.

With the assumption that the dependence of density on temperature

can be neglected compared to the density differences resulting from the

extreme variations of salinity encountered in estuaries, an approximate

equation of state is given by

dp=B s-s!

with

8 =� Bp
Bs �. e!

u = ub + ub', etc
{2.7!

with

b bl u dy
b x, z! �.8!

10

where s is a reference salinity and f3 is an expansio~ coefficient.
0

Since cross-channel variations are considered of secondary importance

for gravitational circulation, the equations are averaged over width. The

variables are separated into their width average and deviation as follows:



where u' is the deviation of horizontal velocity from its width average,
b

ub, defined by �.8!. Variables, bl, b2, are the coordinates of the

banks, and b is the width.

Cross-channel integration gives

b b b b

0

rb x sec 92! b x sec 91!

P P

�, 9!

P  b ! P  b !
- 3 b   v'w'! !

b p

�.11!b bu ! 3 bw !
0

bsb a a 3 bus! + �  bws! =- � Ib u' s'+  u's'! ! ]a t ax b b 3z b b Bx L b b

�.12!

11

Twhere the salt flux through the sides is taken as zero, bix is the stress

of the bank and 9i is the angle between normal to the bank and the y-axis.

The y equation �.10! represents a balance between the cross-channel pres-

sure gradient, friction, and the Coriolis term.

These equations are averaged over several tidal periods to analyze

the transtidal flow.



The width averaged flow is separated into its tidal average and

deviation as follows

�.13!ub = u + UT etc.

with the tidal mean defined by
nT/2

U ub dt
-nT/2

�.14!

The integrated equations become:

 rb �!T s c 02!  Tb JT sec&i!
l bU W + b  u 'w ' +  u'w'! ! 	 +

TT b b EbTi p
0 0

�.lS!

3bu 3bwY-+ = Q �.16!

3 -- 3

3x
� bs + � bu s + � bw s = � ~ bU S + b  u 's ' +  u's'! ! !

3z 3x L TT b b EbTJ

- � l b W S + b  w 's ' +  w's'! ! ! jI

3zI TT b b EbT �.l7!

where all barred quantities, such as 0 , are width and time averages.

The terms on the right side of the equals sign, such as

  bU+ + b   u 's ' + u's'! ! !

l2

� bu + � bu + � buw = - � � � � [ bU + b u 'u�' + u'u'! ! ! ]3 3 2 3 b3P 3
3t 3x 3z p 3x 3x L0

EbT



With the use of the hydrostatic assumption, the pressure term becomes

apap a Bq I Bbp
ax = ax o ax ~ ax+p g � g

z

�. 18!

where Pa is atmospheric pressure and q is tidal mean elevation of the

free surface. The second term represents the slope contribution to the

pressure field, due in part to the fresh water head which drives the

river downstream. The final term represents the baroclinic component

resulting from the salinity distribution.

B. Sim lification of the General E uations

Simplification is based upon the characteristics of the particular

estuary to be simulated. For application to narrow partially mixed regions

of estuaries such as the Hudson River above New York Harbor, the following

assumptions are made.

l. Tides in the salinity intrusion region are primarily progressive,

implying that

 UTWT! T � 0
2. Since the depth to width ratio is 1:25 and since the side stress

terms are weighted by the reciprocal of the width when compared

to other terms, side stress will be ignored.

13

are interpreted as follows: The first term is the correlation over a tidal

cycle of the width averaged velocity and width averaged salinity.

The second term is the tidal average of the lateral dispersion effect aris-

ing from width averaging . The last term is the width and tidal average of

the turbulent horizontal salt flux.



The t.idal stress terms,

    u 'u '! ! and �     ub'wb'!b'x�
are considered small compared to the turbulent stress

      u'w'! ! !
EbT

It will be assumed that bottom friction dissipates fluid

accelerations locally. This allows the field terms to be

dropped from the momentum equation This assumption appears

justified based upon data from the James River  Pritchard, 1956! .

C. Since UT and 5T are essentially out of phase, take

6. iforizontal turbulent salt flux makes a negligible contribution.

The set of equations now reduce to

n

bu - bg � - ~ ~ dz - �  bU ! + ~ bA � "~ � I9!
o z

3hu 3bw~+ � ~ 0 �. 20'I

P  s - s !
� 2l!

ci 3 g,, Q  bus + � bws = - �   hiu s i ! +3t 3x 3 3x ' ' b b'b T &zan z 3z 

14

where turbulent stress and turbulent salt flux have been parameterized

by an eddy viscosity, A , and an eddy diffusivity, Kz, respectively.
For development purposes, a restrictive assumption will assume that

the convective mode of salt intrusion predominates in the partially mixed



region. Under this assumption, the narrownes~ ~f the channel minimizes

the dispersion effect pf tidal shears pn the sa~t

�. 23!b- 3V
3z '

bw = O' F

Ox

By taking a z-derivative of the momentum aguation �.2I!, using

b/b z!, UTIUT z!, and using the equation of stat:e, derive a vorticity

eQuation

0

�. 24!

where the vorticity is defined by

�. 2S!
3bu 3 'P
3z 3zz

The salt equation becomes

b � b = �  by,
3t 3x

= � � 
�. 26!

IS

term on the right side pf Equation �.22! thez «

tides are interpreted as simply displacing thc-

and downstream within the estuary. Bowden and Gilligan �971! have demon-

strated recently, ln a region of the Mersey Estuax'7 which is similar zn

many respects to the partially mixed region of the Hudson River, that the

convective mode accounts for more than 7S! of the upstream transfer of

salt. A discussion of the relaxation o f this assumption is given in the

conclusion.

C. Final Formulation

Two-dimensionality of the continuity equation �.20! allows

definition of a transport stream function



D. Boundar Conditions

The surface boundary conditions are assumed to apply at z = 0. Wind

stress at the surface is given by

p EbT EbT
�. 27!

Flux of water across this boundary is equivalent to the tributary inflow

per unit length, R, from tributaries and free run-off

�.28!av
Wx R z=0

At the bottom no slip and no flow through the bottom are specified,

z = � h x!

�, 29!
z=- h x!

The conditions on salt specify no loss of salt through either the

surface or bottom boundary

�. 30!

< <   ' ''! E!b!T = o �.31!z =-h x!

16

The formulation using vorticity and stream function eliminates the

specification of the barotropic component of the pressure field. This

condition is replaced by the necessity of specifying the net river flow

through all cross-channel cross sections by the difference in the values

of the stream function between the surface and bottom boundaries.

A tidally averaged vertical salinity profile is specified at the sea-

ward boundary and fresh water is assumed at the upstream boundary. The

model must have a large enough horizontal extent so that salinity reaches



zero well before the upstream boundary; this is to insure that the

upstream boundary does not force the solution in the region of interest.

E. Turbulent Processes

Estuarine studies are plagued by the importance of turbulent processes.

Geophysical turbulent processes in stratified fluids have been and still

are not well understood. Parameterization of expected values of turbulent

fluxes as functions of deterministic variables is understood even less.

Stratified fluids in particular are subject to possible turbulence induced

by breaking of internal waves. Estimates of turbulent processes are not

only necessary to determine vertical dif'fusion of salt, but also to

determine the transfer of vorticity into the fluid from the no slip

boundary.

Both previously mentioned gravitational circulation models assumed

constant eddy coefficients. This had the effect of underestimating the

velocities near the bottom  Hansen and Rattray, 1965, see figure 2! .

Since the velocity profile plays a critical role in advecting salt into

the estuary, the vertical variation of turbulent processes will be

shown to affect the limit of salt intrusion. These models were concerned

primarily with matching vertical variations and were either incapable of

estimating the effect of vertical eddy coefficients on horizontal

salinity profiles or did not explore this aspect,

Turbulence parameterizations fall into three general categories.

1. Turbulent-viscosity concept: The stress term, r = -P u'w'

is replaced by A ~>, where the eddy viscosity is a property of the
az

local state of turbulence and is to be further parameterized as either

17
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Solutions for constant eddy coefficient
ca sea. Upper f igur e p lot s non-d imens ional
velocity vs. depth and lower figure plots
non-dimensional salinity vs. depth as
function of an estuary analogue of the
Rayleigh number. Dots are James River
data.  After Hansen and Rattray, 1965! .



directly for the stress
DT
Dt

with the problem closed at higher order.

The state of the art in geophysical problems is to use the turbu-

lent viscosity hypothesis, but special care should be taken near bounda-

BG / Bz ~ 0 ~ries and where

Eddy diffusivities, as well as eddy viscosities, can be considered

dimensionally as the product of a characteristic velocity scale and a

characteristic length scale

K - u*k
�. 32!

Kent and Pritchard �959! tested Prandtl's mixing hypothesis for

balancing salt flux in the James River by using

�, 33!

with ~ a constant and ~ a mixing length. The velocity scale was related

to the vertical gradient of mean velocity. For neutral stability

 adiabatic mixing! the mixing length, k , was taken as that for flow

between parallel plates

�. 34!

where H is the depth of the fluid, and < is von Karman's constant.
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a fixed function of space, algebraically dependent on deterministic vari-

ables, or determined from its own differential equation of transport.

2. Stress transport model: where the stress is proportional to the

turbulent energy, t ~ k,with k = u'2 + v' + w' . A differential trans-

port equation is written for k.

3. Differential stress model: A differential equation is written



This length was reduced for stratified conditions by parameterizing the

mixing length further with a Richardson number dependence. Two of the

dependences used were

 I + uR,! �.35!

and

 I +yR! �.36!

where W and Y are unknown proportionality factors and Ri is the local

Richardson number

Bp

Ri

�. 37!

neglecting wind effects, becomes

Ua z2 y z

K

H
where Ua is the average speed of

 I + pRi!

the current.

�. 38!
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Agreement between observed mixing lengths calculated from extensive

James River data and both theoretical models, �.35! and �.36!, suggests

that Kent and Pritchard's approach is reasonable. Improvement was obtained

when the adiabatic mixing lengths above mid-depth were increased. Kent

and Pritchard suggest that the improvement is due to inclusion of the

effects of surface waves, but the cause may also be related to having a

free slip condition on the upper surface rather than a rigid plate

assumed in �.34! .

Pritchard �960! reasoned that the velocity scale in �.32! should

be related more correctly to the average speed of the entire current,

including both the mean and tidal components. With the length scale

taken to be the mixing length, R, his vertical eddy coefficient,



Since tidal velocities are an order of magnitude larger than the

mean flow, most of the turbulent energy is derived from the tidal flow;

thus the velocity in the Richardson number expression associated with

turbulent energy production should be related more correctly to the

average speed of the current rather than to the mean velocity.

Bp
po 3z

�.39!

A = Ao � + 10 R i!

K = A � + 3.33 R !

where Ao is the mixing coefficient for adiabatic conditions. This

variation is plotted in Figure 3.

�. 40!

The following conclusions can now be stated.

1. Variable coefficients are necessary and should not be replaced

by virtual constant coefficients.

2, These coefficients should be functions of depth but their exact

algebraic form is uncertain especially near the surface.

21

The eddy diffusivity, K , and eddy viscosity, A, are theoreticallyz

equal only under non-stratified conditions. Bowden �967! and more

recently Bowden and Gilligan �971!, discuss the ratio Kz:A observed in

the Mersey Estuary over a range of Richardson number as defined by �. 39! .

Bowden makes the interesting point that this curve is very close to that

derived by Munk and Anderson �948! in connection with a theory of the

thermocline. They proposed the following empirical relations
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3. Turbulent energy is predominantly derived from the tidal flow;

thus the tidally averaged Richardson numbers are functions of stability

but are not primarily related to the mean velocity profiles, Bu/ 3 z .

4. Allowance should be made for the separate variations of eddy

diffusivity and viscosity as functions of Richardson number.

Observed and theoretically assumed values for eddy coefficients for

tidally averaged flow in partially mixed estuaries are presented in

Table l.

Since many different assumptions about mixing effects can be plausibly

made because of the lack of knowledge of the dependence of the eddy coeffi-

cients upon depth, tidal velocities and stability, no definitive formula-

tion is possible. The above conclusions, however, suggest the important

types of variations that should be included.

For non-constant coefficient cases, the model will use an assumed

vertical variation of the eddy coefficients for neutral conditions as

graphed in Figure 4. The coefficient for the adiabatic condition is

labeled KM z!, with a maximum, KM. The values on the surface and bottom,

J = I, J = B, are special since they are related to transfer processes

across the boundaries of the fluid, as opposed to redistribution within

the fluid.

Dependence on stratification is based upon the formulation of the

Richardson number given by �.39! and upon Munk and Anderson's equations

�.40! and �.41!. The denominator of the Richardson number �.39! was

estimated following Pritchard �960!

.7 Uam

� . 42'!

23



Table I. Assumed and observed values for vertical
eddy coefficients of previous investigators.
Values correspond to tidally averaged flow.

INVESTIGATORS

,16

1.6-5

Hansen and Rattray �972! 5 Baltimore Harbor0.5

Calculated from data

Pritchard �960!

6.5

Minimum 1.0

Bowden {1965!

32

Minimum

17-28

Minimum 1-3

24

Rattray and Hansen �962!

Fisher et al. �972!

Maximum value in vertical profile

Maximum value in vertical profile

Bowden and Sharaf El Din �966!

Maximum value in vertical profile

KZ A LOCATION

 cm /sec!  cm2/sec!

4 James River

.22 Flume

4.5-12 James River

James River

James River

Mersey Estuary

Mersey Estuary

29 Mersey Estuary

8.5 Mersey Estuary
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Figure 4. Assumed vertical variation of eddy
coef ficients for neutral conditions.



where Uam is the maximum speed at mid-depth. A value of I m/sec was

assumed for Uam throughout the length of the model. At all interior

points 2 cm2/sec is added to all values to provide an absolute minimum

value for the coefficients. In summary, it was assumed that the

adiabatic eddy coefficients are modified by stability as follows:

�. 43!

« = 2 + «M z! tl + «s]$2 �.44!

"If the time-step were 3 hours, then 32 individuals could just
compute two points so as to keep pace with the weather"

L. F. Richardson, 1921

The coupled salt and momentum equations are solved numerically on

a staggered grid as shown in Figure 5. Stream function and vorticity

points intersect the top and bottom boundaries with the value of the

stream function prescribed on both boundaries, the vorticity on the

26

where hs is the difference in the value of salinity at adjacent grid

points one meter apart, and K< and A are given in units of cm2/sec.

In the event that unstable stratification should develop during the

computations, complete vertical mixing of the unstable water is assumed.

This is accomplished by setting the eddy coefficients above the unstable

layer at an effective infinity 0�06! for one iteration when an unstable

situation develops. This procedure is similar to the method used by

Bryan �969! .

III. METHOD OF SOLUTION
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Figure 5. Specification of numerical grid.
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free surface prescribed from the wind stress

�.1!

and vorticity on the lower boundary estimated by

 hz!

in a manner similar to Bryan �963!.

The salinity points are offset from the stream function and vorticity

points in such a manner that salt points lie in the center of an array of

four stream function points. These four points form a cell or box, and

volume transport across any surface of the box is estimated by differencing

adjacent stream function points.

The coupled salt and vorticity equations have the form of time depen-

dent advection-diffusion equations similar to the set used in Benard cell

problems. A general approach to solving the Benard problem numerically

has been central differencing of time derivatives used in conjunction with

a Jacobian of the type suggested by Arakawa �966! that maintains certain

integral constraints on the flow, such as conservation of scalar

quantities. For the diffusion terms in the equations, several researchers

have chosen the numerically stable DuFort-Frankel operator. However, it

has recently been shown  Overland, 1973! that this diffusion operator is

not necessarily conservative of scalar variables.

An alternative descretization which does not require a prohibi-

tively small time step is the following implicit scheme that requires

simultaneous solution for all points in a vertical column. The scheme

28



chosen is attributed to Laasonen �949!. The advection terms have the

standard leapfrog formulation.

St+1 St-1 2bt ' JSt + 2bt
ij ij b- ij  bz! >

�-3!

e �t+1 t+1 t+1 t+1
KZijiq Sij � KZij Q Sij + KZij Q S

where the Jacobian, JS is defined byt
l. f

t 1
JS ij 2bxbz g i-1 j-1 i-1jp   i-lj ijpfS .+S

"ij-! "jj!  Sij + Si+1 j! �  "ij "1-1 j!  Sij + Sij+1!

 +y -y. 3 s. +s, xiJ -1 i-1 3-lg   i J -1 i]!
� 4!

ln a like manner the vorticity equation is

 t+!  t-! b 1!t ! $ st st !  st st !]
ij ij i b x i+lj+I i+lj ij+1 ij

�. 5!

2bt p t+1 t+I t+1 t+1 7
~ Z!z! L ij+1 ~ijz  ij   j "jj ~ij + "ij-1 ~ij-12

29

The form of the advection term, JS , conserves S and S2 when summa-
rj

tion is made over all interior grid points. The staggered grid insured

no contribution to S or S2 arising from either the surface or bottom

boundaries.



The equations for a given vertical column, i, can be written in

matrix form as follows

t+1 t S t-1
il

S
il

Bl Cl

Si2S

= 2ht

bi
�. e!

�.7!A- =- 2«KZ..�3  < !g ij-5

�.8!8 - 1 + 2 t jKZi!@ + Kzijq] j g yNj {~~! F

�. 9!B 1 ~ 2ht KZ
 g ! z i j+g

�.10!
= 1+ � � KZ

N  ~ !p ij-g

�.11!Zdt

j  ~ 
 KZ

or in vector notation

�.12!r a t t+l 2gt gSt + St-1
I J 1

I

A similar matrix was formed for vorticity.
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2using > > ~ . This is accomplished by solving the vector
az2

equation
[M] V~ g �. 13!

where 8 = 2 and A. and C = -l.
j

4. Determine the new bottom boundary conditions on g from

equation �.2! and specify the new wind stress, runoff and

eddy coefficients.

S. Go to l.

A forward time step was substituted every 20 iterations to control

the weak divergence of the numerical solutions at adjacent time levels

that is inherent in central time differencing.

Inspection of the salt balance equation �.3! reveals no smoothing

of the salinity field in the x-direction. This is due to the hypothesis

that the major salt balance is between horizontal advection and vertical

diffusion and advection, The lack of smoothing permits the growth of

spurious computational modes to go unchecked and could allow anomolously

large gradients to develop that could destroy the numerical computations.

In the estuary, horizontal diffusion and dispersion processes control

31

The tri-diagonal nature of the matrix allows solution of this system

directly by a Gaussian elimination scheme given in Richtmyer and Morton

�967!,

The general sequence of operations for one time step is as follows:

1. Solve the salinity equation with time step ~ t ~

2. Solve the vorticity equation with time step ~ t.

3. Solve for the stream function from the vorticity field



extreme gradients, even though they play a small part in the total

salt balance. These effects could be included by the addition of a

horizontal dispersion term parameterized by a horizontal eddy coeffi-

cient. However, this term would add dispersive salt flux and the

intra-tidal dispersion effects may bear little relation to tidal mean

variables. It was decided that these effects could be represented

more realistically by a conservative smoothing-desmoothing operator

applied in the x-direction after each iteration  Haltner, 1971, p. 270! .

The operator has the form:

�.14!

This operator can be considered a low pass filter which removes two

gird length oscilations, considered as noise in the numerical solution,

but does not amplify wavelengths larger than 2 ~ x.

IV. RESULTS

A series of cases were investigated to determine the flexibility

of the model and to determine its sensitivity to various assumptions

regarding turbulent mixing. It is difficult to determine what com-

prises a typical estuary because detailed geometry, tidal velocities

and stratification vary considerably, but the gross features of many par-

tially mixed regions tend to have similar characteristics. The restric-

tions of the present model on horizontal tidal mixing, however, limit
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discussion to relatively narrow stretches, excluding Chesapeake Bay and

similar estuaries with wide gently sloping cross sections.

The data used for the model configuration are generalized from the

Hudson River upstream from the lower tip of Manhattan Island. A

constant depth of 14 meters, a constant width of 1040 m, and a constant
3

run-off value of 212.4 m /sec �500 cubic feet/sec  cfs!! were assumed.

This value for run-off is representative of an intermediate discharge

rate. An observed vertical salinity profile was maintained at the

mouth end.

A vertical resolution of one meter was picked for the value of DZ,

giving 14 layers in the vertical. A horizontal grid length of 6 kilo-

meters was assigned. Although 6 km would be too large a distance to

resolve bathymetry adequately in a variable depth model, it was felt

that computer resources would be utilized best by running more cases on

a coarse mesh. The model nominally has twenty-six segments in the hori-

zontal, which correspond to a distance of about 150 km form the Battery

at the lower tip of Manhattan to Poughkeepsie. In one case, the model

was extended to fifty segments when the salt intruded past the twentieth

segment. The numerical time step was twenty minutes.

Thirteen cases were examined. Their assumptions are listed in

Table II. The various parameters can be interpreted in the following

manner: The salinity gradient and wind stress generate vorticity,

accelerating the flow. These vorticity tendencies are countered by

vorticity generation required by no slip on the bottom boundary. The

vertical eddy viscosity, A, provides a measure of the rate with which
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boundary generated vorticity diffuses into the fluid. The intrusion of

the density layer is countered by the net seaward flow of the river

run-off. The salt balance is maintained by the vertical diffusion and

advection of salt. The vertical diffusion is a function of the eddy
diffusivity, K .

z

The first four cases test four different assumptions for vertical

mixing with constant coefficients. These cases were run from the initial
condition of no salt in the system to steady state values.

Case I  Figure 6! portrays the salinity, transport stream function,
and horizontal velocities using a value for both eddy diffusivity and
eddy viscosity coefficients of 4 cm /sec. The salinity field is given2

in parts per thousand and is contoured at 1, 5, l0, 15, and 20 ppt.
The transport stream function is plotted in units of cm /sec times3

-8
10 . Contour lines are for values of -1, 2, 5, 8. The dashed line

represents the transition from the freshwater contribution to the sea-

water contribution to the total volume flux . The volume transport

between adjacent grid points is obtained by dividing the stream function

difference by the grid length. The laterally averaged horizontal velocity
component is given in units of cm/sec; negative values represent sea-

ward flow and positive values are landward flow. Isotachs are given
at plus and minus 5, 10, 15, and 20 cm/sec.

The salinity increases with depth and decreases landward, and the

horizontal velocity field shows a strong reversal with depth and abso-
lute velocities of the right order of magnitude when compared to direct
measurement in the James River and other estuaries.  To my knowledge, no

data are available as to the vertical variation of the tidal mean flow for
the Hudson
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River.! Note that the velocities associated with the gravitational cir-

culation are much larger than those for the freshwater region at the

extreme right of the figure. Vertical components of the transport stream

function are indicative of vextical velocities. Vertical transport is

necessary for conservation of volume flux, and it also furnishes an upwell-

ing component to the salt balance. The reduction in velocities at .the

extreme seaward end is a result of smoothing the first interior salt

point while maintaining the salinity values on the seaward boundary as

fixed. The reduction of the gravitational circulation velocities at

the seaward end is interpreted as being necessary for the transition

to a vertically mixed circulation system beyond the seaward limit of

the model, where density effects are diminished.

For small values of the eddy coefficients, salt intruded well into

the model. This run may be contrasted with Case II shown in Figure 7

in which the assumption of strong stratification effects from large

Richardson number was made. Unequal but constant values of K

4 cm /sec and A = 8 cm /sec were used to specify the different values2 2

of eddy diffusivity and eddy viscosity in stratified conditions. This

case corresponds to the type of eddy coefficient dependences used both

by Rattray and Hansen �962! and Fischer et al �.972! . It is seen

that, for equivalent run-off conditions, increasing the rate that boundary

generated vorticity diffuses into the interior has a considerable effect

upon the limit of intrusion.

In Case III  Figure 8! and Case IV  Figure 9!, equal coefficients f' or

viscosity and diffusivity again are assumed implying low Richardson number
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flow with values of K = 10 cm /sec and K = 25 cm /sec, respectively.2 2

z z

In the latter case, vertical homogeneity is approached, and it is seen

that substantial gravitational circulation can be maintained with a

6S top-to-bottom salinity difference.

Case V is shown in Figure 10. Variable eddy coefficients

were used, but only the depth dependence as portrayed in Figure 4 was
2considered. A value of KM = 10 cm /sec was selected. In Figure ll

vertical means of the salinity values versus horizontal distance is

plotted for Cases I through V. In addition, a salinity plot for Septem-

ber 10, 1962 and October 1, 1963 from Hudson River data  Gieses and Barr,

1967! is included. Salinity distributions were identical for both years.

A relatively constant run-off value of 141 m /sec  S000 cfs! was observed

at a location well above the salt intrusion region for the three months

that preceded the sampling in both cases . This value is slightly lower

than the value used in the model and can be considered a typical value

for low run-off conditions for the Hudson River Basi~ in late summer.

At least for the Hudson River, coefficients equal to 4 cm /sec2

overestimate the salt intrusion. Doubling the vertical eddy viscosity

coefficient  Case II! is seen to have a significant effect in reducing

the length of intrusion. By consideration of the vorticity equation,

it is seen that a larger value for the eddy viscosity is capable of

supporting a steeper salinity gradient   BS/B~ ! . This effect is again

2noticed in contrasting Case III  constant coefficients of 10 cm /sec! with

Case V  KM = 10 cm /sec, but decreasing near the bottom! .2
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The remaining runs incorporate the full stability dependence of the

eddy coefficients. New values for the coefficients at each grid point

were computed each iteration after the new salinity field was determined.

For these cases the steady state solution for coefficients decreasing with

depth, but independent of stability  Case V! was used for initial values.

Cases VI, VII, VIII  Figures 12 to 14! show the full model under con-
3

stant run-off as before �12 m /sec, 7S00 cfs!, with three values for the
2maximum value of the eddy coefficients, KM = 10, 15, 20 cm /sec. Compar-

ison of Case VI with Case V, both with a value of KM = 10 cm /sec, shows2

that the effect of stability significantly reduces the value of the co-

efficients and the intrusion length increases dramatically. The full

model makes a qualitative improvement over the constant coefficient cases

by tending to form a stronger halocline near mid-depth. Figure 15 shows

plots of the vertical mean salinity versus horizontal distance for these

three cases.

The value for KM is seen to have a strong influence on intrusion.

A plausible explanation is the nonlinear feedback of stability upon

the eddy diffusivity. Increasing the vertical salinity gradient reduces

the value of the mixing coefficient, K , which further inhibits verticalz'

mixing. This is demonstrated by two extreme cases. For KM = 10 cm /sec2

but allowing K ~ 0 instead of K ~ 2 for R- ~ ~ , the nonlinear coupling
z z 1

produced intense vertical salinity gradients near mid-depth that completely

shut off all vertical mixing. This can be contrasted with Case VIII which

has a high coefficient for adiabatic mixing  KM ~ 20 cm /Sec! . Here, the2

mixing is intense, so that weak vertical salinity gradients are maintained
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by the vertical mixing coefficients. The magnitude of KM seems to Iie in

2
a range of 10 to 25 cm /sec and should be related to the local intensity

of turbulent mixing. The range of observed coefficients  Table I! results

from the lower KM values being reduced significantly by salinity strati-

fication, while the high KM values are less affected. Thus, strong tidal

straights such as the Hudson River and the Mersey River should have

2values for KM of 15 to 20 cm /sec or higher, while less intense regions,

2
such as the James River, have values of about KM = 10 cm /sec, which become

strongly reduced by stratification effects.

Figures 16 and 17 show profiles for high �24 m5/sec. 15,000 cfs! and

low  99 m /sec, 3500 cfs! values of run-off  Cases IX and X! with KM =

10 cm /sec. The mean horizontal salinity profiles are plotted in Figure

18 together with that for run-off equaling 212 m5/sec  Case VI! . While

there are considerable displacements of the salinity field for the three

cases, the results suggest that one must -make reasonable assumptions about

mixing to determine the exact location of the limit of intrusion.

Two cases were also run with a run-off value of 141 m /sec �000 cfs!.3

One assumed a KM equal to 15 cm /sec  Case XI, Figure 19! and in the other2

KM equaled 20 cm /sec  Case XII, Figure 20!. Vertical mean salinity as
2

a function of horizontal distance are shown in Figure 21 along with the

measurements of Giese mnd Barr �967!.

It has been noted that the salinity field may move upstream under

the action of southwest winds  Giese and Barr, 1967! . In addition, Hansen

and Rattray's model �965! shows a strong dependence on wind effects.
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Case XIII applied a constant wind stress of O.l dyne/cm to the sur-2

face in the upstream direction. The result is shown in Figure 22 and
should be compared to calm conditions  Case VI, Figure 12!. Note the

positive velocity values near the surface beyond the limit of salt
intrusion.

The response of the model displaced the salt field slightly in the
seaward direction. This result points to a sensitivity in the model

formulation when stress is applied along a boundary. Inspection of
the surface boundary condition suggests one cause. The velocity shear
at the surface is equal to T/A and is thus strongly dependent on the
value of the eddy viscosity at the surface. That these coefficients are
themselves functions of wind speed is illustrated by the work of Neumann
�952! and Schmidt �917!. Although calculated for open water conditions,
the following table  assuming density = I gm/cm ! from Schmidt demonstrates3

this dependence.

WIND SPEED m/sec I 3 5 7 10 15 20
A cm sec  I! 28 110 220 430 1000 1720

Thus, the assumed value of the surface eddy coefficient used both in
Case XIII and in Hansen and Rattray �965! appear to be too small and
prevents the wind stress from influencing the deeper layers.

Another cause is the restriction imposed by the stream function

formulation that requires specification of net transport between the sur-
face and bottom boundaries. This condition requires that if the surface
waters are driven upstream by the wind, the seaward transports in the

lower layers must increase to maintain the vertically integrated

56
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transport at a constant value. These higher transports in the lower layer

are then more effective in opposing the salt influx, resulting in the

slight seaward displacemnt of the salt field. While the seaward dis-

placement may be physically realizable in some situations, the contrary

evidence from the Hudson River indicated that there is a complex rela-

tionship between wind stress, river flow and vertical mixing that was not

encompassed in the present model formulation.

V. EXAMPLES OF POLLUTANT LOADING

The spread of pollutants in an estuary is an exceedingly important

problem and gives impetus to projects to improve the knowledge of estuary

circulation.

The same type of separation into several dispersive modes obtained

for salinity in Section I  Equation 1.4! may also be made by substituting

any contaminant, C, in place of salinity, S. However, for the same geo-

graphic reaches, the various dispersion components for a contaminant may

be of entirely different magnitudes than those for salt because each term

is strongly dependent upon the cross sectional variation of the scalar

in question. For example, at the initial release of a pollutant on one

bank, the cross-channel gradient is sufficiently large so that the tidal

dispersion term dominates. After a certain amount of time, however, the

pollutant may approach lateral homogeneity and the convective circulation
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component increases, Salinity is a special case because it is coupled

with the motion field through density effects that minimize cross-channel

variations and prohibit density inversions . Thus, it is not necessarily

valid to infer dispersion characteristics for pollutants from salinity

distributions, at least in partially mixed regions, or to assess the

dispersion of salt assuming that is is a passive contaminant.

Two pollutant examples were run with the mean velocities obtained

from the model: a point loading of a conservative contaminant and a

continuous loading of a parameter able to diffuse across the free surface.

Since the contaminants are considered passive, they do not interact with

the motion field. The spread of the contaminants was calculated from the

velocity and vertical mixing fields produced by the salt intrusion model

 Case XI, Figure 19! which corresponds to late summer conditions in the

Hudson River. The contaminant equation is a simple modification of the

salt balance equation �.12!.

Figures 23 and 24 show the distribution for a slug loading of a

conservative tracer for the initial condition, I, 2, 7, 14 tidal cycles,

and one month after the initial condition.

Figure 25 plots the mass in each section as a function of time. The

initial condition is assumed to exist some time after original release so

that the tracer is distributed uniformly across the channel and within

the 6 kilometer segment and has a total relative mass of 1000. The seaward

end is considered a sink so that any tracer reaching this point is removed

by the tidal mixing of the lower harbor. After initial release, the effects
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of the vertical shear are evident. There are high concentrations up-

stream of the release point near the bottom and downstream of the release

point near the surface, As time progresses, the higher concentrations in

the lower layers upstream of the release point diffuse toward the surface

and are carried seaward in the surface layer. The tracer in the surface

layer downstream from the release point diffuses toward the bottom and is

carried back into the estuary. The net result is a large initial disper-

sion of the tracer, but within a few days a nearly closed circulation

develops. This point is further emphasized by a plot of the total mass

in the system versus time in Figure 26. Complete flushing requires

several months and indicates that contaminants remain in the system for

a long enough duration that their natural decay rates become important

parameters.

It is instructive to compare this theoretical dye dump with actual

dumps conducted by Hohman and Parke �967! at eight locations in the

Hudson River in August 1965. Run-off conditions were similar to those

specified for the model run. Rhodamine B dye was dumped into the

propeller wake of a boat traversing the river from bank to bank and the

concentrations were monitored for 6 to 9 days. Above the salt intrusion

region, the peak concentration of the dye patches were advected down-

stream about 16 km over 14 tidal cycles. The freshwater velocity of

the model would predict a displacement of the order of 13 km. However,

within the salt intrusion region, the dye concentration peak was stationary.

Comparison with the model results shows that this feature is predicted
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even for periods of a month or longer. Obsess'Ve~g tidal excursions above

and below the limit of salt intrusion were both oh o f the order of 11 to

14 km. Both the results of the dye study and <he results of the model

indicate that the peak concentration is not: advected down tected downstream at the

mean freshwater velocity in partially mixed regions as would be assumed

with a one-dimensional simulation.

To calculate the apparent dispersion caused bY the gravitational

circulation, consider a contaminant equation a< th«»lo" "g

3c azc
Wt = DL ~ax

�.1!

where D is a horizontal dispersion coefficient.. This equation has the
L

solution:

mC exp   - " !
V 47Dpt 4DI t

�. 2!

~here m is the total mass of dye dumped per unit cross section.

The dispersion coefficient can be calculated from the time depend-

ence of the peak concentration,

2
D

c z4mt
P

 S. 3!

where c is the maximum concentration at time
p L

model as a function of time is shown in the Following

.56 1.11 1.67 2.2Z, 2.78 3 33 7 78 15 56 30TIME DAYS

65

DLxl0  cm /sec! 93.6 72.0 61.2 54.0 5p.4 46.8 36.0 32.4 29.4-5 2



The decrease of DL with time indicates the effect of recirculation.

The D< value of 36.0 x 10 cm /sec after 14 tidal cycles corresponds to5 2

Hohman and Parke's values of 7.5 to 22.0 x 10 cm /sec. Agreement is5 2

close considering the use of a constant depth model and the errors in-

herent in dye studies. Values of the apparent dispersion coefficient are

also reasonable compared to other estuaries as Bowden �967! reports

values of 16.1 x 10 cm /sec and 36.0 x 10 cm /sec for the Mersey Estuary.2 5 2

The model corroborates the views of Eisenbud and Howells �969! that

the Hudson behaves as a brackish lake:

"Effluents and nutrients discharged into this brackish
lake will, as in a true lake, be recirculated during a dry
summer between water, sediments, and biota until irreversi-
ble eutrophication conditions are reached. Only the high
spri.ng flows provide a flushing volume of water necessary
to prevent a continued accumulation of pollutants and
eventual eutrophication."

The results for a continuous vertical line source of contaminant

are shown in Figure 27 for .56, 3.3, and 9 days after the initial

insertion of the loading. This example was run with the assumption

that peak concentration of the contaminant in the river is continuously

monitored so that the discharge rate is adjusted to maintain a pre-

selected li~it for the maximum allowable concentration. This was

accomplished by reinitializing the concentration at the release point

after each iteration. The contaminant was considered conservative and

can diffuse across the free surface. The surface layer is able to diffuse

heat and matter across the surface interface with an assumed turbulent

diffusion coefficient of K = 3 cm /sec, The gradient at the surface was2
z

estimated by differencing the concentrations a half meter above and below
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the surface. The atmosphere is considered to be a sink with the relative

concentration maintained at zero.

This example can be considered a loading of any anomalous value

inserted into background conditions. It could represent the maintenance

of a thermal plume which is 2 C warmer than the ambient water and air

temperature, or an oxygen deficiency which is being replenished only by

surface reaeration. It is assumed that salinity controls density so

that no buoyancy effects are considered in the thermal discharge.

Steady state conditions developed after eight days. The results indicate

that the gravitational circulation acts to disperse the anomaly in the

immediate vicinity of discharge, where it is acted upon by surface

exchange. The sink for the anomaly is surface exchange rather than

flushing of the system.

V I . CONCLUSION

A fourteen layer model for the circulation in partially mixed

estuaries has been developed that is capable of assessing the response

of horizontal and vertical variations of the salinity field to changes

in run-off and turbulent mixing. The ability to perform a direct

calcul.ation of the dispersion of a pollutant due to vertical shear of

the gravitational circulation has also been demonstrated. The model can

now be applied to specific estuaries with the following procedure.
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1. Reduce the horizontal grid spacing and include depth and width

dependence. As the reduction in cross sectional area in the upstream

direction reduces the volume per unit upstream horizontal distance, the

total amount of salt that is necessary to maintain a certain concentra-

tion is decreased. This may explain why the Hudson River salinity data

tapers off more gradually at the upstream face than predicted by the

model.

2. A set of salinity observations including both vertical and

upstream profile for late summer are necessary to tune the model.

3. Either through better understanding of the relation of turbu-

lent energy to tidal currents or by fitting vertical salinity profiles,

a value for KM should be determined for each horizontal segment.

4. Since tidal mixing contributes to the horizontal dispersion,

the horizontal salinity profiles using KM from above may not match those

observed. Increased tidal mixing is then estimated by making the hori-

zontal smoothing operator �.I4! diffusive in order to match the

observed horizontal profiles.

While this investigation did not finely tune the model to the Hudson

River, and while some of the horizontal dispersion of the Hudson is of

tidal origin, the conclusion that the gravitational circulation recycles

imposed loads demonstrates the necessity of care when planning large fresh

water diversions of the Hudson River or heavy pollutant loading during the

summer.
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Circulation modeling of broad, shallow, well mixed estuaries where

vertical integration can be justified  see Leendertse, 1970, for example!

is reasonably well established. This report has demonstrated the feasi-

bility of resolving the important vertical variations in narrow partially

mixed estuaries in the framework of a numerical model. However, several

specific applications of the model are necessary to determine its suita-

bility for practical problems in pollution modeling.

In more general siuations, the three-dimensional tidal velocities

are necessary to compute dispersion. Circulation models of these estuaries

will require both large computer capability and an improvement of the

theoretical understanding of vertical profiles of tidal currents.
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