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Abstract

Quantitative characterization of the wave field nearshore is critical for coastal
applications. The spatial inhomogeneity of the coastal wave field poses chal-
lenges to conventional Fourier analysis. To address this issue, we propose a
data-driven analysis framework based on the adaptive two-dimensional Hilbert—
Huang transform, the accuracy of which is first demonstrated using synthetic
wave data. We then conduct wave-phase-resolved simulations based on a high-
order spectral method, where the initial wave conditions are constructed for sea
states with various wave field properties and the bathymetry profile varies con-
tinuously from deep water to shallow water. The impact of varying bathymetry
is observed on the raw data obtained from the simulation and the large-scale
components obtained from the empirical mode decomposition of the raw data.
We also calculate the Hilbert spectrum and identify the features of coastal wave
processes including refraction, shoaling and breaking. We propose three integral
quantities to characterize the spatially-variant wave field, including the direction
angle, the characteristic wavenumber, and the wave energy. Further discussions
on the limitations of the conventional Fourier analysis and the Hilbert—Huang
transform are also provided.
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1. Introduction

Coastal waves are an essential component of the nearshore environment
and has a broad range of interactions with human activities [I]. Compared
with waves in the open ocean, coastal waves are shaped by the bathymetry
in their properties including the amplitude, the propagation direction, and the
wavenumber, which are key input parameters in swash flow simulation [2], rip
current prediction [3], wave energy converter power calculation [4], and the mod-
els in air-sea interactions [5]. The process of acquiring the local wave properties
from observed wave data, i.e. wave characterization, is a critical component of
the retrieval algorithm in remote sensing, where Fourier analysis has tradition-
ally been used to separate wave motions of different length scales. However,
the wave field in coastal region is spatially inhomogeneous due to various phys-
ical processes, such as wave shoaling, refraction, and depth-induced breaking.
When a physical process, such as wave—current interaction, results in spatial in-
homogeneity for short waves, the Fourier transform can be applied to a moving
domain for addressing the inhomogeneity and extracting the wave properties.
For the wave-bathymetry interaction, however, because its primary impact leads
to the spatial variations in long waves, the Fourier transform on a moving do-
main is less applicable. Consequently, there is a need to develop a data analysis
tool capable of addressing the spatial inhomogeneity for the characterization of
coastal waves.

Spatial wave data can be obtained from measurement using remote sens-
ing and from numerical simulation using phase-resolved algorithms. Compared
with wave buoys that directly record the wave surface elevation and velocity,
typical remote sensing techniques using marine radars measure the electromag-
netic signals reflected by the ocean surface, and thus the measured raw signal
is a complex function of the kinematic quantities [6]. For numerical approaches
based on the Navier—Stokes equations, while the wave kinematic data can be
readily obtained, it is challenging to simultaneously achieve a kilometer-scale

domain size and a meter-scale resolution as in a typical marine radar dataset
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because of the high computational cost. To date, direct numerical simulations
are limited to mechanistic study and model development using relatively simple
wave settings such as monochromatic waves and solitary waves [7], [8, 9] [10].
Another representative numerical tool is the Boussinesq-type models, first pro-
posed for the weakly dispersive waves in shallow water [II]. Modern Boussi-
nesq models have been greatly expanded to account for physical effects such as
strong dispersion and nonlinearity [12] [I3]. While turbulence is not resolved,
the Boussniesq models are more feasible to use for coastal applications than the
Navier—Stokes equations because of the relatively low computational cost. Com-
plete reviews on the Boussinesq models can be found in [I4] and [I5]. A third
typical wave model is based on the high-order perturbation expansion of the
Zakharov formulation of surface waves [16], i.e., the high-order spectral (HOS)
method [I7, 18], which has been extended to waves over varying bottoms [19]
and gravity—capillary waves [20, 21]. The potential flow assumption in the HOS
method is not a prerequisite in some Boussinesq models [I4]. Furthermore, the
periodic boundary condition is imposed in the HOS method because the linear
terms are calculated in the spectral space. However, the HOS method is less
restrictive in terms of the weakly dispersion assumption and is computationally
more efficient than the Boussinesq models. Because the present study focuses
on the wave data analysis, it would be helpful to choose a wave model that can
obtain the high-resolution spatial distribution of wave surface elevation and ve-
locity at a relatively low computational cost and the HOS method is thus used
for this purpose.

The Hilbert-Huang transform (HHT) was developed as an alternative to
the Fourier transform for non-stationary time series analysis [22] 23]. The HHT
includes two steps, the empirical mode decomposition (EMD) and the Hilbert
transform. Unlike Fourier transform that uses the fixed sinusoidal function as
the decomposition basis, the EMD is completely data-driven and a basis function
is not required. The Hilbert transform is used for extracting the instantaneous
frequency and the spectral distribution of the local wave energy. The HHT

has been used in various applications in geophysics with spatial inhomogeneity
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and local events [24]. It should be noted that most of these applications are
based on the one-dimensional (1D) EMD and Hilbert transform. For applica-
tions with two-dimensional (2D) signals, the raw data can be treated as 1D data
slices and are analyzed separately using the 1D EMD [25]. This approach, also
known as the pseudo-2D EMD, is easy to implement but may cause interslice
discontinuity [24]. This limitation can be overcome by using the authentic-2D
EMD [26, 27, 28, 29]. [30] applied 2D EMD to streamwise-velocity fluctuations
in a turbulent flow over a spanwise oscillatory wall. From the EMD compo-
nents, they identified the modulation effect of large-scale motions on near-wall
small-scale motions. By applying the 2D EMD to the velocity fluctuations
in three directions in a turbulent channel flow, [31] observed self-similarity in
wall-normal and spanwise directions and substantiated the attached-eddy the-
ory. The Hilbert transform has also been extended to 2D scenarios [32] [33].
A typical application of the 2D HHT is the fringe pattern analysis in optical
metrology to extract the physical information from the measured images. For
instance, [34] tested the accuracy of the EMD by varying the parameters used
in the algorithm and compared the 2D HHT result with that obtained by other
algorithms including the temporal phase-shifting and the continuous wavelet
transform. Recently, [35] used the 2D HHT to quantify the optical phases in
digital holographic microscopy, which was found to produce a favorable result
over the Fourier-based approach including Fourier transform and continuous
wavelet transform.

In this study, we explore the potential application of 2D HHT for extracting
coastal wave features. While the 2D HHT has been found valuable in opti-
cal metrology measurements, it is unclear whether the same conclusion holds
for coastal wave characterization because of the difference in the wave physics
between the optical measurement system and the hydrodynamic system. In
optical metrology, the input signal is manually designed as a high-frequency
carrier wave such that signal demodulation can be easily performed. In coastal
applications, however, the physical conditions of the water waves propagating

towards the shore are complex and depend on various environmental parame-
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ters. To account for this complexity of coastal waves, we simulate broadband
wave fields with varying bathymetry using the HOS method to directly capture
the wave system evolution in a wave-phase-resolved framework. The remain-
der of this paper is organized as follows. In Section [2] we introduce the HOS
method, the 2D HHT method, and its validation using synthetic wave data. The
shoaling wave problem setup and convergence test results are given in Section [3]
The HOS-based simulation results and data analysis are presented in Section

Conclusions are provided in Section

2. Methodology

2.1. High-order spectral method

In the HOS method [I7, [T9], the water motions are assumed to be potential
flow, and the wave motions are determined by the surface elevation n(x,y,t)
and the surface velocity potential ®°(z,y,t) = ®(x,y,n(x,y,t),t), where ® is

the velocity potential. The governing equations are

N +V Vn—(14+Vn-Vn) P 0, z=mn, (1)
DS P | 09\ ?
g+ 5 VoS Ve _Q(HV”'V”)(aZ) —0, z=n, (2

where V = (9/0x,0/0y) is the gradient operator in horizontal directions.
Note that Eqs and are essentially the kinematic and dynamic bound-
ary conditions at the surface, while the kinematic boundary condition at the

bottom becomes
(I)zfvnb’vq):(L szﬁ+nb(xay)7 (3)

where h is the mean water depth and 7,(z,y) is the bottom bathymetry eleva-
tion.
The velocity potential can be written as a perturbation series with respect

to wave steepness

O(x,z,t) = Z O™ (x, 2,t), —h+mn, <z <. (4)
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Each perturbation term in the series is expressed as a Taylor series expansion

about the mean water surface z = 0, and one can get the surface velocity
potential
M M-m | alxm
n oo
(,y,1) Z Z AR P 0 (5)
2=

m=1 1=0
To satisfy the boundary conditions at the mean bottom and the mean sur-

face simultaneously, the m-th order velocity potential is written as the sum of
eigenfunctions

mcosh k(2 + h) mSinhkn(z+h)] 0 o
Q" (z,y,t) = By Z+Z[ cosh k, h + k cos(hk’ h ]ek" - 6

Consequently, the surface boundary condition can be written as a boundary-

value problem

o, =%, (7)
m—1
o) n' O e

z=0 — Fazl
=1

z2=0

The other boundary-value problem arises from the bottom boundary condi-

tion
1 - _
(I)szfl - Oa (9)
m—1 -1 -1
o™ a 9 0 0 - .
= — , =2,---,M(10
Pmi — [83) 92— r® +8y 0z11 " (10)

By solving these two boundary-value problems successively at each pertur-
bation order, one can obtain the values of &/ (t) and §]*(¢). Then the vertical
velocity at the surface is evaluated as

MMml6l+1

Somt) =Y Z T @7 (50,0). (11)

m=1 1=0
Here we briefly summarize the numerical scheme of the HOS method. At
each time step, the horizontal derivatives of ) and ®° are first calculated using
Fourier transform. The vertical derivative 9®/0z is calculated using the per-
turbation expansion technique described above. Using the fourth-order Runge—

Kutta method, the evolution Eqs (I)) and (2)) are then advanced in time to obtain
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the values of 7 and ®° at the next time step. Because the HOS method is based
on the potential flow assumption, wave breaking events are not resolved and the
energy dissipation associated with wave breaking is estimated by the combina-
tion of an adaptive low-pass filter in the spectral space and a local averaging
model in the physical space following [36] and [37]. The low-pass filter removes

the high-wavenumber energy
ne(k) = n(k) exp[—(k/10k,)"?], (12)
@f (k) = 85 (k) expl (k/10k,)"2] (13)

where n¢ and <I>;9 denote the filtered quantities, and &, is the peak wavenumber

determined from the wavenumber spectrum of 7. The local averaging model is

activated when the local steepness \/(0n/9z)2 + (0n/0y)? exceeds a threshold,
similar to the kinematic criterion of wave breaking. According to [36] and [37],
the wave breaking model captures the energy dissipation reasonably well when

compared with experimental results [38] 39].

2.2. Two-dimensional Hilbert—-Huang transform

We first give a brief overview of the EMD process. In EMD, the raw signal is
decomposed into components called intrinsic mode functions (IMF), where each
component contains the local oscillating features at different scales. Each IMF
is calculated in an iterative sifting process, which is illustrated in Fig. 1} First,
the local extrema (i.e., maxima and minima) points are identified from the raw
signal 7 (z). Then by applying an interpolation algorithm, we can obtain the
envelopes corresponding to the extrema points, denoted as m1 () and n1 ().
In the 1D sifting process, a cubic spline line is used for generating the envelopes.
After the upper and lower envelopes are determined, the updated signal is then

calculated by subtracting the mean of the envelopes from the original signal

L @) + ()] (14)

CGlz) =m(z) -5

The mean of the envelopes is then removed from the obtained signal repeatedly

G1(2) = @) — 5 [Gae) + Gl i = 1,2, ., (15)
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where (; ,, and (;; are the upper and lower envelopes of (;, respectively.

The sifting process is repeated until the stopping criterion is satisfied, for
instance, when the standard deviation error between two consecutive signals in
the iteration ||(;4+1(z) — ¢;(z)]| is less than a threshold. The signal at the final
step of the sifting process () is the first IMF, which represents an oscillatory
mode of the raw signal. In the sifting process, the mean of the envelopes removed
from the signal represents the low-wavenumber oscillations of the raw signal,
as shown in Fig. [[(b) and (c). Therefore, the IMFs with high-wavenumber
oscillations are first extracted in the sifting process, followed by the components
with low-wavenumber oscillations. After an IMF is calculated, the residue is

calculated by subtracting the IMF from the residue in the previous step

n2(x) = m(z) = Gr(x) (16)

and the new residue 72(x) is then used as the input for the next sifting process.

While the overall sifting process is the same in 2D cases, it is more chal-
lenging to determine the 2D envelopes, and different implementations of the in-
terpolation algorithms have been proposed, including the surface interpolation
by radial basis function [26], cubic interpolation [27], bi-cubic spline interpola-
tion [28], and order statistic filter [29]. Here, we use the order statistic filter
because the computational cost is much lower than interpolation methods. The

upper and lower envelopes are then calculated by

nu(z,y) = max n(z',y) (17)
z’,y’ €Q(z,y)

m(z,y) = min  na',y") (18)
oy €9 (w,y)

where Q(x,y) is the filter window centered at (z,y).

The Hilbert transform of a 1D signal n(z) is H[n] = (1/7) [ n(€)/(x — £)d¢,
which is equivalent to a —m/2 phase shift in the Fourier space. Except for
this phase change, H|[n] preserves the same local amplitude and wavenumber

information as the original signal n(z). For a two-dimensional signal n(z,y),
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Figure 1: Illustration of the sifting process in EMD: (a) identification of the extrema points
(orange and green dots) from the signal, denoted by the blue solid line; (b) interpolation to
obtain the envelopes, denoted by the dashed lines; (c) calculation of the mean of the envelopes;
(d) calculation of the updated signal, denoted by the blue dash-dot line. For clarity, a 1D

case is presented.

the Hilbert transform can be defined as [32]:

Ll ke ik,
\/ k24K

where k; and k, are the wavenumbers in the Fourier space, 6(z,y) is known

Hn) = —iexp(—i0)F~ Flnl| - (19)

as the fringe orientation angle in optical metrology, and F' denotes the Fourier
transform operator. In the present study, 6(x,y) denotes the local direction of
wave propagation in an irregular wave field.

The main purpose of performing Hilbert transform on a signal is to ex-
tract its local properties. Consider a 2D signal varying in space: n(x,y) =
A(z,y) cos ¢(x,y), where A(z,y) is the local wave amplitude and ¢(x,y) is the

local wave phase (see Fig. . It can be shown that these properties are, respec-
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Figure 2: Illustration of a 2D signal n(xz,y) and the associated local properties, including the

amplitude A, the phase ¢, and the propagating direction 6.

tively:
¢(z,y) = arctan |H77[77]|, (20)
Az,y) =/ [H[)]” + 2, (21)
(ke ) = (52 5. (22)

While the values of 6 can be related to the local wavenumber by 6 =

arctan(k, /k;), in this study, we use an algorithm proposed by [40]:

21,1,
O(x,y) = = arctan 2 ;2, (23)
Yy T
=4, (24)
Yy
1
x

where - denotes the averaging in a local rectangle window. Because the lo-
105 cal averaging is equivalent to an integral operator, the numerical oscillations
caused by possible high-wavenumber noise and insufficient resolutions can be

eliminated.

10
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Figure 3: (a) Raw signal n(z,y); (b), (d), (f), components calculated using EMD; (c), (e), (g),

theoretical components 711, 12, n3.

2.8. Validation with synthetic wave field

To validate the 2D EMD algorithm, we generate a synthetic wave field con-

sisting of three components

n(z,y) =m1 +n2 + ns, (26)
m = exp (=0.47) cos (151), r = /22 + (y — )2, (27)
12 = 2 cos(bx), (28)
13 = 3 cos(2y). (29)

The inhomogeneity of 7 is caused by the space-varying amplitude of 7y, while 75
and n3 are homogeneous monochromatic waves with constant amplitudes. The
raw signal and the decomposition result are shown in Fig. 3] The magnitude
and phase of the components extracted by the EMD algorithm are consistent
with the theoretical values, except for slight mode mixing of 1; and s shown
in Fig. B[(b) and (d).

We then conduct a second test on the 2D Hilbert transform using a synthetic

11
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wave field. Consider the following wave field in a domain 0 < z < 27,0 <y < 27

n(x,y) = exp (—0.4r) cos (157) , (30)
r=+a?+(y—m)2 (31)
Here n approximates the wave field generated by an oscillating point source.

Substituting 7 into Equation , we can obtain the theoretical values of the

amplitude, phase, and direction angle

A(x,y) = exp (—0.47), (32)
¢(x,y) = arctan %, (33)
0(x,y) = arctan y- (34)

Figure 4: Contours of (a) the original signal n(z,y); results of Hilbert transform, including
(b) amplitude A, (d) phase ¢, and (f) direction angle 0; theoretical values of (c) A, (e) ¢, and
(g) 6-

The computed results and the theoretical results are shown in Fig. [4] which
are consistent in most part of the region except for near the boundaries. The
discrepancies may be partly due to the Fourier transform in Equation con-
ducted for a nonperiodic signal. Besides, the integrations in Equations
and are calculated in rectangular windows with a finite size. At the bound-

aries, the information of the wave field is incomplete for such integrations. While

12
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the boundary effects due to the nonperiodicity and the finite domain size always
exist in a realistic wave field, their impact can be reduced by increasing the mea-
surement /simulation domain size such that the region of interest is far from the
boundaries. To summarize, the tests using the synthetic wave fields demon-
strate the effectiveness of the 2D EMD algorithm and the 2D Hilbert transform
in separating wave components of different wavenumbers and extracting the

local wave properties, respectively.

3. Problem Setup and Convergence Tests

(@) b
z y
el n _
~ A B
A7) pa— — e
hma( Fl hmin
2W,
e
v £ N
r— M —

Figure 5: (a) Grid points at the wave surface and (b) sketch of the simulation setting.

We conduct numerical experiments of broadband wave fields propagating
over varying water depths. Compared with the synthetic wave fields, the wave
fields presented here are simulated using the HOS method capable of capturing
nonlinear wave—bottom interactions with the wave phases resolved. The 2D
HHT is then applied to the wave fields to obtain the characteristic wave prop-
erties. In the numerical experiments, the initial wave field is constructed from
the JONSWAP spectrum [41] with directional spreading. The initial phase of
each wave component is assigned a random number. The peak wave frequency
is fp = 0.161 Hz and the Phillips parameter [42] is set to «, = 0.01. The

directional spreading function of the initial wave field is assumed to be

1 T(N/2+1)
b(®) = VaT(N/2+1/2)

where D(0) is zero for |©| > 7/2 and N is a control parameter. Note that

cosM O, (0] < g (35)

O denotes the propagating direction of a wave component in the initial wave

13
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Table 1: Simulation parameters for the phase-resolved wave simulations using the HOS
method. Here, hmax and hpi, are the maximum and minimum water depth, respectively;
Wy, is the length of the shallow water region; N is the control parameter of the directional
spreading function; L, and L, are the computational domain size; N; and Ny are the grid
numbers. All length scales are normalized by the initial peak wavenumber kj, and wave length

Ap-

Case  kphmax  kphmn Wi/Ap N Lo/X, Ly,/A, N. N,

WS1L1 1.98 0.256 12.7 2 40 20 2048 1024
WS1L2 1.98 0.256 12.7 2 50 25 2048 1024
WS1L3 1.98 0.256 12.7 2 60 30 2048 1024
WS1L4 1.98 0.256 12.7 2 70 35 2048 1024
WS1L4B2 1.98 0.256 8.3 2 70 35 2048 1024
WS1L4B3 1.98 0.256 17 2 70 35 2048 1024
WS2L4 1.98 0.256 12.7 4 70 35 2048 1024

WS3L5 1.98 0.256 12710 140 35 4096 1024
WS4L5 1.98 0.256 127 50 140 35 4096 1024

spectrum, while 6 denotes the local wave propagation direction in the physical
space as defined in Equation . Their values are identical only when the
wave field is strictly monochromatic. The bathymetry is a typical smooth and
continuous function that has been used in theoretical and numerical studies on

wave—bottom interaction [43] [44]

1 L, Le
3

where C7 = 20 m and Cy = 8.25 m are coefficients to determine the maximum
and minimum water depths, C's = 60 m is a coefficient related to the bathymetry
slope, and W}, determines the length of the shallow water region. Following [19]
15], the shape of bathymetry is symmetric with respect to L, /2, i.e. my(x,y) =
(L, — 2,y), to satisfy the periodic boundary conditions required by the HOS
method (see Fig. [5)

The physical and numerical parameters are listed in Table The first six

cases are designed to investigate the effects of the computational domain size

14
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L, and the shallow water region length W,. For these cases, the value of N
is fixed so that directional spreadings of the initial wave field are the same.
The cases used for detailed data analysis are WS1L4, WS2L4, WS3L5, and
WS4L5, where each case features a different value of the directional spreading
index N. The water depths are designed following the criterion based on the
wavelength [46]. For the peak wave, the value of kphmin < 7/10 is in the
shallow water limit, and kphmax = 1.98 is in the intermediate depth, which is
close to the deep water limit k,h = 7 because the error caused by assuming
tanh(kphmax) = 1 is less than 4%. The maximal local slope of the bathymetry,
i.e., max(9n,/0x), is 0.014. The spatial resolution ranges from 1.2 m to 2.1 m
in both the x and y directions, comparable to that of marine radars used in field
measurements [47, [48]. While it has become possible for the polarimetric slope
sensing measurement of surface waves in the gravity—capillary range [49] [50], it
would be computationally too expensive to capture the wave dynamics at such a
high resolution in our simulations. Besides, for the shortest waves at the present
meter-scale-resolution, we expect the direct effect of bathymetry variation to be
negligible. The wave simulation duration is 257}, with a time step of 0.0257},
and the data for analysis is collected at a sampling interval of 0.17},. The total
computational cost is approximately 2.9 x 10 processor hours.

While the mode mixing and boundary effects of 2D HHT is trivial in the
analysis of the synthetic data (Fig. |3| and Fig. , their impact may not be
neglected for the broadband wave field with more wave components. To improve
the robustness of the HHT result, a commonly used approach is by manually
adding a random signal, typically white noise, to the raw data to form a group
of perturbed data sets and then conducting EMD on each artificial data set.
The final results, such as the instantaneous frequency and wavenumber, are
then calculated from the ensemble average of the results calculated from the
artificially perturbed data [5I]. In the present study, instead of generating the
artificial data sets using this technique, we conduct ten ensemble simulations for
each case by varying the random wave phase in the initial condition to obtain

genuine wave data sets and then the similar ensemble average is conducted after

15
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Figure 6: (a) Geometric shapes of the bathymetry, (b) y-averaged direction angle @ calculated
using the surface elevation, (c) time history of the ratio Rg = 0(x = 20)p)/0(x = 25)p). Each

successive bathymetry profile in (a) is raised by 0.5\, above the preceding curve for clarity.

each data set is analyzed using HHT.
In the following analysis, we introduce an integral variable, i.e., the y-

averaged direction angle, defined as
I B
=1 [ e ld, (37)
y Jo

The magnitude of @ is then an average measure of the wave propagation oblique
angle at a given water depth.

To determine whether the values of the computational domain size and
bathymetry length are appropriate, we conduct a convergence test on the first
six cases in Table [I, where the initial wave fields have the same directional
spreading index N = 2. The geometric shapes of the bathymetry are shown in

Fig. @(a). For comparison, the original coordinate x are adjusted to x = x — xy,

16



295

300

305

310

315

320

where xp is chosen so that the locations of the bathymetry step in all six cases
are the same. The y-averaged direction angle # is shown in Fig. @(b) In case
WS1L1 and WS1L2, we observe a sudden increase of § near the end of the
bathymetry step x =~ 22\, (see Fig. @), which is related to the insufficient do-
main size. For other cases, the values of § are largely the same. Fig. |§|(c) shows
the ratio of the direction angle in the deep water region to that in the shallow
water region, defined as Ry = 0(x = 20),)/0(x = 25),). Overall, in all cases,
the values of Ry see a similar growth from the initial value of 1 to a steady value

around 2 except for slight deviations in case WS1L4B2 and WS1L4B3.

4. Results

4.1. Instantaneous wave field and wave statistics

In this section, we provide a qualitative overview on the features of the wave
field. Fig. [7] shows the instantaneous surface elevation, the surface velocity in
the z direction, and the bottom profile in case WS1L4. Note that in this case
with N = 2, the directional spreading function D(0©) of the initial wave field
reduces to the well-known cos? © model. The wave patterns denoted by the
contours of 77 and u experience a change at the bathymetry step where the wa-
ter depth decreases. While the wave pattern change shows some evidence of
wave refraction, it is difficult to determine the change in the wavenumber just
by direct observation. In case WS4L5 (N = 50), most wave energy propagates
in the x direction and the wave pattern change is more distinct, as shown in
Fig. B In particular, sharply increased surface elevation and velocity are ob-
served near x = 23\, and shorter waves are observed in the shallow water. This
phenomenon can be seen as a breaking event because the location of the max-
imum velocity coincides with the wave crest, known as the kinematic breaking
criteria [52]. Unlike case WS1L4, wave refraction is indistinguishable in Fig.
because the incoming wave field has a much narrower spreading distribution. In
both cases, the contour shape of the surface elevation is qualitatively similar to

that of the velocity.

17
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Figure 7: (a) Instantaneous surface elevation; (b) instantaneous surface velocity in the z
direction;(c) bottom profile of case WS1L4. All quantities are normalized by the initial peak

wave properties. For clarity, only part of the wave field is presented.

We calculate two important wave statistics, the skewness and kurtosis, in
the regions with the maximum water depth (hereafter deep water) and the
minium water depth (hereafter shallow water). The skewness and kurtosis are
defined as C3 = ((n — (n))®)/o}; and Cy = ((n — (n))*) /0y, vespectively. Here,
oy = ((n— (n))?)*/2 is the standard deviation. For a standard normal distri-
bution, C3 = 0 and Cy = 3. As listed in Table [2, the values of skewness and
kurtosis increase significantly with the decreasing water depth. The increase of
skewness indicates a more asymmetric wave shape caused by shoaling [53], [54].
The refraction may have also contributed to the change in the skewness. The
increase of kurtosis suggests the stronger nonlinear bound-wave dynamics in the

shallow water region. In case WS1L4 and WS2L4, the deviations of the statis-
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Figure 8: Same as Fig.[7] but for case WS4L5.

tics in the deep water region (Cs p and Cy p) from the normal distribution are
relatively small, whereas in case WS3L5 and WS4L5 such deviations become
noticeable. Here the negative excess kurtosis might be caused by the calcula-
tion in a localized region of limited size. In a tank experiment where directional
JONSWAP waves were generated [55], several local values of kurtosis were also
found to be smaller than three (i.e. negative excess kurtosis). Additionally, in
case WS4L5, the spreading index N is large such that the wave dynamics are
similar to those in a one-dimensional narrowband wave field (comparing Fig. m
and Fig. , in which the nonlinear resonant wave interaction may contribute
to a negative excess dynamic kurtosis [56]. In the shallow water region, for all
cases, the deviation of skewness from zero and the deviation of kurtosis from

three are significant, indicating strong nonlinearity. The statistics are similar
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Table 2: Skewness and kurtosis calculated in the deep-water region 15 < x/Ap < 20 (denoted
by the subscript D) and shallow-water region 25 < x/Ap, < 30 (denoted by the subscript
S). Note that the values of kurtosis are presented as the exceedance to the kurtosis of the

standard normal distribution.

Case Spreading index N Cs3p C3s Cip—3 Cis—3

WS1L4 2 0.098 0.38 0.01 0.20
WS2L4 4 0.095 041 0.02 0.25
WS3L5 10 0.19 0.32 0.07 0.24
WS4L5 50 0.14 0.31 —0.16 0.22

among different cases and the dependence on the initial spreading index is weak.
This is likely a result of the depth-limited effect where the wave statistics are

dominated by short waves generated after breaking occurs.

4.2. Characteristic wave direction angle

Fig. |§| shows the spatial variation of § following Equation in four cases
with different initial spreading index. The raw data used for computation are
the surface elevation 1 and the surface velocity u, v, and w. For case WS1L4
(N = 2) and WS2L4 (N = 4), the direction angles calculated from the above
four variables have the same spatial distribution, qualitatively. However, their
magnitudes are different. In particular, the difference between 6,, and 97] is
notably smaller than that between 6,, 6, and 577. This phenomenon can be
explained using the relation of the vertical velocity to the surface elevation
via the kinematic condition w = 9n/0t + udn/dx + vOn/dy, which reduces to
w = 0n/0t neglecting the nonlinear terms of high order. Because the resulting
operator /9t is linear, the distribution of ,, resembles that of 6,. In con-
trast, there is no explicit formula that connects the horizontal surface velocity
components to the surface elevation. For cases WS3L5 (N = 10) and WS4L5
(N = 50), the spatial variations in 6, 6, and 577 are close, because of the
relatively weak refraction effect associated with the larger values of N. In all

cases, since the directional spreading of the initial wave energy is anisotropic,
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Figure 9: Spatial distribution of § along the x direction. Here the subscripts 0, u, v, and w
denote the raw data used for the calculation. Each case corresponds to an initial directional

spreading index: N =2 (WS1L4), N =4 (WS2L4), N = 10 (WS3L5), and N = 50 (WS4L5).

we observe a significant difference between 6, and 6,. When the anisotropy is
strong (cases WS3L5 and WS4L5), we see an increase of @, in the shallow water
region, which may be related to the short waves generated by the relatively
strong wave breaking events in these two cases.

In applications, the directions of the horizontal coordinates x and y can have
different choices, and thus affect the values of 8,, and 8,,. On the other hand, the
values of n and w are independent of the = and y coordinates since the vertical
coordinate is fixed. Changing the directions of horizontal coordinates only leads
to an additional constant to the values of én and 6,,. Therefore, both én and 6,
can be used as the characteristic angle of a spatially inhomogeneous directional

wave field in the coastal region.
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Figure 10: Intrinsic mode functions of the surface elevation. The raw data is the instantaneous
surface elevation in a single run of the case WS1L4 (directional spreading index N=2) and
the contour values are normalized by Ap. The bathymetry shape is denoted by the white lines

in (¢) and (d).

4.8. Intrinsic mode functions and Hilbert spectrum

Following the same process used to decompose the synthetic wave field shown
in Fig.[3] we can apply the 2D EMD to the surface elevation and obtain the IMF
of the wave field simulated using the HOS method. Fig.[I0]and[I1]show examples
of the first four components of IMF calculated using the surface elevation in cases
WS1L4 (N = 2) and WS4L5 (N = 50), respectively. The component with a
pattern of small length scales, IMF1, is first extracted from the raw data by
the EMD algorithm, followed by IMF2-IMF4 where the length scales increase
gradually. The amplitudes also vary among different IMFs. In both case WS1L4
(N = 2) and case WS4L5 (N = 50), the spatial distribution of IMF1 is nearly

homogeneous, while the contour shapes of IMF3 and IMF4 show noticeable

22



variations with the water depth change in the region 20 < x/A, < 25 (see the
bathymetry profile in Fig. El and . Similar to the contour shapes of 7 shown
in Fig. [7] and [8 the directional spreading index N determines the distributions
of IMF's in both cases.

(a) IMF1

-3
20 %10

15 20 25 30
X/ Ap

Figure 11: Same as Fig. but for case WS4L5 (directional spreading index N = 50).

300 In contrast to Fourier analysis where each decomposed mode contains strictly
a single wave component in the form of sinusoidal functions, each of the IMFs
calculated with EMD still contains waves of multiple scales, known as mode
mixing [23]. While it is not observed in the analysis of the synthetic wave fields
(see Fig. [3), mode mixing is inevitable when EMD is used for analyzing the

s broadband fields. The mode mixing phenomenon in IMFs can be alleviated
by using the ensemble EMD algorithm, according to [24]. In our numerical
experiments, the ensemble average is performed after the quantitative features

of the IMFs are obtained. Thus, we expect the error induced by the mode
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mixing problem to be small.
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Figure 12: Hilbert amplitude spectrum of the wave field in case WS1L4 (directional spreading
index N = 2), normalized by its maximal value Sp,. The black solid line denotes the theoretical

wavenumber change of a monochromatic wave with a deep water wavenumber of (kp, 0).

The outputs of the EMD algorithm include the local amplitude and in-
stantaneous wavenumber information of the wave field. By plotting the am-
plitude A(z,y) as a function of the wavenumber and location in the physical
space, we obtain the Hilbert amplitude spectrum. For visualization, we define
S = [ A(z,y)dy, as shown in Fig. 12| and The wave shoaling effect can be
observed from the contours of the Hilbert spectrum, as the most energetic part
moves from low wavenumbers to high wavenumbers with the decreasing water
depth. For comparison, we calculate the wavenumber change of a monochro-
matic wave propagating in the +x direction based on the linear wave shoaling
theory [46]. There is an apparent deviation of the actual dominant wavenum-
ber from the linear prediction because of the physical processes in addition
to shoaling, such as refraction. In case WS4L5 where the initial directional

spreading index N = 50, a region of large amplitudes is observed at the end of
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the bathymetry step, and the wave energy decreases significantly as the waves
propagate into the shallow water region (x/A, > 25), indicating that the local

averaging wave breaking model is invoked at the large local steepness (see also

Fig. [8p).

=15

k/

15 20 25 30
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Figure 13: Same as Fig. but for case WS4L5 (directional spreading index N = 50).

Based on the Hilbert spectrum, we define the characteristic wavenumber
ke = [kSdk/ [ Sdk and the characteristic energy €. = [ S?dk/ [ dk. The spa-
tial distributions of k. and €. are shown in Fig. [[4a) and [[4b), respectively.
In cases WS1L4 (N = 2) and WS2L4 (N = 4), the values of k. see a slight (5%)
increase when the water depth reduces, while those in cases WS3L5 (N = 10)
and WS4L5 (N = 50) increase by over 20%. While it is well-known that the
amplitude of a monochromatic wave grows in the shoaling process, the charac-
teristic energy in cases WS1L4 and WS2L4 decreases by 15%. This seemingly
counter-intuitive phenomenon can be attributed to the dispersion in a complex
wave field, which can cause the energy decay of a shoaling wave packet [43]. In
cases WS3L5 and WS4L5, the wave fields are nearly unidirectional (see Fig. .

Therefore, the energy first reaches a peak value due to shoaling and then de-
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creases drastically towards the shallow water region after the breaking models
are invoked. The spatial variations of k. and e, profiles correspond to the
qualitative features of the contour patterns described in Section (see the
instantaneous wave field in Fig. El and . Fig. also shows that the results
of cases WS1L4 (N = 2) and WS2L4 (N = 4) are largely the same despite
the difference in the initial directional spreading index, suggesting that their
shoaling strengths are close. On the other hand, the depth-induced increase of
k. and €. in case WS4L5 is higher than that in case WS3L5 and the locations
of their magnitude change are different. It can be inferred that the difference in
the initial directional spreading index (N = 10 in case WS3L5 and N = 50 in
case WS4L5) affects the shoaling strength and the breaking onset in these two

cases.

-~WS1L4
-O-WS2L4||
—A-WS3L5
——-WS4L5

15 20 25 30 15 20 25 30

Figure 14: Spatial distribution of (a) the characteristic wavenumber k. and (b) characteristic

wave energy €.. Both quantities are normalized by the inlet values k;, and €;,, at x/Ap = 15.

4.4. Discussions

For comparison, we apply the conventional Fourier analysis to the wave
field. The wavenumber—frequency spectrum is calculated for the surface eleva-
tion in the computational domain. In Fig. we plot the integrated spectrum

E(ky,w) = [ E(ky,ky,w)dk, and the linear dispersion relation at two water
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depths. As shown, a large portion of the wave energy is located beyond the dis-
persion relation curves, especially in case WS1L4 (Fig. [[Bh). In the low ky — w
region, wave energy scatters between these two curves because large scale waves
are directly affected by the depth change. The deviation of the wave energy from
the linear dispersion relation has also been reported in the full depth-limited
spectrum obtained from field observation [57]. In an extended analysis using the
same field data, [58] found that such deviation can cause a significant difference
in the directional spreading of the wavenumber and frequency spectra. Another
major limitation of the Fourier transform is the implicit assumption that the
data is spatially homogeneous. Otherwise, the spatial inhomogeneity can cause
spurious numerical oscillations in the spectrum, and this phenomenon is more
pronounced in case WS4L5 (Fig. ) because of the amplitude increase shown
in Fig. a). Unlike the Hilbert spectrum, the Fourier spectrum misses the
spatial information of the events occurring in the physical space, because the

phase information of the basis functions is usually discarded.

()30 (b) 10g10(E/€3m)
25
2
2.0
s
315 4
3
1.0
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0.0%" : -8
00 10 20 30 40 50 00 10 20 30 40 50

ke /Ky ke /Ky

Figure 15: Fourier wavenumber—{requency spectrum in (a) case WS1L4 (N = 2) and (b) case
WS4L5 (N = 50). Here, the black solid line and the dashed line denote the linear wave

dispersion relation at depth hmax and hpin, respectively.

In general, it is impractical to directly use the data produced by EMD. At
first glance, the IMF components generated by the EMD algorithm (Fig.
and has a larger degree of freedom than the raw data (Fig. [7] and [§). On
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the other hand, a pure data analysis process cannot introduce more physical
information to the data itself. This conflict can be explained by the intrinsic
correlation among the data in each IMF component. For a Fourier transform,
this correlation is more evident, because any Fourier component, regardless of
its data size, is uniquely determined by a few parameters: the amplitude, the
wavenumber, and the phase. Correspondingly, the characteristic direction angle,
wavenumber, and energy presented in Fig. [0]and Fig. [I4] provide a reduced-order
description of the EMD result, which is useful to reduce the computational cost
for feeding the simulation result as inputs to applications. A notable example
is the air-sea momentum flux estimation in large-scale models, where the drag

coefficient is modeled as a parameterized function of wave features [5].

0 ‘ ‘ 0 ‘ ‘
IMF1  IMF2  IMF3  IMF4  IMF1  IMF2  IMF3  IMF4

Figure 16: Standard deviation o of the IMF amplitude, normalized by the mean value p. The

statistics are calculated using: (a) ensemble averaging; (b) time averaging.

Contrary to the Fourier transform which is based on a rigorous mathe-
matical operation, the EMD process is adaptive and flexible. Therefore, the
confidence limit of the HHT result depends on the physical condition and the
averaging operation. Consider the amplitude of the IMF component ajpp =
(S nrar(iy5)?)Y?, where i and j denote the index in z and y directions, respec-
tively, and nrarr denotes the IMF component. The mean value p = pu(aryr)

and standard deviation 0 = o(arpr) can be calculated either for all ensemble
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cases at a given time (ensemble averaging) or for all time series in one ensemble
case (time averaging). In cases WS1L4 (N = 2) and WS2L4 (N = 4) with
weak shoaling and strong refraction, o is less than 5% of the mean value p,
as shown in Fig. In the other two cases WS3L5 (N = 10) and WS4L5
(N = 50), the values of o/u are larger, especially when calculated using the en-
semble averaging. This difference among the four cases may be associated with
the breaking-induced randomness, which is apparently stronger in case WS3L5
(N = 10) and WS4L5 (N = 50). The magnitude of o is also affected by the
initial wave condition of each ensemble case as mentioned in the problem setup
in Section [3] In addition to the wave conditions, the adaptive feature of the
EMD algorithm is also a cause of the standard deviation because the calculated
IMF may contain different components when performing the averaging as shown
by [69].

Because the EMD algorithm can decompose the raw data into components
of different scales, it can be used as an adaptive filter in the data preprocessing
of conventional Fourier analysis. When the inhomogeneity is weak, the Hilbert
transform can be replaced by Fourier transform to extract the wave properties.
In the analysis of velocity fluctuations in a canonical channel flow, [31] used
this approach to separate the turbulence scales. While the computational cost
of HHT is higher than the Fourier transform as a result of the algorithms used
for 2D envelope construction, the iterative sifting process, and the direction
angle calculation, we find a single processor to be sufficiently efficient for post-

processing the O(10) terabyte data obtained from our wave simulations.

5. Conclusions

In this study, we have proposed a framework to characterize the inhomoge-
neous wave field based on an adaptive data analysis method. In this framework,
we generalize the original 1D Hilbert—Huang transform to the 2D case by a com-
bination of the 2D EMD algorithm and the 2D Hilbert transform. The EMD

algorithm is a sifting process that decomposes the raw data into fundamental
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oscillatory modes without a predefined basis function. The Hilbert transform
provides an estimation of the local wave properties. We have tested the accuracy
of the EMD and Hilbert transform algorithms using synthetic wave fields. We
find the EMD algorithm to be effective in separating an inhomogeneous wave
field that contains a wave generated by a point source and two monochromatic
wave components. Additionally, our test on the Hilbert transform shows that
the local wave properties obtained are nearly identical to the analytical solution.

We have performed numerical experiments to examine the performance of
the 2D Hilbert—-Huang transform in the analysis of more complex wave data
with realistic parameters. The phase-resolved HOS method is used to simulate
broadband directional wave fields propagating over a coastal bathymetry. In
the numerical configurations, we have considered multiple choices of key nu-
merical and physical parameters. A convergence test has been performed to
justify the values of the computational domain size, the bathymetry length, and
the simulation duration. The bathymetry effect on the wave field is manifested
in the contour patterns of the surface elevation and velocity, and the strength
of the bathymetry impact varies with the initial directional spreading index.
We have identified three wave properties, namely the averaged direction angle
6, characteristic wavenumber k., and characteristic wave energy e., to quantify
the inhomogeneous wave field. We find that the direction angles calculated from
the surface elevation and the vertical velocity are consistent and can measure the
effect of wave refraction. The 2D EMD algorithm is found to be effective in de-
composing the raw data into IMF's of different length scales, and the bathymetry
effect is observed in the low-wavenumber IMF. We demonstrate the capability
of Hilbert spectrum in providing accurate information on the localized events
such as the wave energy redistribution caused by shoaling and the amplitude
increase prior to wave breakings. In contrast, the conventional Fourier method
is unable to capture the spatial variations of wave properties as a result of the
nonlinearity and the spatial inhomogeneity.

Finally, we remark that, while our wave data is obtained from the potential-

flow-based HOS simulation, the 2D Hilbert—Huang transform can be directly ap-
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plied to the analysis of the coastal wave data obtained from other phase-resolved
models, e.g., the Boussinesq models. Also, as the remote sensing techniques play
an increasingly important role in the high-resolution spatial measurement of the
coastal region, our framework can be a useful tool in the postprocessing of these

2D observational data.
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