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1. Introduction

In a homogeneous constant depth ocean with a free surface and a rigid

bottom, the propagating outgoing waves will evanesce except for a finite

number of propagating modes[1]. Let R} = {(x,2); x = (z1,2z2) € R%,0 <

z £ h} be a region corresponding to the finite depth ocean, where h is the

ocean depth . Let 2 be an object inbedded Rsb . The Dirichlet boundary

value problem for the scattering of time-harmonic acoustic waves in the

ocean can be formulated as finding a solution u € C*(RE \ ) N C(R} \ Q)

to the Helmholtz equation

Asu+ku =0, in RE\T,

such that u satisfies the boundary conditions

1This work is supported in part by Sea Grant NA8SAA-D-SG040.
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u =0, on Ofl (1.4)

Here k is a positive constant known as the wave number, and u = u’ + u°,
where u' and u’ are the incident (entire) wave and the scattered wave

respectively. The scattered wave has the modal representation

u? = i P2 )ul(x). (1.5)
where
én(z) = sin{k(1 — a?)3] (1.6)

2 1 2.2

an=[1_

and the n* mode of u®, u?(x), satisfies the radiating condition
n g

Jim rh(5

—ikanu,) =0, r=|x|, n=0,1,...,00. (1.8)

The incident wave u' is scattered by Q to produce a scattered ”propagat-
ing” far-field pattern.[5]. We want to extract information about the far-field
in order to use it to investigate the object 2. This problem has already
been investigated in R? by Colton and Kirsch[2]. To do this they introduce
a certain dense subset of the far-field pattern. Colton and Monk [7],[8]
are able to determine the shape of the object by introducing an extremal
problem and solving it in projected subspaces. Two kinds of algorithms
have been developed for the whole space case [7),(8]; see also {6]. How-
ever,in the case of a finite depth ocean, Gilbert and Xu[5] showed that the
"propagating” far-field pattern can only carry the information from N+1

propagating modes; here, N is the largest integer less than 2"2";". This loss




of information makes this nonlinear, improperly posed ,inverse scattering
problem much more difficult to solve than the case mention above.

In this paper, we consider the density properties of the propagating
far-field in a proper subspace of L?(Dy) where D; is the unit cylinder.
The propagating far field is decomposed into orthogonal components which
allows a numerical algorithm to be generated for the express purpose of re-
constructing the object 2. This algorithm along with numerical simulations

will be presented in a following paper.

2 Complete Sets in L%(8Q)

Let R} = {(x,2) € R3,0 < z < h} where x = (z,,2;), and h is a positive
constant. Let {1 be a bounded, connected domain in R} with C? bound-
ary 8§} having an outward unit normal ». Moreover, define the relative
complement of Q as Q. := R} \ {L.

Let J,(r) denote Bessel’s function of order n and H{!}(r) Hankel’s func-
tion of the first kind of order n. ¢,(z) and a, are defined as (1.6) and
(1.7),

Theorem2.1 Let A be a complex number such that 0 < fmi < oo .

Then the set of functions

(3= + NIa(z)n(kanr)cos(m8)] (2.1)
(-‘;9—” + M@a(2)Im(ka,r)sin(m8)] (2.2)

n,m=201,..., 00,

are complete in L*(80).



Proof : It suffices to show that if g € L*(812), such that

_/‘;Q g(r,z,B)(% + A)[@a(2) I n(kanr)cos(mb)]do = 0, (2.3)

/8 _gr, 2,0)(-3?; + N)[n(2)Im(kanr)sin(mé)]do = 0, (2.4)

for m,n = 0,1,...,00, then g is identically zero on 9.

Let (2.3),(2.3) be true for some g € L*(82), and let 2,, be a cylinder
containing 2, Q., = {(x,2) € R},| x |= ro}, then for (x, 2z) € R}\Q,,, and
(&, ¢) € 812, we know that for r =| x |>| £ |= #/, we can expand the Green’s
function G(z,(,| x —¢|) as

G(Z, Cvl X- E |) = ii i Mﬂﬂl(kanr).fm(kanr')

n=0m=0 ” ¢ﬂ ”2

[cos(m8)cos(mB’) + sin(mb)sin(mb’)). (2.5)

Here we denote (x, z) in cylindrical coordinates by (r,8,2), and (£,() by
(r', 8, Q).
From (2.2) and (2.3), we can see that

u(x,2) = [ 0(3% + NG x = € Dg(r', ¢\ 0e (26)

is identically zero for (x,z) € R} \ 02,,. Since u, as defined by (2.6), is a
solution of the Helmholtz equation in R} \ Q,,, we can conclude by the an-
alyticity of solutions to the Helmholtz egation [4] that u(x, z) is identically
zero for (x,2) € R\ .

Let (x,z) tend to 9, then in view of the ray representation for the
Green's function [1]

eik VI TEEH(z=0)®
amyfl x = € '+ (z = ()P

G(z,(,}x—€|) = + ®1(z,¢, | x=€), (2.7)
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where

1 o0 es‘k\/|x—-€|2+(z-—(-2nh}’
Ql(zac'rlx_&l):_ Z {
4m n==—oc,nFd Jl X= § |2 +(Z - C - 2ﬂh)2
e/ |X=EP+H{z+(~2nh)? e:‘k\/|x—é|5+(z+t.’)2

H;;!x—§|2+(2+(’—2nh)2}—4ﬂ' |x—f]2-|-(z-!-C)2

and the properties of single and double layer potentials, we know (cf.[3] [4])

0=g(x,z)+ fan(g?;z + A)G(z,{,| x -~ € [)g(&,¢)do, (x,2) € 3. (2.8)

Now let us denote by u (X0, 20), u_(Xo, 20),

U+(XO, Zo) = lim u(x, Z), (x, 2') e Q” (X.o, Zo) € 39,
(%,2)~(X0.20)
and
u{Xo,20) = lim u(x,2), (x,2)€Q, (X,2) € N,

(X 2)=(%0,70}
Similar definitions are made for ($%); and (2%)_. From our knowledge of

single and double layer potentials

Uy — . =29, on 99, (2.9)
and
Ju du
($)+ - (-5;)_ = —~2Ag, on Q. (2.10)

Since uy = (%), = 0, we have from (2.9) and (2.10) that
(8_u) + Au_ =0, on 80 (2.11)
v’ - ) )

Hence u, as defined by (2.6), is a solution of Helmholtz equation in 2
and continuously assumes the boundary data (2.11) on Q. It follows that

# =0 in .



By the relation
1

g= 2(u+ - u_), on 9N

we can conclude that g = 0 on 8{2. It proves the completeness of the set

(2.1) and (2.2) in L?(8%2).

3 Dense Sets in L%(6Q)

We modify the notations of [2] to the case of R}, namely let A’ be the

family of any finite subset of natural numbers containing 0,1,...,N; D; =

[0, h] x [@,27]; and
H(k, Q) :={u:ue CHQ)NCYR,), usatisfies(1.1) ~ (1.4) and(1.8)}

A(k,Rg) = {'u : u(x, Z) = ‘/:" ./Oh Q(C78’) E ‘i’n(C)Qf’n(Z)eika"x.ydcda’a

n€A
where (x,z) € R}, y = (cos#',sind"), g € L*(Dy), A € N}

Moreover, we set

Tp(k, Q) = {uju=u' +u’,u* € A(k, R}),u* € H(k,Q.),u =0, on o0},

and
OTp(k,,)

Ou
5 o= {5 lsa: u € Tp(k, Q.)}.

We want to prove the following
Theorem 3.1: ﬁl’é@ laq is dense in L%(3Q).
Proof: Let g € L*(8R) such that

du
fan g-é:ds =0, for anyu € Tp(k,Q,). (3.1)



The Theorem will be proved if we can show that (3.1) implies g=0 on 9.
If u be an arbitrary element of Tp(k,2.), then from the representation

formula [3] we get

wx ) =ui(xe) - [ 66 Ix-ENTedoy,  (32)

where u' € A(k, R3), u = u* + u°.

Let (x,z) — 0%, (3.2) then implies that

: 3
w(x,2) = [ G(z,¢,1x =& )=2doy, (3.3)
and
u(x, z) 8 oy Bu _ S Oui(x,2)
ov, + 2/30 Bv,G(z’ Glx—¢ |)3v5daf =2 Sv, (3.4)

We define the singular operators 8 \K, K’ from L*(3992) into itself as usual,

by setting
S:=2 [ Glz( 1%~ € #(E, o, (x,2) € o0,

1]
Ké=2 [ 5 C(5 0 X = €8, Odor, (x.2) € 00,
and
Ko:=2 9 G d Fa)
622 [5Gz G| x = € DO(E Odoe, (x,2) € 20

In view of the representation (2.5} for G(z,{,| x — £ |) and the fact it
is symmetric with respect to (x, z) and (£,(), it may be shown that K’ is

the adjoint of K subject to the pairing

< b >i= /an $ubdo. (3.5)



Moreover, it can be seen that T4 K + S is invertible.{¢f.[3]). From (3.3)
and (3.4) it follows that

(I+K +iS)a“(x’Z) — 2(5u (%,2) wi(x,z)), (x,2) €92,  (3.6)
v v
and hence
Bug:, z2) _ 2(I+K'+ iS)‘l(?l‘%.’.:ﬂ +iu'(x,2)), (x,2) € 92. (3.7

Substituting (3.7) into (3.1) yields

- du _ ' @y -1 du' ]
0=<7, 5 >=< 7,21+ K'+i8)7 (5~ + ') >
oty —1 e a'!.l'.i -
=2 < (I+K +:8) g,-a—y-i-zu > . (3.8)

Since u‘ € A(k, R}), using the Jacobi-Anger expansion,

o0

éﬂ(z)eikanrconﬁl: Z imqﬁn(z).fm(kaﬂr)eims, (3.9)

m=—ao0

forn=0,1, ..., 00,

we conclude that ¢,(z)Jm(ka,r)cosmf and @a(z)Jn(kanr)sinmé are ele-

ments of A(k, R}). Hence, from Theorem 2.1, we get
(I+K<+i8S)"'g=0;

and,

g =0, on 890

4 The Projection Theorem in V¥

Let N = [22=1] where [a] means the interger part of a, and let us introduce

the product space

vy .= L*[0,27] x span{o, 1, ..., PN} (4.1)
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From [3},[5] we know that the propagating far-field patterns of acoustic
harmonic waves in a homogeneous finite depth ocean are contained in V.
We will now establish a condition for the far field patterns to be dense in
VN for arbitrary domains.

We define the injections:

(1) P: AY C A(k,R}) — V¥ by g:=Pu where

W 2) = [, 90.0) T dul2)oa(C)e" e Ydo (42)

where g € VV, y = (cos#’, sind'), (x,2) € R}. AV = {u € A(k,R}):
V).

(2) F: A(k,R}) = VN by F(8,2,k) := Fu' where F(8,z,k) is the
propagating far-field pattern of u® for u = u’ + u* € Tp(k,Q,).

Let Ep(k,Q) = {u: u € CYQ)NCR), uis a solution of Helmholtz
equation in  and u=0 on 90}

We will prove the following result:

Theorem 4.1:
= [P(Ep(k, )N AY)| @ F(A(%, Ky}))

where F(A(k, R3)) is the closure of F(A(k, R3)) in V'V,

Proof: By the representation of u°[3], we have

"(xz)—f("—-G Z)do, (x,7) € Q.

and

( —;—Ga —do, (x,2) € Q..



Let u = u* + u’; then

u'(x,z) = / (u% - G )dcr (x,2) € Q.. (4.3)

In view of the asympototic behavior of Hankel’s function and the represen-

tation

G(z,(,|x—€]) = E bal2)bn(CYHL (kan | x = € |),

ﬂ.—D

we obtain the asymptotic formula

w(x2)= o -"'f*z( kL0504 00, (44)

'.rrka,,r
where
£o8,2,) = 8u(2) [[_{8(6,0) pom(e490(0))
M M Jeat Y By "
0 ) —tkanX-
- BUEL) (menxe, (0))}dor (+3)
Ve
X = (cosb, sind).
The function F(8,z,k) :== &N, f.(8,2,k) € V¥ is another representa-
tion of the propagating far-field pattern.
Let u = v + v’ € Tp(k,Q.) and v € Ep(k, Q) N AY, then Pv € VV.
From (4.3) and (4.4), we have

wix ) == [ Gt lx-Ehouds, (v €R  (46)

Pu(0,50) = = 3 oule) [ 20D e oxis (ot ()

fD] Go(z. 0)Fu'(8, 2, k)d=db
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= “[ g(z, 9)[2 $(2) / _¢n( Je ﬂka"x.&do'f]d;"de

an v

=~ [ 9(2 6) Z $n(2)e™ e EdzdB]g,(C))doe.

aq Bu o

Since g(z,8) € V¥,
/01 90z, 8)da(2)e” %X zdh = 0
for any n=N + 1, ..., 00, so (4..8) becomes
j; Tz, 0)Fu(6,2, k)dadd = — /a ) %mdaf =0
This proves the orthogonality
P(Ep(k,2)n AY) L F(A(k, RY))
Now we prove that
P(Ep(k, @) AN) = F(A(k, R3))
In fact, if ¢ € VN such that
]D W=, O0Fu'(9,2,k)dzd8 = 0, foranyu’ € A(k,RS)
then from (4.9)
/ O & Tdog = 0, for anyu € To(k, 2.)
o0 Jvg

where

w60 = [ 90,0 T 6ale)6nlQ)e > Ydo,

ngA

(48)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

From theorem 3.1, _’{p_é’:&)_ |]aq is dense in L3(8%2), so we can conclude

that v = 0 on 8. That is, v € Ep(k, Q)N AN and ¢ = Pv € P(Ep(k, Q)N
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AM). 1t proves (4.10). Since V¥ is a Hilbert space, (4.10) implies the
theorem.

From the decomposition theorem (4.1), we get the following density
result:

Corollary 4.2 A sufficient condition for the far-field patterns of the
problem (1.1) ~ (1.5) to be dense in V¥ is that Ep(k, Q)N AV = {0}. ie.

the eigenfunctions of Dirichlet problem are not elements of the set AV,
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