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ABSTRACT

A mathematical model is presented for the three-dimensional non-linear static and frequency domain dynamic

- analysis of non-rotationally uniform single leg multitube compliant risers with torsion in the presence of
¢ unidirectional monochromatic surface gravity waves traveling at an arbitrary angle,

* arbitrary monochromatic motions and rotations of the upper and lower ends, of the same frequency as
the waves, and

* arbitrary currents.
The effects of riser-ocean botiom interaction, present in some caienary configurations, and of non-linear
hydrodynamic drag are taken into account, using an equivalent harmonic linearization technique. The goveming
non-linear ordinary differential equations are subsequently solved using an adaptive non-uniform grid finite
difference method, an embedding technigue and Newton’s iteration. Good initial approximations of the solution are

also provided allowing fast convergence of the iterative scheme.

The proposed riser analysis methodology is compared with a cable dynamic analysis and two time domain finite

¢lement analyses of compliant risers. Three riser configurations are used for these comparisons; a riser configuration

idealized as a cable, a catenary riser configuration and a steep wave riser configuration,

Additional numerical examples are also presented to examine the effects of various excitation conditions on the
performance of different types of risers. The riser configurations examined, include a shallow water buoyant riser, a
shallow water catenary riser under the presence of two-dimensional and three-dimensional excitation and a deep

water catenary riser experiencing riser-ocean botlom interaction.
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1. INTRODUCTION AND OUTLINE
Compliant risers are assemblages of pipes with very small overall bending rigidity used to convey oil from the

ocecan floor or a subsurface buoy to a surface platform. A compliant riser is permitted to acquire large static
deformations because of its small bending rigidity and readjusts its configuration in response to large slow motions
of the supporting platforms, to which it is rigidly connected, without excessive smessing. Compliant risers have
been used successfully in protected waters in buoy loading stations for tankers. Extensions of shallow water

concepts have been recently proposed as alternatives 1o conventional production risers, because they simplify the
overall production system.

The purpose of this work is to:

¢ Present a mathematical model for the three-dimensional non-linear static and frequency domain
dynamic analysis of non-rotationally uniform compliant risers with torsion in the presence of
unidirectional monochromatic waves travelling ar an arbirary angle, arbitrary monochromatic motions
and rotations of the upper and lower ends of the riser, of the same frequency as the waves, and arbitrary
currents.

o Study the effects of riscr-ocean bottom interaction, present in some catenary configurations, and the
effects of non-linear drag due to separation and wake formation, using 2 harmonic equivalent
linearization iechnique

* Present a solution technique 10 solve the general three-dimensional non-linear static and dynamic
compliant riser problem in the presence of the above mentioned excitations.

* Provide comparisons of the proposed methodology. with other retated cable or riser dynamic analyses

o Present some examples from the static and dynamic analysis of buoyant and catenary risers in 2
two-dimensional or three-dimensional configuration possibly under the presence of riser-ocean bottom
interaction,

This work is organized as follows:

* Chapter 2 provides a complete formulation of the three-dimensional static and dynamic riser problem.
This Chapler provides the governing equations and boundary conditions for the problem. In addition it
presents in detail the equivalent linearization techniques employed o approximate the non-linear drag
forces due to separation and wake formation and the forces due to riser-ocean boaom witeraction.

* Chapter 3 provides the numerical solution algorithm for the solution of the static and dynamic riser
problem using an embedding technique.

* Chapter 4 provides comparisons of the proposed methodology with 2 cable dynamic analysis
methodology and two finite element methodologies for the analysis of compliant risers, using a riser
configuration idealized as a cable, a catenary riser and a steep wave riser configuration.

» Chapter 5 provides some additional numerical results for a shallow water buoyant riser, a shallow waer
catenary riser and a deep water catenary riser experiencing riser-ocean botlom interaction.

¢ Chapter 6 presents brief conclusions from the present work and recommendations for additional
research in this area.






2. PROBLEM FORMULATION

2.1 INTRODUCTION
A mathematical model for the non-linear gicbal static and dynamic behavior of an assemblage of tubes modelied

as a non-rotationally uniform slender elastic rod with space varying torque can be found in [1] and [2]. Efficient
numencal solutions of the non-linear three-dimensional static problem of a compliant riser in the presence of a
steady current can be found in 2] and [3]. The numerical solution scheme employs a novel embedding technique
which starts by using two-dimensional solutions as initial approximations. Numerical techniques to determine the
two-dimensional solutions using embedding can be found in [3] to [5]. References [3] and [4] provide such
techniques for buoyant risers in a current while reference [5] provides a technique for catenary risers without ocean
boltom interaction. The initial approximations of the solution of the corresponding two-dimensional static problems
are analytical and are derived using asymptotic techniques. These analytical solutions correctly account for all
major external and restoring forces for each case and, therefore, provide excellent initial approximations of the
solution of the non-linear static problem. For this reason, fast convergence of the embedding sequence and the
associated Newton-Raphson iterations employed in the numerical solution of the non-linear problem is cbserved in

(2] 1o (5] as opposed 10 the more usual incremental loading method.

Efficient solutions of the Linear unforced and undamped dynamic problem of a compliant riser around a non-linear
static configuration to determine natural modes and frequencies using a combination of embedding and asymptotic
techniques can be found in (6] and (7). The asymptotic solutions of the linear eigenproblem for compliant risers are
based on [8].

In this work we extend the theory developed in [1] to [7) to allow three-dimensional non-linear static and dynamic
analysis of non-rotationally uniform compliant risers with torsion in the presence of
* unidirectional monochromatic surface gravity waves traveling at an arbitrary angle,

« arbitrary monochromatic motions and rotations of the upper and lower ends, of the same frequency as
the waves, and

e arbitrary currents.
In this work, the effects of riser-ocean bottom interaction, present in some catenary configurations, and of non-linear

drag primarily due to separation and wake formation are taken into account.

Our solution approach is iterative and involves the following steps:
1. Solution of the non-linear static problem in the presence of mean forces and moments due to the
currents and waves (possibly involving static riser-ocean bottom interaction).

2. Linearization of the structural part of the non-linear dynamic equations around the static configuration
for smail dynamic motions and angles.



3. Equivalent linearization of the non-linear riser-ocean bottom interaction forces.

4. Equivalent linearization of the non-lincar drag force and moment assuming monochromatic three-
dimensional excilation and response.

5. Solution of the resulting non-linear boundary value problem modeling compliant riser dynarmics,
possibly involving riser-ocean bottom interaction, in the frequency domain.

6. Determination of mean forces and moments due to currents, waves and riser moton.
Once these mean forces and moments are obtained, we iterate starting from step | until we reach a convergent

solution,

This process provides
* The static configuration and the associated static tension and bending moments.

¢ The dynamic motior amplitude and phase and the associated dynamic tension and bending moments for
a general three-dimensional monochromatic excitation and response,

* The total static and dynamic tension and bending moments.



2.2 RISER-OCEAN BOTTOM INTERACTION

2.2.1 STATIC RISER-OCEAN BOTTOM INTERACTION

The mathematical model developed in [1] is modified below to account for the non-linear riser-ocean bottom
interaction. In this analysis we neglect the lateral dimensions of the riser tubes and we assume that the ocean bottom
can be adequately represented by the planar surface y=<0. Figure 2-1 illustrates a riser cross-section interacting with

-
the ocean bottom. The system U " = [EO..EO,no]T is the body fixed system used in (1] to [5] for static analysis,

g
T

Figure 2.1: Riser-Ocean Botiom Interaction

U, is relaied 1o U = (13817 by

u
Up = GV (2.1)
where C, = [¢;;°) is a 313 rotation matrix derived in {3] in terms of the Euler angles ¢,. 8, and y_. In analyzing the
interaction forces and moments, we assume thalE: is roughly horizontal, which is a good approximation because, as
we will see, the ocean botiom is very stff. ﬁcreforc.-zo?jr':clz" = 0 and from [3] we obtain ¢, ~ 0. In Figure 2-1,
dcﬁne-l: = Zox]t which can be expressed as

. .0 0 1.
To = [-c13,0.c1]] u (2.2}

or using (2.1) and the property C,! = C, T, see [9], as



= o 0
(0,c7¢53-¢7 5651267163377 3631 )" U (2.3)

Using ¢, = 0 and {3], we also have
= [sing,.0,cos0.]-U = [0,siny ,cosp ]u (2.4)

as can be also seen in Figure 2.2, where the assumption ¢, = 0 is made.
Y

Ig] =-éz=_é3=j

'1)0 I
|
6 0
0
l = >~_;——§-X
C'l "CZ

Figure 2-2: Euler Angles at the Riser-Ocean Bottom Interface

—p
Following [10], the following assumptions for the static interaction force ?Bo and moment Mg _ per unit length are

made, valid for y < 0, i.c. when the riser penctrates the soil

[ (2.5)
> =-w -
Mag = K ¥4 2 (2.6)

where k¥ and k¥ are the vertical and rocking spring consiants per unit length of the soil. If y_ > 0, we have

- - -
Fg, = h—fl:h =0. In our static analysis, we neglect interacuon force per unit length components along £, and 1

because no reliable model is available to account for these components for large riser displacements away from a



. y - ae e . * - 1 ﬁ
previous static equilibrium position. In addition, we neglect static interaction moments per unit length about E,and

—) . .
1, because of the strip theory approximation followed in this work.

If the riser tube is assumed rigid, the spring coefficients k¥ and k¥ depend on the geometric form of the contact
area and on the soil shear modulus G® and Poisson's ratio vB, see [10]. For contact areas which are rectangular of

width 2d and length 2c, the above coefficients are given by

B
_ G y . [d
K= L L (2.7)
-\
B 2
Voo G 5 8% 4d (2.8)
1-v

where ¥ and BY are functions of d/c. For d/c << |, which is the usual case, B¥ = 2.2 and B¥ = 0.37. If we assume

that the contact geomelry is rectangular, we may choose

4

d =~ 0872 (2.8.1)

c = 1/2 (2.8:2)
where L, is the riser length on the bottom. Equation (2.8.1) is, of course, very approximate, particularly if D& = DN,
but is used here for order of magnitude estimates. Reference [10] provides a discussion of how to obtain reasonable
estimates of GB and vB. Typically the values of vB vary between 0.25 and 0.45, while the values of G® show a
much larger variation between 30 MPa to 350 MPa or even higher. For example, using vB = 045, GB = 350MPa,
DY =031m, 1,=200m, we find that k¥ =55MPa and k¥ =23MPa. If the effective weight of the riser is
W, = 250N/m, the resulting penetration is of the order of 5x10"5m, i.e. negligible. The above analysis indicates that
by assuming a perfectly rigid ocean bottom, no significant errors in the vertical static position of the riser will result.
However, due 10 equation (2.5), no similar statement can be made about the horizontal position of the riser on the
ocean floor for three-dimensional configurations. It is expected that this harizontal position greatly depends on the
method of deployment of riser for caienary and lazy S configurations. If the method of deployment leads to a nearly
straight static configuration on the ocean floor, equation (2.5) indicates that the riser position will continue 10 be
nearly straight, as the overall riser configuration becomes genuinely three-dimensional, except near the lower
support point due o the effect of a clamped rod boundary condition. If a reasonable method of deployment for
catenary and lazy S configurations is followed, it is expected that due to its high flexibility no sigmificant static
bending stresses will result in the portion of the riser on the ocean floor, This, of course, assumes that the ocean

floor is practically flat or that existing protrusions do not significantly impede motions of the riser.
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2.2.2 DYNAMIC RISER-OCEAN BOTTOM INTERACTION

In this section we provide a mathematical model for the riser-ocean bottom interaction forces and moments for
small dynamic motions and angles around a static configuration. Following {10}, the following assumptions are
made for the towal static and dynamic force and moment per unit length on the riser, valid for y=y _+y, <0, i.e. when

the riser penetrates the soil
-
- Y ] -
Foam <LKy Ty -0y, T 07 (2.9)

- ! >

Mgy= ~[k% v+ ¥y R (2.10)

where k¥, k! and k¥ are vertical, horizontal and rocking spring constants per unit unit length; ¢¥, ¢! and ¢V are the
-

corresponding damping coefficients; I, = siny, q + cosy, r is a small dynamic displacement along 1, and subscript t

- -
denotes partial derivative with respect to time. If y = Yo+Y) 2 0.wehaveFp, =My, =0.

If the tube is assumed rigid, the above spring coefficients depend on the geometric form of the contact area, the
soil shear modulus G8, Poisson’s ratio vB, while the damping coefficients also depend upon density pB and 1o a
lesser extent upon the frequency of excitation [10}. If the assumptions made in equations (2.7) and (2.8) are also
followed here, then

Kl = 2(1+vB}GBB1J§ ' (2.17)

where B! is a function of d/c. For d/c << 1, which is the usual case, B! = 1.1. Using results for circular footings and

the procedure suggested in (10], an order of magnitude estimate of ¢” and ¢! for rectangular contact areas of width

2d can be obtained from:
V=689 AR (2.12)
. p B
1-v
€ o 7-8v

Using a similar process for ¢¥ appears o be even more approximate due to the different geometries involved but

may be used for rough estimates:

Y > 1.6 d—3- pBGB (2.14)

T (1-02) (148Y)

where



il

(2.15)

where J5 is the mass moment of inertia per unit length around the langential axis to the centerline. Tt should also be

stressed again that the above expressions are all very approximate if D& = D",

If the tube is not assumed rigid, then the above expressions should also involve stiffness and damping
contributions due 10 lateral shell deformations of the tubes primarily due to the vertical component of the interaction
force. If the spring coefficient kT of the tube in this shell deformation mode is comparable or much smatler than k¥
of equation (2.7), then k” in equation (2.9} should be replaced by
Kok
kK

Y .
kg = (2.16)
which effectively reduces the spring interaction force. The damping coefficients should also be replaced by new
effective damping coeflicients which also take into account energy losses in the riser due to the above mode of

deformation.

22.3 FINAL EXPRESSIONS FOR RISER-OCEAN BOTTOM INTERACTION FORCES AND
MOMENTS

Based on the above discussion and because of the very approximate way in which the results of [10] for
rectangular or circular foundation footings need 10 be extrapolated to provide estimates of the interaction forces and
mements for risers on the ocean floor, our expressions for the interaction loads were simplified to only capture the
major relevant effects. For practically flat bottoms, for which horizontal motions of a riser are essentially
unhindered, the major effects of this interaction are expected to be adequately modelled by only taking into account
vertical interaction forces and neglecting rocking moments altogether (i’l“ =0). Therefore, using (2.9) we obuain

Iy vy iy <o
(2.17)

m+
i

0 y>0
for the overal! static and dynamic interaction force, where k.Y and ¢,¥ are effective spring and damping constants
obtained as discussed in previous sections. Equation (2.17) is similar to the equation used in [8] for mooring line

time simulations.

For reasons of generality, we will assume now that the ocean floor is at y = hy as in Figure 2-3 in which case

equation (2.17) needs to be rewrittan as
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-k (y-hg) + c¥y, 173 y - hg< 0
gL (2.18)
Fg =
0 y - hB > 0
Y
Hthg
H
0 -
- _rA
Z hB 7
s 7 i s s 7 s 7 4 7

Figure 2-3: Axis System

The riser-ocean bottom interaction modelled using (2.18) is a non-linear mechanism which can be properly
studied using a lime domain approach. Due to the very high stiffness of the soil implied in (2.18), significant impact
phenomena may exist, in particular if very iarge riser velocities close to the touch down point are present [11]. If,
however, the top end excitation has decayed significantly and the velocity of the wuch down point is small, the
interaction can be considered smooth and quasi-static [11). Reference [11] also provides an estimate of when
impact phenomena are expected for the case of a two-dimensional taut cable on a perfectly rigid ocean floor. Such
impact phenomena are possible when the speed of the touch down point is larger than the phase velocity, ¢, of an
cquivalent taut string, ¢, = (T,/M)'2, where T, is the local effective tension and M the mass plus added mass of the
cable in the normal direction. An estimate of the expected velocity of the touch down point can be made by
multiplying the frequency of excitation limes its quasi-static motion determined by imposing the dynamic motion of
the top end as a quasi-static offset on top of a panticular static offset. The adequacy of such procedures needs to be

verified using a time domain solution.
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If no significant impact phenomena are expected, equivalent linearization is, however, expected to be adequate.

This is the approach implemenied in this work.
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2.3 NON-LINEAR HYDRODYNAMIC LOADS

The prediction of the exiemal loads .F_}: and }\/_I:, is, perhaps, one of the more importiant factors in a successful
analysis of the static and dynamic behavior of compliant risers. Until rational methods allow the prediction of these
loads in separated flows, approximate estimates based on suip theory and experimenial two-dimensional flow
models may be used for design purposes, see [12] to [14]. At local amplitdes of oscillation large compared to the
diameter in the presence or absence of current, the drag component of the hydrodynamic force dissipates energy
given 1o the system from external excilation, such as the oscillation of the support points of the riser [12]. When the
tocal amplitude of oscillation in the presence of a current is less than about one diameter, the drag component of the
force may actually provide energy to the system for certain ranges of the reduced velocity, see [12] to [14). This
situation is tikely 10 occur in many compliant riser applications involving an external current or large slow drift
oscillations of the supporting platforms (effectively acting as currents for most of the cycle). However, as the results
of [12] and [13] indicate, the limiting amplitude, at least for constant currents, of the mode excited, is only slightly
above one diameter, which unless the mode excited is sufficienily high, is not expected to be a driving factor,
However, vortex induced lifi response leads to an increase of the mean drag coefficient parallel to the current (or

slow large amplitude oscillation) which may in turn have a significant effect on the response parallel to the current.

In this work, we will concentrate on the dissipative effects of quadratic drag either in the presence or absence of
current. Quadratic drag acts differenty than linear drag in that it reduces large amplitudes faster and allows smaller
amplitudes to persist for larger distances from the excitation point. Linear drag would, of course, induce a uniform

exponential decay of the amplitude away from the excitation point,

In this work, we adopt the following procedure based on (15] to estimate the external hydrodynamic force and
moment per unit length on the riser. A similar procedure was used in (2] w (5] 10 estimate the external static force

and moment due 10 a current,

We assume first that the extemal custent velocity is a given function of y and of the following form:
Vo(y) = VA0V 1Y (2.19)
Next we assume the presence of monochromatic travelling surface gravity waves of the form
n = Awexp[-ik (KCOSBW+ZSinBN)+imt] (2.20)

where A, k, w, 8 are the wave amplitude, wave number, circular frequency and angle of the direction of
propagation with respect 10 the +x axis and i the imaginary vnit. The real part needs (o be taken in (2.20) and the
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associated equations to follow. The corresponding wave potential is

gAw cosh[k(y-hB)]

§ =+ — ZoSATRH) exp[-ik(xcose ¢+ zsing, J+iuwt] (7.71)

where H is the water depth, y = hg is the equation of the ocean floor and k, H and w are related by the dispersion

relation
o® = gk tanh(kH) (2.22)

The associated particle wave velocities are obtained by taking the partial derivatives of ® with respect to x, yand z:
cosh[k(y-hB)]

X . . .

Vo= A STARTKA) cose, exp[-1k(xcosew+zs1new)+mt] (2.23)
y _ sinh[k(y—hB)]
W= A STRRTKH) exp[-ik(xcosaw+zsinew)+iut] (c.28)

cosh[k(y-hB)]

v - wh STARKA) sing  exp[-ik(xcoss +zsing Y+iwt] (2.25)

W W £3
The corresponding particle wave accelerations are
< 9 cosh[k(y—hB)]

Vi = iw A, TSTRRTRR) €088, exp[-ik(xcosew+zsin5w)+imt] (2.26)

sinh[k(y-ha)]

2 . , .
V{ = ~w'A SRR KA} exp[-1k(xcosew+zs1n8w)+1wt] (2.27)
Vi = WA STARTRA) sing, exp[a1k(xcosew+zsinew)+iwt](2-23]

Next we present expressions for the hydrodynamic forces and moments per unit length on the riser appropriate for
determining the solution of the non-linear static and linearized dynamic problem for small dynamic deflections and
angles around the static configuration. Here, as in (6] and [7], the linearized dynamic equilibrinm equations are
expressed in the local static U," system and, therefore, we will provide expressions for the components of the total
external hydrodynamic loads in this system, consistent with the range of validity of the problem addressed here.

The total tangential hydrodynamic force is modelled as:
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) . £n
t)=lo, (A -A )+m ]v -m ptt+0 50,Pe C: v llvre]| (2.29)

where
* p . is the salt water density

* A_ is the riser tubes outer cross-sectiona! area
¢ A, is the riser tubes and buoyancy modules outer cross-sectional area
* pis a small dynamic displacement along Co

om,{ is the added mass per unit length of the buoyancy modules in the { direction and m,5 =0 for all
barc riser sections

* C, a frictional coefficient, and

. P}“ is an "equivalent” wetted perimeter of the cross-section derived in [3] which accounts for frictional
and separation effects and is given by

. . Ch{AL-A,)
PN (s) = p*N(s) + _T___D ffb 0 (2.30)

. PE-“(s) is the overall weited perimeter of the cross-section

¢ Cp' is a separation and wake formation drag coefficient for the buoyancy modules for flow parallel to {,
e L, is the buoyancy module length

Within the bare part of the riser, we set Ay = A, and therefore P,5% = PN, a5 expected. Within the part of the
riser covered by buoyancy modules, (2.29) allows represantation of a uniformly distributed force due to separation

angd wake formation,

Using (2.1), we can determine Vt%. the particle wave acceleration in the E; direction and leco, the relative
velocity of the fluid particles due 1o wave and current motion with respect to the riser in the E: direction. In these
estimates, all velocities and accelerations of the external flow are evaluated at the static position (x,y.,z) of the
riser. This is an acceptable approximation because the dynamic displacements are small with respect to the length
scales of the external flows, i.e. A_=[V I/ (dIV_dy) for the current and A = 2 / k for the wave.

-
Next we express the drag component of the hydrodynamic force orthogonal to o as

=£ n E +E oMo

0'0 _
F 0.5 0,D¢Cp V re] lvrel

drag (2.31)

——ly
where D is the maximum frontal dimension of the cross-section orthogonal to anﬁo s, Cpy is a drag coefficient

primarily due to separation and wake formation and
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+& ﬂ E r] n
¢ -
Vre] (o, Vre], 1r_e1] U, (2.32)

and V, 5 and V)= are the relative velocities of the fluid particles due to wave and current motion with respect 0

- —
the riser in the & and M, directions. As in reference (3], the cross sections modelled in this work are of the form

shown in Figure 24,

na
N S /"\ D"/2
f//'\ yEn
pé /(' G
Y . \\\;_t::>/0”/2
Figure 2-4: Cross-Section Idealization
For such cases
D = (05-0")| coso| + D" (2.33)
where
Jcosal = 40,1779 (2.38)

— —
Now introducing the inertial part of the hydrodynamic forces in the &  and 1, directions, analyzing (2.31} in these
-l
directions and using (2.32) to (2.34), we obtain for the total hydrodynamic forces along E,o and-ﬁba:

£ g,
F(50) = (o AV, nage + 0.50,000, % L0500 4’2,

|+D”|vre] |3 (2.3r)
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Fno(s t)=[, A +m”]vn° -mlr. .+ 0.50 ¢ v O [(D5- D”)|v +0N)y (2.38)
H Y205 hoy iyt IV a "tt PwD rel rell lre1” '
where -
» m,§ and m," are added masses per unit length in the £ and 7 directions,
* q, r are small dynamic displacements along?o and '1'1': and
E 2 n.o21/2
00 0
Ivre] | = [V gy) + (Vo) ] (2.37)

The fluid acceleration and relative velocity terms needed in equations (2.29), (2.35) and (2.36) are defined by

&y & T T
Oy 0y Oy _ o ruX uY 2

Ve oV WV T = € v, (2.38)
&, & on T T T

0 v O O 7 o ruXewX wY yZouZ L

rei*Vre1rVre1] 0o VTV Y HVE] by 1q,ur, ] (2.39)

For the reasons mentioned earlier, all fluid velocities and accelerations are evaluated at the static position (x,,y,.2,)

of the riser.

In our estimates of the hydrodynamic forces, equations (2.29), (2.35) and (2. 36), lift forces crthogonal to Co and
V’-Jk are neglected in accordance with the arguments concerning the maximum vortex induced lift response made at
the beginning of this secion. However, the magnitude of Cp may significantly increase if such lift motion exists,
see [13] and {14). In this work, constant values of Cp along the length are used for simplicity. Procedures to obtain
estimates of Cp and of the added mass coefficients used to determine sectional added mass for circular cylinders and
a number of idealized excitation conditions in terms of the flow and response parameters using rigid cylinder
experiments can be found in {12) 10 [14).

Finally, we need to provide estimates for the external hydrodyramic moment ;1.“. Due 10 the strip theory
approximation used in this work, the only component which is considered non-zero is the moment around the
tangent 1o the centerline (16).  Within ideal flow theory, the presence of M % can be explained because the
cross-section is not, in general, symmetrical about an axis orthogonal to _\;:d’iﬂ. on the E, ;1: plane [16]. Due to
lack of data for real flow conditions, we estimate the external torgue per unit length using potential theory and

adding a quadratic frictional component:
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z ) n
0 _ (6. Ty Oy O gzt 1 g
MH - (ma'ma)vrelvrel Ja “t” 2 owcf

where r can be approximately laken as

pgﬂrauﬂw\’:[ {2.40)

r (DC + Dn)/4 (2.41)

H

and C* is a frictional coefficient for oscillatory torsional motions.



2.4 GOVERNING EQUATIONS

2.4.1 NON-LINEAR STATIC EQUATIONS

As indicated earlier, the first step in the solution process followed in this work is the solution of the non-linear
static problem in the presence of mean forces and moments due 1o currents and waves possibly involving static .rise.r
ocean bottom interaction. This is followed by the solution of the linearized dynamic equations for small motions

around the static configuration and the determination of more accurale mean forces and moments alse including the

effects of riser motion.

For reasons of compictencess, the general static equilibrium equations, obtained from [1] by including riser-ocean
— —
bottom interaction forces Fg. replacing the extemal hydrodynamic loads Fy and F‘l; by their mean values and

setting all velocitics and angular velocities equal to zero, are given below

Tos = ucTp*Qian-aal-F3. - F& (2.42)
Qg = uchyralel-T olorl - e (2.43)
Qgs = uCgZ+TOQ§-QgQ§-FHO - Fgo (2.44)
Tos = ~BalMio* (1/60-1/85)al5+ (1/6P) 0] (2.45)
a5 = 8510Q0-(1/82-1/78D)a%aD-(1/85) (o8] (2.46)
s = -Bz[Qg-(1/82-1/Bg)QgQg+(1/82)SQQ] (2.47)
bos ° (ggsinw0+ngcoswo)/coseo (2.48)
8o = RoCOSY,-Apsiny (2.49)
VYos * Qg+taneo[ggsin¢°+QECOSw0] (2.50)
Xos = (14Tg)eh, (2.51)
Yos ~ (]+YT0)C?2 {2.52)
Zos = (14T )cl; (2.53)
s*¥ =

os - YT, (2.54)
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where
82(s)= WL /610 (s) (2.55.1)
E(s) = u L3/p156 56
8a(s) = W.L7/EIZ>(s) (2.55.2)
3
Ba(s) = W,L'/EIJ™(s) (2.55.3)
v(s) = W,L/EA(s) (2.55.4)
uls,y,) = Wis,y )/W, (2.55.5)

The above goveming cquations (2.42) to (2.54) are non-dimensional. Forces are non-dimensionalized by WL,
where W is the average effective weight per unit length of the riser in water, and lengths by L, the unstreiched riser
length. In addition, the elements cij° of the static transformation matrix C, can be expressed in terms of the static

Euler angles, see [3].

Thirteen boundary conditions are, in addition, required to complete the statement of the static problem. In this
work, single leg multitube riser configurations with a fixed and clamped lower end and prescribed static offsets and

angles at the upper end are studied. The corresponding boundary conditions are

X0(0)=y0(0)=zo(0) = S;(O) = 0 (256)
85(0) = ¥ (0) = 0, ¢,(0) = ¢p (2.57)
x (V)=xg3 ¥, (V)=yps 2,(0)=2¢ (2.58)
6 (1)=073 8,(1)=875 v (1)=¥q (2.59)

Equations (2.42) to (2.54) and (2.56) to (2.59) are of the following symbolic form

¥

Mos = Fols.mg) 9(w (0) W (1))=0 (2.60)

-* - v
where \_v:(s) is the solution vector and f, is a non-linear function of s and ‘?'o For the general three-dimensional

static problem we choose

x 1

> N.q% af ", . :
Wy {T5105,00505,05,R0:04 18 ¥ 3%4 Y235 (2.61)
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with N, = 13 unknown scalar variables. The first twelve variables are coupled in the govemning equations while so'

can be determined from (2.54) once the computation of T, is completed.

The mean external loads l?;o. F;o and L—d;:o required in the solution of (2.57) will be determined for the general
case in Section 2.4.2. For the initial solution of the static problem the hydrodynamic loads are computed by
assuming zero dynamic motion, i.¢. only taking into account the effects of effective weight, current, surface waves,
ocean-bottom interaction and boundary conditions. For subsequent iterations, they are computed without making

this assumption, i.e. by also including the effect of dynamic motion.

2.4.2 EQUIVALENT LINEARIZATION OF NON-LINEAR LOADS FOR MONOCHROMATIC
RESPONSE

For overdamped systems, as a compliant riser operating at large amplitudes in comparison to its diameter, and in
the absence of significant impact phcnomena, it is well known that the equivalent linearization of the non-linear
external Ioads allows us to replicale the results of time domain codes with accuracy usually sufficient for
preliminary design, see [11], [17] and [18]. This occurs because higher frequency components introduced by the
external load non-linearities are filtered out. In this work equivalent linearization of the non-linear external loads is
performed assuming monochromatic excitation and response of given circular frequency w. Our equivalent
linearization procedure is based on [17] and minimizes the mean square error over a period of oscillation between

each non-linear component of the load and its monochromatic approximation,

As stated above, the dynamic solutions studied in this work are of the form

;](s,t) = Re[ﬁ1(s)exp(iwt)1 (2.62)

where '\ir'l(s.t) is the solution vector, ?l(s) is a complex function of the arc length, subscript 1 denotes dynamic

quantities,  is the given circular frequency of oscillation and t is the time. As in reference (6], we find it

convenient Lo chooses

> £ aN.o% o€ on. . T

W(s) = [707.01307.07.42)3853.8 3.8 3Paar] (2.63)
and we will express the governing dynamic equations in terms of these unknowns, separated into real and imaginary
parts

Wy (s) = Wyp(s) + i Wy (s) (2.64)

where i is the imaginary uniL.
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2.4.2.1 EQUIVALENT LINEARIZATION OF RISER-OCEAN BOTTOM INTERACTION FORCES

The approach taken in this work, as explained above, is 10 use an equivalent linearization of the distributed
interaction force (2.18) in the solution of the dynamic problem assuming monochromatic excitation and response.
An alicmative approach, used in mooring dynamics [8], which replaces the part of the cable on the ocean floor with
boundary conditions at the wuchdown point, although attractive in two-dimensionat configurations, does not extend
casily to three-dimensional configurations present in compliant risers where the part of the riser on the ocean floor is

not rectilinear and where bending and torsion effects are also present.
Equivalent linearization of (2.18) is performed by assuming that

y(s.t) = y (s} + y (s,t) (2.65)

where
* ¥,(5) is the static deflection

* y,(s,t) is a small dynamic deflection in the vertical direction around the static confipuration, given by

yy(s,t) = Re[}_ll(sJexp(iut + da{s))] (2.66)

-
where (s} 2 7 is the dynamic motion amplitude in the j direction and (s} is a corresponding phase, related to p,

qandrby

.
nexelia) = [e9,.¢5,,¢3,10p,a,r] (2.67)

which is due to (2.1)

Equation (2.18) can be separated inw a static component

N -k (¥ -hg)J Y, < hg
Fao = (2.68)

and a lincanzed dynamic component of the form
e - . l‘y A ) > 2 ) 69
1 Cig yyref 97,13 (2.69)
where f:e" and &Y can be found from the following equations

CASEl; y, < hgandy,+y, < hy
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YooY 2.70
&= (2.70)

CASE2: 0 < ly-hgl < ¥y,

~ y -h Y -hy 2 - Y -h

= ) e B \/1-( S N ) (2.71)

= ™Y N N

R ¥,-h y.-hy 2 ¥.-h

AR LSRR, IR R S P (2.72)
™Yy Y N

CASE3: y, 2 hg,y, ¥, 2 hg
oo - 2.73
kg = ¢g = 0 ( )

which are, of course, also consistent with our intuition conceming (2.18).

Finally, E;o and i-:;l need to be expressed in the U," system. Using (2.1) and Co" = CoT. we obtain
0 O o ) 1
. k(¥ hg)(€]4652:¢35] Yo Yo < Mg
FBO = (2.74)
0 y. > hB

-

F

Ny ST
- Yoi Y o o o} . "
Bl RE{(ke+1wce)[C]2’C22,c32]-[p,q’r] eXD(th)}'[C?z,cgz,cgz]‘Uo (2.?5)
24.2.2 EQUIVALENT LINEARIZATION OF EXTERNAL HYDRODYNAMIC LOADS
To simplify calculations let

- : 2.76
k k(x,cose, + z sing,) { }
cosh[k{y,-hg)]
R () (2.77)
inh[ k ~-h
o s1n.[ (¥,-hg)] (2.78)
sinh{kH)
These allow us to write (2.23) to (2.25) and (2.26) to (2.28) as
Vx a'cosew
v (cosk'-isink') ib' olwt (2.79)

2z o
v a smew
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VE ra'cosew
V{ = w{sink' + icosk') ib! ot
_Vij -a'sinewj
By letting
R A R Rk RRITR A NI

equations (2.38) and (2.80) provide

which can be analyzed w

g _ 0 s ' 1
ng = oa'sink (c?]cosew+c1351“9w) - b'cosk'eq,)
C | (] . (- 1
Vlg = {a'cosk (c?]cosew+c]3s1new) + b'sink C]z}
VEO = ofa'sink’ (c2,cos8 +c2.sing ) - b'cosk'c?
Rt 21€058,#Co351n8, ) - bicosk’cyy)
VE‘):QJ{G'C Sk.(OC +0 : i L lo
It o C51C0S8,, c23s1new) + b'sink c22}
VHG - U.){ 1 : kl( Q + 0 2 [] ] 0
Rt a'sink' {cs cose,, c3351new) - b'cosk c32}
nO - 1 kl( 0 cos8 +c0 sine )+b.51nklco }
Vi = w {a'cosk’ (cg w 33 w 32

Similarly, equations (2.39) and (2.79) provide

'-C; - - [’; - 'l - r~
Q 0 0 0 Q

Vot 1t €11 S92 €13

Vso + 1 VEO = w{sink'+icosk') 9, 2, Y

Rt I 21 22 23

n n
o] 0 Q s} 4] |

VRt | Vit | €31 €32 €33 | a'sing,

(2.80)

(2.81)

(2.82)

(2.83.1)

(2.83.2)

(2.83.3)
(2.83.4)

(2.83.5)

(2.83.6)
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Y

where the real part of the right hand side needs to be taken. To simplify our calculations we let

v

v

¥

Mo
r‘e]_J

r
ral

%0

rel

]

"o

rel

rd
v
]

—

O - p+8 sin(wt+s,)
C+0D sin(wt+82)

E+F sin{mt+83)

where the phases 0,, 8, 8, are 10 be chosen so that

B

,0,F >0

In addition we let

(p.a.r] = Topsaparpl + ilppagqary]

Equations (2.84) to (2.87) provide the components A, C and E due to the curent

A

E

0 ., X
Ve

]

o

=c0Vx+c

3¢

+ c?av

Z
c

) 4 o .z
cove * iV

[ I 4
33%¢

Similarly equations (2.84) o (2.87) provide

Bexp(191)

Dexp(iez)

Fexp(ie3)

1

= (cosk'-isink')

T o0 o o
%12 ©13

o (4] 0
] Cay €32 €33

26

0 + Co(cosk'-isink') ib!

u-

]

0 0 0
€21 €22 €23

Multiplying (2.93) by i and recognizing the similanty with (2.82) we let

a'sin
ew

)

1
a COSGW
ib'

s
a s1n6w

- iulq| e’ (2.84)

(2.85)
{2.86)

(2.87)

(2.88)

(2.89)
(2.90)
(2.91)
(2.92)
PR*iPy

- jw qR"'in
rptirg

(2.93
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S g o 4
o . 0 ¢ _ 0
Yag = wVp o Vi 7wV (2.94)
£ £ £ &
"0 o 0 . 0
Ypy = wVp s Yy = w¥) (2.95)
n n n
0 Q o _ Q
Var = w¥p e Vg T uVy (2.96)
where VRf»o. V,Co, etc. are the bracket terms in equations (2.83). Equations (2.83), and (2.93) to {2.96) now provide
o ) o
Bexp(igy) = wpgp + Vg~ + i{wpp + V") (2.97)
. E0 . E0
Dexp(18,) = wap + Vo~ + ifwqy + V,") (2.98)
-"10 ) Vno)
Fexp(ia) = wrg * Vg * ilurp + V) (2.99)

Using (2.88), B, D and F are the magnitudes of the nght hand sides of (2.97) 1 (2.99). Similarly, 8,. 6, and 0, are
the phases of the right hand sides of (2.97) to (2.99) which in general belong to the interval

=T (_ 81g82s63 <7 (2.100)

Equations (2.29), (2.35), (2.36) and (2.40) now indicate that the following non-linear terms require equivalent

linearization expressed as follows
4 g
0 C 0

re]|ure1| ~ F Y+ sin(wt + 81) (2.101)
£ £ .
rel'vrell = P04 sinfut + 82) (2.102)
£.N £4N
"2 11Vre1 [ = FO% 4%  sinfut + 8y (2.103)
re
n
re]]vre][ +C % sinut +8,) (2.104)
re]lvrel | = F e S 3 .
& n 4 4
Veet Vrep = Py + G sinfut +8,) (2.106)
&
WFluf] = 09 W (2.107)
where from (2.37)
E 2 2 1/2
|Vre'| = {£C+Dsin(mt+€'2)] + [E+Fsin(wt+63)] } (2.108)
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and from [6] and (2.64)

W = Re[iu823exp(iut)] (2.109)

The equivalent linearization coefficients appearing in (2.101) to (2.107) are computed by minimizing the mean

square error between the left hand side and the right hand side of these equations over one period of oscillation (17].

Equations (2.101), (2.102), (2.104) and (2.107) are special cases of the following equivalent linearization:

[a+bsin{t+ &}l c+dsint] = f+cpsinr (2.110)

wheret=wtandb,d = 0. By minimizing

2n
g2/ dﬂﬂ-cpsinr - [a+bs1’n(r+@)]|c+ds1‘nr|}2 (2.111)
0
we obtain 21
£ = %?F J [atbsin{t+€)]| c+dsint|dr (2.112)
0
2n
<, = JT— ; sintfa+bsin(t+ §]|c+dsint|dt (2.113)
0

where b,d > 0 is assumed. These integrals, although more general than those computed in {17], can be expressed

in terms of elementary functions by distinguishing a number of cases.

CASEL kl > d > 0

f = sgn{c} (ac + E% coso ) ' {(2.114)
c, = sgn{c) {ad + bc cose) (2.115)
where
! c>0
sgn{c) = 0 c¢=0 (2.116)
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CASE2: d 2 kl 2 Owithd>0

f = % sgn(c)}{ (ac + bd cose)sin-](JﬁL) + ble] coso ¥1-(

2 2
2 a > S ZaaVioeray  (207)
2
p = £ san(c) (agvbe cos 9sin” (Lghy+ Lizacrvara-(§) Jeose - (2.118)

The values of f and ¢, are functions ofa, b,c,d, ©
f= f(anb$c$d9 e‘)

.19
c. =c_(a,b,c,d,0) (2.119)

P %p

and therefore (2.85) to (2.87), (2.101), (2.102), (2.104) and (2.119) allow us to obtain

L g . '
F° - £(A,8,4,8,0), C° - c, (R.B.A.8,0) (2.120)
3
£0 - £(€,0,6.0,0), C O = cp(C:0.£.D,0) (2.121)
HO B no )
F - f(EoFsC:Dsea'ez), C = cp(E’F1Cst83'82) (2.]22)
Similarly, by lenting ‘
%23 7 Baar ¥ 1831 = [8y3]exp(iey) (2.123)
we obuain
W = w|By3lcos(ut + 6, + 3) (2.124)

and using (2.107), (2.124) and (2.118) we obtain

% _ 8
and therefore
& lul| = cC° Re{iw[Byap + 1Boaylexpliwt)) (2.126)
wijwr = Loy WLPy3R 2314€%P .

Similarly, by minimizing the mean square error over a period of the left hand side minus the right hand side of
(2.106) we obtain
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g F -
FM0 = CE + Q? cos(83—82) (2.127)
%o

Cy = DOE + CF cos{84-6,) (2.128)

Unfortunaiely, the coefficients in the right hand sides of (2.103) and (2.105) cannot be expressed in terms of

elementary funcuons and, therefore, numerical quadrature will be used to evaluate them from:

2n 5 2 1/2
Fgono : %_ r o de[CD sin(1+0,)1([C+D sin(t+s,)] + [E+F sin{t+85)] } (2.129)
m
0
29
Eﬂ 'I 2 . 2 ]/2
¢ 9% =/ dr sin(r+9,)[C+D sin(t+6,) K [C+D sin(1+3,)] + [E+F sin(t+85)1%)
5 {2,120)
Fn050 _ %_ ;o de[E+F sin(r+e3)]{[C*D sin(t+8,)] + [E+F sin(1+6;)] } (2,131)
T
0
¢ 2m ' 2 v 1/2
Cﬂo 0 . % ;o sin{u+ ) [E+F sin{t+64) {[C+D sin(t+e,)] + [E+F sin{t+e3)] }
o (2.132)

This completes the equivalent linearization of the hydrodynamic loads. The expressions for these loads, provided
below, have been split into static (subscript 0) and dynamic components (subscript 1), the sinusoid time dependence
exp{iot] has been dropped from the dynamic components, while the real part also needs to be taken in the dynamic

components.
o £n %o >
Fao = 0.5p,Pa"CeF (2.133)
G Lo . CO 2 ) En Cor . _
FH? ~ [pw(Ab-Ao) + mg ][VR2+1vIt] + ﬁ%n (pR+1pI)+0‘5°wPe cfc [s1ne]-1cose1]

(2.134)

£ £ £En
Fod = 0.50, 0ol (0°-0M)F © + D1F 0% (2.138)
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0 = o py S 100.0,0] + mbud(agia )

- £ £En

+0.5p, Coi (05-07)c @ + 0 ° %} (sing,-icoss,) (2.136)
£ . 0,50 C ((0%-0")F © » D“Fn°£°} (2.137)
Ho DD .
n n n
0 _ 1 0, .y O n 2 ,
"ur = leyBytmg JVpy * Wy ] + mpat (rprivy)

'r‘ 1’
+0.52,C Dt(o* -0")C °{sing,-icoss,) + D"C "o ®(singy-icosag)t  (2.138)

-

l.:;0 Lo "0
Mo = (mz-m) Fy, (2.139.1)

. -
0 _ (£ N0 . 245
My = (m 3-m )Gy (sing, icoss,) + w J +i2

(823R 3531)

-0.50 CL'PEF] C‘FM"“[ -23I+1823R] (2.]39.2)

2.4.2.3 STRUCTURAL DAMPING FORCES AND MOMENTS

The following linear expressions for Lhe structural damping forces and moments per unit length are used

A% = -siu(pgtipy) (2.140)
AE - '5E‘w(qa*i°z3 (2.141)
A" = -8Mu(rgriry) (2.142)

where the sinusoid time dependence expliwt] has been dropped, Lhe real part needs to be taken in (2.140) to (2.143)
and 85, 85, 8N, 6% are structural damping coefficients, which may be frequency dependent The structural damping
moments ©5 and ©" are omitted because their effects may be represented by A% and A", The values 85, 8%, &1, 18
are expected 0 be much larger than those encountered in conventional tensioned steel risers because of the

multilayer construction of typical compliant risers.
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2.4.3 NON-LINEAR DYNAMIC EQUATIONS FOR MONOCHROMATIC RESPONSE

We now derive the governing dynamic equations by

* incorporating the external forces and moments linearized in Section 2.4.2 for monochromatic response
in the structurally linearized riser equations around a static configuration derived in [6}:

» climinaling the sinusoid time dependence expliwt];
* separating real and imaginary pans in the resulting equations: and

* non-dimensionalizing all forces by the maximum static effective tension T, and all lengths by the
unstretched length L of the riser.

For the reader’s convenience, we repeat the definition of the followin g parameters first introduced in [6)

om " Ton/EA (7.144)
PuoctP/t 12 ofwgrBEie’ (2 M oM, L2
34 (;Ie/'I'Om L% g = EI e/Tom L% e, = EI e/Tom L (?2.145)
- £ [ - n n,=§ /
b = mb/an, n° = w/Ez, b e mlE (2.146)
-£, ., 1/2
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where M % is the average value of m<5 along the length and
c
mf = mems, nt = mens, = mn] (2.152)
I = 3RS (2.153)
In addition, we define the following coefficients:

¢ = Lloy (AyA) + mi)/Ty, (2.154)

dc _ £n '
¢®" = 0.5, 2" L Ce/T (2.155)
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Based on the above notation and (6], the governing dynamic equations are;
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(2.158)

(2.159)

(2.160)

(2.161)

(2.162)

{2.163)

{2.164)

(2.165)

(2.166)

(2.167)

(2.168)



34

= nba mé - aneé n
Trrs = Qo + 9%y - Qo “§Q11

2,z dr %o g
*Bpifo t Bapfy - TPy 4 07R0 T cosgy + 87 pp

iC % o ,p0y', 0 0 )
C2 Ve * g (kg (eqppprepyaptegory)
~y', 0 0 0
+ Co (CqpPpteapaptes rp)) (2.169)

n n
- 0 -
o MR~ oTir ~ Bi2rfy * Boapfs

& MG no_
Qps = Qg * B - T

£ n

_ZZhi _églql _ [(Cdi__cdn)c’o + Cdric o) 0] 51n82

i & . ,
15 0 4] Ty [e] 0 o] y 0 0 0
-C Ve * Coplky (°12pR+C22qR+°32rR) - Cg (C12p1+c22q1+c32r1)} (2.170)

-~

- r

& - gled Lo n _ SN _
QTIS QOQ]I + QOQ]I TOQTI QOT]I B}ZIF} + 8231F3
' d £
2 de dn 5o 9N &0y .
"t hng Y 2TkByop 5 qp + [(C E.cime O ¢ ]-cose,

1 E Al LY |
1,70 , 0 ,ly', o 0 ) y',.0 0 0
- OVt Coalke (eqpPr¥epaptespry) * cp {CqaPpteaaaptesora)l (2.171)

N £ & P A 5 -
Qre = Toir * %R -~ %R - %%R - By3rF17823r"2

2.n. _ ' pdE_ndnyalo
-L°h PR 22#%8131 8 PI (C C )C Sinaz

_edn noEo . in " 0 ry', 0 0
CTC 7 TsinBy - O Wpy + Caplky (c)oPg * ¢50ap

"y',.0 0 0 -
*egorp) - cq (Clppprelaartegyry)) (2.172)



35

nooo. £ AL I |ON AN S -
Wrg = Tofr * %N - %1 - B8 1°8131F178031F2

2 n
-z hnr! + 2EK%B]3R + 8N ra + (CdE-Cdn)C oc0582

980

dn in,Jo . 0 ,Cy',. 0 0
* O 7 Teosey - UV cqptky (Cqoprtes,a;

~ ]

regpry) + cl (cTpppred, aptedyred)

+ %)

~ e o5y ratan
lege ){QOQIR o0 "IR

P
- Ctra0 - o0

3 By ok n
- 98100+ OG- HAagB oy - 98y¢)]

4 g
. o _. _ dg 0 Al
Cvom Cm 51M8 - Cyugm Cew Bogp = @7 853

P c P

= L . q.n__EyviaEan Nab
€eM1s * Tesp - leq Ee)(QonlI * Qogll)

2
- Lians . o - b
(221) By3p * A (2070 - Q083 = %8ypp)

N3 6y1ab n
PG HRG8 5 -+ 2By38)]

g g '
0 dg 0 g
* Coom Cm €080, * Cyom Cem Bogr * @7 Basg

(2.173)

(2.178)

(2.175)



36

- P Nyt aNeG £an
EEQ%RS - -EES'%R ¥ Q?R - eg - ea) (050 * QOQIR)

+ ByooMe  + (2/:\5)2 a... - s[aE(20ak
12R o 13R jlefiyy

n 4 AN n
* 25B121 * TBar)t O = MEGR1pr * Fofaar)] (2.176)

PN N _ ¢, PoNyranat ZaN
Eeys T tas iy t Oy - lege B0+ 52 )

2
g 5 Eiaont
t8pMi * (TA7) Bygp * E0NG (207,

L. on Lyl n 2.177
+00Bior T YBoar) * (A7 - AM(Q5Byop + RBp3g)] ( )
LA o S N S N Y - RPN AN 3 N
€egs = Cesir - Ar - Ea=o) (90 * 907R)
: g n2 Nnan £
t ByapMo - (E/AT) Bygp - IDA(2ay) + 95855
c £ Ivika L of 2.178
tas8ygp) v (A - A7) (RGBpap - RBy3p)] ( )
NN - N SN _ad _ (B .Dviabat Eql
EteIS - E:esQTI Q]I (ee'ee)mogll +QOQYI)
g nz NsoaT
* Bi3Mio - (B/27) Bypp * 2Ij(294p +
g, + g E . Tyiof c
ToBaar - TeBiar) * A 95Baap - AgByap)] (2.179)

- Qge (2.180)

R £
B23rs = p - Biar 13R

(2.181)

'
=
=
4
&2
>
w
madl
J
-
o)
')
w
il
3
-

8911c -



37

B13rs = “Tir ¥ Tof23r " Rof12R (2.182)
Blars © -Q%I * 0853 - Uebya1 (2.183)
B12rs = MR ¢ U3 ¢ TBosg (2.184)
Bi21s T N1t B 3p * O5Basy (2.185)
ors = T1R%on = %R * 0 (2.186)
Prs = Tiieon - Tory * 954y (2.187)
Is = (1%e,)8 55 - Ogbp + 25T (2.188)
as = (reg)Bypp - ooy * 8grp \2.189)
s = (1%€,)8y5 - 250 * 2Py (2.190)
ris = (1ve )8y, - 250, + @Bp (2.191)

Equations (2.168) to (2.191) form a system of twenty-four first order coupled non-linear ordinary differentiat

equations in the following twenty-four unknowns:
-~
= n
W(s) = [TigaTy 1 Q3pn0f Qe p0feo05
£ o8 )
AR MR- 15 Bo3r8231813R0B137
T 192
B120°8121;PR P19 O PR Ty (2.192)
Twenty-four boundary conditions are in addition required to complete the statement of the dynamic problem. In

this work, single leg multitube riser configurations with prescribed dynamic displacements and angles at both ends
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are studied. These are estimated from the motions and rotations of the supporting platforms in a surface wave given

by (2.20). In this calculation the following equations are also useful

0 ats =0 {2.193)

W
§

23" Pz HpTrEasr

Ba3 ™ B3 * 1By3, 83 = B3 + 18]5, Byy = By, + iy, ats =1 (2.194)

p=p' +ip", g=q9" +1iq", r=r' +ir" ats =} (2.195)
823 = w] - ’:‘] Sm 80 (2-]96)
By3 = - coseO sin 5o 8y cos Vo (2.197)

By, = ) cos 8 cos Vo - 8y sin Vo (2.198)
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3. SOLUTION METHOD

3.1 INTRODUCTION
General methods for the solution of two-point boundary value problems can be found in Keller [19], Ferziger [20)
and Pereyra (21]. We stan our discussion by considering the following general boundary value problem:

Wie RS, WmOLEO)) =0 (3.1)

where
+ ()" denotes derivative with respect o s

*w= [wl(s),wz(s).....wN(s)}T is the solution vector
.?= [fl ,fz,.--.[.\r]T

. §.= (8, -82-----8N]T
*0 € s < land{ |7 denotes transpose

Embedding solution methods introduce a continuation of (3.1) to

w' o= F(s,we), g[w(0),w(1)5e)] = 0 (3.2)
where € is a continuation parameter 0 < € < 1, and when € = 1 equations (3.1) and (3.2) are identical.

Using the embedding wechnique, a sequence of problems with values of € such that 0=, <g <. < g, =1are
solved. The solution of the problem involving €, uses as initial approximation the solution of the problem involving
€ .1~ The non-linear static solutions presented in [2) to [S] and the eigensolutions presentad in [6] and [7] for
various compliant riser configurations use the above embedding method specialized to the particular situation. It

was found that the following two rules in selecting (3.2) make the embedding process robust and very efficient:

* The problem comresponding 10 £ = 0 should be easier to solve than the initial problem (€ = 1) so that we
can start the solution process with no difficulty.

» The problem cormresponding to € =0 should express the balance of all major extemal and restoring
forces of the original problem correctly everywherein0 < s < 1.

So in choosing (3.2) for £ = 0, it is advisable 10 use our intuition about the physics of the problem at hand and then
derive initial approximate solutions for € =0 using asymptotic techniques or a combination of asymptotic and

numerical techniques (for example involving the solution of a small system of non-linear algebraic equations or the

solution of a system of linear equaticns). This is the sofution method followed in this work.
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3.2 STATIC PROBLEM SOLUTION METHOD

As indicated earlier, the first step in the solution process followed in this work is the solution of the non-linear
static problem in the presence of mean forces and moments due to currents and waves possibly involving static riser
ocean bottom interaction. The non-linear three-dimensional static equations for a flexible riser were presented in

section 2.4.1 (equations 2.42 - 2.54).

The solution of the set of non-linear static equations is obtained using a non-uniform grid finite difference
method, Pereyra (21]. The non-uniform grid is necessary Lo permit an efficient resolution of intemal or boundary
layers in the riser. The solution of the finite difference equations is based on a modified Newton’s iteration method
coupled with a deferred correction technique also described in Pereyra [21]. The numerical solution scheme
employed 1o solve the static equations uses the embedding techniques described in the previous section, which
require an initial static approximate solution. The numerical scheme uses the approximate solution of the problem
and yields a more accurate solution which makes the absolute error less than a prespecified tolerance. During the
solution process, additional grid points may be inserted automatically to reduce ang equidistribute the error on the
final mesh. The computer implementation of this solution scheme uses the NAG Fortran mathematical library {22].
The initial approximations of the solution of the static problem are either analytical (for 1wo-dimensional cases) or

numerical.

The analytical approximate solutions of two-dimensional static problems are derived using asymptotic techniques.
These analytical solutions correctly account for all major external and restoring forces in a riser equation and,
therefore, provide excellent initial approximations of the solution of the non-linear static problem. For this reason
fast convergence of the embedding sequence and the associated Newton-Raphson iterations employed in the

numerical solution of the non-linear problem is observed in most cases.

References [3) and {4] provide an analytical two-dimensional approximate solution for the case of buoyant risers
(risers with small effective weight) in the presence of current, while reference (5] provides an analytical technique to
compute the static solution for catenary risers (risers with large effective weight). The above two analytic solutions
are used also in the present work. For the buoyant riser in a curent case, the major external force is the current
force which is balanced with the riser restoring forces to determine the initial approximation, For the catenary riser
case, the major external force is the weight of the riser, which is balanced with the riser restoring forces to determine

the initial approximation.

An additional asymptotic technique was developed 0 provide an analytical approximate static solution for the

case of a catenary riser experiencing static riser-ocean bottom interaction. In this case the major external forces are
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the weight of the riser and the static bottom interaction force over a portion of the riser, both of which need to be
balanced with the riser restoring forces to determine the initial static approximation. Appendix [ presents an
analytical approximate solution for catenary risers experiencing bottom interaction. For the other asymptotic

solutions the reader should consult references (3], [4] and {5) for a detailed account.

An alternative 10 using analytical asymptotic techniques to determine an initial approximation 0 the static
problem is to use an already existing two-dimensional or threc-dimensional static solution for different excitation
conditions (wave, current or riser motions) and/or different boundary conditions (static displacements at the top,
static angles e.t.c.). These different excitation conditions andfor different boundary conditions are modified
incrementally with the continuation parameter e introduced in section 3.1, untl they reach the actual excitation
conditions and/or actual boundary conditions for the problem at hand. Thus for €=1 the solution obtained
corresponds to the excitation conditons and/or boundary conditions of the actual problem. In this way, we can also
march from a two-dimensional static solution 1o a lhree-dimensional static solution by embedding on the three-

dimensional excitation characteristics and/or boundary conditions, [2], {3] and [5].

The initial approximation to the static solution is the single most important factor for fast convergence of the
Newton Raphson iteration and care should be exercised for the rational selection of the form of the approximate
solution to use in each case. An example of a special, relatively difficult, static problem and the best approach to
solve it follow. For the case of a buoyant riser in a weak or zero current, the “buoyant riser in a current” analytic
approximation is not valid and Newton's iteration may break down if such an initial approximation is used. In this
case it is preferable 0 analyze first the buoyant riser in an artificial moderate current, using the buoyant riser initial
approximation, and then use the numerical solution for the artificial moderate current as an initial approximation o
solve for the buoyant riser in the weak or zero current using embedding. This methodology was found to provide

fast convergence of the Newton Raphson iterations.

The final element in the static solution technique implemented is that once the static solution and then the
dynamic solution is obtained for a particular excitation, the dynamic riser motions are determined. Then the mean
static forces and moments due to current, waves and the riser dynamic motions can be estimated more accurately in
equations 2.133, 2,135, 2.137 and 2.139. These more accurate forces and moments can then be used to solve the
non-linear static problem and improve the static solution. This ileration step can be repeated, until a satisfactory
converged solution is obtained. This technique allows us to account more accurately for the mean configuration of

compliant risers in the presence of waves and small dynamic motions.
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3.3 DYNAMIC PROBLEM SOLUTION METHOD

Afier the static riser problem is solved, the structural part of the non-linear dynamic riser equations is linearized
around the stalic configuration assuming smalt dynamic motions and rotations., Then the non-linear drag forces and
moments as well as the non-linear riser-ocean bottom interaction forces are harmonically Linearized for the solution
of the dynamic riser problem. This results in a non-linear boundary value problem. The formulation of the dynamic

compliant riser problem was already presented in detail in Chapter 2 of this report.

The solution of the set of dynamic equations is obtained using a non-uniform grid finite difference method,
Pereyra [21]. The non-uniform grid is necessary 10 permit efficient resotution of internal or boundary layers in the
riser response. The sclution of the finite difference equations is based on a modified Newton’s iteration method
coupled with a deferred correction technique also described in Pereyra (21). This method uses an approximatie
solution of the dynamic problem and yields 2 more accurate solution which makes the absolute error less than a
prespecified wlerance. During the solulion process, additional grid points may be inserted automatically to reduce
and o ¢quidistribute the error on the final mesh. The computer implementation of this solution technique uses the

NAG Fortran Library [22].

The numerical technique used for the dynamic problem is similar to the technique used for the static problem.
Again the initial approximation is the most imponant factor in ensuring fast convergence of the Newton iterations.
For the estimation of the hydrodynamic forces and moments the local wave and current characteristics are evaluated

on the static riser configuration. The procedure followed 10 solve the non-linear dynamic problem is as follows,

First the non-linear drag forces and moments and bottom interaction forces are approximately linearized and the
resulting linear dynamic equations are solved using a non-uniform gnd finite difference technique for solving a
system of lincar ordinary differential equations, The above approximate linearization of the drag forces and
moments, replaces the product IV IV _, by AV, where A is a local approximate refative velocity using an
estimate for the riser dynamic motions. In the first iteration the riser dynamic motions are assumed to vary linearly
along the length of the riser from the given riser top dynamic motions to the given riser bottom dynamic motions, In
the second and following iterations the approximate linear riser problem is solved using as an approximation for the
riser dynamic motions the resulting motions of the previous iteration of the approximate linear riser problem. In this
initial approximation, the effect of bottom interaction in the dynamic problem is only accounted in the region of

static riser-ocean bottom interaction.

This linear dynamic problem is solved a few times, improving each time the approximation 10 the riser motions

and also improving the overall initial approximation to the non-linear dynamic problem. Once a satisfactory linear



43

solution is obtained, it is used as an initial approximation 1o solve the complete non-linear problem using the
complele equivalent linearization technique for the drag forces and the riser-bottom interaction forces and using the

Newton Raphson technique as was outlined before.
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4, COMPARISON WITH OTHER THEORIES

The solution techniques described above have been implemented in general computer codes for the static and
dynamic analysis of single leg multitude flexible risers. In this chapter, comparisons of the results of our theoretical
formulation with other theories for the analysis of the static and dynamic response of flexible risers will be presented

in order o validaie the proposed formulation.

4.1 COMPARISON WITH CABLE STATICS AND DYNAMICS TECHNIQUES

The proposed formulation was compared with the cable static and dynamic analysis techniques developed by
Trianiafyllou et al (8] for a catenary riser using a cable idealization. The characteristics of the riser system analyzed
are presented in Table 4.1. Initially the cable static solution was determined (o obtain the static angles at the bottom
and at the top of the riser 1o use as boundary conditions in our riser static solution. This is required, since the riser
static formulation assumes fixed (clamped) boundary conditions with prescribed static angles in the riser ends while
a cable formulation atlows only for pin-supported boundary conditions {bending effects are not modelled), Such
choice of the end angle boundary conditions is likely to reduce bending effects in the comparison of the riser and
cable idealizations. Using the above static angles at the riser ends, the riser static and dynamic solutions were
determined. The riser analyzed has a length of 140 m, in water depth of 90 m. The static boundary conditions for our

riser solution are:

x(Ly=115m
y(L)= 60m
x(0)=y(0)=0m
0) = -13.6°
(L) = 62.7°

The static excitation conditions used in this comparison correspond to linear current varying from 1.03 m/s at the
bottom end of the riser (y=0) to 1.5 m/s at the top of the riser. The dynamic excitation consisted of 10p end dynamic
motions in the x and y directions with an amplitude of 1 m and zero phase between the motons (xy@LY = 1 m,
lyy (L) = 1 m and zero phase angle). Two excitation frequencies equal (0 0.6 and 0.8 rad/s were used. Al other riser
dynamic motions and rotations at the ends were assumed 1o be zero, and no waves were present. The resulting

configuration is two-dimensional in the x-y plane.

Figure 4.1 presents the stalic riser configuration for the above conditions, while Table 4.2 presents the
comparisons for the effective iension at the top and bottom of the riser from the static and dynamic solutions using
the riser and cable formulations. The agreement for the static effective tension at the riser ends is very good. The
agreement of the dynamic results is also very good both in the amplitude of the dynamic tension at the top as well as
in the phase of the dynamic tension at the top. No comparison of curvatures was performed, because the cable
idealization does not include the effects of the actual clamped boundary conditions on the curvature.
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Table 4-1: Characterisiics of Compliant Riser

L =140 m
D,=D% =0.3048 m
D, =0.269 m
pan =0.9576 m
my =119.6 kg/m
mS = 74.79 kg/m
W, =439.35N/m
EA =4.882x10° N
EI™M = 3.6x10* Nm? (for riser formulation only)
CD = 1.0
Ce =0.05
Figure 4-1: Static Configuration of Catenary Compliant Riser Using

Riser and Cable Idealizations
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2 + 1 + ; }
] A
E -2al - +
P
T
H -4+ + Curve t
{ ‘_\__——'—_4_'__,.4-/
H -w- b
K
“1ze -190 -60 -€0 -49 -20 8

HORTZONTAL AXIS (M)

4.2 COMPARISON WITH A HYBRID FINITE ELEMENT TECHNIQUE, [23]

The present formulation was also compared with the two-dimensional non-linear static and dynamic analysis
presented in reference [23]. McNamara et al, (23), used a time domain hybrid finite element formulation to analyze
the statc and dynamic performance of flexible risers. This formulation vses the usual beam-column equations of the
Bernoulli-Euler bending theory extended for large deformations and introduces the inextensibility condition as a
geometric constraint on the axial deformations leading to a hybrid or mixed formulation of the resulting equations,

Thus the axial force is independently interpolated and only combined with the corresponding axial displacements via
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Table 4-2; Siatic and Dynamic Comparison for Catenary Compliant Riser
Using Riser and Cable Idealization
L=140m ¢ (L)=62.6° ¢,(0)=-13.6° xwp=l I5m ymp=60 m
V(y=0)=1.03 m/s V (y=60)=1.5 m/s

STATIC COMPARISON
CABLE RISER
T(L)=65kN T(L) = 65.07kN
T(0)=40.5 kN T(0)=41.7kN

k(L) =ly; (L)l = | m Phase = 0°

DYNAMIC COMPARISON
CABLE RISER
0] T\ (L) Phase T, (L) Phase
0.6 1640 1222 13.87 117.3
08 27.61 1288 30.58 124.2
rad/s kN deg kN deg

a Lagrangian constraint (23).

Results will be compared for the motions and forces on a flexible catenary riser connecting a tanker to a subsea
tower. The characteristics of the riser are presented in Table 4.3. The riser has a length of 350 m and is supported at
a subsea wwer point at a depth of 150 m and at a surface platform displaced horizontally by 150 m The water depth

isequal 10 350 m. It is assumed that the riser is full of sea water, No external current is present.

McNamara et al, (23], assumed a pin-supported riser in contrast 10 the present formulation which assumes the
more usual clamped boundary conditions. For the present analysis the static riser angles at the two ends were
selected equal to the static riser angles determined from the hybrid finite element technique to approximate the
pin-supported configuration and minimize bending effects in the comparison. The above difference, however
affects the prediction of bending moments in the riser particularly close 1o the riser ends (difference between

pin-support and fixed support). The static boundary conditions are as follows in this case:

x(L)=150m

yL)=150m

() =y()=0m

¢(0) =-71.18°

$(L) = 82.81°

The dynamic excitation for this comparison consisted of top riser motion due to a sinusoid surge motion of the
supporting vessel with amplitnde of 2.01 m with an excitation period of 14 5. The resulting configuration is
two-dimensional in the x-y plane. Figure 4.2 presents the static configuration for the riser analyzed. Both the
present formulation prediction (continuous line) and the hybrid finite element method prediction (circle symbol) are

shown. The agreement is very good. Table 4.4 presents a comparison of the horizontal and vertical projections of
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the static effective wnsions at the top and bottom of the riser predicted from the two techniques, Table 4.4 also
prescnts a comparison of the maximum dynamic veniical projection of the effective tension at the top and bottom of
the riser predicted from the two lechniques. As can be seen from Table 4.4 the agreement is very good in all cases.
The agreement with the static moment predicted by the two techniques was also very good except close to the riser
ends where the different boundary conditions affected the static riser bending moments. There was no sufficient

information in (23] to compare the predictions from the two methodologies for the dynamic bending momenis in the

riser,
Table 4-3: Characteristics of a Catenary Riser adapted from {23]
L =350m
D =D% =0.26m
D, =020m
pén =08168 m
m, = 54.42 kg/m
W, =346.1 N/m
EA =1.538x10° N
E[M =2.096x10* Nm?
CD = 1.0
G =0.0 (noinformation was available from [23})
Figure 4-2: Static Configuration of Catenary Riser from (23]
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* | | |
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Table 4-4: Siatic and Dynamic Comparison for Catenary Riser from [23]
L=350m, 0,(L)=8281°, ¢,(0)=-71.18°, x,,=150m, y,_=150m, V, =0 m/s

STATIC COMPARISON
HYBRID FEM RISER
V(L) =91.45kN V({L)=87.1kN
V(0) =35.83kN V({0)=345kN
H(L) = 11.57kN H(L)=114kN
H(0)=11.92kN H{0) = 1142kN

Ix; (LY} = 2.01 m Phase =0°Period= 145

DYNAMIC COMPARISON
HYBRID FEM RISER
V(L) = L5 kN V(L) = 1532 kN
V,(0) = 0.20 kN V,(0)=0.173 kN

V = vertical force
H = horizontal force

4.3 COMPARISON WITH TIME DOMAIN FINITE ELEMENT RISER DYNAMIC
SOLUTION

Comparisons with the rwo-dimensional static and dynamic analysis of flexible risers presented in references [24]
and {25] will be presented next. References [24) and (25) used a general pwpose non-linear finite element program
to analyze large amplitude dynamic response of flexible risess. Results will be compared for the motions and forces
on a flexible stcc‘p-wavc riser configuration. The flexible riser system is located at 320 meters water depth, The
upper point of the riser is connected to a floater 22 meters below the water surface and follows the moticn of the
platform. The system is exposed to current and waves. The lower end point is locaied 9 meters above the sea floor.
The characteristics of the riser are presented in Table 4.5. The riser has a length of 420 meters. It is composed of two
bare sections and two buoyancy sections. The bare sections are uniform in characteristics. The first buoyancy
section starts 30 m away from the lower end of the riser and is 60 m long. The second buoyancy section starts 90 m
away from the lower end of the riser and is 30 m long. The two buoyancy sections provide a smoother curvature in

the lower region of the riser.

The static offset of the {floater for the condition analyzed was 225.7 m in the dirsction of the current flow. The

current profile used is piccewise linear and has the following characteristics:

Watar Depth (m) | 0 25 50 100 200 317
Curzrant (m/s) | 1.71 1.42 1.25 0.85 0.70 0.50

References (24] and [25) assumed a pin-supported riser in contrast to the present methodology which assumes
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clamped riser support. For the present analysis the static riser angles at the two riser ends were selected to be
approximately equal to the static riser angles deterrnined from the finite element technique. The difference in the
boundary conditions for the twe techniques, however, affects significantly only the prediction of the curvature close

10 the riser ends. The static boundary conditions for the case analyzed are as follows:

(Ly=2257m
y(L)=289.0m
x(0)=y(0)=0m
®(0) = 65°

¢(L) = 80°

For the dynamic comparison, a regular surface wave with amplitude of 15.5 m and period of 16 seconds {(circular
frequency 0.392 rad/s) was used. In addition, the top end of the riser was excited by a heave motion amplitude of

8.99 m with zero phase angle and a surge motion amplitude of 10.37 m with -90 degrees phase angle relative to the

wave crest at the top end of the riser. The resulling configuration is two-dimensional in the x-y plane.

Figure 4.3 presents the static configuration for the riser analyzed. Both the present formulation prediction
{continuous line) and the finite element echnique prediction (circle symbol) from [24] and (25] are shown. As can
be seen the agreement is very good. Figure 4.4 compares the static effective tension for the two formulations along
the length of the riser. The conlinuous line comresponds to our solution, while the square symbol corresponds to the
finite element technique soluton. The maximum effective static tension is about 150 kN, at about 25 m from the
lower end of the nser. The agreement is very good. except near the riser ends where the effect of the different

boundary conditions is more significant, although still relatively small,

Figure 4.5 presents a comparison for the two formulations for the predictions of the dynamic effective tension
along the length of the riser. Since the result from the time domain non-linear finite element analysis is not sinusoid
in time, the maximum, minimum and average dynamic effective tension in one cycle of oscillation from the finite
clement analysis is plotied (circle, square and triangfe symbols respectively). Our definition of the average dynamic
effective tension from the time domain program is to take the mean of the absolute values of the maximum and
minimum dynamic effective tension. Two curves from our analysis are also shown. The first corresponds 1o the
dynamic effective tension based on a static configuration in which wave and dynamic riser motion effects are not
included, while the second corresponds 10 the dynamic effective tension based on a corrected static configuration
accounting for waves and dynamic riser motion. Both curves from the present formulation are in fair agreement with
the average dynamic effective tension (square symbol} predicted by the finite element technique except near the top

end of the riser where the present methodology overpredicts the average dynamic effective tension.

Since it is difficuit to determine from the time domain finite element technique a single dynamic tension
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amplitude, Figure 4.6 was prepared to compare the maximum total effective tension (static + dynamic) from the two
formulations, Again two curves from our analysis are shown, corresponding to the corrected static configuration
accounting for waves and riser dynamic motions and to the initial static con figuration without wave and riser motion
effects. The square symbol corresponds to the finite element method prediction. As can be seen the agreement
between the two methodologies is very good. The corrected dynamic result is more accurate than the initial dynamic
result from our methodology. The present methodology overpredicts the total effective tension at the top of the riser
(177 kN as compared to 165 kN for the finite element technigue at the top of the riser) and underpredicts the total
effective tension at the lower part of the riser (167 kN as compared o 173 kN for the finite element technique at
about 25 m from the lower point of the riser). Again these differences may be pantly attributed to the different
boundary conditions used by the two methodologies. The non-linear terms employed in the time domain finite
¢lement solution do not appear 1o significantly affect the response even under extreme excitation conditions, It is
noteworthy that our linearized frequency domain formulation reproduces the results of time domain non-linear
formulations to the degree seen in Figure 4.6. Such a favorable comparison is, however, expected 1o be valid when
the dynamic effective tension is relatively small compared to the local static effective tension at all points along the

length. There were no data available to compare the dynamic bending moment predictions from the two

formulations,
Table 4-5: Characteristics of Steep-Wave Riser adapted from 24} and [25]
L =420m '
D,=D4 =0.2755m
D, =0.2008 m
Dy = 0.9 m (in buoyancy sections}
EA =9.6x106 N
E["M =3417x10* Nm?
CD = 1.0
C; =0.0 (noinformation was available from [241,[25))
pin = 0.8655 m (in barc section) = 2.827 m (in buoyancy sections)

Riser sections from lower point
130mi_60m 130ml 300m

| Bare | Buoyancy I | BuoyancyII | Bare

Bare Buoyancy [ Buoyancy IT
ms= 1124 kg/m 3348 kg/m 241.7kg/m
mS = 61.1 kg/m 652.1 kg/m 652.1 kg/m
W= 503.2 N/m -2285.0 N/m -1118.0 N/m
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Figure 4-3: Suatic Configuration Comparison for Steep-Wave Riser
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4.4 SUMMARY OF COMPARISONS

The proposed methodology for the analysis of the static and dynamic response of flexible risers was shown to be
in good agreement with three independent analyses, the cable analysis of reference [5], the hybrid finite element
analysis of refezence (23] and the general finite element analysis of references (24] and (25]). Some additional riser
examples will be treated in the following section. We could not locate data to compare the proposed methodology

for the case of a catenary riser experiencing ocean bottom interaction.

All the configurations compared assumed pin-supporied conditions in contrast to the more used fixed {clamped)
boundary conditions for flexible risers. Clamped boundary conditions may result in boundary layers at the ends of
the riser. Such layers require a large number of finite elements to analyze accurately the response. The proposed
solution method using an adaptive non-uniform grid finite difference technique allows resolution of these boundary

layers in an efficient manner,

Comparisons with experimental results are still required to verify the validity of our methodology in predicting

riser motions, effective tension and bending moments, The authors could not, however, locate appropriate
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Figure 4-4: Companson for Suuc Effective Tension
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experimental data needed in such a comparison,
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Figure 4-5: Comparison for Dynamic Effective Tension
A,=15.5m, T=16s, Ix,I=10.37 m, phase -90°, ly,1=8.99 m and phase (P
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Figure 4-6: Comparison for Total Effcctive Tension from the Two Formulations
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5. ADDITIONAL NUMERICAL EXAMPLES

In this chapter, some additional and more detailed results wiil be presenied from the dynamic analysis of flexible
risers. Three riser systems were analyzed, a shallow water buoyant riser, a shallow water catenary riser in a
two-dimensional and a three-dimensional configuration and a deep waler calenary riser experiencing riser ocean-

botom interaction.

5.1 SHALLOW WATER BUOYANT RISER

The first case analyzed is a buoyant flexible riser in the presence of current and top dynamic excitation. The static
configuration for this riser has been analyzed in reference [3]. The suuctural design details for this buoyant riser can
be found in reference (26). The characteristics of this riser are presented in Table 5.1. The riser analyzed in this
section is made up of two flexible tubes with inner diameter of 85.7 mm and outer diameter of 122.9 mm clamped
together. The riser has a length of 88.392 m and is located in water depth of 80.77 m. The lower end of the riser is
located 7.62 m from the occan botiom. The value of the effective weight of the riser is taken constant because it is
assumed that buoyancy is provided by small uniformly distributed modules. Due to the presence of strain relief
units at the ends of the riser, the following values of bending and torsional rigidities at s=0 and s=L ar¢ used: EI"=
6.6 kN.m?, EI%= 22.4 kN.m?, GIP= 1.164 MN.mZ. These rigidities are assumed to decay linearly to the values in

Table 5.1 within 10 m from s=0 angd s=L. The static boundary conditions used in this case are:
xL)=x(0) = y(0)=0 '
yLY=70.1m
&(0) = 90°
o(L) =90°
8(L) = 0°
z(L)=0
The condition analyzed involves two-dimensional excitation (no wrsion) by a unidirectional linear current with
V. (0) = LO3 m/s and V,(h,) = 1.55 m/s. The dynamic excitation consists of top end dynamic motion of the riser in
heave and surge. The heave amplitude (x;) is 1 m and the surge amplitude (y,) is alse 1 m with zero phase angle
between the two motions, The exciting frequency is 0.77 rad/s close o the second natural frequency for this riser

configuration as was presented in reference [6], where the natural modes for this riser have been analyzed.

Figure 5.1, adapted from [3], present the static results for this riser configuration. The static configuration and the
static angle along the length of the riser are shown in the top figure in Figure 5.1, while the static effective tension
and static curvawre in the n direction along the length of the riser are shown in the bottom figure in Figure 5.1,
Figure 5.2 presents the dynamic results for this particular excitation. In the top graph of Figure 5.2, the dimensional
n and q dynamic riser motions are shown as a function of the non-dimensional arc length. In the left lower graph in

Figure 5.2 the non-dimensional dynamic effective tension {continuous line) and the non-dimensional dynamic shear
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force in the & direction (dotted line) are shown as a function of the non-dimensional arc length. In the right lower
graph in Figure 5.2, the non-dimensional dynamic curvature in the M direction is shown as a function of the riser arc

length,

An important result 10 note, is that there are sharp boundary layers close 10 the riser ends and the values of
Curvature and shear are larger at these points and particularly at the top of the riser (inherent buoyant riser weakness
at these points). The maximum stalic effective tension for this case is estimated (o be 7.974 kN, while the maximum
dynamic clfective tension is 2.4 kN at the top of the riser. The dynamic shear force at the top is also significant 3.8
kN,

Since buoyant risers have a small static effective tension, dynamic effects are potentially very important. For
relatively smail dynamic excitations, the dynamic tension is large and can exceed the small static effective tension.
This means that the total effective tcnsion can become negative over a pan of the cycle and the length of the riser
and may lead to partial effecuve compression of the riser possibly causing "dynamic buckling” in the riser tubes and

very large bending stresses.

An additonal concem in this case is that one of the basic assumptions of the structural linearization used in our
methodology conceming small dynamic quantities compazed to the static quantities may be violated (e.g. dynamic
vs siatic efective tension). As a result for buoyant risers, the proposed methodology might reach the limit of its

acceptability with smaller dynamic excitations than in a catenary riser case.

5.2 SHALLOW WATER CATENARY RISER
The second case analyzed is a shallow water catenary riser in the presence of currents, waves and dynamic
excitation in a iwo-dimensional or three-dimensional configuration. The static configuration for this riser has been

analyzed in reference (5].

The heavy riser with catenary configuration analyzed consists of a single uniform flexible pipe with inner
diameter of 269 mm and outer diameter of 304.8 mm. The overall riser characteristics are given in Table 5.2, The
riser has a length of 140 m and is located in water depth of 90 m. The lower end of the riser is located 30 m from
the ocean botiom. Due to the presence of strain relief units at the riser ends, the following values of bending and
torsional rigidities at s=0 and s=L are used: EI% = 72x10° Nm?2, EI'™ = 72x10° Nm?, GIP = 23.28x10° NmZ2. These

rigidities are assumed to decay linearly to the values given in Table 5.2 within 10 m from s=0 and s=L..

The two-dimensional and three-dimensional static boundary conditions used in this case were
x(0) = y(©) =0
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Table 5-1: Characteristics of Buoyant Riser from (3]

=88.392 m
=0.1229 m (of single tube)
=0.,0857 m (of single tube)

=0.31 m (of wbe bundle)
=0.20 m (of wube bundle)
=093m

=237.4 cm?

=115.4 cm?

= 4993 kg/m

=4047 kg/m

= 82.44 kg/m

= 50.32 kg/m

=2.92 N/m
=267x108N

= 3.3x10° Nm?

= 1.22x10* Nm?

= 5.82x10° Nm?

= 820 kg/m?

=3.45MPa

=0m/s

=1.0

= (.05

=0.05
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Figure 5-1; Static Results for Buoyant Riser from (3)
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Figure 5-2: Dynamic Results for Buoyant Riser
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x{L}y=60m

y(L}=60m

¢(0) = -90°

d(L) = 50°

3-d additional boundary conditions
B(L) = 8(0) = y(0) = 2(0) = 0
y(l)=25°

LYy=15m

The cases analyzed are the following:
1. Two-dimensicnal excitation
Linear current velocity with V_(0)=1.03 m/s and V,(h, }=1.5 m/s
Riser top dynamic excitation, excitation frequency = 0.6 rad/s ;=3 m,ly,l =3 m and zero phase
between these motions
No waves

2, Two-dimensional excitation
Current and top dynamic excitation are the same as above
Wave amplitude = 3 m with wave angle = 0° and the same excitation frequency. The phase of the
dynamic motions of the riser is measured with respect 10 the wave elevation at x=0 and z=0.

3. Three-dimensional excitation

The same current profile is used but is rotated by 22.5 degrees about the y-axis from the +x direction
1o the +z direction,

V,(0) = 0.952 mys, V ,(0) = 0.394 ny/s

Vih,}=1386 mys, V (h,) = 0.574 m/s

Top dynamic excitation was also rotated by 22.5°

Ix ! =2.77m, ly,i=3m, iz,} = .15 m, with zero phase with respect to the wave elevation at x=0, z=0

Wave amplide = 3 m, wave frequency = 0.6 rad/s and wave angle = 22.5° with respect to the positive
x direction.
Figure 5.3 adapted from (5], presents the static configuration, static effective tension and curvature for static cases
I'and II (no account for wave and dynamic motion static effects). The maximum static effective tension is estimated
to be 45.16 kN with location close to the upper end of the riser. The presence of the boundary layer can be seen in

these figures. The minimum static bending radius is 3.34 m and occurs at the Jower end of the riser.

Figures 5.4, 5.5 and 5.6 present the dynamic results for case 1, while Figures 5.7, 5.8 and 5.9 present the dynamic
results for case 2 using an initial static configuration which does not account for static effects of wave and riser
dynamic motions. Figures 5.10, 5.11 and 5.12 present the dynamic results for case 2 again using the correctad static
configuration accounting for static effects of wave and riser dynamic motions. Figures 5.4, 5.7 and 5.10 present the
non-dimensional dynamic effective tension and dynamic shear in the & direction as a function of the non-
dimensional arc length, while Figures 5.5, 5.8 and 5.11 present the non-dimensional curvature in the 1| direction as a
function of the non-dimensional arc length and Figures 5.6, 5.9 and 5.12 present the dimensional p and q motions of

the riser as a function of the non-dimensional arc length.

Comparing Figures 5.4, 5.5 and 5.6 with Figures 5.7, 5.8 and 5.9, the effect of the wave on the dynamic response
of the riser can be measured. This effect is important only in the upper part of the riser where direct wave effects are
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more significant. The maximum dynamic tension, the maximum dynamic shear and the maximum dynamic
curvature at the top of the riser increase under the presence of the wave: the maximum dynamic tension from 14.4
kN 10 15.3 kN, the maximum dynamic shear from 13.1 kN 1o 23.1 kN and the maximum dynamic curvature from
021 m'! 10 0.36 m!. The dynamic motions near the top of the riser increase also in the presence of waves,

particularly the q motions.

Comparing Figures 5.7, 5.8 and 5.9 with Figures 5.10, 5.11 and 5.12 the effect of the improvement of the static
solution accounting for waves and riser dynamic motions can be seen on the predicted dynarnic response of the riser.
This effect is only minor. The maximum dynamic tension at the top decreases from 15.3 kN to 14.2 kN, the
maximum dynamic shear at the top increases from 23.1 kN to 24.0 kN and the maximum dynamic curvature in the |
direcuon increases from 0.36 m! 10 0.38 m™. The dynamic motions at the top of the riser increase also in the

corrected dynamic solution,

Figures 5.13 and 5.14, adapied from [5], present some of the static results for the three-dimensional riser
configuration in case III. The static configuration, the static effective tension, static shear in the E and n directions
and the static curvatures in the § and n directions are shown as a function of the arc length. The maximum static
effective tension is 45 kN, while the maximum static shear in the & direction is 11.54 kN. Figures 5.15 {dynamic
forces), 5.16 (dynamic curvatures) and 5.17 (dynamic motions) summarize our dynamic results for this static
configuration. For the excitation conditions which are thc. conditions of case 2 rotated by 22.5 degrees the following
maximum dynamic quantities at the top of the riser are obtained: Maximum dynamic effective tension of 15.63 kN,
maximum dynamic shear in the & direction of 15.29 kN, maximum shear in the 1 direction of 17.03 kN, maximum
dynamic curvature in the 1 direction of 0.257 m'!, maximum dynamic curvature in the E direction of 0.247 m!

while the dynamic torsion in the { direction is negligible.

5.3 DEEP WATER CATENARY RISER WITH BOTTOM INTERACTION

The catenary riser with bottom interaction analyzed in this section consists of the same uniform flexible pipe used
in the previous section except for the total length and the strain relief units at the riser ends. The total length of the
riser is L=1000 m and the length of the strain relief units near the ends is 20 m from s=0 and s=L. The water depth
is 300 m. The spring and damping bottom interaction coefficients are taken equal to K.Y = 5000 Pa and C¥ = 5000

Kg/ms respectively. The static boundary conditions for this configuration are:

x(Q)=y0)=0
x(L) = 800 m
y(L)=300m
o) =0°

o(L) = 90°
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Table 5-2: Characteristics of Shallow Water Catenary Riser from [5]

L =140m

D, =0269m

Db =0.3048 m

DN = 03048 m
p_&m =09576 m

A° =729.7 cm?

Al = 506.7 cm?
mb = 78.05 kg/m
m,5 = 74.79 kg/m
m," = 74.79 kg/m
W = 439,35 N/m
EA =488x108 N
E[m = 3.6x10* Nm?
EI&S = 3.6x10* Nm?
GIP = 1.164x10% Nm?
P, = 820 kg/m?

P =345MPa

c =0 mfs

Cp =10

Cf - 0.05

Cs = 0.05
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Figure 5-3: Static Results for a 2-D Caienary Riser, adapted from {5]
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Figure 5-4: Dynamic Forces for 2-D Catenary Riser, Case 1
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The excitation characteristics used in this case include a linear current profile with riser bottom velocity of 1.03
m/s and riser top velocity of 1.5 m/s. The dynamic excitation frequency is 0.6 rad/s and the riser is excited by top
motion in the heave direction (y,} with amplitude 3 m and in the surge direction (x,) with amplitude 3 m and zero

phase between the motions.

Figures 5.18, 5.19 and 5.20 present the static configuration, the static effective tension and the static curvature in
the n direction respectively for this riser configuration as a function of the non-dimensional arc length.
Approximaiely 60% percent of the length of this riser lies on the ocean bottom. The static effective tension is
constant for the riser part lying on the boitom and increases linearly for the upper part of the riser. The maximum
effective tension is of the order of 192 kN mosty attributed to the weight of the catenary riser. The static shear
force is very small (about 1.5 kN) and cannot be seen in Figure 5.19. From Figure 5.20 it can be seen that there is an
intemnal layer in the boundary between the riser part lying on the bottom and the rest of the riser where curvature

changes rapidly. Overall the maximum static curvature is very small and of the order of 0.015 m-!.

Figures 5.21, 5.22 and 5.23 present the dynamic forces, the dynamic curvature and the dynamic motions

respectively as a function of the arc length for this riser configuration. The maximum dynamic effective tension is
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Figure 5-§: Dynamic Curvatures for 2-D Catenary Riser, Case 1
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114 kN (59% of the 10p static effective tension) and the maximum dynamic shear force is 27 kN at the top of the
riser. The maximum dynamic curvature is of the order of 0.225 m'! which is comparable o the curvatures for the
shallow waler catenary riser (previous example). For the deep water catenary riser the total effective tension is very
large. The riser weight is the most significant coneributing factor increasing the magnitude of the static effective
tension. The large dynamic tension is primarily due to the large heave acceleration imposed at the top end. This
was venfied by anificially reducing the heave amplitude 10 2ero. In this case the dynamic tension reduced to 3.9 kN
{only 2% of the top static effective tension), while the dynamic shear reduced to 22.6 kN.
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Figure 5-6: Dynamic Motions for 2-D Catenary Riser, Case |
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Figure 5-7: Dynamic Forces for 2-D Catenary Riser, Case 2
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Figure 5-8: Dynamic Curvatures for 2-D Catenary Riser, Case 2
Initial Static Configuration
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Figure 5-9: Dynamic Motions for 2-D Catenary Riser, Case 2
Initial Static Configuration
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Figure 5.10: Dynamic Forces for 2-D Catenary Riser, Case 2
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Figure 5-11: Dynamic Curvatures for 2-D Catenary Riser, Case 2
Corrected Siatic Configuration

SHALLOW CATENARY RISER - CORRECTED STATIC

T l L) [ LI l T

n
2

1 ! : l : ] x

' I I I I T T T R T

15 30 45
OMEGAS

2]
o



72

Figure 5-12; Dynamic Motions for 2-D Catenary Riser, Case 2
Comected Static Configuration
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Figure 5-13: Static Results for 3-D Catenary Riser, from [5]
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Figure §-14: Static Results for 3-D Catenary Riser, from (5] continued
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Figure 5-15: Dynamic Forces for 3-D Catenary Riser, Case 3
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Figure 5-16: Dynamic Curvatures for 3-D Catenary Riser, Case 3
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Figure 5-17: Dynamic Motions for 3-D Catenary Riser, Case 3
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Figure 5-18: Static Configuration of Catenary Riser Experiencing
Bottom Interaction
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Figure §-19: Static Effective Tension for Catenary Riser Experiencing
Bottom Interaction

CATENARY RISER - BOTTOM INTERACTION

0.9
0.8 |—
0.7
0.6 {—
05—
04 |-

i

0.25 0.5
STATIC FORCES/(WA'L)



11

79

Figure 5-20: Suatic Curvature for Catenary Riser Experiencing

Bottom Interaction
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Figure 5.21: Dynamic Forces for Catenary Riser Experiencing
Bottom Interaction - Excitation Frequency = 0.6 rad/s
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Figure 5-22: Dynamic Curvature for Catenary Riser Experiencing
Bottom Interaction - Excitation Frequency = 0.6 rad/s
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Figure 5-23: Dynamic Motions for Catenary Riser Experiencing
Botiom Interaction - Excitation Frequency = 0.6 rad/s
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6. CONCLUSIONS AND RECOMMENDATIONS
The research described in this report allows us to analyze global non-linear three-dimensional statics and
dynamics of single leg multitube compliant risers in the presence of currents and monochromatic waves and motions

and rotations applied at both ends.

The dynamic solutions are based on linearization of the structural pant of the equations of motion around a
non-linear static configuration and equivalent linearization of non-linear drag and ocean riser bottom interaction

forces.

The results of our method have been compared with other idealizations, such as the cable idealization, and other
solution techniques such as non-lincar time domain methods addressing the full beam problem. Comparisons with
appropriate cable idealizations, rcvealed that, as long as the dynamic tension is small compared to the static tension,
the maximum dynamic tension based on a cable idealization is close to the tension predicted by the Euler beam
equations. The comparisons with time domain independent non-linear codes for flexible risers using finite element
methods confirmed the usefulness of the frequency domain method developed allowing rapid and reliable
computations of the response even under extreme excitation. The comparisons were good for the cases studied but
are expected 1o deteriorale when the dynamic tension exceeds the static tension. In such cases the structural

linearization ceases to be valid and a non-linear time domain solution is needed.
In the sequel some of the more important observations from our research are summarized.

The results of this work indicate that the effects of dynamic motion on the static forces and solution are relatively

small and therefore may be neglected to a first approximation.

The solution method developed based on an adaptive non-uniform grid finite difference technique is successful in
efficiently resolving sharp gradients of the solution present either near the supporis or at the ends of large buoyancy

modules.

Dynamic curvature and tension may be significant in comparison 1o the static quantities and, therefore, dynamic

cffects should be considered in preliminary design of compliant risers.

Based on the present research the following recommendations for further work may be made

L. Develop a frequency domain fatigue program for compliant risers in the presence of direct wave and
platform motion excitation. The effect of vortex induced oscitlations should also be investigated.
Such a capability is necessary because of the small oscillatory bending radii and large dynamic
tensions possible in compliant risers, especiaily for deeper walers. Reliable laboratory experiments to
detzrmine the fatigue characteristics of flexible riser constructions are needed to make the results of
fatigue programs useful to the practicing designer.
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2. Extend the present methodology for statics and dynamics to multileg configurations. This can be

accomplished efficiently because the present method allows incorporation of the effects of compliance
at the ends of a single leg system.

3. Investigate the effects of dynamic tension exceeding the static tension and botiom interaction effects
(particularly when impact is possible) using a non-linear time domain solution technique.

4. Compare the results of theoretical analysis with measured daa,
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I. Approximate Analytical Static Solution For Catenary Risers With Ocean Bottom
Interaction
In this section, an approximate analytical solution of the two-dimensional static problem corresponding to a
catenary riser in calm water, experiencing riser-ocean botlom interaction is presented. This analytical solution is

similar to the catenary riser approximate solution presented in reference [S].

For simplicity we use the mean effective weight and assume that v=0 in the static equations, because the

extensional rigidity of the riser is very large. With these assumptions the resulting goveming static non-dimensional
equations without bottom interaction are:
. £N
= + Q
Tos = sine, + Q0.

£ _ _ n
QOs cos¢o TOQO

ot o5+ Dy o
o5 = Qg

xos = cosé,

Yos = sin¢0

A uniform leading order approximation for ,,(s) can be found by simple boundary layer theory (5]
$ols) = 05q(s) + 05y(s) + 0g,(s)

where ¢ (s) denotes the cable solution and 9,,(s) and ¢ 5(s) are the boundary layer terms possibly important at the
lower and upper end of the riser, respectively. Using the catenary cable solution the following non-dimensional
results are obtained.

Toss)

oofs)

(H2+[v-(1-5)1%)172

1 IV=(1-s)]
[He+(v-(1-5))¢)/2

sin

Hsinh 18]y | gypn TV

xoés)
Yods)

where V and H are the non-dimensional top end reaction forces in vertical and horizontal directions respectively,

w1+ Bty 212 o121 72
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Imposing the boundary conditions on the top motions of the riser we obtain;

H{sinh'](g) - sinh'l[y-;{-l]}

Xy H
\ -1})+2

yp = MDA - e E923172
FigureI-1: Catenary riser with botiom interaction configuration

¥
R 1
Tt 4 > H
To < flb Xy -

Up to this point the approximate solution is identical 10 the simple catenary riser case as was also presented in [5].
The above two equations can be solved to determine V and H. Now, if y=0 corresponds to the ocean bortom which

is the usual case for catenary, lazy wave and lazy S configurations and if V < 1 from the catenary cable solution we
have

V-1
s + V-] H-
Yoo = SiNG = y {0) = sinp (0) = ————— <0
0s 0 —1 08 0 I
w/ 1+ /(502

Thus in this case y,(0)<0 and there is riser-ocean bottom interaction and the above cable solution needs to be

modified. Figure 1.1 presents a two-dimensional riser configuration with bottom interaction where the imponant

parameters are identified. In this case from the vertical force equilibrium,

¥ = 'l-ﬂ.b => Lb = 1-v
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where 1, corresponds to the non-dimensional length of the static bottom interaction region. For the calenary cable

solution in this case we need 1o distinguish two regions:

Region A
For 0 ¢ s < 2y =1 [~ ¢oo(s) = % ['l-sgn(xT)]
Too(s) = |H|
Xoo () = sgn(xg)s
Yoo($) = - _%Lil
— y
Region B
- - - =1 s+v-)
For by <s<1 = dboo(s) = tan © —pr— 4 % [I-sgn(xT)]

Too's) =/ H2+(S+V-1)2

xoo(-s) = sgn(xT)(T-V) + [ H| sinh'](yHL!-)
L Yo (8) =./H§+(s+‘~f-1)2 - |H|

where Ig is the bottom interaction spring coefficient and w is the riser effective weight per unit length. Applying

the boundary conditions at the top of the riser we obtain the following equations to solve for V and H.

xp = sgnbe) (1-9) + H] a0 + /1 4 (D)

¥y = He+ve - | Hi

These equations are solved by Powell’s hybrid method [22], [27]. Once V and H are determined the cable solution
can be determined. Then the Ilcading order aproximations for T (s), Q.Hs), Q.(s). x,(s) and y_(s) can be also
determined by taking account of the boundary layer at the wop of the riser. There is no significant boundary layer in
the lower end of the riser, but there may be an internal layer in the interface between the bottom interaction and no
bottom interaction region which is neglected in this injtial approximation. The boundary layer carrection for ¢,(s) at

the top of the riser is
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052(5) = [y - 0_(1)] expl-(1-s)/ (1) T_(1)]

§2,(s) 13 calculated from QO = ¢, and Q(,'i is calculated from Q°§ = (1M "









