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A B S T R A C T

A t heo re t i ca l ana l ys i s i s p resen ted o f l a rge p l as t i c de fo rma t i ons o f

tubes sub jec ted to combined load ing in the fo rm o f la te ra l indenta t ion ,

bending moments and axial force. A considerable effort was made to develop

and jus t i f y an accura te and ye t mathemat ica l l y t rac tab le mode l o f the she l l .

The model is capable of describing with some realism local damage of tubes

i n v o l v i n g l a r g e s t r a i n s , r o t a t i o n s a n d s h a p e d i s t o r t i o n . T h e f o r c e - d e fl e c t i o n

c h a r a c t e r i s t i c s o f t u b e s w e r e s h o w n t o d e p e n d s t r o n g l y o n t h e m a g n i t u d e o f

the bending moment and ax ia l force ( tens i le or compressive) , appl ied to the

t u b e e n d s . T h e c a l c u l a t i o n s r e v e a l e d t h a t t h e r e s i s t a n c e o f t h e t u b e t o

la tera l indenta t ion and thereby the energy that the tube can absorb sharp ly

d i m i n i s h e s w i t h c h a n g i n g t h e d i r e c t i o n o f a x i a l f o r c e f r o m p r e - t e n s i o n t o

pre-compress ion. Wi th increas ing compress ion the tube were found to loose

s t a b i l i t y a n d f a i l b y l o c a l p l a s t i c s e c t i o n a l c o l l a p s e a t t h e l o a d e q u a l

0 . 7 5 o f t h e p l a s t i c s q u a s h l o a d . T h e r e s i d u a l s t r e n g t h o f d e n t e d t u b e s w a s

a l s o d e t e r m i n e d i n t h e c a s e o f r o t a t i o n a l l y r e s t r a i n t b o u n d a r y c o n d i t i o n s .

T h e p r e s e n t r e s u l t s w e r e s h o w n t o g i v e g o o d c o r r e l a t i o n w i t h f e w w e l l

d o c u m e n t e d e x p e r i m e n t s r e p o r t e d i n t h e l i t e r a t u r e .
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L I S T O F F I G U R E S

A photograph of a local plastic damage of a tube caused by

uns jmimetr ic indenta t ion (a) (a f ter Smi th [24] ) and Symmetr ic

p inch ing (b ) (a f te r Mon tgomery [38 ] ) .

Three components of general ized loading of the tube and corresponding

d i s p l a c e m e n t r a t e s .

Geomet ry o f the p las t ica l l y de forming zone.

Present computat ional model of the shel l consist ing of a system of

r i n g s a n d g e n e r a t o r s .

Non-d imensional crushing s t rength of a r ing versus dent depth

6/R. Constant n=l, variable <))^.
Non-dimensional crushing strength of a ring versus dent depth 6/R.

Constant n=2, variable (j)^.

Non-dimensional crushing strength of a ring versus dent depth 6/R.

C o n s t a n t n = l / 2 , v a r i a b l e

Non-dimensional crushing strength of a ring versus depth depth 6/R.

Constant cj)^ = Tr/2, Variable n,
I n i t i a l a n d i n t e r m e d i a t e s h a p e s o f d e f o r m e d r i n g s w i t h = i t / 2

a n d n = l .

Initial and intermediate shapes of deformed rings with it>^= i^ll
a n d n = 4 .

Initial and intermediate shapes of deformed rings with (()^=Trand
n = l .

Initial and intermediate shapes of deformed rings with <J)q=0
a n d n = l .
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Geometry of a deformed generator in the total Lagrangian
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Displacement of generators at the symmetry plane x=0 as a function

o f t h e c i r c u m f e r e n t i a l c o o r d i n a t e a a t t w o v a l u e s o f t h e d e n t

d e p t h .

D i s t r i b u t i o n o f d i m e n s i o n l e s s e n e r g y d i s s i p a t i o n o f g e n e r a t o r s

along the circumference of the tube for three values of dent depth

Exact plot of rate of energy of generators and two parabol ic

approximations, Eq. (39) is denoted by dashed lines and Eq. (41)

b y d o t t e d l i n e s .

Reduct ion o f the ra te o f energy d iss ipated by generators for the

tube w i th f ree ly s l i d ing boundar ies , N=0 .

F u r t h e r r e d u c t i o n o f t h e r a t e o f e n e r g y d i s s i p a t e d b y g e n e r a t o r s

f o r t h e f r e e - f r e e t u b e .

Comparison of "exact" and approximate force-deflection characteristics

of the plastic indentation process for all three types of boundary

c o n d i t i o n s .

A plot i l lustrating a superposition of extensional strain due to

local denting (exact curve) and overall translation and rotation.

Spread of the locally damaged zone in the tube as a function of
the dent depth. Comparison of solutions for three boundary

c o n d i t i o n s .

Theo re t i ca l and expe r imen ta l p rofi le o f t he l ead ing gene ra to r

in the damaged zone. Triangles represent test results corrected

f o r g l o b a l r o t a t i o n .
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1 , I N T R O D U C T I O N

Moderately thick fabricated or cold drawn metal tubes encountered in
various industrial applications are often subjected to accidental loading in
addition to normal service loading. The service loads consist of axial tension
or compression, bending moment, shear loading and sometimes twisting moment.

The accidental loading may be of various origin and is typically applied in
the transverse direction to the longitudinal axis of a tube. Examples of such

loading are minor collisions of supply boats with multi-story offshore oil
platforms, impact caused by dropped objects, mishandling during launching or
instal lat ion of marine structures, ice scouring of Arct ic pipel ines,

collisions of offshore installations with moving ice features and hydrodynamic

wave impact. The combination of service and accidental loads may lead to a
severe local shape distortion of tubes, loss of axial and bending strength
and stiffness and catastrophic collapse of a given member.

From the point of view of economy of design and safety of operation it
is important to be able to predict the response of tubes under all possible
combination of external load. With the exception of Ref. [12], in all

previous analyses of similar problems only one component of external loading
was applied to the tube at a time. For example tubes were subjected to either
indentation or axial compression. The problem of a combined loading, which

often occurs in many practical situations, has not been studied theoretically
or experimentally in the literature. Also the effect of different boundary

conditions on a local crushing strength of tubulars appears not to be fully

u n d e r s t o o d .

The general objective of the present paper is to get an insight into
the mechanisms of plastic deformation of tubes undergoing large shape



2 .

d i s t o r t i o n a n d s e c t i o n a l c o l l a p s e . A t h o r o u g h u n d e r s t a n d i n g o f t h o s e l o c a l

processes is a prerequ is i te fo r so lv ing the whole c lass o f boundary va lue

p r o b l e m s o f i n t e r e s t t o v a r i o u s i n d u s t r i a l a p p l i c a t i o n s . A t y p i c a l s h a p e

of a loca l l y damaged zone in tubu la rs i s shown in F ig . 1 . Our par t i cu la r

o b j e c t i v e i s t o d e r i v e t h e l o a d - d e fl e c t i o n c h a r a c t e r i s t i c s o f c y l i n d e r s

sub jec ted to la te ra l concen t ra ted load ing under va r ie ty o f boundary cond i t i ons .

Addi t ional ly, we want to predict the depth and shape of the local ly damaged

zone as wel l as the magni tude of overa l l shor tening and rotat ion of the g iven

m e m b e r .

A d i s t i n c t i v e f e a t u r e o f t h e p r e s e n t a n a l y s i s i s t h a t a l l p r e d i c t i o n s a r e

made on a purely theoretical basis and that no recourse is made in the analysis

to the experimental data. Taby and Moan [28] introduced an empirical factor

i n t h e i r f o r m u l a f o r t h e a x i a l s t r e s s e s i n t h e d e n t e d z o n e . S m i t h i n a s e r i e s

of excellent publications [20-24] calculated the residual strength of dented

tubes using the concept of a reduced strength and stiffness of shell elements

in the damage-affected zone. The reduction coefficient was then determined

from the least fit of experimental data. In the computational model adopted

by the above mentioned authors the radius of the tube was considered as
constant with increasing dent depth. This is a reasonable assumption for

relatively shallow dents [32], but limits the applicability and accuracy

of the respective solutions for deeper dents. Ueda and Rashed [30] reported

a good agreement of the theoretically calculated ultimate bending moments

o f zone-den ted tubes w i th the independen t l y pe r fo rmed tes ts . In a l l cases

the maximum bending moment occurred early in the loading process when the

s e c t i o n a l c o l l a p s e w a s s t i l l v e r y s m a l l .



a )

b )

F i g . 1 A p h o t o g r a p h o f a l o c a l p l a s t i c d a m a g e o f a t u b e c a u s e d b y

uns jTranet r ic indenta t ion (a) (a f ter Smi th [2A] ) and Symmetr ic

p i n ch i n g ( b ) ( a f t e r Mo n tg o me ry [ 3 8 ] ) .
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O u r e x p e r i e n c e w i t h t h e p r o b l e m o f p r o p a g a t i n g b u c k l e s i n p i p e l i n e s

i n d i c a t e s t h a t m u c h o f t h e s t r e n g t h o f a t u b e c o m e s f r o m t h e r i n g m o d e o f

de fo rmat ions [36 ] , P las t i c co l l apse o f r i ngs were s tud ied among o the rs by

Reid and Reddy [17] . A lso exper iments per formed on shor t cy l inders at the

U n i v e r s i t y o f M a n c h e s t e r I n s t i t u t e o f S c i e n c e a n d Te c h n o l o g y ( U M I S T ) p r o v e d

t h a t s u c h t u b e s r e s i s t e d t r a n s v e r s e l o a d s b y p r e d o m i n a n t l y c i r c u m f e r e n t i a l

bend ing [29 , 33 , 34 ] . I n add i t i on to the a l ready men t ioned exper imen ta l

s t u d i e s o n m o d e l a n d f u l l s c a l e t u b e s w i t h d e n t s , p e r f o r m e d i n N o r w a y [ 2 5 , 2 7 ] ,

England [20-24] and Japan [30] , tests on large d iameter fabr icated tubes were

c a r r i e d o u t i n C a n a d a [ 1 , 1 8 ] a n d t h e U n i t e d S t a t e s [ 1 5 , 1 9 ] . B i r k e m o e a n d

Sato [1, 18] tested large diameter tubes in compression (D/t>70) and observed

a " d i a m o n d , " l o c a l f a i l u r e m o d e o n t h e c o m p r e s s i o n s i z e o f t h e t u b e . S h e r m a n

reported on a very thorough experimental study in which tubes with D/t

ranging from 30-70 were subjected to pure bending. In al l cases the shape of

the locally damaged zone was similar and resembled much that obtained in the

indentation tests by a rigid punch. Ostapenko in a series of papers [14, 15]

determined exper imenta l ly des ign curves for tubes subjected to compress ion.

He found tha t tubes w i th D/ t<50 deve loped the i r fu l l compress ive s t rength

Np. The effect of residual strength of dented tubes was not studied by
O s t a p e n k o .

O u r i n t e n t i o n i n t h i s i n t r o d u c t o r y s e c t i o n i s t o d i s c u s s t h o s e r e f e r e n c e s

which are directly related to the development of the present computational

mode l o f the tube ra ther than to survey the vas t l i te ra tu re concerned w i th

the behavior of damaged tubes. For a comprehensive review of the state-of- the-

a r t i n t h i s fi e l d t h e r e a d e r i s r e f e r r e d t o t h e p a p e r b y E l l i n a s a n d

Valsgard [5]. A great deal of good work has been published on the plastic

response of thinner shells [13, 32]. As thin tubes are outside the scope

of the present study, the relevant publications are not commented upon.
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In the early studies on local tube indentation, Morris and Calladine

[11] and Soreide and Amdahl [25] emphasized the importance of bending and

ex tens iona l de fo rmat ion o f the a f fec ted she l l e lements . Based on those

observation a simple computational model was introduced by one of the co-author

in Ref. [12]. The model consisted of a system of mutually interacting rings

and generators. The work reported in Ref. [12] was considered proprietary

for more than three years and it is only recently that its confidentiality

has been released. The DnV Report has much of the flavor of the present

findings. It points out on the importance of boundary conditions on the

resistance of tubes to denting and predicts the existence of plastic instability

of compressed tubes with an unsymmetric collapse mode. In Ref. [12] a circular

section was modeled by a square section. We thought this assumption was too

crude an approximation of the energy absorbed by the generators of the shell.

Our present "exact" solution fully confirms all previous assumptions leading

to the computational model while introducing important numerical corrections

t o t h e e a r l y r e s u l t s .

The paper is organized in the following way. First all assumptions are

carefully spelled out in Sections 2 and 3 so that the finite strains and
rotations of a cylindrical shell can be described by an accurate and yet

mathematically tractable model. Then each of the basic mechanisms of the tube

res i s t ance , i . e . , c rush ing o f r i ngs (Sec t i on 4 ) and ex tens ion o f gene ra to r s

(Section 5) are analyzed in great details. Further the solutions of the large

indentation problems are worked out in Section 6 for three typical boundary

conditions and compared with the existing experimental data (Section 7).

To bring the solution even closer to the experimental points, the influence

of shear deformations is discussed in an approximate way in Sect ion 8.
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In Section 9 we move to an even more ambitious task of predicting the

c rush res is tance o f tubes sub jec ted to an a rb i t ra ry tens i le o r compress ive

load combined w i th la te ra l l oad . The ana lys is has led to the d iscovery o f

a n e w p h e n o m e n o n n o t p r e v i o u s l y r e p o r t e d i n t h e l i t e r a t u r e . W e h a v e f o u n d

tha t the res i s tance o f tubes to l a te ra l compress ion i s reduced d ramat i ca l l y

w i t h t h e i n c r e a s i n g a m o u n t o f a x i a l c o m p r e s s i o n u p t o t h e p o i n t o f i n s t a b i l i t y .

T h e i n s t a b i l i t y m a y o c c u r w e l l b e f o r e t h e f u l l s q u a s h l o a d i s o b t a i n e d .

T h e s o l u t i o n f o r p l a s t i c i n s t a b i l i t y c o n t a i n s a s a s p e c i a l c a s e t h e p r e d i c t i o n

o f a r e s i d u a l s t r e n g t h o f d e n t e d t u b e s w h i c h a r e r e s t r a i n t f r o m r o t a t i o n a l

m o t i o n . T h i s p r o b l e m i s d i s c u s s e d i n S e c t i o n 1 0 . T h e e x t e n s i o n o f t h e

p r e s e n t a n a l y s i s t o t u b e s i n w h i c h b o t h b e n d i n g m o m e n t a n d a x i a l f o r c e

a r e p r e s c r i b e d a t t u b e e n d s w i l l b e r e p o r t e d i n a f u t u r e p u b l i c a t i o n .

Just as our report was ready for print an important contribution to the

subject was made available to us in the summary form [38]. This work reports

on a comprehensive experimental study on pinch loaded tubes in which the

influence of the boundary condition on the crushing strength was studied

in great details. A corresponding analytical solution was also derived
based partially on Ref. [12] and partially on a new diamond model of the

tube. A thorough discussion of this new development will be made when the

corresponding results will be published in full.
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2 . F O R M U L A T I O N O F T H E P R O B L E M

In this paper we shall be concerned with a class of problems for thick

and medium thick tubes in which large sect ional col lapse takes place under

the action of a rigid indentor , bending moment, axial compression or combination

o f t he ex te rna l l oad ing , F ig . 2 . The magn i t ude o f t he l oca l den t i s no t

restricted and theoretically can be as large as the diameter of the tube. For

s h e l l s w i t h t h e d i a m e t e r t o t h i c k n e s s r a t i o D / t 5 0 , w h i c h a r e o f i n t e r e s t i n

o f f shore app l i ca t ions , the max imum la te ra l d i sp lacement can thus be fi f t y t imes

larger than the wall thickness of the tube. Clearly, neither the infinitesimal

n o r t h e s o - c a l l e d " m o d e r a t e l y l a r g e d e fl e c t i o n " t h e o r i e s o f c y l i n d r i c a l s h e l l s

a r e a p p l i c a b l e i n t h i s c a s e .

The deformat ion process of the shel l w i l l be descr ibed here us ing the

updated Lagrangian formulation by keeping track of the current geometry of

the shell. In contrast to the advanced numerical codes with capabilities of

hand l ing la rge s t ra in and d isp lacement , the var iab le she l l geomet ry w i l l be updated

ana l y t i ca l l y, us i ng con t i nuous l y va ry i ng f unc t i ons w i t h a f ew f r ee pa rame te rs .

Such an approach not on ly leads to a h igh ly des i rab le c losed- form so lut ion to

the problem of tube indentat ion but a lso prov ides an ins ight in to the mechanism

o f s h e l l d e f o r m a t i o n s w i t h s e v e r e u n s y m m e t r i c s h a p e d i s t o r t i o n .

C o n s t i t u t i v e B e h a v i o r - W e s h a l l a d o p t h e r e a r i g i d - p e r f e c t l y p l a s t i c m a t e r i a l

i d e a l i z a t i o n . A c o n c e p t o f a r i g i d - p l a s t i c s o l i d s e e m s t o b e a m u c h b e t t e r

r e p r e s e n t a t i o n o f t h e r e a l p h y s i c a l b e h a v i o r o f t h e m a t e r i a l i n t h e r a n g e o f

l a r g e s t r a i n s t h a n f o r e x a m p l e i n t h e r a n g e o f i n fi n i t e s i m a l s t r a i n s .

I n d e e d , t h e s t r a i n s i n t h e d e n t e d r e g i o n s o f t h e t u b e c a n r e a c h c o n s i d e r a b l e

v a l u e s . E x p e r i m e n t s s h o w t h a t i n t h e c o u r s e o f t h e l o a d i n g p r o c e s s t h e s h e l l
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T h r e e c o m p o n e n t s o f g e n e r a l i z e d l o a d i n g o f t h e t u b e a n d c o r r e s p o n d i n g

d i s p l a c e m e n t r a t e s .
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c u r v a t u r e i n t h e c i r c u m f e r e n t i a l d i r e c t i o n c h a n g e s f r o m t h e i n i t i a l u n i f o r m

= 1/R to the highly localized which can be equal to K = 6/R or more. The

change in curvature AK = K-K^ is then of the order of AK " 5/R or AK = 1/lOt
for a tube w i th D/ t = 50 . Reca l l i ng tha t the average th rough- th ickness bend ing

s t r a i n i s = t / 2 A K , w e s e e t h a t c a n e a s i l y a t t a i n 5 % .

S im i la r l y h igh s t ra ins may be deve loped in the ax ia l d i rec t i on o f t he

a f f e c t e d s h e l l e l e m e n t . T h i s s t r a i n c a n b e e s t i m a t e d f r o m t h e a p p r o x i m a t e

2
n o n l i n e a r f o r m u l a e = l / 2 ( d w / d x ) w h e r e w i s t h e l a t e r a l d e fl e c t i o n o f t h e

X

s h e l l e l e m e n t a n d x i s a x i a l c o o r d i n a t e . Ta k i n g i n t h e fi r s t a p p r o x i m a t i o n

t h e s h a p e o f t h e d e n t t o b e t r i a n g u l a r , t h e f o r m u l a f o r t h e a x i a l s t r a i n

2becomes e = l/2(w/0 where K is the half-length of the dented zone. For

seve re l y d i s to r ted she l l s t he cen t ra l deflec t i on may be se t equa l t o t he

s h e l l r a d i u s w = R . E x p e r i m e n t s s h o w t h a t a t t h i s s t a g e o f t h e d e f o r m a t i o n s ,

the extent of damage equals ^ = (3 ^5)R; so that ^ 3%. We can conclude

t h a t s t r a i n s i n t h e d e n t e d r e g i o n c a n b e o n e t o t w o o r d e r s o f m a g n i t u d e h i g h e r

t h a n t h e m a x i m u m e l a s t i c s t r a i n s t h a t t h e m e t a l t u b e c a n t o l e r a t e . T h i s

o b s e r v a t i o n j u s t i fi e s t h e n e g l e c t o f e l a s t i c s t r a i n s a n d t h e u s e o f t h e r i g i d -

p l a s t i c m a t e r i a l i d e a l i z a t i o n i n t h e p r e s e n t p r o b l e m .

E q u i l i b r i u m - T h e s t a t e m e n t o f e q u i l i b r i u m i s e x p r e s s e d v i a t h e p r i n c i p l e o f

v i r t u a l w o r k o r v i r t u a l v e l o c i t y

^ext = ̂ int

T h e l e f t h a n d s i d e o f t h e a b o v e e q u a t i o n r e p r e s e n t s t h e r a t e o f w o r k o f e x t e r n a l

f o r c e s o n t h e c o r r e s p o n d i n g v e l o c i t i e s . I n t h e a b s e n c e o f a t w i s t i n g m o m e n t ,

t h e e x p r e s s i o n f o r t h e r a t e o f c h a n g e o f e x t e r n a l e n e r g y i s g i v e n b y . F i g . 2

E ^ = M 0 + N u + P 6 ( 2 )
e x t o
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The first term is due to the overal l bending of the member. The second term

results from the product of an axial force and the corresponding velocity of

a n e u t r a l a x i s o f t h e s h e l l . T h e t h i r d t e r m i s d u e t o t h e l a t e r a l c r u s h i n g .

I n t h e c a s e o f p l a s t i c s h e l l s t h e r a t e o f i n t e r n a l w o r k i s g i v e n b y t h e

sum of cont r ibut ions due to cont inuous deformat ions and d iscont inuous ve loc i ty

fi e l d s i n t h e s t a t i o n a r y o r m o v i n g p l a s t i c h i n g e l i n e s

-3! + ( i) id)
w h e r e d S a n d d T d e n o t e r e s p e c t i v e l y t h e c u r r e n t d e f o r m e d s u r f a c e e l e m e n t a n d

h i n g e l i n e e l e m e n t . T h e s u r f a c e i n t e g r a t i o n s h o u l d b e e x t e n d e d o v e r t h e

p l a s t i c a l l y d e f o r m i n g p a r t o f t h e s h e l l . T h e s y m m e t r i c c o m p o n e n t s o f t h e s t r e s s

couple tensor (bending moments) and st ress resul tant tensor (membrane forces)

a r e d e n o t e d r e s p e c t i v e l y b y a n d T h e c o r r e s p o n d i n g c o m p o n e n t s o f t h e

g e n e r a l i z e d s t r a i n r a t e t e n s o r s a r e c u r v a t u r e r a t e s a n d e x t e n s i o n r a t e s

e - . T h e r a t e o f w o r k a t t h e " i - t h " h i n g e l i n e o f t h e l e n g t h i s e q u a l
a p

C i ^ 2to the fully plastic bending moment = o^t /4 times the relative rotation
* C X ̂

r a t e i j ) o n b o t h s i d e s o f t h e h i n g e .

The advantage of working with the global rather than local formulation of

equi l ibr ium is that i t offers a possibi l i ty of gett ing approximate solut ions.

This is accomplished by introducing into Eq. (1) a suitably chosen sub-class

of the velocity and strain rate fields with only few degrees of freedom.

G e o m e t r i c a l R e l a t i o n s - W i t h r e f e r e n c e t o t h e c u r r e n t - d e f o r m e d c o n fi g u r a t i o n ,

t h e r e l a t i o n s b e t w e e n v e l o c i t i e s a n d s t r a i n a n d c u r v a t u r e r a t e s a r e l i n e a r a n d

formally have the same form as those of the classical linear shell theory. In

the present descript ion the difficulty in dealing with geometrical nonl inearit ies

has been shi f ted to the procedure of cont inuously updat ing the current shape



1 1 .

o f t he she l l i n t he den ted reg ions and the necess i t y o f ca l cu la t i ng fi rs t and

second quadratic forms at each point of the shell. This procedure cannot be

car r ied ou t in a r igo rous and ye t s imp le way. There fo re , fo r the sake o f

obtaining closed-form solutions, the formulas for the relevant components of

the s t ra i n ra te t enso r w i l l be de r i ved us ing a s imp l i fied mode l o f t he she l l

to be developed in the next section. This model effectively decouples the problem of

two-d imensional shel l geometry in to a set o f one-d imensional problems, each

much s imp le r t o dea l w i t h ana l y t i ca l l y.
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3 . S I M P L I F I E D S H E L L M O D E L

Our present computat ional model is based on the fol lowing premises:

( i ) A ca re fu l i n spec t i on o f ac tua l l y damaged t ubes r evea l s t ha t t he

plastically deforming zone undergoing severe shape distortion is restricted

t o f e w d i a m e t e r s o f t h e s h e l l o n b o t h s i d e s o f t h e d e n t c e n t e r . W e a s s u m e

here that the extent o f the loca l ly damaged zone is fin i te and is denoted by

25, Fig. 3. The length 5 is unknown and is considered variable during the

loading process. This assumption is fully compatible with the present rigid-

p l a s t i c m a t e r i a l i d e a l i z a t i o n .

( i i ) T h e c r o s s - s e c t i o n a t w h i c h t h e d e f o r m e d p a r t o f t h e s h e l l j o i n s t h e

unde fo rmed pa r t i s t aken to be p lane and c i r cu la r. The re fo re no ova l i za t i on

and warping of the tube exist beyond the dent-affected zone. Thomas et al.

[ 2 9 ] r e p o r t e d s e v e r e o v a l i z a t i o n a n d w a r p i n g i n s h o r t d e n t e d t u b e s . T h e

observed mode clearly reduces the amount of shear and extensions in the shel l

wa l l s . For longer tubes the p rocess o f ova l i za t ion and warp ing i s suppressed

by the presence of the continuing tube but this tendency can never be eliminated.

Our mode l t ube w i l l be s l i gh t l y s t i f f e r t han the ac tua l t ube because ce r ta in

d e f o r m a t i o n m o d e s h a v e b e e n e l i m i n a t e d .

( i i i ) I n s i d e t h e p l a s t i c a l l y d e f o r m i n g z o n e t h e o v a l i z a t i o n a n d i t s e x t r e m e

fo rm—the unsymmet r i c shape d i s to r t i on a re pe rm i t ted . However, a t t he ac tua l

p lane o f symmet ry t he ax ia l d i sp lacemen ts a re i den t i ca l l y ze ro . S ince the re

a r e n o w a r p i n g a t b o t h e n d s o f a r e l a t i v e l y s h o r t t u b e s e c t i o n 0 x i t

i s r e a s o n a b l e t o a s s u m e t h a t i n a d d i t i o n t o c r u s h i n g a l l c r o s s - s e c t i o n s

undergo r i g id -body t rans la t i ons and ro ta t i ons . The above observa t ions lead us

to the present computa t iona l mode l o f the she l l . The mode l cons is t o f a ser ies

of unconnected r ings or s l ices and a bundle of unconnected generators, Fig. 4.
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W ( x , a )
W(x,0)= W^Cc)
W(0,a)= WqCO)
W ( O , 0 ) = 6

F i g . 3 G e o m e t r y o f t h e p l a s t i c a l l y d e f o r m i n g z o n e .



a ) b )

F i g . 4 P r e s e n t c o m p u t a t i o n a l m o d e l o f t h e s h e l l c o n s i s t i n g o f a s y s t e m o f

r i n g s a n d g e n e r a t o r s .
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The rings are inextensible ^00=0 and the energy is absorbed predominantly

by c i r cumfe ren t ia l bend ing in the con t inuous de fo rmat ion fie ld and in the

s ta t i ona ry o r mov ing p las t i c h inges . Thus , t he so -ca l l ed c rush ing ene rgy pe r

u n i t w i d t h o f t h e r i n g c o n s i s t s o f t h e t e r m s

E c r u s h , + ( 1 )L i

where s is a parameter along the circumference of the ring, L = ZttR is the total

ring circumference and the summation is extended over the number of active

plastic hinges. The total crushing energy in the dented zone is obtained by

i n t e g r a t i n g o v e r t h e l e n g t h o f t h e d e n t e d z o n e

E , = 2 r E d x ( 5 )
c r u s h I c r u s h

0

Two points need emphasizing here. The problem of unsymmetric crushing of

a plastic ring is a one-dimensional problem and can be solved without a need of

calculated quadratic forms of a shell element in the deformed configuration.

Secondly, the bending resistance of the ring described by is taken for

simplicity to be independent on axial resistance of generators N^.

The generators are treated in our model as rigid-plastic beams which can

bend and stretch or compress as the depth of the dent increases. However,

the change in the longitudinal curvature of generators is much smaller

than the change in the circumferential curvature of rings K^g.

In our calculations the term M K wil l be neglected. The contributions
X X X X

of generators in the overall energy dissipation reduce then to

E = 2
g e n

N e |dx
O X X
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where N = a t is the fully plastic membrane force in the generator of unit
o o

w i d t h . S i n c e t h e a x i a l s t r a i n e c a n b e t e n s i l e i n a p a r t o f t h e c i r c u m f e r e n c e
X X

and compressive in the remain ing par t , the absolute s ign is in t roduced to ensure

t h e n o n - n e g a t i v e n e s s o f A s i n t h e c a s e o f r i n g s , t h e s t r a i n r a t e i n

the generators w i l l be determined f rom one-d imens iona l cons idera t ion wi thout

making recourse to the deformed geometry of the shel l . By assembl ing the

d i s s i p a t i o n o f a l l g e n e r a t o r s w e o b t a i n a n e x p r e s s i o n f o r t h e t o t a l r a t e o f

w o r k o f t h e d e f o r m e d p a r t o f t h e s h e l l i n t h e l o n g i t u d i n a l d i r e c t i o n .

2 t t R

E
g e n

o J

E d s ( 7 )
g e n

T h e c o m p a t i b i l i t y o f d e f o r m a t i o n o f r i n g a n d g e n e r a t o r s i s e n s u r e d b y

r e q u i r i n g t h a t t h e l a t e r a l d i s p l a c e m e n t o f t h e t w o t y p e s o f o n e - d i m e n s i o n a l

s t r u c t u r e s b e t h e s a m e . F i g . 4 .

T h e o n l y c o m p o n e n t s o f t h e g e n e r a l e x p r e s s i o n f o r t h e i n t e r n a l e n e r g y

d iss ipa t ion no t accounted fo r by the p resen t mode l a re tw is t ing and

s h e a r e n e r g y a n d

T h e c a l c u l a t i o n s o f t h o s e c o m p o n e n t s r e q u i r e c o n s i d e r a t i o n o f f u l l s h e l l

g e o m e t r y . I n t h e p r e s e n t c a l c u l a t i o n s t h e e n e r g y d u e t o t h e t w i s t i n g

d e f o r m a t i o n M K i s n e g l e c t e d . T h e t w i s t r a t e K i s b e l i e v e d t o b e s m a l l
X u X U X 0

compared to K . The resu l t i ng defic ienc ies i n t he ene rgy ba lance equa t i on i s
6 9

m a d e u p b y o v e r e s t i m a t i n g t h e c o n t r i b u t i o n o f o t h e r c o m p o n e n t s u s i n g a

c i r c u m s c r i b e d y i e l d c o n d i t i o n .

On the o the r hand , the shear s t ra in ra te e does a lways ex is t i n a
X 0

c y l i n d r i c a l s h e l l u n d e r g o i n g l a r g e u n s y m m e t r i c d e f o r m a t i o n s . T h e d i s s i p a t i o n

d u e t o s h e a r i s g i v e n b y

r

E u
s h e a r

• /
S

N e d S ( 8 )
x e x e
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I n v i e w o f d i f fi c u l t i e s i n e v a l u a t i n g t h e s h e a r s t r a i n r a t e e v e n i n t h e p r e s e n t

s i m p l e m o d e l , t h e s h e a r e n e r g y w i l l b e c a l c u l a t e d u s i n g a s t i l l m o r e c r u d e

m o d e l o f t h e t u b e w i t h s t a t i o n a r y p l a s t i c h i n g e s a n d fl a t s i d e s . T h e m o d e l w i l l

b e d e s c r i b e d i n S e c t i o n 8 ,
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4 . C R U S H I N G O F R I N G S

Our exper ience wi th loca l ly dented tubes and a lso observat ion of o ther

a u t h o r s i n d i c a t e s t h a t t h e c r o s s - s e c t i o n a l s h a p e o f t h e t u b e i n t h e d a m a g e d

z o n e h a s a fl a t u p p e r p a r t , a s s h o w n i n F i g . 1 . W i t h i n t h e p r e s e n t r i g i d -

plastic material idealization, such a flat segment can only be produced by

moving plastic hinges. Suppose a plastic hinge sweeps with the tangential

velocity through the material points of the ring. From the continuity of

displacements it follows that the rate of rotation at the hinge ip is linearly

related to the change in curvature on both sides of the hinge [K] =

(see for example Hopkins [ 9 ])

i p = V [ K ] ( 9 )

The moving hinge can thus impose, remove or change the curvature of the ring

as it passes through the material points. The concept of moving plastic

hinges has been proved useful in the past in the dynamic analysis of rigid-
plastic straight beams [16], [26]. More recently it has led to the improved
solutions for axi-symmetric of quasi-static crushing of cylinders [35] and

propagating buckles in pipelines [36].

The computational model of the ring is shown in Fig. 3. The ring is

initially of radius R and thickness t. During the deformation process the ring

flattens out and the amount of central displacement is denoted by w^. At any

stage of the crushing process, the ring consists of the top flat part and three

arcs. The larger radius R^^ increases from the initial value R as the deformation
process progresses while the radii of two remaining arcs shrink. The flats
and arcs are separated by four symmetric moving plastic hinges. Initially, the
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length of the flat segment is zero and the top central hinge splits into two

hinges A and B traveling in the opposite direction. Two other hinges are also

symmetric with respect to the vertical axis. They must be formed to ensure

t h a t s u f fi c i e n t d e g r e e o f f r e e d o m e x i s t i n t h e r i n g .

The posi t ion of the lower h inge at any stage of the deformat ion process is

denoted by ij), the initial value of it being . We define now the tangential

v e l o c i t y i n t h e c u r r e n t , d e f o r m e d c o n fi g u r a t i o n o f t h e r i n g b y

d s , d ( s , + s „ )

where the lengthsof arc segments s^ and S2 with the radii and respectively
a r e

®1 ^1' ' ' ' ®2 "

At the same time the length of the flat segment is s^ = sinc|)

A c c o r d i n g t o t h e p r e v i o u s a s s u m p t i o n , t h e r i n g i s t a k e n t o b e i n e x t e n s i b l e

s o t h a t t h e s u m o f t h e l e n g t h o f t h e fl a t s e g m e n t a n d t w o a r c s s h o u l d b e c o n s t a n t

and equa l to the one ha l f o f the o r ig ina l c i rcumference o f the r ing

S j ^ + S 2 + = T T R ( 1 2 )
Now, we a re i n the pos i t i on to ca l cu la te f rom Eq . (9 ) the ra te o f ro ta t i on i n

b o t h t y p e o f h i n g e s

'̂ 1 " ̂ Î RJ " ' '̂ 2 " ̂ 2̂ ̂
As the hinges travel down the r ing, the curvature of the two arcs changes

con t i nuous l y w i t h re fe rence to t he de fo rmed configu ra t i on , t he ra te o f cu rva tu re
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K . _ w a s f o u n d t o b e
0 0

• •

R R- ri • »69'2 ■ - 72
" 1 " 2

i n t h e a r c s o f t h e l e n g t h s a n d r e s p e c t i v e l y .

Subs t i t u t i ng Eqs . (11 ) , ( 13 ) and (14 ) i n to t he Eq . (4 ) f o r t he ra te o f

e n e r g y i n t h e c r u s h i n g m o d e , w e o b t a i n

ĉrush - ̂  h'f - + "7 <- \)+>»2<''-« <- 72" (̂ 5)
I n t h e p r e s e n t d e r i v a t i o n w e c h o o s e t h e p o s i t i o n o f t h e h i n g e ( j ) a s a m o n o t o n i c a l l y

c h a n g i n g t i m e l i k e p a r a m e t e r . T h i s p a r a m e t e r i s r e l a t e d t o t h e v a r i a b l e r a d i i

R , , R ^ a n d c e n t r a l d e fl e c t i o n w b y1 2 c

w = 2 R - [ R ( l - c o s < ) ) ) + R „ ( 1 + c o s < j ) ) ] ( 1 6 )
c 1 ^

B y t h e c h a i n r u l e o f d i f f e r e n t i a t i o n t h e d e r i v a t i v e w i t h r e s p e c t t o t i m e i s

replaced by the derivative with respect to ((>, d/dt = d())/dt d/d(}).

I n t h e p r e s e n t c a l c u l a t i o n s w e s h a l l u s e t h e f o l l o w i n g f o u r n o n - d i m e n s i o n a l

p a r a m e t e r s

R R _ w

>^1 •'2" • "c "1^- ♦

U s i n g t h e c o n d i t i o n o f i n e x t e n s i b i l i t y o f E q . ( 1 2 ) a n d t h e r e l a t i o n o f E q . ( 1 6 )

t w o o u t o f f o u r p a r a m e t e r s c a n b e e l i m i n a t e d . T h e s a m e a p p l i e s t o t h e t i m e

r a t e s o f t h o s e p a r a m e t e r s . I n o r d e r t o d e s c r i b e t h e c r u s h i n g p r o b l e m i n t e r m s

of a single variable (w^ or (|)) it remains to establish one more relation between

the parameters involved. Noting that the radius r^ decreases during the crushing

process from the initial value ~'^'o' suggest the power dependence
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between r2 and <})

/"t"

The rate form of the above equation is

^ O ^ o

The coordinate of the initiation point of the hinge <j)^ and the exponent n are
c o n s i d e r e d a s c o n s t a n t d u r i n g t h e c r u s h i n g p r o c e s s .

T h e p a r a m e t r i c s t u d y w a s p e r f o r m e d t o fi n d t h e d e p e n d e n c e o f t h e r a t e o f

energy due to crushing on the magnitude of (ji^ and n. This energy is a linear

homogeneous function of the displacement rate w^ and thus can be represented in
t h e f o r m

E = P ( w ) w ( 2 0 )
c c c c

where the function is independent of the velocity w^ but does depend on
t h e d i s p l a c e m e n t .

T h e f u n c t i o n r e p r e s e n t s a n i n s t a n t a n e o u s c r u s h i n g f o r c e n e c e s s a r y

to de form the r ing fu r ther f rom a g iven de formed shape. A shor t computer

program was written to perform the necessary calculations and a full set of

dimensionless equat ion used for the purpose is given in Appendix A.
4 M

The non-dimensional function P / ( °) was plotted in Figs. 5-8 as a function
R

o f 5 / R f o r t h e f o l l o w i n g c o m b i n a t i o n o f t h e p a r a m e t e r s a n d n .

1 / 4 1 / 2 1 2 4

7T X X X

7T/2 X X X X X

0 X X X



C d / O N ^ - b ] / 0 ^ ^

F i g . 5 N o n - d i m e n s i o n a l c r u s h i n g s t r e n g t h o f a r i n g v e r s u s d e n t d e p t h

6/R. Constant n=l, variable 4'^.
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The corresponding shapes of the deforming rings are shown in Figs. 9-12 . It is

seen that the deformat ion mode in which a l l h inges are in i t ia ted at one po in t

(f) =71 gives initially an infinite crushing force and thus should not
be considered as a val id mode. The lowest value of the crushing force corresponds

initially to (t)^=0 but the corresponding deformation mode is symmetric and thus
u n r e a l i s t i c f o r o u r p u r p o s e s . I t a p p e a r s t h a t t h e m o s t r e a l i s t i c d e s c r i p t i o n

of the unsymmetric deformation mode of the ring is obtained for the set of

parameters = tt/2, n=l. It. is desirable for the present analysis to have a

c losed - fo rm so lu t i on f o r t he c rush ing s t r eng th o f t he r i ng . A l owe r bound

cons tan t fo rce so lu t ion i s g i ven by the fo rmu la

8 M

^ ( 2 1 )

For larger deflections, a better approximation of the exact solution is the

p a r a b o l i c r e l a t i o n

8 M T
+ ( 2 2 )

The above formulas wi l l be used throughout the remainder of th is paper. We

would like to stress that the parameters (j)^ and n cannot be uniquely determined

f r o m t h e a n a l y s i s o f r i g i d - p l a s t i c r i n g s a l o n e . I t i s p o s s i b l e t h o u g h t h a t

c e r t a i n d e f o r m a t i o n m o d e s o f t u b e s w h i c h d i s s i p a t e l e s s e n e r g y i n c r u s h i n g

may ac tua l l y d iss ipa te more energy in ex tens ion o f genera tors o r in shear. There

may then be a unique mode which yield an optimum solution. Such an optimization

procedure will not be explored in the present paper. It should be noted that the

crushing force corresponding to the simplest symmetric collapse mode consisting of

f o u r s t a t i o n a r y p l a s t i c h i n g e s [ 2 ] i s g i v e n b y

4 M t
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i = 0.5

4=1.5

fig- 9 Initial and intermediate shapes of deformed rings with 4> = tt/2
a n d n = l ,
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r k n

n = 4
S=0 .5

s = 1 . 0

- = 1 5
R

Fig. 10 Initial and intermediate shapes of deformed rings with (}> = 17/2
o

a n d n = 4 .
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Th i s i s l ess than ha l f o f e i t he r Eq . (21 ) o r Eq . (22 ) .

I n t h i s c o n t e x t i t i s i n p l a c e t o m e n t i o n t h e e x p e r i m e n t a l t h e o r e t i c a l

find ings by Re id [39 ] , who showed tha t i n i t i a l co l l apse load and the en t i re

l o a d - d e fl e c t i o n c h a r a c t e r i s t i c s o f r i n g s i n c r e a s e s w h e n t h e d e f o r m a t i o n

changes from a symmetric to an uns5nnmetric mode.

The to ta l c rush ing energy in the dented zone is obta ined by subst i tu t ing

E q s . ( 2 0 t o 2 2 ) i n t o E q . ( 5 ) . T h i s r e s u l t s i n

8 M ,

\ r u s h - 2 d x ( 2 3 a )

E u = 2
c r u s h

^ 8 M w° [ 1 + ^ ( x ) ] w ( x ) d x ( 2 3 b )
R L - . 2 " c

o J

f o r t h e c o n s t a n t a n d p a r a b o l i c c r u s h i n g f o r c e r e s p e c t i v e l y . I n o r d e r t o

p e r f o r m t h e i n t e g r a t i o n , t h e v e l o c i t y p r o fi l e o f t h e g e n e r a t o r s s h o u l d b e k n o w n .

I n add i t i on , t he i n teg rand o f Eq . ( 23b ) i nvo l ves t he d i sp lacemen t p rofi le o f

t h e g e n e r a t o r s w h i c h i s u n k n o w n a n d i s s o u g h t a s a p a r t o f t h e s o l u t i o n .

A n i t e r a t i v e p r o c e d u r e w o u l d t h e n b e n e c e s s a r y t o s o l v e t h e t i t l e p r o b l e m

u s i n g E q . ( 2 3 b ) .

F o l l o w i n g t h e a n a l y s i s o f l a r g e d y n a m i c d e f o r m a t i o n s o f r i g i d - p l a s t i c

beam [9 ] , [16 ] the ve loc i ty fie ld o f the lead ing genera tor can be assumed to

v a r y l i n e a r l y w i t h x , a c c o r d i n g t o

w = 6 ( 1 - f ) ( 2 4 )
c 4

w h e r e x = 5 i s t h e p o i n t o f a n i n s t a n t a n e o u s r o t a t i o n . W i t h t h e a b o v e e x p r e s s i o n ,

t h e i n t e g r a t i o n o f E q . ( 2 3 a ) c a n b e p e r f o r m e d t o g i v e
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It will be shown in Section 6 that the solution of the indentation problem

of a tube with full end fixity, based on Eq. (25) leads to the simple parabolic

displacement profile of the leading generator in the dented zone.

w ( x ) = 6 ( l - f ) ' ( 2 6 )c s

Introducing Eq. (24) and Eq. (26) into Eq. (23b), we obtain an improved

expression for the rate of energy in the crushing mode

8 M 5 6 1 x 2

^ - i 4) 1

Fig. 13 Geometry of a deformed generator in the total Lagrangian

d e s c r i p t i o n .
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5 . D E F O R M A T I O N S O F G E N E R A T O R S

T h e a x i a l s t r a i n a r e e a p p e a r i n g i n E q . ( 6 ) s h o u l d b e e v a l u a t e d i n t h e
X X

c u r r e n t d e f o r m e d c o n fi g u r a t i o n . T h e f a c t t h a t e i s a l i n e a r d i f f e r e n t i a l
X X

ope ra to r o f ve l oc i t i e s makes i t poss i b l e t o decompose e i n t o t h ree pa r t s :
X X

( i ) T h e s t r a i n r a t e d u e t o l o c a l d e n t i n g . T h i s c o m p o n e n t i s d i f f e r e n t

f o r e v e r y g e n e r a t o r .

( i i ) T h e s t r a i n r a t e d u e t o t h e u n i f o r m c o m p r e s s i o n o r e x t e n s i o n o f

t h e t u b e .

( i i i ) T h e s t r a i n r a t e d u e t o t h e o v e r a l l b e n d i n g a n d r o t a t i o n o f t h e

cross-section. The component changes from a generator to generator.

The express ion fo r the ra te o f energy d iss ipa t ion by a genera tor, g iven

b y E q . ( 6 ) t a k e s t h e n t h e f o r m

E = 2 N
g e n o (e^ + + e2)d5. ( 2 8 )

i - '
Because no change of sign of total strain rate e = e '4- + I takes place

X X 1 2 3

w i th in a g iven generator, the absolu te va lue s ign can be taken outs ide the

i n t e g r a t i o n s i g n .

The last two components appearing in the integrand are normally present

in the classical theory of plast^ic thin-walled columns without sectional collapse. '
T h e fi r s t o n e i n t r o d u c e s t h e e f f e c t o f t h e l o c a l d e n t .

Since the integration Eq. (28) can be carried out term by term, consider

first the contribution of e^. From the definition of the strain rate in the

u p d a t e d L a g r a n g i a n d e s c r i p t i o n

^ 1 = Z T ( 2 9 )
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whe re u i s t he componen t o f t he ve loc i t y vec to r i n t he t angen t i a l d i r ec t i on

t o t h e d e f o r m e d g e n e r a t o r .

In tegra t ing Eq . (21) accor t ing to Eq . (28) we ob ta in

- u .

Ji=c£
( 3 0 )

« , = 0

At the end of the plastically deforming zone 1=^, the tangential velocity
vanishes û (£=cf) = 0.

T h e a s s u m p t i o n t h a t p l a n e s r e m a i n p l a n e s i n t h e d e n t i n g p r o c e s s o f t u b e s

p r o v i d e s a r e l a t i o n b e t w e e n t h e t a n g e n t i a l a n d n o r m a l c o m p o n e n t o f t h e v e l o c i t y

fi e l d s h o w n i n F i g . 1 3 .

d u
i

d x

d w d w
d x d x

J 2 1 / 2
1

( 3 1 )

I n t e g r a t i n g E q . ( 3 1 ) i n t h e l i m i t s ( 0 , ^ ) w e o b t a i n

- u .
d x d x

x = 0
o n +

d x ( 31a )

Tak ing (dw/dx) to be smal l compared to un i ty and assuming a l inear ve loc i ty

field described by Eq. (24), the integration can be performed to give u (x=0) =
A /

w w /£ . Bu t the po in ts x=0 and £=0 are iden t ica l so tha t the con t r ibu t ion o f
o o

the ra te o f energy d iss ipa t ion by a genera tor is equa l to

2N \ e-,d£ =° J ^
w w

o o
2 N ( 3 2 )
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T h e b e n d i n g a n d e x t e n s i o n s t r a i n r a t e s r e s u l t f r o m t h e b e a m - l i k e t h e o r y

d u
£ . + £ „ = - — + z K

2 3 d x (33)

where K = d0 /dx . To be cons i s ten t w i t h t he above defin i t i ons , t he i n teg ra t i on

i s p e r f o r m e d w i t h r e s p e c t t o t h e u n d e f o r m e d a x i s o f t h e t u b e

0

•

= u
•

- u + Z 0 - Z 0

x = 0 X = 5
( 3 4 )

x = 0

O b s e r v i n g t h a t u
x = o

= 0 a n d d e n o t i n g u
x = o x = C

= u a n d
o

x = ?
0 '

o

total dissipated by the deforming generator is equal to

E = 2 N
g e n o

w w
o o • •— — + u + Z 0
5 o o ( 3 5 )

The magnitude of the displacement and velocity of the generators is a function

of the arc length s or the central angle a = s/R measured from the leading

generator. Those functions were calculated in the Appendix B for the optimum

ring model with = r/2 and n=l. Plots of the displacement wJa)/R and
the product ŵ (a) ŵ (a)/R̂  are shown in Figs.14 and 15 for several values of
t h e d e p t h o f t h e d e n t d / R .

The area under the respective curves is always positive and, according to

Eq. (7) represents the total rate of energy absorbed in the dented zone by
the generators in the absence of any overall rotation 0 and translation u

o o '

This energy was calculated in Ref. [12] in an approximate way using a

triangular distribution of the function shown in Fig.15 by the dashed line
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T h e r e s u l t i n g d i s s i p a t i o n r a t e i s g i v e n b y t h e e q u a t i o n

E = 2 t t N R - f 6 ( 3 8 )g e n o 5 ^

w h i c h o v e r e s t i m a t e s t h e a c t u a l e n e r g y b y a c o n s i d e r a b l e a m o u n t .

A m o r e a c c u r a t e r e s u l t i s o b t a i n e d b y t a k i n g a p a r a b o l i c a p p r o x i m a t i o n ,

F i g . 1 6

W W * 2

( 1 _ ( 3 9 )
R R

Substituting Eq. (39) along with e^=u^=0 into Eqs. (35) and (7) a lower value of
t h e d i s s i p a t i o n i s o b t a i n e d .

E =-|TTNR4^
g e n 3 o 5

As can be seen from Fig. 16, Eq. (39) provides a reasonably good approximation

of the function w (a)w (a) in the range Tr/2<a<TT but poor approximation for
o o

0<a<iT/2. A more accurate representation of the same function for small a is

obtained by a different parabolic formula, expressed by

W W o oo o = M fi  _ ( 4 1 )

The integration of Eqs. (7) and (35) is again straightforward leading to the

expression identical to Eq. (40). In most of the calculations to follow the
function of Eq. (39) will be used. The only exception is the case of a

free-free tube where zero moment condition requires a more precise representation

of the energy dissipated by the generators in the dented zone, i.e., for small

a. Accordingly,the formula of Eq. (41) was found to yield better results.
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F i g . 1 6 E x a c t p l o t o f r a t e o f e n e r g y o f g e n e r a t o r s a n d t w o p a r a b o l i c

approximat ions, Eq. (39) is denoted by dashed l ines and Eq. (41)

b y d o t t e d l i n e s .
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Returning to the general case of Eq. (35) the function u^ describes a
uni form elongat ion or shor tening of the tube and thus is independent of the

coordinate s or a. The z-coordinate appear ing in Eq. (35) can be uniquely

re lated to the angle a by ident i fy ing each generator on the undeformed sect ion

o f t h e t u b e

z = R c o s a ( 4 2 )

For a fixed depth of the dent &, the extensional energy becomes a function of

four parameters C, 6, u^ and 0 .̂ Those parameters will be determined from
the boundary conditions and the energy minimization procedure, as described

i n t h e n e x t s e c t i o n .
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6. INDENTATION OF A CONTINUOUSLY SUPPORTED TUBE

The boundary condition for the present problem can be specified with
the help of the expression of Eq. (2) for the rate of external work.
In this section we shall consider loading of finite length tube resting

on a rigid foundation. In all cases the deformations are induced by

pressing into the tube a rigid indentor at a constant rate 6. The
indentation depth 6 is then an increasing function of time. The reaction

force under the punch P(6) is unknown and will be found as a part of the

solution. Out of four remaining parameters in the Eq. (2), two should be

prescribed to uniquely define E . There are four possible combinations
0 X L .

depending on which static or kinematic quantities are prescribed. This gives
rise to four general types of boundary conditions. In addition, a few

subcases will be considered when one or two quantities of interest vanish.

This brings the total number of possible boundary condition to eight. All

o f t hem a re desc r i bed and i l l us t ra ted i n Tab le 1 -

I n o r d e r t o i l l u s t r a t e t h e p r e s e n t m e t h o d o l o g y, t h e s o l u t i o n f o r t h e

cases 1, 2a and 4c wi l l be worked out in detai ls.

Tube with full end fixity. The ends of the tube are constrained against

rotation and axial displacement. Since the sections of the tube outside

the dented zone x > ^ are r ig id, the boundary condi t ions imply that
^ •

u =0 and 0 =0. The rate of external work is reduced to E = P6.. The
o o s x t

r a t e o f i n t e r n a l w o r k i s a s u m o f t h e d i s s i p a t i o n o f r i n g s a n d g e n e r a t o r s

E = E , + E . A s a fi r s t a p p r o x i m a t i o n c o n s i d e r e x p r e s s i o n s o f
i n t c r u s h g e n

Eqs. (25) and (40) for the crushing and external energy respectively. The

energy ba lance pos tu la te o f Eq. (1 ) y ie lds

8 M 5 6 / r
p 5 ( 4 3 )
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The term 6 can be dropped out from both sides of the above equation. The Eq. (41)

provides the solution to the indentation problem in terms of a single

unknown parameter I t is plausible that the length of the local ly dented

zone adjusts itself in such a way as to minimize the crushing force at any

stage of the indentation process. Indeed the minimum force exists for each

value of the indentat ion depth and the re la t ion between ^ and 6, found f rom

3P/95=0 is given by

1 ^ j 2 T r 6 ( 4 4 )
R T 3 t

Subs t i tu t ing Eq . (44 ) back in to Eq . (43 ) , we ob ta in the des i red fo rce -

d e fl e c t i o n c h a r a c t e r i s t i c s o f t h e i n d e n t a t i o n p r o c e s s

o "

The present solut ion can be compared with a st i l l more crude approximat ion

d e r i v e d i n R e f . [ 1 2 ] , u s i n g a t r i a n g u l a r r a t h e r t h a n p a r a b o l i c v a r i a t i o n o f

the ra te o f energy d iss ipa t ion by genera to rs o f Eqs . (37 ) and (38) . The d i f fe rence

i s o n l y i n t h e c o e f fi c i e n t

|-= 16>^y(|)(|) - Ref. [12] (46)
o

D e s p i t e t h e i r s i m p l i c i t y, t h e s o l u t i o n s o f E q s . ( 4 4 ) a n d ( 4 5 ) d e s c r i b e a l l

i m p o r t a n t f e a t u r e s o f t h e p l a s t i c b e h a v i o r o f t u b e s u n d e r l a t e r a l c o n c e n t r a t e d

l o a d s . T h e c r u s h i n g f o r c e i s s e e n t o d e p e n d l i n e a r l y o n t h e fl o w s t r e s s o f

t h e m a t e r i a l a n d t h e r e i s a s q u a r e r o o t d e p e n d e n c e o n b o t h t h e d i a m e t e r - t o -

t h i c k n e s s r a t i o a n d t h e n o r m a l i z e d d e n t d e p t h .
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T u b e f r e e t o m o v e a x i a l l y b u t r e s t r i c t e d f r o m r o t a t i o n ( C a s e 2 a ) . T h i s i s t h e

n e x t s t e p i n c o m p l e x i t y i n t h e s e r i e s o f n i n e d i f f e r e n t b o u n d a r y c o n d i t i o n s .

With N=0 and 0^=0, the rate of external energy is the same as in the case of
• •

a f u l l y c l a m p e d t u b e , i . e . , E = P 6 . T h e r a t e o f i n t e r n a l w o r k , a n d m o r e
6 A L

s p e c i fi c a l l y t h e r a t e o f e n e r g y d i s s i p a t i o n b y t h e g e n e r a t o r s w i l l d i f f e r

because, according to Eq. (35), there are two independent components of the
* • • •velocity 6 and u^. The missing relation between 6 and u^ is obtained

f r o m t h e c o n d i t i o n o f z e r o a x i a l f o r c e N = 0 . T h e t o t a l a x i a l f o r c e i n t h e

c r o s s - s e c t i o n i s d e fi n e d b y

N = 2 a t R
o s i g n ( e ^ x ^ ^ ° ' ( ^ 9 )

J o

I t i s w o r t h n o t i n g t h a t t h e a x i a l f o r c e c a l c u l a t e d f r o m t h e a b o v e d e fi n i t i o n

is the same for any cross-sect ion 0<x<5. The condi t ion N=0 is met i f the

c h a n g e o f t h e s i g n o f t h e e x t e n s i o n a l s t r a i n r a t e e o c c u r s a t t h e p o i n t

a = t t / 2 . The s t ra i n r a te due t o t he den t i ng a l one i s pu re l y ex tens iona l

(positive). Therefore, in order to change the sign of e , a uniformX X

compressive velocity u^ must be superimposed so that the point along the
circumference of the tube with zero strain rate corresponds to a = ir/2. Fig.17,

The magnitude of u^ relative to 6 would depend on the particular shape
of t he f unc t i on w w /F. We sha l l i l l u s t r a te t he p rocedu re t ak i ng a pa rabo l i c

o o

approximation of this function w^w/? as discussed earlier. It follows from
simple calculation that the condition is N=0 is satisfied if

i = ( 5 0 )o 4 5

Introducing the above result into Eqs. (6) and (38) and taking proper care

of the integration with an absolute value sign we obtain an expression
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i f z f .
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M = Mp
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Fig- 17 Reduct ion of the rate of energy dissipated by generators for the

tube w i t h f r ee l y s l i d i ng bounda r i es , N=0 .
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f o r t h e t o t a l w o r k o f i n t e r n a l w o r k i n t h e g e n e r a t o r s

TTN.R66

"gen ~E = ( 5 1 )

The s l id ing f reedom of the tube has thus reduced the rate of d iss ipat ion

in the generators by the factor 3/4 compared to the tube with the axial

f r e e d o m r e s t r i c t e d . I n t h e p r e s e n t i l l u s t r a t i v e e x a m p l e t h e r i n g s o l u t i o n w i t h

t h e c o n s t a n t c r u s h i n g s t r e n g t h w i l l b e u s e d .

T h e e n e r g y b a l a n c e e q u a t i o n b e c o m e s

8 M 5 T T N R 6P 6 = - ^ 6 + - J - & ( 5 2 )

A f t e r m i n i m i z a t i o n w i t h r e s p e c t t o 5 w e o b t a i n

1 = ( 5 3 )
R ' 2 t

and the fo rce deflect ion re la t ionsh ip takes the same form as before w i th

an ampl i tude reduced by the factor

V 3 ( 5 ^ )1=0.85
L - = 1 6 J d " J U ( 5 5 )^ yt 1(4 R

This factor becomes even smaller if more exact expressions for the extensional

and crushing energies are considered, as discussed in the previous section.

The difference between the "exact" solution based on true function Eg^̂ (a)
and the approximate solution is shown in Fig. 15.



4 9 .

We can conclude that by re laxing the boundary condi t ions in the axia l

direction from full fixity u^=0 (N=Np) to freely sliding N=0, the crushing
strength reduces by approx imate ly 10%. In the prev ious ana lys is o f the

s a m e p r o b l e m t h e r e d u c t i o n w a s f o u n d t o b e u n r e a l i s t i c a l l y h i g h , e q u a l t o

1//2 which is about 30% [12].

T h o s e t w o t y p e s o f b o u n d a r y c o n d i t i o n s p r o v i d e s b o u n d s o n t h e g e n e r a l

case 2, defined in Table 1, where an arbi t rary tensi le axial force 0 ^ N _<

w a s a p p l i e d t o t h e a x i s o f t h e t u b e d u r i n g t h e i n d e n t a t i o n p r o c e s s . I f t h e

a x i a l f o r c e w e r e c o m p r e s s i v e r a t h e r t e n s i l e , t h e s i t u a t i o n w o u l d h a v e c h a n g e d

dramatically. The analysis of this problem will be presented in Section 9.

W e a r e n o w i n a p o s i t i o n t o fi n d t h e r e l a t i o n b e t w e e n t h e a x i a l s h o r t e n i n g

of the tube u^ and the depth of the dent 6. Introducing (53) into (50) and

i n t e g r a t i n g w i t h r e s p e c t t o t i m e , t h e f o l l o w i n g f o r m u l a i s o b t a i n e d f o r t h e

s h o r t e n i n g o f o n e s i d e o f t h e t u b e

u ^ = 0 . 1 3 3 I ( 5 6 )
F o r e x a m p l e a t u b e w i t h R / t = 5 0 u n d e r g o i n g i n d e n t a t i o n e q u a l t o t h e t u b e

r a d i u s 6 = R s h o u l d s u f f e r a t o t a l s h o r t e n i n g e q u a l t o t w i c e w a l l t h i c k n e s s e s

S u c h a s h o r t e n i n g c o u l d b e e a s i l y t o d e t e c t e x p e r i m e n t a l l y a l t h o u g h n o s u c h

m e a s u r e m e n t s a r e k n o w n t o t h e a u t h o r s . I t r e m a i n s n o w t o c a l c u l a t e t h e

b e n d i n g m o m e n t i n t h e d e n t - a f f e c t e d z o n e . T h i s m o m e n t d e c r e a s e s c o n t i n u o u s l y

f r o m t h e m a x i m u m v a l u e M a t t h e u n d e f o r m e d s e c t i o n x = £ t o t h e m i n i m u m v a l u e
P

a t t h e m o s t l y d e f o r m e d s e c t i o n x = 0 . F u r t h e r m o r e , t h e c e n t r e i d a l a x i s a l s o

c h a n g e s w i t h x b u t b e c a u s e t h e r e i s n o n e t a x i a l f o r c e , t h i s v a r i a t i o n h a s

n o e f f e c t o n t h e b e n d i n g m o m e n t .
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T h e b e n d i n g m o m e n t a t a n a r b i t r a r y s e c t i o n x i s d e fi n e d b y

M = 2a .̂t s i g n ( e ) z d s
X X

( 5 7 )

J O

w h e r e t h e d e p e n d e n c e o f z o n s i s d i f f e r e n t f o r e v e r y c r o s s - s e c t i o n .

The bending moment at the end of the plast ical ly deforming zone x=^ can

be calculated taking z=R cosa , ds = Rda. Simple integrat ion shows that

the moment is equal to the fu l ly p last ic bending moment of the cross-

s e c t i o n .

The variation of the bending moment over the dented zone 0<x<5 is possible

in v iew o f the p resence o f the d is t r ibu ted reac t ion fo rce p (x ) be tween the

t u b e a n d t h e r i g i d f o u n d a t i o n .

T u b e w i t h r o t a t i o n a l a n d t r a n s l a t i o n a l f r e e d o m ( c a s e 4 c )

As a last type of boundary conditions we shall consider a tube totally

unres t ra ined f rom ro ta t iona l and ax ia l mot ion . Because bo th the bend ing

moment and axial force vanish at the tube ends, M=N=0, the only contr ibut ion

to the ra te o f work o f ex terna l fo rces comes f rom the la tera l fo rce P.

Like in the previous cases, two solutions will be presented. First, the

approximate closed—form solution will be derived to illustrate the method.

Then, an exact force-indentation curve will be determined numerically

a n d t h e t w o w i l l b e c o m p a r e d .

In order to satisfy both N=0 and M=0, the axial strain rate and stress

should change the sign twice between the end points a=0 and a=Tr. From the

M(x=5) = Mp = ̂âR̂t ( 5 8 )
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defin i t ions o f Eqs . (49) and (51) the coord ina tes o f po in ts a t wh ich the

total extensional strain rate e vanishes are found to be a, = tt/4, a„=3iT/4.X X - L /

I t was found that the best approximation can be obtained by taking a
2

parabo l i c func t ion w w /R , desc r ibed by Eq . (41 ) . In t roduc ing th i s func t ion
o o

i n to Eq . (35 ) the to ta l ex tens iona l s t ra in ra te in any genera to r can be

e x p r e s s e d a s t h e f u n c t i o n o f a

e = [ 1 - ( — ) ] + u + R c o s a 0X X 5 T T o o ( 5 9 )

The conditions £^^^=0 at a = and provide two linear algebraic equations
• •

f o r u a n d 0 ,

I f +■ +44 5 o 2

u - O
o 2

= 0

/ 2
R 0 = 0 ( 6 0 )

w h o s e s o l u t i o n i s

= - 0 . 3 7 5 6 6

= - 0 . 5 3 6 6

( 6 1 )

( 6 2 )

Because the integrand of Eq. (6) involves an absolute sign and the

func t i on e (a ) changes s ign tw i ce , t he i n teg ra t i on i n Eq . (6 ) shou ld be
X X

s p l i t i n t o t h r e e p a r t s a c c o r d i n g t o

g e n
E R d a

g e n g e n
R d a + E R d a

g e n
( 6 3 )

J o a .
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w h e r e E i s d e fi n e d b y E q . ( 3 5 ) w i t h t h e s u b s t i t u t i o n o f E q . ( 6 1 ) a n d
g e n

E q . ( 6 2 ) . A f t e r s t r a i g h t f o r w a r d c a l c u l a t i o n s w e o b t a i n

E - I N E ^
g e n 2 o 5

I t i s s e e n t h a t t h e r e l a t i v e r o t a t i o n a n d t r a n s l a t i o n o f t u b e e n d c r o s s -

s e c t i o n s r e l e a s e t h e t e n s i l e s t r e s s e s i n t h e d e n t e d z o n e a n d r e d u c e m o r e

than twice the energy dissipated by the generators. This is il lustrated

in Fig.18 where the shaded area represents the actual dissipation.

T h e r e s t o f c a l c u l a t i o n s a r e s t r a i g h t f o r w a r d . T h e r e a c t i o n f o r c e

P(<S,5) is defined by the rate of energy balance equation

P S + 2

The op t ima l i t y cond i t i on 3P/3C=0 leads to

1 ( 6 6 )R ^4 t

Combining Eqs. (65) and (66) the strength characteristics of the tube under
la te ra l concen t ra ted fo rce i s g i ven by the fo rmu la

o

( 6 7 )
T 8 R t

The "exact" solution was also worked out by calculating the quantity

E using the actual rather than parabolic distribution of the function
g e n

E (a) . The resulting P-6 curve is compared with the formula of Eq. (67)
g e n

in Fig. 19 showing a good agreement of both solutions. Fig. 20 illustrates
how the free translation and rotation of the tube ends reduce the energy

d i s s i p a t i o n o f g e n e r a t o r s .
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f o r t h e f r e e - f r e e t u b e .
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5 5 .

T h e l a s t s t e p i n t h e p r e s e n t a n a l y s i s i s t h e c a l c u l a t i o n o f t h e

rotation angle 0^ as a function of the indentation depth 6. The relation

o f E q . ( 6 2 ) b e t w e e n t h e r a t e s o r i n c r e m e n t s o f t h o s e q u a n t i t i e s i s

l i n e a r . I n t e g r a t i n g t h i s r e l a t i o n w i t h t h e h e l p o f t h e e x p r e s s i o n o f

E q . ( 6 6 ) g i v e s t h e s o u g h t f o r m u l a

0 = 0 . 3 9 8 7 - ^ - 4 / ^ i n r a d i a n ( 6 8 )

o r

0 ^ =22 .84 i n deg rees ( 6 9 )

For example, the rotation angle of one side of the tube having the

aspect ratio D/t = 50 is predicted by Eq. (69) to be equal to 4.568 degrees
when the indenta t ion reaches the tube d iameter 6=R. Rota t ions o f f ree- f ree

tubes were observed by Smith et al. [21] in their model and full scale

experiments with much smaller indentation depths. To the best of our

knowledge no attempts were made in the open literature to quantify

theoretically this effect. The formulas derived by us appear to be

t h e fi r s t s o l u t i o n o f t h i s i m p o r t a n t a n d p r a c t i c a l p r o b l e m .
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7 . D ISCUSSION AND COMPARISON WITH EXPERIMENTS

The present analysis draws attention to the fact largely overlooked

in the l i t e ra tu re wh ich i s t he i nfluence o f boundary cond i t i ons on the

strength characteristics of the tube subjected to transverse concentrated

loads . I n o rde r t o f ocus on the l oca l p rocess o f p las t i c i nden ta t i on and

to e l iminate the in teract ion between the local and g lobal modes of tube

failure, the analysis was restricted to those types of boundary conditions

in which the external work is done only by the transverse force P on the

corresponding velocity 6. With this l imitation four conditions need to

b e c o n s i d e r e d o u t o f w h i c h t h e o n e w i t h u = 0 a n d M = 0 i s i n s i g n i fi c a n t
o

in practical application. The remaining three conditions were studied in

great detail and the corresponding solutions were derived in the previous

s e c t i o n .

In a l l cases predic t ions were made on the st rength res is tance of

the tube as well as on the magnitude of kinematic quantities ?(6),

w^(x,6),u^(6) and 9^(5) describing the geometry of the locally damaged
z o n e .

I n compar i ng Eq . ( 67 ) f o r t he f r ee l y ro ta t i ng case w i t h s im i l a r

s o l u t i o n s c o r r e s p o n d i n g t o t h e f r e e l y s l i d i n g i n E q . ( 5 4 ) a n d t h e f u l l y

fixed tube o f Eq. (45) we observe tha t the func t iona l fo rm o f the so lu t ions

i s t h e s a m e a n d o n l y t h e a m p l i t u d e c h a n g e s f r o m c a s e t o c a s e . T h e r e d u c t i o n

o f t h e t u b e s t r e n g t h c o m p a r e d t o t h e f u l l y fi x e d s o l u t i o n i s 0 . 8 7 a n d

0 . 6 0 f o r t h e f r e e l y s l i d i n g a n d f r e e l y r o t a t i n g c a s e r e s p e c t i v e l y . T h i s

i s i l l us t ra ted i n F ig .19 where "exac t " and app rox ima te so lu t i on a re defined

b y t h e f u l l a n d b r o k e n l i n e s , r e s p e c t i v e l y . T h e e x t e n t o f t h e p l a s t i c a l l y
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deforming zone as a funct ion of the indentat ion depth is g iven by Eqs. (44) ,

( 5 3 ) a n d ( 6 6 ) f o r t h e f u l l y fi x e d , f r e e l y s l i d i n g a n d f r e e l y r o t a t i n g c a s e ,

respectively. From those equations and Fig. 21 we can see that there is

a tendency fo r the loca l ly dented zone to shr ink by re lax ing the k inemat ica l

c o n s t r a i n t s a t t h e t u b e e n d s .

It is important to note that all the derived relations between the

geometrical quantities involved are independent of the parameters characterizing
the ma te r i a l o f t he tube . Th i s p rope r t y o f t he so lu t i on can be exp la ined

by the fact that local geometry of the damage zone depends on relative values

of s t resses and deform.at ions in the shel l ra ther than on the absolute

magnitudes of those quantities. A limited amount of reliable experimental
d a t a e x i s t i n t h e l i t e r a t u r e t o v e r i f y t h e p r e s e n t t h e o r y. I n s o m e c a s e s

incomplete data were published for confidential; reasons (see Ref. [4 ])
or precise description of the test procedure and the end conditions were

missing (for example [28]). Smith et al. [21] reported on a carefully
executed indentation tests on full scale and model tubes with almost

identical length to diameter and diameter to thickness ratios. One full

scale test (F2) and one small scale test (F2S) were fully documented as

far as the measurements of the force-deflection characteristics P-6 and

total rotation angle 0^ were concerned. In addition, the profile of the
dented zone w (x) in the F2 test was measured,

c

The circles in Fig.22 represent the measured shape of the leading

generator, normalized with respect to the central deflection w^(x)/6.
The actual profile results from the local denting and overall bending.
In order to compare the shape of the generator produced by a pure

indentation, with the prediction of Eq. (48), the experimental profile
should be corrected for the global rotation. The rotation angle (6Q)gĵ p
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D = 40.9

' S L I D I N G

R O T A T I N G

J ^

0 . 5 1 . 0 1 . 5

F i g . 2 1 S p r e a d o f t h e l o c a l l y d a m a g e d z o n e i n t h e t u b e a s a f u n c t i o n o f

the den t dep th . Compar ison o f so lu t ions fo r th ree boundary

c o n d i t i o n s .
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measured in the test was equal to 0^ = 26 /̂̂ , = 0.01 [rad]. The points
correspond ing to the cor rec ted normal ized profi le o f the dent are denoted

i n F i g . 2 2 b y t r i a n g l e s w h i l e t h e s o l i d l i n e r e p r e s e n t s t h e p r e s e n t

t h e o r e t i c a l s o l u t i o n . T h e a g r e e m e n t i s g o o d w h i c h s u p p o r t s t h e p r e s e n t l y

a s s u m e d c o m p u t a t i o n a l m o d e l o f t h e t u b e .

A t h r e e - d i m e n s i o n a l s k e t c h o f t h e d e n t e d z o n e , s h o w i n g t h e o r e t i c a l l y

pred ic ted shapes o f r ings and generators is shown in F ig .23 . Aga in , the

p ic ture c lose ly resembles a photograph of the dent -a ffec ted zone of the

tube, shown in F ig . 1 . The shaded area in F ig .23 represents a por t ion of

t h e t u b e w i t h z e r o G a u s s i a n c u r v a t u r e . T h i s p o r t i o n i s c o m p o s e d o f fl a t

segments of r ings, as expla ined in Sect ion 4.

T h e o v e r a l l l a t e r a l d e fl e c t i o n 6 m e a s u r e d i n R e f . [ 2 1 ] i n a t e s t
P

with the small scale tube F2S was equal to 6^ = 0.005L, where L is the
l e n g t h o f t h e t u b e . T h i s i s e q u i v a l e n t t o t h e e x p e r i m e n t a l r o t a t i o n

2 6
; 0 ) = - ^ = 0 . 0 1 0 ( 7 0 )o „ L

2xp

a t t a i n e d w h e n t h e d e p t h o f t h e d e n t w a s e q u a l t o 6 = 5 . 2 t . T h e d i a m e t e r t o

t h i c kness r a t i o o f t he t ube i n ques t i on was D / t=40 .9 . Subs t i t u t i ng t hose

v a l u e s i n t o t h e f o r m u l a o f E q . ( 6 8 ) , t h e r o t a t i o n p r e d i c t e d b y o u r m o d e l

b e c o m e s

( 0 ) = 0 . 0 1 1 3 ( 7 1 )° th

T h e a g r e e m e n t w i t h e x p e r i m e n t s i s e x c e l l e n t c o n s i d e r i n g t h e c o m p l e x i t y

o f t h e p r o b l e m .



Fig. 23 A calculated and experimentally observed shape of the locally
damaged zone in the tube indentation problem.
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The present analysis also indicates that tubes with the same D/t

a n d 6 / R r a t i o s s h o u l d s u f f e r t h e s a m e r o t a t i o n s . H o w e v e r , t h e r o t a t i o n

in the full scale tube was reported in Ref. [21] to be more than two

t i m e s s m a l l e r t h a n t h a t f o r t h e s m a l l s c a l e t u b e w i t h a l m o s t i d e n t i c a l

D / t . We fee l tha t the dead weight o f the tube cou ld prov ide fo r a

s u f fi c i e n t r e s t r a i n t b e n d i n g m o m e n t , w h i c h p r e v e n t s f r o m d e v e l o p i n g l a r g e

rotat ions. The bending moment acts as soon as the end of the tube is

l i f t e d . I t s m a g n i t u d e e q u a l s t o

M = " I R t L ^ p g ( 7 2 )

w h e r e p a n d g d e n o t e r e s p e c t i v e l y m a s s d e n s i t y o f t h e t u b e m a t e r i a l a n d

t h e g r a v i t a t i o n a l a c c e l e r a t i o n . T h e r a t i o o f t h i s m o m e n t t o t h e f u l l y

p last ic bending moment of the cross-sect ion g iven by Eq. (58) is

( 7 3 ,
p o

The sca le e f fec t i s c lear ly v is ib le s ince in tubes w i th the same L /D

b u t d i f f e r e n t L t h e r e s t o r i n g b e n d i n g m o m e n t w i l l n o t b e t h e s a m e . T h e

i n d e n t a t i o n p r o b l e m i n t u b e s w i t h t h e p r e s c r i b e d b e n d i n g m o m e n t a n d a x i a l

f o r c e i s m o r e d i f fi c u l t t o t r e a t a n a l y t i c a l l y a n d i t s s o l u t i o n w i l l b e

r e p o r t e d i n t h e f u t u r e p u b l i c a t i o n .

T h e p r e s e n t t h e o r e t i c a l s o l u t i o n f o r t h e s t r e n g t h c h a r a c t e r i s t i c s o f

t h e f r e e l y - r o t a t i n g t u b e , E q . ( 6 7 ) , w i l l b e c o r r e l a t e d w i t h t w o s e t s o f d a t a

r e p o r t e d b y S m i t h e t a l . [ 2 1 ] . F i g u r e 2 4 s h o w s t h e f o r c e - d e fl e c t i o n

c h a r a c t e r i s t i c s m e a s u r e d i n t h e i n d e n t a t i o n t e s t o f t h e m o d e l t u b e w i t h
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V

F i g . 2 4 The force-deflection characteristics for a free-free tube. The

experimental curve due to Smith [21] shows unloading and reloading.
The present theoretical curves are drawn for several values of the
rat io of the flow stress to the in i t ia l y ie ld st ress
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t he d imens ions D=65 .1 mm, t=1 .59 mm and L=1325 mm and the y i e l d s t ress

2

0̂ =280 N/mm . Transforming Eq. (67) to the coordinates used in Fig.24
w e o b t a i n

P . - 0 . 8 8 6 ^ ^ ( 7 4 )
4 a y t D y D " y "

The formula of Eq. (74) has been dimensional ized with respect to the

i n i t i a l y i e l d s t r e s s o f t h e m a t e r i a l w h e r e a s i n t h e p r e s e n t a n a l y s i s

t h e s o - c a l l e d " fl o w s t r e s s " a i s u s e d . T h e fl o w s t r e s s i s u n d e r s t o o d
o

a s t h e b e s t fi t o f t h e a c t u a l s t r e s s - s t r a i n c u r v e i n t h e e x p e c t e d r a n g e

o f s t r a i n s w i t h t h e p r e s e n t r i g i d - p l a s t i c m a t e r i a l i d e a l i z a t i o n . A s

pointed out in Sect ion 2, the bending and ax ia l s t ra ins reach 3% for

the depth of the dent equal to the tube radius 6=R. The average st ra in

i s = 1 . 5 % a n d t h e fl o w s t r e s s c a n b e d e fi n e d a s

A c c o r d i n g t o t h e a b o v e d e fi n i t i o n , i s a f u n c t i o n o f t h e w o r k - h a r d e n i n g

property ■ of the mater ial as wel l as the magnitude of the average

s t r a i n a t t a i n e d i n t h e d e f o r m a t i o n p r o c e s s . W h i l e t h e l a t t e r q u a n t i t y

c a n a l w a y s b e c a l c u l a t e d b y t h e p r e s e n t s h e l l m o d e l , t h e i n f o r m a t i o n o n

t h e w o r k - h a r d e n i n g p a r a m e t e r o f t h e s t e e l t u b e s u s e d b y S m i t h e t a l .

i s no t ava i l ab le . The re fo re theo re t i ca l cu rves were d rawn in F ig . 24

f o r a f e w c o n s t a n t v a l u e s o f t h e r a t i o a l a = 1 . 0 : 1 . 1 ; 1 . 2 ; 1 . 3 . T h e
o y

p r e s e n t t h e o r y i s s e e n t o p r e d i c t c o r r e c t l y t h e f u n c t i o n a l d e p e n d e n c e o f

t h e s o l u t i o n o n a l l g e o m e t r i c a l p a r a m e t e r s o f t h e p r o b l e m . H o w e v e r ,

i n t h e a b s e n c e o f t h e d a t a o n t h e s t r a i n - h a r d e n i n g p a r a m e t e r s , n o d e fi n i t e

c o n c l u s i o n c a n b e d r a w n r e g a r d i n g t h e q u a n t i t a t i v e a g r e e m e n t b e t w e e n t h e

t h e o r y a n d e x p e r i m e n t . W e f e e l t h a t t h e p r e s e n t s o l u t i o n u n d e r e s t i m a t e s

t h e a c t u a l s t r e n g t h o f t h e t u b e b y 1 0 t 2 0 % .
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F i g . 2 5 A c t u a l s t r e s s - s t r a i n c u r v e o f t h e m a t e r i a l a n d a r i g i d - p e r f e c t l y

p l a s t i c i d e a l i z a t i o n a t t h e l e v e l o f a n a v e r a g e fl o w s t r e s s .
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The experimental results for the full scale tubes were presented

i n R e f . [ 2 1 ] i n p h y s i c a l q u a n t i t i e s . I n t r o d u c i n g t h e d e fi n i t i o n

o f i n t o E q . ( 6 7 ) o n e g e t s

Taking the tube D=396 mm, t=9.9 mm, L=7754 mm and the same yield stress as

before, the formula of Eq. (67) reduces to

Again, plots of the above function were made for several different values

of the ra t io a /a and those a re shown by do t ted l ines in F ig . 26 . The

fu l l l i ne i s t he expe r imen ta l cu r ve . The co r re l a t i on i s seen t o be good

considering the fact that, no "forge factor" was introduced in the

p r e s e n t a n a l y s i s .

In our op in ion cons idera t ion o f the shear e f fec ts in the dented zone

wou ld b r i ng t he p resen t p red i c t i on r i gh t on t he expe r imen ta l cu rve . Th i s

p r o b l e m w i l l b e a d d r e s s e d i n t h e a p p r o x i m a t e w a y i n t h e n e x t s e c t i o n .

( 7 5 )

a

( 7 6 )

o y
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0 2 5 5 0 7 5

Fig. 26 Correlation of the present theoretical solution with the result
of full scale test reported by Smith [21]. The theoretical curves

were drawn for several values of o /̂o .̂
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8 . E S T I M AT I O N O F S H E A R E F F E C T

A n a p p r o x i m a t e o f e x p r e s s i o n f o r t h e r a t e o f e n e r g y d u e t o s h e a r

d e f o r m a t i o n w i l l b e d e r i v e d u s i n g a s i m p l e m o d e l o f a n e q u i v a l e n t t u b e

w i th rec tangu la r c ross -sec t ion . Th is mode l has p rev ious ly been used in

Ref . [12 ] to es t ima te the ra te o f ex tens iona l energy in the tube inden ta t ion

prob lem. A s imi lar model has been proved usefu l in exp la in ing the impor tance

o f s h e a r d e f o r m a t i o n i n t h e p r o b l e m o f c o n fi n e d a n d u n c o n fi n e d b u c k l e

p r o p a g a t i o n [ 3 7 ] .

C o n s i d e r a t h i n - w a l l e d s q u a r e t u b e w h o s e c i r c u m f e r e n c e i s t h e s a m e a s

tha t o f t he o r ig ina l c i r cu la r tube 4a = 2 t tR . The equ iva len t l eng th o f each

s i d e i s t h u s e q u a l t o

Suppose the tube is subjected to a symmetric denting of the depth 6/2

on each s ide , F ig .27a . I t i s poss ib le to cons t ruc t a paper mode l o f such

a deformed tube wi thout cu t t ing the paper a long the fo ld l ines to re lease

poss ib l e ex tens ions o r shea r. Th i s cons t ruc t i on p rov i des t he s imp les t

proof tha t symmetr ic co l lapse o f the square or rec tangu lar sec t ion tube

d o e s n o t p r o d u c e a n y s h e a r s t r a i n s .

B y c o n t r a s t , t h e u n s y m m e t r i c s e c t i o n a l c o l l a p s e , w h i c h r e s e m b l e s t h e

tube indentat ion mode, cannot be reproduced by simply folding the tube

w a l l s a l o n g h i n g e l i n e s . T h e u n s y m m e t r i c m o d e i s s h o w n i n F i g . 2 7 b . I t

can be obtained from the symmetric mode by shearing the side walls,

t h rough the ang le y as exp la ined in F ig . 28 . The ang le y i s re la ted to

t h e g e o m e t r y o f t h e d e n t e d z o n e b y
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a )

b )

F i g . 2 7

C )

Conceptual model of a tube showing symmetric sectional collapse
(no shear) and unsymmetric collapse (significant shear).
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28 Transit ion from symmetr ic to unsymmetr ic sect ional col lapse through

s i m p l e s h e a r .
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Y = 1 ^ ( 7 6 )
T h e r a t e o f s h e a r s t r a i n i s d e fi n e d a s

^ d t 2 d t

T h e r a t e o f e n e r g y d i s s i p a t i o n d u e t o s h e a r i s

^ s h e a r = M
•'a

w h e r e k i s t h e y i e l d s t r e s s i n s i m p l e s h e a r a n d t h e i n t e g r a t i o n i s p e r f o r m e d

o v e r t h e s h e a r a f f e c t e d z o n e o f t h e e q u i v a l e n t t u b e . F o r t h e T r e s c a y i e l d

condition k = cr^/2. The integral of Eq, (78) can easily be calculated

a s s u m i n g t h e s t r a i n r a t e y t o b e u n i f o r m o v e r t h e t w o l a t e r a l t r a p e z o i d a l

surfaces of the area •|-(2a-6)5 each

^ s h e a r - ¥ 2 ( 2 » - « 5 ^ ( " )
T h e a b o v e e x p r e s s i o n i n v o l v e s a t i m e r a t e o f t h e u n k n o w n q u a n t i t y I n

o r d e r t o p r o c e e d w i t h t h e s o l u t i o n f u r t h e r , a n i t e r a t i v e p r o c e d u r e w i l l

b e u s e d .

T h e f u n c t i o n C a p p e a r i n g i n t h e d e fi n i t i o n o f Y w i l l fi r s t b e e s t i m a t e d

using a c losed form solut ion der ived for the same problem wi thout shear,
• •

T h i s w i l l p r o v i d e a u n i q u e e x p r e s s i o n f o r w h i c h i s l i n e a r i n 6 ,

T h e c a l c u l a t e d s h e a r d i s s i p a t i o n w i l l b e s u b s t i t u t e d b a c k i n t o t h e g l o b a l

rate of energy balance and the ent i re solut ion process can be repeated.

W e s h a l l a p p l y t h i s p r o c e d u r e t o t h e c a s e o f a f u l l y c l a m p e d t u b e . U s i n g

E q , ( 4 4 ) , t h e s t r a i n r a t e i s f o u n d t o b e
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Subst i tu t ing Eqs. (75) and (80) in to Eq. (79) , the ra te o f shear energy

b e c o m e s

" s h e a r
= iN2 o I 2 2 1

i 3 t
R 2 t t / 6

( 8 1 )

N o w, a d d i n g t h e a b o v e t e r m i n t o t h e r i g h t h a n d s i d e o f t h e e n e r g y b a l a n c e

p o s t u l a t e E q . ( 4 3 ) t h e c o r r e c t e d o r fi r s t i t e r a t i v e s o l u t i o n i s o b t a i n e d i n

t h e f o r m

( P ) = 6 f P )w i t h s h e a r w i t h o u t s h e a r ( 8 2 )

where shear given by Eq. (45) and the correction factor is

d e fi n e d b y

e = T . R f 6 . ^ 1 3 , t , . R1 + — ( T T - n ) ( 7 7 ) T
8 t 4

1 / 2

R ' W 2 T r ^ R ^ 6 ( 8 3 )

Consider a tube wi th the rat io D/ t=40.9, as used in Smi th 's exper iments.

The funct ion 8(6/R) for few values of the indentat ion depth 6/R is shown

b e l o w

6 / R 0 . 5 1 . 0 1 . 5 2 . 0

B 1 . 5 6 8 1 . 3 5 5 1 . 2 3 4 1 . 1 4 7

With increasing indentation depth, the correction factor is decreasing to

a n a s y m p t o t i c v a l u e B = 1 . 0 . A t v e r y s m a l l c e n t r a l d e fl e c t i o n s 6 / R , t h e
3 . S

f o r m u l a o f E q . ( 8 3 ) p r e d i c t s a n u n r e a l i s t i c a l l y h i g h r e s i s t a n c e o f t h e

t u b e . C l e a r l y , t h e r e m u s t b e a n a l t e r n a t i v e m o d e o f t u b e d e f o r m a t i o n w h i c h

suppresses la rge shear s t ra in ra tes deve loped a t the onset o f the p las t ic

i n d e n t a t i o n p r o c e s s . I t i s p l a u s i b l e t h a t t h e t u b e u n d e r g o e s i n i t i a l l y
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a s y m m e t r i c m o d e e v e n t h o u g h t h e f o r c e i s a p p l i e d o n t h e t o p o n l y . F i g . 2 7 c .

T h e r e s u l t i n g i n i t i a l s y m m e t r i c o v a l i z a t i o n o f t h e t u b e s e c t i o n , p r o v i d e s

f o r a m e c h a n i s m w h i c h e l i m i n a t e s t h e s h e a r s t r a i n s a n d m i n i m i z e s i n i t i a l l y

t h e d e n t i n g r e s i s t a n c e o f t h e t u b e . T h e o v a l i z a t i o n o f t h e t u b e u n d e r

b e n d i n g , k n o w n a s t h e B r a z i e r e f f e c t h a s b e e n o b s e r v e d a n d r e p o r t e d b y

m a n y a u t h o r s .

T h e i n fi n i t e v a l u e o f t h e s h e a r e n e r g y i s a c o n s e q u e n c e o f t h e s i n g u l a r i t y

i n t h e s l o p e o f t h e 5 - 6 f u n c t i o n a t 6 = 0 . I n r e a l i t y , h o w e v e r , t h e l e n g t h

o f t h e d e n t e d z o n e i s i n i t i a l l y fi n i t e a n d s o m u s t b e t h e c o n t r i b u t i o n o f

s h e a r . T h e fi n i t e w i d t h o f t h e p l a s t i c z o n e c o u l d b e p r e d i c t e d b y t h e

p r e s e n t t h e o r y i f t h e t e r m s M K w e r e r e t a i n e d i n t h e e n e r g y b a l a n c e

e q u a t i o n .

In conclus ion of the present d iscuss ion of the shear effects we can

s t a t e t h e f o l l o w i n g :

( i ) S h e a r s t r a i n m a y c o n t r i b u t e s i g n i fi c a n t l y t o t h e o v e r a l l r a t e

of energy dissipation and thus may rise the resistance of the

t u b e t o d e n t i n g .

(ii) The effect of shear is most pronounced for small dent depths.

For deep dents of the order of tube radius shear increases the tube

resistance by not more than 10%.

(iii) The model of the equivalent square tube is too crude to make
a r e a l i s t i c e s t i m a t e o n t h e s h e a r e f f e c t s f o r s m a l l 6 . T h u s ,

no attempt was made to quantify this effect in order to

compare it with experimental data recorded for 6/R < 0.1.
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9 . P L A S T I C I N S TA B I L I T Y O F A X I A L LY C O M P R E S S E D T U B E U N D E R

L A T E R A L I N D E N T A T I O N

S o f a r w e h a v e c o n s i d e r e d a c l a s s o f b o u n d a r y c o n d i t i o n s i n w h i c h

t h e a x i a l f o r c e N a p p l i e d a t t h e t u b e e n d s w a s e i t h e r t e n s i l e o r z e r o .

The s imp l ic i t y and re la t i ve accuracy o f the present so lu t ion method

encouraged us to look at the more general case of tube loading in which

t h e a x i a l f o r c e ( t e n s i l e o r c o m p r e s s i v e ) o f a s p e c i fi e d m a g n i t u d e i s

a p p l i e d t o t h e t u b e p r i o r t o t h e l o c a l i n d e n t a t i o n . S u c h a p r e - s t r e s s e d

t u b e i s t h e n s u b j e c t e d t o l o c a l l a t e r a l i n d e n t a t i o n . O u r t a s k i s t o

d e t e r m i n e t h e f o r c e - d e fl e c t i o n c h a r a c t e r i s t i c s o f t h e t u b e a s a f u n c t i o n

o f t h e l o a d N a s a p a r a m e t e r . T h e c a l c u l a t i o n s t o b e s h o w n r e v e a l s t h e

existence of a critical magnitude of the compressive force N^ below which
a v i o l e n t s e c t i o n a l c o l l a p s e o f t h e t u b e t a k e s p l a c e u n d e r a n a r b i t r a r i l y

s m a l l l a t e r a l d i s t u r b a n c e . T h e t e n s i l e f o r c e i s t a k e n t o b e p o s i t i v e w h i l e

t h e c o m p r e s s i v e f o r c e i s n e g a t i v e . W e s t a r t t h e d e r i v a t i o n b y w r i t i n g

d o w n t h e r a t e o f e n e r g y e q u a t i o n f o r t h e t u b e s u b j e c t e d t o c o m b i n e d d e n t i n g

a n d c o m p r e s s i o n

8M K
P 6 + 2 N u = 6 + 4 N R

o R o

6 6 a .— ( 1 ) + u
5 I T O

d a ( 8 4 )

' 0

S i n c e t w o c o m p o n e n t s o f t h e e x t e r n a l l o a d i n g 6 a n d N a r e p r e s c r i b e d

i n d e p e n d e n t l y , t h e r e a r e t w o t e r m s i n t h e r a t e o f e x t e r n a l e n e r g y d i s s i p a t i o n .

T h e s e c o n d t e r m o n t h e l e f t h a n d s i d e o f E q . ( 8 4 ) v a n i s h e s w h e n N = 0 o r
•

u^=0. Those two special cases were already considered earlier in
S e c t i o n 6 . I n t h e a b s e n c e o f d e n t i n g d e f o r m a t i o n s 6 = 0 , E q . ( 8 4 ) r e d u c e s t o
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2 N u = 4 N R
o o

u
o

d r . ( 8 5 )

' 0

w h i c h y i e l d s a f t e r i n t e g r a t i o n

N u = N l u ( 8 6 )o p ' o

T h e a b o v e e q u a t i o n s h a v e t w o s o l u t i o n s

N = N
P

N = - N ( 8 7 )
P

which mean that the tube d- .velopes i ts fu l l ax ia l s t rength by reaching y ie ld

stress respectively in tension or compression. The tube remains rigid

if the axial force stays inside those limiting values - Np<N<Np. The axial
force acting alone may not lead to the tube failure but may dramatically

change the denting strength of the pre-stressed tube, as we will see in

t h e s e q u e l .

In the absence o f ro ta t iona l de format ion , the ax ia l fo rce is now g iven

by, according to the definition of Eq. (49)
- T T 2

N = 2a tR ( {sign (1 - —) + u ]} da (88)
O 1 ^ I T o

•'o
The argument of the sign function in the integrand of Eq. (88) changes

sign at a=a^ defined by
2

( 1 - % = - u ( 8 9 )^ ^ - n ^ o

so tha t a f te r in tegra t ing , Eq. (88) becomes

2 a . , 2 a
N = - 2 7 T R t a ( 1 - — ) = - N ( 1 - — ^ ) ( 9 0 )

O T T p T T
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T h e a b o v e c o n d i t i o n s a y s t h a t f o r a n y c h o i c e o f N f r o m t h e i n t e r v a l

-Np<N<Np, there is a unique point on the tube circumference a=aĵ  at which
a x i a l s t r a i n r a t e v a n i s h e s a n d s t r e s s e s c h a n g e f r o m t e n s i o n t o c o m p r e s s i o n

F ig . 29 . Hav ing de te rm ined th i s sw i t ch ing po in t , t he in teg ra t ion o f Eq . (84 )

w i t h t h e a b s o l u t e s i g n c a n b e p e r f o r m e d t o g i v e

8 M 5 4 T r N R 6 3P5 + 2NU^ = 2Nu^ + - i f - i ^ (91 )
P

where u^ is related to 6 and N by Eqs. (89) and (90). The two identical
terms on both side of Eq. (91) can be dropped out and the expression for P

t a k e s t h e f o r m

8 M 5 4 T 7 N R , „ 3^ ^ - j f - f ] ( 9 2 )
P

On comparing Eq. (43) with Eq. (92) we observe that both equations are the

s a m e e x c e p t o f t h e p r e s e n c e i n t h e l a t t e r e q u a t i o n t h e c o r r e c t i o n f a c t o r

f o r N . A f t e r m i n i m i z i n g w i t h r e s p e c t t o t h e f o r c e - d e fl e c t i o n r e l a t i o n

s h i p t a k e s t h e fi n a l f o r m

= l A J L R A - 1Mq -̂ 3 t R 4 N ^( 1 - ( 9 3 )
P

where N is a parameter. Severa l spec ia l cases , p rev ious ly cons idered in

the paper can be recovered from the above expression.

Tube with full end fixity - Substituting N=Np into Eq. (93), the correction
factor becomes unity and Eq. (93) reduces to Eq. (45).

Tube f ree t o move ax ia l l y. On subs t i t u t i ng N=0 the reduc t i on f ac to r i s

v^, as predicted by Eq. (54).
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F i g . 2 9 A construction il lustrating changing sign of strain rates and

stresses to ensure development of a prescribed axial force in

t h e t u b e .
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Tube subjected to the ultimate compressive load (Squash load) N=-Np. The
t e r m u n d e r t h e s q u a r e r o o t b e c o m e s n e g a t i v e a n d a r e a l s o l u t i o n f o r P d o e s

n o t e x i s t . I n o r d e r t o i n v e s t i g a t e t h i s i n t e r e s t i n g c a s e f u r t h e r, p l o t w a s m a d e

o f t h e n o r m a l i z e d c r u s h i n g f o r c e , i . e . , t h e c o r r e c t i o n f a c t o r v e r s u s t h e

magnitude of the dimensionless axial force N/N ,̂ Fig. 30. It is seen that
the resistance of the tube against lateral denting diminishes as N/N^
d e c r e a s e s f r o m f u l l t e n s i o n t h r o u g h z e r o t o w a r d s c o m p r e s s i o n . W h e n t h e

c o m p r e s s i v e f o r c e a t t a i n s t h e v a l u e

| L = 1 _ % - = - 0 . 5 8 7 4 ( 9 4 )N
P

t h e t u b e r e s i s t a n c e d r o p s t o z e r o a n d n o l a t e r a l f o r c e c a n b e e q u i l i b r a t e d

by the sys tem i f the compress ive fo rce i s fu r ther inc reased towards fu l l

s q u a s h l o a d

T h e e x i s t e n c e o f a c r i t i c a l v a l u e o f t h e c o m p r e s s i v e f o r c e u n d e r w h i c h

l o c a l s p o n t a n e o u s s e c t i o n a l c o l l a p s e o f t h e t u b e t a k e s p l a c e h a s n o t b e e n

r e p o r t e d p r e v i o u s l y i n t h e l i t e r a t u r e a n d t h u s r e q u i r e s a c a r e f u l e x a m i n a t i o n .

F i r s t w e s h a l l i n t e r p r e t t h e a b o v « r e s u l t s w i t h i n t h e r e a l m o f t h e p r e s e n t

a p p r o x i m a t e t h e o r y. C o n s i d e r t h e e q u i l i b r i u m s t a t e m e n t o f E q . ( 9 1 ) . I n

t h e g e n e r a l c a s e t h e r a t e o f e x t e r n a l w o r k g o e s o n b o t h p l a s t i c d i s s i p a t i o n

of rings [first term on the right hand side of Eq. (91)] and generators

( t w o l a s t t e r m s ) . E a c h o f t h o s e t w o c o n t r i b u t i o n s a r e n o n - n e g a t i v e .

However, the term 2 Nu^ on the right hand side of Eq. (91) is seen to
e q u i l i b r a t e t h e r a t e o f e x t e r n a l w o r k d u e t o a x i a l c o m p r e s s i o n . I n t h e

r e s u l t i n g e x p r e s s i o n f o r P [ E q . ( 9 2 ) ] t h e fi r s t t e r m o n t h e r i g h t

h a n d s i d e i s a l w a y s p o s i t i v e w h i l e t h e s e c o n d t e r m c a n b e p o s i t i v e o r

n e g a t i v e d e p e n d i n g o n w h e t h e r N i s g r e a t e r o r s m a l l e r t h a n . I f
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N>N , the analytical minimum for P with respect to K exists and this loccurs at
c

Substituting Eq. (95) back into Eq. (92), the present solution is obtained.

If on the other hand N<N^, the second term in Eq. (92) changes sign into

negative. Remembering that negative values of P do not have physical sense

we see that a non-analytical minimum exists at the same magnitude of ^ as

before , bu t the cor respond ing fo rce P is zero .

From the above mathematical proof follows a physical interpretation of

this interesting phenomenon. First observe that according to our model

any infinitesimal increment of 6 i.e., any positive 6 will bring all the

generators to the yield point. Furthermore 6 uniquely determines the axial

velocity u ,̂ for a given set of 6 and 5, as specified by Eq. (89). Now
the increment of external work should be equilibrated by the increment of

the internal work. At N=N^ the only available component of the internal rate
of work is equal to 2N^u^which just suffices to equilibrate the work
increment in axial direction. Thus no surplus of internal energy or the

tube strength exists to equilibrate the lateral force which therefore must

vanish. For any magnitude of the lateral force greater than zero the

increment of external energy exceeds that of internal energy meaning unstable

b e h a v i o r o f t h e s y s t e m .
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Another way of interpreting the phenomenon of plastic instability

is to observe that the magnitude of Oj^which corresponds to the critical
force is chosen in such a way that a net rate of energy of generators

(shaded area in F ig . 29) be equa l to the rec tangu lar a rea t tu . There fore
o

t h e t u b e c a n b i f u r c a t e f r o m p u r e s y m m e t r i c c o m p r e s s i o n i n t o l o c a l i z e d

u n s y m m e t r i c d e n t i n g a t n o e n e r g y a d d e d t o t h e s y s t e m . A l l w h a t i s n e e d e d

i s t o d i s t u rb t he t ube f r om one equ i l i b r i um s ta te i n t o t he o the r by

i m p o s i n g a n a r b i t r a r y t r a n s v e r s e v e l o c i t y 6 a t t h e l a t e r a l s u r f a c e o f t h e

t u b e . F r o m t h e a b o v e d i s c u s s i o n i t t r a n s p i r e s t h a t i n d e e d w e h a v e h e r e

a c l a s s i c a l e x a m p l e o f u n s t a b l e s t r u c t u r a l b e h a v i o r, t h i s t i m e f o r a r i g i d -

p e r f e c t l y p l a s t i c c y l i n d e r .

A l l the above conc lus ions are va l id w i th in the assumpt ions o f parabo l i c

d i s t r i b u t i o n o f t h e r a t e o f e n e r g y , g i v e n b y E q . ( 3 9 ) a n d t h e r o t a t i o n a l

res t ra in t s a t t he tube ends . As shown in F ig .16 the shape o f ac tua l

functions ww/^ differs from parabola. We have followed the procedure

d e s c r i b e d a b o v e t a k i n g a c t u a l f u n c t i o n s f o r s e v e r a l c h o s e n v a l u e s o f

6 /R . The resu l t i ng P-N cu rves a re p lo t ted in F ig . 31 as do t ted l i nes .

I t i s s e e n t h a t t h e " e x a c t " n u m e r i c a l s o l u t i o n d i f f e r s f r o m t h e a n a l y t i c a l

s o l u t i o n o f E q . ( 9 3 ) b u t t h e g e n e r a l c o n c l u s i o n r e m a i n s t h e s a m e .

The P-N curves are now moved s l ight ly to the lef t so that the "exact"

critical value of the compressive force is N^=0.763 N^. The coefficient in
the approximate closed form solut ion was 0.5874.

T h e q u e s t i o n a r i s e s h o w o u r fi n d i n g s r e l a t e t o e x p e r i m e n t a l r e s u l t s

p e r f o r m e d o n c y l i n d r i c a l s h e l l s i n h u n d r e d s o f l a b o r a t o r i e s a r o u n d t h e

w o r l d . T h e f a c t t h a t c o m p r e s s e d t u b e s m a y l o o s e s t a b i l i t y a t a x i a l l o a d

e q u a l t o 0 . 7 6 3 o f t h e s q u a s h l o a d o f t h e t u b e s u g g e s t s t h a t a c a t a s t r o p h i c

s e c t i o n a l c o l l a p s e s h o u l d b e a c o m m o n p h e n o m e n o n e a s i l y o b s e r v a b l e i n

s i m p l e t e s t s .
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■ •

N

Np

F i g . 3 1 R e d u c t i o n o f t h e r e s i s t a n c e o f t h e t u b e t o i n d e n t a t i o n w i t h t h e

magni tude o f the ax ia l compress ion.
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A c t u a l l y , g e n e r a l e x p e r i e n c e w i t h a x i a l l y c o m p r e s s e d c y l i n d e r s c o n fi r m

o u r c o n c l u s i o n . F i g u r e 3 2 s h o w s t h e s o - c a l l e d " k n o c k - d o w n " f a c t o r , i . e . ,

t h e r a t i o o f e x p e r i m e n t a l t o t h e o r e t i c a l u l t i m a t e s t r e n g t h o f c y l i n d r i c a l

s h e l l s a s a f u n c t i o n o f D / t . O u r a n a l y s i s i s a p p l i c a b l e f o r m o d e r a t e - t o

th ick tubes 20<D/t<60 and predicts 25-30% reduct ion of the tube strength

w i t h s i n g l e d i m p l e - l i k e i m p e r f e c t i o n s . T h i s fi n d i n g i s g e n e r a l l y i n a c c o r d

w i t h t h e t r e n d o f e x p e r i m e n t a l p o i n t s . H o w e v e r, t h e r e i s l a c k o f a s u f fi c i e n t

data on the diagram with experimental points to fully confirm the present results.

T h i c k e r t u b e s w i t h o r w i t h o u t l o c a l d e n t s w e r e t e s t e d i n B r i t a i n [ 2 4 ] a n d

Norway [27 ] under d i f f e ren t end cond i t i ons to the p resen t one . I f t he

simple-supported rather than clamped boundary conditions are imposed

addi t ional bending moment M=Ne resul t ing f rom the load eccentr ic i ty has

a d e c r e m e n t a l e f f e c t o n t h e m e a s u r e d k n o c k - d o w n f a c t o r , e s p e c i a l l y f o r

l a r g e r d e n t d e p t h .

A n o t h e r i n t e r e s t i n g r e s u l t o f t h e p r e s e n t s o l u t i o n i s t h e e x i s t e n c e

o f a t h r e s h o l d v a l u e o f t h e l a t e r a l d i s t u r b a n c e w h i c h b r i n g t h e s y s t e m i n t o

an unstable pattern. This property of the solution is best i l lustrated

in Fig. 33 where the results of Fig. 31 are replotted in the coordinate

system with the dent depth as an independent variable and axial force as

a parameter. It is seen that for N>N^, all curves are monotonically

increasing functions of 6/R . For N<N , the situation changes. Consider
for example the curve corresponding to N/Np=-0.6. The lateral resistance
of the tube increases initially, and reach a peak value at 6/R 0.5. The

magnitude of 6 corresponding to the maximum lateral load is called the
t h r e s h o l d v a l u e . I f t h e a x i a l l o a d i s f u r t h e r i n c r e a s e d t o w a r d s t h e
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va lues of the compressive force. The graph shows the ex is tence of

t w o c r i t i c a l v a l u e s . o f t h e f o r c e N = - 0 . 5 N a n d N . = - 0 . 7 6 3 N .



8 6 .

squash load N/Np=-0.7, the threshold displacement 6/R becomes less than
0.1. This means that the tube brought in compression up to 70% of i ts

l oad -ca r ry ing capac i t y can to le ra te i n the s tab le way on ly sma l l l oca l

inden ta t ion equa l to 10% o f i t s rad ius . I f the dep th o f the den t exceeds

th is th resho ld va lue a spontaneous co l lapse o f the sect ion takes p lace.

The present findings may have a profound impl icat ion in the offshore

industry when designing tubular members against accidental and impact loads.

I f a s h o r t t u b u l a r t r a n s m i t t i n g a x i a l c o m p r e s s i o n i s d e s i g n e d w i t h a f a c t o r

o f s a f e t y l e s s t h a n 1 . 5 , a s m a l l l a t e r a l f o r c e c a u s e d b y a c o l l i s i o n m a y

tr igger a complete col lapse of the member. The amount of the impact energy

diss ipated by such a tube is only a smal l f ract ion of the energy which

o t h e r w i s e c o u l d b e a b s o r b e d b y a s i m i l a r t u b e w i t h o u t c o m p r e s s i v e l o a d .

Our theory can also explain the mechanism of progressive col lapse of complex

f r a m e w o r k s m a d e o f t u b u l a r s . I t i s p l a u s i b l e t h a t t h e l o a d r e d i s t r i b u t i o n

a f t e r o n e m e m b e r h a s f a i l e d c a n b r i n g s o m e o t h e r m e m b e r s c l o s e r t o t h e

s q u a s h l o a d a n d m a k e t h e m v u l n e r a b l e t o t h e l o c a l c o l l a p s e d e s c r i b e d a b o v e

s h o u l d a d d i t i o n a l t r a n s v e r s e l o a d i n g o c c u r , f o r e x a m p l e i n t h e f o r m o f a n

e x t r e m e h y d r o d y n a m i c w a v e i m p a c t .

F i n a l l y a w o r d c a n b e a d d e d o n t h e e n e r g y a b s o r p t i o n c a p a b i l i t i e s o f

t u b u l a r s s u b j e c t e d t o l a t e r a l c o n c e n t r a t e d l o a d . T h e m a x i m u m e n e r g y t h a t

t h e t u b e c a n a b s o r b i s o b t a i n e d b y i n t e g r a t i n g t h e P - 6 f u n c t i o n f r o m 6 = 0

t o 6 = 2 R

E(N) =

0

( 9 6 )
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where the approx imate express ion for n(N) is g iven by Eq. (93b) and is

p l o t t e d i n F i g . 3 0 b y a s o l i d l i n e . T h e d o t t e d l i n e r e p r e s e n t s t h e p r e s e n t

"exac t so l u t i on " . I n bo th cases t he ene rgy i s seen t o r ap id l y d im in i sh w i t h

increasing compression and reach zero at N=N^. In view of the above
r e s u l t s a w o r d o f c a u t i o n s h o u l d b e g i v e n a s t o t h e a p p l i c a b i l i t y o f s i m i l a r

ana lys is per formed in the past [ 4 ] in which the influence of the ax ia l

compress ion on energy absorpt ion capabi l i t ies o f tubu lars was not taken

into account. It is worth mentioning that the symmetrically deforming

tube, such as that shown in Fig. 27a, does not experience plastic in

s t a b i l i t y o f t h e t y p e d e s c r i b e d a b o v e .
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1 0 . R E S I D U A L S T R E N G T H O F D E N T E D T U B E S

T h e r e s u l t s p r e s e n t e d i n t h e p r e c e d i n g s e c t i o n o f f e r s a n a t t r a c t i v e

poss ib i l i t y o f es t ima t ing the rema in ing ax ia l s t reng th o f the tube weakened

by a l oca l den t o f t he dep th 6 . A d i s t i nc t i ve fea tu re o f ou r me thod i s

t h a t p r e d i c t i o n i s m a d e o n a p u r e l y t h e o r e t i c a l b a s i s . I n t h e p r e v i o u s

a n a l y s e s o f t h i s p r o b l e m s e m i - e m p i r i c a l o r e m p i r i c a l m e t h o d s w e r e u s e d t o

assess the s t reng th o f the tube in the damaged zone [23 ] , [28 ] . Ge l l in

s t u d i e d t h e e f f e c t o f i m p e r f e c t i o n s o n p l a s t i c b u c k l i n g o f s h o r t c y l i n d e r s

s u b j e c t e d t o a x i a l c o m p r e s s i o n [ 8 ] . H e c a l c u l a t e d t h e d e c r e a s e o f a x i a l

s t r e n g t h a s a f u n c t i o n o f t h e a m p l i t u d e o f i m p e r f e c t i o n . T h e s e r e s u l t s a r e

v a l i d h o w e v e r f o r s m a l l a m p l i t u d e s c o m p a r a b l e t o t h e w a l l t h i c k n e s s t .

A l s o a n a s s u m p t i o n w a s m a d e i n h i s a n a l y s i s t h a t t h e v a r i a t i o n o f a m p l i t u d e s

o f i m p e r f e c t i o n s i n b o t h a x i a l a n d c i r c u m f e r e n t i a l d i r e c t i o n s c o u l d b e

d e s c r i b e d b y h a r m o n i c f u n c t i o n s . B y c o n t r a s t w e a r e c o n c e r n e d w i t h a s i n g l e

d e n t - l i k e i m p e r f e c t i o n .

T h e p r e s e n t p r e d i c t i o n o f t h e r e s i d u a l s t r e n g t h o f d e n t e d t u b e s f o l l o w s

f rom the fo l low ing argument . For each fixed N, the P-6 curves ca lcu la ted

by us represent equ i l ib r ium pa ths . A fami ly o f P-6 curves i s shown in

F i g . 3 3 . C o n s i d e r o n e c u r v e o u t o f t h i s f a m i l y e x h i b i t i n g a n u n s t a b l e

b e h a v i o r . T h e r e a r e t w o e q u i l i b r i u m p o i n t s a t w h i c h t h e l a t e r a l f o r c e P i s

z e r o . O n e s u c h p o i n t c o r r e s p o n d s t o 6 = 0 i . e . , t o t h e e q u i l i b r i u m s t a t e

i n t h e u n d a m a g e d t u b e . T h e r e s u l t i n g u n i f o r m c o m p r e s s i v e s t r e s s e s a r e

b e l o w y i e l d a n d t h e t u b e r e m a i n s r i g i d . A n o t h e r e q u i l i b r i u m p o i n t o c c u r s
■ k *

a t 6 = 6 . F o r a n y 0 < 6 < 6 a fi n i t e l a t e r a l f o r c e i s n e e d e d t o d e f o r m t h e
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tube further. As the dent depth increases at constant N, a point 6=6* is
reached when the tube co l lapses a t no la tera l load. Converse ly w i th a

constant prescr ibed dent depth one can increase the compressive load unt i l

t h e s o - c a l l e d r e s i d u a l s t r e n g t h o f t h e t u b e i s r e a c h e d . P l o t t i n g t h e

c o o r d i n a t e s o f t h e i n t e r s e c t i o n p o i n t s o f t h e c u r v e P - 6 w i t h t h e h o r i z o n t a l

a x i s f o r e a c h c o n s t a n t N , s u b s e q u e n t p o i n t s o f t h e s o - c a l l e d r e s i d u a l

s t r eng th cu rve a re ob ta i ned . Th i s so lu t i on i s shown i n F ig .34 by t he f u l l

l i ne . The p resen t theo ry a l so p red ic t s the ex i s tence o f an asympto t i c

v a l u e o f t h e a x i a l f o r c e m e a n i n g t h a t n o m a t t e r h o w d e e p t h e d e n t m a y b e ,

the tube will always support the axial load smaller than N^. The accuracy
o f t h e p r e s e n t a n a l y s i s d e p e n d s t o a l a r g e e x t e n t o n t h e c h o i c e o f t h e

r i n g d e f o r m a t i o n m o d e . O u r c h o i c e i s b e l i e v e d n o t t o b e g o o d f o r v e r y

smal l dent depths . For compar ison a lso shown in F ig .34 is the pred ic t ion

of the approx imate theory, based on Eqs. (93) and (94) . The tube s t rength

s u d d e n l y d r o p s t o t h e c r i t i c a l v a l u e a n d t h e n s t a y s c o n s t a n t i n d e p e n d e n t

o f 6 . T h e a c t u a l r e s i d u a l s t r e n g t h o f t u b e s i s c l e a r l y u n d e r e s t i m a t e d b y

t h i s a p p r o x i m a t e t h e o r y . H o w e v e r , t h e a s y m p t o t i c v a l u e s o f t h e c r i t i c a l

a x i a l s t r e n g t h a r e a l m o s t t h e s a m e i n t h e e x a c t a n d a p p r o x i m a t e s o l u t i o n s .

A p r a c t i c a l l e s s o n l e a r n e d f r o m t h e a b o v e d i s c u s s i o n i s t h a t s h o r t

t u b u l a r c o m p r e s s i v e m e m b e r s s h o u l d b e d e s i g n e d f o r a x i a l l o a d s m a l l e r

than 0 .587 N or the safe ty fac tor shou ld be greater than 1 /0 .587 = 1 .7 .
P̂

S u c h a d e s i g n w i l l b e i n d i f f e r e n t t o t h e p r e s e n c e o f s m a l l o r e v e n l a r g e

d e n t s a n d t h e r e f o r e w i l l b e u n c o n d i t i o n a l l y s a f e a g a i n s t a c c i d e n t a l d e n t s .

F o r m o r e s l e n d e r m e m b e r s t h e r o t a t i o n a l d e f o r m a t i o n s c o m e s i n t o p l a y

a n d t h e a b o v e c o n c l u s i o n i s n o l o n g e r v a l i d . A s m e n t i o n e d e a r l i e r i n t h e
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F i g . 3 4 P lo t o f res idua l s t rength o f dented tube versus the dent depth .

Exac t so lu t ion deno ted by fu l l l i ne and approx imate so lu t ion by

d o t t e d l i n e .
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experiments on the residual strength of dented tubes performed by Smith [21 ]

pin-pin end condition were used. It is therefore not appropriate to correlate

the present theory with his data. In the absence of any other experimental

data we have reproduced the test points due to Smith, recognizing the

l imi ta t ion o f such a compar ison. We took on ly the data cor responding to

sho r t t ubes ( sma l l s l ende rness pa rame te r X ) and no o r ve ry l i t t l e i n i t i a l

overall bending amplitude d;^0. It is seen that for shallow dent depth

6<0.1R, the experimental points lie above the present "exact" solution. Our

prediction is too conservative in this range because the details of the local

dented zone is not adequately descrived by the ring model with four moving

hinges. On the other hand, the tested tubes were much weaker for 6>0.1R
than the theoretical curve mainly because of the large imposed bending

moment due to load eccentricity. The problem of residual strength of tubes

with the end rotations allowed will be the subject of future publication.
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1 1 . S U M M A R Y A N D C O N C L U S I O N S

1 . T h e m o s t i m p o r t a n t a n d n e w c o n c l u s i o n o f t h e p r e s e n t p a p e r i s t h a t t h e

r e s i s t a n c e o f t h e t u b e t o t h e l o c a l i n d e n t a t i o n b y a r i g i d o b j e c t s t r o n g l y

d e p e n d s o n t h e t y p e o f b o u n d a r y c o n d i t i o n s . S e v e r a l t y p i c a l b o u n d a r y

c o n d i t i o n s w e r e e x a m i n e d i n c l u d i n g a x i a l l y a n d r o t a t i o n a l l y u n r e s t r a i n e d

a n d r e s t r a i n e d t u b e s . T h e v a r i a t i o n i n t h e a x i a l f o r c e c o v e r e d t h e w h o l e

possible range from fully plastic tension N^ to fully compressive squash
load ~Np' As far as the bending moment were concerned, we have considered
two limiting cases M=Mp (fully fixed ends) and M=0 (ends with rotational
f r e e d o m ) . I t w a s f o u n d t h a t f o r t u b e s r e s t r a i n e d f r o m r o t a t i o n s

t h e f o r c e - d e fl e c t i o n r e l a t i o n s h i p c a n b e w r i t t e n a s a s i n g l e e q u a t i o n

The so lut ion for o ther boundary condi t ions considered in the paper has a lso

the same funct ional form of Eq. (97) but the numer ical factor takes on a

d i f f e r e n t v a l u e . T a b l e 2 s u m m a r i z e s m o s t o f t h e r e s u l t s o b t a i n e d i n t h e

p r e s e n t p a p e r .

2 . P r e s e n t c a l c u l a t i o n r e v e a l e d t h e e x i s t e n c e o f a c r i t i c a l m a g n i t u d e o f

( 9 7 )

Nwhere the numerical factor n(-^) depends on the magnitude of the axial
P

fo r ce . The app rox ima te exp ress ion f o r t he f ac to r n i s

n ( 9 8 )
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The load which is at or above critical load -Np<N<N^ causes a sectional
collapse of an initially undeformed (perfect) tube in the unsymmetric mode.

By imposing initial "dimple-like" imperfections or local dent the strength
of the tube is fur ther decreased up to an asymptot ic va lue N = -0 .5 N . Aa p

pract ica l impl icat ion of our findings that shor t rotat ional ly rest ra int

tubulars should be designed to transmit not more than 1/2 of the fully

plastic load carrying capacity N .̂ Such a design would appear to be insensitive
to the local dents, even of quite large amplitudes. The members can take

larger axial load up to 3/4 but the safety factor will gradually diminish
with increasing the dent depth. Tubes loaded beyond this range will

u n c o n d i t i o n a l l y c o l l a p s e .

3. The present solution for the load-deflection characteristics of dented

tubes were shown to be within 10-20% of the experimentally measured values.

This relatively high degree of correlation together with the fact that

the shape of the dented zone is accurately predicted by the theory

j u s t i f y t h e p r a c t i c a l v a l u e o f o u r a n a l y s i s .
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A P P E N D I X A

A complete set of dimensionless equations describing the crushing

b e h a v i o r o f a u n i t w i d t h r i n g i s

[-r2(iT-(j)-sin(})) + r̂ (l+cos<l)) ] ((|)+sin(f)) - [TT-r̂ CTr-ejj-sinct)) ] (l+cosej))• = -

(<j)+sin(t))

w^ = - rĵ (l-cos(j)) - r^sincj) - r2(l+cos(t)) + r2sin(j)

h ■ - - ' i
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A P P E N D I X B

2
1 . C a l c u l a t i o n o f w / R a n d w w / R

o o o

As shown in F ig. 3 any point on the or ig inal cross sect ion suffers a

translation w^(a) as the section deforms. Each point on the original
cross sec t ion i s defined by the ang le a . Thus , fo r a g iven va lue o f the

loca l coo rd ina tes s , g i v i ng t he d i s tance a l ong t he c i r cu la r a r c t o t he

ve r t i ca l ax i s , i s equa l t o Ra , whe re R i s t he rad ius o f a c i r c l e . Assuming

t h a t t h e s e c t i o n i s i n e x t e n s i o n a l i n t h e c i r c u m f e r e n t i a l d i r e c t i o n , t h e n

o n t h e d e f o r m e d s e c t i o n t h e n e w l o c a t i o n o f t h i s p o i n t i s s u c h t h a t i t

l i es a lso a t a d is tance a long the de formed arc f rom the ver t i ca l ax is ,

(i) AB section (0 j< a j< (r^-r2)sin(J))

The or ig ina l coord ina tes o f any po in t a re

X = R s i n a
o

Y = R c o s a
o

T h e n e w c o o r d i n a t e s o f a n y p o i n t a r e

X n = R a

Y n = R - 6

T h e t r a n s l a t i o n b e c o m e s

w 2 0 _ o
(-^) = (a-sina) + (1-6-cosa)R

D i f f e r e n t i a t i o n w i t h r e s p e c t t o ( j ) g i v e s

W W *

= ( 1 - 6 - c o s a ) ( - 6 )
R
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(ii) BC section [(r^-r^) sine)) _< it _<
T h e n e w c o o r d i n a t e s o f a n y p o i n t a r e

Xn = (R^-R2) sine}) + R2 sinf

Yn = R - 6 - R2 (I-COS6)

w h e r e

R A T N • .— a - ( : r 1 ) s i n c j )
R 2 R 2

S i m i l a r l y ,

w 2 2 _ 2
(■ )̂ = [(r̂ -r2) sincf) + r2sin3 - sina] + [l-6-r2(l-cos3) - cosa]

w w
o o

2— = [(r^-r2) sin^ + r2sin3 - sina] [ (r^-r2)sin(j) +

r2sin3 + r2Cos33] + [l-6-r2(l-cos3)-cosa][-6-r2(l-cos3) - r2sin

w h e r e

a r r r 2 - r ^ r 2 r- 2 ~ ^ r "
r j 2

(iii) CD section (ir-r^ct) ~ a - it)
T h e n e w c o o r d i n a t e s o f a n y p o i n t a r e

Xn = R sin((})-i| j)

Y n = R ^ [ l - c o s - R

w h e r e

i j j = ( a - T T ) +
1̂
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S i m i l a r l y ,

w 2 2
(—2.) = [r^ sin((f)-il;) - sina] + {r^ [1-cos ] - 1 - cosa}R 1

w w
o o = [r^sin((j)-i|j) - sina] [r^sin(())-i|j) + r^cos(l-)])) ]

+ {r̂ [l-cos((j)-i|;)] - 1 - cosa] {r[1-cos] + r̂ sin((|)-ijj) (l-ili)
w h e r e

r ,

^ = (TT-a) -̂  + 1
^2

2 . C a l c u l a t i o n o f r a t e o f e x t e n s i o n a l e n e r g y

The rate of extensional energy is obtained by the calculation of the
• . 2

area under the curve of w^w^/R

(i) AB section (0 £ a £ (r^-r2)sine)))
/•Cf

( 1 - 6 - c o s a ) ( - 6 ) d a
o

w h e r e

a^ = (x-y)sin())
(ii) BC section (rj^-r2)sin(J) £ a £ it- r^(|))

. r ^ f

^2 = {[(rĵ -r2)sin(}) +[r2sing - sina] [ (r̂ -r2)sine)) + (r̂ -r2)cos<f) +
' f

r2sinB + r2CoseB] + l-y-r2(l-cosB) - cosa]M -r2(l-cosB)-r2sinBB]} da
v / h e r e

Bf = IT - r^^cj)
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(ill) CD section (TT-r^!))j<ajf^iT)

TT

= { [r̂ sin((t)-ijj) - sina] [r̂ sin((l)-i(;) + r̂ cos((j)-ij;) (l-ij)) ]

+ [r̂ [l-cos(!))-il;) ] - 1-cosa] [r̂ [l-cos(cf)-)Ii) ] + rĵ sin((t)-i|;) (l-i];) ] }da

Z = + A2 +

T h e r a t e o f e x t e n s i o n a l e n e r g y b e c o m e s

4 4NR^Z
^ext —r~


