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1. Introduction

This paper may be considered STEP ONE in a sequence dedicated to
solving the submersible identification preblem. Our method is based on an
approach used by Colton and Monk([6 |[7 | for similar problems using radar
in space{ R?, or R3). Our problem is much more difficult. First we have an
index of refraction which depends, at least, on depth, and perhaps also on
range. Second our domain is not all of space but an “irregular slab™. In the
first approach we shall concentrate on an ocean which is a slab of thickness
h, R3, and has a constant index of refraction, as the most disturbing aspect
of our problem appears to be the way the ocean surface interfere with the
propagation of sound.

In STEP ONE we shall concentrate on an efficient numerical scheme to

compute the far field generated by scattering a generalized plane wave off

1 This work is supported in part by Sea Grant NAS6AA-D-5G040.



an arbitrary submersible. Subsequent papers will deal with reconstruction
of the object from the far field , and how to introduce the effect of a
variable index of refraction using transmutation theory. We shall outline
our approach to the entire problem in this introduction. The remainder
of the paper, however, shall deal only with the computational aspects of
STEP ONE.

Because of the interference of the ocean surface analytical computation
of the far field must take into account some sort of approximation scheme,
such as using parabolic approximation, which tends to destroy vertical res-
olution or using a trucated form of the modal expansion for the Green’s

function ( propagator):

G(r,z;0,() = 2}%!{0(%“ | re®? — pe'® |). (1.1)

Here the a, = [1 — (n + 1/2)*(x/kh)?]"/? are the modal eigenvalues [ 1 ).
For the case of a variable index ocean a similar expansion is available where
the modal functions ¢.(z) and their corresponding eigenvalues may be ob-
tained through transmutation as been done by Dustin, Gilbert, Wood, and
Verma[ 8 |. By using the propagator G(r,z;p,{) (1.1), the Green’s inte-
gral representation, and the asymptotic behavior of the Hankel functions,
Gilbert and Xu[ 2 | have shown that the acoustic pressure to have the
asymptotic expansion
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where

N
Fo(r,z,0):= Z e*a T Fom(2,8). (1.3)

n=0
The modes ¢,(z) for n > N do not propagate, but rather decay exponen-

tially and hence do not appear in the sum (1.3). We refer to the term

N
Fo(r,z,6) 1= e*enT B (2, 8). (1.4)

n=0

as the finite-ocean far field pattern, which we also write in an array form

as
F(2,8) = [fool2,8), fro(z,0),..., fno(2,8)].

By the use of Green's formula it is possible to establish the identity [ 8 ]

a
ANDN(IF(z,0) = [ VwDx(r) [ 25860, 2, (oo,

Ve

where x and ¢ are two-dimensional vectors in the range plane, and Ay is

the (N+1)x(N+1) Vandermonde matrix of constant coefficients

1 1 S 1
Ay = tkag thay, . . . tkay ‘
(ikag)N (ikap)¥ . . . (ikan)V

and Dy(r) is the (N + 1) x (N + 1) diagonal matrix
Dp(r) = diag [e““‘"', ekt e““’”'] (1.5)

The array ¥(x,z,£,() is given by

e!kao(x > eikﬂ-NCX,Q)
= [nqs YA P mmzm(c)] (16)

This leads to the following integral representation for the far field pattern

generated by reflection off a submersible with boundary 8D

Bu(e ), ;
F(:.0) =\ 7 [, p e U2 € O, (L.7)




Gilbert and Xu [ 2 | show that the propagating solutions therefore have a

modal representation of form

N ¢n C) han <X, E>
vix, z) = gtan<Xirdoe. .

Equation {1.8) indicates that the information received from the far-field
must be incomplete; consequently, the problem of trying to determine the
shape of the submersible from far field data is really an tll-posed problem.
In order to extract some information it is necessary to restrict the space
of solutions somehow in order to make the problem well-posed. There are
several possibilities which seem quite promising. One possibility is to seek
the solution among all objects of a general size and shape, for example an
ellipsoid. Since the number of modes which propagate depends on the wave
number it is import to keep the wave number sufficiently high, i.e. so that
10 to 20 modes actually propagate.

One way to generate the starting field is to essentially ignore the inter-
ference from the ocean surface. This is a reasonable assumption providing
the ocean is deep enough and the source not close to either surface. In this
instance, we may assume, in the case of a constant index ocean, that the
local situation is governed by a spherical geometry, and that a complete

family of solutions is given by
{@u(p.8.9) := HY), 1o(kp) P (cosf)e™ ), n =0,1,2, .., (1.9)

m =0,+1,+2, ..., £n, where p* = (z~24)*+r?,and 8 = cos~'(z/p). H“}Uz(C)
is a spherical Hankel function and is usually denoted by A{!)(¢). The start-

ing field is then written as a finite sum of functions from the class (1.9) such
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that on the surface of the object the soft sound boundary condition is ap-
proximated. This condition may be formulated as a minimization problem.

The approximate starting field is given in the form

N n
u(p,8,8):=3_ > Tk (kp)Pl(cosg)e™ (1.10)

n=0m=—n

In order to obtain the propagating field we must match the starting fleld
with a sum of the propagating modes in a region where both approximtions

are valid, 1.e. we attempt to seek the coefficients 8, in the series

Ny M
> > Bmncos[k(1 - a2 )2 (h — 2)]H} (ka,r)e™ (1.11)

n=0m=-M

The computation of the coefficients 8,,, and the display of the far-field ,

using the asymptotic expansions for the Hankel functions, as a series

Ny M _ .
u(p,8,9) ~ —g— Bonr V2eikonr—mm/2) 0601t 1—a2 )3 (h—2)H] (ka.r)e™,
ik n m
n=0m=—M

(1.12)
concludes STEP ONE in our procedure.
STEP TWO
Having obtained an approximate far field pattern, for various wave num-
bers k and various z dependencies in the incident “plane waves”, we may
now try to solve the inverse problem. Recall that the “plane waves” have
modal components in the z direction. If we are not considering an axially
symmetric solutions then for each modal component and for each k we use

2n+1 incoming waves with directions in the range coordinates
aj = [cos(2mj/(2n + 1)), 8in(27j/(2n+ 1))], 1 =0,1,2,....2n  (1.13)

Now let Fi_ 0 < n < N, —n € m < n be the coefficients of the spherical

harmonic approximation of far field pattern F? generated by the plane wave

]



with the direction agj). By expanding the propagating Herglotz kernels,
and the parametric representation of the submersible’s surface p = f(8, ¢)
in terms of the surface harmnics we are led, for example, to consider a

minimization problem of the form

u(F) =  Fz.6:k,0f)g(z, 9)dzds ’

(k’.y.pJ

+ 2" /; "7V (£(6,6), 6, 0) sin26d8da), (1.14)

Viy): 1/3k /3219(2 G(x,z,£,()do

is the propagating (entire) Herglotz function, and T is the inverse trans-

where

formation which relates the coeficients of the starting field in spherical
coordinates to those in cylindrical coordinates. Other minimization prob-
lems might be considered instead, for example see Xu [ 9 ].

STEP THREE

In order to consider the case with an index of refraction which is depth
dependent we must mske certain alternations in STEP ONE and STEP
TWO. In STEP ONE we need to replace the complete family (1.9) by
another one, which must be solutions of the depth-dependent Helmholtz
equation

Au+ k*n?(z)u = 0. (1.15)

Such a family may be generated by means of the transmutation

x

=Q(r,z,¢) + K(z, s){¥(r, s, ¢)ds,

=zp

[l



where the kernel KX(z,s) satisfies the Gelfand-Levitan equation

K + K
oz2 ds?

+ k¥ [n¥(z) — 1)K =0, (1.16)
and the characteristic conditions [10 ]

a .
Z—augh(z,z)—}-kz[n?(z)— 1] =0, (1.17)

25‘%1;(2, —z 4+ 2h) + K?[n¥(z) — 1] = 0. (1.18)

The functions Q(r,z) are menbers from the family (1.9), where we have
replaced the spherical coordinates (p,8,¢) by the cylindrical coordinates
(r,z,¢).

In order to obtain the propagating field we replace the modal expansion

(1.11) by

N2 M
Y. DT Bunba(2)Hp(kanr)e™ (1.19)
n=0m==Af

where the ¢,(z) are the modal solutions (eigenfunctions of the separated
z-equation) for the variable index n(z), and the A, are the corresponding
eigenvalues, and v, = \/L'*’——x\_i The modal solutions may be computed
by transmutation, and we have developed a Fortran program which does
exactly this. As mentioned above, the computational aspects of STEP

THREE will be reported on in a later manuscript.

2 The Propagating Solution and its Far-field
Pattern

Let R? = {(x,2); x =(z1,7;) € R%,0 <z < h} be aregion corresponding

to the finite depth ocean, where h is the ocean depth . Let §2 be an object



imbedded in R3 , which is a bounded, connected domain with C? boundary
9% having an outward unit normal v. If the object has a sound-soft bound-
ary 8! , an incoming wave u, which incident on 85 , will be scattered to
produce a scattered propagating wave u® as well as its far-field pattern.
This problem can be formulated as a Dirichlet boundary value problem for

the scattering of time-harmonic acoustic waves in §2, := R% \ ©, namely to

find a solution u € C*{RE \ 1) N C(R3E \ 1) to the Helmholtz equation
b b

Dsu+ku=0, in R3\Q, (2.1)

such that u satisfies the boundary conditions

u=0, asz=0, (2.2)
g—: =0, asz = h, (2.3)
u =0, on 0. (2.4)

Here k is a positive constant known as the wave number, k # kh/m — 1/2,
and u = u' + «’, where u* and * are the incident (entire) wave and the

scattered wave respectively. The scattered wave has the modal representa-

tion
ut = i:m(z)u;(x), (2.5)
where "
$n(z) = sin[k(1 — a2)?2], (2.6)

2n + 172,
)

an = [1 — V", (2.7)



and the n** mode of u*, u(x), satisfies the radiating condition

lim r3( -

F—+0

—tka,ul) =0, r=|x|, n=0,1,...,00. (2.8)

This problem is uniquely solvable [4]. The further properties of the
solution can be found in [2] [3].

By the representation of u®, we have [3]

(x,7) _f (u* 30 G—)do (x,7) € (2.9)
and
/ w2C _ Ga—u-)da (x,2) € .. (2.10)
ov
Here G(z,(,| x ~ ¢ }) is the Green’s function in R}, which has a normal

mode representation

Gz, (| x=€]) = 2 EO%QHQ)(kanr)Jm(kanr’)

[cos(mB)cos(mb’) + sin(mB)sin(mb)). (2.11)
El=r <r=lx]|.
and a ray representation
ik EP 4 (2=
arflx— €+ (== ()

Gz, (., |x—¢]) = +@1(,6 1 x=€]), (2.12)

where

20 eik\/lx—£|?+{z-(-2nh)2

1
iz, ([ x- €)= 4_7fn=_§,n;eo{\/| x— &2 +{(z— ¢ —2nh)?

|~ €14 (2+(~2nh)? eV IX—EP+(z+0)?
- - } -
Jx—ER+z+(—2nh)"  amf[x— € + (2 + ()
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Here we denote (x,z) in cylindrical coordinates by (r,8,z), and (£,{) by
(', 8, Q).

Recall that u = u' + u’ and u |sp= 0, then

G _du
u*(x,z)=Ln(u§;—05;)da

=~ 624 (x2)e0 (2.13)
I T i © -

In view of the asymptotic behavior of Hankel's function and (2.11) we

obtain the asymptotic formula (Compare (1.2), (1.3))

- N
s _ I_ -t fd = 15 thanr 1
u'(x,2) = T ’;(Wkanr) e f,,,(ﬂ,z,k)-i—O(;-%-), (2.14)
where
a .
fall,z, k) = =ulz) | %p(e-*“"%ﬂ(o)doe, (2.15)

x = {cos8, sinf).

and where [a] means the largest integer < a.

2kh —
N =
el
Denote
VN = 12(0,2r]) x span{do, é1, - $n, (2.16)
we refer to the function F(8,z,k) := =N 0 £.(8, z, k) € V¥ as the represen-

tation of the propagating far-field pattern of the scattered wave.
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3 A Numerical Scheme to Approximate the
Starting Field

In order to detect the shape of a submersed object in a finite-depth ocean,
we might bounce a “plane” wave off of it and then measure the wave scat-
tered by the object. From these measurements we can reconstruct the
shape of the object. For this purpose, we need to find efficient numerical
procedures to construct a far-fleld pattern with respect to a given object
and a given incoming waves. A problem in this approach is that the scat-
tered acoustic waves are confined between the ocean floor and surface. The
scattered wave may be decomposed into infinite number of normal modes,
some of which propagate whereas the others evanesce. This fact makes it
much more difficult to calculate the scattered wave and its far-field pattern
than it was in the infinitely deep ocean.

Based on the representation formula (2.13) and the unique solvability of
the exterior Dirichlet problem, we are led to consider a Fredholm integral

equation of the second kind, namely [3]

Bu(x, 2) a . ou
) +2/an[a—%G(z’c’ | %= € 1) +5G(a,¢, | x = € Dl -dore

Aui(x, z)
v,
The Green’s function G can be represented as either (2.11) or (2.12).

= 2| + u'(x, 2)] (3.1)

By using a numerical integration scheme, we can solve this integral
equation for §¢ to obtain a numerical print-out of (2.13) and (2.15). How-
ever, 1t is not difficult to see that this calculation is too time consuming

to be practical . A more efficient numerical scheme is desirable. This may

11



be accomplished by using the asymptotic behavior of the Green’s function
G(z,(,| x— £ |} for points close to and far away from the object. To this
end, we present a “matching” scheme in which the starting field and the
propagating field are matched using a minimization procedure to obtain an

approximate far-field pattern .

3.1 An approximation to the starting field

We assume that  is contained in a cylinder D, := {(x,2) € R}, z; <z <
z3, | x i€ a} where max {z; — z;, a} is much smaller than h, the ocean
depth. For (x,z) close to 2, for instance, (x,z) € 8D,, in view of (2.12),

we know

etV 1X=€7 +{z—()?

Gz X =€) & e
I x =€+ (z - ()

which, moreover, may be expanded as (cf. [5])

(3.2)

GloyC | x=E) =ik 3 n(kp)YI(S OLRDITT(6,0),  (33)

n=0m=—n

for p<r,

where we denote (x,z) by (r,¢,8), (§,¢) by (p.¢',6"), 0L <7, 0£8<

27 and
+ D= | m |}
n(n+ | m|)!

Y(6,6) = [(2”4 ¥ PIml(cosg)e™, (3.4)

are the surface harmonics.

Hence, for (r, ¢, 8) close to 1, we can express the starting field u* as

. . du
u(x,2) = — ” G-é-;da'
~—ik > D Okl (kr)PIM(cosd)e™™® (3.5)

n=0m=-n

12



where the a,,, are constants which are to be determined.

Now let u' be a given incoming wave, with the representation

N
ui(rqes 2,') = Z cn¢“(z)eikanrcos(8—or)

n=0

N
= Z Cndnl 20 + rcosqﬁ)e‘*““r"““”w'a). (3.6)

n=0

Here N is [(2kh — 7)/27], a 1s the given angle of incidence for the incoming
wave, 0 < a < 27, and the ¢, (n=0,1,...,N) are given coefficients.

Since u* 4 u* = 0 on 8Q, if we approximate u® by u?,

Ny n

wi(x,z) =3 3. amahh(kr)PIM(cosp)e™™ (3.7)

n=0m==n

then the oy, (r = 0.1,...,Ny; m = 0,%1,...,£n) can be approximated by

the minimization procedure:
min ||u* — u'{lyaq), (3.8)

where ||.{|v(ag) is a suitable norm on 9.

3.2 A program to determine the oy,

In this section, we present a program to minimize (3.8) in the L?(8Q) norm,
le.
Jy = minf | w(x,z) — u'(x,2) |* do. (3.9)
dmn JE0)

Suppose {? is starlike, i.e. that 92 can be represented as
r=r{(f,¢), 0<0<2r, 0S¢ <m; (3.10)
then (3.9) becomes

Bo=gin [* [ 7w (x(8, ).6, ) — w(r(6, 6).8,8) [* (8, $)sinddbds.
(3.11)

13



Since

| u*(r(8,6),6, ) — u'(r(8,6),6,¢) |
Ny n
=Y 3 @bl (k)P (cosg)e ™ —

n={ m=—n

N . .
Z cnén(zo + I,(g1 ¢)Cos¢)elkanr(ﬂ,cjo)sinq‘)cos(ﬂ—a) |2

n=0

[Z Z (amn‘A:nn A mn)—B ]2

n=0m=—n

Z Z m'n. mn+amn mn)_B?-]

n=0m=—n

where

Al = Re{h(kr(8,6)P/™(cosp)e™},
= Im{h)(kr(8, $)P/™(cosd)e™},

By = Re{3" cnn(z0 + (6, §)cosg)eenrdoininecone=oy

n=0

N
B, = Im{ Z cndnlzo + (8, QS)co.sqf))eika“r{a‘é)’i“¢c°”(9'°)}.

n=0

Here the ¢, (n = 0,1, ...,N), are given complex numbers, « is a given real
number, and r(8, ¢) is a real function for 0 < 6 < 27, 0 < ¢ < 7.

Let us denote certain sums appearing above as

Z Z (amn mn mﬂA‘lz'ﬂ'l'l. Bl! (3'12)

n=0m=—n

V?(gaqb) E z: (amn mﬂ.+0“m'n mn)_‘82 (313)

nzlm=—n

By using the numerical quadrature

2 J 201

/or/oh(')"zsm‘ﬁdad‘ﬁ— [ZZ r2(6,, &,)sing,), (3.14)

p—ﬂ g=0

14




we are then able to reformulate our minimization problem as

e 2L-1

hi= ) JLZ S {[VilBar #0))? + [Va(8r 8 }2(8,, ) simby

p=0 ¢=0

J 2L-1

=i mln Z Z {I f1(999¢p)]2 + [f2(6,, ¢p)] }s (3.15)

Olans Ofn p=0 g=0

where

£48,.8,) = -\/-g_zm(eq,%)r(aq, S )\[sing,, i=1,2. (3.16)

In the next subsection we present a program to provide functions f; and

f2- A minimization subroutineis then used to produce a!  and &?,, and
hence,

amp=al_+iat , 0<n< N, -n<m<n
are found.

3.3 Some test examples

A Fortran program based on the above scheme has been written. (See
appendix}.

As a test for the starting field part of the program, we solve two problems
with known boundary data and analytic solutions.

a) Let h=10, k=2, @ = {(x, z); | x |* +(z — 5)* = 1},
u' = hi(2)PY(cosd), on
then the analytic solution is
u® = h}(2r)PJ(cosd), forr > 1;

ie ag=1, ampn =0, form#0orn#0.

15



The numerical result:

“initial data | e=max | Bmn — BEZ2ct
(a}) 10-°
(b) 10~

b) Let h=20, k=2, @ = {(x,2);| x {* +(z — 10)? = 1},

w = hl("OG YP(cosd) + h; (200 )le(cosqb)ew, on 2

then the analytic solution is

u’ = hl( )Po(cosqb) + hl( )P Ycosp)e¥?, forr > 1

200 200

le. agn = 1,10 = 1, amn =0, for other m,n.

The numerical result:

Snitial data | e=max | Bon = B | W
(a) 10-°
(b) 10~

16



4 A Numerical Scheme to Match the Start-
ing Field with the Propagating Field

4.1 A minimization matching scheme

In view of (2.11), we know that for | x |> ag, where ap = min{a : D, > Q},

the scattered solution can be written as

2 Bu
W)= Ca
=3 X Bonda(2)Hp(kanr)e™ (4.1)

n=UMmM==00

0
where 8,,, € C, forn=0,1,...,00, j = 0,%1,..., 400, are constants which
might be computed from boundary data on 9 .

Instead of repeating the method of Section 3, we use a optimal scheme to
determine f,,, by matching the “starting field” to the “propagating field”
on a suitable surface I'. T is chosen conveniently to lie in the intersection
of the region corresponding to the starting field and propagating fields.

Suppose that ' may be parametrized as {(r,08,2): r =r(8,2), 0 <8 <
27, 0 € z < h}, from (3.7) we know that the starting field u’ scattered off
! by an incoming wave u' may be approximated by

N =

wh(%,2) =Y D amebl(ky/r2(8,2) + (z — 20)?)

a=0m=-n

[m] Z— Zp

" (\/rz(ﬂ, z)+ (2 — z)?

0<6<2r, 0<z<h.

e'mf (4.2)

Here N is a chosen positive number, and the a,, have been determined

in section 3.2.

17



Let u) be an approximation to the prapagating solution,

N M )
w(X,2) =3 3. Bunbal2)H(kaur)e™ (4.3)
n=0m=-M
then
u(X,2) = ug(x,z), on T (4.4)

Hence, we can determine f,,, by

min [| up(x, 2) = ug(x, 2) |lvery - (4.5)
Again here || . |ly(r) is a suitable chosen norm on I'. Since the approximate

starting field is in all likelihood closer to the actual starting field when (x, z)
is near {2 and away from the oceansurface and bottom, this suggests we use
a weighted norm to emphasize those points near (.

Recall that we assumed that @ € D, = {(x,2) € R}, 21 € 2 £ zp, | x|£

a}; hence, we consider the minimization problem with weighted L?-norm

. h rin . . 2
rmn]cI fo | sp(x,2) = sa(x, 2) |* w(z,8)r(8, 2)dbdz, (4.6)

where w(z) is chosen to emphasize points near 2. If we choose I" to be the
cylinder

= {(r8,2); r=a,0<0<2m 0<z<hj},
and the weight to be given as

1 if 2 €2< 2
”’("8)_{0 f0<z2<2,0rz;<z<h,

the situation is quite easily implimented. A slightly more complicated situ-

ation is to choose w as a discrete measure having points concentrated near

18



Q. Discretizing (3.6) then leads to the problem

M1 ma

Z Z {8y, 24 )w(0;, z)

2 g=0p=0

Fla):= mm{

Bmn M M2

N M |
DI Burn@nl 2, ) HD (ka,r)e ™

n=0m=—M

- amnhL (/72 4 (2, — 20)2)PI™(
.gom_z_n \/r ( ") \/?+ o — 20)?2

where (r(8,, z,),6,, z,) are points on the matching surface.

Zq—20

Je™e [} (47)

Let

Ny
C1(0,, 24) := Re{z 0‘-’mnhLl)(k\/"'2 + (24 — 20)?)

Iml(
\/r2 + (zq — 2)?

)e'™r} (4.8)

l
Calfy 20) = Im{ 3 amah (/72 + (2, ~ 20)?)
1ml — 40 eimﬂp 49)
(————M — } (

A straightforward calculation shows that
Re{Brnndn(ze) HY (kanr)e ™}
= {8} [Jm(ka,r)cosmb, — Y (ka,r)sinmb,)
—B2 [Yin(kagr)cosmb, + Jn(ka,r)sinm8p|}én(z,)
Im{Bmnda(2,)HL (kanr)e™ "}
= {F! [Ym(ka,r)cosmb, + J,(ka,r)sinmbp]

+82, [Jm(kanr)cosmb, — Yon(ka,r)sinm8,)} én(2,)

19



Denoting
Unn(8p, 25) 1= Tm(kanr(8,, z4))coomb, — Yo (kanr(6,, z,))sinmb, (4.10)
V(0 2¢) 1= Yo(kanr(6,, 2,))cosm8, + T (kanr(8,, 24))sinmbp  (4.11)
form=-M, .. -1,0,1,...M; n=0,1,..., N,
(p=0,1,....,my; ¢ =0,1,...,my)

then leads to

mi M2

Z Z: r{(8p, 2g)w(6y, 24)

2 g=0p=0

F(a) mm{

Bmn ~MyM3

N7 M
[(z Z (/BEnnUmn(em zq) - ;nvmﬂ(gps 24))8n(2g) — C1{8y, zq))2

n=0m=—M

S 5 (B V(B 20) + BBy 22)ba(z2) = CalB2))]}
n=0m=—Af

M1 M2

=: min E Z{[Ql(gmzq)]z + [92(6p, zq)] } (4.12)

BhinBhn =0 p=0

where
mh
91(91” zq) = [m

(8, 24 )w(By, Zq)]uz

No M
[E Z (ﬂ Umn(0p, 25) = BrnuVmn(0p, 24) ) Enlzg) Cl(ep:zq)] (4.13)

n=0m==M

rh
—1(8), 2, )w (6, zg)]'?

g2(0p, 2,) = [

[(Z Z (ﬂl Vian(6p, 25} + ﬂfunUmn(epa 2 ))#nl2g) — CZ(em zq)] (4'14)

n=0m=—M
By calling the minimization subroutine, we compute 8! and 82 _, an

hence also
ﬂmn:ﬁ:nn"’iﬁ;m OSRSNh -M<m< M
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4.2 numerical examples

A Fortran program for the above matching scheme has been developed (see
Appendix). In order to test the accuracy and capability of the program,
we have done some numerical tests.

4.2.1 The following two test problem are exact solutions with given
boundary data on the matching sylinder, which can be thought of as the
data produced by some starting field. By choosing different initial guesses,
the output of the tests are exactly the same. This shows that our program
is dependable in the matching step.

Example 1: Let h=10, k=2, and the matching surface ' = {(r,8,z);r =

12,0 <€ 8 < 27,0 < z < h}. The starting field has the known data on IT' as:
u?(X,2) = Hy(kaoro)po(z), 0 < 2 £10

where ap = [1 — 72/(4k*h¥)]V/%,ry = 12. The analytic solution to this

problem is
u’(x,2) = Hy(kaor)do(z), r > 12, 0< 2 <10

i.e. Bog =1, Bmn = 0 for other m, n.

By choosing Ny =3, M =2, my = 5, my = 10, and using a different
initial guess

(8) Brn =1

(b) Boo =0, B, =1 for other m, n.

we get the following output result:



initial data

e max | B = P

(a)
(b)

10~%
10~®

Example 2: Let h=10, k=2, and the matching surface ' = {(r,8,z);r =

10,0 €8 € 27,0 £ z € k). The starting field has the known data on I as:

ul(x,z) = HM(kayr)dy(2)e? + HP (kagr)de(z), 0< < 21, 0< 2 < 10

The analytic solution to this problem is

ug(x,2) = Hi(kair)ga(2)e” + Hg(kaar)ga(z),

062

l.e.

Test result;

7, 0<2<10, r>0.

By =1,
520 =1
initial data | e=max | fu, — F5 |
@ 10-°
(b) 10-8




5 Some examples of the approximate prop-

agating far-field pattern

As shown in the previous section, an approximate propagating field can be

written as:

N M _
w'(x,z) > ) E ﬁmﬂén(z)H,ﬂp(kaﬁr)e'me

n=0m=—M

for r > ay.

(5.1)

where N, > N and N is the number of propagating modes. Now let r —

o0, we will approximate the propagating far-field pattern from the above

formula. It is well known that H{}!(ka,r) has the asymptotic behavior

H(l) Lanr) _( - )1/2 —l(m+§)5e|kanr+o( 3}2)

a

asr — o0, forn=0,1,..,N;
e—klaﬂlr

HW(ka,r) = O(__rll‘? )y

asr — oo, forn> N,

Hence,

u'(x, z) ~ Z Z: ﬁm“(k )1/26-£(m+%)%eika"rqsﬂ(z)eima

n=0m=—Af
1
+ Of 3),2) as r — oo.

In view of (2.14) , the approximate propagating far-field pattern is

F(8,2.k) an(ﬁ 2, k)

N

__Z Z ﬁmn( le-i%igbn(z)eimﬁ

n=0m=—M

(5.2)

(5.3)

(5.4)

(5.5)



5.1 Some numerical examples of far-field pattern

Now we present some numerical examples from our computation. Figure 1
and Figure 2 show a comparison of the theoretical result and computational
result for a simple scatterer — cylinder. Figure 3 and Figure 4 shows the far
field patterns of two special objects that can be represented as r = r(6,z) >
0for 0 <8 < 27,0 € z < h. These far field patterns are using in an inverse
scattering problem to recover the shapes of the objects. [10]

Figure 5 to Figure 12 are examples of far field patterns. They will be
used in our investigation of under water inverse scattering problem as input

data.
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Fam 18,0 »H7 TERN

r=35 0<£2<k 0<8<2x;

5 3
u = Z Z i I (kanr)dae™;

n=0m=-3
3 k=4084, h=5;
Theoretical far field pattern:

S S i™Jn(5ka,), i _ ‘
F ,0 = L Ymlizn/ ._,_)"1 -imn/2 e E.mo’
=9 gmzz.a H(5ka,) (3¢ énl2)

0<z<h 06<8<L 2,



Incoming wave:

i”‘J,..(ka,.r)é,‘e""";

3
m=-3

«[l1

= 5;

4.084, h

k



Figure 3:

Object:

0<8<2n,

0<z<Ah,

1

= Ssin(rz/h) 4+ 2

r

Incoming wave:

3
E z i™J(ka,r)pae’™;

5
n=0m=-3

luc' =

k=5

4.084,

k=



<z<h 0<8<2n;

z)/16+3,0<

5z(h —

r=

Incoming wave:

5 3

=y L

im¥,
1

Jn(kanr)d,e

W' =

nc0m=-3

4.084, h = 5;

k=
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Figure 5:
Object:

p=0125(2 - cos’y), 0< ¢ <%, 058 < 2n;

Incoming wave:
u' = 5¢36ikn;rms(3};

Y k=927 k=5 2,=25.



Figure 6:
Object:

p=0125(2—cos®y)(2—cos?0), 0<p<x, 0<P<2r; 056K 2x

Incoming wave:
ul' — 5¢0cikcgrmc(0);

vt k=27 h=35, 20=25.



Object:

S¢Y<x, 0<08<2n;

¥), 0

0.125(2 — cos

p:

ikagreos(P).
y

u' = 5¢oe
2.7, A

Incoming wave:

= 2.5.

5, Zp

k=



Figure 8:
Object:

p=0125(2—cos’y), 0SSy <7, 0< 8 < 2n;

Incoming wave:
ul' = 5%6““'“‘{');

k=27 h=35, 20=25.
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Figure 9:

Object:

LN

Incoming wave:

T

Z one

7

tkantrcos(f —1.2345)_

ui=

n=0

= 2.5.

534, h=35, 2

k=
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Figure 10:

Object:

p=0.125(2 = c0s’8), 0< 6 <2x, 0< 8 < 2nm;

Incoming wave:

T
u = z ¢nelk%rm-(l-l.2345);

]
’ n=0

k=534 h=25, 25 =25.



<x, 08 <2,

Py), 0 ¢

0.5(2 — o

p=

Incoming wave:

ikasrcos{8~n/2),
r

u' = 5¢z¢
406, h

= 2.5.

=5: 29

k=
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Figure 12:
Object:

p=052-cos’¥),0<yY<x,06<8< 2n;

Incoming wave:
ul' = 5¢scihsrma[9);

k=406 h=5, 2=25.




