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Lake Ontario Surface Waves:

Temporal and. Spatial Water evel Changes in Lake Ontario

Introduction

The Lake Ontario basin is a lowland oounded on the north by an
escarpment of the Canadian Shield, on the east by the Adirondack
Mountains, on the south by the Appalachian Plateau and on the west by
the Niagara Escarpment. The watershed. of the " ake drains an area of
approximately 75,600 Km �7,200 miz! into the sma11est of the five
Great Lakes. The surface of the lake has an area of about 19,000 Km~
�,000 mi ! and is located. 75 m �45 ft! higher than the place at
Father Point, Quebec where the St. Lawrence River makes its transition
into the Gulf of St. Lawrence. Records of water levels through 1974
indicate that the average lake surface elevation has varied from
73.64 m to 75.66 m �41.45 ft to 248.06 ft!,  St. Lawrence-Zastern
Ontario Commission, 1975!. Locally, the variations in water level have
been greater than this. Some of the changes in water level have been
aperj odj c others have followed. a long period, and many were somewhat
periodic out with short periods. This monograph has been written as a
summary of much of what is now known about these locally observed time
dependent water level variations in Lake Ontario.

For purposes of convenience the components of time dependent water
leve1 changes vill be subdivided as mucn as possible based on the time
scale of any periodicities which have been observed. This type of
classification has been in general use and is treated in some detail by
HaJorunas �960!, Kinsman �965!, and Liu. �972!, the author wi11
therefore only define the terms used. in this monograph and, give a general
outline of the system of classification. It is recognised that the
physical cause of the variation is probably more meaningful than the'
period. When similar periods may be caused by several physical phenomena
this wi11 be noted.

The ion -term variations of lake level may be either periodic or
aperiodic, generally showing components of both. These can be assumed
to be a volumetric change and the lake level s usually assumed to be
leve1, yielding the same time dependent variations of surface level at
any location on the lake. The maJor factors causing this component of
total water level change are precipitation, evaporation, runoff, and in
some cases man-made and geological changes.

On Lake Ontario there exists an astronomical tide demonstrating both
lunar and solar components. These are caused by the gravitational
attraction of the zoon and sun acting upon the water mass of the lake.
The mean range of this tide is less on I ake Onrario tnan on the other four
Great Lakes, having a total displacement of less than two centimeters
�.8 inch!,  Graham, 1860; Harris, 1907; Dohler, 1964!. Although. these
are interesting from an academic viewpoint, they may have limited
importance compared with the more pronounced. uctuations of the 1ake
sur ace in response to meteorological factors.



Probably wind tides and ~sur es are ."esponsible for some of the most
dramatic changes of water level on Lake Ontario. Although both are
generally regarded, as forced lake-level oscillations that result from
wind and. are considered. synonymous by some, they will be differentiated
in this vork folloving the criteria offered 'by Bajorunas �960!. Wind.
tides always have a single wave with length double Chat of the fetch in
the wind. direction. They build up slovly Caking hours Co reach
equilibrium and. may result from the wind. only. Surges generally have
shorter wavelengths and need. only a few minutes Co build up. They are
forced by an atmospheric pressure gradient combined with strong winds.
Energy is transferred if the atmospheric disturbance and, gravity vsves
move at nearly equal speed.s.

A wind tide will persist as long as the wind. stress is suff" cient
to maintain the gradient of water height. The amount of the resulting
rise in water level is known as a wind ~set-u . As the wind stress
decreases, the stable surface of' the wind tide cannot be sustained. The
result is free osci11ations of the lake surface with periods determined
by the depth of the lake, the geomet~ of' the lake, and. the mode of the
standing wave. These free oscillations which continue after Che external
forces that caused the initial set-up have ceased. to act are termed
seiches. Qn Lake Ontario these oscillations have periods ranging from
about five hours Co only a few minutes. There may also be some longer
periods which represent rotational modes of free oscillation of the lake
 Rao and. Schwab, 1974!.

At periods from about thirty seconds to five minutes Chere are

surf beats. The swell is the result of the degeneration of the shorter
period vind generated gravity waves as they travel from Che generating
area to a relatively calm region. Swells have longer periods and. are
more regular in shape than the wind generated waves f'rom which they were
formed. ~iu �972! indicates that swells rarely occur in the Great Lakes
as the ge~erati~g area usually covers the whole lake. The surf beats
and. other types of infragravity waves which were recognized. from shallow
water oceanic studies over thirty years ago have not been satisfactorily
explained according to Munk �962 !.

Wind. generated waves in which the principal force involved in
restoring the surface to an undeformed plane is gravity are often referred,
to as ~ravit waves. In general these have periods less than thirty
seconds but greater Chan one second,. They are characterized. by a form
which gives the lake surface Che appearance of a series of intricate
irregHar moving ridges and hollows that gradual+ grow and. shrink with
time. ICLnsman �965! indicates -hat, at least for oceanic conditions,
the general band. of frequencies ascribed, to wind. generated gravity waves
contains more wave energy Chan any other comparable band of frequencies
of' oscillation of Che water surface.
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or ~ri les. These are mainly controlled hy the surface tension of the
water. The ripples have very short, wavelengths and appear as fine
corrugations on the slope of longer waves. According to Liu �972! these
waves with periods less than one second play a less signif'icant role in
lake surface motion compared with other processes.

Figure 1 diagrammatical~ shows this classification of surface
oscillations by periods. The graph shows a typical distribution of wave
energy per unit frequency versus frequency.

'Zhe relative Importance of the different types of' surface distur-
bances and water level changes may be debated., depending on what process
one is studying. The overall importance of the total effect of all
these temporal changes in water height is apparent however. From the
point of view of a researcher attempting to understand the residual
complexities of circulation in Lak Ontario, it is recognized Chat these
may only be rendered. underst,andab1e in many cases after the regular
motions such as seiches are first, segregat,ed. From a more applied
perspective, there are at least three practical interests in these
surface motions: navigation, shor" protection, and, electric power
development,. A know1edge of surface wave characteristics is essential
in establishing design criteria for lake vessels, offshore structures and.
harbor breakwatexs. Wave action, =oupled. with the longer term water
level changes, is the primary agent responsible for shore erosion and
deposition of material in navigation channels. The development of wave
climate charts are demanded by the need. for safe and. economical naviga-
tion routes for vessels. The safe operation in harbors is greatly
effected by long period. surface changes, seiches, wind tides, and surges.
Water supply and. power storage capacity ir possible hydro-electr-'c
development also has a prerequisite of knowledge of the temporal and.
spatial variations in the level of the water surface.

Zn this monograph the author has attempted to bring together in one
source much of the information currently krown about the temporal and
spatial water level changes in Lak Qntarioe n most cases only a
summary of what appears to be the most genera1~ informative and usefu1
data is given. The reader is urged, to check the references given for
more d.etailed. Information. Some additional Information regarding some
of the more mathematically oriented. methods used by some of the more
recent studies is given in the appendicies.

Ouring the past few years much. has been learned about Lake Ontario,
including much information from the lnternationa1 aield Year of the Great
Lakes  I:YGL! program. Unfortunately, at the time of this writing much
of this is either in the form of unpublished' manuscripts or in some cases
the data are sti11 being analyzed.. Zt has been possible to includ.e some
of this presently unpublished material through the kindness of several of
the investigators who had. been involved in the Zr&GL program. This material
has been referenced. accordingly. The author has also included some analysis
of IFYGL and other water level data which was done specifically for this
monograph and. is therefore unreferenced..



~Lon Term Variations in Iake Level

The water level records indicate that the entire surface of Lake
Ontario is seldom, if' ever, completely at, rest. From the beginning to
the encL of' any period, such as a month, theze may be an appreciable
change in the average level of the whole surface of the lake. This
change corresponds to a change in the volume of the water in the lake
during the time interval. This can be seen at sevez'al t,ime scales.
Figures 2 and 3 contain graphs of hourly water level versus time for
three different stations on Lake Ontario recorded during one month.
The first half of the month is represented in Figure 2 and. the second
half in Figure 3. Although differences between. the curves caused by
shorter period. phenomena are apparent, the overal1 change in water
level during the month due to a volumetzic change is apparent in. all stat'
On. a. longer time scale a fairly regu1ar increase and decrease in ovez'all
lake level can be observed on the graph in Figure 4 which shows the mean
monthly wat,er levels of Lake Ontario during a t,hree year peziod.
Longer term changes can be observed, in Figure 5 where the mean annual
water level at, Oswego, N.Y. is graphed. for the period. from the 1860's
through the present. It is apparent that, although all of these changes
in level are of a volumetric nature and. are theref'ore classified as long
term variations, the changes seen. in terms of these different time
scales are of' different origin.

10ns

Unfortunately on Lake Ontario, as on many other lakes, the record.
kept at many of the stations are not continuous throughout the period of
years of zecord.ed. data. Frequently there are peziods when cLata for one
or more of the stations are unavoidably absent. The method of recording
the water level also has changed. over the period of years, ranging from
simple staff gauges to modern digital automatic recording stations.
Although the change of the method of recording or the exact site of a
gauge is not detzimental to the evaluation of data over periods of
several years, they may inadvertently induce anomalies in records whicn
might be used to detect, changes in lake leve over a, period of a
century or more. The effect of a new gauge site or the reestablishment
of a gauge after a period. of inact,ivity often results in a systematic
error due to the gauge itself' being set at a, slightly different level.
Fortunately, if several gauges have overlapping undisturbed periods of
recording, these systematic errors can generally be detected. and.
evaluated.. A sample of this type of error is shown graphically in

The largest time scales includ.e changes which are probably aperiodic.
To accurately assess these long term changes an accurate water level
record f' or a long period of time is required. Reliable United. States
records of water levels of all the Great, Lakes date from about 1860.
The Lake Survey Center, National Oceanographic and Atmospheric
Administration maintains fifty permanent water level gauges on the Great
Lakes and. along their outf'low rivezs. Prior to 1970 these were maintained.
by the U.S. Corps of Engineers District Lake Survey. Canadian agencies,
principa11y the ~Iarine Sciences Directorate, Department of' Environment,
maintain, thirty-three water level gauges on the Great Lakes system.



Figure 6. The cumulative difference in annual average water level
between Oswego and. Rochester, N.Y. is plotted. against time. It can be
seen that between 1869 and. 1907 a systematic error caused. by the relative
heights of the two gauges caused Oswego to record consistently higher
water levels than Rochester. The change in the slope of the line
occurring in 1883 indicates a change in the elevation of one of the
gauges. A least squares regression Co a straight line was computed for
each segment as indicated. on the diagram. These 1ines can be used. Co
indicate that from 1869 through 1&82 the Oswego station readings should.
be decreased. by 0.21 foot Co correspond. to the Rochester station. From
1883 through 1907 the correction is only 0.14 foot. By applying these
type of corrections to the water 1evel data it is possible Co attempt
to evaluate very long term and aperiodic .emporal changes in the water
level of Lake Ontario.

As the time during which the level of Lake Ontario has been monitored,
is still relatively short compared with what may be extremely long
periodic variations of water level, Chere are some doubts as Co which
variations are actually periodic and. which are aperiodic. Veber �960!
postulated. cycles of seven, eleven, and ninety years in Che Great Lakes.
In 1962 Laid1y expressed. Chat there was strong doubt by some as to the
existance of any long term periodicities  Liu, 1972!. Liu �970! used
spectral and autocorrelation analysis and. found. evidence of the existence
of an eight year cycle.

A truly long term variation would, be expected. due to crustal move-
ments of the earth. For thousands of years th re has been a more or
less continuous differential uplift of the Earth's crust in the basin
of the Great Lakes. This upwarp is believed. to be largely due to
isostatic rebound since the retreat of the Wisconsin glaciation. Uplift
of several hundred feet has occurred. in some places on the shores of the
Great Lakes since the glacial retreat  SC. Lawrence-Eastern Ontario
Commission, 197$!. The land along the northern and eastern shore is
rising with respect to the land along the southern and western shore as
indicated. on the map in Figure 7. The land a'ong most of the shores
of each of the Great Lakes is subsiding relative to the land at the lake's
outlet. This is especia11y significant for Lake Ontario as Che St.
Lawrence River is rising relative to the southern end of the Ontario
basin at about thirty centimeters per century according Co Cohn �973!.
This is causing the water level at Oswego, N.Y. to raise by approximately
fifteen centimeters per century  Cohn, 1973!.

The long term water level changes in the Great Lakes have zany
causes besides the crustal d.-'sturbance, The level wil1 change in response
to precipitation, runoff, evaporation, and retardation due to ice and.
aquatic growth. Although precipitation, runoff, and. evaporation are
relatively well documented, there is too little data to evaluate the
effect of aquatic growth on Lake Ontario's level  St. Lawrence-Eastern
Ontario Commission, 197$,. Ice amming occurs but is not easily
predicted for any specific winter. It has been estimated that the out-
flow at tl e St. Lawrence River had. a retardation prior to regulation cf



about 200 m /sec �000 cfs! or about three percent of the average annual
flow. of 6800 m /sec �39,000 cfs! obtained. from 1860 through 1967
 St. Lawrence-Eastern Ontario Commission, 1975! . The relatively low
levels of Lake Ontario during 1964-66 and. the high water levels experienced
in 1972-74 primarily reflected. the precipitation in the basin.

Since Lake Ontario gains inflow from the water which is effluent
from the entire Great Lakes drainage oasin, changes within this entire
region can influence the level of Lake Ontario. The response is
relatively slow however, and. a "rule of' thumb" indicated, by the St.
Lawrence-Eastern Ontario Commission �975! is that it takes approximately
three and one-half years for eighty percent o~ the change in the outflow
from Lake Superior to reach Lake Ontario. They also state that "the
recently released, International Great Lakes Levels Board, Study' states
that it takes two and, one-half years for 50 percent of the total effect
of a supply change to Lakes Michigan-Huron to reacn Lake Ontario".

Due to the interconnected nature of the Great Lakes any man-made
change which changes the leve1 and. outflow of any of tne Great Lakes has
an opportunity to alter the level of Lake Ontario. The significant
factors which are already in exis-ance include the Long Lake and. Ogoki
diversion into the Lake Superior Basin, the regulatory works on St.
Mary's River, the diversions out of the Lake i~iichigan Basin via the
Sanitary Canal at Chicago, the channel changes in tHe St. Clair/Detroit
River system, the diversion of Lake Erie via the 'Aelland Canal, the
channel changes in the St. Lawrence River, and. the regulatory works on
the St. Lawrence River. The most direct of these, of course, is the
control of the outflow of Lake Ontario through the 837 km �02 mile! long
St. Lawrence River. This outflow has been controlled, since the completion
of' the St. Lawrence Sea~ay in 1959. Prior to the construction of' the
Seaway the record discharge at Ogdensburgh, N.Y. was 9000 m /sec
�18,000 cfs!, since the Seaway the discharge at Cornwall-Nassena, N.Y.
was measured at 9950 m /sec   35l,000 cfs! on July ll, July 21, and
August 3 of 1974. The recorded outflow of' the St. Lawrence River as of
1973 had. a minimum value of 4400 m3/sec �54,000 cfs!  St. awrence-
Eastern Ontario Commission, 1975!,

Despite the large variation in outflow rates, the maximum flow
being more than double the minimum flow, the elevation of Lake Ontario
has been comparatively consistent, varying only from 73.64 m �41.45 W.!
to 75.66 m �48.06 ft;.! throughout the period f'rom 1861 to 1972. This
reflects the inherent ability of Lake Ontario to account for enormous
changes in the quantity of water in storage with little effect on surface
elevatio~. The rating curve of the river outf'low prior to the St.
Lawrence Seaway closely followed. the relationship

3,
4852532 x 1 0 51 h22 ~ 1 I49093s

where F = flow of the St. Lawrence River n housands of cfs measured at
the International Rapids section,

and. h = height of' Lake Ontario in feet measured at Oswego, if.Y.



The coefficient of correlation, r, for this relationship of monthly
average outf laws to the monthly average water level is 0.966. The
graph shown in Figure 8 contains the data points for this rating curve
for the period from 1861 through 1958. The points seem to form two
distinct groups which parallel each other. The points of the upper
group are primarily those which occurred. aMer the beginning of the
twentieth century. Zt may be more appropriate to consider this as two
separate rating curves, one for the nineteenth century and. one for the
twentieth century prior to regulation of the St. Lawrence River.
Figure 9 shows the rating curves as best fit Co Che data points by a
least squares regression geometric curve fit. The three curves represent
the best fit to the d.ata from 1861 through 1899, from 1900 through 1958,
and for all the data. points.

An annual cycle of water levels in the lake is apparent from the
water levels shown in Figure 4. Although the amplitud.e of the cycle
differs from year to year a general description of this phenomena was
given by Richards and urbe �969!: "Rising water levels come in the
spring and early summer:  i! after the snow-melt and spring floods,
 ii! when precipitation is at its greatest,  iii! when groundwater
levels are highest, and  iv! evaporation rates are lowest  due to the
low water temperature!. By contrast, falling water levels come in the
fall and winter:  i! when evaporation rates are highest,  ii! when
groundwater levels are lowest,,  iii! when precipitation is st its
lightest, and  iv! when most of the winter's precipitation on the water-
shed, is locked, up by winter snow."

These seasonal differences produce an average difference in water
levels in Lake Ontario from a winter low to the summer high which
averages 0,58 m �.9 ft.!. The maximum and minimum differences recorded,
are 1.07 m �.5 M.! and. 0.21 m �.7 ft.! respectively  St. Lawrence-
Eastern Ontario Commission, 1975!.

The long term volumetric changes in water 1eve' of the lake is
generally considered responsible for the most serious floo~mng,  al-
though many short term nonvolumetric changes in water level complicate
this problem!. As a result considerable effort has been devoted. Co
both control of flooding through regulation and. water level forecasting.
The problem involved in regulation is that not only is there an effort
to regulate the flow to protect the natural environment  sand. dunes,
beaches, bluffs, etc.! of Lake Ontario and. also that along the St.
Lawrence River, ~ut at the same time the needs of navigation and. power
generation must also be served.. The St, awrence-Eastern Ontario
Commission �975! observed. Chat flooding occurs in the Lake St. Louis-
Montreal section of the St. Lawrence River when the combined, flow of the
St. Lawrence River and. the Ottawa River exceeds approximately 14,200 m~/sec
�00,000 cfs!. The current burden of preventing this flooding is
placed, on the control of the approximately 8,500 m3/sec �00,000 cfs!
flow of the St. Lawrence River.



The ability to regulate the flow to produce desirable results are
predicated on the availability of good hydrologic forecasts. Due to
the limitation,s of the present techniques of long range meteorologic and.
therefore hydrologic forecasting, the ability to accurately predict long
range w.ater supply to Lake Ontario is likewise limited.

The Detroit District U.S. l~ Corps of Engineers now employs a
method of forecasting the w'ater levels in the Great Lakes based on the
concept of net basin supply. The net basin supply is defined as the
algebraic sum of the change in the storage of the volume of w'ater in the
lake, the outflow volume through the natural outlet, the inflow volume
from the lake above, and. any diversions. By reference to the classical
concept of the change in storage of a. lake, the net, basin supply embodies
Che precipitation on the lake's surface, the runoff from the lake's
drainage area, the groundwater contribuzion, and. any evaporation from
the lake's surface. The forecast is developed, for a six month period
each month. The forecast for the first month's net basin supply of
the period is determined by using a multiple linear regression model
in which precipitation and temperature of' he current and antecedent
months are used as independent variables and. the net basin supply as
the dependent variable. The method employed for forecasting the net,
basin supply for the second. through sixth month is based on a time
series analysis of the recorded. net basin supply. Zn developing this
forecasting system. it was assumed that the net basin supply for a given
period is the result of two components: the persistence component
which includes trend., seasonal, and. cyc ical subcomponents, and the
random component which depends on seemingly chance factors. To make
these forecasts possible the required antecedent temperature and.
precipitation prognosis for a thirty d~ period. is supplied. by both
Canadian and U.S. weather services.

Comparing the forecasted Lake Ontario levels with the actual levels
it is found, that the one month predicted level for December 1972 was
0.20 m �.65 ft. ! less than the actual and the six month predicted. level
for March 1973 was 0.66 m �.15 ft.! less than the a,ctual. lt appears
Chat during periods of high mean water, peaks and troughs of water level
were un.derestimated.. During periods of low mean water the predicted.
levels were abo~e those which occurred.. The prediction by this method
seems Co consistently deviate from the average less than the actual
levels do.

Another method of lake level forecasting is based on a. climatological
approach. Development of this method was started about three years ago
by the Great Lakes Environmental Research Laboratory, iVQAA. Zn this
approach long term. monthly net basin supplies are routed. through the
Great Lakes hydraulic response model to ieterzine tne beginning of the
month lake levels for the following six months. The results of this
method, is compared with the forecast made by the U.S. Army Corps of
Engineers and. a coordinated six month lake level forecast is developed..
The St. Lawrence-Eastern Ontario Commission �975! noted. Chat this
forecast also suffers rom problems solar to Chose previously noted



for the U.S. Army Corps of Engineers method. The forecast. levels are
too close to the mean and. differences in lake level from the mean are

underestimated.

Due to the interest in, and importance of, long term lake level
variations, a list of hydrologic publications which include Lake Ontario
data is included in Table I along with the publishers and other relevant
information.

Table I

Hydrologic Publications Including Lake Ontario Data

Publi sher CommentsName

Published, weekly. Includes daily
mean elevation, daily outflow and.
average weekly inflow for Lake
Ontario.

Puolish d. weekly. Includes pro!ected
water levels for week and di ferences

from st,age recorded. prior week,
month, and. year.

NOAA, Lake Survey
Cent,er, Wat,er Levels
Branch

Water Levels of the

Great Lakes, Weekly
Data Summary

Published monthly. Includes recorded.
levels for previous years and. current
year to date with probable levels for
next six months.

Monthly Bullet'n of
Lakes Levels

U.S. Department of
Commerce

Astronomical. Tides

Astronomica1 tidal variations in wat r height caused. by the gravita-
tiona1 attraction of the sun and moon acting upon the water mass of Lake
Ontario has long been a. topic of general public interest. The extent of
.his tide and its relative importance compared. to the other forms of
water level changes in the lake has been the sub!ect of several different
viewpoints for almost ss long a period of time. Measurements of astronomical
+ides in the Great Lakes have been made for over a century. In 1860
Graham noted that the mean range of the astronomical tide in Lake
Michigan at Chicago, Ill. was 0.0Lt5 m  O.l5 ft.!  Graham, 1860!. Harris
�.907! found. a similar mean range �.043 m, 0.' 4 ft.! at both Chicago and
Milwaukee. In 1964 Dohler recorded +he mean range of astronomical tides

Lake Ontario Data U.S. Army Corps of
Engineers

Monthly Water Level Department of the
Bulletin Environment, Canad.a

Published monthly. Includes mean for
month, last years mean for month,
maximum and. mini~urn mean for month,
mean for month for all years and for
last ten years, and probable mean
for next month.
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in the other four Great Lakes. Lake Erie showed a mean range of 0.030 m
�.10 ft.! at Port Colborne and 0.043 m �.14 ft.! at Kingsville. Lake
Superior at Saul Ste Marie was indicated to have a mean range of
0.030 m �.10 ft.!. Lake Huron at Port Huron showed a mean range of
0.012 m �.04 ft.!. Lake Ontario had a mean range of 0.018 m �.06 ft.!
at Toronto and 0.012 m �.04 ft.! at Kingston  Dohler, 1964!. This would.
indicate, at least for the stations recorded., that only Lake Huron has
a smaller astronomica1 tide than Lake Ontario.

The relative importance of these tides to the lake have not been
determined with absolute certainty. Liu �972! considered them to be
negligible when compared to the more pronounced. effects of meteorological
factors. K.lier �972! indicates that although there are numerous
reports of water movement investigations for estuaries where astronomical
tides are the principal method of water exchange, many of the resu1ts
of these studies are not applicable to the Great Lakes harbors due to
the negligible effect of the astronomical tides as well as the water not
being saline. Platzman  l964! indicated that the relatively large
astronomical tides on Lake Erie are the result of a near resonant

coupling with the natural period. of' the basin  about f'ourteen hours! .
Although this might be of some importance in Lake Erie, Lake Ontario's
natural period of' about five hours would not be expected to exhibit
similar resonance coupling. Simpson and Anderson  l967! considers
several possible important effects of' the astronomica1 tides in Lake
Ontario, none of which seem to have been confirmed. or denied with much
certainty at the time of this writing. These proposed effects include:
mixing action due to the tide at critical times and. locations in the
lake, possible influencing the thermal ba"; frequent upwelling of old.
subsurface water at Toronto during the summer, possibly related. to tidal
pumping coupled with the earth's rotation; and variations in flow through
channels such as the Burlington Canal.

The dynamic theory of astronomical ~id =- is well described. by
Proudzan �953! for the reader who is inte"ested 'n a detailed treatment
of the subject. A very brief description will be included in this mono-
graph as an aid. in understanding the rational for some of the methods
of analysis which has been used by Simpson a.=d Anderson �967! and
others to study the astronomical tid,es 'n ace Ontario. ln the dynamic
theory of tides as applied. to lakes gravitational forces due to a body
external to the earth, f' or example the sun ar moon, is thought of as
being composed. of' two components, one horizontal with respect to a. line
connecting the center of the earth with the center of the external body
and. one vertical or perpendicular to th''s line. Only the horizontal
component is normally considered, the vertical component being treated
as local variations in the earth's grav ty. The forces acting on each
unit cf mass on the lakes surface is the ea":h's gravitation, gravitation
due to the external body, and centrifugal force due to the earth' s
rotation about the center of mass of the earth and the external vody.
To simplify the problem several assumptions .me normally made. The
earth's gravity is usually considered uniform and. consequently is
neglected as one of the forces. The gravitational force at the center of



the earth due to the external body is assumed to be balanced, by the centri-
fugal force due to the earth's rotation about the common center of mass
of the earth-external body system. The variation of the gravitational
force due to the external body is assumed. ta be negligible over the
earth's surface when compared. with the variations in the centrifugal
force,  this is s, better assumption for the earth-moon system than for
the earth-sun system!. These assumptions lead to maximum net tide pro-
ducing forces at the point on the earth's surface nearest the external
body and at the point opposite the ext:ernal body. The rotation of the
earth would then cause maximum tide producing forces to occur every
U..97 hours  one-half siderial day! for a location on the earth's surface
if the external. body was considered stationary. This is complicated, by
the sun and moon not being on the earth's equatorial plane and. the
moon not being exactly on the ecliptic. Also, relative to the stars,
neither the sun or moon are stationary as seen from the earth. This
has led to the usage of two somewhat ficticious tide producing bodies
which allow the net tid.e producing force to be represented, by the sum of
a series of sinusoidal components with the three largest tide producing
terms representing the lunar-semidiurnal, the solar-semidiurnal, and. the
luni-solar diurna1 components. The relative magnitude of the amplitudes
of these three tide producing terms are 1.0000, 0.4667, and, 0.5844 res-
pectively. The next largest amplitude term. in the equation usually used.
is less than 0.41 on the same scale. The periods corresponding to the
above three relative amplitudes are 12.42, 12.00, and. 23.93 hours
respectively.

Zn analyzing the astronomical tides of Lake Ontario, Simpson and
Anderson �967! utilized, the genera1 model outlined. above. The hourly
water level values usecL contain bath larger term and. shorter term variations
in local lake level as well as motions, which although not due to
astronamical tides, are strong~ correlated. with the apparent, position
of the sun in sky.  An example oi the last type of water level variations
would be those due to the diurnal variations in wind. stress as discussed

by Platzman �966!.! Simpson and, Anderson �967! cLescribe the method
used. to eliminate the unwantecL components as follows:

"Consecutive hourly lake observations commonly fluctuate 0.05 to
0.1 feet, consecutive daily means 0.1 to 0.6 feet, and the overall
variation of monthly means for a year is of the order of 2.5 feet.
Since the short term variations mask the tide in lake level readings and
the long term changes affect averaging processes, two assumptions are
macLe in the procedure: that the short term nontidal variations at, a
given goin on a tid.al cycle are randomly distributed with mean equa1 ta
the height of the tidal cycle at that point; that the long term changes
can be regardecL as occurring linearly for a period of a month."

To remove the long term changes the mean af hour~ observations of
lake level for the fifteen days preceding and, ollowing the first and.
last, cLays of each thirty-two d.ay "month" was used. to extrapolate a
linear change in water leve1 during the month under consideration. The
hourly observations during the month considered. were corrected. using this



prior to further analysis. The variation in water level remaining was
expected. to be comprised of a random component and. the sum of a number of
cycles, primarily 12.42, 12.00 and 23.93 hours. An averaging procedure
was used. in a harmonic analysis by the correct choice of "month" length.
SemicLiurnal and. diurnal components were separated. by averaging water
heights twelve hours apart. The moon period. which did not fit an
averaging process fram hourly observations exactly was approximated by
making use of the anticipated. 12.42 hour periodicity ta indicate that
observations 62 hours apart should.'be approximately in phase.

The resulting data corrected. for long term changes and. using an
appropriate averaging period was plotted to show the residual astronomical
tide components with the anticipated periods. Figure 10 shows graphs
of mean hourly water level versus the hour of the day, ad!usted for the
lunar component. These are for Taronto during ten months of 1959. The
curves drawn an the graphs are the best fit using a least squares
regression to a sine curve. A similar graph for all of 1959 which
depicts the solar component at, Toronto is shown as Figure ll. Figures 12
and 13 are graphs of mean hour+ water levels averaged over individual
months versus hour of day for several stations on Lake Ontario.

From this analysis Simpson and Anderson �967! concluded. that the
western basin of the lake behaves tidally as a simple unit. The averages
of Part Weller were close+ related. to those of Toronto. Toronto
records showed twelve twenty-four hour solar components, which like those
of Port Weller, were 180 out of phase with those observed at Oswego.
The lunar tide components were also present at these three stations.
Both Rochester and, Cobourg did not show an identifiable correlation with
the solar components. This is believed due to their location near the
central axis of the 1ake. The water levels at Cape Vincent appeared, to
be ambiguous with respect to the astronomical tide components. This
may possibly be due to the sha11owness of the eastern basin.

Evidence of the existence of the 1unar and. solar components of
astronomical tides at several stations n Lake Ontario also exists in the
form of analysis of energy spectrum of hourly water level data,. Zxamples
of graphs of relative spectral energy densi y versus frequency for
Sackett's harbor  from Hao and. Schwab,:974! a.s well as for Cobourg and
Kingston Ontario are shown in Figures 14, 15 and 16. Spectral energy
density peaks occur at the frequencies anticipated, for the solar and.
lunar components as well as several peaks which originate in seiche
activity.

Simpson and. Anderson �967! from their study observed that there are
several unexplained features in the astronomical tides af Lake Ontario.
They noted that there appeared, to be seasonal irregularities with the
most regular tides in the spring and summer and. the stations at the
western end of the lake showing more regMarity than Oswego did.. It
should. be noted in this respect that only two years of water level data
was analyzed and so there is some question whether this is also true in
general. There was a change in phase of the 1uni-solar cycle which was not



explained but, may be due to the interaction of the luni-solar force and
the geometrical distribution of wa er in tne lake. There appears to 'be
a monthly variation in the amplitude of the diuxnal sun cycle that has
not yet been explained.. There also is a number of apparently regular
deviations from the fitted. curves, as shown in Figure 10, which occuz at
more than one station at a given time in a given month's cycle. These
remain unexplained although the possibility of a relationship to monthly
average wind. or other large scale meteozological effects have not been
evaluat ed..

Wind Tides end ~Sur es

Wind tides are forced. oscillations which z'esult from the action of

wind only. These have a single wavelength with. length double that of the
fetch in the wind direction. They result in a rise in water level known
as wind, set-up.

There have been many attempts to predict the set-up and the inclina-
tion of the lake surface with known wind. speeds and, directions, both for
the Gzeat Lakes and for many other bodies of water. For a non-empezical
treatment Liu �972! indicates that for the simplest case of a wind tide
w'ith constant w'ind speed and direction and constant lake depth, the
inclination of the lake surface would be:

 T s + Txb!/ Pg  h + ! '

where p is the density of ~ater, g is the acceleration of gravity, h is
the depth of the water, n is the height of the wave, and. T and T �are

xs
the suz face and. bottom stz.ess respectively. This general formulation and.
its derivation is found in much of the literature available on wind, tides

 see for example Hutchinson, 1957, but, suffez's due to the stresses not
being well understood.. Consequently empirically obtained. values
generally are used to obtain the set-up and. the form of' the wind.
denivellated surface. Depending on the investigation chosen, the wind
stress on the water surface is found. fzom field. obsezvations to be

approximately proportional to the wind speed raised to some power which
may be le 8 to 2. 4  Hutchinson, 1957! . Th slcpe of the wind denivellated
water surface is not constant in the case of shallow basins but rather

any longitudinal section is found to be convex. In zeal basins with non-
uniform bottoms this form is further complicated.. A mathematical treat-
ment for lakes with non-uniform bottoms is given by Hellstrom �9~1}.
Hellstrom has used. his treatment to compute the form of the water surface
under the influence of a wind tide in 'ak Erie. His results have oeen

criticized by Keulegan �951! who has developed a semi-empirical equation
which he has found. to provide a fair approximation to the wind denivella-
tions of Lake Erie during storms.

The wind tides of the Great Lakes have been. studied more recently by
Zeulegan �953!, Harris �954!, Gillies �959}, Hunt �959!, Veber �960!,
irish and P1atzman �962!, and Platzman �963}. Host of these stud.ies
have considezed. Lake Erie rather than Lake ontario. This is not surprising
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as the relatively shallow depth and the relatively long west-southwest to
east-north-east orientation has made Erie much more vulnerable to wind.
tides. Set-ups as large as 4.2 m �3.8 ft.! have been recorded. on Lake
Erie and. a set-up in excess of 3.0 m  9.8 ft .! could be expected once
every two years. The author has found. little detailed analysis of the
wind. tid.es of Lake Ontario although Bajorunas �960! has estimated. that
for a given wind, the set-up excited on ake Ontario would. be only 17
percent of the set-up on Lake Zrie.

A somewhat similar situation exists for the relative numbers of
studies of surges on Lake Ontario versus the four Great Lakes. Surges
are forced lake level oscillations which result from atmospheric pressure
gradients combined. with strong winds. The maximum energy transfer occurs
when the atmospheric disturbance and. the gravity waves are moving at
nearly equal speeds. Harris �957! concludes +hat the orientation of the
strong pressure gradient will be at least as important as its speed
when the topography of the lake bottom is taken into account. The
studies of surges on Lake Ontario date at least to Denison's �898! study
although much of' the more recent work has been on the other Creat Lakes,
particularly Lakes Erie and Michigan. The surge of 26 June 1964 on
Lake Michigan, for example, has aeen studied. by Freeman and Butes �954!,
Zwing et al., �954!, Harris �957!, and Platzman �958!. Platzman �958!
made an important contribution to surge pred"'ction studies in general by
using numerical methods to solve linearized vertically integrated. hydro-
dynamic equationg and applying these results to observed surges on Lake
K.chigan. Another prediction, mod.el was developed by Harris �962! and
Harris and. Angelo �963!. This model was applied. to recorded surges in
Lake Erie with fair agreement between the model and observations.

The purpose of studying surges is twofold: to explain the physical
phenomenon, and. to predict and. to warn a threatened lake shore or harbor
area. of dangerous high waters. Perhaps since the damage caused by surges
on Lake Ontari.o have not been as spectacular as that on some of the
other Great Lakes much of the literature which deals with this phenomenon
on Lake Ontario treats it along with the erosional damage resulting from
wave acti. on combined. with unusually high water levels. As this appears
to be a more logical method of treatment for this lake, further discussion
of specific surges on Lake Ontario will be deferred. unti.l wave action is
discussed in a later section.

Seiche

Wind tides persist as long as the wird stress is sufficient to main-
tain the water level gradient. As the wind stress decreases the relatively
stable surface of the wind tide "annot be sustained. A seiche "'s the

result of the set-up that was primarily caused. by the wind. tide. The
seiche is a long, free oscillation with a period. determined by the
geometry and depth of the lake. ln general several different mod.es of
osci11ation are possible and may occur concurrently. The graphs of
hourly water level versus time shown in igures 2 and 3 show the effect
of seiche and wind tide on the waterlevel at individual stations.



These graphs are a11 for the month of June, 1972. These Figures show the
water levels recorded at Kingston, Cobourg, and Burlington, Ontario.
Kingston is at the northeastern end. of the lake, Cobourg near the center
of the lake along its northern shore, and Burlington is at the west encL
of the lake. Figure 2 is for the first ha1f of the month and. Figure 3
is for the second. half. The large changes in water level which occur in
phase at all stations over extended periods of time such as the change
following 22 days on Figure 3 are long term volumetric changes in water
level. Water level charges which 1ast many hours or even for a d.ay are
due to wind. tides. 'Votice that these generally show a depression of
water level at one end, of the lake and, an increase at the opposite end..
After this set-up free oscillations are generally prominent. By in-
spection of these graphs a periodicity of about five hours with opposite
ends of the lake being about 180 out of phase can be noticed.. Shorter
periods are also evident, particularly at Cobourg near the center of the
lake. These represent higher modes of oscillation, particularly the
binodal and trinodal modes. As well as these maJor free oscillations
which involve the entire lake, there are many shorter periods possible
in restricted. portions of the lake, cross lake seiche, and. even seiche
oscillations in harbor areas.

The seiche in Lake Ontario as well as the other four Great Lakes

have been the subJect of many studies.. A good review of the knowledge
up to the early 1960's can be found in papers oy BaJorunas �960! and.
Mortimer �963!. he stucLies may genera1ly oe divided in two principle
types: empirical studies which attempt to establish relationships .rom
observed. data, and. theoretical studies which endeavor to cLevelop a
quantitative understanding of the phenomena which can be verified by
empirical data. ln this section the author will treat the results of
some of the empirical studies as these provide general information
regarding the nature of the observecL oscillations. Only the most recent
theoretical work wi11 be treated. in detail due to the change in methods
from analytical to numerical which has been made possible by modern
computing machines and has made possible a more detailed. treatment of
standing wave motion. in irregular basins ~han "an be found in the earlier
analytical treatments. Summaries of the analytical studies of free
osci11ations in enclosed water bocies of idea shapes originally done by
Rayleigh, Jeffreys, Lamb, Hidaka, ancL others can be found. in a paper

The earlier stucLies generally treat the equations of motion of the
fluid in their continuum form and often provide simple closed solutions.
To do this, severa1 assumptions are normally necessary. Almost all
existing theory has started with the assumptions of a wave with an
amplitude which is small with respect to the d pth of the lake and a
horizontal scale which is large compared to the depth of the 1ake.
These two assumptions have Justified neglecting non-hydrostatic pressure
forces and non-linear acceleration. terms. The lake water is assumed.

incompress "ble and homogeneous, neglecting the density variations, in
alznost all cases. The resulting equations still involve the pressure
gradients and the bottom and surface stresses. These stresses are not



easily determined and. generally empirical approximations are used.. This
often results in, stil3. more assumptions and simplif'ications of the equations.
A frequently used. approximation for seiche motions is obtained from con-
sidering the region under study to be a long channel of uniform width and
variable depth. This gives rise to the so-called channel ca1culations
which are made using a linearized, one-dimensional form of the equations
of' motion in which the effect of the earth's rotation and external forces

are usually neglected. Appendix I contains a brief' treatment of' these
equations ~

The channel approximations which have been often. used in the past
have generally proved. satisfactory for obtaining the values of the
periods of oscillation, but generally have not given the structure of
the modes in good agreement with observation unless the lake is long and.
narrow. Proudman �966! developed. an analytical procedure for determining
a two-dimensional free osci11ation of a water body. This has been used
by Rao �965! and. Longuet-Higgins and Pond �970!. In the origina1
form the problem was discussed from a Lagrangian point of view but more
recently Rao �965! used. a Eulerian reference frame. The original studies
using this method considered. only ideal geometry, but recent1y Rao and
Schwab �974! applied it to natural basins including Lake Ontario by
the use of finite diff'erences. Zn his treatment the frequencies and
structures of the modes were computed as eigenva1ues and eigenvectors
associated. with a Hermitian matrix. As wou1d be anticipated from. the
method, which does not exclude the rotation of' the earth, several of the
lowest gravitational modes of oscillation which aff'ect the entire lake
as we11 as several rotational modes may be found. This is in contrast
with solutions obtained from. channel equations which generally yield.
only a standing wave solution with nodal lines fixed in space for a11
time. Observation by Mortimer and 7ee  Rao and. Schwab, 1974! indicates
that the nodal lines tend to rotate around the basin with time. The

lowest mode node may be caused to rotate in the framework of channel
theory by using Kelvin wave dynamics as done by Defant �954! and.
Platzman and Rao �964!. This gives satisfactory results for the
lowest mode but the higher modes aU. have nodal lines which rotate
counter-clockwise in the northern hemisphere. Both observations and
theoretical calculations indicate that some of the higher modes have
nada1 lines which rotate clockwise  Rao and Schwab, 1974!.

The most detailed theoretical treatments of seiche in Lake Ontario

known to the author to date are those of Hamblin �972! and. Rao snd.
Schwab �974!. Both of these treatments yielded. both gravitational and.
rotational modes of oscillations. Most studies of seiche in the past,
both theoretical and. empirical, concentrated. on the gravitational modes.
These are undulations of' the free surface of the lake which generally
have frequencies larger than the loca1 corio1is parameter. The
existence of these mod.es is in no way related to the earth's rotation.
The rotation has only a modifying influence on the properties of' the
gravitational modes. Platzman and Rao �964! found. that the effects of'
the earth's rotation had no signif'icant effect on the period. of any
longitudinal gravitational mode. They agreed with the results of'



Ki.les and, Ball reported by Liu �972! that the earth's rotation trans-
forms the lowest longitudinal mode into an amphidromic wave, that is,
the high water rotates about the lake. This amphidromic nature of the
gravitational modes was apparently not detected. in Hamblin's �968!
analysis of d,ata from Lake Ontario.

The rotational modes correspond. to low frequency osci1lations with
the frequency of rotation less than the loca1 coriolis parameter. Their
generation depends on the existence of a gradient of potential vorticity
in the basic state of' the fluid, configuration. The potential vorticity
gradient in the water of a lake is produced. either by the variation in
the coriolis parameter as a function of latitude or  assuming a homo-
geneous fluid! by variations in bottom topography. Rao and. Schwab �974!
state that, "Even though it is difficult to resolve the properties of
rotational modes in natural basins from water level data, these modes
are nonetheless present in the system and. their role would, be important
in the long period. behavior of a lake."

Rao and Schwab �974! developed a genera1 method for determining the
periods and. structures of the normal modes of oscillation in any enclosed.
basin taking into account the basin shape and, bathymetry as weU. as the
earth's rotation. The general method is described in Appendix IZ.
They used. quasi-static dynamics for an incompressible homogeneous fluid.
on a rotating cartesian plane with a coriolis parameter which varies as
the sine of the latitude angle. The equations were written in a
linearized form with adiabatic boundary conditions for the enclosed
basin. Harmonic solutions in time were sought. The transport vector
w'as assumed independent of depth and prescribed as a function of the
horizontal coordinates. The lake basin parameters were reduced. to
discrete points on a grid to allow a finite dif'ference method of solu-
tion. This was represented as a single Richardson lattice with the
boundary of the basin passing only through the points used, for the
computation of' the stream function for the transport field.. The
algorithm, described more completely in Appendix IZ, was tested. against
some simple cases for which analytical solutions are available. Using
a rectangular basin with a ratio of breadth to length of 1.01  to avoid.
degeneracies in the spectrum of eigenvalues which would result if tMs
ratio was 1.00! the stream functions and velocity potentials obtained
for the first few modes of long and. cross seiche differed by only 0.4 to
1.7$ from those obtained fram the analytical treatment .

Rao and Schwab �974! applied. this treatment to Lake Ontario, by
imposing a grid. with a 10.08 Zm spacing between any two successive points
for computation of the stream function or for the computation of the
potential function f' or the transport field. This resulted in a total of
177 points for the velocity potential field, and 137 points f' or the
stream function field. The locations of' these points as well as the
boundary of the grid. is shown in Figure 17. The bathymetric d.ata used
was Chat from the U.S. Lake Survey chart 42. The coriolis parameter
was considered. constant for the initial computations.



Figures 18 through 23 show the computed velocity potentials for
the lowest six normal gravitational modes of oscillation if the earth' s
rotat,ion is ignored. The velocity potentia1 field. can be thought of' as
similar to the height field of the displacement of' the surface. These
have been. normalized so that the highest value is 100 units. This
does not imply that under any given conditions these modes will all
have this relative magnitude to each other. The relative vertical dis-
placements seen for uninoda1 and. binodal seiche for the stations shown
on the graphs of hourly water level shown in Figures 2 and. 3 demonstrate
this, although they show general agreement with the calculated. value
in the relative magnitude af displacement of any one mode  uninodal or
binodal! from one location to another.

The first mode shown in Figure 18 has one nodal line extending
generally southward. across the lake from Brighton, Ontario. The greatest
displacement would. be expected. near the region of Kingston and. Cape
Vincent, with only slightly less displacement near Hamilton, Ontario.

The second, mode as shown in Figure 19 is binodal shying maximum
vertical displacement near Kingston with only about half as great of a
displacement near Hamilton. The relative vertical ~mum displacement
near Brighton is out of phase with the other two regions of relative
maximum displacement and. exhibits a relative vertical displacement, of
only about 305 of' that at Kingston.

The third mode as seen in Figure 20 is trinodal, most of the vertical
disp1acement is isolated to the extreme western and. northeastern ends
of the lake, near Hamilton and. the Kingston-Cape Vincent regions.

Figure 21 shows the fourth normal gravitational mode of non-rotating
oscillation. This mode differs from what wou1d. have been expected if
channel considerations had. been used. It has four nodal lines and

appears to be a combination of a longitudinal oscillation coupled. with a
strong transverse oxcillation which is primarily confined to the eastern
end. of the lake. This mode of oscillation was not found. in the one

dimensiona1 non-rotating channel calculations done by Rockwell �966!.
The first three modes have structures which agree well with those found
by Rockwell.

The fifth mode, shown in Figure 22 corresponds to Rockwell's fourth
mode. It has four vertical modes and is primarily longitudinal in
orientation. The vertical oscillations are neatest in the eastern end
of the lake.

Figure 23 shows the sixth gravitational mode which consists of
five vertical nodal lines and has a structure which appears like that
which might be considered the fifth longitudinal mode.

Computations of stream function for these modes were made snd the
results for the first four are illustrsted, in the form of contour plots
of the stream function on maps of Lake Ontario in Figure 24 through 27.
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The sense of circulation in each cell in the diagrams is such that higher
stream function values are to the right of the direction of flow.
Rao and. Schwab �974! used the stream functions to generate the vorticity
component of' the f'low field in calculating the rotating cases f' or the
gravitational as well as the rotational oscillations.

Figures 28 through 33 show the fluctuation of the free surface
height of the lowest six gravitational modes computed by Rao and Schwab
�974!. In these diagrams the solid lines indicate cotidal lines and,
the dashed lines represent the co-range lines. The high water propagates
in the direction of increasing phase angular measurements from 0
through 360~. The points on these diagrams around. which the cotidal
lines are found. represent the amphidromic points.

Figuze 28 represents the first mode which has a single amphidromic
point slightly to the east of the centez of the basin. The high water
propigates counter-clockwise around, the point. The amplitude is always
zero at the amphidromic point and increases away from it towards the
boundaries of the basin. The co-range lines, which indicate the
maximum vertical displacement which may occur at specific locations on
the lake surface, are almost straight. This indicates that rotation
has only a small effect on the amplitude distz'ibution around. the basin.
Higher modes of' gravitational oscillation show a somewhat increased.
influence of the earth's rotation on the amplitude distribution. This can
be seen by comparing Figures 21 through 23 for the non-rotating case
with the rotating cases depicted. in Figures 28 through 30. The fourth
gravitational mode displayed. in Figure 31 has f'our amphidromic points
which have counter-clockwise rotation around them. This mode appears
not to have been found. by Hamblin �972! when he computed the seiche for
Lake Ontario. Both the fifth and. sixth modes show clockwise propogation
around some of the amphidromic points.

Table II contains both computed and observed periods of oscillation
noted. by several investigators. It is suspected. that the binoda1 seiche
observed by Hamblin �972! may have 'been a trinodal  third. mode! seiche
in light of the other observations of the third, mode having a period
which approximately agrees with this. In general it appears that the
channel type computations underestimate the seiche periods on Lake Ontario
with a greater degree of error apparent in the higher modes. The
difference between rotating and. non-rotating computations using a two
dimensional approach does not seem great. This is probably due to the
elongated. nature of the basin and. the relatively small value of rotation
speed in comparison with the slowest non-rotating gravitationa1 mode
frea uency.

Much of the empirical values of seiche periods have been obtained
by the use of a spectral analysis of the water level recoz'ds. Most of
this known to the author has been done using hour+ water level records
and, so cannot show the periods shorter than two hours. It is suspected,
that in the near future more data will be available, at least for
selected locations, due to the ongoing analysis of the IFYGL data.
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Examples of relative energy density spectra of hourly water level
measurements made at Sackett's Harbor, Kingston, and. Cobourg, Ontario
during 1972 are shown in Figures 14 through 16. Several apparent
periodicities are indicated on each graph. Each also shows the effects
of astronomical tides as well as seiche. The ma!or peaks on the graphs
represent frequencies of relative maximum energy per unit frequency and,
identify dominent frequencies of vertical oscillation in the two surfaces
with periods greater than 2 hours observed. at each station.

As well as gravitational modes of free oscillation of the vater
surface, vhich are also evident in the form of oscillating currents,
there are also currents vhich correspond to the rotational modes of
oscillation. These have periods which have been computed. by Rao and
Schwab �974! to range from 52 hours to at least 14 years. Due to the
low frequencies, these have not yet been definitely identified from
observations. As Bao and Schvab �974! believe these oscil1ations to
possibly be of long term importance to Lake Ontario, their theoretical
results for a fev of these modes will be included, in this monograph.

Xt is not possible to speak of the lowest rotational mode as one
does of the lowest gravitational mode. The rotational modes which are
probably the most important are those which have the largest space
scale rather than time. scale. lt is not possible to determine the space
scale of the rotational modes by examing !ust the periods. Rao and,
Schwab �972! examined the theoretical structure of forty modes of
rotational oscillation of Lake Ontario, from those, the two modes they
chose as being most important are the ones with period.s of 229 hours and
464 hours.

Figure 34 shows the streamlines of the mass transport field. of the
mode with a period. of 229 hours at a phase angle of Q. The phase angle
is here to be regarded as the angular velocity multiplied 'by time and,
represents the oscillation at a time of zero hours. Figure 35 is of
the streamline at a phase angle of m/2 or at about 57 hours after time
zero. At phase angles of m and. 3 7t'/2  time about 11$ and. 172 hours
after time zero, respectively! the magnitudes of the stream function are
the same as at phase angles 0 and m/2 respectively; but the sign is
reversed.. Zn these diagrams higher values of the stream function lie to
the right of the current direction.

At phase angle zero  time zero! the basin is dominated by clockwise
propogation vhich would. give rise to our easterly flow along the northern
shore and. a westerly flow along the southern shore. Zu the western
part of the basin a counter-clockwise gyre would force the current
northwards where it meets the vestward. flow along the southern shore.
The clockwise propogation in the north and counter-clockwise in the
south would cause a westward flow in the central part; of the eastern
basin. Where this flow meets the clockwise propogation in the central
basin, southvard. flow vould result.
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At a phase angle of vr/2 the main features are a countez'clockwise
gyre in the eastern basin and a clockwise cell in the east-central
region. The current would. be southvard where these two circulations
meet. At this time an eastward flow would, be expected along the southern
shore of the eastern basin and westward. along the southern shore of the
central region. Xn the western basin clockwise flow would be apparent.
This mode of oscillation mar correspond to the rotational mode computed.
by Hamblin �972! vith a period, of 236 hours. This mode vas compared
to the cubic rotational mode of an elliptical paraboloid..

Figures 36 anL 37 show the streamlines of mass transport computed
for the rotational mode vith a period of 464 hours. Figure 36 is for
a phase angle of 0, and Figure 37 for a phase angle of m/2. Hao and
Schwab �974! indicate that this mode has the largest space sca1e of
a11 the rotational modes that they computed for Lake Ontario and. there-
fore it would. be expected. to be important in the low frequency response
of this lake.

At phase angle zero  time zero! a clockwise cell is in the western
half of the lake and a counterclockwise cell in the eastern half. The

most vigorous currents due to this mode would. be expected. to be eastward.
in the northern part of the central basin and. southwestward, in the
center of the lake. When the phase angle is m/2  about 116 hours after
time zero! the counterclockwise cell extends all the vay across the
northern half of the basin, The clockwise cell is at this time in

the southern half of the basin. This implies that there would. be strong
curr'ents from west to east in the central part of the basin and. from
east to vest along the northern and. southern shores. As this wou1d be
reversed in direction when the phase angle is 3 m/2  approximately
348 hours after time zero! the flow from the west would be along the
shores and. a return flov from east to west in the center of the lake.

ln the above cases, it must be remembered. that the assumptions of
constant density and an idealized. shoreline may impose restrictions
which are not realized in observed. actual circulation. It should not

be surprisi~g if this exact current structure is not apparent from
observations as, even if the representation is complete~ correct, it
would. constitute o~ one of many possible components of the total f1ow
within the lake. The surface seiche of the gravitational modes are
more easily observed. Even here, however, other periods of oscillation
which may represent the free as well as forced. surface elevation
changes due to more localized geometry of somewhat isolated portions
of the lake may become important.

When a periodic excitation, such as that caused. by the seiche
oscillations of the lake, is applied to one end. of a bay or harbor at
a period vhich is near the natural period of free oscillation of the bay
or harbor, the motion will increase to an amplitude generally determined
by the Lamping of the system. This resonance can have important effects
on harbors but its extent will vary from harbor to harbor and. consequently
requires detailed analysis of each site separately.



A study of water level records from many of the harbors of the
Great Lakes was made by Harris �954!. He found that many of the harbors
exhibited short period oscillations with some generally similar charac-
teristics. All the harbors within the same general area tend. to become
excited at approximately the same time but the characteristic periods
varied from harbor to harbor as did the amplitude of the oscillations.
He found. that many harbor disturbances occur when no atmospheric
disturbance is passing in the immediate area of the harbor and. some occur
as much as an hour or two prior or after the apparent~ associated.
atmospheric disturbances pass the harbor. This implied that the energy
of the disturbance may .be communicated to the lake some distance from
the harbor and transmitted to the harbor in the form of a water-level

disturbance in the lake.

If the harbor is considered to be open ended and having a reflecting
boundary at the opposite end., a bay like free oscillation along the
length of the harbor basin would be expected to result such that, the
long wave travel. time is an odd-integer multiple of one fourth the
wave period. NiU.er �972! considers the resonant, period to be
reasonably approximated. by using Nerian's formula for open-ended 'basins.
This indicates that the period of oscillation is equal to

where n is the mode of osciU.ation, 7 the length of the basin, g the
acceleration of gravity, and. Z the near depth of the basin.

When the harbor size is small. the oscillations'generally have short
periods, but may respond. rapidly to water level fluctuations as found. in
the study by Saylor �966!. The maximum flow rates of the reversing
currents set up is usually at the harbor entrance. This is often
enhanced cLue to the narrow restricted. openings into many harbors.
Although these provide protection from waves, periodic temporal changes
in water level result in. relatively large hydraulic heads. As would be
expected these currents are most pronounced. in harbors located. near the
vertical displacement antinodes of the seiche of the main basin of the
lake  Miller, 1972!.

It is frequently suspected that a combination of seiche-induced.
reversing currents through the harbor entrance and, nearshore current flow
across the entrance provide a good. natural flushing mechanism. In this
respect it is interesting to note that the construction of barriers to
reduce waves and adverse currents in a harbor may be at odds with the
interests of water quality. A change in water quality might occur
if the barriers reduce the flushing rate and. hence the rate of exchange
of the water in some harbors with the ~ater of the open lake.



~Gravit Waves

The short period variations with periods between about one and
thirty seconds are generally termed. gravity waves as this describes the
primary restoring force for these waves. Waves with much shorter
periods require the consideration of surface tension forces in describing
their dynamics. Waves with slightly longer periods, while still being
primarily responsive to gravity as a restoring force are generally
termed infragravity waves. These include long s~ell and. surf beats. In
this section the very short and. long periods will not be treated in
detail as the capillary waves are probably of little general interest
to the study of large scale phenomena on Lake Ontario, and. with the
exception of some near shore and erosion connected observations, the
longer periods between about thirty seconds and five minutes have not
been studied in detail on Lake Ontario. In 1972 Liu �972! observed
that "there are few studies of wind. waves in the Great, Lakes". At the
present this appears to be somewhat remedied by some of' the waverider
data taken as part of the IFYGL program, but much of this information
is yet to receive complete analysis and be pub1ished. The occurrence
of' long swell is thought to be rare on the Great Lakes by Liu �972!.
Swell is thought to be generated by the degeneration of wind generated,
gravity waves as they travel from the generating region into a
relstively calm region. The lack of swell is believed due to the generating
area genera11y covering the whole lake. During exceptiona1 weather
conditions such as those recorded by Project Mover during Hurricane Agnes
on. June 22, 1972, there seems to be indications that the uniformity of'
the generation of waves over much of Lake Ontario cannot always be
expected. There is still, however, little published. concerning swell
on Lake Ontario.

The importance of a knowledge of waves on Lake Ontario is well
understood. The waves are the primary agent responsible for shore
erosion and deposition. Safe and economical navigation routes require
the deve1opment of wave climate charts. Design criteria for lake
vessels, harbor breakwaters, and offshore structures also require
knowledge of waves.

Due to the recognized importance many theoretical studies of waves
have been done. Between 1864 and 1875 the Kelvin-Helmholtz model of
wave growth was developeda Since that time many additional models, none
totally correct for all conditions have been developed,. In 1957
Phillips �957! developed a resonance model. The resonance mechanism
in his mod.el is intended. for initia1 wave formation. Pressure fluctustions

produced in turbulent air are assumed. to be advected across the water
surface by the wind. Waves are then initiated on a smooth water surface
by resonance between pressure fluctuations in the air and. free modes of
oscillation of the water surface. Miles �957! in the same year
developed a shear flow instability model of wave maintenance and growth.
This theory was formulated. on the assumption that momentum and energy
are transf'erred. from the wind to the ex'sting waves by the instability of
the mean shear f'low in the air. These two models are complimentary and



Phillips �966! and. Miles �960! have reformulated. the mechanism to
provide essential~ a combined. Phillips-Miles model. Both laboratory
tests and field measurements indicate that this model tends to under-
estimate the actual growth of waves by approximately one order of magni-
tude  Liu, 1970; Liu., 1972!. A more recent treatment was done by
Hasselmann �968! who extensively discussed. the theoretical derivations
of the various wave related processes in the terms of nonlinear inter-
actions.

Zt is apparent that some of the processes are still poorly understood.
and, further advances in the theory of wind waves depend. to a large extent
on the further understanding of the physical environment. This under-
standing is in turn dependent upon further observations. The remainder
of this section will concentrate on the recent observations related, to
gravity waves on Lake Ontario and some of the mpirical results from
these observations.

Much empirical work has focused. on the practical problem of wave
forecasting. As early as 1850 Stevenson formulated. an empirical rela-
tionship between wave height and. wind. fetch from observations on several
British lakes. Some of the earliest true forecasting methods were
developed by Sverdrup and Munk �947!. Sverdrup and, Munk's method. was
revised. by Bretschneider �951, 1952, 1957! and. has evolved. into the
Sverdrup-Munk-Bretschneider method.. Saville �953! applied. this method.
to Lake Ontario and produced, hindcasts for the period. 1948-1950 using
synoptic weather charts,

The use of a wave spectrum concept was developed. concurrently by
Darbyshine, Lonquet-Higgins, Neuron, snd. Pierson in 1952  Liu, 1972!.
A method, of forecasting waves using the spectrum concept was further
developed by Pierson, Neumann and Samos �955!. This method. has been
wide+ used. since its development.

Although, in the absence of more realistic data hindcast wave data
may be used as a source of Great Lakes Wave information, there is a
growing amount of actual wave data from Lake Ontario. As of 1972 there
were over 100 ships from both the U.S. and Canada participating in a
program of making voluntary shipboard meteorological observations in the
Great Lakes. These include both scientific and commercial vessels in
Lake Ontario. The observations include wave observations and are
generally made regularly at three hour intervals starting at 0000 GMT.
The ships use the World. Meteorological Organization definitions for
wave height and, period.. The wave height is ceded in half-meters and is
the vertical distance between trough and crest. The wave period is coded.
in seconds and is the time between the passage of two successive wave
crests over a fixed point. Both of these measurements are obtained from
the "larger well-formed. waves of' the wave system being observed." These
data are available on cards at the National Climatic Center in Ashville,
North Carolina, U.S.A.
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Another recent source of wave data has been through the use of
the wave rider buoy systems during the ZFYGL as veil as from isolated
wave recording stations near shorelines which have been used to access Che
erosional potential. Liu �975! and. Liu and. Kessenich �975! have
analyzed some of the data from four of the wave rider buoys used during
1972. These vere in proximity of the U.S. pbysical data collection
system buoy stations 14, 17, 19, and. 20. The location of these stations
are shown on the map in Figure 38. The names indicated. for the stations
refer to the location of the recording station associated, vith each.
Zn each case the buoys vere in about 150 m af water and. the analog d.ata
from each has digitized. at a rate of 3 samples per second for the purpose
of the studies conducted. by Liu and Kessenich �975!.

Liu and Kessenich �975! recognized. that it would be important to
be able to compare the relatively detailed. wave data obtained. from the
automatic recording stations with the much less detailed but more vide~
distributed data from the ships. The shipboard. observations are made
visually and. the accuracy depends on the ability, experience and sub-
jectivity of the observer. To make the comparisons it was necessary to
reduce the automatic buoy data Co terms of wave heights and periods
similar to those used. for shipboard observations. Liu and Kessenich
�975! used ten minutes of the digitized. data from each hour for comparison.
The wave height used was the significant wave height vhich vas defined
as the average of the highest one-third of the recorded waves. The wave
period. vas interpreted as the average vave period which was the average
of all zero-upcrossing periods.

To test the often held idea that, aside from stations near shore, the
vave field is essentially homogeneous over Lake Ontario, Liu and. Kessenich
�975! compared the significant vave heights and. average wave periods
recorded. at each of the buoy stations with that recorded. at other buoy
stations during the same ten minute period. The results for significant
wave heights are plotted as Figure 39. The Oswego II station and
Pultneville station corresponds veil as indicated by the closeness of
the least squares linear regression line to Che line ~. The scatter
appears somewhat greater in the cases of Oswego II versus Oswego I and,
Brockport versus Puj.tneville. "t would appear that Oswego II systematically
recorded. slightly smaller significant wave heights than recorded. by
Oswego I. Zn general Oswego ZI reported about 0.8 the significant wave
height of Oswego I, although the correlation coefficient for the least
squares linear regression line in this case in only 0.85. Figure 40 shows
similar comparisons for the average wave period.. Although the scatter is
greater here, again Oswego II shows systematically lesser values than
Osvego I. This would seem to imply that the larger waves more oWen
occur at the Oswego I station, which was somevhat nearer shore than the
Oswego Il station  see Figure 38!, Liu and Kessenich �975! conclude
Chat most of the scatter from a 1-1 correlation line is explainable by
the effects of the fetch and. duration of wind. field and Chat the wave-

pattern is homogeneous within the lake in a broad. sense. For further
comparison of locations within the lake away from shores, the shipboard.
observations in the middle part of Lake Ontario were compared with Che
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Brockport station and the shipboard. observations in the eastern end. of
Lake Ontario were compared with the Oswego IE station.. Liu and. Kessenich
�975! report that there is no distinguishable difference between the
results of the two groups. There are, however, sevezal differences
between the visual observations made by ships and the results of the
automatic recording wave rider buoy stations regard1ess of location.

Data from %gr through November 1972 was used. to compare shipboard
observation with automatically recorded wave data. Graphs with the
recorded, versus observed wave height and wave period. are shown as
Figure 41 and. 42 respectively. For wave heights over 0.5 m and, wave
periods over three seconds, visualJ.y observed dat* tend. to overestimate
those recorded at a gradually increasing rate. The rate of overestimation
for observed. wave period is consistently higher than that of observed.
wave heights. Liu and Kessenich �975! obtained an approximate lineaz.
relationship between the recorded and observed. parameters. The best
lineaz' fit was HR = �.25 + 0.6 HV! meters for recorded. significant wave
height and. TR = �.0 + 0.2 TV! seconds for the recorded. average wave
period.. ln each of the above equations the subscript R refers to
recorded. and. V to the visually observed. A correlation coefficient of'
0.79 was obtained f' or the relationship for wave height and 0.40 for
wave period.

Using both shipboard observations and. wave rider buoy data, Liu and.
Kessenich �975! plotted the time a given wave height or wave period. was
exceeded. on a prooability paper, versps the logarithm of wave height or
wave period.. They obtained a linear relationship implying a log-normal
distribution of each as shown on. the graphs in Figures 43 and. 44. Both
the observed and. recorded. values each form a straight line on the graphs.
This implies that each set of' data is self-consistent but the visual data,
is somewhat an overestimate.

Using the same data, scatter diagrams that relate wave height and
the corresponding wave period. for both the recorded. and. visual observed,
data were produced.. Figures 45 and 46 are contoured versions of these
diagrams. The 'broken lines running from lover left to upper right on
each represent the ratio of wave height to wave length  steepness!
obtained using the relationship

A = gT~�,

where A represents the wavelength,
T represents the period.,

and. g the acceleration of gravity.

The ma!ority of recorded. waves lie around. the steepness lines of
1:10 and 1:20. The most frequent conditions are those with a significant
height of 0.5 m and, an average wave period. of 2.5 seconds. The visual
observed. waves show a broader scatter than the recorded data and. a
distribution around. steepness lines of 1:10 and 1:30. Zn this case
several of the data. exceed. the maximum theoretical steepness of l:7 but
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this is not meaningful as the height and. period. may not be of the same
individual wave due to the metho& of observation. The est frecLuently
visually observed. vaves have a wave height of 0.5 meters and. a period, of
3.5 seconds.

The relationship of significant wave height to wind speed is of
considerable interest. The wave rider buoy stations can yield, much data
in this respect due to their probity to the meteorological recording
stations used, d.uring ZFYGL. Although much of this information is yet
to be published,, data obtained. from Liu �975! along with some earlier
data obtained. by the Great Lakes Znstitute, University of Toronto
 Great Lakes Znstitute, 1964! is plotted on a graph of significant wave
height versus wind. speed in Figure 47. Although the scatter of the
1962 data points is greater than that from the Oswego Z and, Oswego ZZ
wave rider stations during June 22-23, 1972, they are in general agree-
ment. The best linear fit to the wave ricLer data obtained by a 1east
squares regression method is indicated, on. Figure 47. These stations were
not near shore. For comparison Figure 48 is a similar graph of significant
wave height versus wind speed. plotted. from data published. by Coakley
and. Cho �973!. This station vas Just lakeward of the region of breaking
waves off Von Wagners Beach, Lake Ontario. The data vas collected.
between September 18 and. October 31, 1972. The effect of fetch on wave
height is apparent. The points plotted for an east or northeast wind.
is most similar to those of the open lake. Here the fetch vas betveen
50 ancL 200 km. Progressively smaller significant wave heights for the
same wind speed. can be noted for winds from the north and from the
northwest  having a fetch of about 8 km and. much less than one kilometer
respective1y!. The lines for each group of cLata represents the best
fit obtained. by linear regression.

Much more detailed. analysis of data obtained from automatic recording
stations such as the wave rider buoys used during the ZFYGL is possible
by using the methods of spectral analysis. The concept of the vave
spectrum vas originally derived. from statistical analysis of stochastic
signals. Zt is assumed. that the apparently random sea surface at any
instant can be considered. as the sum of many sinusoidal waves having
different vave lengths, heights, and, directions of movement. Figure 49
graphically shows how an actual wave profile might be considered. as
being composed of component sinusoidal waves. The right hand side of
this figure shows the graphical description of the component waves in
terms of relative energy per unit frequency. A graph such as the one
on the right hand side of Figure 49 may be thought of as a graphical
representation of a relative energy spectrum.

Although most empirical+ d.erived. wave spectra do not consicLer the
direction of the waves cLue to the absence of this type of data, a more
complete description would require a spectrum vhich is directional in
nature. Zt is customary in theoretical work to represent the directional
spectrum as the product of a scalar or one-dimensional spectrum and a
directional wave-spreacUng function. There have been severa1 attempts
made to obtain theoretical or semi-empirical genezalired wave spectra
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which could. be obtained. from a. minimum of data and therefore be useful in

wave forecasting. The major recently developed spectral equations are
those of Bretschneider, Pierson, l<oskowitz anc Liu. These are summarized
by L'u �972!. Bretschneider's equation ~as cbtained, from an analytic
function for the joint probability distributicn of wave heights and.
periods. The equation requires a specific height and period. statistic
to determine the tneoretical spectrum. P erscn and Moskowitz derived.
their equation for fully developed. seas using the similarity theory of
Kitaigorod.ski. This requires only the wind s.,eec. to estimate the
theoretical spectrum,. Liu used. an empirical approach to develop a
spectral equation for use on the Great Lakes. He used. d.ata taken at
the Lake Michigan Research Tower near Muskegan, Michigan during the
autumn of 1967 as well as oceanic observa ions in deriving his equation
for fetch-limited condi ions. !'~owledge of :ecch and fric.ion wind
velccity is needed to compute the wave spectrum f cm h- s equation.

Zn analyzing actual wave data the non-di ectiona1 orm o a spectrum
is usually applied. as there is often insufficient information to obtain
the directions nature of he waves. Figure 5O is a, graph of energy
per uni. f"equency versus frequency showing the energy spectra. of wav s
from data recorded in Lake IG,chigan durin- an episode of wave growth.
This shows a rather typical pattern of increasing over all energy and a
shift of oeak ener~ to lower frequency = time increases.

Liu �975! nas used a, metnod. of ana1ysis based on the Blackman ~d
Tukey �953! method. to obtain estimates o wav spectra. in Lake Ontario.
He nas applied. this to study t,he d.evelopment and growCh cf waves from
dat,a obtained from. the wave r der buoys used during the IFYGL. One
episode which Liu �975! has treated in detail is that, accompanying the
storm of June 22-23, 1972, related to i urricane Agnes. The data 'rom the
stations la.beled Oswego I and Oswego IZ cn the map shown in Figure 38
were used to obtain hourly spectra. The general ~cather pattern .or this
episode produced nor h and north-nor+heast winds which covered most of
the lake. Figure 51 shows graphs of wind speed and. d.rection , r Che
period oz study as well as a, r presentation. of the nergy density spec ra
in the form of a diagram of frequency versus time, with the relative
energy spectra for each hour in the form of a contour chart w' th "he
relative energy density in m s entered, on. each contour line. This is
for the data obtained from. the Oswego 1 s ation, That obtained for
Che Oswego ZI station is similar. Liu �975! found. that the patterns
of variations of significant wave heights with respect to time followed
the variation in wind. speed quite closely at both. stations. During
the latter cart cz June 22 when wind. speeds i~creased. -rigorously and
the storm reached its peak, the wave heights grew almost linearly with
time. Azter the storm peaked with significan+ wave heights of about
two meters, wave neights decayed ~ediately. The decay of wave heights
was also approximately 1'near with t,'me. ' he period. of initial growth
from the relative calm conditions was quite abrupC md the growth rate
during these early phases was not linea-. This appears in conflict with
Phillips �957! resonance growth model which predicts that even the early
stages o: wave growth should, oe linear. The increase and decrease of wave
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periods followed. the variations of wind. speed. but at a much slover rate-
than wave heights. In a general overview Liu �975! notes that, the
initial wave growth at Oswego I laggecL that at Oswego ZI by about one
hour. Both stations reached maximum energy concurrently, but Oswego II,
the station farther from the southern shore, carried. more energy content
than Oswego I.

Before the storm began the relative calm was characterized by low
energy and. multiple low spectral peaks. The early stages of vave growth
was characterized. by a ridge of maJor spectral peaks migrating rapid1y
to lover frequencies as time progressed.. Beyond the early stages of
growth the wave energy was concentrated mainly on the low-frequency end.
of the spectrum  see Figure 51!. The process of' wave decay was character-
ized by reduced. energy content. The frequency of the spectral peak
remained the same as during maximum energy for quite some time before it
migrated toward the higher frequency at a very slow rate. From the
observaCions of this storm, Liu �975! suggests that it would be usefuj.
Co consider the wave spectra to consist of three spectral ranges, each

range, which for the June 21-22, 1972, storm was less than about
1.26 rad/sec  vave periods greater than about 5 seconds!, is sensitive
to the wind, field.. These vaves grow exponentially in energy concurrently
when the wind speed. is i~creasing ancL concurrently lose energy exponentially

in the storm studied would have frequencies greater than 2.51 rad/sec
 wave periods less than about 2.5 seconds! was considered. to be in
eauilibrium after a period of initial growth. All components in this
range attain a relative maximum of energy concurrently and. are in-
sensitive to either increasing wind, stress ar time duration after being
generated. The growth and. decay cnaracteristics at all frequencies in

range, which falls between the two previously cLefined. ranges, covers the
portion of the spectra. which usually contains the spectral energy peak.
These waves appear to have mixed properties and at a given instant
in time, some components are growing, some have reached equili'brium,
and some have started to decay. Liu �975! notes that although this
classification of waves may be useful, it is not precise. He indicates
that if Che intensity of the wind field continues to grow the middle
range approaches the high range in frequency, the 1ow range the micLcLLe
range, and. new lower frequency waves will be generated..

Malysis of waves in d,eep water far from shore are important to
studies of transport and turbulent diffusion as we11 as to shipping.
Malysis of the waves occurring near the shorelines are of more im-
parCance to those involved. with nearshore transport, harbor safety and.
maintenance as well as erosional features.

Nearshore currents and those within barbors have been studied by
Saylor �964, 1966! and Keuleyan �951!. Part of their studies involve the
effect of direct wind. drift, but part of the near surface flow s generated
through wave action. In genera' these wave-drift currents may be thought
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of as being formed from the unclosed. orbital motions of water particles
during the passage of waves. This results in net current in the direction
of wave propagation. This direction is altered. when the waves approach
a shoreline at an angle as the decreasing depth of the water leads to a
change in the velocity, height, length, and direction of the waves. They
are refracted and tend. to conform very approximately to the bottom contours
where the water becomes quite shallow. As they usually break at a slight
angle to the shore, a longshore component of the motion causes a littoral
or longshore current. Miller �972! notes that these currents are effective
in moving both masses of water and. sediments along the shore. In deeper
water the transport caused, solely by waves is generally relatively small
compared with othe" processes.

Along coasts wave action and. its resulting currents, often coupled,
with 1onger period. water level changes such as wind. tid.es and. surges, are
the dominant cause of erosion. The water leveJs of the Great Lakes show

long term variations discussed. ear1ier in this monograph. Much of the
recent coastal erosion has been facilitated by a rspid. net increase in
1ake level. The high lake level, however, plays a passive role in that it
a11ows erosion to take place by exposing higher regions of the coast. The
actual initiator of the erosion is the wave in most cases. As onshore

wind. increases there is an increase in wave heights and. energies. The
turbulence caused. by breaking waves causes much sediment to be placed into
suspensio~. This makes it available for transport by longshore and. rip
currents. The longshore currents are induced by waves approaching the
beach at an angle. The rip currents move lakeward. approximately perpendicular
to the shoreline and. may be caused. by the def'lection of longshore currents
by a sinuous shoreline or by the return of water piled, up by breaking waves
between sha13.ow sandbars and the beach. During a storm the high winds and
pressure changes can produce high waves, wind tides, and. often a storm surge.
The storm surge produces a temporary but, sometimes dramatic loca1 increase
in water level, allowing the wave action, to erode bluffs previously un-
exposed to wave action. Also the e1evated. water level will frequently
allow waves to 'break over longshore sandbars and, place great amounts of
sand in suspension. Davis et al. �973! states that, "Although storms
are somewhat infrequent and. seasonal, they cause virtually all of the erosion
to the coastal areas."

Davis et al. �973! has indicated. that a generalized, form of the
nearshore bottom topography can be used to describe most of the beach
regions in the Great Lakes where 'bedrock is not exposed. This form can
then further be used. to help understand. the processes of erosion due to
wave action and. perhaps to develop methods of reducing the erosion where
desirable. In his generalized, form there are two ma!or sandbars which
generally show 1itt3.e modification after individual storms and. can be
thought of as essentia3.1y permanent. They tend to migrate at a rate
comparable to the migration of the shorel'ne. The first is generally
located. in about two meters of mean water depth, and the second in about
three meters. Somewhat closer to the shore is an ephemeral bar which may
be in about one-half' meter of water. These frequently are cut through by
rip channels and are of a temporary nature. They migrate rapidly and may
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form at the end. of one storm only to be destroyed by the next storm. The
beach profile itself, shoreward of the ephemeral bar, shows two distinct
forms depending on the mean water level and. the relative energy of the
waves. During extended periods of low water and low energy waves there
is an aceration stage which produces a relatively wide beach with a
pronounced. berm and rather steeply inclined foreshore. During periods of
high water and. st,orm periods erosion general> results in a more uniform
slope with the absence of a berm. Behind. the beach there is often a
coastal bluff. In many cases this is of glacial outwash and during
high water-storm periods this may be oversteepened. by wave action at the
base. This can result in a "gravity" collapse or a downslope movement
causing a significant volume loss.

The effects of erosion of shorelines along the coasts of the Great
Lakes has been well documented over the past several years. The combined
effects of waves and a storm surge which locally raised. water levels by
60 cm during the November 13-14, 1972 storm on Lake Erie was documented
to have eroded an average of' 5.5 m3/m of bea.ch length along at least the
10 km of shoreline studied by Coakley, et al. �973!. Although storm
surge is generally less prominent in Lake Ontario, there is good documentation
of the erosional effects of waves both at the eastern and. western ends of
the lake.

A study by Coakley and. Cho �973! has been of erosion at the western
end. of the lake at Van Wagners Beach, at the southeastern end. of the
Burlington Bar. Over the past 30 years the erosion of beaches along the
southern end of Bur1ington Bar has averaged less than 0.2 m per year and
at Van Wagners Beach only about 0.1 m/yr. The bottom topography at this
site contains a parallel bar about 125 meters offshore with about one
meter relief'. The 'bottom offshore from the bar slopes at between 1:95
to 1:80. The bottom sediments are quite uniform and related to the depth
of the water with fine sand.  + 3 phi, P! in the offshore area and course
sand  + - 1 phi, $! at the water line. In the study by Coakley and Cho
�973! during September and. October 1972 the significant wave height
outside of the zone of breakers exceeded. 0.3 m only 19' of the time.
The observed, maximum significant wave height was 1.4 m during the period
studied. The significant wave period had a. maximum of 5.2 seconds with
a median va1ue of 2.5 seconds. The wave steepness varied from 0.005 to
0.05. The average longshore current speed was 15 cm/sec with a recorded.
maximum value of 33 cm/sec. No direct evidence of rip currents was found.
but periodic breaks in the continuity of the outer bar suggested. their
presence. Due to the effects of fetch, it was found. that waves large
enough to produce significant erosion occurred. only when winds were from
the north to southeast direction. Winds less than 5.3 m/sec �2 mph!
had relatively minor effects. A review of wind records from April 1969
through December 1972 in this part of the lake revealed that, winds from
southwest to northwest occurred. 535 of the recorded period, from the east
to northeast for 25$ and north an... south winds accounted for only 9g of
the record. The high intensity winds directed. onshore occurred. almost
exclusively in the Autumn and early Winter. The expected refraction of
wave paths and the relative anticipated. longshore currents for waves with
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a, period of 7 seconds and a wind from N65E are shown on Figure 52 for the
region studied. by Coakley and. Cho �973!. During their study they found
that the subaerial beach zone, from the waters edge to the top of the beach,
was stable. There was only slight changes in the form of' scouring that
were noted. during higher energy wave action f'ollowed by rapid, recovery and.
accretion cLuring more quiescent periods. The result cLuring the study was
an average net accretion of 0.55 m3/m of' beach width in this zone. Af'ter
a storm on November 14, 1972 an erosion of 3.6 m jm was observed by Coakley
and Cho �973!. After this same storm the inner and. outer sandbar con-
verged. somewhat with a net erosion in the general zone of bars of
5.9 m /m. During the previous September and, October non-storm period. these3

had been stable and. shown little change. The regular gently sloping
portion of' the bottom beyond the outer bar whi=h had. also been sta'ble
during the period. of study prior to the storm showed. an erosion of
22 m /m resulting in an overall lowering of this zone by about 20 cm.
Coakley and. Cho �973! found that when longshore components of wave energy
were compared. with the profile changes, "a distinct positive relationship
is noted between northwestward wave ener~ flux ancL 'beach accretion and
the converse for southeastward, energy flux."

A study was done by Cohn �973! from October 1971 through October 1972
at the Selkirk Shores region. near Pulaski, N.Y., located. near the eastern
end of Lake Ontario. The measurements of shor line erosion were made over

a. 2 M length of shoreline from the base of' th dunes to 1.25 m of mean.
water depth. Here exists fine-grained. sand with narrow barrier beaches
backed, by a stabilized. dune complex and. marshes. The wind during this
study is shown in the form of a wind rose in Figure 53. On the same
cLiagram is a wave rose for the same period as computed by Cohn �973!
using the method of wave hindcssting described by Bretschneider �951!.
Beach erosion in this area was found to be a consequence of winds from the
northwest. The erosional effectiveness of tnese winds were enhanced, by
their coincidence with the major fetch as shown on the inserted map in
Figure 53. Here it was found that drift along the eastern shore1ine was
predominantly northward. Up to 255 of the material eroded. from the beach
face was found to be stored temporari~ in the offshore zone in the form of
ephemeral bars. During periods of low wave activity these bars were found
to migrate landward. and eventually 'become welded to the beach. During this
study accretion occurred, in the late summer and. early autumn. This coincided.
with lower lake levels and. winds blowing from the land. The upper part of
the beach was beyond direct attack and the small amplitude waves approaching
the beach were constructive in that they swept sand. landward.. During much
of the winter large areas of' the lake were covered with ice. This
effectively shortened, the fetch. The shoreline was protected by a. thick
shelf of ice which terminated with an ice ridge. Incoming waves during
this period were unable to affect the beach itself. Zumberge and. 'A'ilson
�953! made similar observations concerning the winter concLitions. During
spring and summer when high lake levels and winds from the northwest
occurred. Cohn �973! observed rapid erosion. During the 12 months studied
the accretion was much less than the erosion along the beach. Profi1es
obtained. by Cohn �973! at the beginning and. end of the study period, are
shown in Figure 54. For the 2 km of shoreline stucLied the beach experienced.



a net average retreat of 4.5 m landward in 12 months. 8400 m or over
9 x 10~ kg �000 tons! of sediment was removed.. 65$ of this occurred from
the subaerial portion of the beach, the remainder was removed from the
submerged nearshore zone.

Modifications of' coastal erosion by several man-made factors have
been locally introduced. Some of these are somewhat inadvertent such as
large navigational channels which are maintained by large jetties that
extend. approximately perpendicular from the shoreline in the vicinity of
harbors. These jetties act as a dam in that they interrupt the littoral
flow of sediment. By retaining sediment on the updrift side the structure
reduces the amount of' material received on the downdrift beaches.

Davis et al. �973! indicates that this reduction of beaches may allow
the erosion of the bluff on the downdrift side. Small jetties or Groins
may be used. to retain beaches. If they are isolated they may protect one
area and aggrevate shoreline change in another downdrift location.

Seawalls constructed. of' steel piling, wood., rock, etc., are usua11y
1ocated directly against the face of' a s1umping bluff. These are not
expected. to establish a beach, but to protect the b1uf'f from further
recession. They generally do not interrupt the littoral movements along
the coastline. As beaches are genera~ absent in front of the seawalls
the wave action often acts directly against the wall, This results in
deeper water conditions to the frowst of the wall than would. be normally
anticipated.. Davis et al. �973! indicates that shorelin.e changes in
adjacent unprotected. areas may be aggravated by the presence of these walls.

Although Cole's �973! stucy of the wave pressure caused by non-breaking
waves against a vertical breakwater was done in Lake Erie rather than Lake
Ontario, the results appear to be applicable to the problems involved. in
the construction of breakwaters and seawal1s in Lake Ontario. Cole �973!
compared observed. values of clapotis pressure with theoretical values
obtained from formulations by Sainflou and. by Minikin  both formulations
are treated. in some detail by Minikin �963!!. His measurements were made
using strain-gage pressure transducers on a breakwater and with staff wave
gauges on the breakwater and, on a tower 488 m �600 ft.! from the break-
water. Figure 55 shows his results for four different wave heights plotted
on a graph of height versus pressure. The wave heights are those obtained,
from the "undisturbed." wave prior to reaching the breakwater. Figure 56
shows three similar graphs for three of the wave heights. The graph
on the left side of the figure is for pressure values computed. by Sainflow's
formula, the middle one for values computed by Minikin's formula, and the
graph on the right side for the observed values. Cole �973! found a
marked. increase in wave pressure slightly below the mean water level which
could not be explained, in terms of an error. This is not predicted by
either of' the f'ormulations used and. a1so was a greater pressure than the
predicted maximum pressure of either formulation. Below about, 0.8 m the
wave pressures decreased. with depth. This decrease is predicted. to some
extent by Sainflou's formulation but not by Minikin's. Minikin's formula
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also predicted. a larger wave height on the breakwater than was observed..
Zn general the measured wave pressures more nearly support the fo~ulation
of Sainf lou except for the significantly higher wave pressure which is
lacking in both theories. Zt is apparent that further work is needed
in this area before the effect of a breakwater on waves is completely
und.erstood.

A1though this monograph has summarized only what appeared to the
author to be the most useful recent information concerning temporal and
spatial water level changes on Lake Ontario, it is hoped. that the reader
interested in obtaining more detailed information concerning any of the
phenomena, described. in this monograph will find. the references helpful.

The author recognizes that much information gained. from the ZFYGL
re1ated studies which was not available in a form which could. be used
for this monograph shou1d, soon be published. The interested. reader is
urged to seek this new material as it becomes available.
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Figure 1 Classification of waves by frequency.

Figur e Hourly water levels at three stations on Lake Ontar'io during
first half of June 19 ~'2.

Hourly water levels at, three stations on Lake Ontario during
second half of June 1972.

Figur o Mean monthly water levels of ake Ontario .or the period.
from July 1971 through June 1974.

Figure Mean annual water leve1 of ake On ario at Oswego, lI.Y.
since 1861.

Fi gure Cumula:ive difference 'n mern. annual - ater level ob e"ved.

at Oswego and. Rochester, <~I.Y. versus time. Least, squar s
linear regression lines are iit to the data, po'nts for the
period. 1869-1883 and 1883-190"..

."igure Relative uplift of the Lake Ontario region with time.
Contours in feet rise per cen=ury.

Figure 8 Elevation of Lake Ontario at:swego, 'J.Y. versus the
charge of the St. Lawrence River at the international R, pids
section. Mean monthly values are plotted.;or the years
1861 through, 1858.

Figure 9 Rating curves for the St. Lawrence River at International
Rapids section with respect to lake levels measured. at Oswego,
iV.Y. Mean monthly values users for data points. Curves
ootained by using least squares geometric fit to data points
for the periods 1861-1899, 1900-1958, and. 1861-1958.

Figure 10

Figure 1: Average of reduced water levels versus hours of d.ay to show
effect of solar component of tide at oronto, Ontario
during 1959.

Figure 12 Average of reduced wa er levels versus nours of d.ay for Nay
1958, Oswego, M.Y. arid. November 1958, Port Weller, Ontario.

Mean of reduced hourly water levels during month versus hour
of day. Hater 'evels for Toronto, Ontario during 1959. Curves
represent best fit using least squares regression to a. sine
curve. Lunar tide component obtained by using means plus
superposition of 12 hour Fourj ez component.



Figuze 13 Average of reduced. water levels;ersus hours of' day;or
June 1958, Port Weller, On+ario, June 1958, Toronto, Ontario,
and. &Iay 1958, Tozonto, Ontario.

.igure 14

Figure 15 Relative spectral energy density versus f'requency for hourly
water levels from Kingston, ake Ontario, April-June 1972.

Relative spectral energy dersity vezsus frequency for hourly
watez levels from Cobourg, ake Ontario, September 1972.

Loca+ion o= points used by -. o ~~ d =chwab �974! to ccmpute
stream functions and. poten.ial Auctions used. in theoretical
computa. ion of seiche of La; n.ario. The solid. line
indicates the assumed b undary u.-ed cz the purposes cf
c omput at ion..

Figure 17

Figure 18 Computed velocity potentials fcr firs+ mode of oscillaTion oz
Lake Ontario neglecting ro~a~ion o ear+h.

Figuze 19 Computed velocity potentials for second mode of oscillation of
Lake Ontario neglecting rot-ticn of earth.

Fig~e 20 Computed. velocity potentials for
Lake Ontario neglecting rotation

third. mode of ascii'ation of

o- eath.

Figure 21 Computed, velocity potentials or
Lake Ontario neglecting rotation

fourth mode of oscillation of

of earth.

Figure 22 Commuted velocity potentials .or ifth mode of oscillation of
ake Ontario neglecting rotation of earth.

Fj.gul e 23 Computed. relocity potentials for sixth mode of osc''lation of
Lake Ontario neglect,ing z.otation of eazth.

Flgur e 24 Computed stream function used to generate vorticity component
of' flow for first, mode of' oscillation.

Computed. stream func.ion. used to generate vorticity component
of flow for second. mode oz oscillation.

Figure 25

Figure 26 Computed stream func.ion used to generate vorticity omponent
of flow for third mode of cscil'ation.

Computed stzeam function used to generate vorticity component
of flow foz fourt,h mode of' osci ation.

Figure 27

Relative spectral. energy dens 'ty vezs .s frequency or hourly
water levels from Sa kett's =arbor, Lake Ontario, Octobez' 1972,



Figure 28

Figure 29 Computed. fluctuation of free sur ace height for second mode of
oscillation considering earth' s rotation. Solid lines represent
cotidal lines and dashed lines represent co-range lines.

Computed. fluctuation of free surface height for third. mode of
oscillation considering earth's rotation.. Solid lines represent
cotidal lines and dashed lines represent co-range lines.

Figure 30

Computed fluctuation. of free surface height for fourth mode of
oscillation considering earth's rotation. Solid. lines represent
cotidal lines and dashed lines represert co-range lines.

Figure 31

Figure 32 Computed fluctuation. of free surface height for fifth mode of
oscillation considering earth's rotation. Solid. lines represent
cotidal lines and dashed lines represent co-range lines.

Figure 33 Computed. fluctuation of free surface height for sixth mode of
oscillation considering earth's rotation. Solid lines r prese~t
cotidal lines and dashed. lines represent co-range lines.

Figure 34 Computed. stream3.ines of mass transport for rotational mode
with 229 hour period at a phase angle of 0.

of mass transport for rotational mode
at a phase angle of m/2.

Computed. streamlines
with 229 hour period.

Figure 3g

Figure 36 of mass transport for rotational mode
at, a phase angle of 0.

Computed streamlines
with 464 hour period,

Computed streamlines of mass transport for rotational mode
with 464 hour period at a phase angle of m/2.

Fi gure 37

Location of wave rider buoys used by Liu and. Kessenich �975!
for analysis of' Lake Ontario gravity waves.

Figure 38

Significant wave heights recorded. at one wave rider buoy versus
significant wave heights recorded at a second. wave rider buoy.
The dashed. line indicates the line x = y that the date, would
be expected to follow if significant wave heights were the
same at both stations. The solid lines is the best fit
obtained by least squares linear regression. The equation
below each graph refers to this 'ine. r is the correlation
coe f f i cient.

Figure 39

Computed, fluctuation. of free surface height for first mod.e of
oscillation considering earth's rotation. Solid. lines represent
cotidal lines and. dashed lines represent co-range lines.



Figure 40 Average wave period recorded. at one wave rider buoy versus
average wave period. recorded at a second wave rider buoy.
The dashed line indicates the line x = y that the data, would.
be expected to follow if the average periods were the same at
both stations.

Figure 41 Hecorded versus observed significant wave height on Lake
Ontario'

Figure 42 Hecorded versus observed average wave period. on Lake Ontario.

Figure 43 Percent of' time a given significant wave height was exceeded.
from wave rider buoy measurements of Liu and. Xessenich �975!
and. by shipboard. visual observation.

Figure 44 Percent of time a given avez'age wave period. was exceeded. from
wave rider buoy measurements of iu and Kessenich �97$! and
by shipboard. visual observation.

Figure 4$ Scatter plot of shipboard. observations of wave heights versus
periods. The numbers represent number of points. Dotted,
lines represent contours of frequency of occurrence. Dashed
lines represent steepness of waves.

Figure 46 Scatter plot of recorded significant wave height versus average
zero crossing wave periods. The numbers represent the number
of points. Dotted lines represent contours of frequency of
occurrence. Dashed lines represent steepness of waves.

Figure 47 Signif'icant wave heights from Oswego I and. IZ wave rid,er buoys
and Great Lakes Institute shipboard data versus wind speed.
Line represents best fit by least squares linear regression.
r is the correlation coefficient.

Fi gur e 4U Signif'icant wave heigh s from station just lakeward breaking
waves off Van Wagners beach versus wird speed. The thzee lires
represent best fit by least squares linear regression to data
points with three different ranges of' fetch. z is the
correlation coefficient.

Figure 49

Helative energy density spectrum versus frequency plotted for
an episode of wave growth.

Figuz e 50

Hepresentation of actual wave pzofile as the sum
sinusoidal component waves. The relative energy
for a wave profile formed. from the 14 sinusoidal
on the left side of � .he figure is represented. on
side of the figure.

of 14
density spectrum
waves shown

the right
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Wind speed. and direction and frequency of waves versus time
for the storm of June 22-23, 1972 at wave rider buoy Oswego I.
The upper diagram of time versus f" fluency is contoured in
terms of relative spectral energy density.

Figure 51

Computed refraction of wave paths in'.Tally from 265E near
Van Wagners beach, Lake Ontario.

Figure 52

Figure 53

Figure 54 Beach profiles a+ Selkirk Shcres region of Lake Ontario for
October 1971 and October 1972.

Clapotis wave pressure vs. he''ght on a vertical brea'.water for
four different wave heights measured bv Cole �973!.

Figul e

Figure 56 Clapotis wave pressure vs. height on a, vertical brealmater for
three wave heights. Left graph is for computed. values using
Sainf lou's method.. Center graph is or computed values using
minikin's method.. The right gra.ph is o values measured. by
Cole �973!.

Wind. rose and. hindcasted wave rose obtained by Cohn �973! for
October 1972-October l972 at Selkirk Shores region of Lake
Ontario near Pulaski, M.Y. Insert map shows fetch for several
directions of wind.





APPEMDXX lI

The general method. used. by Hao and Schwab �9/4! in developing the
two-dimensional rotating model for seiche in Lake Ontario represents an
interesting application of Proudman's �916! procedure in a discretised.
form. This method. has recieved. rather 3.irzited attention in the past but
represents a reasonable approach to modeling seiche with the aid of modern
computing machines. For this reason the author has chosen to include a
brief summary of the method as this appendix.

The method is concerned. vith the quasi-static  or shallov water!
dynamics of an incompressible flu='d. on a rotating Cartesian plane with a
local Coriolis parameter defined as

f = 2 A sin 8

where 0 is the angular rotational speed of the earth,
and. e is the latitude angle.

The velocity, V, is represented by components u, and v in the x and, y
directions respectively. Although the x-axis is normall aligned. with the
long axis of lake, for Lake Ontar'o this results in the x-axis being
aZznost toward. the east and. the y-axis being almost toward. the north.

The linearized shallow ~ater equations can be written in terms of
a transport-vector M as

sA  M! = -PbVg
at

Bq C

3t
+ ViN = G.

C
Zn these equations the transport-vector, M, is equivalent to HV, where H
is the depth of fluid. in equilibrium and is a function of x and, y.
q represents a departure of the water level from the mean. g denotes the
gravitational force per unit mass. H represents some constant depth and
h is a dimensionless depth parameter such that

h = H - H

As these equations are for a plan the V operator is considered as the
horizonta1 gradient operator and the brackets, [], represent a rotation
of a vector through a right angle in the clockwise direction on the
horizontal plane.

Since one is dealing vith an enclosed basin the adiabatic boundary
condition at the shoreline is

M'n=hV'n=O,

where n is the unit no~ drawn outward from the shoreline.



One could. now seek harmonic solutions in time in the form e , where v is
the angular frequency of oscillatione

The approach which might seem most straightforward. would.'be the
elimination of' two of' the dependent variables  the transport components!
in terms of rl. Although such an approach would. result in single equation
with relatively simple boundary conditions, it was not chosen by Hao and.
Schwab �974! due to difficulties that wou1d be introduced in the
resulting eigenvalue problem by v appearing both in the boundary conditions
and. in the tidal operator. They chose instead, to follow Proudman's
�916! general method and. attack the equations in their primitive form.

The general method. of' solution assumes that the transport actor
M is independent of depth and. may be separated. into two parts, 0 and

such that M = iV + M .

is defined as -hV] and M as -[7'F] where ! is the scalar potentialLP

function for tne transport field. ancL 'P is the stream function. As M
is !he solenoidal part of%i 'and h P is the irrotational part,
V M = 0 and. V [h ~H] = 0,

The boundary condition N n = 0 is satisfied, if M 8 = 0 and
1V n = 0, or in terms of the stream function and. potential

h � = 0, 'P = 0 at the bound.ary.
3f

Bn

To proceed to determine 0 one now examines the divergence of' the mass
field and the vorticity of the velocity field,

V hV$ = -V'M,

V.h 'VV = V Ih-'M].

Although M is an unknown, it satisfies the ~amical equations so the
procedure is now to convert the governjqg equations into conditions on

4 1P! and. 'F and reconstruct fi in terms of M~ and M . A method. which may be
used for this purpose is to represent 4 and V in terms of the spectra
of the elliptic operators which appear in the above equations for the
divergence of the mass field, and the vorticity of' the velocity field.

V hV] = A $ , h ~ = 0 at the boundary
an

V h lVV~ = -p 'P , h ~'P~ = 0 at the boundary.

a represents a binary index used f' or he enumeration of' the spectral
components.

and. p are characteristic values which a. e real and the associated..Q
functions ! and. '8 each form a complete and internally orthogonal set.5
The orthogona1ity condition may be chosen
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dZ

and + 9 P = 0%
a, a

1
where va =  C X !+, the frequency of oscillations in the non-rotating
case  f=O!,

Ag = 9, [N]!,BB =  i4, [M]3,

C y* 4The notation  A, B! = ~ f Th A.BdA.
C AH

can be defined. as P� : col P. !, Q� : col Q. !, R = col R. ! and

P Q RS=

If matrices are defined as A = I.A-<], B = ~Bij], C - =[Cij], D = ~Dig] and

<v>� : diagonal u, the spectral-dynamical equa.ions may be written in
the form

dS +
dt

where   is defined as

-A -B

-C -3 0

<v> 0 0

If a solution is sought where S > e, then

i<uS+  S = 0

or using the identity matrix v,

This indicates that v represents characteristic values of' the matric iE
and since this matrix has He~tian symmetry the values of ~ are real.
These values of ~ represent the angular requencies of free oscillation
of the basin considered. Rao and Schwab ',1974! determined these

It is necessary in working towards a solution of the above spectral-
dynamical equations to order the wave number vector index a with respect
to a single scalar index. If such indices are indicated by i and !, then

ng i = ' B Qi = Q i Ri R i' and ~i ~ai the column vectors



frequencies by a numerical procedure a.1'ter choosing an appropriate size
for truncation of the matrix. 7'he associated eigen'zectors Z cou1d be
computed yielding the structure o+ the various normal modes of
oscillation. To apply this to the ~ake Ontario basin numericaL methods
using a finite difference system were applied to construct the orthogonal
functions .
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Cumulative difference in mean annual water level observed
at Oswego and Rochester, N.Y. versus time. Least squares
linear regression lines are fit to the data points for the
period. 1869-1883 and. 1883-1907.
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MOON TIDE � TORONTO 1959

Means PIus Superposition of 12 Hour Fourier Component
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Figure 10 Mean of reduced hourly vater levels during month versus hour
of day. Water levels for Toronto, Ontario during 1959, Curves
represent best fit using least squares regression to a sine
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Figure 14 Relative spectral energy density versus frequency for hourly
eater levels from Sackett's Harbor, Lake Ontario, October 1972.
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Significant wave heights recorded at one wave rider buoy versus
significant wave heights recorded at a second wave rider buoy.
The dashed. line indicates the line x = y that the data would
be expected to follow if significant wave heights were the
same at both stations. The solid lines is the best fit

obtained by least squares linear regression. The equation
below each graph refers to this line. r is the correlation
coefficient.
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Figure 40 Average wave period recorded at one wave rider buoy versus
average wave period recorded at a second. wave rider buoy.
The dashed line indicates the line x = y that the data would
be expected to follow if the average periods were the same at
both stations.
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Figure 41 Recorded versus observers aignificant wave height on Lake
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Figure 43 Percent of time a given significant wave height was exceeded.
from wave rider buoy measurements of Liu and. Kessenich �975!
and by shipboard visual observation.
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Figure 45 Scatter plot of shipboard observations of wave heights versus
periods. The numbers represent number of points. Dotted
lines represent contours of freguency of occurrence. Dashed.
lines represent steepness of waves.
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occurrence. Dashed lines represent steepness of waves.
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Figure 48 Significant wave heights from station gust lakeward brealsing
waves off Van Vagners beach versus wind speed. The three lines
represent best fit by least squares linear regression to data
points with three different ranges of fetch. r is the
correlation coef fi ci ent .
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Figure 50 Relative energy density spectrum versus frequency plotted for
an episode of wave growth.
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