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CHAPTER l. INTRODUCTION

A nuclear electric power station has been proposed for land formerly used

as the Charlestown Naval Air Station in Bhode Island; extensive environmental

research is required to determine the possible ecological impact of its can-

struction.

The PrapOSed Site iS On the nOrth ShOre Of Ninigret Pand  Fig. 1! . The

determination of the hydrodynamic characteristics of this salt pond is the pre-

liminary step for subsequent investigations of parametexs such as water quality,

temperature and sedimentation.

A breachway connects this pond with Block Island Sound, and water circulation

in the pond is caused predominantly by the tidal changes which reach the pond

through this connection. During recent years, tidal motion in a shallow estuary

has been modeled mathematically by vertically integrated, two-dimensional, hy-

drodynamic equations pl, 2, 3, 4j, which present the approach to modeling in

this work. But due to the complexity of this system of non-linear partial

differential equations and the existence af irregulax geometric boundary con-

ditions in the pond, an analytical solution is not feasible. Instead, two

numerical techniques, the finite difference and the finite element, usually

are applied to real estuaries. The finite-difference methad uses approximations of

derivatives in. terms of discrete differences and subdivides the solution domain

into a finite number of grids, usually square-shaped. The finitewlement method

uses approximations of integrals either through minimization of a variational

statement or thxough use of a weighted residual principle. The solution region

is represented by elements of any size or shape, the most popular being tri-

angular.



The chief advantage of the finite-element method is its convenience for

use with complex configurations, such as estuaries and ponds. It includes local

grid refinement at regions of steep parameter gradients, such as sharp corners

or point sources of discharge.

This study used the Galerkin weighted-residual method through which the

finite-element scheme can be implemented without a knowledge of the particular

variational principle of the governing equation. Both Massachusetts Bay and the

North Sea have been successfully modeled by this method I.3, 4'J.

The objectives of this report are: �.! to investigate the efficiency of

different numerical integration schemes~ and �.! to develop a suitable finite-

element algorithm to simulate the tidal currents in Ninigret Pond.



CHAPTER 2. GOVERNING EQUATIONS AND FINITE ELEMENT FORMULATION

2 ' 1 GOVERHING EQUATIONS

The continuity equation is

�  Q! + �  q ! + �  y! = q.t!
Qt ~ x Qy y i t 2-].!

where

H = h + g the sum of depth and tidal surface change

'tl
udz

-h

Tl
q f var

-h

q. = source  inflow on horizontal surface!
1

The source q, could represent rainfall on the surface or a certain discharge
i

at the bottom.

The components of momentum equations in the x and y directions are

bg aP�  'K! + �  9!+ � i 1 =f9 -QH � +k � w ~
bt x Qx x Qy ~ y t!x p x x

2 2 1/2

g 2 2
C H

�-2!

P
~  q ! + �  vq ! + �  v ! = - fq � gH � + k � w wa

Qx x Qy y x Qy p y y

2 2 1/2q� q�+ q
g 22

C H
� -3!

The vertically-integrated hydrodynamic equations used in this report have

been developed fully elsewhere [2, 4]. Therefore, only a brief review is pre-

sented here.
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where

l
udz-q/H

H

1� f vdz=q/HH

Coriolis parameter = 2  ! sin |p

gravitational constant

dimensionless drag coefficient

water density

air density

W, W ~ wind velocity componentsx' y

C the Chezy coefficient

� + ~  Hu! + �  Hv! = 0b'tw
 !t +x by �-4!

p W IWI5u � t!u � bu � bg a x/x,� +u � +v � =fv-g � +k
5t 5x Qy 5x p H

� -2
u u

� g
1/2

�-5!
C H

p W IW
5v

bv � bv � ~== fu -g � +k
� +u~+voy
bt x by p H

-2 1/2
v u + v !

- g �~!
H

Both expressions give the same results only for the constant depth case and

the difference will be discussed in section 2.2 and chapter four.

Equations �-2! and �-3! are convenient for the calculation of flow

direction at corner point, which will be explained later. There is a second

form of the basic equation. Equations �-1, 2-2, 2-3! can be easily converted

to equations �-4, 2-5, 2-6! with no source of mass.



2 ~ 2 FINITE EX EMEHT FORHUI ATION

In the history of the development of finite element methods, most problems

were based upon minimization of a function because this method was first applied

in the field of structural mechanics, which is governed by variation principjes.

The VariatiOnal principleS in fluid meChaniCS haVe been Summarized by

Finlayson [S], who includes these for perfect fluids, magnetohydrodynamics, non-

Newtonian fluids, and low Reynolds-number flows. He further points out that

there is no known variational principle for the Navier-Stokes equations which

include both inertial and viscous terms.

Similarly, it is not obvious what is an appropriate function to be minimized

for the "hyperbolic" type vertically-averaged equations �-4, S, 6! for coastal

waters. McIver I 6'J derived an adjoint variational principle for these equations.

How'ever, it has no direct physical usefulness due to its extra adjoint variables

which double the number of unknowns and increase the computational complexity.

Use of weighted residuals is a general method for obtaining solutions to

partial differential equations. The unknow solution is Simulated by a set

of trial functions with adjustable constants which are chosen to give the best

solution,

Once selected, the trial function is substituted into the governing equations

to form the residuals. The constants are chosen in such a way that the residuals,

modified by weighting functions, are forced to be zero in an averag - sense.

There are several ways to choose the weighting function and each way repre-

sents a different method: examples are the Galerkin method, the least squares

method, and the method of moments. In Galerkin's method, the weighting functions

are made to be the trial functions themselves.

Recent work {3, 4j has shown that the weighted residual theory, combined

with finite element concepts, can handle multiwlement regions with any complex
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=  N! }q! N., N,, N!j' k f2-7!

q= N,,N,,N!q= N!}q!
xk

<2~!

q -  N., N., N�! = N! !q} �-9!

where N. are called shape functions ~hich can be defined hy the coordinates of
i

the nodes L8]

N. x,y! =  a. +b,x+ c y!/2~i ' i i i

where

= x,y - x y

x � x,
permutations on i, j, k

l x, y.
1 1

= l/2 det is the element areal x, y,
j 3

boundary, using a digita3. computer performing all the calculations.

In most cases, Galerkin's process produces a simpler and more direct

formulation than the construction of a function and its subsequent minimisation.

When the equation is self-adjoint, the variational process is identical to that

of the Galerkin weighted-residual method f7j-

The triangle element with linear trial functions WaS chosen here in

consideration of both computing time and flexibility. The nodal points i, j, k

represent the vertices of the triangle, and the unknown variables may be written

as the following matrix products:





f  N!  N! dA =�

6 2 2
2 2 1

2 1 2

2 2 1
2 6 2
1 2 2

 N!  N!  8! dA =�

2 1 2
1 2 2
2 2 6

Xn matrix form, equations 2-10,11,12 can be written as

where tM] = m m

The boundary conditions are conveniently substituted into the coupled

equations �-2, 3! relating q and q . The details will be discussed in the

next section. The coupled form is

 M'I:q].f.F }

go11 12
where I M "

q"

F F yl
F

xn
F

yn

There are many ways to choose the approximation function for the non-linear

term. For example, the convective term can be expressed in two forms.

[M] fgJ - IF !

tM~ Iq] =4'F ]

IM~ Iq ] - IF g
y

yl

qxn

2 1 1

1 2 1

l 1 2



 a!: I,et uq =  N! f uq
5x x x

Q uq !
then =  N ! fuq j

4 uq ! Oq�
 b! =u +a

5x bx W bx

Let u =  N! [uj , q =  N!

then
h uq !

 N! fuj  N ! jq j +  N! fq j  N ! fuj

Usually, the first method lumps all the variables into one approximation. The

second one is more lengthy and involves higher order integration terms such as

T
 N!  N! ...,. dA. The lumped-variable form  a! was chosen for the square

root friction term and convective term.

Again, the only difference between the q , q expressions in equationsx' y

�-l, 2-2, 2-3! and the u, v expression �-4, 2-5, 2-6! is that q, q are

the lumped product forms of uH and vH.

q =  N! [uHj

q =  N! fvHj

If, instead, the q, q approximations are chosen asx' y

q =  N! fuj  N! fHj

q =  N! fvj  N! [Hj

the same results should be eventually obtained from both expressions, because

they are entered into the same governing equations.

2 3 BOUNDARY CONDITIONS

Two types of boundaries, open and land, are used in the model. On an

open boundary, the tidal surface or velocity must be specified, On the land

boundary, the normal velocity at each node is zero, that is, the flow direction
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should be parallel to the boundary. Its direction can be arbitrary, according

to the element orientation.

This "vector" boundary condition cannot be directly inserted into the

matrix form using global coordinates Instead, a multi-coordinate local

system should be used to resolve this condition. The local coordinate systems

are defined as the outward normal direction of the node toward the land. Then

the normal component of the velocity is easily set equal to zero. At the same

time, the global coordinate is still valid for interior point calculations.

There is no such complex procedure necessary in the staggered scheme of

rectangular finite difference methods I 1,2j. Either the u velocity or the v

velocity is zero on the boundary in that method. There is no necessity for

local coordinates. The details of the present coordinate transformation are

explained in Appendix A.

Another difficulty encountered here is the specification of the boundary

condition at corners. Norton et al. �0] used zero velocity at the corner

for continuity considerations. In a narrow region containing only a few

nodal points, the zero velocity simplification will cause inacurracy in

the global results

A better treatment has been developed by Connor and Wang [4]. "Flow

leaked out equals flow leaked in" is one way of stating the concept. Fig. 2 A!

shows the relationships at a corner. The shaded volume flux areas in Fig. 2 B!

are set equal for conservation of mass. The following two equations are thus

solved for the flow direction.

e +e =e
l 2

ABCos e -Bc Cos e =0
1 2

Experience shows that the condition of zero velocity is appropriate for a sharp

concave corner. For a sharp convex corner, a mesh refinement in the vicinity is



 B! Volume Flux

Across Boundary

A! Angles

Fig. 2, Flow direction at the corner point,

necessary due to numerical constraints.

The unknown variables q , q , rather than u, v, are easier to use for thex' y'

T ~ CI //gh

serves as a rough guide, but there are additional factors which affect finite-

element stability. Some of these factors are  l.! the shape of the triangle

element; �.! the degree of refinement at sharp corners; and �.! the area ratio

of connected elements. The final time increment selected in the present study

was based upon numerical experiments to ensure stability.

above calculations. The advantage of staggered-scheme finite difference methods,

where the corner point is not in the computational field, is obvious.

2.4 STABILITY CQHDITION

The precise stability condition for a specific nonlinear finite element

method is not known at the present time. The finiteMifference condition on

the time step
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CHAPTER 3. THE NUMERICAL SCHEMES

� = f  t,y!
dy

y - y = 0.17476028K � 0 ~ 55148066K + 1.20553560K + 0.17ll8478K
n+1 n

K = At f t, y !1 n' n

where

K = d,t f t +0.4 At, y +0.4K !
2 n ' n 1

K = A,t f  t + 0.45573725 d t, y + 0.29697761K + 0.15875964K !
3 n n

K = ht f  t + d t, y + 0.21810040K - 3.05096516K + 3.83286476K !
4 n n 1 2 3

The second method is the fourth-order Adams-Moulton predictor-corrector

method [12".

1. Compute y , using the Adams-Bashforth formula as a predictor:�!
n+1 '

y = y + �5f � 59f + 37f - 9f !�! At
n+l n 24 n n-1 n-2 n-3

2. Compute f = f t , y !
�!

n+1 n+1 ' n+1

3. compute y , using the Adams-Moulton formula as a correctorI�!
n+1

n+1 n 24 n+1 ' n+1 n n-1 n-2

4. Iterate on j until

 j!  j-l!
yn+1 yn+1

  s for a prescribed c
n+1

After using the finite element integration in space coordinates, the

original system of partial differential equations becomes a system of ordinary

differential equations with respect to time. Three numerical schemes have been

compared for a straight channel case where the analytic solution is known.

First, the commonly used fourth order Runge-Xutta method is applied [11].
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Time = 3/4 cycle
Numerical Analytical

Node u u

Time = 1 cycle
Numerical Analytical

u u

1.00000,0 0.00050. 340 5 0 ~ 0

1.0000 -OS 00030 ' 00.3399

0.3405

0.2740

0 ~ 2750

0 ~ 2740

0 2073

0.2066

0 2073

0.1382

0,0

0.0 0.0

0.0 0 0

0.0 0.0

0 0 0.0

0 0 0.0

0.0 0.0

0 ~ 0 0 0

0.010 0 ~ 0

0.0013 0.1381 0.0 0.0

12 0.00 ~ 1382

0.0694

0 ' 0695

0 0694

0.0017

0.0016

0.0018

0 ' 0016

0.0013

0.0021

0.0013

0 ~ 0

13 0.00,0

14 0.00 0

0.00 0

16 0.0 0.00.0 0.0 0.0

17 0 00.0 0 00.0 0.0

0.0 0.00.0 0.0 0.0

Table l. Comparison of numerical and analytical results
for the rectangular channel in Figure 3,

0.0000

0,0000

0 F 0000

0.0003

0.0007

0.0003

0.0013

0.0008

0 ~ 0013

0.0017

0.3389

0.3389

0.3389

0.2727

0 ~ 2727

0.2727

0.2055

0.2055

0 ~ 2055

0.1375

0 ' 1375

0.1375

0.0689

0.0689

0 0689

1.0000

1.0183

1 0193

1.0183

1,0331

1.0334

1.0331

1.0436

1 ~ 0438

1.0436

1.0500

1.0502

1 0500

1.0530

1,0515

1.0530

0,0005

0 ~ 0001

0 0005

0 0001

0.0001

0 ~ 0005

0 ~ 0001

0 0004

0.0003

0 ' 0004

0.0004

0.0001

0.0004

1.0000

1.0000

1,0000

1.0187

1 0187

1.0187

1.0333

1.0333

1.0333

1.0438

1.0438

1.0438

1.0501

1.0501

1.0501

1.0522

1 0522

1.0522
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Table l shows good agreement between numerical and analytical results.

The numerical error is approximately 0.5 percent.

method. The third method is obviously the fastest.

67500 f t

6750

Fig. 3, The dimensions and finite element network for a straight channel

Computation time  one cycle!Numerical method ~ T  sec!
c

1,2 minutes1801. Runge-Kutta

2. Adams-Noulton 60 1 ~ 8 minutes

0.45 minutes3. semi-implicit 120

Table 2. Comparison of three different schemes

5 T in table 2 shows the largest time increment with stable results in each
c
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CHAPTER 4. APPLXCATEON AND RESULTS

4.l APPLICATION

Ninigret Pond is a small salt pond with a complex geometry. Due to its

small size compared to the tidal wavelength, a relatively large amount of compu-

ter time is required to model it,

Two critical regions, the breachway and Hall Point, as shown in Fig. 1, prove

to be the most difficult to incorporate into a proper layout of the elements.

The breachway is a long, narrow, irregular channel through which the tidal ampli-

tude sharply decreases. The open boundary is specified at the pond end of the

breachway to exclude this complicated narrow region. Hall Point connects the

west basin and the central pond. It is a very narrow channel with a deep center.

An enlarged width distortion was specified here in the model to conserve com-

puter time.

The finite-element network chosen is shown in Fig. 4. It is composed of 461

elements and 284 nodes, which makes it still a rather crude model for such compli-

cated geometry. The depth varies from 1.5 to 8 feet, and the element area varies

from 87,500 to 210,000 square feet. The smallest value of Lpgh is 29 seconds;

thus the time increment 5 T = 15 seconds was selected for stable results. �,000

steps per tidal period of 12.42 hours.!

The Chezy coefficient is calculated as

C= � ' h+y!1,49 1/6
N

where N is Manning ' s roughness f actor.

The value of the Manning factor basically depends on bottom roughness and was

taken as 0 ' 03 for the whole pond. This value can be adjusted to fit measured

data in the field.

On all nodes, zero velocity was assumed as an initial condition/

water levels were taken at high tide, The transient starting error will be
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damped out by bottom friction after a period of time. The transient period

decreases with the Manning factor. she starting disturbance disappeared after

approximately eight hours in the present calculations.

The tidal wave at the open boundary was prescribed for simplicity to be

sinusoidal. Since there were only thzee nodes across the entrance, the same

amplitude and time lag were specified for all three The amplitude at the

open boundary is about 0.2 feet for neap tide and 0.5 feet for spz'ing ti,de.

Since the tidal amplitude exceeds 10 percent of the depth in shallow regions,

the convective momentum terms cannot be neglected.

4 ' 2 RES%.TS

Two sets of numerical results have been calculated, one based on the flux

approximation and the other~on the velocity approximation. Figs. S and 6

show the flood and ebb currents, respectively, in both cases. The two different

approximations give nearly the same result except for the entrance region.

Rinds can play an important role in the west basin cuzrents. Gyres are

usually generated in this area with various wind conditions  Pigs. 7-10! ~ The

currents in the shallow region along the land are strongly influenced by the wind.

Water depth is the essential factor in determining the rotational direction. In

Fig. 7, the wind direction is opposite to the ebb currents, and the two gyres

separate with ebb flow primarily down the center. In Fig. 8, the wind and flood

cuz'rents coincide and the primary flow is along the boundaries. Both the flux

and velocity approximations give similar results. Figs. 9 and 10 show results

computed for a southwest wind, which prevails in the area.

Fig. 11 shows the typical time history hodograph of computed currents.

An arz'ow fz'om the origin to the solid line would represent the magnitude and

direction of the instantaneous velocity. H denotes high water, I low water.

The dOtted lineS represent the unrealistiC tranSient pez'icd which Occurs during



-18-

Tidal Amplitude  ft!

0.415

0. 402

0.400

0.412

0.416

0.405

Phase Angle  degree!

7.0

2.2

0.0

4 ' 5

7 ' 5

2.4

Point

D

Table 3. Computed tidal amplitudes and phase angles  see Fig. 4!.

model start-up. Figs. 3.2-22 show the camputed currents platted for every tenth

of the tidal period, with na wind and 0.4 feet. amplitude at the open boundary.

The measured maximum current, values in Fig. 23 are only for gross comparison,

because the tidal amplitude and wind conditians are not reported in that. set

of data �3].

The measured tidal amplitude in the west basin is about one-half of that at

the entrance [14]. However, the computed tidal amplitudes are approximate3.y equal

everywhere with a l5Mnute time lag between amplitude at the west. basin and

the entrance as listed in table 3. This discrepancy results mainly because the

element size is too large far a good representation of this pond, especially

in the narrow region of the breachway and Hall Point. A s=wd bar is lacated at

the entrance which is too small to be included in the present model. The

presence of this sand bar is indeed important ta the accuracy of the global

results, The enlarged width at Hall Point lets more water flaw into the west

basin than in the real case. A more refined finite-element mesh can decrease

this discrepancy in the future.
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CHAPTER 5. PROGRAM DESCRIPTION AND USER'S GUIDE

5.l PROGRAM DESCRIPTION

The computer program presented here is composed of three stages: data

input, matrix formation., and numerical integration. The flow chart is given in

Fig. 24.

First, five sets of data input are required to be read in:

l. computational parameters

2. nodal coordinates and depths

3. nodal connections in each element

4. land boundary conditions

5. open boundary conditions

Then, the global matrix t M I is assembled by adding each element coefficient

matrix. The typical matrix contains many zeroes beyond the band width. A

compact rectangular array storing only those banded elements is economical for

both storage requirements and arithmetic calculations.

The systems of equations are solved by Cholesky's method, which is very

efficient for banded matrices. Let AX = B be the system of equations. The matrix

should be decomposed into the product A = LU where L is a lower triangular matrix,

and U is a upper triangular matrix, then AX = B becomes LUX = B. The system can

be solved as follows: Let UX = Y, LUX = B becomes LY = B. Thus, there are two

systems to be solved. First LY = B, second UX = Y.

The advantage of this method is that the LU form retains the banded structure

while other methods need full matrix storage. The LU factorization is needed only

once in a given unsteady problem.

The computational speed of LU decomposition and back substitution is quite
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Fig. 24 Flow Chart of Computational Procedure
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Fig. 24 Flow Chart of Computational Procedure  cont.!
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fast. Presently, a 461-element system with 284 nodes and 3 unknowns at. each

node, requires 1.4 seconds for every time step on an IBM 370-3.55 computer.

The H compiler generally needs more storage but less computing time.

S ~ 2 USER'S GUIDE

There are ten sets of read statements  input! in the program. Each

parameter in the statement is defined as follows:

STATEMENT

l. �I10! NN, NM, NW

NN: number of nodes

NN: number of elements

NW: bandwidth of matrix N

2 �F10 ~ 0! T g TLIHp DTg WW

T; start time  sec!

TLIRT: end time  sec!

DT: time increment  sec!

WW.. period of tide  sec!

3. �F10.1! ATTD, HA, WX, WY

ATTD: latitude  degree!

HA; amplitude at open boundary  ft!

WX: x-cOmpcnent of wind  ft/sec!

WY: y-component of wind  ft/sec!

4. �F10. 0! STEPO, PUNCH

STEPO: print output for every STEPO step

PUNCH: punch output for every PUNCH step

5, �F10,0! UN1T, UNAR

UNIT: unit of length

UNAR: unit of area
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6.  I4, Il, 2F10.5, F3.1! MEXT I!, MB I!, X I!, Y I!, H I!

MEXT  I!: external node number

MB I!: boundary condition type

= 0 interior node

= 1 land boundary

= 2 open boundary

= 3 connecting node of land and open boundary

= 4 zero velocity

X I!: X-coordinate

Y I!: Y-coordinate

H  I !: depth

7 ~ �I3! Nl  I!, N2  I!, N3  I!

3 node numbers in each element

8. �6I 5! MHNO,  MH  I!, I = 1, MHNO!

MHNQ: number of nodes on open boundary

MH I!: node number

9 ~ �6I 5! MLNO,  MLE  I!, I = 1, MLNO!

MLNO: number of nodes on land boundary

MI H  I!: node number

10.  8F10. 4!  ANG  I!, I = 1, MLNO!

ANG  I!: rotation angle

The complete computer program is given in Appendix B. Two separate pro-

grams, one for the outward normal angle at a corner point and the other for

plotting the results, are listed in Appendices C and D. The program for

corner point angle is based on the bisection method. The plotting program

consists of two subroutines, ARROW and VECTOR, which are available in the

University of Rhode Island computer system for general plotting services.
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CHAPTER 6. CONCLUSIONS AND RECOMMENDATIONS

The materials presented in the preceding chapters has shown that the hydro-
dynamic characteristics of coastal waters can be modeled successfully by the
finite element method. From the results of the application at Ninigret Pond,
the following conclusions are drawn-.

l. A refined finite element mesh in areas of complex geometry is extremely
important to the accuracy of the global results.

2. Wind generated gyres can be clearly visualized in the computed currents ~
Wind conditions in shallow water areas cannot be neglected.

Zt is recommended that:

l. A detailed investigation of stability conditions be conducted to give
information for constructing the finite element network properly.

2. An automatic renumbering subroutine to decrease the bandwidth of the
matrix be i~eluded in the main program.

3. A further and more extensive comparison between the finite element

method and the finite difference method is necessary to justify rela-
tive advantages and disadvantages.
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APPENDIX A. ROTATION OF THE COORDINATES

The coordinate transformation matrix [T] is

cos 9 -sin 8

[T] =
sin 6 cos e i

and the transpose form [T is~T

sin 8

[j[3
cos 8

where 9 is the rotation angle which is between th'e outward normal of the land

boundary node and the global xmoordinate.

The momentum equation [M ] jq] = 4F f is in global coordinates originally.
q q
TAfter multiplying [T] and [T] on the rows and columns of boundary nodes, the

multicoordinate system is formed.

F
up

lo

The equation representing the particular boundary point illustrated in equation

�! becomes

[ m ] Iqu 3 + [Tj [m3 [Tj CTj
P q

F

[j [ ]Iq
yb

cos

-sin 9

[Tj [ m ] [m j [ m 'J
1

T

T j.xh F b
F

yb



The boundary condition is substituted into the above equation �! for local

coordinates. The rotation procedure does not change the physical structure of

Tthe original problem. ln fact, the calculation cf [T] [m] [Tj in Eqn. �! is

not necessary, because if

bb

then [T] [m~ [T] = m [T| [I! [T! = m [Ig
TIt is observed that equation �! is identical to the global equation after [T| is

cancelled in every term:

Let
qf

The solved value of q' and q' should be rotated hack to global coordinates
yb

for the next step calculation.



C
C
C
C APPENDIX B. MAIN COMPUTER PROGRAM

READ COMPUTATIONAL PARAME~I=R5

9X f i Yi i9X ~ I DEPTH~ y I !

yH  I!

Y  I ! iH  I I t I=It NN!

C C
C

READ ELEVE NT DATA

302

303

304

'il!

 =I iNM!

READ OPEN AND L AND BOUNDARY

5 ON THE OPEN BOUNDARY' l

ON THE L AND BOUNDARY' !

280

281

282

283

284

298

300
205

301

306

307

308

309

310

A MENS IDN X  284! v Y�84! i'll�84! ~81�68i51! yB2�84~25! t
U  284! eV  2'34! GRETA�84! tUVP �68! tEP  284! ~ MEXT�84! ~
M INT �86! 8 1 t 568! R2�8i4! A 9 461! 'a�68! IR�84!
CMAN�61!,CHE7�61! i AREA�61! iNI�61! eV2�61! rN3�61! r
MH  3! yMLF  I.C4! yANG  104!

READ�<280! NNyl'lMeNW

FORMAT�110!
READ�>281l Tv TI IMiDTiWW
FORM AT �F10 ~ 0!
READ�,282! aTTn, HA, WX, WY
FORMAT� F10 1 l
R EAD  5p 283! STFPOg PUNCH
FORMAT�F10 0!
RFAD  5 ~ 284 l UNI Tv UNAR
FORMAT  2F10. Gl

READ GLOBAL CCORDIVATF OF EACH NODE

KIRI TF.   6y 2S8!
FORMAT lH i ' NODE NUMBER'g5Xg 'X'g
DO 205 I=1,NN
READ  5~ 300! MEXT  I ! iMR  I l y X  I ! g Y  I !
FORMAT   I 4 I 1 ZF10.5 F3 ~ I!
MINT MEXT  I ! l= I
WRITF � ~ 301!  MEXT  I ! e I rMB  I ! rX  I l i
FORMAT��I5 ~ 3il 0 3! I

READ�~302!  Nl�! ~NZ   I l tN3 I l tI =It
F ORM AT   3 I 3 !
WRITE�,303!
FORMAT�H ~ 'THE FLEyFNT CCVNECT ION
WRITE�<304!   I ~ Nl I ! tN2 I! yN3 I! i
FORMAT��7i2Xi314! !

READ  5y 306! <HNOg  MH  I ! q 1=1 ~ MHNG!
READ�y 306! I LN'i ~  MLE ! I e I=ltMLNO!
FORMAT   16I 5!
WR ITE�e 307! MHNU
FORMAT  lH r ' THERF ARF ' i �1' NODE
WR I TF   6 ~ 309!   MH  1 ! ~ I = > ~ I'HNO!

WR ITF  6, 308! MLNO
FORMAT�H, ' THERE ARE r 15 i NODE
WR ITE   6g 3C9!   MLE   I ! r I = I, e!'LNO!
FORMAT�Xg 1515!
READ�g310!  ANGI I l s I=le MLNO!
FORMAT   8 F 10 ~ 4!
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DI RECT I ONS ~ ~/ !
LN<3!

3 ~ 141592!

XPI,
XP2
XP3
YP I
YP2
YP3

311

312

201

202

204

203

WR I Tc  6 e 311 }
F ERR AT   1H i ' T>'. OUT kA R D NOR Hht

WR ITE  6t 3 12! I <LE I I ! ~ ANG  I ! t I =1 r't
Ft!RUAT� IBrEIO+4}!
STEBC= I ~ E 10
NBAND=O
CRHO=O ~ 00114
G=32 ~ 174
CPRAG=0 00~~5
<= 3. 14159?/21600. 4SI N  ATTD/180. +

WN=24N4I-I

NN I=NN~2
QW1='OW+2

NWN I =NWN~2+ I
CCX= CDRAG+CRHP+ h 8 S   WX } < WX

C CY= CD RAG~Ck HO~ A Pl 5   k Y! ~ W Y
C 1=1 ~ /3 ~
C 2=1 /3
03= l ~ /3.
0 4=1. /12.
C 5=1 /12 ~
C6= 1 ~ /12 ~
C7= I ~ /6 ~
Ca=I./e.
C9=1./6e

P~ 201 I=1vNN
X  I !=X  I !+UNIT
Y I}=Y I!.UNIT
DD 202 I =1 ML¹1
ANG  I } =ANG  I } +Ci >TAN  C 1001 ! /45.
170 204 I= liNN1

DD 234 J=l iQWN1
Rl   I t J! =0 ~
DO 2'33 I= 1 eNN

DU 2 J3 J= 1 yNWN
R2  I e J}=0

DO 1 l I=1

Nl I ]=~INT Nll! } l
N2  I !=MINT  N2 l } }
N3  I }=MINT N3  I } }
L 1=1 ABS hl  I }-N2�! !+I
L 2=I F85  N2t I }-N3   I } }+1
L3=IAR5 N3  I }-Nl  I ! !+1
IF   N-'LAND ~ LT el 1 ! NBhND=L1

IF  NBAND ~ LT~L2} NB!',NO=L2
IF NBAND ~ LTD L3! NBAND=L3

TRA}iiSEER TD LCCAL CD~PDINATE

=� ~ +X N1  I ! !-Xt N2 I }!-X N3  I! ! !/3 ~
=� ~ +X N2  I}! X N1 I!! X N3 I!!!/3 ~
=� ~ +X N3 I ! }-X RI   I ! !-X N2  I! } }/3 ~
=   2 o +It Nl I I ! } � Y   N2   I ! ! � Y   N3   I } ! '} / 3 e
=l 2 +Y  N2  I ! !- Y RI  I } }-Y N3  I! ! !/3a
=� <Y N3 I}!-Y RI I!! � Y N2t I}!!/3 ~

CALCULATE L L:-M~NT hP EA
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AREA   I ! = 0 ~ 5«{ XP2«YP 3+ Xt } «YPZ+XP 3«YPI
� XPZ«YP 1- XP3- YPZ-XV 1«YP3 !

CA} CUL ATE MANNING FACTDR

CHAN  I ! =0 ~ 03

CALCULATE CGE~F IC IFNTS PF SHAPE FUNCTION

4  lr I!= 
A�r I! ={
A  3r Il= 
A�r Il=t
A  5 ~ I!= 
4{6r T. != 
4{7r I!= 

A{Br I l= 
A 9r I I = 

YPZ l /� ~ «AREA  I ! !
«ARF A  I ! !

«AREA I! l
YP 3! /{ 2 «APEA  I ! !
«4',«A ! ! l

RF4  I! !
YP1! /� ~ +AREA{ Il !
«AREA I! !
+AREA I! !

XP2«YP3-
YP2-YP3}
XP3-XP2!
XP3«YP1-
YP3- YP 1 l
XP1-XP3 l
XP 1«YPZ-

YP 1- YP2 !

XP2-XP1!

XP3«

/{2
/�.
XP j.«

/{2
/� ~
XPZ«

/�.
/t 2 ~

en~~ THF GLDBAL ~ATRIX

II=N1{I!
J J=N7  I !
KK=N 4  I !
I I l=hIW
JJ1=JJ-{ I
KK1=KK-  I

BZ{ I I r I I !.
82  I I ~ JJ1
BZ{ I Ir KK1
I I 1= I I-  J
JJ1=NW
KK1=KK-  J
RZ'{ J J r I! I

B2 JJr JJl
82  J !rKK1
I �=! I � { K
JJ1=JJ- K
KK 1= i'JW

B2 KKr I I I
82  KKr J J 1
R2 KKr KK 1

I-Nw l
I-NW!
!=R2 { I I r I I 1 !+C7«ARF A   I !
! =R2  I I r J J 1!+f4«AREA { I l
}=R2t I I KK1!+C6«AREA I !
J-NW !

J-NW!
!=B2{JJrII 1!+C4«AREA I!
l=RZ JJ JJI !+  B«AREA  I !
'! = R2{ J J r K K1!+C5«AR F A   { l
K-NW}

K-NW!

!=R2 KK r I! 1!+Co«hREA{ I l
!= RZ KK r J J 1 !+C5«AREA { I !
! =R2  KK r KK!. !+CS«b Rf 4   I !

AREA t I !=AREA  I ! /UNAR
D'{S1=SQRT{ X{N1{ I ! I � X{NZ  I! ! l««2+{ Y N1 ! ! ! Y N2{ I l ! l««2!
DIS2=SQRT  { X N2{ I } ! � X N3  I! ! l««2+ Y N2  I l !-Y N3 I! ! !««2!
DIS3=SQRT{ {X N3 I ! ! � X N1  I ! l l««2+ Yt N3  I! !-Y Nl I! l }««2!
DHIA=OI Sl/SQR7 G«H{ I'l l  I ! ! 1
DH1B=D I S1/SQR 7 { ~;«I-I  «2 { I ! ! !
DH2A=D I S2/SQP 7  R«H {NZ  I ! } I
DHZB=DI SZ/SQR7{G«H N3{ I ! ! !
DH3A=DIS3/SQRT "«H N3{ I! ! !
DH3B=D I S3/SQRT{'.~«H  NL  I ! l 1
IF  STFRC. GT.DH14 ! STFRC=OH14
I F { S IE BC, G7, DH1'! ! ST EBC=OH1B
IF { S TF BC ~   7 ~ DH24 ! STFBC={'HZA

IF { S TFRC ~ GT.DHZR ! STEBC =DH2R
IF{ STERC ~ GT ~ OM3". I STF RC=OH3 i
IF   ST ERC ~ GT ~ i3H3'~! STEBC =DH3R



WR I T F { 6g 320! hlBAND r S JE RC r UNAR
320 FORMAT �HOe ' THF BANDWIDTH = ' g l5g 'THE SMALLEST L/SQRT{GH!

tF � ~ 3 w f I ~ 1H r ELE ~ENT AREA  UNIT y F 10 ~ 2 ~ SQRT FFET ! }
WRITE{6y 321}l IfAREA{ I! y l=liNM!
FORM>T{ 5{ 16+F12 ~ 4!
DG lc. I= 1 y NN
DO 12 J=1 ~ NWN

Rl{2+I � le2+J }=82{ I e J!
BI {2<I i2+J !=81�~I-1,2~J !

321

1'2

I ~ NW I r NWN1 e NWi I iLB'1 ~ LR2!

U DEC ;MPOSE MATR IX

CALL MATRIX{ Rl,NNI,Nb,l,NWNl!
DO 17 NI =I ~ MHNO
I=MI NT{ MH{ NI ! !
DO 18 J=1yNWN
82 lvJ}=0 ~
82{ I r NW! =1 +
CONT INUE
CALL MATRIX 82fNNfNWfNIIIIN

18

17

C
r

C C SET {NIT IA L VALUE S

KL=O
Ml. =0
MLL= I

STAR T S EMI- I MPL IC I T METHOD

14
13

15
16

21

22

23

ROTATE COOK D INA TE C N THE BOUNDARY

L81=NWN-1
L 8 2=   NN I -5 W 1+2 ! /2

DO 13 NI = 1 g MLND
I =M{ NT{ MLE   NI ! !
NMB=MB { I !

GO TO �4yk3rl4g 13! tNMP
C A L L R O T B 1 { 8 1 t AN G   N I J ~ N"N
CONT INUE

DO 23 Nl= 1 r ILNO
I=MINT  MLE l NI ! !
NMB=MB l I !

GD TO l 15e23t 15v21! r 4MB
DO 16 J= 1 iNWN1
8 1 {2+I-l ~ J! =0 ~
Bi {2~ 1-1 ~ NW1! =1.
GO TO 23
DO 22 J= I. ~ NWN1
81{2+I-le J!=0+
8 1{ 2~{v J }=0 ~
Bl { 2<I eNW1! =1 ~
Bi{ 2@I-lyNWI !=1
CONTINUE

READ�i318! { IyETA{ I ! iU  I ! tV  I! t I=lgNN!
Dn ~ I=1,NN
Q �+ 1-l! =Ul I ! ~ F T~ < I !+Hl I ! }
0  2+ I ! =Vl I ! +{ ETA  I !+H  I } !



IF{ KL ~ EQ ML ¹STEP .}} G0 TP 27
GO TA 28
ML =4IL+ 127
T I M= T/60 ~
WR ITE{ 6r315! TIM

315 FfiRMAT { /r ' TIME=' eF 10 ~ 2!
. Wi R 'I T E f 6 r 3 1 6 !
FQRMAT ZXr'ELEMENT TIOE U VELOCITY V VEL316 OCITY' }

317
28

34

3}.8
36

38
39

40

ETA N3{ I!}
ETA N3{I}l

I !-1!
I!-I!
I!-1!

WRITE{ 6r317}   I r t EXT{ I ! r Tht I } rU{ I ! rV  I! r I=1 ~ NN}
F f|PM AT { 3{ 2 I 4r 3F10 3 } I
IF t KL ~ EQ ~ MLL ¹PUNCH } GO Tfi 34

GO TO 36
ML L= ~LL+1

WP ITE{ 7f 3}8! f I tFTA  I } ~ Uf I } ~ V{ I } r I =lr NN}
FORMAT{ I 5r 3F 1 1 a4r I 5r 3F11 ~ 4}
CALL Wk  TrHHr WWr HA }
Of} 38 N I = I r MWNO
I=MINT MH 9!}}
ETA{ I }=HH

CGNT?NUE
DO 40 I= 1 r NN
R 1�¹ I-I } =0 ~

R 1{ 2¹I !=0.
OG 42 I= 1 r NM
UU=Q I 2¹N1   I }-1 }¹¹2+~.' �¹NZ  I } � 1! ¹¹2+Q�¹N3{ I ! � 1 !¹¹

VV=Q �¹N1  I } ! ¹¹2+Q{ 2¹N2  I } }¹¹2+Q�¹N3   I I ! ¹¹2
A V EG={   UU+V V ! /3 ~ l ¹¹0

WE1=H{ Nl  I ! }+ETA{ Nl  I } }
HF2=H NZ  I ! !+ETA I N2{ I ! !
WE3=H  N3  I ! !+ETA N3{ I } }
A YEGH=     HE I+HEZ+ WE3 } /3. } ¹¹2

CHEZ f I ! =1 ~ 49/CMAN{ I ! ¹    WEI+HFZ+WE3 ! /3 } ¹¹  le/6o !
C746E=C7¹E TA { Nl { I } }+C4¹ETA f N2{ I ! }+C6¹=T A N3   I ! !

C485F=C4¹ETA Nlf I } }+C8¹ETA NZ{ I! }+C5¹ETA N3{ I! }

C659E=C6¹ETA  Nl{ I } }+C5¹FTA{ NZ{ I } ! +C9¹ETA N3 I! }
C746W=C7¹H Nl  I } }+C4¹H N2  I ! !+Co¹H N3  I ! I
C485H=C4¹H{Nl I } }+CR¹H{NZ  I! !+C5¹H N3 I ! }
C659H=C6¹H{ Nl  I } !+C5¹W{ N2  I! !+C9¹H{ N3t I } !

AZ'58E=A{ 2r I }¹FTA { NI   I ! }+A�r I ! ¹ETA  N2  I } !+A{8 r 1 ! ¹
A369E=A�r I }¹ETA {Nl { I } }+A{br I ! ¹ETAf NZ{ I ! 1+A 9r I }¹
PREX1=6¹  C746H+i 746E }¹A258E
PREX2=G¹ C485H+C 485E }¹A258E
PRE X3=G¹  C659H+C 659F ! ¹AZ58E

P RE Y 1=G¹ { C746H+C 746E ! ¹A369E
PRFY2=G¹  C485H+C485E !¹A369E
PREY3=G¹  C659H+C 659E ! ¹A369E

C!46U=C7¹Q�¹N1{ I! � I!+f4¹Q�¹NZ  I } � l!+C6¹Q{2¹N3 

C r85U=C4¹Q �¹Nlt } !-1! +C8¹Q I 2¹N?   I }-}. }+C5¹Q�¹N3{
C659U=C6¹Q �¹Nl { I !-1 !+C5¹Q�¹N2 { I }-1 }+C9¹Q { 2¹N3{
C 746V=C7¹Q t 2¹Nl{ I } }+C4¹Q{ 2¹N2  ! ! !+C6¹Q{ 2¹N3  I l l
C485V=C4¹Q{ 2¹Nl { I } !+CR¹Q  2¹N2  I ! ! +f 5¹Q{ 2¹N3 I I ! }
C659V=C6¹Q{2¹N1{ } } !+C5¹Q{ 2¹NZ  I } }+C9¹Q�¹N3 I I! !
QXX1=Q�¹N1{ I } � 1}¹¹2/HE1
QXXZ=Q�¹82  I !-1 }¹¹2/HF2
QXX3=Q�¹N3   I !-} } ¹¹2/H=3
QYY1=Q{2¹NI{ I } !¹¹2/HEI
QYYZ=Q{ 2¹N2{ I ! l ¹¹2/HEZ
QYY3=Q I 2¹N3 { I } ! ¹¹2/WE3
QXYl=g{ 2¹Nl{ I !-1 ! ¹Qt 2¹N1 { I ! ! /WF 1
QXY2=Q{Z¹NZ{ I } � 1 l ¹Qf 2¹NZf I } ! /HFZ
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42

52

49

50

54
53

56

62

QXY3=Q  2¹N3l I !-1! ¹Q�¹N3  I !! /Hf 3
CONU={ A{2 t I ! ¹QXX1+<� ! ! ¹CXX2+A 8t I !¹QXX3

+A  3t! ! ¹QXV 1+A  br I ! ¹OXY2+h{ 9t I ! ¹QXY3! /3
CGNV={ A� tI ! ¹QXY! +A  5t I ! ¹QXY2+A l 8t I ! ¹QXY3

+Al 3t! ! ¹QYV1+A  6t I ! ¹QYY2+A 9t! ! ¹QYY3}/3 ~
GACA=G¹AVFG/  CHl''Zl! ! ¹¹2! /AVFGH
FRU1=GACA¹C 746U
F R V 1 =GAC A¹C746 V
FR U2=GAC A¹C485U
FR V2 =GAC A¹C485V
F RU 3=-GAC A¹C 6 59U
FR V3=GAC A¹C659V

UK1= l CONU+PRF" '-F¹C746V-CCX+f RU1!¹A'kt.h{ I !
UK2=   CONU+PREX2-F¹C485V-CCX+F RU2 ! ¹AREA  I !
UK3=  CCNU+PRF.X3-F¹C659V-CC.X+FRU3! ¹APEAl I !
VKl= { CONV+PRFYi+F ¹C 746U-CC V+FR VI ! ¹ARFA ! !
VK 2= I CO'NV+P RE Y2+F ¹C485U � Cl. Y+F'P V2 ! ¹ AR F Al I !
VK3= l CUNV+PREY3+F'¹CE-59 l-CC Y+FRV3! ¹AP.FAI! !
II=NI I!

JJ=NZ I!

KK=N3  I !

Rll I I¹2-1! =P1  I l ¹z � 1! � UKl
R 1   J J ¹ 2- 1! = R 1   J J ¹ 2-' 1 ! -UK 2
R 1 KK¹2-1! =F.l  KK¹ 2-1 !-UK3
R 1   I! ¹2! =R!.  ! I¹" !-VKI
R 1 JJ¹2! =Rl {JJ¹"!-VK2
R 1  KK¹2! =F 1  KK¹2 !-VK3
T=T+0T/2.

00 50 NI= ltMLNCl
I=MINT MLF N!!!
NMS=PB   I !

GQ Tl, �9t 50t4'9 ~ 52! t KMP
R 1�¹1.-1!=0 ~
RI{2¹I!=0.

GO Tl;j 50

CALL PGTUV R 1�r"!-1! tR1�¹ I ! t Ah G NI ! !
R 1�¹f-1! =0 ~

CONT! NUE

CALL SOLVE 8!,tRI ~ UVP tNNl tNHl t t'it'l ll!
00 53 N =1tMLN0
I=MINT{MLF NI!!
NMR=<8   I !

GO Tfl I 54t 53 t 54r 53! t M 8
CAI L ROTUV UVP   ¹I-l! UVP�¹I ! -aNG{ NI ! !
CONT INUE
DO 56 ! = I ~ NN

Q I 2¹ I � 1!=Q  2¹ I-l !+DT¹UVP l 2¹I � 1!
Q�¹ I !=Q�¹I !+DT¹UVP�¹I !
00 62 I=1 tNN
HE=H  I }+ETA   I !
Ul! ! =Q�¹3 � 1! /HF
Vl I ! =Q�¹! ! /HE
R2{ I !=0.
00 64 != 1tl"M
F K = l < { 2 t ! ! ¹Q   2 ¹   N 1 I ! ! ! 1 ! + A   5 r I ! '" Q l 2 '"   N 2   I ! ! 1 ! +

A 8 I! '»Q�  N3 ! ! !-1! *Al 3 I !'»Q�¹ Nl l! ! ! ! +
Albr I! ¹Q�~ N2{ I! ! !+A 9tI! ¹Q�¹ N3  I! !! !/3 ~ ¹AREAl I !

II=NI I!
J J=NZ  I !
KK=83{!!
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64

66

es

70

LU DFCOMPGSl TI ON

20

45

30

54
55
eo

R2 I! }=R2 I I !-EV
R2 J J!=R2  J J !-EK
R2 KK}=R2{ KK!-EK
T= T+OT/2.
CALL WHP   T r HP ~ WW ~ HA!
DO 66 Nf =1» MHNO
 =MINT MH NI ! !
EP   I !=HP
R2tI!=EP  I!
CONT  NUE
CALl SOLVE 82 ~ R2 rEP» NN» NW»N~N!
OO 6D I=1r NN
ETA  t!=ETA I!+OT¹EP  I }
KL=KL+ 1
IF T TLIM! 25» 25» 70
STOP

ENO
SUBROUTINE WH  Tr HH» WW» HA }
HH=COS  2 ~ ¹3 141592¹l T/WW! ! ¹HA

R ETlIRN
ENO
SUBR GUT I NF WHP { T HP WW HA }
HP= 2 ~ ¹3» 141.592/WW¹SIN  2 ~ ¹3e 141. 592¹ T/WW! }¹HA
RETURN
END

SUBROUTINE MATR? Xt Ar N» NW» NWN}
DI MENS IGN A N» N4fN!
M=N-1

DO 30 K=1»M
I 1=K+1.
NW1=NW+K-1

IF NW1 ~ LE ~ N! GO TG 20
NWl=N
OO 30 I= I 1 r NW 1
NI =NW- I+ I 1
Y=A  I»NI � 11/A K» NW!
At Ir NI-1 !=Y
N W 11= N I + NW-2
IF I NW1 ~ LE ~ N } GO TO 45
NW11=NW- I
OO 30 J=NI r NW 1 1
At Ir J! =A  Ir J!-Y¹A{ K ~ J+ I-Kl
CONT INUE
RETURN
ENO
SUBROUT INE SOI VF t A ~ 8 r X ~ Nr NWr NWN!
Of ME%IS [PN A{ Nr NWN! r 8{ 4!» Xt N}
X�!=B�!
K !.=NW-1
OO 60 K=2 N
SlIM~O.
NW2= NW-K+ 1
IF  K LE ~ NW} GO TO 54
NW2=1
DO 55 J=NW2» Kl
S UM= SUM+ A   K, J } ¹ X t J-NW+ K !
Xt K!=8 K!-SUM
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Ci3 !kA INATE ROTA~ I  N

r I r  RlrLR2!

! r Bl�¹ I I ~ 2¹J+1! r

81�¹llr2¹J+2! rANGLL!

10

20

30

50

1�¹I I r2¹J-1! r
R l�¹! I r2¹J ! r ANGLE !

70

60

90

62

64
65

80

X  N!=X   N!/A Nr NW!
Y=h.'

NW4=NW+ I
SUP= 0 ~
K=K-1

NW3=NW+N-K

1F NW3 ALT,NWh,!  "3 TO t 4
NW3=NWN

OP 65 J=NW4rNW3
SUP= SU"'+A KrJ!¹X J-NW+KI

X  K!=  X K!-SUM! f A K r NW!

IF  K f 0 ~ 1! GO TCI RCI

GO TC 62

RF TURN
Ehi 9

SUBROUT I NE P  .'<81  81, ANGLF, NNI, NW1, NW Nl, NW

DIMENSION R l NNI rNWN1!
NWH= h! W-I
IF I LE NW! GO T 20
L>=L'Rl

Ou IO J=NW,LR
II=I-J+NW-1
CALL AOTS>  Rl �¹I I-1 r 2< J+2 ! r R 1   2¹!! � 1 r 2¹ 3+3

NHJ=4¹NW-2¹J
Rl �¹ I r NWJ-2! =81   2¹I I- 1 r 2¹ J+2 !
81  2 ¹ I ~ NW J-3 ! =B I   2¹ 1 ! -1 r 2¹ A+3 !
81  2¹I- 1 r NW J-1! = Bl  ?¹ I I r 2¹ J+1 !
Pl�¹I-I NWJ-2! =Rl t?¹!! 2¹J+? }

CCNT I NUE
GO TC' 30

IF I ~ E ! ~ 1! vQ TP 30
LB=I+NW-2

G j TO 9
IF  I GT ~ LR2! Gp To 60
LB=1
00 70 J=LB NwM
I I= I-J+NW
CALL ROTSH 81�¹I I 1 r2¹J! r Rl�¹! I !.r 2¹J+1! rR

NH J=4¹ NW-2¹ J

R1�¹I r NWJ! =81  2¹ I I-!r 2>J!
e 1�«,NWJ-l! =8 1 �¹l r-l,2¹ J+I!
R I   2¹ I- 1 r NW J+1! =F I �>I I r 2¹ J-1!
R l   2¹I-1 r NHJ ! =R I   2¹ I! r 2¹ J!
CONTINUE

GO TO 90
IF   I .EQ.NN11'2! GC' TV. 90

L 8=1+  'I-LB2!

Gn TO 50
RETURh!
ENO
SUHROUT I NE 'ROT54I   SH 1 r S >2 r 583 r 5+4 r ANGLE !
S<1P= 5H1¹GP5   ANGLE ! +SH2¹5! N  ANGLE '!
54�=-5+Ii ¹5 I N  ANGL F ! +5>2'¹COS   ANGLE !

S M 3 P = 5 h'3 ¹C H 5   A N  ' L,. } + 5 h'-4¹ 5 I N   AN  L E !
5<4= � 593¹SIN ANCLF !+SM4¹C  S ANGLE!



SM 1= '.5M 1P
SM 3= '58 3P

PE TURN
FNO
>0RR<UT   t E RDTUV   A ~ R r h Y<iL
A P = h+ C  ! 'S   A i t GL E } + Pi + S I P3   A 8 F~ L F !
R =- h + '5   N   A N G L E ! + 8 < C  I S   h 0'6 L E i
A=AP

RETLJRN
END
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APPENDIX C. COMPUTER PROGRAM FOR CORNER POINT

BISEC~'ION 51ETHOD
~ I

D  5a 100! ANG! X1 Yl fX2, Y2 >X3 ~
100 FOmuT PF10.2!

ANG=ANG ~;3 . 141 f92/180.
THTA1=-0 ~
THTA2=A14>
DIS1=SQRT  X2-X3.!+~2+ Y2-Yl!++2!
DIS2=3QRT  X3-X2!+~2+ Y3-Y2!++2!
FX1=DIS1/DI$2+COS ANG-THTA1!-COS THTAl!

10 THTA3= THTA1+THTA2!/2,
FX3=DIS1/DI$2~COS ANG-THTA3!-COS THTA3!
IF{FXZ~VXg! 20,60,40

20 THTA2=THTA3
GO TO 50

00 THTA1=THTA3
50 IF ABS THTA2-THTA1!-0.5D-0$! 60,60,10
60 THTAJ=THTA3+180./3.1>kf592

WRITE�,70! THTA3
PO rore+T ZX,F10.0!

END
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APPENDIX D. COMPUTER PROGRAM FOR PLOTTING FIGURES

CALL NAME  ' IN0100r r 'CHARLESTOWN POND ~ !
OIHENS ION X <294} r Y I 294 l r MEXT { 294! r MINT�00} r MB�94! r MLE I 110 } ~

XL  110} r YL  110! r XL�7 r} r XZ�74} r Yl �74! r YZ �74! r
U { 294! r V l 294 } ~ UE { t 74 ! r YE   474! r N 1{ 474 l r N2   474 ! r N3 �74!

, I=L rNN!

20 -UE   I }+A
20 ~ r.UE   I ! ¹A

20 -YE I}+B
20 ' +YE' ii+8

r I= 1 ~ NM}

300

205

301

302

303

306

304

200

307

10

330

305

16

NN= 284
NM=46 1

A= 1 ~
8=1 ~
DO 205 I= 1 r NN
READ� 300! MEXT  I } HB I l Xl I }, Y{ I! H

FORM AT { I4r I 1 r 2F 10 ~ 5 r F3 e 1 }
HINT {HEXT  I! }=I
WRITE�r301!  MEXT  I }r IrMB I ! rX l ! r Y  I}
FORMAT�Xr3I5r2F10 3!
READ� 302! I Nl  I ! N2  I ! ~ N3  I ! I= I NM!

FORMAT �I3}
WRITE�r 303}  I ~ Nl   I ! r N2< I ! rN3  I lr I=1 rN
FORMAT ��I5! !
READ� r 306! MLNO ~  HLE   I ! r I= lr HLNO!
FORMAT �615}
WRITE{6 ~ 304! HLNQ ~  HLE l {! r I=lr MLNO!

FORHAT {16I 5!
READ�r200!   Ir ETAr U I ! r V< I! r l=lrNN}
FORHAT<I5r 3F11 4r I5r3Fll 4!
WRI TE�r 307!   I ~ U  I ! r Y   I } r I = 1 r NN!

FORMAT {4  I 5r 2FL0 4! !
00 10 I = 1 ~ NH

Nl   I != HI }rT  Nl   I ! !
N2{ I }=HINT  NZ{ I } !
N3  I ! = MINT  N3 I I ! }
UE{ I != lU Nl  I! !+U N2{ I ! !+U N3  I ! ! ! /6 ~
VE t I != V  NL  I }!+V{N2  I! !+V N3  I ! ! 3/6
Xl l I != X Nl I! !+X N2{ I! }+X{N3  I }! }/3
X2 I!=<X<NL{I! !+X N2 I! }+X Ns  I! }1/3./
Yl I ! =lY  Nl  I } !+Y<N2  I ! l+Y{."s't I ! ! }/3 /
Y2  I I =  Y  N 1   I ! !+Y N2 t I ! }+Y N3{ I ! l ! /3 /
AL=SOR T  UE   I ! ¹¹24VE   I ! ¹¹2! / I. 5

CALL ARROW X 1{ I ! r Y 1  I ! r X2  I l r Y2  I } r AL ~
CONTINUE
WRITE� 330!  I,UE I !, YF I }, {=I,NH!
FORMAT {5�6r2F10 ~ 4! }
WRITE{6 ~ 305!  I rXl  I !r Yi { I } r XZ  I! r Y2  I!
FORH AT �X ~ I 5 ~ 4F 10 ~ 4!
DO 16 NI= lr HLNO

 =HINT  HLE { NI ! !
XL NI!=X I!/20 +A
VL  NI !=V I !/20.+e
CALL VECTOR {XLr YL r MLNOr lr Dr G!

CALL ENPLT � ~ r Or !
STOP
FND




