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ABSTRACT

This ice engineering guide is an aid to designers and builders of small
craft harbors in northern climates. In these areas ice does great damage to
structures, The guide has been prepared from a review of the technical
literature, consultation with knowledgeable engineers, contractors, and sci-
entists, and field observations. It is applircable to lake ice in protected
harbors. Information on the behavior and properties of ice and ice covers
is presented, Descriptions of ice pressures of thermal origin and estimated
thrusts on structures are given. The operation and design of compressed air
suppression systems are explained. Safe bearing loads on ice sheets are
estimated, as well as ice uplift loads for design. The information present-
ed answers many gquestions about ice behavior and serves as a basis for
innovative and economical small craft harbor design.
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PREFACE

More than a hundred years ago Dumble (1858} stated,

"I may add, that the ignorance, or want of proper appreci-
ation, of the properties of ice, evinced in the construction
of numerous wharves, piers, and bridges an the inland lakes
and rivers of Canada and the northern States, has proved a
source of infinite annoyance and of immense expense".

Dumble was an engineer with the Cobourg and Peterborough Railway. Today,
most designers of small craft harbors in northern climates have an appre-
ciation of the behavior of ice. However, the level of relative ignorance
about ice behavior is still high.

The successful design and construction of small craft harbor structures
(such as docks, piers, and piles) subjected to ice forces and motions con-
tinues to be an uncertain science. The four methods currently being used
are: (1) Predict the ice forces and motions, both horizontal and vertical,
and design the marina structures to withstand them, (2) Predict the ice
prevention or suppression capabilities of various systems to remove the
adverse effects of ice or render them ineffective, (3) Estimate the relative
scope of structure required by local comparative studies of successful and
unsuccessful constructions and build accordingly, and (4) Remove the dockage
by either beaching floating docks or retracting fixed piers.

Designers and builders should continue innovations and improvements
in the state of the art of small craft harbor construction in northern
climates. This publication endeavors to aid them and serve as a guide.
It is a first step. It is incomplete. And likely will never be totally
complete due to the uncertainty existing in the field of ice engineering.
It is hoped the U.S. Cold Regions Research and Engineering Laboratory
(US CRREL) will subsequently expand and update ice information necessary
to construct small craft harbors in ice conditions.

Madison, Wisconsin C. Allen Wortley
January, 1978 Prinecipal Investigater
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INTRODUCTION

This publication is a guide for designers and builders of small craft
harbors in northern climates, where ice foreces and motions do great damage
to man's works.

It has been prepared from a review of the literature, consultation
with knowledgeable engineers, contractors and scientists, and the experi-
ences and observations of the principal investigator and members of an
Advisory Committee.

Zarling (1974) prepared an annotated bibliography entitled "Ice
Engineering in Small Craft Marinas". This work served as the starting
point for reviewing the literature. Additional and more recent publica-
tions were examined as well as many of those noted in the bibliography.
There is a large amount of information in the overall field of ice
engineering and ice physics. However, very little is easily applied by
the small craft harbor designer or builder because of its research-
technical nature. Also much of the information doesn't relate directly
to the problems of designers and builders, or is of such orders of mag-
nitude as to render it useless for safe and economical design,

However it is from the more useful, more current, and more applied
information in the literature that much of this guide has been prepared.
The literature has been freely cited. No additional laboratory experi-
mental work has been undertaken. Field observations and measurements have
been made and have influenced the recommendations derived from the infor-
mation in the literature.

Ice for purposes of this guide is primarily statienary lake ice.
River ice, ice floes and sea ice are not specifically dealt with, They
can and do present different problems. Small craft harbors are custom-
artly built in sheltered areas, away from dynamic ice forces.,

The guide is divided into five parts, Part I presents information
on the characteristics, behavior and properties of ice and ice covers,
1t presents as much specific quantitative information as is available.
The other information presented is of a general nature but useful in
understanding ice and its behavior.
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Part I1 deals with ice pressures of thermal origin. It is derived
largely from current laboratory research on thrusts on hydraulic structures.
Certain information however is applicable to small craft harbors,

Part IIT presents recommendations for design and construction of com-
pressed air ice suppression systems and other information on weakening ice.
These suppression systems are effective in small craft harbors.

Part IV discﬁsses the bearing capacity of ice and presents recommended
maximum short term construction loadings.

Part V gives minimum and expected maximum values for ice uplift forces,
Information about other ice forces is also presented.

As stated initially this 1s a guide for designers and builders of
marinas in northern climates. It by no means answers all the pertinent
questions, nor does it present all the "how te's". This is beyond our
present scope and our present abilities.

1t is hoped that the reader will review all Parts of this guide and

form an overall understanding of ice behavior, Successful, innovative
and economical design of small craft harbor structures is our goal.
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UNITS

Conversion Factors: U.S. Customary to SI Metric Units

Measurements in this guide are shown in customary U.S. units with SI
metric equivalents. Specific quantities are ccnverted accurately, but where

the measurements are general the conversion is approximate only.

As much of

the source data was in the metric system and nct the U.S. customary or the

5I systems, some data appear to have "odd" values.

For example, pressures

in kilograms per square centimeter (kg/cmZ) have been converted to pounds

per square inch (psi) and kilonewtons per square meter (kN/mZ2).

for pressure is pascal (Pa). Une Pa is equal to one N/mZ,

The SI unit
Because we are

dealing with forces, and forces per unit length, as well as pressures, ve
have elected to leave pressures in force-length units rather than the deriv-

ed pressure unit Pa,.

Some U.S. Customary to SI Metric conversion factors are given below.
The ASTHM t380-76 Standard for Metric Practice gives additional conversion

factors,

To Convert

inches (in)

inches (in}

feet (ft)

yards (yd)

miles {(mi)

inches per yard (in/yd)

square inches (sq in)
square feet (sq ft)

cubic inches (cu in)
cubic feet (cu ft)

pounds (1b)
tons (ton)
tons (ton)

To
millimeters (mm)
centimeters {cm)
meters (m)
meters (m)
kilometers (km)
millimeters per meter (mm/m)

square centimeters {cm2)
square meters (mZ)

cubic centimeters (cm”)
cubic meters (m3)

kilograms (kg)

kilograms (kg)
metric tons {(mt)

xix

Multiply
By

25.40
2,540
0.3048
0.9144
1.609
27.78

6.45
0.093

1€.39
G.0283

0.453
907.185
0.507







io Convert

one pound force {1b)
one kip (kip)
one kilogram force (kg)

kips per foot (kips/ft)

pounds per
pounds per
pounds per
pounds per

square
square
square
square

foot (psf)
inch (psi)
inch {psi)
inch (psi)

kips per square inch (ksi)

pounds per cubic foot (pef)

Degree Fahrenheit ( F)
Temperature Fahrenheit (F)

square feet per minute
(ft2/min)
square feet per hour

(ftZ/hr)

Btu per hour per square foot
(Btu hr-! ft-2)

Btu per pound per degree
Fahrenheit
(Btu 1b-1 F-1)

Btu per hour per square

foot per degree Fahrenhelt

(Btu br~

1 f¢-2

F-1)

Btu inch per hour per
square foot per degree
Fahrenheit
(Btu in hr-1 fL-2 £-1)

miles per hour (mph)

*not an 51

unit

To

newvtons (N)
kilonewtons (kN)
newtons (N)

kilonewtons per meter (kN/m)

nevtons per square meter (N/mZ)

kilonewtons per square meter (kh/mz)

meganewtons per square meter (MN/m2)

kllograms per square centimeter
(kg/cm?)*

meganewtons per square meter (MN/mz)

kilograms per cubic meter {kg/m’)*

Degree Celsius ( C)*
Temperature Celsius (C)*

square meters per second
{(m2/sec)

square centimeters per second
{emZ/hr)

watts per square meter
(W m=2)

joule per kilogram per degree
Celsius (J kg-1 c-Llyx

wvatts per square meter per degree
Celsius (W m=2 c-1)

watts per meter per degree Celsius
(W m~t o1y

meters per second

fret

Multiply By

4,448
4.448
9.806
14.59
47.88
6.89
0.00689
0.07031
6.89
16.02

0.555
{ F-32)/1.8

1.001548

929.03

3.152

4186.8
5.678

0.1442

0.4476




PART 1
ICE AND ICE COVERS

This section of the guide contains informetion on the crystal struc-
ture of ice, the polycrystalline forms of ice, the nucleation and growth
of ice, the freeze-up and break-up processes or fresh-water lakes,
the thicknesses and behavior of ice covers and some introductory
material on the deformation and strength of polycrystalline ice, a visco-
elastic material.

Some of the material is pertinent to present design techniques for
small craft harbors and some is only of general background interest. The
general information may be useful in developing new design techniques, ex-
plaining behavior of ice covers, understanding other ice research papers
and monographs that readers may come in contact with, and in other ways in
the future. The material should answer some of the readers' questions
about ice and confirm some of their observatiors in the field.

Simply stated, ice is not well understood. At the present time
straight-forward and proven design approaches for small craft harbors
are not available. Therefore the best approach for design is to begin
with an understanding of the present state of knowledge about ice, es-
pecially in the context of small craft harbors, and go from there.

Those wishing more detailed technical and theoretical information
on the physics and mechanics of ice should consult references such as
the two monographs by Glen (1974, 1975) and textbooks by Pounder (1965)
and Hobbs (1974).




Crystal Structure of Ice

Ice is a solid consisting of a crystallographic arrangement of water
molecules. FEach molecule has an oxygen atom with chemical bonds with two

hydrogen atoms.

Although several forms of ice can exist, we shall be concerned only
with the ordinary form of ice. It is the form vith which most people are
familiar. This form is hexagonal in crystal symmetry. The symmetry is
clearly demonstrated in the symmetry of many snow crystals.

Fach crystal of ice is made up of water molecules arranged in a reg-
ular geometric pattern forming hexagon prisms. The axis of the prism is
known as the optic axis and the surface perpendicular to this axis is
called the basal plane. Crystallographic terminology labels planes and
directions. In the hexagonal system, there are three directions in the
basal plane that are crystallographically equivalent. These directions
are called a, b and d (sometimes aj ap, and az) and the axis perpendicu-
lar to the basal plane is called the c-axis (i.e., the optic axis).

Runnels {1966) suggests that at the molecular level the seemingly rigid
perfection of the ice crystal is disrupted by an astonishingly busy traffic
of molecules and migrating lattice faults. There is a good deal of empty
space between molecules and hence ice has a rather open structure. Because
of this fact, water, in contrast to almost all other substances, is less
dense in the solid state than in the liquid state. This results in ice
floating on water. The density of pure ice is given by Pounder (1965) as
57.2 pcf (916.8 kg/m?).

Ice encountered in nature, such as on a lake, is in @ high temperature
state. It is floating on its own melt with its bottom surface at a tem-
perature equal to its melting point and the upper surface varying with
ambient conditions. Predicting the properties and behavior of a material

in such a state is quite difficult,

Polycrystallipe Ice

Most bulk ice in nature consists of polycrystalline ice, that is, ice
composed of a large number of single crystals in different orientations,
Polycrystalline ice behaves differently from single crystals of ice because
of the existence of grain boundaries and the fact that single crystals are
anisotropic. A single crystal of ice has physical properties that are
different in directions parallel and perpendicular to its c-axis., If the
constituent crystals of polycrystalline ice are randomly oriented, then
the bulk properties will be some kind of average of the properties of the
single crystals of which it is composed. For some properties such as
elasticity, this averaging is fairly straightforward, but for others,
such as plastic deformation, there is such a radical difference in the
behavior of ice crystals in different directions that the physical pro-
perties of the polycrystal are quite different from that of the single
crystal.




Moreover, the grain size as well as the crystal orientation of
polycrystalline ice has an effect on the strength and behavior of an ice
sheet. Fortunately, from a design point of view, those effects may be
minor for cold polycrystalline ice, the type that normally would present
the most severe forces on structures placed in ice., This may not always
be true for all kinds of polycrystalline ice encountered in lakes
and rivers. JThe kind of iee which forms depends upon its genesis,

Nucleation and Growth of Ice Crystals

Ice in the absence of very great supercoolings or supersaturations
will only form if some nucleus is present on which it can grov. This can
be ice itself, and if an ice seed is present, ice will normally develop
and grow. It may alse be a nucleus consisting of some other material,

Once an ice nucleus is present, ice can grow from the surrounding
water provided the temperature remains favorable. How ice will grou will
depend on whether the water surface is supercooled, and also on the amount
of impurities it contains.

Michel and Ramseier (1969) have elassified river and lake ice based
upon its genesis, structure and texture. An ice sheet or ice cover is
divided into three basic ice farmations: primary ice, secondary ice, and
show 1ice,

Primary ice is the first type of ice of uniform structure and texture
which forms on a water body. Un a calm water body the primary ice is in
the form of an ice skim which grows horizontally in the supercooled layer
and is about a hundredth of an inch (a few tenths of a mm) thick, Usually
vhen water freezes a little plate-like disc forms. It may rapidly develop
dendritic extensions depending on the amount of supercooling and the rate
of heat loss. Since the planar structure will naturally float with its
plane parallel to the surface, the ice which forms when water freezes often
has its surface crystals oriented with their c-axes vertical, i.e. perpen-
dicular to the free surface. These initial crystals spread over the sur-
face until they interact and form a layer over the whole surface of the
water. The subsequent growth of this layer downwards into the vater is
not usually dendritic.

In rough and turbulent water the primary ice consists of congealed
frazil slush which can be an inch (several centimeters) thick. #razil
slush is a floating agglomerate of loosely packed individual ice crystals
having the form of small discoids or spicules which are formed in super-
cooled turbulent water. If the nucleation occurred by snow, the resulting
congealed snov slush (i.e. a loosely packed agglomerate of floating snow
particles) would also be part of the primary ice.

Secondary ice forms parallel to the heat flow which is perpendicular
to the primary ice. As the ice grows down into the water under conditions
of calm formation and growth the grain boundaries are almost perpendicular
to the surface. The result is a columnar-grained structure with the c-axes




vertical in the long direction of the grains. This type of secondary ice
is referred to as type S1. The crystal size increases with depth, because
unfavorably oriented crystals disappear. Sl ice is found in lakes, reser-
voirs and in rivers with low flow velocities.

52 columnar ice is a secondary ice form with the c-axes horizontal.
It forms under similar conditions to S1 ice but where the primary ice has
a random or preferred vertical orientation superimposed on a random orien-
tation. As the ice grows down into the water, the c-axes vertical preferred
orientation gives way to one in which the c-axes are horizontal. Some
crystals are wedged out at the expense of others. This type of ice is found
in lakes, reservoirs, shores and rivers.

Another type of secondary ice, but graunular rather than columnar in
form, is S4 Congealed Frazil Slush. Its crystal boundaries are irregular
and the grains highly angular and randomly oriented. frazil is found in
rivers where it is taken downstream and deposited upwards under the sec-
ondary ice overlying more slowly moving water. 54 ice is found in rivers
and reservoirs, and lakes fed by turbulent waters. An entire ice cover
can consist of $4 ice or it can be found layered between columnar forms of

ice.

An interesting ice form, anchor ice, resulls when frazil is being
formed in supercooled water. The frazil particles stick and grow on
bottom weeds and stones. After a night of frazil formation the morning
sun can cause anchor ice on stones and other objects to float to the
surface and be carried downstream.

Spow ice is the third basic formation of ice. This type of ice always
forms on top of the primary ice due to snow deposits which lie on the ice
cover. Snov ice may form due to variations in discharge of water, by melt
or rain, or by the depression of the ice cover due to a heavy snow load.

In general snov ice is formed from any imaginable kind of water source.

71 is the designation for Snow Ice and its grains are round to angular and
randomly criented. Being granular it is similar in appearance to the 54
Congealed Frazil Slush ice found usually under the secondary ice layer.

The crystal size of ice depends greatly on meteorological parameters.
If the water surface is calm and the temperature gradient is not too steep
extra large crystals will develop. Their diamesters can be greater than 0.8
inches (20 mm). If the temperature gradient bscomes larger then the crystal
size will decrease. If snow causes the nucleation, crystals will be of the
0.2 inches (5 mm) size and smaller., Extra large and giant size crystals can
form under extremely calm conditions such as in a pool during the formation
of the primary ice layer. Crystal dimensions in yards (meters} are possible.

During the evolution of an ice cover the crystal size will change. In
lake ice it is possible to go from fine sized to extra large sized crystals
in a columnar layer if nucleation has occurred by snow.

Gow and Langston (1977) describe the growth history of lake ice in rela-
tion to its stratigraphic, crystalline and mechanical structure. They have




successfully correlated specific increments of ice growth with major weather
events. This was accomplished by diagnosing bubble layering observed in
stratigraphic samples of lake ice. The ice covers of the two New Hampshire
lakes used in their studies contained two major components: lake ice formed
solely from the freezing of lake water and snow ice formed from the freezing
of water-saturated snow. The lake ice component consisted of predominately
fibrous-textured crystals with a vertical c-axis orientation, Columnar
crystals elongated in the vertical but with horizontal c-axes fabrics,

vere observed only in the top 4 to 6 inches (10 to 15 cm) of ice that
fringed the shores of both lakes. These fabrics had reverted entirely to

a vertical c-axis condition at 6 inches (15 cm) depth. The reason for this re-
versal in orientation texture has not clearly been established. However,
indications are that the temperature gradient in the water may be a signi-
ficant factor in initially controlling the growth textures, since continued
growth of ice near shore resulted in rapid elimination of the horizontal
c-axis in favor of crystals with vertical c-axes.

Several variants of snow ice were distinguished, depending upon the
source of infiltrating water. Both ice types were readily distinguished
on the basis of differences in their stratigraphic and crystalline
structure.

Michel and Ramseier (1969) have also found that studying ice profiles
from lakes and rivers enables one to determine what some of the meteorolo-
gical conditions were upon formation of the primary ice. Similar analyses
can be obtained from snow ice and overlying snow. They believe that in the
future it may even be possible to predict directly the texture at a parti-
cular site from meteorological and hydrodynamic data.

The predominant inclusion in ice is air. During solidification the
air is rejected at the ice-water interface and is supplemented by gases aris-
ing from biochemical processes which take place in a natural body of water,
Air can also be incorporated from the atmosphere through cracks, drained
snov ice or an agitated water surface. If the growth is slow most of the
air will be rejected and the ice will be transparent like glass. This
transparent ice is sometimes called black ice. (The term blue ice is
sometimes used in connection with glacial ice, but not transparent lake
ice.)

If the solidification process proceeds rapidly air in the form of
bubbles will be distributed throughout some parts of the ice cover. If
air is being emitted continuously, the bubbles take on a cylindrical
shape. It is the air entrapped in ice that causes it to appear vhite.
This type of ice is sometimes called white ice. Snow ice is an example
of white ice because of entrapped air. Grain size does not determine the
color of ice. Frozen frazil ice can appear transparent in spite of its
granular texture.




Freeze-Up and Break-Up of Fresh Water Lakes

Water, in the temperature range of 39°F to 32 F (4°C to DOC), increases
in volume with decreasing temperature. This is contrary to the behavior of
most substances. In this temperature range the coefficient of expansion of
water is negative, that is, water expands as it becomeg cooler. Since the
volume of a given mass of water is smallest at 39°F (4°C), it has its
maximum density at this temperature. The negative coefficient of
expansion of water in this range is one of nature's anomalies. This
explains why lakes first freeze at their surfaces and why somewhat warmer
(and denser) water is found near the bottom.

Williams (1966) has prepared a detailed and comprehensive description
of how fresh water lakes freeze and thaw. Michel (1971) also describes the
vinter regime of rivers and lakes in a monograph, 1t too is comprehensive
and contains information on rivers as well as lakes. For our purposes we
will recite the lake ice processes described by Williams (1966).

His descriptions are applicable to sheet ice, the type that forms on
relatively still lakes, slow-moving rivers, and sheltered harbors. Williams
designates three distinct periods in the life of sheet ice: the freeze-up
period, the ice-growth period, and the ice-melting period. These periods
roughly correspond with the fall, winter and spring seasons.

During the fall, or early winter, smaller lakes freeze over. A solid
ice sheet forms. In larger lakes the sheet may only cover harbors and the
area near the shoreline, but is generally extensive. The Great Lakes rarely
completely freeze over, at least for any extended period of time.

The formation of an ice cover on a lake is a function of the water's
heat exchange with the atmosphere, the initial amount of heat stored in the
vater body, and the amount of inflow of warm water (heat) to the site. The
amount of heat lost to the atmosphere is a function of the air temperature,
the wind velocity, and solar radiation. The amount of heat that can be
stored in a water body is a function of depth. Usually, the deeper the
lake, the deeper the convective mixing and the slower the rate of water
cooling for a given surface heat loss. (In a man-made harbor, depths are
usually shallow and hence significant thermal reserves because of depth
are not present.) Inflow of heat by currents from warmer water in rivers
or from deep reservoirs can prevent or delay sheet ice formation at certain
sites.

The cooling of a fresh water lake oceurs in two stqges: gradual cooling
until all the water is at a temperature of about 39 F (4°C), and cooling of
the surface water from the time the water is isothermal (i.e. the same tem-
perature, top to bottom) at 39 F (4 C) until sheet ice forms.

First the warm lake surface vater cools down (even steams or mists when
giving up its heat to the cool atmosphere} and thereby contracts and becomes
more dense. This water sinks in the less dense lake and forces up the lower
less dense, warmer water to in turn be cooled. This process 1s repeated
until the lake is isothermal at 39°F (4 C). The lake has then "turned over".




From this point on the lighter, cooler surface water continues to cool
down until it freezes as sheet ice. (A thin layer of ice first forms along
the edges of the lake. A convective air motion from land toward rising
warm air over the lake cools the lake edges more rapidly than the center.)
Since the density of ice is even less than that of freezing water, the
ice floats on the water below it, and further freezing can only result from
heat flow upward by conduction.

The mid-winter period, when the permanent ice cover on lakes gradually
increases to a maximum thickness late in the winter, is a period of interest
to harbor engineers concerned with ice pressures, ice uplifts, and bearing
capacities.

When the ice cover is thin, and the air very cold, there will be a rel-
atively large heat flow from the water, through the ice, to the atmosphere.
This will cause a rapid increase in ice thickness at the interface between
the ice and the water. As the ice cover thickens, an insulating effect
occurs, and ice grows at a slover rate. A snow cover on the initial ice
formation can effectively prevent any further ice growth.

Ice normally grows downward into the water, but not always. The upper
surface of ice can be submerged below the water level due to the weight of
a snow cover. Snow ice then forms and freezes on top of the ice sheet.
Sometimes this causes rapid increases in the total thickness.

A frozen snov covered lake can be highly variable in its underlying
stratigraphy. The snow cover can conceal slush and weak layers of ice,
as well as strong sound ice.

The clearing of ice from bodies of water .at break-up is affected by
heat gain from the atmosphere, snow and ice conditions, wind and currents,
and inflow or runoff of warm water to a site. The heat gained from the
atmosphere weakens and melts the ice. The amount of solar radiation ab-
sorbed is determined by the reflectivity of the snow or ice surface. The
properties of the ice cover determine the depth solar radiation will pene-
trate, causing internal melting. The thickness of the snow and ice is a
measure of the amount of ice to be melted. The mechanical action of wind
and currents is of great importance in breaking up the ice after it has
been weakened by surface and internal melting.

At the beginning of break-up, snow melt runoff from surrounding land
areas may flood onto part of the lake surface. At the same time the snow
cover on the ice densifies and begins to melt. The runoff usually accumu-
lates near the mouths of streams draining into the lakes and along the
shoreline, producing dark-looking slush on the ice surface. At this stage
the darkened ice cover surface absorbs a large proportion of the incoming
solar radiation.

The ice around the shoreline tends to melt first, partly because of the
darkened surface layers but also because the ice thickness is often less
close to the shore, where it can only grow as thick as the depth of the water.
Eventually the ice cover completely melts around the shoreline, leaving the
main body of ice floating free. This body of ice can'still have considerable
strength,




During melting, drainage holes can develop in the ice sheet. In the
early stages of melt these holes develop near the shore often where runoff
flows into old thermal cracks. The flow is due to difference in level
between the lake water supporting the ice and the melt water on the ice
surface. Such drainage holes can enlarge rapidly, sometimes developing
into holes one to two feet (0.3 to 0.6 m) in diameter.

Later on during melting, the main body of ice, floating free, melts
at the surface. This melt water flows along the surface of the ice and
eventually creates surface drainage patterns. It can drain to the open
vater adjacent to the shoreline, or down the holes that appear to develop
preferentially along old thermal cracks. ‘If the surface melt water can
drain away, the surface of the ice becomes a porous, crumbly white struc-
ture which reflects solar radiation readily, thus retarding melting by
solar radiation. As the melt season progresses, penetrating solar radia-
tion causes internal melting in the ice sheet. At this time the ice sheet
may consist of a shallow, porous surface layer several inches {several cm)
thick, a layer of water-logged ice also several inches (several cm) thick,
and then sclid unmelted ice (whose lower surface is melting in the lake
water).

In the final stages of break-up the underlying entrapped water layers
result in darkened surface ice and most of the incoming sclar radiation is
absorbed. The ice is now ripe for breaking by wind and currents and is un-
safe for over-ice transportation. The current created by strong winds will
break up the ice cover and induce circulation that brings the warmer sub-
surface wvater to the surface., This can cause rapid melting of ice from a
lake. Indeed the final disappearance of ice covers has occurred so quickly
at times that early observers believed that the ice actually sank.

The term rotten ice is sometimes used to refer to disintegrating ice
at break-up time. If the ice has a columnar structure it becomes candled
and is referred to as candle ice. Melting is concentrated at the bound-
aries of the columnar prisms leaving a weak candle-like structure.

Williams (1966) and Michel (1971), as well as others, have proposed
methods to estimate the date of freeze-up, maximum ice thickness, and the
date of break-up of fresh water lake ice. The method of doing this is ap-
proached in two ways: develop formulas based on physical principles, and
make an analysis of past records to give statistical limits within which
maximum ice thickness or freeze-up or break-up can be expected to occur.

The operational use of formulas is usually limited because of diffi-
culties in making dependable forcasts of such variables as air temperature
and snow depth. It is also difficult to allow for natural variability, as
the rate at which ice forms, grows, and melts varies not only from lake to
lake but on an individual lake.

The statistical climatological approach also has limitatiens. The
required long-term records are only available for some lakes and it is
difficult to use the records collected to estimate freeze-up or break-up
for other lakes with different sites and thermal regimes. In addition,
even for lakes where some long-term records are available, the statistical




approach will only define upper and lower limits within which freeze-up or
break-up will cccur,

We believe direct on-site observations by the swmall craft harbor de-
signer coupled with any information from local residents is the best approach
to predicting freeze-up or break-up, Ice thickness determination can be
handled in the same manher but of course modified by recommended design
criteria for minimum thicknesses and strengths.

The U.S. Great Lakes Environmental Research Laboratories (GLERL) in
cooperation with Canadian and other agencies are involved in efforts to
understand and forcast behavior of ice formations on the Great Lakes.
Samples and measurements of ice thicknesses from many places on the Great
Lakes are underway. This information together with other published measure-
ments and observations will be useful to marina designers.

Anecdotal Behavior of Natural Ice Covers

Many anecdotal accounts of the behavior of ice covers are contained in
the literature. Some of the explanations about its behavior have since
been proven wrong. Some have been substantiated with research and addition-
al observations. During the nineteenth century Dumble {1858), who was an
engineer with a railway company, published accounts of his observations on
inland lakes and rivers in the northern states and Canada. A few of his
observations are repeated below together with some of our parenthetical
comments,

The most violent shoves of ice occur previous to rainstorms., (This
vould be associated with warm winter weatner and thermal expansion.)

Contraction generally occurs at night, and is accompanied by sharp
reports. (This would be associated with cooling nighttime weather and
thermal contraction cracking.)

A coating of snow of any depth over six inches (15 cm) effectively
prevents any motion of ice. (Snow is a very effective insulator and pre-
vents thermal motion of ice.)

It is bul reasonable to suppose that any solid, equally dense through-
out its dimensions, and susceptible of expansion, would, when equally acted
upon by the active agent or moving cause, expand from its center tovards its
circumference. This is the effect produced on any large field of ice of
equal thickness and density, when acted upon uniformly by either the mid-
day sun or warm winds. It is a fact, bowever, that it moves from other
directions than from the center of the lake. Shoves are sometimes witnessed
from the east and sometimes from the west, to the north and to the south.

Ice owing to the peculiar circumstances under which it sometimes forms,
is not found to be equally pure or dense, neither is it of uniform thickness.
This ice irreqularly acted upon by warm winds, or by the slanting rays of the
sun at different altitudes, shoves, or expands from various directions other
than from the center of the lake,




Shoving is from the stronger and most susceptible ice toward the weaker
and less expansilve.

Ice on any large and irregular sheet of water studded with islands must
naturally be of unequal thickness and density. There is therefore no doubt
vhatever, that the phenomenon of ice expanding and shoving from various
directions is caused by the unequal thickness, density and glareness of the
ice and likewise by the manner in which the heated atmosphere strikes it.

(Ice sheets and covers are variable in their composition and frequently
expand, contract and move in erratic ways.)

It is observed, that when a large extent of field ice expands towards
the shore it does not shove into deep bays but fractures from point to point
in a zig-zag manner, across the chord at the mouth., A thrust of the main
field must find less resistance across this chord than around the area of the
bay. (Crack patterns can now easily be observed from the air and indicate
vhere ice has failed as it moved into or by some shore configuration such as
a bay.)

Much more recently Striegl (1952) described the formation of ice in the
Great Lakes, and particularly in Lake Michigan.

Ice normally starts to form along the shores of the southern part of
Lake Michigan about the middle of December. By the early part of January
the initial ice sheet may reach a thickness of 6 to 8 inches (15 to 20 cm)
and extend of f shore distance of one to five miles (1.6 km to 8.0 km)
depending on the continuity of cold weather and the strength of the winds.
Frequently during this initial ice period the thin ice cover may be broken
up by the wind and wave action. If the wind is toward shore, one of a
series of windrous may develop where the drifting cake of ice will pile up
on or under the sheet of ice until it may reach a depth of many feet (meters)
above and below water, and may ultimately pack to the bottom wvhere shallower
wvater is reached, If the ice aleng the shore is weak the windrow may be
pushed ashore until a large part of it is above the water level, If the
wind is off shore the fields of floating ice are driven out into the lake
wvhere they may drift for long periods or pile up in ice windrows or along
shore in another part of the lake, depending on the continuity and direction
of the wind.

Engineering structures built in the lakes for harbor protection or
other purposes must be designed to support enormous ice loads due to the
ice build up on the structure by continued freezing of wave wash and spray
or by loose ice piled on top of the structure by ice jams and then con-
solidated by continued freezing action. Those ice loads may pile up to 20
to 25 feet (6 to 8 m) above the top of the structures. Usually this load,
does little damage to overloading individual structural members because of
the extra support and bridging effect of the ice itself. However, it may
cause considerable damage in other ways. Stones or concrete may be broken,
through freezing and thawing action to such sizes that they will later be
displaced by wave action. Also large breakwater stones, up to several tons
each, may be carried bodily from the structure when encased in large ice
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blocks. Such stones have been carried by ice floes miles from structures
and dropped in navigable channels where they have become obstructions to
navigation. Smaller rocks have been found in the channels of harbors
vhich were picked up by the ice on the beach or from the structures and
floated with the ice to areas where they were dropped on melting or break-
ing of the ice.

In Chicago in January 1948, a strong easterly wind storm, accompanied
by sleet, snow and low temperatures, piled ice in a solid mass along the
entire Illinois shoreline. The ice was as much as 15 feet (5 m) above the
water surface and extended 50 to 100 feet (15 to 30 m) behind sea walls and
bulkheads in Chicago, and from 100 to 300 feet (30 to 90 m) in front of the
beaches and natural shoreline and other points.

The section of this guide dealing with pressures of thermal origin

exerted by ice sheets on structures will give additional and current in-
formation on the behavior of ice covers.
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Thicknesses of Great Lakes Ice

Striegl (1952), Aune, Beaudin, and Borrowman (1957), and others have
reported observations on natural ice thicknesses on the Great Lakes.
Because of the wide geographic extent of the lakes area, as vell as the
differences in the characteristics of individual lakes, the ice season
varies considerably. Climatic conditions obviously are the major factors
in the amount and rapidity of ice formation and disintegration,

The following typical cases indicate the range in temperatures and
the differences in length of the cold season which are primary factors
in connection with the formation of ice. As Lhese figures are based on
normal daily mean temperatures published by the U.S. Weather Bureau it
is obvious that there will be wide variations from these means depending
on the general character of the season. Flease refer to Table 1.

Normal Length of Ave. Temp. Freezing Index*
Freezing Season  Total During Freezing F2-(CZ) Degree Days
Locality F rom To Days Season of Freezing
Duluth Nov. 12 Apr. 2 142  16.73°F (-8.48°C) 2168 (1204)
Sault Ste. Nov. 16 Apr. 4 140 18.76 F (-7.36°C) 1854 (1030)
Marie
Milwaukee Nov. 26 Mar. 15 108  24.22°F (-4.32°C) 840 ( 467)
Port Huron Deec. 1 Mar. 20 110 24,98°F {-3.90°C) 772 { 429)
Buffalo Dec. 8 Mar. 19 102  26.35°F (-3.14°C) 576 ( 320)
Table 1

(Striegl-~1952)

It will be noted that these figures indicate 3.76 times as much of the
air temperature condition which, when in contact with undisturbed wvater,
causes the formation of ice at Duluth as at Buffalo. Naturally one would
expect the formation of more ice at Duluth, and the northerly areas of the
Great Lakes, than in the southern areas. Other conditions such as sunshine,
winds, volume of the body of wvater, etc., of course, modify the relationship
between temperature and ice formation so there is no direct relationship
that may be determined for natural conditions.

*Freezing Index is the total number of Degree Days using the freezing tem-
perature as the reference. A Degree Day is defined as the departure of
the daily mean temperature from the freezing temperature.
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Aune, Beaudin, and Borrowman (1957) indicate maximum thicknesses of
solid lake ice observed in locations from 1899 through 1951 and average
daily temperatures for the month of January for a period of 20 years.
They described solid lake ice as occurring in protected harbors, bays,
and channels of low velocity current. Ice of this type begins to form
in November and continues to increase in thickness throughout the winter
occasionally obtaining a depth of three and one half feet (1.1 meters)
with depths of two feet (0.6 meters) being quite ordinary in northern
localities. Solid lake ice conditions wsually prevail to the later part
of March or early April at which time the ice begins to honeycomb and
break up. Their data is presented in Table 2.

North Average Daily Maximum Thickness
lLocation Latitude January Temperature of Ice
Duluth, Minnesota 47° 10°F (—lZGE) 38 in (97 cm)
Marquette, Michigan 46° 15°F (- 9°C) 27 in (69 cm)
Escanaba, Michigan 46° 15°F (- 9°C) 35 in {89 cm)
Green Bay, Wisconsin 44° 17°F (- 8°C) 36 in (91 cm)
Milwvaukee, Wisconsin 43° 22°F (- 6°C) e
Chicago, Illinois 42° 25°F (- 4°C) = memmmmmmeo
Mackinaw City, Michigan 46° 17°F (- 8°C) mmemmmmmeeee
Saginaw Bay, Michigan 43° 22°F (~ 6°C) 35 in (89 cm)
Detroit, Michigan 42° 260F (= 3°C)  emmmmmeme—em
Cleveland, Ohio 41° 27°F (- 3°C) 17 in {43 cm)
Buffalo, New York 43° 25°F (- 4°C) 24 in (61 cm)
Osvego, New York 43° 23°F (- 5°C) 25 in (64 cm)
Ogdensburg, New York 45° 17°F (- 8°C) 30 in (76 om)
Kingston, Ontario 44° 23°F (- 5°C) 25 in (64 cm)
Sault Ste. Marie, 46° e 27 in (69 cm)
Michigan
Port Arthur, Ontario 48° 10°F (-12°C) 41 in (104 cm)
Table 2

{Aune, Beaudin and Borrowman--1957)
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Freshuater lakes and rivers lying between 35F (2°C) and 30°F (-1°C)
January isothermals will freeze on rare occasions of extremely cold tem-
peratures (about 0°F or -18°C) which are usually of only several day's
duration. '

Between 30°F (=1°C) and 25°F {-4°C)} isothermals some ice normally less
than 4 inches (10 em) in thickness can be expected almost every winter.
Northvard of the 25°F (-4°C) isothermal ice can be expected every winter.
The thickness will vary from 6 inches (15 em) to 12 inches (30 cm) in the
vieinity of 25°F (-4°C) isothermal to 36 inches (91 cm) near the 10°F
(-12°C) isothermal.

During January and February 1977 we made ice thickness measurements in
harbors on Lakes Superier, Michigan and Huron., This was an unusually cold
wvinter in the western Great Lakes area. Many thicknesses in the range of
30 to 39 inches (75 to 100 cm) were observed between 42° and 47° North
latitudes. At 42° North latitude on Lake Michigan, 35 inches (90 cm) was
measured. There seems little doubt but that three feet (one meter) of ice
is probable in the western Great Lakes. Also, as was previously mentioned,
the U.S. Great Lakes Environmental Research Laboratories is measuring and
recording ice thickness in the Great Lakes.

Deformation and Strength Behavior of Polycrystalline Ice

Polycrystalline ice is a viscoelastic material. A comprehensive
description of a complete linear viscoelastic model representing the stress-
strain behavior is given by Nevel (1976).

For our purposes we will review deformation behavior by describing a
laboratory unconfined uniaxial compressive strength test of ice, The test
is run at a constant stress, i.e. a single load is placed on the sample.

As it remains on the sample, the sample will compress or deform. The amount
of deformation divided by the sample length is the strain.

The longer the load is left on the sample, the more the sample will
deform. Strain is therefore a function of time. This is termed creep
behavior. (Strain is also a function of other variables, e.g. the magni-
tude of the stress.}

The total creep vceurring before the sample breaks is described by
three creep periods, These periods are termed primary, secondary, and
tertiary.

When the load is first placed on the ice, the ice has an instantaneous
elastic response vhich can be thought of as an elastic compression in a
spring. If the load is too great, the sample may break before creep can
take place. Assuming however that the load is moderate, the ice will next
exhibit a delayed elastic response. This response can be thought of as
the travel in a dashpot, i.e. a plunger moving in a viscous fluid. To-
gether these two responses make up the creep period called primary creep.
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During secondary creep the strain increases with time and if the ice
behaves as a linear viscoelastic material this strain increase is linear.

At some point in time the strain will accelerate. This increasing
straining is the tertiary creep. The sample compresses at a faster and
faster rate until it fails. At lower stresses ice may not exhibit ter-
tiary creep, but may fail during secondary creep.
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Figure 1
Creep Curve for Granular Ice
(Gold, 1973)

Figure 1 is a creep curve for granular ice reported by Gold (1973).
The ice was stressed at 145 psi (1 MN/mZ). Its temperature was 14°F
(-10°C). The primary creep represents about one percent strain. Second-
ary creep occurred until three and one-half davs (3 x 10° s) had elapsed.
The strain increased to an increasing rate and at the end of about six
days had deformed ten percent of its original length,
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Figure 2
Strain Dependence on Stress
(Gold, 1973)
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If now instead of applying a constant stress to the sample we apply a
constant rate of strain we can obtain stress-strain curves like those in
Figure 2 by Gold (1973). Some ice engineering problems involve conditions
approaching constant strain. S1 and 52 are columnar ice and were tested
with the load perpendicular to the long direction of the grains. T1 is
granular ice and S4 is frazil ice. The temperature of the ice was 15°F
(-9.4°C). The strain rate 1.67 x 10-2 s~1, i.e. 0.0000167 per second.

(The time to reach one percent strain was ten minutes and the time to

reach three percent was one-half hour.) For the given strain rate and

ice temperature the influence of ice's structure is clearly seen: columnar-
grained, type 5-1 ice, is appreciably more brittle in its behavior than the
other three, and granular, type Tl ice, more ductile.

To adequately describe the deformation and strength behavior of ice many
things must be considered. These include the type of ice, the temperature,
the type of load (compression, tension, etc.), load direction with respect to
ice structure, the strain rate, and the stress level. Furthermore, to ana-
lyze ice in an engineering context it is necessary to establish failure
criteria in either ductile or brittle modes of behavior under a variety of
boundary conditions. There is much that is not presently understood about
ice behavior.

Use of published laboratory strength test data from ice specimens (or
simulated ice specimens) must be done with care as the values determined by
such testing may not be representative of conditions in the field. Far
example, uniaxial laboratory strength tests may not represent hiaxial and
triaxial conditions encountered in the field, because of influence of shear
stress in the deformation and failure behavior of ice. Also, small samples
generally do not adequately represent conditicns in large, sometimes ir-
regular, cracked sheets of ice containing various impurities.

Appended to this guide is an abbreviated summary of a comprehensive
monograph entitled, "Deformation and Strength of Ice", by Lavrov (1969).
For the reader wishing to delve more into ice strength and behavior it
will be of interest. Also the previously mentioned viscoelastic ice model
by Nevel (1976) will be very useful.

In subsequent sections of this guide we will introduce strength para-

meters and design criteria we believe applicable to ice engineering problems
in small crafi harbors.
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PART 11
ICE PRESSURES OF THERMAL ORIGIN

Drouin and Michel (1974), working in the Lzval University Ice Mechanics
Laboratory have prepared a comprehensive work ertitled, "Pressures of Thermal
Urigin Exerted by Ice Sheets Upon Hydraulic Structures". This work, under-
taken by Drouin for a doctoral thesis, we believe is the most comprehensive
and recent treatment of thermally induced ice forces on structures.

Prior to this work, Michel (1970) prepared a monograph entitled, "Ice
Pressure on Engineering Structures". With respect to thermal forces, the later
wvork should be used as it corrects some previous assumptions now proven
€I'TONEOUS.

The material that follows in this section of the guide is largely based
on Drouin and Michel (1974). It is recognized that it was originally pre-
pared in the context of reservoir ice forces that affect dams, and that it
is a laboratory study. Nevertheless, understanding this work and the ranges
of thermally produced loads that can be predicted for dams, will give the
harbor designer a feel for the problem he faces. With flexible harbor
structures, the forces will be less, Also with real field ice, the forces
wvill be less because of faults, cracks, discontinuities, etc. Laboratory
samples test stronger than field ice.
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Introduction

Thermally induced ice pressures on dams and other hydraulic structures
are significant, and may even be the controlling design load for some
structures. In the past these thermal thrusts have been calculated for the
condition of ice failing by crushing at stresses like 400 psi (2756 kN/m2) .
This resulted in thermal loads now known to be too high, e.g. 50 kips per
Foot (730 kN/m). Now values of % to % these are normally used. Flexible
structures experience even smaller loads than rigid structures, but ways to
accurately determine ice loadings on flexible structures have not been
developed, The loads would however be expected to be less than those pre-
dicted in this section.

During the past fifty years, engineers and scientists, e.g. Royen,
Brown and Clarke, Rose, Monfore, Lofquist, and Lindgren researched and
estimated thermally induced ice pressures. None of them took into account
the crystallographic characteristics of the types of ice and actual strain
rates that exist in nature in the regime of thermal expansion of ice sheets.
Also the initial temperature of the ice was not considered in some of the
previous work, and some research was based on too few tests. The composite
picture of past studies is one with ambiguities and many deficiencies.
Therefore we won't review this previous work, but instead will present the
recent work of Drouin and Michel (1974) who have, however, comprehensively
analyzed the work of those before them.

To estimate ice pressures, we must first consider the thermal properties
of ice, heat transfer in ice sheets, types of naturally occurring air tem-
perature rises, and the deformation characteristics of several types of ice
strained slowly. With a laboratory testing program supported by theoretical
rheological mathematical models, Drouin and Michel (1974) have developed
estimates for thermally induced ice thrusts.

Thermal Properties of Ice

Conductivity, specific heat, diffusivity and expansion are all
properties of ice important to estimating thermal forces. Like most pro-
perties of ice their values are still imprecise. Drouin and Michel (1974)
estimate the most probable values of thermal properties from the works of
others. Table 3 presents their estimated values.
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Thermal Specific Thermal Thermal
Temperature Conductlv1t§ Heat lefu51uity Expansion

°F Btu in hr-1 ft~ Btu 1b~1°F-1 ftZ hr- F -

(°c) (W m=17c-1) (3 kgl T-1)  (em? hr-1) (t -1)

32° 15.6 .506 0449 30.0 x 107%
( ¢°) (2.25) (2117) (41.7) (54.0 x 10-6)

14° 16.1 487 0481 29.0 x 10-6
(-10°) (2.32) (2039) (44.7) (52.2 x 1076)

-4° 16.8 468 .0522 28.0 x 10-6
(-20%) (2.42) (1961) (48.5) (50.4 x 10-6)
-22° 17.6 .450 .0570 27.0 x 1076
(=35°) (2.54) (1883) (55.0) (48.6 x 10-6)
~40°7 18.6 431 .0629 26.0 x 1076
(-40° ) (2.68) (1805) (58.4) (46.8 x 10°6)

Table 3 Thermal Properties
{after Drouin and Michel, 1974)

In the above table, the thermal diffusivity (equal to the conductivity
divided by the factor density times the specific heat) was computed assuming
an ice density of 57.2 pcf (916 kg/m 7. Ice Cantalnlng air bubbles may easily
have a lower density, say as low as 49 pcf (785 kg/m ).

Heat transfer through a porous medium, like bubbly ice, will be less
because the air cells offer greater resistance to heat transfer than does
the solid ice. The value for thermal conductivity becomes less as the
amount of entrapped air increases.

Notwithstanding the inherent variations in the thermal properties of

ice, we can adequately proceed, within the range of design accuracies, to
make engineering estimates of ice thrusts.
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Heat Transfer in lce Sheets

The studies and solutions by Drouin and Michel (1974) do not take into
account any thermal boundary layers (air-ice and air-snow) or any solar ra-
diation on the ice. However, they believe their pressures calculated on the
basis of heat transfer solely by conduction are of the proper order of mag-
nitude, and perhaps greater than the pressure calculated with the air-ice
boundary layer and absorption of solar radiation taken into consideration.

Air-ice or air-snow boundary layers can contribute to increasing the
initial temperature of the surface of an ice sheet. Absorption of solar
radiation by the ice adds to the heat transferred by conduction. The rates
of temperature increase at various levels in the ice would then be higher
than those computed on the basis of conduction alone. Increasing the
initial surface temperature results in a decrease in the stresses through-
out the ice sheet. Increasing the heat transferred by convection (because
of solar radiation) results in an increase in stresses in the upper portions
of the ice sheet and in shorter times to reach maximum stress levels which
thereafter diminish rapidly. However, an increase in the average rate of
temperature increase of the surface of an ice sheet implies a decrease 1in
the maximum pressure. Hence their pressures are thought to be conservative,
i.e. greater than necessary for design of conditions actually present in the
field,

In the foregoing explanation it should be noted that an increase in the
rate of temperature increase in the surface of the ice sheet results in a
decrease in the maximum pressure. Drouin and Michel (1974) found, contrary
to many other published theories and results, that the pressure in an ice
sheet was highest for small rates of temperature increase at the surface of
the ice. From a physical standpoint, they explain this by the deeper pene-
tration into the ice sheet of the temperature variations at the time when
the stress at the surface attains its maximum. It is in the top zone of
an ice sheet where the stressed condition related to the maximum pressure
exerted by thick ice sheets develops. Attenuation of temperature variation
in the interior of an ice sheet is very rapid.

The stress in an ice sheet is determined by the temperature distribution
in the ice sheet as a function of the variation of air temperature. Drouin
and Michel {1974) use a sinuscidal air temperature variation, rather than a
linear variation or step function. The use of sinusoidal variation produces
larger stresses and fits well with natural temperature variations (in Canada).

The sinusoidal variation used is one vhere the temperature increases at
an increasing rate until it has achieved one half of its total rise. This
occurs when one half of the time to achieve its total rise has passed. The
temperature continues to rise but at a decreasing rate until the total tem-
perature rise has occurred for the period.

Other factors that affect the temperature variation in an ice sheet
include the presence of snow on the ice sheet, the thickness of the ice
sheet, increase of thickness in the ice sheel as a function of time, solar
radiation absorbed, and variable thermal properties of ice. (These vary
primarily with temperature.)
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Analytic methods are available to describe temperature distribution in
a mass as a function of the variation in temperature of an ambient medium.
To solve the equations developed by these analyses requires simplifying
assumptions. For example, Drouin and Michel (1974) had to assume that the
thickness of the ice remained constant during the period of ambient tem-
perature increase. This would not be the case for thin ice but would be
reasonable for sheets thicker than 16 inches (40 cm).

Climatological Data

In order to compute the pressures from thermal ice expansion ve need
to know the total temperature rise and the time required to obtain that
rise. Also we should know if the temperature rise is linear or varies
somehow, such as sinusoidally. Drouin and Michel (1974) present climato-
logical data for Wuebec City from 1944 to 1967, inclusive. Quebec City
is at 46°46'N latitude and 71°23'W longitude. Climatological data from
Quebec City will not be applicable at most other sites, but by presenting
them here we will be able to subsequently demonstrate a design methodology.
The designer of a small craft harbor at another location would of course
investigate climatological conditions there.

Table 4 presents a statistical analysis of data for 23 winters at
Quebec City. For that city it was calculated that 90 percent of the air
temperature increases had durations of less than 20 hours. About two-
thirds of the time the duration was less than 10 hours. The most frequent
temperature spread vas 17°F (9.5°C) with a duration of 7 hours, which is
an average rate of air temperature increase of 2.4 F/hr (1.3 C/hr).
Sinusoidal variation in temperature rise was generally present.

Period of Duration of Temperature Increase (hrs)
Recurrence
(years) 5 10 20
12.5 4.4 {2.4) 3.1 (1.7) 1.6 (0.9)
25 4.7 (2.6} 3.3 (1.8) 1.7 (0.9)
50 5.2 (2.9) 3.5 (1.9) 1.8 (1.0)
106 5.6 (3.1) 3.7 (2.1) 1.9 (1.1)

Table 4 Rates of Increase, F/hr { C/hr), for
Linear Air Temperature Increases as a Function of
the Period of Recurrence and Duration of the Increase
(Quebec, December 1, 1944--larch 31, 1967)

(after Drouin and Michel, 1974)
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Rheolegical Aspects

When an ice specimen, mechanically fixed at its ends, is heated it will
try to expand. However, since the ends are fixed a thermal stress will be
produced. The strain from this thermal stress offsets that due to the tem-
perature rise. Thus, even though the specimen undergoes no apparent change
in length, it is subjected to mechanical strain equal to the thermal defor-
mation that would have resulted if it had been unrestrained. Maintaining a
constant length and measuring the forces (stresses) that cccur at different
temperatures is one way of carrying out laboratory tests on ice.

The laboratory procedure used by Drouin and Michel (1974) used a some-
wvhal different approach, one that avoids errors caused by the metal parts
of the testing machine expanding. The tests were performed, at different
temperatures, on ice specimens at constant strain rates. The tests deter-
mined by means of the experimental curves obtained, the stresses and thrusts
induced by the effects of temperature variation.

Ice in nature responds to thermal changes in a ductile manner. The
strain rates are quite small and hence ice exhibits ductile behavior.
The small strain rates accompanying thermal behavior can be shown with
the following calculation.

Assume a temperature rise of 5 F/hr (2.8 C/hr) and a coefficient of
thermal expansion of 28 x 10-6 F-1 (50.4 x 10-6 C-1)

Strain Rate = Coefficient of Expansion x Rate of Temperature Rise

(28 x 106 _F-1) (5 F/hr)
- (3600 s/hr)

3,89 x 10-8 g~1

The thermal strain is alse quite small,

Assume a rise in temperature from -30°F (~340C) to 32°F (UCC) at the
above rate. The strain rate is 3.89 x 10-8 s-1 for a
coefficient of thermal expansion of 28 x 10-6 -1
(50.4 x 10-6 c-1)

. (62 F) (3600 s/hr) (3.89 x 10-8 s-1)
Straln = (5 F/hr)

0.00174

= 0.,174%

The total strain is less than one quarter of one percent. However, if
for this strain the ice were unrestrained, it would expand nearly 10 feet
(3 m) in a mile {1.6 km)

22




To deform laboratory specimens by a factor of one percent at constant
rates of 10‘7, 10‘8, and 107 per secend, test durations of 28, 280, and
2800 hours are necessary. These long periods explain why few tests in
the range of strain rates that accompany thermal expansion in the field are

cited in the literature. At very lov strain rates even small temperature
variations in the ambient medium impair the validity of a test. Rlso, the
deformation of a measuring element of a load cell, is not negligible in
comparison with the actual deformation of the specimen. The laboratory
testing program undertaken by Drouin and Michel (1974) overcame many
difficulties of this nature.

Laboratory Test Results, Ice Thrusts

Two types of ice were tested, S1 columnar ice loaded perpendicular to
the c-axis (and parallel to the basal plane) and Tl snowpack ice. Samples
vere generally columns 1 inch {2.54 em) in diamster and 3 inches (7.62 cm)
long. As they were compressed, at strain rates ranging between 10-7, and
10-8 per gecond and at different temperatures ranging between freezing and
about -20°F (-29°C), the deformations and loads were measured.

In the snowpack ice the maximum loads occurred after the stress had
increased at a constant rate for some time. The stress, after having
attained its maximum, usually remained constant or nearly so. The average
deformation to reach maximum stress was 0.15 percent.

In the columnar ice the stress increased at a constant rate for a long
time. Following that, the rate of increase of stress gradually diminished
until it was nil. The maximum stress was reached when the specimen had
been deformed between 0.08 and 0.20 percent. The stress, after reaching
its maximum value, fell very rapidly and then stabilized at a near constant

value,

At the low strain rates the sample behavior is plastic, i.e. the sample
doesn't break or shatter, but yields as time proceeds.

The maximum thrusts for columnar and snowpack ice are given in Table
5. They have been computed from the laboratory test data and a sinuscidal
varied ambient temperature rise from an initial linear steady temperature
state in the ice (i.e. the initial ice temperature profile varies linearly
from the ambient temperature at the surface to the melting point at the
vater-ice interface). With time the ice warms up and thereby exerts thermal
stresses., These stresses reach maximums and the stress in the ice at
various depths can be summed up to obtain the maximum ice thrust per unit
length for a given ice thickness, total temperature rise, and duration of
temperature rise.

Ice thrusts for ice thinner than indicated in the table will be less
than the tabulated values. Also, the analysis of stresses indicates that
the stresses in an ice sheet are particularly high in the first 8 to 12
inches (20 to 30 cm) of the thickness of a thermally stressed ice sheet.
The bottom region of a thick ice sheet may consist of a different type of
ice without appreciably altering the stressed conditions, the heat transfer
being the same.
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Ice Surface Temperature, F ( C) and
Classification of Ice:
S1 = Columnar Ice and Tl = Snowpack Ice

Ice Thickness and o o - - - .
Duration of Temperature 14°F (-10 C) -4 F (=20 C) -22F (~30 C)
Increase (hrs) 51 11 S1 T1 s1 11

20 in (50 om)

t = 5 hrs 5 4 11 8 19 13
(73) (58) (len) (117) (277)  (1%0)
t = 10 hrs 6 5 14 11 23 16
(88) (73 (204) (160) (336) (233
t = 20 hrs 9 7 18 13 27 18
(131} (102) (263) {(190) (394) (263}

30 in (75 c©m)

t = 5 hrs 5 4 11 8 20 14
(73)  (58) (160) (117) (292)  (204)
t = 10 hrs 7 5 15 11 24 18
(102) (73) (219) (160) (350) (263)
t = 20 hrs 9 8 20 15 30 20
(131) (117) (292) (219) {438)  (292)

40 in (100 com)

t = 5 hrs 5 4 11 8 20 15
(73)  (58) (160) (117) (292) (219)
t = 10 hrs 7 5 15 12 25 19
(102) (73) (219) (175) (365, (277)
t = 20 hrs 9 B 20 16 32 22
(131) (117) (292) (233) (467) (321)

Table > Pressures of Thermal Origin by an
Ice Sheet Restrained in One Direction
kips/ft (kN/m)

(after Drouin and Michel, 1974)
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Use of the table is illustrated by the following example.  Given a 30
inch (75 cm) ice sheet with a surface temperature of -4 F (-20°C). The
thrust exerted by a rise in temperature to 32'F (0°C) over a periad of 10
hours (i.e. at a rate of 3.6 F /hr or 2.0 € /hr) would be 11 to 15 kips per
foot (160 to 219 kN/m) depending on whether the ice was granular or columnar
(loaded perpendicular to the c-axis).

Except for complete biaxial restraint, most factors encountered in
nature tend to decrease calculated ice thrusts, Among the factors which
reduce stresses of thermal origin are the insulating qualities of a snow
cover on the ice and cracks in the surface of the ice.

Biaxial Restraint

Determining rheological behavior of ice deformed in two directions is
a subject of current research. Drouin and Michel (1974) performed some
biaxial tests on snowpack ice and concluded that snowpack ice deforms in
the manner of an almost perfectly plastic material when the maximum biaxial
stress of thermal origin is obtained. This maximum biaxial stress is about
tvice the maximum stress previously obtained in the uniaxial tests. Also
they concluded that maximum stresses for S1 and 52 columnar ice having
pressures of thermal origin and biaxially restrained can be adequately
estimated by using the uniaxial test results for Sl ice.

They give no ice thrusts for the biaxial condition as such, but suggest
using uniaxial thrusts for a dam and reservoir with the following example.
Assume an ice sheet is totally restrained in a direction perpendicular to a dam
crest. Stresses of great magnitude develop in the first 8 inches (20 cm) of
the ice thickness. Under natural conditions, the crystallographic orienta-
tion of the grains of columnar ice in the top layer of an ice sheet can be
considered random. In such case, the stresses developed are considerably
lower than if all the columns have, for instance, a vertical crystallographic
orientation. Experimentally the biaxial restraint of 51 or 52 columnar ice
having some grains randomly oriented gives substantially the same maximum
stress values as are obtained from S1 ice specimens restrained in only a
single direction (deformed perpendicular to the c-axis). Also a reservoir
with rocky vertical walls around the entire perimeter would be unusual. It
wvould correspond to an ice sheet in a swimming pool (or a small-craft harbor
completely surrounded by vertical sheet piling walls).

Within the present state of knowledge, Drouin and Michel (1974) recom-
mend using thrusts in reservoirs on laboratory testing of ice under uniaxial
loading,
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Fffects of Cracks and Snow on Ice Thrusts

snow covered ice or cracked ice or both significantly reduce the thrust
of an ice sheet.

The effect of cracks (either from thermal contractions or water level
changes) is to mitigate the effect of a temperature rise or spread.

Metge (1976) has reported on a five year study and field observation on
thermal cracks at Kingstan, Ontario. The frecuency of cracking tends to de-
crease as an ice cover becomes thicker. He categorizes thermal cracks into
three groups. The first are dry cracks which absorb a significant amount of
thermal ice movement. They are common and consist of cracks that extend from
the top of the sheet down one-half to two-thirds of the ice thickness. These
dry cracks open and close according to the ice temperature. The second and
third groups are respectively, vet cracks which are relatively rare, and wide
vet cracks which are just too vide to easily refreeze into sound ice. Wet
cracks are narrov enough to refreeze rapidly and in so doing add material to
the ice sheet. Since wet cracks are not prevalent, we are mainly concerned
vith the beneficial effects of the dry thermal cracks. The following example
illustrates their effect on thermal thrusts.

Assume a coefficient of thermal expansion of 28 x 1076 -l
(50.4 x 106 C-1) and a total summation of
crack widths of 0.02 inches per yard (0.56 mm/m)

Strain (%) (Coef. of Expansion) (Temp. Rise) (100)

(0.02 in/yd) (100) _ _ - .
36 in7vd) (28 x 10-6 F-1) (100) (Temp. Rise F)

20 F (11 € ) = Equivalent Temperature Spread

Temp. Rise

In this example, the first 20 F (11 C )} of a temperature rise would be
taken up by the cracks, The remainder of the rise would produce thermal
thrusts.

Table 6 gives temperature spreads for cracked ice.
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Summation of Crack Widths Total Deformation Equivalent

per Unit of length of an or Strain of Temperature
Ice Sheet the Ice Spread
in/yd nm/m % Fooc
0.009 G6.25 0.025 9 5
0.018 0.5 0.05 ' 18 10
0.4836 1.0 0.10 36 20
0.054 1.5 0.15 54 30
0.072 2.0 0.20 72 40

Table 6 Summation of Crack Widths Per Unit of
Length of an Ice Sheet Expressed as Percent Thermal
Deformation of the Tce and Equivalent Temperature Spreads
(Coef. of Expansion = 28 x 10-¢ f-! or 50.4 x 10-6 C-1)

(after Drouin and Michel, 1974)

Snow accumulated on an ice sheet has a drastic effect on the temperature
variations in the ice, and as a result the pressures of thermal origin are
much less. A uniform fresh snov cover can drown an ice sheet causing no
thrust until the ice reforms on the top. This can occur when a snow fall
roughly equal to the ice thickness occurs.

Snow, a complex material which undergoes a continuous process of meta-
morphosis, can be converted to an equivalent thermal thickness of ice by
proportioning through the coefficients of thermal conductivity for snow and
for ice. However, the thermal conductivity of snow varies with density (as
well as other things). Mellor (1964) gives snow conductivities as a function
of density. Drouin and Michel {1974} report the average density of snow 20
to 40 inches (50 to 100 cm) thick on the ground to be 25 to 28 pecf (400 to
450 kg/m?). Snow at this density will barely show a man's foot print. For
snow layers of small thicknesses the density is much less--lower than 12 pcf

(200 kg/m°).

Table 7 gives eguivalent ice thicknesses for snow densities.
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Ratio of Thermal

Snow Density Equivalent Thicknesses of Ice to the
pcf (kg/m3) Actual Thicknesses of Snow

6.2 (100) 24.0

9.4 (150) 17.1

12.5 (200) 13.2

15.6 (250) 10.6

18,7 (300) B.7

21.8 (350) 7.2

25.0 (400) 6.1

28.1 (450) 5.0

Table 7 Ratios of Thermally Equivalent
Thickness of Ice to Actual Thicknesses of Snow
(Drouin and Michel, 1974)

To 1llustrate the use of the above table, assume we have 6 inches
(15 cm) of snow weighing 21.8 pef (350 kg/m?) on top of a two foot (0.6 m)
thick ice sheet., The ratio of egquivalent thickness of ice to actual thick-
ness of snow is 7.2; therefore, thermally the snow simulates an additional
layer of 43.2 (110 em; thick. The fictitious sheet is now 67 inches (170 cm)
thick. The temperature variations to be taken into account in calculating
the stresses of thermal origin are those which prevail 43 inches (110 cm)
below the surface of the fictitious sheet, At this depth into an ice sheet
the attentuation of temperature is complete and thus the pressure of thermal
origin is very small or nil.
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Ice Thrust on Individual Piers

Petrunichev (1954), cited by Korzhavin (1971), considers static hori-
zontal pressure of ice on individual piers. The question is raised as to
vhether one should determine the pressure from an ice field by the width
equalling half the sum of the adjacent spans or be limited to considering
only the pier width,

The deformation of the part of the ice field lying between the piers
would not occur separately. It exerts a partial effect on the amount of
pressure on a pier. It would be increased. Petrunichev (1954) suggests
that the total force on a pier should be equal to the thrust (force per
unit length) times the sum of the width of the pier and one-third the half
sum of the spans contiguous with the pier.

The suggestion for somehow increasing forces for 'bridging' action
would be applicable for small craft harbors. For example, consider the
case of a marina pier constructed with horizontal elements spanned across
intermittent cribs. The total lateral force would exceed that computed
from ice contact with the crib alone. In part, the ice would 'bridge' over
and produce a larger horizontal force.

Closure

In this section we have reviewed the thermal ice pressures proposed by
Drouin and Michel (1974) and presented some estimates of thrusts, Flexible
marina structures and conditions existing in nature should result in forces
smaller than those given.

The forces were computed for assumed temperature rises equal to the
difference in the cold ice sheet surface temperatures and the welting point,
Temperature rise is a function of the site's climatology. The highest
pressure occurs for the smaller rates of temperature rise. Also the atten-
uvation of temperature rise occurs very rapidly and it is the top zone of the
ice sheet that experiences the thermal stresses. (Query, can one mitigate
these stresses in this area somehow. If the ice were weakened or broken, or
if made thin or warmer, or if separated from the structure with a pliable
material, the force on the structure would be reduced.)

Strain rates in the regime ot thermal expansion ot ice sheets are very
lov (less than 10-7 s-1) and the ice behaves in a ductile manner. Also
forces produced from uniaxial testing can adequately represent some level of
biaxial conditions that might be present at a particular site,

Each site where thermal pressures will exist should be separately

studied. The climatology, characteristics of the ice sheet, bank configura-
tion, and type of structure are all important.
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PART 111

ICE SUPPRESSION AND WEAKENING

Ashton (1974) has prepared a monograph on air bubbler systems to sup-
press ice. Analytical methods were used to develop a procedure for predict-
ing the effectiveness of using bubbler systems to suppress ice formation
vnder various field conditions. We believe air bubbling is an effective
method to suppress ice. The material contained in this section is based
largely on the procedures suggested by Ashton but simplified somewhat to
fit our concern, namely, melting ice in a small-craft harbor (rather than
in a lake shipping channel or a deep-water port). The resulting suppression
predictions agree well with our field observations and experiences of air
bubbler manufacturers.

Those wishing to examine air bubbler systems in more detail tharn what
is presented here can refer to the original Ashton {1974} monograph, Ashton
(1975) and Ashton (1977). The 1975 work is a laboratory experimental report
on heat transfer coefficients associated with flow induced by a line source
bubbler system. The 1977 work is a refinement of the monograph and a numer-
ical simulation for a system. US CRREL has developed a computer program in
BASIC language that simulates analyses of diffiuser lines, plumes and heat
transfer, ice melting, and thermal reserves. The simulation agrees satis-
factorily with one example case for a winter in Duluth, Minnesota.

We will begin with a description of how a compressed air bubbler de-
icing system works. This will be followed with a review of the suggested
design method and practical considerations to achieve a successful instal-
lation. Also included are a few notes on other ways to suppress or weaken
ice.
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Principles of Bubbler System Operation

Figure 3 1is a cross sectional view along the axis of an air diffuser
pipe on a lake bottom, It is also representative of the action of a point
source diffuser.
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Figure 3
Bubbler System Schematic
(after Ashton, 1974)

Air is compressed by a compressor either located indoors or suitably
protected and mounted on a marina pier. In an overall ice suppression
system, several compressors may be used and interconnected through a dis-
charge manifold piping system. Air travels through the discharge line to
the diffuser or diffuser line on the lake bottom. The air has been varmed
during compression but normally is cooled down to the ambient lake temper-
ature by the time it reaches the diffuser. Here the air is discharged
through an orifice. It must have enough pressure at the diffuser to over-
come the depth of water hydrostatic pressure.

The discharging air is cooled as it expands going through the orifice.
If it expands too quickly an icing condition can occur at the grifice. With
proper air pressures this does not happen. The momentum of the air jet sets
the bubbles in motion. The momentum gquickly dissipates and bubble buoyancy
takes over. As the bubbles rise they entrain water into the rising plume
from the lateral direction. Many bubble sizes are present, but the tinier
ones are more efficient as they move more water for the same volume of air.
In fact, this principle explains why large air bubbles, like those produced
by belcher devices, aren't as effective as a continuous stream of tiny
bubbles. The ice melting that occurs on the underside of the sheet is the
result of both temperature and volume of water being moved upwards from the
warmer bottom water by the bubble plume.
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At some point near the surface the buoyant plume spreads as it either
impinges on the ice cover or encounters open water, If a free water sur-
face is present, the bubbles will escape directly to the atmosphere. This
results in a certain amount of heat being wasted., If a cover exists the
bubbles will move laterally along the underside of the ice. As they do,
melting primarily by convection occurs. This heat loss results in cooling
of the flow whose velocity has also decreased as it spread out. Rapid
decay in the heat transfer rate is the result.

Finally, the plume imposes a net circulation on the water and this
allows more warm water to be drawn into the area from distant lateral
directions. A bubbler system would not work in a swimming pool for ex-
ample, because the amount of warm water is limited by the pool's volume
and eventually it would all be cooled down. The pool would freeze to
the bottom. Design of bubblers in sea water is complicated because salinity
may vary with depth and theoretically the maximum density oceurs at the freez-
ing point. (There may be no "warm" dense bottom water.) Also rivers with
currents tend to be isothermal and even super-cooled, and hence do not have
enough heat. What heat there may be is already impinging on the river cover.

In a fresh water or brackish water marina, however, a bubbler system
can work if lateral warm water recharge is present and it is designed and
maintained properly.,

Ice Suppression Bubbler Systems Design

The following design procedure is a trial-and-error procedure based
upon Ashton (1974), Ffor a given site and conditions the quantity of air
required Q, is estimated for a tolerated ice equilibrium thickness ng.
This thickness is a steady state thickness of an ice cover that will
persist with a continual flow of heat to the cover's lower surface and
a cooler atmosphere forming ice. At the equilibrium thickness, the ice
is melting as fast as it forms.

The design of an ice suppression system requires the selection of this
thickness. To reduce it to zero or near zero requires disproportionate
amounts of heat, i.e. the air flows required become large. The ice itself
is an insulator and a free water surface is heat wasteful. (However, the
desigher may wish to choose to obtain free wvater in order to better monitor
the bubbler's operation throughout the winter.) In selecting a thickness
to be tolerated, factors like the following must be considered: first cost
and operating costs, resistance available to ice uplift through embedment
of piles being protected, magnitude of lateral forces from thicknesses of
ice, availability of manpower to chop ice during severe cold periods, tem-
perature extremes existing at the site, and the amount of damage to be
tolerated,

The gquantity of air required (g is estimated from experience and local
conditions. Table B gives heat transfer coefficients as a function of
vater depth H and air flow rates (;. (0z is in terms of volume per time
per length of diffuser which reduces to area per time.) The depth of water
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used is from the underside of the ice (nominally the top surface for sup-
pressed ice) to the diffuser level {(on the bottom generally).

Water Depth Air Flow Rate, O, ftZ min~l (m2 s=1)
H, ft (m) .01 .02 .03 .04 .05 .0€ .07

(1.55)x  (3.10) (4.64) (6.19) (7.74) (9.29) (10.8)

6 (1.8) 151 169 180 189 195 201 206
{ 857) ( 960) (1022) (1073) (1107) (1141) (1170)

8 (2.4) 142 158 169 177 184 189 194
( 806) ( 897) ( 9€é0) (1005) (1045) {1073) (1102)

10 (3.03 134 150 159 167 173 178 183
( 761) { 852) ( 903) ( 948) ( 982) (1011) (1039)

12 (3.7) 127 142 151 158 164 o169 174
( 721) { 806) ( 857) ( 897} ( 931) ( 960) ( 988}

14 (4.3) 121 135 144 151 157 162 166
{ 687) ( 767) ( 81%) ( 857) ( 891) ( 920) { 943)

16 (4.9) 116 130 138 145 150 155 159
( 659) ( 738) ( 784) (823) (852) (880) (903)

*Multiply values by 10-2

Table 8 HEAT TRANSFER COEFFICIENTS, hp
Btu hr-1 ft-2 F-1 (W m-2 c-1)
(after Ashton, 1974)

The heat transfer rate gy is obtained from

Qu = hy (Ty = Tp)
where T,, is the water temperature

and Ty is the melting point temperature of ice

The water temperature can be measured at a given site or conservative
estimates made for its value. We have made water temperature measurements
in many western Great Lakes small craft harbors and found them to be iso-
thermal and only slightly above the freezing temperature (% F, 0.3 C, or
cooler). Others have also reported very cold water. It is reasonable to
assume that the water temperature is constant throughout its depth because
being shallow and agitated by rising bubbles are conditions tending to
destroy any thermal stratification.
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Figure 4 gives the equilibrium thicknesses ng, for the calculated heat
transfer rate gy as functions of the ambient air temperatures Tz. It has
been assumed that no snow cover is present and that the average wind speed
is 10 mph (4.5 m s~1). If snow is present the equilibrium thicknesses be-
come smaller for a given qy. Conversely, if windier conditions prevail the

equilibrium thicknesses increase.

The average daily temperature during the period of the winter under
consideration can, for most sites, be used for T,. Ice once formed grows
rather slowly during cold spells. During the day, warmer temperatures
counteract cooler evening temperatures.

35




-1 72

—

Btu

REQUIRED HEAT TRANSFER RATES, qy

Ne cm

O 5 10 15 20 25 30 3 40 45 30

200 I | | | | I | | 1 i
| 75 —
150
125 —
|00 —
AMBIENT AR
75 — TEMPERATURE, Tq
50 -30°F (-34°C)
-20°F (-29°C)
-10°F {-23°C) |
e \ 0°F (-18°C) 100
10°F (-12°%C)
20°F (- 7°C)
0
| I | T I | 1 | I

0 2 4 6 8 0 2 14 6 18 20
ICE EQUILIBRIUM THICKNESS, ne in

Figure 4. REQUIRED HEAT TRANSFER RATES TO
ATTAIN EQUILIBRIUM THICKNESS AS FUNCTION OF
AMBIENT AIR TEMPERATURE (after Ashton,1974)

36

— 600

—500

300

— 200

—400

W m-2

Qw




The use of Table 8 and Figure 4 is illustrated by the following
example. ‘

Assume Gy = 0.06 Ft2 min-1 (9.29 x 10-> m? s~1) of air

H =10 ft (3 m) wvater depth
Ty = 32.5°F (0.3°C) water temperature
T, = -10°F (-23°C) ambient air temperature

From Table B at Qg = 0.06 and H = 10 find the heat transfer coefficient

hp = 178 Btu hr-t ft-2 F-l
(1011 W m=2 c-1)

Find gy, the heat transfer rate from

Gy hp (Tw - Tm)

178 Btu hr-1 ££-2 F-1 (32.5°F - 32.0°F)

= 89 Btu hr-1 ft-2 (281 W m™%)
From Figure 4 at T, = ~10°F and qy = 89 find

Ne = 4 inches (10 cm)

Should the ambient temperature {approximately the average daily tem-
perature) fall below -10°F (-23°C) say to -30°F (~34°C) for a few days,
then the ice equilibrium thickness would increase to 7 inches (18 om).
Whether 7 inches (18 cm) of ice would be tolerable would depend on the
site and what is being protected.

Now assume instead of (g = 0.06 ft2 min-1 (9,29 x 10-2 m2 s“l) we use
one~half as much air. From Table B at Qg = 0.03 ft2 min~! (4.64 x 1072
mZ s=1) hyp = 159 Btu he-l Ft=2 F-1 (903 w m=2 C-1). For % F (0.3 ),
gy = 80 Btu hg‘l Ft=2 (252 W m~2). From Figure 4 , at an air temperature
of -10°F (-23°C) we find ne = 5 inches (13 om) and at -30°F (-34°C), ng =
9 inches (23 cm). Changing the guantity of air does not have a linear effect
on the ice thickness. If however, the water temperature is cooler (or warmer)
than estimated, large changes in ng occur.

Assume the water temperature is 325°F (0.1°C) instead of 32%°F (0.3°C).
For G, = 0.06 ftZ min-1 (9.29 x 10-° m2 s71) hy = 178 Bty hr~l fe=2 F-1
(1011 W m2 C=1). The required heat transfer rate is (%) (178) =
45 Btu hr'& ft-2 (IQZOW m~2), Corresponding equilibrium thicknesses at
~10°F (~23°C) and -30°F (~34°C) would be 11 inches (28 cm} and more than
15 inches (38 cm). These ice conditions would probably be intolerable.
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The above analysis is for a line source diffuser system. A solution
to a point source diffuser is not presently available, It is estimated
that a series of point sources (such as would exist in a bubbler system
layout protecting individual piles spaced throughout a marina) would ap-
proximate the line source condition. This of course would be a function
of hov far apart the point sources become. But in general, adding up the
air discharges at each point source and dividing by the distribution
diffuser length would be a reasonable approximation for lU; in a typical
small craft harbor.

We can estimate the time required to melt out an ice cover if one 1s
already in place., For thicker ice there is little tendency for it to
thicken. The simplest analysis occurs when we assume there is no conduc-
tion through the cover and that it is melted by the warm water impinging

on its lower surface.

For these conditions the melting rate can be calculated as follows:
Melting Rate = Jw
p; 7
vhere qy is the heat transfer rate in Btu he-1 ft=2 (W m=2)

p: is the mass density of ice and equal to 57.2
Ibs ft=3 (916 kg m™>)

7 is the heat fusion of ice and equal to 143.7
Btu 1b-1 (3.34 x 10° J kg1)

Find q, to melt one inch (2.5 cm) in a day.

| (gy Btu hr-l Ft=2) (12 in ft~1) (24 hr da~1)

1l in da~

(57.2 1bs ft=3) (143.7 Btu 1b~1)

28.5 Btu hr-1 ft=2 (89.8 W m~2)

Yy

Therefore with 100 Btu hr=1 Ft=2 (315 W m~2) we can melt 3% inches
(9 cm) of ice per day.

We can also make an estimate of the exhaustion of the thermal reserve
in a closed body of water. The following computations show the absolute
necessity of having a warm water recharge at any small craft harbor using
air diffusers to suppress the ice.

We can compute the volume of warm water recessary to melt a given
volume of ice as Follows; Assume we have ice at the freezing point and
varm water at 33°F (0.55°C). On a cubic foot (0.0G283 m?) basis then:
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Heat Required to Melt Ice
Heat Content of Water

Ratio of Volumes

_ pi_~
Py Cp Ty - Tl

where ¢ and * are defined above
Pi

py 1s the mass density of water and equal to
62.4 1bs ft=3 (1000 kg m™2)

¢y is the specific heat capacity of water and
equal to 1.0 Btu 1b-! F-1 (4187 J kgl c-1)

(TW - Tp) is the difference in the temperature
of the water and the melting point of ice

(57.2 1bs ft—3) (143.7 Btu 1b-1)
(62.4 1bs ft=2) (1.0 Btu 1b-1 F-1) (17 F)

= 132

It takes 132 cubic feet (3.74 m2) of water at 33°F (0.55°C) to melt
1 cubic foot (0.0283 m3) of ice at the freezing point.

Assume we have an air diffuser system installed in a closed body of
wvater that is at a temperature of 33°F (0.55 C). Also assume a depth of
wvater of 10 feet (3 m), diffuser lines spaced 30 feet (9 m) on centers,
and that we want to use the diffuser lines to melt ice in a band 3 feet
(1 m) wide.

. _ {30 ft) (10 ft) (1 ft)
Suppressed Thickness = (1327 (3 FE) (1 FL)

0.76 ft or 9 in (23 cm)

Under these closed conditions the thermal reserve would be exhausted
in a few days. If an ice cover grows rapidly a large amount of heat can
be sealed in. However it would still not be encugh to operate a suppres-
sion system throughout a winter. There must be a source of warm water.
Also operating these systems in shallow water, say six feet (2 m) or less,
is not recommended because of lack of enough warm water to melt an ice
COVeT,

. The detailed design and layout of an ice suppression bubbler system

is qutside the scope of this ice engineering guide. A few comments on the
design of systems that are presently installed and are working are in order
however,
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Having determined the required amount of air (a function of water depth,
water temperature, water body thermal reserves, atmospheric conditions, and
thickness of ice to be tolerated) an air manifold distribution system together
vith branch diffuser lines would be designed in accordance vith standard air
flow design procedures. It is important that manifold and diffuser lines are
large enough to reduce pressure losses and to make sure the air supply is not
exhausted before the last diffuser is reached. Balancing air flows and
pressures is quite important for a successful compression system.

The total air pressure required will be a function of the line and orfice
losses and the hydrostatic head to be overcome at the diffuser. Where the
harbor bottom is sloping, it is best to distribute the air in an uphill dir-
ection from the deep end; otherwise if the air is first emitted in shallow
vater, the deeper diffusers may be starved.

Spacing of orifices would normally be between 1/2 and 1/3 the water depth
along a line diffuser. Pre-slit vinyl weighted bubbler hoses are available
from component manufacturers. Fixed opening orifices are usually a nominal
3/64 inch (1 mm) size. The orifice diameter (or head differential) can be
determined from a standard discharge equation given below.

Q= s, T d? \P 4 p/Pa
4

11
]
[+

vhere Qy = discharge from a single orifice
s = spacing of orifice
G. = air discharge per unit length

Cq = orifice loss coefficient (from fluid mechanics
texts, etc.)

d = orifice diameter

Ap = pressure difference across orifice

py = mass density of air

Usually an air bubbler system is a lov pressure, high volume design.
This suggests the use of rotary blowers instead of piston compressors used
previously. A disadvantage of a piston compressor is the presence of finely
atomized oil in the air diffuser lines which has passed by the pistons. This
causes clogging of the lines and orifices, Noise is a disadvantage of the
rotary compressor system.

Standby power or other alternative procedures should be available at a
marina in the event that power is lost during a storm or for other reasons.
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A well designed air bubbler ice suppression system will rapidly prove
inadequate if little attention is paid to its pre-season cleaning and
balancing. It is essential to begin an icing season with clean, balanced
and operable system components.

Uther Ways to Suppress or Weaken Ice

At this time it appears that compressed air ice suppression systems
are best for the small craft harbor. A few other methods are given below
and they may have some applicability.

Velocity or propeller systems drive a propeller that churns warm water
to the surface. A lot of water is moved with only a few percent of the
volume contributing to melting ice where suppression is desired. Methods
to analyze melting ice with these systems have not been published. The
velocity system's chief applicability appears to be in keeping limited
areas open, e.g. arocund a boat left in the ice.

US CRREL personnel have observed a field experiment where 57°F (14°C)
wvarm water was emitted from a diffuser 19 feet (6 m) below the ice surface.
The warm water rose until it cooled to 39°F (4°C); at which time it descend-
ed as it was denser than the surrounding water. It did not reach the surface
to melt the cover. Warm water diffusers might work with shallow water, high-
er pressures for momentum and insulated manifold and diffuser lines.

Insulating ice is very effective in reducing its thickness and retarding
its growth. A few trials have been made in river ice. They effectively
reduced a normal cover of 12 inches (30 cm} to zero. Problems involved are
installing, maintaining and removing the insulation material.

Snow is a good insulator and snow thrown by a snow-blowver is reworked
and tends to set up. In this form, a snow cover might provide satisfactory
insulation during severe periods of a winter.

Dark substances will absorb heat and cause melting. However coal dust-
ing and other techniques are one-time temporary measures. Such procedures
as well as chemical applications for melting are not acceptable today.

flectrical resistance heating is more expensive than other suppression
methods but is feasible and perhaps applicable. Frazil ice, which is quite
sticky can be electrically melted from intake structures. Lake ice could
also be melted with electrical heat. As the area of contact between the
structure to be protected and the ice diminishes, the more favorable resis-
tance heating becomes. (Query, could pilings whose diameters were made
small at the ice line, an area not usually requiring a large pile section
modulus, be incorporated in a dock system design with electric heating to
suppress the ice.)

finally, ice can be weakened and cracked by impacting, chepping, wave

generation schemes and other mechanical means. These do not appear feasible
for a small craft harbor howvever.
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PART TV

BEARING CAPACITY OF ICE

This section of the guide contains information on the capacity of ice
to support loads, especially construction loads resulting from using ice
as a work platform for building small craft harbors. Winter construction
has proven very successful in the Great lLakes. The ice easily handles men
and small equipment with few accidents. Heavier loads have been moved and
supported by ice also, including driving piling with light pile drivers
and excavation dredging with regular construction cranes and draglines.
Predicting safe allowable loads necessarily must be conservative. Ice
strength must be assumed to be weaker than strengths which will be assign-
ed in the next section for estimating the forces and uplifts due to ice.

This section begins with a discussion of ice parameters and bearing

capacity theory. A figqure is presented for maximum safe loads. The sec-
tion concludes with some comments on thickening and strengthening ice.
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Flexural Rigidity Length

Nevel (1976) introduced a term, flexural rigidity length, for a char-
acteristic feature of all ice plate problems. The term in fact has been
called characteristic length, or sometimes action radius. To derive the
term, let us first consider the differential equation for a beam.

4
e $v _ g

dx4

vhere v = deflection

x = distance

q = load

E = modulus of elasticity
I = moment of inertia

The term EI is a measure of how stiff the beam is. If now the beam
rests on water the deflection increases the water pressure which reduces
the load.

4
pp 4 = q - kv
dx4
vhere k = weight density of water
4
cl dv + kw = g
dx
EI d%u
— —+ W =g
k dx® k
The term-%l on a unit width basis has the dimensions of the length to the

fourth power, so the fourth root of %l-is a length, 1.e.

FI_FL203 g

k FL-2
wvhere F and L represent force and length units

T 12k

wvhere h is the plate thickness

£1 _ (E) (1/12) (h3) _En?
K- K
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Now for a plate instead of a beam the term (1 - v2) is introduced
through strain compatibility relationships, where v is Poisson's Ratio,
The flexural rigidity length 1 for a plate is defined as follows:

[ Eh? ] %
1= - 5
12 (1 - v*%)

The value of 1 is rather insensitive to £ and v, and sensitive to h,
the plate thickness. This means that we need not know E and v precisely,
but do need to know the ice thickness to make good engineering estimates.
The flexural rigidity lengths for various E's and h's for a Poisson's Ratio
of 1/3 are listed in Table 9. The values will be used in solving bearing
capacity and other plate problems.

Ice Thickness, h Modulus of Elasticity, E
inches kips/inZ
{cm) (MN/m2)
500 750 1000 1250 1500
(3445) (5168) (6890) (8613) (10335)
6 10.8 11.9 12.8 13.6 14,2
(15) ( 3.3) { 3.6) { 3,9) ( 4.1) ( 4.3)
12 18.1 20.1 21.6 22.8 23.9
(30) ( 5.5) ( 6.1) { 6.6) ( 6.9) (7.3)
18 24,6 27.2 29.2 30.9 32.3
(46) ( 7.5) ( 8.3) ( 8.9) ( 9.4) ( 9.8)
24 30.5 33.8 36.3 38.3 40.1
(61) ( 9.3) (10.3) (11.1) (11.7) (12.2)
30 36.1 39.9 42.9 45,3 47.5
{(76) (11.0) (12.2) (13.1) (13.8) (14.5)
36 41.3 45,7 49.2 52.0 54,4
{91) (12.6) (13.9) (15.0) (15.8) (16.6)
42 46.4 52.4 55,2 S8.4 61.1
(107) (14.1) (16.0) (16.8) (17.8) (18.6)

TABLE 9 FLEXURAL RIGIDITY (CHARACTERISTIC)
LENGTHS, 1, Feet (m)
(Poisson's Ratio = 1/3)
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Bearing Capacity of Ice Sheets

Kerr (1976) has presented a critical survey of the literature on bear-
ing capacity of floating ice plates subjected to static or quasi-static
loads. The work contains discussions of general questions, analytical
solutions, and field and laboratory results.

When using an ice sheet for supporting loads one question of obvious
interest is what is the maximum load or the "breakthrough load. Also the
time at which this breakthrough occurs is of interest. Simple proven methods
have not been developed to tell us the breakthrough load and when it will
occur. 1t is a viscoelastic problem.

Field and laboratory observations indicate that indeed an ice sheet
continues to carry a load after the first crack occurs. To solve analyti-
cally any plate problem requires limiting the problem, choosing an ideal-
ized model and formulating the proper equations from mechanics (statics
and dynamics). Having formulated the problem, exact or approximate
solutions are sought that agree with field and laboratory observations.
However, if we limit the plate problem, for ease of analysis and conser-
vatism, to an uncracked plate we then have a different problem after the
first crack appears. More complex and different problem formulations are
then necessary. We will hovever use the "first crack" analysis to deter-
mine our safe loads for construction on the ice.

If we place a uniform load on a circular area and increase the load,
the ice will crack. There will be one or more radial cracks that extend
out from the load. If we continue to add load a circumferential crack
vill form somewhat concentrically around the load but at a distance out
from the load at the ends of the radial cracks. This forms vedges which
usually number from four to eight or more. When this circumferential
crack forms breakthrough can be expected shortly thereafter. 0On thick
ice, even more load may be added due to side interaction between the
vedges., However this possible support cannot be counted upon. In fact,
it is reasonable to assume that when radial cracking begins the ice is
sustaining a load that is no longer a safe load.

Nevel (1976) has formulated a mathematical creep model for ice which
includes primary, secondary and tertiary creep. His equations show that at
the load, the deflection increases with time while the stresses decrease,
or relax. This means that the maximum tensile stress (vhich is usually the
critical stress in an ice plate bearing problem) occurs at the moment the
plate is loaded. A usual failure criterion is to limit the maximum tensile
stress. Using this criterion means the sheet should fail at once or not at
all as the stresses relax with increasing deflection. This however is con-
trary to observations on ice sheets under sustained loads., A possible
explanation is that the tensile strength is somehow affected by the creep

proecess.

Frankenstein (1966) describes the results of a number of large scale
breakthrough field tests, for both concentrated loads and distributed
loads placed on an Arctic lake cover. In the distributed load tests a
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15-ft (4,6-m) diameter aluminum tank, with a height adjustable to 20 ft
(6.1 m), was placed directly on the ice surface. Lake water was pumped
into the tank at a wmore or less constant rate to load the ice. The con-
centrated load tests were conducted in the same manner as the distributed
tests except that the tank was placed on a platform balanced on a 24 inch
(61 cm) diameter wooden block,

For distributed load tests the first circumferential crack did not
produce breskthrough. Additional cracking of the wedges occurred parallel
to the first circumferential but closer to the load. Some side wedge
interaction probably occurred before final breakthrough on the closer
circumferential cracks, numbering one or two in addition to the first
crack connecting the far ends of the radials.

The erack phenomenon for the concentrated tests differed greatly from
that of the distributed tests, The distributed tests always yielded a
circumferential crack but in some of the concentrated tests, no circumfer-
ential cracks were visible either during loading or after failure. The
failure hole diameter for the concentrated tests was very close to the
diameter of the bearing block.

Tables 10 and 11 present some of frankenstein's load test data.
Temperatures taken in the ice ranged between 30°F and 15°F (-1°C and -9 “C).
The load contact pressures were computed on a nominal 15-ft (4.6-m) tank
diameter and a 2-ft (0.6-m) block diameter. The punching shears for the
concentrated load tests data were computed using the nominal block diameter,
the ice thickness, and the collapse load,
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Ratio of

Max. Load Load Pressure
Ice Maximum  Time Maximum and Square of Contact per lIce
Thickness Loads of Deflection Ice Thickness Pressure Thickness
inches pounds Failure feet ibs/in? lbs/sf  lbs/sf/in
(cm) (kN) minutes (m) (N/em?) (kN/m2)  (kN/mZ/cm)
6.3 23955 11.7 1.06 604 136 22
(16.0) (107) (0.32) {416) (6.5) (0.41)
8.2 28550 12.2 0.77 424 162 20
(20.8) (127) (0.23) (292) (7.8) (0.38)
9.5 36980 14.6 .87 410 209 22
(24.1) (le4) (0.27) (283) (10.0) (0.41)
12.8 44330 30.5 1.56 271 251 20
(32.5) (197) (D.48) (137} (12.0) (D.38)
12.4 48303 21.6 0.98 314 273 22
(31.5) (215) (0.30) (216) (15.1) (0.41)
15.6 77945 30.9 1.26 320 441 28
(39.6) (347) (0.38) (221) (21.1) (0.53)
Table 10

Distributed Load Test Data
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Ratio of

Max. Load Load
Ice Maximum  Time Maximum and Square of Contact Punching

Thickness Load of Deflection Ice Thickness Pressure shear

inches pounds Failure feet 1bs/in? lbs/sf  lbs/in?

(cm) (kN) minutes (m) (N/em? ) (kN/m2) (kN/m2)
11.4 30,968 9.1 0.76 238 9,80 36
(29.0) (138) (0.23) (164) (472) (248)
11.0 28,970 8.6 0.45 240 9,220 35
(27.9) (129) (0.14) (165) (441) (241)
13.5 34,810 9.7 0.65 191 11,080 34
(34.3) (155) (0,20) (132) (531) (234)
15.4 51,339 15,8 0.71 21s 16,340 44
(39.1) (228) (0.22) (149) (782) (303)
17.8 61,603 21.2 0.76 154 19,610 46
{45.2) (274) (0.23) (134) (939) (317)

Table 11
Concentrated Load Test Data
{Frankenstein 1966)

Frankenstein's distributed load tests indicate a fairly narrow range
of collapse load contact pressures per unit thickness of ice, i.e. 20 to
28 1lbs/sf/in thickness (0.38 to 0.53 kN/mZ/cm thickness). The concentrated
load tests also give a narrowv range for punching shear, i.e. 34 to 46 lbs/
sq in (236 to 317 kN/m2). The ratios of collapse loads to the squares of
the 1ce thicknesses varied in the range of 320 to 60& 1bs/inZ (221 to 416
N/em?) for distributed loads and 191 to 240 1bs/in2 (132 to 165 N/cm?) for
concentrated loads.

In the next section we will consider safe loadings for ice sheets that
could be developed during wintertime construction of a small craft harbor.
Quick intense loads causing breakthrough and long term viscoelastic load-
ings are not dealt with here. (Refer to Kerr, 1976 and Nevel, 1976.)
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Safe Loads on Ice Sheets

Nevel (1977) has developed a pocket calculator program to predict safe
loads based upon an elastic first crack analysis. His analysis and the pro-
gram are included in Appendix I1I. Circular and rectangular loads or com-
binations of loads can be handled.

For our purposes we have solved his general equations for the simple
case of one concentrated load. The computed maximum "safe load" can be
used for estimating single construction loads on ice sheets; provided the
jce is sound and free of discontinuities. The load cannot be placed near
free edges of the sheet or in the vicinity of walls or shores where cracks
behave as a free edge condition. To be out of the direct influence of these
edge conditions the load should be away a distance equal to two or more
flexural rigidity lengths. The expression for the maximum safe load P with
Poisson's Ratio assumed to be 1/3 is:

P = 1.396 Th? E‘%%aiﬁ)
wvhere ¢ is the allowable stress
h is the ice thickness
a is the radius of the load distribution
1 is the flexural rigidity length
kei! is the first derivative of the Kelvin function kei

The expression for the maximum deflection w which will occur directly
under the load is

(P {(a/1)ker' (a/1)+ 1
N CYSPV AV VA o

where ker' is the first derivative of the Kelvin function ker

k is the weight density of water

Kelvin functions and their derivatives are tabulated in mathematical
handbooks. They are difficult to work with For small values of argument
(a/1) due to the sensitivity of the functions' values vith changes in (a/1).
Included in Appendix IV are tables of Kelvin functions and derivatives from
Nevel (1959) for arguments ranging between 0.000 and 0.500. Alsc the ap-
pended pocket calculator program has a Kelvin function subroutine that can
be used for these or other arguments.
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For small values of (a/l) the following approximation for the maximum
deflection w is useful.

P

W s e—

8k12

Figure 5 is a plot of the maximum safe load for ice with a flexural
strength @ of 100 psi (689 kN/m2) and a modulus of elasticity b of 750
ksi (5168 MN/m2). The maximum safe load is linearly proportional to the
flexural strength. For this type of ice loading problem, design flexural
strengths would range between 50 and 100 psi (345 and 689 kN/m¢) for fair
to good ice. Loadings beyond this stress level are not recommended for
usual construction procedures. Of course care is necessary in placing
loads on any thin ice or placing very large loads regardless of the ice
thickness or the analysis. Figure 5 simply gives recommended maximum
values that should not be exceeded and that should be used with caution.
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To illustrate the use of Figure 5 and the equations let us assume ve
wvant to place a 20 kip (89 kN) load on a 5 ft by 8 ft (1.5 m by 2.4 m) area.
We have 15 inches (38 cm) of sound ice. Through area ratios we will convert
the rectangular area to an equivalent circular area.

5 ft x 8 ft]l/z
_ |2 ftx B L% _ 36 ft (1.1 m)
@ ™

From Figure 5 at 15 inches (38 cm) and 3.6 feet (1.1 m) we find the
maximum safe load to.be 23 kips (102 kN) which is greater than the speci-
fied 20 kips (89 kN).

If we have weaker ice, because of warm temperatures or previous damage
from construction we would want to reduce the load. The flexural strength
may be only 50 psi (345 kN/m?) and for this case the safe load would be
halved. In this example we should alsc consider the contact pressure and
the deflection.

20,000 lbs 7
- <UL JDS
contact pressure = T ~F Ft = 500 psf (23.9 kN/m%)

This pressure is high for this relatively small loading area and it
would be well to use a larger area for the 20 kip (B9 kN) load. But assum-
ing the given loading condition we can compute the deflection of the ice
sheet from the formula

_iP) Ea/l)ker‘(a/l)+ l]
V=T e/)Z Kk 12T

wvhere a/l = 3.6/27.0 = 0.1333
(1 interpolated from Table 9)

k 62.4 lbs/ft3 (1000 kg/m)

(20,000 1bs) [(0.1333) (<7.4501) + 1]
(0.133)2 (62.4 lbs Ft=3) (27.02 Ft2) 1T

=
]

.054 ft or 0.65 in (1.6 cm)

P _ - (ZU’DUO 1bs) : = 0.55 ft (1.7 cm) approx.
8k1Z - (8) (62.4 1bs ft3) (27.02 ft?)

One criterion for allowable deflection is that the deflection be less
than 0.08 times the ice thickness, i.e. the ice sheet will not be submerged.
For our 15 inch (38 cm) sheet the allowable deflection criterion is equal to
1.2 inches (3 cm).
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If the freeboard of the ice is exceeded water can flood the surface
through cracks and other openings. This warms the ice and weakens it and
also adds further loads. Loadings on ice less than 18 inches (46 cm) in
thickness should be checked for possible submergence. Ice thicker than
this will not submerge under the recommended maximum loads.

Figure > should be of assistance in estimating construction loads
on small craft harbor ice covers. Special precautions are necessary how-
ever if moving loads across frozen bodies of water is planned. Moving
loads create dynamic effects in the ice cover and water. Unfortunately
the natural critical velocity is easily achieved on many lakes. At this
velocity, the deflections and stresses are amplified. It is necessary to
go ak a slow speed or very fast. The technical literature should be re-
viewved by those planning moving loads across frozen lakes.

Thickening and Strengthening Ice Covers

In using ice for bearing capacity, actual thicknesses should be
measured. Dates when a natural ice sheet will be thick enough to support
a specified load are of interest and can be estimated from past observa-
tions and tules of thumb. One rule is that the thickness is directly
proportional to the square root of the Freezing Index (previously defined
in Part 1). Using o as a proportionality factor we can write the follow-
ing rule of thumb expression:

h= o\FI
where h is ice thickness in inches
FI is Freezing Index, Fahrenheit

< is a locality factor ranging between 0.5 for snow
covered lakes and 1.0 for lakes without snow.

Assume we have had 45 days of weather where it has generally been
below freezing. The Freezing Index would be calculated by summing alge-
braically the plus and minus departures of the daily mean Lemperatures
from the freezing temperature. The Freezing Index in our example will be

assumed to be 750 Fshrenheit degree-days and our locality factor equal to 0.8,
h = 0.3 {750
= 22 inches (56 cm)
The locality factor << can be historically established by several
years' measurements of ambient temperatures and ice thicknesses. It can
be used for estimating when sufficient thicknesses of ice might naturally

become available. Ice can also be intentionally thickened and strengthened
to aid nature.
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Hoffman (1967) describes surface flooding techniques for improving
natural ice areas. These techniques have been developed by the U,S. Naval
Civil Engineering Laboratory. Among their recommendations are the following
items.

The maximum mean daily temperature at Wthh ice floodlng can be perform-
ed satisfactorily is considered to be about +15°F (-9°C). At temperatures
much above this point, freezing rates are slow and long periods are required
between applications.

The depth of water applled to any point should not be greater than that
whlch will freeze through in 24 hours. At temperatures from 0°F to ~10°F
(-18°C to -237C) with little wind, this is about 4 inches (10 cm) of water.

A cooling period equal to the freezing period should be allowed before
an ice area is reflooded. Such cooling is necessary for restoration of ice
temperature and recovery of ice strength and resistance to creep.

Additional water should not be applied until all areas of the previous
flood have frozen solid. The premature reflooding of an unfrozen area is
very undesirable since the freezing time increases exponentially with depth.

Air bubbles which form in the flooded ice surface should be broken
before reflooding.

Duff (1958) describes in general terms the thinking of loqgging operators
on the strengthening of ice sheets., Ice landings are constructed and main-
tained by flooding on top of existing ice and rolling any snow that falls.

Where snow is lying on an ice sheet it is, if at all possible, compact-
ed by rolling before flooding. Slush alwasys seems to form after a snowfall.
The weight of the snow cover depresses the ice sheet and free water comes up
through cracks or the insulating blanket of snow allows a current, probably
a thermal in lakes, to weaken the ice sheet from below. Rolling immediately
after a snowfall, or during a storm if it is a severe one, improves frost
penetration and lessens the slush problem.

Rose and Silversides (1956) describe the merits of surface flooding for
increasing the speed at whlch ice thlckens Starting with a layer of ice 12
inches (30 cm) thick and -20°F (-29°C) weather, if 5 inches (13 cm) of water
are added on the surface it will take approximately 15 hours for it to
freeze and give a total thickness of 17 inches (43 em) of ice. If the ice
surface is bared and ice is to be formed on the under-surface of the 12 inch
(30 cm) ice sheet, it will take 60 hours to add an additional 5 inches
(13 em). This is 4 times as long.

Ohstrom and Denhiartog (1976) have reported on a series of cantilever
beam tests designed to determine the efficacy of adding reinfaorcement to
an ice cover. Tests were run using 1 inch (2.5 cm) diameter tree branches,
3/16 inch (5 mm) diameter wire rope and 9/16 inch (14 mm) half-round wood
dowels as reinforcement. A definite advantage was noted from using re-
infarcement, even when poorly placed. The reinforced ice carries a load
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even after it cracks. Thus, after the initial cracks there is time to re-
move people and equipment before final breakthrough. Disadvantages to the
reinforcement are that the darker types absorb radiation and thereby cause
wveakening of the ice cover. Also, in many cases, the time and effort re-
quired to place reinforcement may exceed those required to achieve equal
strength by additional thickening of the ice sheet.

The reinforcing process consists of laying reinforcement material on
the ice, then flooding the area and allowing the reinforcement to freeze
into the ice. For optimum strenqgth, the reinforcement should be added to
the side of the ice that carries the tensile forces. Initial cracking of
the ice sheet is caused by tensile stresses near the bottom surface of the
ice, but final breakthrough is caused by tensile stresses near the top
surface.
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PART V

VERTICAL ICE FORCES AND OTHER FORCES

One of the most significant and damaging ice forces results from
changes in water levels. These changes cause the ice sheet to move up
and down tearing and pulling structures built in small craft harbors.

In Part IV we considered the capacity of an ice sheet to support
construction loads. Necessarily we used a conservative value for the
strength of the ice. In estimating the uplift forces from ice we will
assume stronger ice as it will probably exist sometime during the
vinter. Computing uplift loads is complicated because we do not know
wvhich of several failure criteria best represents the uplift force. We
have selected a "first crack" analysis to predict the minimum uplift for
wvhich we should design. The maximum uplift force for design still re-
mains a matter of engineering judgment and site circumstances.

This part begins with a discussion of lake level changes. Ranges
of uplift loads are then presented together with some ways to attenuate
these loads. The section concludes with some comments on buckling of

ice sheets and other loads.
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Water Level Fluctuations

Water levels, and hence ice levels, in the Great Lakes vary seasonally.
The small craft harbor designer must anticipate and estimate these seasonal
variations when planning fixed harbor structures, such as docks and piers,
launching ramps and bulkheads. To a lesser extent, water level variations
affect floating structures. They are of concern, hovever, e.g. in connec-
tion with anchorage and gangways.

To illustrate the importance of water levels on design, consider a
fixed height dock specified to be a desired freeboard above normal summer
water levels. Should levels prove otherwise, due to larger natural varia-
tions or inaccurate estimates, such a dock can end up well abave the water
or too close to the water. It becomes barely usable by the intended boats.
Also, during wind storms over water, severe water level changes can occur.
At Buffalo, New York the lake has risen to as much as 8 feet (2.4 m) above
the normal water level.

Problems can result with winter ice levels also. Individual pilings
supporting a fixed dock may be protected (deiced) with a compressed air
bubbler system. Normally the number of pilings would be kept to a minimum
to reduce the amount of air required. By doing this, dock members tend to
have greater depths because of their longer spans. Should the ice become
higher than estimated, the lower elements of the dock members (which are
not deiced) may come in contact with the ice sheet or be shoved by broken
ice pieces that are frequently found on top of an ice cover.

Local experience can aid the designer in estimating water and ice
jevels. If severe water level changes can be anticipated, a flpating or
ad justable height design would be called for. The folloving publications
wvill also help the designer.

Monthly Bulletin of Lake Levels for the Creat lLakes, Department
of the Army, Detroit District, Corps of Engineers, P. 0, Box 1027,
Detroit, Michigan 48231, (Bulletin lists maximum, minimum, and
expected levels.)

Hydrograph of Monthly Mean Levels of the Great Lakes, U. S.
Department of Commerce, NOAA, National Ocean Survey, C3314,
6001 Executive Boulevard, Rockville, Maryland 20852. (Lists
monthly mean lake levels from 1860 to date.)

in addition to seasonal lake level variations, there is an unusual
water level phenomenon known as a seiche (pronounced sash). It is a
standing wave oscillation of an enclosed or semi-enclosed vater body that
continues, pendulum fashion, after the cessation of the originating force.
1t is a short-term rise and fall of the water level and is caused by either
persistent, strong winds piling up the water at one end of a basin, or
changes in barometric pressure over the lake, and sometimes a combination
of both. Although seiches are unnoticeable on small lakes, they are quite
noticeable on the Great Lakes and in bays and harbors. The period of a
seiche is a few minutes in a bay or harbor and about ten hours for a Great
Lake.
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Hodek and Doud (1975) measured an almost constant fluctuation of the
winter water level in the Ontonagon, Michigan harbor. The amplitude
had an observed maximum of 0.8 feet (0.24 m). The major period varied
from 5 minutes to more than 10 hours. Higher frequency water oscillations
also were observed and a change in the water Jevel of 3 inches (8 cm) in 10
minutes was observed.

Seiches are easily observed in a marina in the summertime by noting a
drop in the water surface with respect to some Tixed object like a sloping
launching ramp or a piling. In fact, severe seiches have been observed
vhere the water level fluctuated three feet (1 m) and more in a few hours.

As a result of seiche action, an ice plate in a harbor moves up and

down exerting large forces on structures penetrating the ice sheet. In
the next section we will estimate the minimum level of these forces.

Minimum Ice Sheet Uplift Loads

In a manner similar to that used in computing safe loads on ice sheets,
we can estimate minimum uplift loads to be expected. The analysis is an
elastic one and is compatible with the rapidity with which water levels change
under seiche action, The analysis ig also a thin plate analysis which is
not strictly correct for ice sheets thicker than the embedded pile diameter.
For this case the stresses computed are too high in the vicinity of the
load. Howvever this is acceptable because it is conservative.

We will assume a round pile frozen into (rather than setting upon) an
ice plate and determine the force when the plate first cracks. This will
be the minimum force we can expect when a pile or structure is frozen into
the ice.

The differential equation formulating this problem has been solved.
We have evaluated the solution for the following boundary conditicns., At
a distance from the center of the concentrated load equal to the radius
of the load (distance a), the slope of the deflected ice plate is zero;
and at distance a the total load is carried by the stress on the failure
surface which is the thickness of the ice plate times 27a. The crack
that forms at failure is a circumferential crack located a distance a out
from the center of the load, This crack is consistent with what is seen
in the field when an ice sheet pulls upward on a strong well-embedded
piling and eventually cracks. The distance a is not the radius of the
piling, but is larger. This is due to the failure occurring by cracking
in the ice rather than slippage at the ice-pile interface, and because
immediately adjacent to the pile the ice is thicker than the rest of the
sheet. (An ice collar forms in this area.) This thickening phenomenon
results from heat transfer through metal piling (and to some extent
through wood piling) increasing the ice thickness in this area. Also as
the winter goes on and the crack has formed and refrozen many times, the
piling experiences a kind of dipping action in the cold water, (somewhat
like dipping a candle wick in wax to form a candle).




The equation for the minimum ice sheet uplift load, based upon this
first circumferential crack is as follows:

P = (1/3) TV ¢ h? (a/l)
kei (a/i) kei' (a/l) + ker (a/1) ker' (a/1)
l}ei' (a/1) kei' (a/l) + ker' (a/1) ker' (a/l)

where (@ is the allowable stress
h is the ice thickness
a is the radius of the load distribution
1 is the flexural rigidity length
kei and ker are Kelvin functions
kei' and ker' are first derivatives
Figure 6 is a plot of the minimum ice sheet uplift load for ice with
a flexural strength T~ of 200 psi (1378 kN/mZ) and a modulus of elasticity
E of 750 ksi (5168 MN/m2). The minimum uplift load is linearly proportioned
to the flexural strength, which could be greater than the assumed value of

200 psi (1378 kN/m2). Also, as we will show later, making different assump-
tions for the failure criterion will result in larger loads.
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To illustrate the use of Figure 6, let us compute the minimum uplift
for a 12 inch (30 cm) round steel pile in 24 inches (61 cm) of ice. As
stated above the radius a will be greater than one half pile diameter. For
the usual steel pile shapes, the radius of the ice collar will be about six
inches (15 cm) greater than the pile radius. (For wood, a value of about
half this much has been observed.,) From Figure 6 at h = 24 inches (61 cm)
and a = 1 foot (0.3 m}, we find the minimum upiift load is 33 kips (147 kN) .
This estimated load is the least that we should design for with a 12 inch
(30 cm) pile in 24 inches (61 om) of sound cold ice { 0" assumed = 200 psi,
1378 kN/m2). We do not know precisely what the maximum load could be, but
it could be several times as much. The ice does not fail on the ice-pile
interface, but fails in the strength of the ice sheet itself.

The uplift on a square construction could be reasonably approximated
by an inscribed circle of radius a equal to % of the length of the side.
This would be conservative since the angles of a square would tend to cause
stress-concentrations in the ice.

Nevel (1972) has formulated a more severe failure criterion for the
ice pile uplift problem. It is a criterion which gives a near, if not the
maximum, upper bound to the problem. It is assumed that radial cracks
form and then a circumferential crack forms connecting the ends of the
radials. This cracking pattern forms a series of truncated wedges whose
tips are supporting the load and whose bases are failure planes when the
circumferential crack develops. If we neglect any side interaction between
the wedges, and assume that six vedges have formed the Nevel (1972) solu-
tion for the maximum load becomes:

P = 1.1540T hZ [i.os + 2.00 (a/1) + 0.50 (a/l)j]

wvhere the bracketed term is an approximation to an exact solution.

For our example we can compute the maximum load P as follows:

a = 1.0 feet (30 cm)

I - 33.8 ft (10.3 m) at £ = 750 ksi (5168 kN/m?)
a/l = .0296 B

T 1=1.109

P = (1.154) (200 1bs in—2) (242 in?) (1.109)

P = 147,400 1lbs or 147 kips (654 kN)
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This truncated wedges load estimate is 4% times the estimate based upon
the first crack analysis. For smaller values of a the loads are 6 times as
great and for larger values of a, 3 times as great,

The proper values Lo use for design are matters of engineering judgment
and experience. The values should lie within the ranges presented and an
uplift of not less than the minimums indicated on Figure 6 should be used
for design with appropriate safety factors. If for example a minimum load
is estimated to be 25 kips (111 kN), then the ultimate resistance of the
soil foundation system preventing uplift, or the dead weight of the struc-
ture, should be greater than 25 kips (111 kN) by perhaps a factor of 2 or
3. In selecting a design criteria for a particular small craft harbor,
ather factors will enter in; such as whether some damage will be tolerable,
the ease with which pullout resistance can be developed, or the location of
the pile and its relationships with other piles or dock members.

Ice can also exert down-drag loads when the water level drops and
leaves the ice hanging on the dock piles. The ice can easily span across
between piles and develop the full dead weight of the ice sheet. Large
drops in levels have occurred and it is believed that the ice sheet is
capable of losing all its buoyancy. The down load situation is aggravated
by a tendency to have thicker ice under shady dock areas than in the more
exposed aisle or fairway areas.

There is limited field data on forces on full size piles but several
direct observations have been made. Hodek and Doud (1975) and Hodek (1976)
have measured vertical loads of 18 kips (80 kN) compression and 11% kips
(51 kN) tension or uplift on a 15 inch (38 cm) instrumented sleeve placed
around a dock piie. The thickness of the ice was about 16 inches (41 cm).
The loads were those actually felt by force transducers on the instrumented
pile sleeve.

Muschell (1976) jacked against an ice cover to pull frozen-in piles.
Loads up to 25 kips (111 kN) were recorded., The loading rate was 0.5 psi
per second (3.4 kN/mZ/s). Ice adhesion to steel was computed by dividing
the pullout load by the actual ice thickness and area of ice contact to
steel on HP 8 x 36 and HP 10 x 42 piles. The 1ce adhesion values ranged
between 12 and 24 psi (83 and 165 kN/mZ).

In January 1977, Muschell (unpublished} recorded a value of 68 psi
(469 kN/m2) for ice adhesion to an 8-inch (20-cm) pipe pile in a comparable
field test.

The lifting force per unit of length of circumference of a structure
frozen into an ice sheel becomes less as the size of the structure
increases. The lifting force per unit of length will approach the values
for long straight walls. Lofquist (1951) and Michel (1970) have estimated
the vertical forces exerted by ice rigidly attached to walls., The estimates
are based upon an elastic analysis and rapid rises in water levels.
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__Nzan?
p= 6 1

M=
- JQ§ k 1

where p is the lifting force per unit length
£, is the rise in water level
Assume we have 24 inches (61 cm) of ice with a strength of 200 psi

(1378 kN/mZ) and a modulus E = 750 ksi (5168 MN/m2). The uplift force per
unit length and the water level rise are computed as follows:

( N7) (200 1b in—2) (242 in?)
(6) (33.8 ft)

803 lbs/ft (11.7 kN/m)

1]

(803 1bs ft-1)
(NZ) (62.4 lbs Ft=3) (33.8 ft)

b=
= .27 ft or 3% inches (8% cm)

Assuming a different strength value for the ice will change the uplift
load in a linear manner. However the loads computed at T equal 200 psi
(1376 kN/m2) are believed to be adequate since the method of analysis is
conservative. There normally is cracking parallel to a wall or long crib
structure and this reduces the uplift from that assumed for rigid attachment.
Walls and long cribs seem to experience little damage due to ice uplift.
Uccasionally, however, the top of a crib will be pulled off because it is
inadequately secured to the rest of the crib.

The next section presents some suggestions for reducing and eliminating
uplift forces.
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Reducing lce Sheet Uplift Loads

In Part 111 we discussed ways to suppress ice and reduce its thickness.
This is the most positive way at this time to reduce ice uplift on small
craft harbor structures. A number of other techniques have been tried and
are being tested nowv. The.projections are optimistic that reliable and
economical ways will be developed to reduce ice uplift forces.

Ice adheres tenaciously to most construction materials. There is no
comprehensive treatise on ice adhesion; only technical and research papers.

Representative adhesion values for ice to various materials and coat-
ings determined by Freiberger and lacks (1961) are presented in Table 12.
The results are based on experiments for artificial ice loaded at the rate
of 5 psi/s (34 kN/m2/s), and depend strongly on the rate.

Ice Adhesion Range of Values

Metals 85-120 586-827
Woods 45-80 310-551
Plastics | 25-40 172-276
Glass 20-150 138-1034
Paints 80-100 551-689
Resin Films 30-130 207-896

Table 12 Ice Adhesion
(after Freiberger and lLacks, 1961)

Jellinek (1957) performed shear experiments with snow-ice sandwiched
between two stainless steel plates. The results of his work on small
samples indicated the adhesive strength to be independent of thickness of
the ice layer and cross-sectional area. He found the adhesive strength to
be a linear function of the temperature untll 1t becomes larger than the
cohesive strength of ice at about 9°F (-13°C), vhere a very sharp transi-
tion from adhesive to cohesive breaks takes place Representatlve values
are as follows: 28° F (-2° C)--30.4 psi (209 kN/m 2y, 7°F (-14°C)--236 psi
(1626 kKN/m2), and -4°F (-20°C)--233 psi (1605 kN/mZ).

Michel (1970) has observed that there is very little available data on
strength of adhesion of ice to structures and, there is a lot of scatter in
the experimental results because of insufficient control of the uniformity
of the structure of the ice and other relevant factors. Michel notes that
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in most cases the strength of adhesion of ice to construction materials is
as high as the shear strength of the river or lake ice itself, which is
usually taken to be from 80 to 150 psi (551 to 1034 kN/mZ).

And as previously statéd, Muschell {1976 and unpublished} found values
ranging up to 68 psi (469 kN/m2) .

For our purposes we can say that slippage between ice and the piling
material will probably not naturally occur at loads less than the calculated
minimums. Therefore in order to reduce uplift effects we must cause the ice
to slip at loads less than these minimums.

Field and laboratory experiments have shown that wrapping a pile with
various smooth materials doesn't work very well because the materials become
unattached after a number of cycles of uplift. Materials that have been
tried include tetrafluorethylene polymer wrap (teflon-like) and thin poly-
ethylene sheets. Both materials were torn loose and worked their way up and
out of the ice. A three ply wrap with polyethylene sheets was unsuccessful
too. The three ply system vas tested to see whether the outer layers of
polyethylene, which would be assumed stuck to the ice and to the pile, would
slide on the inner sheet sandwiched between the two. All layers worked their
way out of the ice.

Laboratory studies and field tests are in progress now (1977) to evalu-
ate protective jackets and coatings that could be installed or applied on
existing piles or specified for new piles. US CRREL is undertaking this
work and reports on their results are expected in 1978. One system of
jacketing uses existing fiberglass products and methods for repairing dam-
aged underwater piling. Preliminary laboratory test results show about a
4 fold reduction in the maximum force recorded on a test pile frozen into
an ice sheet and displaced up and down in a simulated cyclic seiche action.
Work is alsoc underway to evaluate navigation lock wall epoxy and co-polymer
coating systems described by Frankenstein et al (1976). Large reductions
in adhesion values have been demonstrated but work on coating life and
methods of application are needed.

Ice uplift loads can be reduced by causing the ice to crack so that
jarge loads are not transmitted to structures. Group action is frequently
effective in accomplishing this cracking. For example, several piles lash-
ed together to act as a single dolphin, are effective in resisting uplift.
A series of piles spaced 5 feet (1.5 m) on centers under a pier supporting
2 boat hoist machine have resisted uplift because of the group action.

Also a T-head pier with pairs of pilings spaced about 25 feet (8 m) on
centers has been found to act as a unit. A crack forms folloving the out-
line of the pier and completely encircling it. This crack demonstrates the
group action of the entire piling system.

The piles toward the center of a marina and the piles at the ends of
finger piers are more prone to pulling than those closer to shore. This is
apparently due to the plate action and boundary conditiens on the plate
subjected to hydrostatic uplift. The ice sheet may also be frozen fast to

the shoreline. This phenomenon suggests designing the outer piles for large
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uplift forces and thereby cause the ice to fail about them. If this happens
the piles closer in should feel little if any uplift force.

Another system that has been successfully used to eliminate uplift
forces on marina pilings is the sleeved pile system (U.S5. Patent No.
3,543%,523). It allows vertical motion of a pile. It consists of a round
hollow steel pile driven (with a follower) so that the top of the pile is
2 feet (0.6 m) below the bottom surface of the ice. A slightly larger
diameter hollow round steel pile piece (the sleeve) fits over the top of
the driven pile. The driven pile has a cap plate, and welded inside the
sleeve about 4 ft (1.2 m) from its lower end is a round bearing plate.
When the sleeve is dropped over the pile, the round plate bears on the
cap plate. On top of the sleeve is another cap plate for bearing of dock
beams. As ice freezes to the sleeve, the sleeve moves up and down over
the lower, stationary pile (analogous to a stationary piston in a moving
cylinder}, The sleeve works well, allowing vertical motion., However
horizontal ice forces may still be acting on the piles. Also dockage
systems using sleeved piles are more complicated and costly to build be-
cause differential vertical motions must be provided for in the dock
members and supported utilities that may be on the docks.

Other Ice Forces and Actions

In Part Il we reviewed thermally induced thrusts, and in this part
have considered uplift. Ice exerts other forces. tor example, ice is
very abrasive and causes damage to structures, particularly wood struc-
tures whose life in ice may be only twenty years, Striegl (1952). Clad-
ding wood structures is necessary to achieve longer service lives.
Unprotected concrete is subject to abrasion and freeze-thaw spalling.

Sheltered small craft harbors can experience damage from chunks of
ice being driven into the harbor and against the docks during Spring
breakup, and during periods when ice goes out of a harbor during Winter storms,

In addition to thermally induced horizontal forces, wind and currents
can produce dynamic forces. Specific design recommendations are not now
available but in general, marina dockage should be located in protected
areas away from dynamic ice forces. However, those wishing information on
dynamic effects should refer to the Neill (1975) comprehensive review and
assessment of dynamic ice forces on piers and piles. Analytical approaches,
design formulas, and full-scale and small-scale laboratory investigations
are considered.

Ice under harizontal loadings may buckle before it crushes. Sodhi and
Hamza (1977), using the finite element method, have performed a buckling
analysis of a semi-infinite plate on an elastic foundation. The analysis
determines the effective pressure which will cause the plate to buckle. If
the crushing strength of ice is greater than this effective pressure, the
plate will buckle; if less, a crushing failure will occur before buckling.
Nevel (unpublished) has developed a useful expression based upon the Sodhi
and Hamza (1977) finite element analysis.
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s 3,32
Pr=k 12D/ 7y b/J

i

where P is the buckling load
b is the structure width
1 is the flexural rigidity length

k 1s the weight density of water

To illustrate, let us assume we have & inches (15 cm) of ice pushing against
a wall 100 feet (30 m) long. The flexural ricidly length 1, assuming E
equal 750 ksi (5168 MN/m2), is 11.9 feet (3.6 m). The ratio b/l is

100 feet/11.9 feet or 8.40.

_3 3 o03 3,32 ]
(62.4 1bs F77) (11.95 F£2) | 8.40 + 55 755 0) |

996,000 lbs or 996 kips (4430 kN)

=
1

We next compute the effective pressure as follows:

P

Effective Pressure 5 h

1]

996,000 lbs
(100 ft) (0.5 ft) (144 in? ft=2)

138 1bs in—2 (951 kN/mZ)

If the crushing strength of ice is greater than this pressure, buckling
will occur. The maximum crushing strength may be on the order of 300 psi
(2067 kN/m2). 1In general, for small structures the ice crushes before buck-
ling, except in the presence of thick ice where crushing always takes place.

There is little or no experimental data, expecially from full scale
structures, to assist in the design of piles for horizontal focus. The
American Association of State Highway and Transportation Officials (AASHTO)
recommends that highway bridges be designed with the following provisions:

All piers and other portions of structures which are
subject to the force of flowing water, floating ice,
~or drift shall be designed to resist the maximum
stresses induced thereby.

The pressure of ice on piers shall be calculated at
400 psi (2756 -kN/m2), The thickness of ice and
height at which it applies shall be determined by
investigation at the site of the structure.
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The shortcoming of the AASHTO provision for 400 psi (2756 kN/mZ) ice
pressure is that it is representative of an impact loading for strong ice
failing in compression. The effects of pile shape and orientation, e.g.
sloping piles where ice would fail in bending, are not considered. The
maximum measured effective ice pressure on a bridge pier to date has been
less than 200 psi (1378 kN/mZ).

In a marina where Spring ice movements occur the effective ice pressure
is probably less than 200 psi (1378 kN/m2). Spring ice in a moving field
has very low internal strength.

There is a tendency of ice to squeeze objects placed in it. How this
happens is not understood and no methods of analyses are known. When a pon-
toon is placed in water (ice) it will either be squeezed up and finally rest
on the ice, or be squeezed down and drawn further into the ice. The result
of this action may be damage to the dock framing members connecting the pon-
toon units together; or sometimes rupturing of the pontoon material itself.

One hypothesis of the squeezing action is that it is the result of re-
freezing water. A small amount of ice adjacenl to the pontoon melts during
the day's warming sun. At night an ice cover forms over the melt water.
This encloses the melt water which subsequently freezes in a partially
confined space. This refreezing exerts a squeezing force which either
ruptures or moves the pontoon.

A field study to investigate the action of pontoon units frozen in lake
ice is scheduled for the winter of 1977-1978.

69






APPENDIX I--LITERATURE CITED

Ashton, G. D. 1974. "Air Bubbler Systems to Suppress Ice". Special Report
210. Cold Regions Research and Engineering Laboratory, Hanover, New
Hampshire.

Ashton, G. D. 1975. "Experimental Evaluation of Bubbler Induced Heat
Transfer Coefficients”". Proceedings of Third International Symposium
on Ice Problems. International Association of Hydraulic Research,
Hanover, New Hampshire. 133-142,

Ashton, G, D, 1977. "Numerical Simulation of Air Bubbler Systems". Paper
presented at the Third Canadian Hydrotechnical Conference. Quebec, P.Q.,
Canada. May 26-27, 1977.

Aune, C. A,, Beaudin, L. A., and Borrowman, J. K. 1957. "Effects of Ice
on Inland Navigation". Section 1, Communication 3, Permanent Inter-
national Association of Navigation Congresses, XIX Congress, London:
pp. 71-94.

Drouin, M. and Michel, B. 1974. "Pressure of Thermal Origin Exerted by
Ice Sheets upon Hydraulic Structures™. CRREL Draft Translation 427.
Cold Regions Research and Engineering Laboratory, Hanover, New Hampshire.

Duff, C. H. 1958. "Ice Landings". Conference on the Bearing Strength of
Ice, NRC, Ottawa. Transactions of the Engineering Institute of Canada.
2:3:59-100.

Dumble, J. H. 1858. "Ice Phenomena, from Observations on Rice Lake".
Canadian Journal of Industry, Science and Art, New Series, 3:414-422.

Frankenstein, G. E. 1966. "Strength of Ice Sheets". Proceedings of lIce
Pressures Against Structures Conference, Laval bUniversity, Quebec,
Nov. 1966. Technical Memorandum No. 92, National Research Council,
NRC No. 9851, Ottawa, March 1968, 79-87.

71



Frankenstein, G. E. et al. 1976. "Ice Removal from the Walls of
Navigation Locks". Proceedings of the Symposium on Inland Waters for
Navigation, Flood Control & Water Diversions, Colorado State University,
Aug. 10-12, 1976. American Society of Civil Engineers, New York.

Freiberger, A. and Lacks, H. 1%61. '"Ice-phobic Coatings for Deicing Naval
Vessels". Proceedings of the Fifth Naval Sciences Symposium. p. 234-237.

Glen, J. W. 1974. "The Physics of Ice". Cold Regions Science and
Engineering #onograph 1I-C2a. Cold Regions Research and Engineering
Laboratory, Hanover, New Hampshire.

Glen, J. W. 1975. "The Mechanics of Ice". Cold Regions Science and
Engineering Monograph I1-C2b. Cold Regions Research and Engineering
Laboratory, Hanover, New Hampshire.

Cold, L. W. 1973. "Ice--A Challenge to the Etngineer”. Proceedings of
Fourth Canadian Congress of Applied Mechanics, Montreal, 1973, pp. G19-
G36. National Research Council of Canada, Technical Paper No. 395, NRC
13436,

Gow, A. J. and lLangston, D. 1977. "Growth History of Lake Ice in Relation
to its Stratigraphic, Crystalline and Mechanical Strueture". CRREL
Report 77-1. Cold Regions Research and Engineering Laboratory, Hanover,
New Hampshire.

Hobbs, P. ¥. 1974. Ice Physics. Clarendon Press, Uxford.

Hodek, R. J. and Doud, J. 0. 1975. “Instrumented Piles for the fleasurement
of Ice-Uplift Forces". Proceedings of Third International Symposium on
Ice Problems, International Association of Hydraulic Research, Hanover,
New Hampshire, 409-417,

Hodek, R. J. 1976. "A Field Study of Ice-Pile Interaction 1975-1976
Season". lUnpublished research report submitted to US Cold Regions
Research and Engineering Laboratory under Contract No. DACA 89-76-C-0007.
December 1975.

Hoffman, C. R. 1967. "Ice Construction--fethod of Surface Flooding".
Naval Facilities Engineering Command Technical Report R511. U.S. Naval
Engineering Laboratory, Port Hueneme, California.

Jellinek, H. H. G. 1957. "Adhesive Properties of Ice". Research Report
38. Cold Regions Research and Engineering lLaboratory, Hanover, New
Hampshire.

Kerr, A. D. 1976. "The Bearing Capacity of Floating Ice Plates Sub jected
to Static or Quasi-Static Loads". Journal of Glaciology. 17:76:229-268.

72




Korzhavin, K. N. 1971, "“Action of Ice on Engineering Structures". CRREL
Draft Translation 260.  Original 1962. Cold Regions Research and
Engineering Laboratory, Hanover, New Hampshire.

Lavrov, V. V. 1969, "Deformation and Strength of Ice". Main Administration
of the Hydrometeorological Service of the Council of Ministers of the
USSR, Arctic and Antarctic Scientific Research Institute, Leningrad.
Translated from Russian, Israel Program for Scientifie Translations,
Jerusalem, 1971.

Lofquist, B. 1951. "“Lifting Force and Bearing Capacity of an Ice Sheet",
National Research Council of Canada Technical Translation No. 164.
Original 1944.

Mellor, M. 1964. '"Properties of Snow". Cold Regions Science and Engineer-
ing Monograph III-Al. Cold Regions Research and £ngineering lLaboratory,
Hanover, New Hampshire.

Metge, M. 1976, "Thermal Cracks in Ice". Doctoral Thesis, Department of
Civil Fngineering. Queen's University, Kingston, Ontario.

Michel, B. and Ramseier, R. 0. 1969. "Classification of River and Lake
Ice Based Upon Its Genesis, Structure and Texture". Report S-15
Departement deGenie Civil, Section Mecanique des Glaces, Universite
Laval.

Michel, B. 1970. "Ice Pressure on Engineering Structures”. Cold Regions
Science and Engineering Monograph I11-Blb. C(old Regions Research and
Engineering Laboratory, Hanover, New Hampshire.

Michel, B. 1971. "Winter Regime of Rivers and lLakes". Cold Regions
Science and Engineering Monograph III-Bla. Cold Regions Research and
Engineering Laboratory, hanover, New Hampshire.

Muschell, J. E. 1976. '"Design, Specifications, and Construction of Pilings
for Small Craft Harbors". Unpublished paper presented at Docks and
Marinas Institute, University of Wisconsin-Extension, Department of
Engineering, May 4-5, 1976. James E. Muschell, President, United Marine
Associates, 111 North Main, Cheboygan, Michigan 49721.

Neill, C. R. 1976. "Dynamic Ice Forces on Piers and Piles. An Assessment
of Design Guidelines in the Light of Recent Research". Canadian Journal
of Civil Engineering. \Vol. 3:305-341,

Nevel, D. £. 1959. ™Tables of Kelvin Functions and Their Derivatives".
U.S. Army Snow, Ice and Permafrost Research Establishment (SIPRE)
Technical Report 67. SIPRE is now the U.S. Cold Regions Research and
fngineering Laboratory, Hanover, New Hampshire.

73



Nevel, D. £. 1972. "The Ultimate Failure of a Floating Ice Sheet".
Proceedings of the Ice Symposium, 1972. International Association of
Hydraulic Research, Leningrad. 1-5.

Nevel, D. E. 1976. "Creep Theory for a Floating Ice Sheet". CRREL Special
Report 76-4. Cold Regions Research and Engineering Laboratory, tanover,
New Hampshire.

Nevel, D. E. 1977. "Safe Ice Loads Computed with a Pocket Calculator".
Unpublished. U.S. Cold Regions Research and Engineering Laboratory,
Hanover, New Hampshire.

Ohstrom, F. G. and DenHarteg, S. L. 1976. "Cantilever Beam Tests on Re-
inforced Ice". CRREL Report 76-7. Cold Rzgions Research and Engineering
L aboratory, Hanover, New Hampshire.

Petrunichev, N. N. 1954. '"On the S5tatic Pressure of Ice", (0 staticheskom
davlenii 1'da). Ice Thermal Problems in Hydraulic Engineering.
Leningrad.

Pounder, £. R. 1965. Physics of Ice. Pergamon Press, Ltd., London.

Rose, L. B. and Silversides, C. R. 1958. "The Preparation of Ice landings
by Pulp and Paper Companies in Fastern Canada". Conference on the Bear-
ing Strength of Ice, NRC, Ottava. Transactions of the Engineering
Institute of Canada. 2:3:101-105.

Runnels, L. K. 1966, "lce". Scientific American, 215:118-124.

Sodhi, D. S. and Hamza, H. E. 1977. "Buckling Analysis of a Semi-Infinite
lce Sheet". Fourth International Conference on Part and Ocean Engineer-
ing Under Arctie Conditions. st. John's, Newfoundland. September
26-30, 1977,

Striegl, A. R. 1952. "Ice on the Great Lakes and Its Engineering Problems".
Paper presented at Joint Meeting of American Meteorological Society and
Geophysical Union. September 11, 1952, Chicago.

williams, G. P. 1966. '"Freeze-Up and Break-Up of Fresh-Water Lakes".
Proceedings of Ice Pressures Against Structures Conference, Laval
University, Quebec, November 1966. Technical Memorandum Ne. 92,
National Research Council, NRC No. 9851, UOttava, March 1968, 203-215.

Zarling, J. P. 1974. "lce Engineering in Small Craft Marinas: An Annotated

Bibliography". Advisory Report No. 8. University of Wisconsin Sea Grant
College Program, University of Wisconsin-liadison.

74




*omdoM 8T FaAUT Jaddn ayy Jo AyrTEnD Byl qEYL o8 FEAUO Jdamor
23 UBY} Joise] moad caofet geddn gy flenbs Fuisq €UOTYIPUOT JBULD

“UCTInTos S 9UT $9n=1 Jug

“HOF 9y) BALI ASNJITP 0} ATqE @8 SOTYTANIIT fodomtonnang  rsounyd peivrurg
Somaate 9l 01 ATJRINEIad 0400 PSIADUUNY AR SUafu( Mot osogy 'sdoas Tiows
wg §pandodd saohiwf NaT1aRT Mo Jo dn-pring ayy @2uts TATAOE HMeald 037 oug
UMM TIRWS ST DJNINIYE [EASAID D7 UT S300JaD J0 JAqUNU Y Csodd oy 9o T o
JGJ UaWE] SUTY 9YY MITA ATAI200Tp AJBA 4TR1SK12 ayy JO YiBuadls Tea 1
YL I 81T JO RUOTYITRUGY Ay un spundap (STeysAa0 oyy Jo saTiJaadold

TEITURYIOMW Oyl ButpnrTout) 82T J2 £111enb ayy 4By} uMouy IToM ST 3L

Ao pue

sdonr 9]

UG ITUL0] 1T JO SUOTFIDUN) DU3 UG 551 46 Fo1rdadodg Bqy 30 G514

*PROT JBPUN 90T JO J0TARGGG YY) iaA0d goTuM 'oa0qR poUOTIULY aMRT
a1y (Tw 4or 3umorre &g ATTeopdrnue dIgSuoTIRTod UTRJYS-R5OJ30 a1y €821d0X)
0} atqresodidr JuUasaSd 18 ST AT T JOJ JUAUTT G0U ST 3% UPNTR U} pun
SEAUIR A BAIMEG dTUSUOTINTAL 941 0UTH £315035Ta JO MuT 2yl ASqo 10U 5200
3T Y WAOUS ALY Hanof (usIdd FUTanp ne paTadvrd €3 [pNg 'd0] DIMO[ LY BT
FaT 21158Te S41 OosTR 4ng 195 usumikiad syl ATun 400 Y3TYM Jo suesnr g ‘oang
=318 pARIT(due) edoa B A pRaeTdod 0g ATRW (A3 TT0ODATA JO MTY S, U0MMON

03 HuTnaode pInbiT v ot JurAcll J0dUNTd ST pogapIsum Y odiEte,, o3

LY
Shu

1IITD O ATINIA TAITIAA sk r mela oomrioas g Boam e Voo Ao oo oo
3 AGNY TARUSS 39T 3o LU o

wsag ‘oot ol guat e ATing s Spog

SWITS U : i ,,U.JL
2 Jo samidadodd TeaTueydan 0y FUTIBTAUTS ST1Opod BUFISTX: 8y} JO 2uoy

TETEasAdD BUY UIHAan

PUB BPTEUT U50q A0TTd @oqry dITs HoTys ¢ UKo ayl £q pMITILOYap S ToATuue

TRUTT OYY UT ST pul {9205 JO HOT3IAI P pUT fUOIYIR PROT JO UnTiRINp ‘oanie
~30dduay) SUOTITPUOD 3803 a4y Y1TM SOLIBA &If JO WEIURYDDE JUNTIef UL

sroreatTdde pRol oyl Jo woTiEINP @) UG spuadap qnq queitund qou ST YITUM
BNTHPOW UTZILS DY) ST ST *J0o1e) ArTieuoTiaodoad aoanyrour Ly parerdad g
ASH UL 80U F STenbe §hod)s, uotsvaadya Ayl U 3 Snnpom €,Junng asurs
tFupueail TENEN 7T UT MBT ©,0X00H SA9Q0 09T UUY S1e3tDUT 10U Op SUTPUSH Ul
UOTSERIJW0d A0] SWRIINTp UOTITILINIIp AUy Jo Fpied amos Jo L3 TAeaUIl AUl

TETEIHE JeTnoTiaad uT ‘sTRTISRU A9U10 WOUT 1T SaySINIUTINIG 39T 30 A3TJRIT
=n3ad 2TREQ SiHL 'MRT 2,0%004 A£ago 10U §30p pue TRTI] wETE ATJATaUTT
2 jou ST 227 F'ot 'JaquT uRyl ST R( UST)INE prRO[ SUI}-lSONs 1 Jo Sutiniiaq

B} 1B UOTIRMIOISP TRIO0Y 911 UT HOTIRUIMOIOP 2TISRTI 9yl JO UOTIIWIL ayf

.ﬁws\zgomu 1ed L umyy BSaT 'TTOWE BT 827 JO GTUTT 3TISUTH AL Conouidogda

g AlTY DMoT J9je Afuo eonid axel cogesdodd paucTiuIL-sA0dE DYy By pue

‘2130mIa ATeand ST voTjemiozap oy JuiuatIog oy 3v 4RY3 #oTA pTaY ATINIM oyl

‘meT JsMod B 01 PUTRIOIOR GO3E2100p Uaty pus 'SUTUUTENG Sy) 38 SATSUAUT

agow 1 17 uorimdITdde puorl syl uiIA ATSncdueinuty uTdsq 237 ul dIr§

TUdsgRd UOTIRMIO I T{RIPAO 843 UT aTcd aaturoop B zfel[d digs (aeays ‘Bulpusq
'uaisusy fuorseaddwon) 90T 1o Juilde pROT STIIE Jo 2443 A1) J9ADRUM

PRO] 4ODUN ool 1O JOIARGY

cArramyserd St a0 Ducmoppue Aq ‘tatT ‘prol fepen 53T Gu} JO Jorainag [ongon
Gul g0 ST 2 ua ATuo pouTe{did G UBD PTG S1T0ES1 oL ‘untssaxd
-G d0y put UoTEUD) J0) 300105 )TH 81 pur ‘dnwrxew orgragend A7RITIAICHY
AU SPAABXA TISED 3wus ur ‘ssars nedn spuatlad OBl S uosisT) YT Ley)
alom 07 [ wod)y aburs ganrea Juuantiadxy gt s (.0} 4,20 AeTaq saan)
—piadway 318 onfea abogear §3]  TSAARA 2T3SC[J [FUIpNIBUOL PUE U5 eASURLY
ayy 4o satjraofan wurirhedosd agy voamyaq 80U e Ay wory A7 [ea pueukp
pouTWIa}ap ATIENSN ST 32T 20} ORI §,M08RTO|  'ORO[ Jupur 31 jo 1ovaey
-aq ayj futudoach smul oyy ut arod jueiiedet an sderd 0TIRI 5,UGSSTOY

[OTYOR ©,U088104) RULHLITE [0 ipNLID0G | pul J8I0AGUES | 10 OT4ag oy]

sgpeat o138 07 sioear f{dieys 3¢
1Rt 05 fsafuty ariserd 1o 1STsu0d 4y saeadde L1TTHI0N ST UT GaTyA TRTIaYeW
B 3G 07 99T A8INI SITTTIHETNIS Q8] “{Wl 8} UDHT W JO BRI A} R
10 SUOTYIRL ) 8GN} yNe awod TOREPHTO OSUY Gogan Ul T miaaag) your
U2 pUE (m AD 7)) 4OUT NG D YUY B OIROGR LBOm 10q ALNA GUOTSUILP H12AGUEIY
1ty s[msAI 02T jo azts abaey Araaryeradung o) ST Ajuaacrnosd pangy sy
231 ayy uT '27@ fsaryrang fhosod A wiog pun Afenpeid ayeinunoan saryrand
ST Y] WA U TA SUATYIALU DTS 00 SwEe) puir satyrander ujra A[[RI WO
JOBAT JOU SA0p AT CATPUNING TS 08410 IR JILRIS TSR Gurprrs ayy buy
=5npad FQUESTIGQNT B 93T S198 1a3am oyl *s1eysA1d udomyay dayea pinbTl auos
sUTEII02 AT[ENGN dJ0yalay) oaf  ‘qurod BuriTon s40 jo (aaet huia saothop
sNESTI] 40 SUTY JO AIUIAYSTH ) saarhiap may w ungya aangpuaadugy BogR 897X
T YISA0] CS[ETIa}Rw JAY)o wedy 0o7 meebut iy sotpranenad aanyy

‘Y1tA TROp 30U Aa9
307 jo dasid pue buarys winy-buay AJaa YiTh BUA[GOE,|  CHTNUTW A3} B 0
SpUGIAG My B wody oty ‘spordad jIoys Joj 937 uo Bullow Suasny tay dIo pa
~quasaad (huslys pun UNTIRWIGIOP JO SART BY]  CJOACD DIT [RIAjEU 2 WoT) Jna
safduizg [TBWS UT PATIT4INY JOU ST juawalTnhar puiyptoduy Aaa s1y|  *1asod
YAT UR J0 3By} 0] JETTWIS BT 2INInIys [#3S410 a7eds-TI8NG 9R0yn 931 pajer(n
—pe ATIETAIANIFS U0 sSIEHNYSE TEJUINTIAGKS ud paund 5L 1 "{476T) Anlan Lq
podndagd ydeshounn 8 30 AJemmns poinrtaadnd us guoejuod NTpusdde Soy)

ATHAVT 30T 40 HIONZULS (WY NOTLVHHO0-=1T XTaY3ddy

75




‘patrdde ST peol oYy se 008

S8 ATT20T1084d 227 oy 41 s0eTd GMEY UDTYM SUOTITUIN]SD & [0T15Jd3A9d ATmoTs
PUB DTQ(SI3AJAT §38NBY STHL  'GITITAED JO SJ3UIO) 3Y) 4R SYIRIIGIDIW puw
SUGTIRIIRIUGD §82078 JO adundeadde oy 01 pue qurod FuryTom 811 01 dantEad
~dway 831 oy Jo L rmpxord ayy 01 anp ST AITey afdwes syl o $1r0ddns usImg
-3 AdUBISTIR S JO 0Tt Ayl uo FUlpucq AT SOTNPOW UTRJS a4y jo atcuopuadap
JEATI BUL '84597 durmpusq Ut STl jurjaodut ue gATTd T yFnouTe fArqusnad

TTIUN JUBRJOLUT PIJOPTSUOY JOU §BA JO0JIR[ 4S¥T BTUL ‘SUOTsUswrp aldwes ayy Jo

2IUSATIUT UL 0} 0STR INg AIMLISdUsY PUE SJN3IINIGS 32T AU} UL SDUIIIJITP 03

ATUO 30U anp ade FUTPUIY UT sATHROU UTPJIS 94y} U S9DUAdaJITP afael ayy

*SuoTyelTrdde prO(
pPo1Eadat Japun FETIIIUT UOTEUSY pur UoTssa4diiod Ut ITNpoW UTBILS SYL

{6IAT *roaarT Jvije)
377 pejelnuty AT[eaniontg

TINpo (-1 #TqRL

vz ~Th 9E =9 Jeays oue d11g

OLTT=2£6 LOLT-GET . Butpuay

06y =311 L =it HOTsUIL

9625 ~0bY 83l -TL unysnaduny 1eTXRTUN
270 Ten

gdury EN[Opay UTRI40

TT-I31 ATanI UT pajuosadd ode aways puw dT1s pue
‘Jurpusq 'uotEuUs) 'uoissoudwod (BIXEFUR UT TINPOU UTEIGE JO &3 TNNaJ ayg

‘AT pAIRINMEE ATTBIDNONdYS 1o gaqdues

£q paptaosd 2q usyy TTIAM sa7120doad [RITUR DY JYF UO BIEP 4RI0028 alol

JEJ TaJNYona s AJBAqTqaR uR Futaey ETdWDN JO £1837 IO E1INS3J 8Ul Adursn Aq

EFTQoud €11 Burtates jo ArTTiqicsed ou fHurymads A739T4ME ‘T agayy ‘aouads]

=344 USATE 2q PINOUE SNTNPOYW UTELS &3 JO anJeA USTYM Jo §asTJ® uorisand
Sy pue ‘podtnbod ST J3A0D 93T B3 Jo €aTidadoud oY) uo ULTIEMIOJUT uayM

*SnINpow uyet s
33U} JO aNTBA 24} 04 pLNOYS Ga4eT 8yy ‘90T aUl U0 $30' PEOT BY3 WY GEOT ayyl
TRUOTY[PUY 183% 2y 07 ZUTpAodd® PR3OTRS aq HSEd Aug UT 4SSN SOTApOM UTRILE

oYL CSUOTITPUGD 1§47 BY) N0 UOTIBWIOIUT JO HOEBT 91} 0y anp a1qrssod sAemre

30U &7 faoaonoy ‘ETHY CSeJMEa] JRTTHTS 21943 0} SUIpdedse padnoud aq
‘aaagaastry ‘prnoys 83T g0 soTydadoad TR THRINOW 811 U0 SITJNOS SA0TARA 3y
UT puUnOy BIRD 31 SJIDYIC UT JSONY WOAJ paJaJITR S18H1 SMOS UT 00T 2y3 Jo

DAMINILE B J0 FUOTITPUOD 1837 Ay 3R] ATUO0 €0 1R0TRUT BonTea €37 JO 0A9qE28

UYL TSl01dE] PEUOMUBI-AADIE JYY U0 SNINPAI ULRI|H ) 10 2UsplUadap oty

junodse oqur Jurxmy ‘Srqeqord fTrenbs 8q o1 pOmMSIE aq pInonE ENTNpON UTRALF
Y} 3O SANTRA T2 'Padaprsion ade sofdues oyl Jo satidedoad ayy ATuo g1

‘UOTIBWIOISR JO PUTH 3V J03 SonTes Auenm 3avy sdafadsyy Suil SnTnpow utRaqs
AYr  TEI0T 1T YD .UM FUTIND AWTY JYJ PUE pHOT 3 Jo apnyiudou g Uo 03Ty
NG BIT AU Jo DaNjINEls puT admitdedey ayr uo £Tuo jou spusdsp Adojodoany a1
TUTRAGS TUIURELT B pue 'paloADlsg 2y} ‘ITISETD 3y fratT Tejoq oy wodg
pa3nduod & sNTNPOU IS 34y A1TOTISRIS JO SOTNPOY 343} 91 45243403 U

sgqded JRIU (T 9TqRISPTSUOD DARY smiriEfp
UTPIS-8508475 U] 4BUY ST UC¥Rad a4l  “SNINpol UTedis syy Jo 1deauol ayy arup
=a13UT 07 [RISR ST 4T PROT 3TIUYE JODPUN 22T JO JOTABY3q atyl Futdpmie ugp

TaEous pue dits pur THUTpUAY fuoTsuUal, UOTIE01dn0y [BIXCTHNY T{NPON UIBAlg ayy,

*Ataatioadsad (pusd 0092) ¥SA 03y PUT {LU/HA 00ER)
1S4 00ZT ade sanfea oleasar agewixosddy  -poutusiap YateR Aq poyzan
pUR auanjedadimoy HITM LaRA O SO[NPOU JuIYS SY3 PUR F onTnpou §,Junoj

*EaTNOY JIL0M

JUBJBJJTE WO T pue UTATIO JUIJDTITD JO 30T a0qeM-Usoaj Jal ATqueastrirelys

=ET AJJTR JOART M ey saeodde T YA TITIORTY JO TNpol! S SUTUTLIO P
Jo sporiau TEITIUAR SNOTIRA S Jo soTIpJRTINGad oy aof Fumorry

shpon a3dogyest U S 02T oyl Juy
=IADTEUOY WOL] SITACHL Ya s P AI0ayy GUy JO CiausiLureaddde oy 1 osorqdodard
3TiLxl9 8y} Fututidalap Jo spoyilau TUoTmeudp [T7 J9 Furmodjaoys Tudotag

CEDANY UL 9] SINTRA poRBRJoAR o314 Spouyau

JTUTTON ATTUYA ‘ATOTICETO JO YINpow 0y} jo SONTBA 1E30{ DY) pidT) SUoT;
~RAQTA SURMOGHT JO POYRI HYY DUE SDARM ITUOSRIYTA  '0D1 U] FOA¥M (punoz
214587 J0 A370070A uorirdedodd syl Sutanseom AQ ‘ftact fepoylen TeDTuRuip

J0 sueunl £q PIUTEIIP ATOJRINOTE 1T3 D4R 22T JO SaTIJododd 313EEla i

32T AUy JO AANIONAYE IYY YT AIRA

pur fs{wiséudouct Jo §1U23SUED ITISETS O UR] JATIENS H10[2J0U] 2B JIADD

CIT oYY JOJ AYTIEICELS JO TINROU YL 42T BUYY O AING YL ETA0 PIIRGTILSID

a0T Sarqqng JT 'uory fppe Uy eseyd pinbIl pue 83T} anduT YuUTUTEIUGY [ERETA] o

AUTTTREAIDIRNUT AQ pajeiedas ade 3[eIvAdy oyl fsaxe [wIS4LD oy jo SUTTIRIUSTY
=JC InoTIRA sey 'TIRNS 84 STESALD 5[ uam ATdetnapiand faag pramy

SR JEIYYG 9UY pue AR TOTISULT J0 SnInpoy ayf

. ‘ERERIONTT

240 WAYT JAA0D DT TRANGEU JO YjFUaUA3S pUR SEAUdT} Syl E3FusJdop
B1BL UIMOUA 83T eU) 08 ‘A37 24l JO AIRPUNOGG JOMOT Y3 WOAJ UOTIBZITTHISASD
JO 1EIY JUIIRT Ay} JO TRACURI AY} SPUBIAUL IDT U0 Mous Jo 9ouasadd ayf

"JBYLROA JIDTIW JUTINE pOWIO] ‘SEBUADTYY [RODD 10
C4AA0D BOT UR O Ty} UeYy] 853 8T Soanjedadna) MOT 4T Reldo) J9A0D 99T ue Jo
Y13uda38 oy} o5 fyImModF S17 Jo 99%d 3yl uo spuadsp @37 Jo f1iTend ayg

76




oar J971RT oWl Ja10YM uodn puadop Jou SIOP §OITJANE PTIOS O] 92IILY FPInbIT
J3430 pu J81TA YO TUM UITM HIRUBI1S 8U] 3RYY PIPNIDH0D DARY SJOUIIRUSIY

rnw se ilag-ouo anoqe sonTea

aaw] wuauafysAted oy 951 uo s4391  CRERIT 01 8L pur ‘uodt oy 22T *fuaddon o)

92T QJaM PAPRTIUT S2BLINS  ~(pu/N T96T} isd 452 (noge ses () g~} 4 12 32

SIVLJINS JUAMBJITP 03 82T JO UITuodls FuTmoadl [REICH oYy Jo ohTRA DIRISAYR
BY} BSTI GUC U "SI3YG0 [BJISAIS JO §TNSII 1IAB0SaL oUY sy10dad Aodae]

931 JO HEUALY3 HuTaosdl 2yl

‘passay

puR BWeoq J22ADTTIIUED Usym apnIUBem qeITrl(s JO 248 4iFuoris Furpung pus

YU STISUSY oYy *BUTPULIQ JIDASTTIUEY UT 92T PAIRINUTE ATTRINONILS J0J
{z2/84 90TT) Ted TOT Jo UIFUOI4S SUTpUIQ UTIAAR UE DOUTHLDID AGIART

rSuauls aTTsued peandwol ayy spuloxXa adoJadayl 'ducaqs
Autpiusg peindwad oyl ‘apnyjufrm AJeJYTqHE UR 8T qng '§50J479 oT 1SS uNuTXEU
Y 9YY SE pUIAPISUOY 2Q oulied ‘weaq pajdoddne £Ts0d] v J07 BTOUUI0S AYL
wotf poutteatap ‘gqdvodqe Jutpuosq ayy ‘soudy A1 TASETD Jo AJoanyy 949y UT pa
~WNSSY JBYY WOL] SJOLJTPp ATORJOpIsund ueTiae pror oy go Tatuuidsq sul e ady
9UY JO JO0TABRYIQ DU 'Adoutoyiang  taTaIsJaasdsddat pue oFaer Aroarivavduos suw
SUTEJLE @Y} SANTieJ JO ased oyl ul *TTeus oJde SURIG 2TIHe(s oy uays Afua
§3550d798 ay) JULUTIWIZY9p JOJ 2[QRITNG 04T Y2 TUM ‘STUT4oul JO y8usJys oy
Jo sernuwiof Tensn oyl Jo cuesuw Aq pojndwod sem Yqiiodqu Juipusq o

TEPUODBE % SEM UOTIOE PROT JU] JO HOTILAND Ayl HUP 92BJINS 22f &Yy} 9
aerna Tpuadiad SeM 32407 043 JO UOTIDJTP SYL  *aDT PR[NWIS ATTRJAMIONIIS a0]
{zw/d LLT2) 185d 9T¢ JO y3duaays AuTpung 3¥RJI3AE UR DIUTUIINSD ACUART

RFBAA S Fuipusg

FUERYTTIRISAL? U1 JO saXB [e3T1118A 2yq Fuore) sonlang 8271 oyl o} JetneTpucdand

FEM 51837 #Y} JUTInp 3240J AUY JO UCTIDFJTR ML ‘32048 20T UE JO Jalu’d

Y} U S28JJNE JETNDJT2 ¥ TFUOTE SINDO0 ARDYY UMY dJNIRIDAU0Y 2us purR ‘uoTioe

prOT Ayl Jo uotqednp ayj ‘(Jojdr}l oTess) azis aldues 3 Uo spugdap 1Fununw

JdBOUT UL (GW/NA £T6Z 01 Tiy) TEd 22v 03 49 Jo sdusa UrPusa)s Jaesys e ased
821 paIRTNWTE ATTRPANYONI3S U0 3N0 POTJARI S90:% §,ACIART JO G1INSAl o1l

Qo Uad}S Joays

61T UBY) JO3RIIF DJR SADUSJBJTIP BFIY] 93T FUT
-uEYyl UT fTpuBy JaYle 8UY UQ  CRIT URY) BSEIT AdE 80T JO y3Pusdys aATesadduod
PUE DTTSUIY DY} UT SADUSJISJJIP BYY} |4duM 023 T12edd UT SOEBD SN} ade aday],
fw0928] J3YIOC PUE UOTIBZTITTIEASAIDAL o3 snp Tsury Jo asdet oyl yyI4 s3dueys
35T 947 JO 9JMONgnoan Tl sy foacudallang  *wqud yIModd 547 pue uoTiruliof
§3T JO RUOTITPUOS ayy uo spuwadap (17T UT pado{ssup ARY Sasfi] auiTeqssdd
=I37UT YITYM o7 JU24xa auy SurpnTout) 991 ayy Jo AjITEnb 92U} BOUYE paAdALGo
sAheATE 40U Sr 01381 Bode &TYY ‘Jsaamog  "sTR1sAdd quonelpR UaaMyaq Spux
1284 Tp AQ POWIOS Y JO 40T ATUD U3TA 'S9T1TARD DUB SJ3IABT aurlTR}sAUddojuy
Ag dn usdRy ST BadB TEUOTYSDE-SS0M3 #UJ JO %06 JNOGE 9040] T[2UI31%5 Aue 0
paq0alqns 40U 09T J3)BM-USaJJ UT 94BY1 paunsse oq Aew 3T {6:T7) Yr1dusais ajew
=710 DY} U[ €32U3.19JJ1p PRYSTTqR}Sa ATTeiuautdadys ayy jo stseg ayj ug

‘pod0) Ay dn saMEy 201)EaJayy @ pdies Y3 Jo uoTiaas
=5E0I0 BATIUS SYY pUT PIT(L) HN00aq SOTITARS 8y dorngadduod Fuiang

*AZTE JTOYY TMISEALIUT puR §9T1TARD oy Jo adwgs oyy Juiaate
onyy fsuDTDAU TR @qTsoddo uT A[0aag saoll ) £33 TALY Ayl FuTop eq wrafet
I23SAID L *9340] 2y dn $53R1 S} UeTYOaS-25043 o) Jo dud fTuy  Csugead
JupaRlpe FUTIDouUUDd TRTIa4 M 31 JOo PUoJdT da1saes ayq £ radraauned Sy
2407 94} U0TSuoYy FuTaNg  *JdTe PUR SITITINAdET Y1TM POTITY] SOT}IAES pue Suvhe]
JUITTEISAIPIDIUT JO SIS TRUCY B2 JO ROIR [RUOTIIAE-GS040 TR2THIBA AUY Jo 4dRd
‘33T 9YY JO FIMININS 9YY 0} Aanp 81 STYL  CYiBudais S8ITouT) ST uRyy Jadty
SHWTY A 3G O 83T Jo 3dAl STut Jo yarmans saTssasdumon syl puney ay  aot
PAIETNWTS ATTRJNOIUYS SNoauodowoy uo FUOTIRRTA50AEL TUTIads no poTaaTd
AGIART TUOTESaJdwod (T Sopr) (udew JuTpuodsaddon ay) uryl s$e3Y AYqLaopls

~UE? 27 UOTSUDY UT SNINPOM UTuads puz ylAundis a1icuoy 2y) ‘paijou sy

TS T T00s pUE IS RIsT J50MT 201 10 GotTaodsin 3qy Uf 8803 Ty 9l

sgaofuT SUTTTEISAI04I1UT 04 10 3u0WCOTIARD SUY UT S32UMJIJITR &3 pun
FIVLCAID OYq JO SUOTIUAN[P JUMRIIITIP SUY @1 90D &q ARW STYL ‘I T TRdanjed
uyy SUAPURINE JAMOT MOYS 90T pa1RTAUTT AT [R2U01Ind)y U0 81507 5 ,AMMAE]

*lai/HA CLET ©1 08%) T8d 661 Py (4 Jo aduna vyl Gy {Te s§ITUNGS S 1SWY
3By} punoj hm:h .QAQOOR HOUAN TEJIGADE JO YDILEID Yy uo _..JLOH_OL nOJAE"T]

TOTEUDY 01 palaalans BHOTIPUOd
1831 J9pUM 6T 00 YITUM uT 2aTdumda jo m{ 943 01 anp aq few sy adusns
JEp4S 81T ONTT '0eqEBT1S0AUT ATVATT W00 “EY J9T Jo yiBuaa)s affeual oyl

Y170ads atisuag,

*{ZU/NA 9£25-540T) Tod %19-95T

oomguns 09T @y 01 ToTIedud 2320] Byl JO UCTIIALTY BUY Ja] puR (UMY 5THE

-1605) T3d AeZT-0EL P2RJUns 831 Ay oy JuinaTpuaddad 83.0) Jo uoTIdRJEp

Ayl Y3TM adunans saTssaddwo) oqomtin (e 10sdd Jo aduel FutMoTlo) ar) ased
591 Ja1ER-USDa] paie(nuwis ATTedn)endls jo serdwes pagedaud Aringaaed

YE1TNSAS 1537 AUl U0 aduAnTiuT a[qEdapIsuor ¥
sel atdues auy Jurasdaad uT suop Hdom 3o ATTRAD SUL  “UOTIIDJIP BES2ATUTIY
ayl Ut puedxa 01 994J ST 1Nq UOTEsaIdWoD I0 UOTIISATP ayj Ul pIuICIap SuoTy

~Tpuod aeayl Jepun 81 ardurs ayl "apTs U0 uO JUTIdR §9240) 01 pajdalqns
(gagna) satdwes Jo $3593 JoO S1TNGSAL ay3 WoLj PoUsTIqeIsd ATTensEn ‘iRt
=Jda1Bw 23130 Jo 1'yl 1T ‘ST 997 JO MTuaais sATssaadwod TUTITN oYY

[39Gads oA teooadlo] ejemey

ruotiea11dde peEOoT 8yl O UCTiRIND 9Y] pue
3207408 JBAYS AYy JO SUCTSUSWTE oy} ‘ury54As $52495 oyl ‘sarindnduwr Jo uory
~2JUeoUcY ayy feanjeaaduny ) uo spuadap GUAYS UT SNINPCN UTeJ}S SYL

‘YFTY AJOA GT S€2318 U ssHTuUn utde por(dde €7 pENT B USYM SISEIIIUT
pUE PaZEASOINT £T pEOT 21 UIYH €IFTII0P HuIpiaq UT SNINpoW UTRLIs 8yl

77




{6961 ‘AcaaeT Ja33®)
g3 rydadodd yaduaaag 2-11 o1qul

£TE18W JO 1TY] Yluaq-auo qnoqe

{20/ T96T-06%) 184 pgE2-TL

{pu/1 gOTT) T8¢ 191

(pu/ad Lirey vsd 9t¢
(u/Hd €162 01 Ty} T8d 22%-89

(/N4 €LET 01 06n) 18d 66T~TL
(zu/in agzy-6LoT) T8d 2T19-94T

(/N RTHA=-TE0G) T8d 022T1-0CL
(W70 SY2-Th) T8 9€-9

(GU/HH BILTT=ZER) T8Y LOLT~5ET
(20/NA 0B%=8TT) 18X TL-L1
(/N 9625~06%) T84 99L~TL
(U/H 208T) 154 00

(ZU/N4 00E8) 15 0021

(zUu/80 0%) T8d L uet €837

£E°0

ganlEy Jo aduey J6 aniep oduaaay

SIS TUIRY pug
F2T3SUT] 03 YFuss, g Furzooad ]

gTe1oN 03 i3usalg Futzasay
(ancqe moaj pairdde
puw 920JJ4ns o) JernaTpuadiand 93u04)

y1Busdss SuIpuog uedg J9ARTTIUED

(anegans o1 Jeindipiwdaad 8da04)
y1duoays Sutpusg wesq pajdoddng ATesd]

qFuaaag JEsyg
19uaayg ATTSURL

{aanyang o TaT1TRJEd BOJ04)
Yydunang sassosduony a1maIIn

(azejans 07 deinatpuad.iad 20.004)
yy3unas g aatasaddno) a3euTaIn

SNINPCi UTRI3g Jvays puc di1g
salnpoy UTRINS Zutpuag

ENTNPRON UTEIYS UOTSUAL

SNTNPoY UTRIVS uotssodduod rerxeruf
SNTNpON JBIYS

. sninpoy §,Juncyg

JTUTY SPISeTy

o138y §,Uo0se 10

Ayandoag

‘EIYNUTU M3} B

01 SpUOIDE MeJ B wody Yoy YspoTdad q4dous anf 93T uo FuTyoR S3340] Jo] ATuo
o1qes1Tdde aur Loyl -ozte aydwes Jo ounibuadinl 'oqEd HTIBA]E DB UINS DGR
—TJBA 2J0M 20 BUe un paTiTiuah adn goanpEa pdy CIMUEmS 04l ‘Z-1( aTqel

ur paquosoad €T aoaan] Aq pojdodas ¢ymidadouad yyfusays go Aaetmms

AGIART AQ poidoasy serjasdodd qFundgg Jo Aleumng

*g420]J0 afeds o3 =np sdegdad

ffaoeaoqeT 943 UT pRUTEIqC afoy] war) L{qesaprsued padafjTp SVINST pIoty

ayl  "GT'0 01 80°0 woal poBued QURTITIIA0D UOTINTI) JTURUAD 3113 puR 16°0

o3 g0 wWoal pafued JUIIDTJJa0d UOTYIOTL] JT3RIE  EMOTTOJ S {J.2) 4.9€ 38
Sd0M A2T UG TI933 pUT T831E UG BOT JO SIUSTR1JJA0d uoTjaTa] aFuaase oyl

*YI00UE SEM 33T AUl JO BOBJJNS

JamMot 2yl  Csasusutwodd (ww £ o4 TY YOUT UE JO Yaudq © 07 SY)aLpuny TRIIAIS

£q padaaon ATUMOJTUN SCM 4nq 'EXNOTID ANOYITH PUR YI00WS §BM A2LJINS 90T
Ayl “ACUS JO PIJBATD BOJE US UY patojaad adas vIope ayeT ue §3sal

+peaT pat patuted Uo SET0G O1 OE'0 PUR G270 01 T°0 ST o097 fasnd
~UOU UO B2T JO JUDTITIIE0D UGTIOTIS STIEIE AYY 1TYL DUNOS SJIHYIawasay

*EASTRALIIT UGTIITII ARY] OF

fwrtl AJoqen ¥ JO UNTIBNUOJS BYT Y TM 5249 JJaUT STUY fEpTde Fulisnpuod-quay

BTA CTUIHDUNGILNG 3] 03 150T. 6T UTI2TIJ Aq pedotaasp 1oy oyl jo juxd aduie

1(3,58) A JE- moToq cedmjedadaes jB J2134Q AJR 201DMPUAD LY Jqood B BT

U3 TYM TEIDYRU 2 JO aprul ApTAG  TPOOM JO RYT ur] £85T ET T35 JO UOTITLY

Alepunad Jo JUATITIIAOY BUY 3AUTS “(D 0€-) 1,22~ &1 Wmop saanedadul e
SaU0 UIPOOM ULl J3418q 24 BEPTHS Ta915 18y} junwiuaadia Aq punoJ cem 31

"P3JOMOT BT ADEJJINS 22T Y IO
adnyedaduny a1 Usys JUBTIT]I00D UOI3TII oyl UT 25eaJ2uT #1 Aq poidoddng
87 OTY ‘HOTYESTIQNT J930M U1TM UOTY3TIJ AJRpunog pueg QOTY0TJ4Y Aip ATOWEU

tgquoucdwo? oMg JO UMS oYy §1 SNYG 9240 TBUSIIITLY 3] “s3TNI3ToU Jo21eM
Jo 3urisysuod WTT) PINLIL uTyl » S91samd efeMle JSOUTE IDVEJANS BIT uy

‘aTdues ayl JO uoTiou ApEais BUTIND pOUTWIO}EP SBM JUITITIJO0D UOTIOTLJ

atumudp ayy aTrys ‘ardues 2yy HuTyaels Aq DAUTWAISYAD SEM JUOTITIID0D UOTIOTJ]

2T1EAS Ayl 'perol TRUCTIIPPR UE YiTH Jayiadoq ardwes ayy jo ydtem syy o1
a5d0) JUTHOY B3 JO OTGEJd U1 §° pOuTmIaiap fea jUITITIIS0D UOTIITLY 24l

JUSTITII00] UOTIDTSLI BuY

(UM 086 03 06y T8d 2ol 03 TL Jo dFuea ayy uy
fsanTea JsMOT 92T JaqeM-USal] jo sujfuagils Burzead] usaTd savy 59697 J9Y10

* LB JO seeld oy S0Z80JdS 1T YOTYM UITM 1BYS JO
yiusg-ouo ATeemixoddde £1 seystudea pue saTyseld o) €92004F 33T YITUM UYITM
nueane ayL, JaylJng 2326 fayl 30U J0 paJspIsuod pINbIT aU3 Lg payioM

78




B SIeDTSUAD PUR 'SSIU¥ITYY LIOJTUN JO 4P9US 89T BULIBOT] ¥ upssadaz
.

oq Azo0ayn 84ETd UIY3 OTASETS HYL TOSh WuIiolxd JOMWINOTRI auy

SKROLIVILINIT UnV SHOLLVHINGEALY TVIILIN04HL

+4535J8T 3YY O4® S0SS53INS 943 .J9UM PUTS 0%

Ramssodan ag Asw SUGTIRINdUod TU{I M2 ¥ "SPEOT Ayl Udsmasq andud Awva
s£a3qs 3cafiavy 8yl Ioyiedod 28072 ATPWSI3Xa JUR apniTufnw TBnba JOo spEOT
cmy Uayy, - LweT 1EITAUGY B3 JO JDIUDD ST JIPWH ATIVITR IMI0 TITr
83038 58alarT oug ‘rauvde ang ATIUSIOTIINS HaB FPROT SYL UsyM ' 32IUus
@37 2yl UTHATA E43J2E 38AFIRT ays aAT1d TI1A 3843 SOUUTPICOD a4l &TO0YD
1

Aot Baan T
FEne pasngd

=00 5Q O%F 308 £80E68JI%S [UW UOTAIITIHD U3 SJ3UM SIUBUTPIOGD 2YL
sl3iwa Pupjaoddns Jo A£170UIP 8Yl 56 TIHM BT *3894s 907 HYL S0 PuTIToads

95 AENY E£SSUNITYL 92T aYs PUT ‘074AWL 5,U0SsTog ‘snrnpow g, Juno;
*AJTY BY3 Ul aansgsad »ﬂw SY7 WOJ] PAUTMISISP ¥ UBD SHEETI
260UA B9ID JBTNIITI ¥ J0AD LEINQIAFCTP ATWIOITUR &9 O PAVMLSE &g Uuo
aaTy d73vumend w WOJI! peoT SUL  CUMOUN 3J UOT3BIURTIC PUT SUOTSURTLY
SSOUm 9240 U nFuULIdNd W 10 weS8 JBINIITD B I940 PIINATIISTID ATIEI0jTun
ag ©7 prumssn aq Lew PeoT SUl  ‘UAOIH 3q 3SNW PECT Y JO UOTANQATLISIP
Y3 pu®B ‘puoT Yl FO SpNATUIRU Y3 ‘PRoT AU JO JI23UID U3 JO S2IBULRIO
-Go BYY ‘PEOT US®ED I04 CJI2URG. Yomas 03 anTARISL spwcT 243 QuTiwo0T Xoj

1a3Ys A01 Y3 UC PAUTIOP 04 3ISNW MS1SAS J1FUIPIOOD JRINIUBIDEL Y

LOTIWEGANT GxMTINBIY
PEUSTRENGIS [ROPI-UCU Y3TA FUITUeP 4Itm DUB Y3HUSILS 80T 2TAGAOTTE
af] Bujive(as U TasSN sg jsha juswalpn{ FuideouiPug "EASTIULS DU
UOTALATSeP ATARIT#I 03nduwod ©F JapIo uy 997 #Yi Jo sotraadoad TRoTuUBYLAW

2y3 JoI sanTvA 9pviiderdde goaTes 3enw weidoxd 43 Jo J3sn UG

'suoTyEgmlved aues ayy duojaed 0BTE
feti 3L SIBIBINOTRS 3oy s0d sTquurmeidoad I9YI0 A8 DIIYY FVUIS J9-GH Y3

eciorue STTJEESHIDL 30U S0P YY)  CA0IETRITEY 33yood 13 Tepou pawiydag

;TRRY AU Lo 398YS 83T FUTIVOTI W A0) EITEIAIS DUR UCTILATISP ay3
2RBTROTUD 03 waxboxd ®» apractd 03 s1 daodad sjul Jo asodand ey,
“FI0JOG FULASTXa-UOU
deRn S6Y UoTUA pleri s1% ul uoTiminduwod gol sumsu w eplacid op Loy
ssuotimIndncd osayy wacjaed o3 yFnous Tngasmnd

39¥00d STQRuEwTLIosd JS{quonay  sxo3BTNOTEBO doj

saruadord a0 sresndwod AQ PeuTwRIAC UIRG HADY 1RAYS B0y Buyswmots
7 JC FASSAILS PUL MOTIdLTFAR 8YL 4@ SUCTITInAuod 2yl LTSNOTaddg
"HDVID 54T UTY3 JBYRWI PISN S} UOTINATIAp JUTLIUWTT ® pul
CLPPATNOTIITE TTepsmadde $38adD Aul 284S @07 241 Jo SUIpOGT) S96TI
auan UT tLipondws Puraweq ouR 307pedd of pesn LITwisua? BT YIWJID

1EITF 24D 'EANIIN UINCIYINBRIY BL0J9Q PROT 220U AIrud TTI3E UES 19ays

#0T @YY LILOUITY  CMoBI [TIA ST 241 '8 243 JOo yi9uaass avisusy Sul
SEAIDED 3ID] Y UTUIIA SEIIIC STTSUAY UMWITXGE 23 JI -LBOT a4% sisoddns

UAN WY UITHA 35T SUF JO WOIIGY YL UD aamscaad J21mA SY) SS6TBAIIUL
UDTIAITIAL BIRAUAOE AYY,  *937 Y} UTYITH S2ESAJIS FUTIEALD DPITAUKOD JUIG

ET 40345 39T Ul “189YUs AL JUTIwOTS P U pRosTd 61 PROT T UIUM

ROLLONCOHINT

LL6T tyady

GG LE0 HI ‘saoumy
LactmasgeT Dutasourfug pum yodeaeay suociay pro)d Amay tg'n

Tealall g
£
HOLYIIDIVY SR04 ¥ OHIIM JELNIH0D 3av0T Z0I J4vs

ITT XIAN3ddY

79




ta394s 90T SUI JO We3A0q YR 1% §s213s TeIAwaluus ayj sp Vo
*323Ys 2t oYY JO WO30Q AN 1® SS52334 (WIPUL BT GT o
tgasys ad1 9Uj3 JO UOTADATIVP AYY €7 A
‘snTpuwd PROT TBUOTSUMTID-UOU 543 /% ST ¥
‘uolINGTIASIE $,UE0T AU JO SNIPRI Y3 8] W
+51BUTPIO0Y [BIDRZ [SUCTAUIWIT-USL &4% “¥/I 5T o
‘pROT @3 JO IIIUSS SUY WOL] EIIWUITJI0CD I8Tod S8 g pus I
‘PTOT TR0l Y3 87 4
fy33uaT L37pT¥TS TeaMXa(; au3 ¢t ﬁﬁmpaﬂvxma\mzmw LRI |
tianem AYY 3O muﬁmcmu YBres aU 6T A
‘907 U3 o TEHWITYL YL ST 4
597 9114 Jo Of1ud §,U05SI0d Sf A
‘a7 ayr Jo snTnpow £,9uvnoy st 3
IEMOTTIOJ S® PRUTIApP 309 sTOGULs
sy -uwsmAM Xuy LQ UIATE uaaq LUy BaRJW JIGINVITD B JSAQ pEINATLLE(D
Armrogfum puwel © g0} UOTINTOS BU3 JC WIOJ JUITUIATOD 350W UL
EHOILNI03
*A3TOTASUTS JOo £I08Yy3 TEUCICUILIP
~a2Jy] 9Y3 S® §5HIYS Swws aYyl saA1d Liosul aqmTd UTYI AU UT SOTPRI
£3u SYY3 Fuysn Y SESWN{ITYY BOT SYI SaWI3 2nl°T VWYL 88T I 7 B unIpRI
ayy tays ‘4 ¢lg'0- m: + mw'mw.u.\— U3TA ST2ITD UOT4NAT.LIISTP PwoT a3 Jo
B SNTOTJL oY) 630BTdAI POUZIW YL 'EBILB JUINIITD B JO JB3LID &4 Japun
AT308ITP POIBNIBEAS DI S95S24%8 o1 LIYA pauelrsissp Aa rosoload poyjem

B s35n weldodd YL (V2ed) JITANID B CFre) BOIB JIETRIURIONS B IDAQ

FOINQIIFSTIP SPSCT UBYL PSABIJLIOUCD aIoW 9q O3 PULY (aJIi1 orvwnend o

'8+0) WAIE JBINOITY ® J8A0 PAINQIIISTP SPuay ‘eorivesd uy  cuolieindwon

TEYLIRUNU J0J LTIUBTUIAUODUT DPossaddxa odw Loyl 4ng SsSUOGTINQTIASTP PROT

JRTNDALO PUW JOTNIUBEIAT Y3oq J0) 2ETXI EUOTINTCS LJ0Y3 ETU} JOg *pIsn

3q PTNOUS AITO73SETa JO AI0043 TRUOTSURWUTU-48J4d 843 ‘UCIIEniTs ®TYL

104 CPEOT POAUIIUIIUGD ATSATIVTIE T JO A3TUTOTA 841 UT S9SIDJIIE YL

Hupyainared 1o 2daoxa sqanbspu ) Aacoyy odvld wrys o1qsule Ul

TPAlaIW0 a9 fuwo UNTIERATEY

T ormYTRATeS stha T
e ITTRoIT0 UL ATUS

AT4RsU 333 B3§59.I35 PUW UOTIHATIAP YL 'y U FuaAT L3TPpTITA Tuan¥ar) aus

SaULS 9AT} UMYL J95maIY FIOUWLSID 204

*waaw J3TRIURYIRL AU 30 PIINITAS

~qns aq Lo PeOT PAIRIGUSIUOD 20 Weltu JB{NOZTd juatesinka uw *psoT

811 U2 BLURISTL AWIV[ ATIUDISTIIING B 1® *80UAY  'PBCT oY3 Mo KeAs

FHY1IUJ SUAOL 4UTOG UOTHRTNOT®E 2U3 §% UOLINQIIISIP 8,PAOT <U3 Uo suapuad

~AD S84l $OWGOWG SHSSPILS SUY 33U FuIjow L4 pouielao o9 uwd sfuTAms

~3U{3 J3YLAN]  CUOTANTGE BIIT JRTLIITD oYl UBGY AW 40T YONW salrnbax

UOTANTIS BAIY JITREULILIIL Y2 ‘suotiedfrTiduis $SAYT YIIA USATR

‘PUOT Ayl JO uorInqIIIsTp sy3y uvodn L1auwoigiu@rs pusadap jou E20D

UST32aTIaP SU3 oenwdag uopgweTxosride peod e ST STUL ®w3Jw JaTnduw}oal

911 JO JILIOS YOWS ¥ SUO ‘EPROT POIBIIUSOUOD JMOJ WOIJ PIJBTNOTUD

3T UGTS5ATIeP UM ‘sjusussinbaa owiy puw sowds oUY sonpad J2UlaMy 0F

JAPJA0 UI *3UaSIIAucd Lrprdul aaow 57 YOTUA SaTJIas gaaod B Lq passsadia

UOTINTOS MAU B S35N wwaBoad sTYL “juedasaucs ATmnoTe 8T LT3vanbal] yatua

SaTJdas I97anog B Aq passaadys usaq SBY UOTINTOS pRJE JeTndumidads ayg

ATsnopAasdg 8338 JBTNIUBLOCI SO IBINDATS ¥ 03 ATWIOJIun petrddm pwol

8a




18Ju WaLsSAs IINUIPIOOD J 'Y AT O3 SATIRTRI 3oaUs

4 2
35T By JO WO310q 9YJ 3T $ICERIIS IYL SUTLISLSD OF FUOTINNDA YL I = Hc+xu

o -] 2
> - : 13 - X
8 603 (A=A} + g WIS (¥~"X)m = K 2% §TWI J0F
are (£-2% sCa (H=0% “x . )
¢ urs )+ 8 (3 ] = suotjenba 94l *SPECT JIIYIC WOIT SEESOJLS IUL 01 PPY O4F JADJO UL mojEAsS

230LTPI009 4 W Y2 07 SATARISS POUITLISASD & snut 2
19J9 SIIWUTLJLOCD ph pun T Sl{3 OUTHLISISP Ot suoTannda Iy Jmtsp 9 3 1387 pouy 38P 84 1 S9882I38 UL

*DI0JNG BB PAUTJIOIP AXB A TWE g 'Y W U fa '3 voom Jpatp e . ¥ R . v
o) 0="0 2 = g uURuUM T d puw TR S o "asum
pu% 'TwoT W43 JO UY3IFUOT TIUCTEUIWIP~USU '3 /A BY 9 PUT ¥/ /8 BT Y
x s . =Y
UCTRONITPE AL ays uy peoT aY3 JO Y3PuaT syil JTWY 2u0 B7 q ‘ MM + 20 0 + 4 19Q - = . M R
*UDTADIITP Ty 843 Uy pwol oU3 Jo YaSual Iyl JTuYU au0 BT Y <
{53BUTPACOS TRUCTSUSWID-USU .ﬂ\hh €T L puw e\»x a7 ¥ ‘H 1890 0 + ¥ TR O = E(rrT)de

3 U ¥047p)
‘UOYTITBLSP 9STAYICTOIDIUNOS

81

P H o 5 - hv n v a
W UL STXE X Y3 wod) paSnSmatt cy¥e ¥ 8yy jo o{Iuw oyl ST ¢ . £(n4T)aE o (4,599 5 % 1,790 0] g £(naT)az
] 4 5 =

SaTBURY 09I SYY JO sOTIS aYy 0% Ta1Tuvasd ST puw " mnﬁmo+ubv gy Nnﬂmnnub_
PROT 943 JO JS3UID Y3 39 £] UYFTI0 ssoym Waiefs 23UUTPIOCD
I 1 1210 SUOTABNED @Yl ‘Y « ¥ uauM
® U} PAIENTEAD DIB SUSSEJIIC PYT DIBUA E2ITUTPICOI 8a% L pUB X
‘L8}ONTEAR 248 BITEAILE SUI SJ42UA B23TUTRIOCD 23T ©4 pun x '2/T=dPURQ =D 0 ay usayy Yy . a pus LA 2 FETLTY
¥.183 ¥, 299
CpROT 2UY JO J23UBD 8Y3 SUTJIP UDTUA BIIBUTPIOCD OJLe L DUB X
d

AR D+ u T - o -~
:£q peuflsp aa2 stoqmls 3yl T oanf[g Ul umoys 21

s¥ ¥91% J9INJUEISAL B J9AC BAINQIILISTP ATWIOITUN PBOT B I8PIIUo)
‘WaeN 0 44 fax 0 a 5 (CHTNE

L msﬁmb+nov

2 AX
gg uts = o _ -
95-%5 ¢ E LT g aox 0+ g, v0% 0-) ot
it D4 D -
s (%) )
2 2
g2 500 =

o-"n o-'D toxwr suof3enba 8yl ‘v <« g usup



LRLE B £ @ g adoad

PoT2Q8T 248 YoM saxwd oAl Ojul

JIYITH JO sSaATRSaX syl ¢ “.n _ puUB

PRDTATP ST ®¥9a% SJUTNFUSL01 B Jaa0 PIINATIIETE L1orezTun m.s.o.ﬂ B J0f

sassalys PU®R UCTI2TIRP oYl o3ndmed 03 maxSoxd a1, O Tuw O paToqET
248 yoTUa £35ud On% OIUT POPTATT 6T ®al1w JEINOJAL2 B JIoLo BI-NQTIISTP
ATrogTan pRoT B JOJ SIGRIAIE 3T PUD UOTIIITED UG snguwed o4 tmerdcad

YL "und 03 YIITAS JI3YL0 G ST PUT 2079TNITBY 243 U0 wIng,

020084 TVHELED

*uoYANQTISCIP PWOT JIutndusiodd  *( Mm2Ty

gz ®BOT My oy opz urs 2 Yo “a

T %,

Rp-Xg
g . _2
Aoa o4+

tade wonefs aj2UIpicod £ YX 3yl 03 SAIIBTEI S85S53ITS B4 AUTWIINAPR O]

g o8 £ 1
SuUoIENba ayy, T v .M: -3t [U}d pUs Joqunu ,J97T0T ST A adays
: T+12 10=2
2 TAATY T .
El
lEME ez Preuy qu 20 x5
7w Ty ey @ R
ugz N\.r-. o 2

H+: . N IPI :._”.rﬁ_c m.olc un N
( ls? .I.Icll.m> o .5 ull.ir.lllﬁm\i T I & (e
uz g/u - &

T'0=4 €*Tal

Ttz i{a=u) ¥ _
‘ e 1 o SRR T ) )y - et
2

Lo m EZE AP ey
1 u ugz —=n ©
ERCUEY
[{EL) (VX)A T80 = (F=X)e (V)4 19X o

qvay  _ {a-T3d
¢ mz Ay

+!

[(¥v=X'T+1)T = (¥-X'd-L)L » H¢+m.muwuH = [V+X*d+X)1] mmmu

H$+ﬁ<éuHaﬁﬁﬁ.«QvH+ﬁ?w.¢§qH;ﬁTs.fkﬁ_m&u o _{n3T)de

82




0T

rAlowmout OIUT £HLIN SQ pPesSu JUSIAFITP BIT oym BAWP LTUOC puw
AIowmdw 03U} pesd 8Q L£PW pIwd STUZ *cPpReT FUTpas0ans Jog UYL ' pIEd
o73sudnu v uo PuOT ASAEF ARY Joy wISp nduUT U3 PIODRI 03 JURTUIAUOD
37 pury Avm 204BIG0 YL  raiuURiDd jou op uworjwinduco jo aoevyd oUj s

1194 S% TIGP Ja3us PUTR 20T YT pPROY YIBA I0d TPYOT LDOWA JIOJ RWIBD aY3

T18 Wy fad Arpasvedos cof Burwnsuod swra 37 purl Aow gojwaedo oyl vh -

*Tequis ABASTIIRE UG £Q PORCTTOI 104 swoad fanduy syl Aooyd
03 JA3P20 UT I33ETI0S v woi BIRp ABTISIP oL 0 ‘0lS T ssoad ‘GI eun
1o T 0a03s 04 TdWeXs J04 TTORWAS J-167Fes oyt LQ pImOTTog OIS ssead

fre383Fax ASTI5TP HYY ©3UT BIUVP UL A9 fa0a8iBed w o3UT wiWp 83638 O f

‘eIaz
01 Tenbs 2q LEu STIpBI STYL "EAIW JR{NOJITO M3 JO (63YDUT) ® SNIPEA
BG3 SUTBILOD n Ia1613al STIYM *Pith 10U BIT § pUB § SI93ETRey g puw
¢ 4 513381201 Uf DB #Ul JO UOTANQTINSID 43 Jo3 1da0¥e sums Y3 £7

anduf Syl ‘9aaw IBTNOITI B JIA0 LaINQTJLISTP LTWIogjun peol v Jo0f 2

SUGTIEBINGWO JO I3BUTRICOD {eoyauy) %% 2
suotleinducd JO 238UTPIO0D [EEr LTS %% g
I338A JO L31tuap jyBTes ﬂmgﬂxpav R Y
80T JO BS2UYOTYI {saysut) U [

80T JO 0T36J §,U0SsTod a I}

201 3o snInpow 3,9unof {18d) 4 L

X woedag 1y 3o a1duw 81 {spaaBap) o

2

&

I JuecTte :umnmaumwsn aTTuwyoes (sayour) q 4
Tx Fuote YiFusT~JTeY oTSUTIOSL (sayour) ® n
PHOT SU3 Jo 2pniTulew Amucﬁoav g £
A93USY 6, PEST Y2 JO OGUUIRICOD {sayout) £ 4
Z5uad §,PROT UL JO 31RUTPICOD (sayour) x T
J94qumU UDTIEDTS FIUSPT PuwOT W 44T Q

g TERTEy vivg BaE15ad

SGiez 01 TRNDo 81 Luw =7IUNLdaL U3 Jo q 2o 1
SAUNT QU XRUSESN T AIOLou 01U pPIARN 29 PINOYS TIul BuimoTloj Y3

{T '974) weau Je[TEUTILAL B JAA0 PAINJTILSIP ATMIOJTHA PROT @ o {

ViV LodNI

"PABS LME YT JO3 pIEN

URS pum 'TOSN 10U €] paws Op4eufew ¢ wualodd ays JO 2 9pig  "pJewd une
513 BW 0% PaAIJBJd PO L730uFma B UC PAAWUS PJIB STMS Iy ‘peoT Yows jo
2e7av1nized ussalag ‘g 293SYFRI Uy WIoBID AL Jo STX® K Ay3 woal STIUm g
PUT ¥ J81483PAT U 565136 WNUTXTU Y3 G015 [UR SIUTMIFTEDP I SUME AsU
®EMIT TOAL th YINOAYLY T s133s7¥al UT aJ® UITUA SUME SATi0edEdl YL o4
ﬁ”@ aGC h”V wesfold IA4lTa OOI)] S2S5TIS PUR UOIAOSTIAP Yl Sppe ¢ LRIBOx4

Ax

(18d) 0 §521318 FuTIwsys & nad
(18d) N\ﬁhbnxou AVUDIDIITP E5AILE g 934
(1sd) m\ﬁho+xbv FUEIEER L L oAy
(saYouT ) .Y uoi32aTIoP g om

# UOTRTITITIUSPI 0 DEH

83




2t

1AV SUOTAUIAYBEUT
Butisiado syl AIlowam Ul ﬂﬂuow Ehe] ﬂmu Io A“v wriAold O syTREs Y 1EYI
saumsse § welfold . Io @ weIfcad Jo uOTIBRNUTIUCD ® ST § WIIB0lg

7 wkIDold

-¢ wuxfoad o1 PIVdOI ‘9
vumrFoad paITnbsd 3x9U syl ‘¢ sAUTASIP TUw sdois X0IDTNST{E
Y7 ‘spuUcDIE OGEL INOS® JIVJY  WeiPoad BYI 3IVIS O} ¥ B53id  'G

‘2 opT8 A4 pomollol

BIED ST 0uUdABU

Ayl 30 1 apte Suplaasuy Aq l wmaFosd peIY  tq
‘pexfoad pasjnbes axau syl ‘n sAeTdRTP pUw £d033 J03BTASTED
oYy *spunses Gy INOIT ANV reraaftoxd 913 3J%IE 01 Y BSRIZ 'L
‘Raouwm Ul vawp anduy aloag g
‘2 9pIS A4 pancTIO]f

PARD STI2UMEL ay1 Jo T 2prs Fupaxasuy Lg

waafoxd posy T
209

gUOTIONLASUT Burrwssdo syl cAJomem Uyl TIFIS B4V

wesdoad JO satnsas

oYl 4®Yl} S3TNESW puv

vmI8cad Jo ueTIBNUIZUOD ® ST H”u mRIRCII TBIAW

2ETNAUEII92 B JIA0 PHSINATIISTH ATIEOLTUN pPuoT ® 07 S7

E puv E Wesgodd

meadody

+f mexdoxd 03 PIBIOIL "9
rymadoad paapnbasa gkau ayy ‘¢ sAeTdsTP puw sdols owioad

By spucoes Of InoAe Janjy  rwerdoad oyl ILBIS O3 ¥ BEIII G
g #PIs Aq pamolToy

PaiED ST30UdRE A“V 8y JO I 2pIs3 AuTiIssuf fq ﬁﬂv waxdoxd pwed 'y

T

‘mexfoad PaIINbad 4Xxdu ayj ‘g sLeTdsip pus sdols I03BTNOTRI
Y7 ‘spuocsss ¢ node 294Jy  umifoxd SY3 3iwls 0% Y BEdAG
sLIowsw UT wisp ndul 8Jd0lg g
*{pasn 30U &7 2 aprs)
130 S738udwu AHV 84y Jo T opis FuplIesur Aq A”v wsIfoad peoy T
. . 1909
sucTionItsuy Bursessdo syl CAIOWBW UT TTT3E IR A”V woafcad 1O S4TNES
a3 39Y3 s=0mssu pue ﬁ”v woIfoad Jo GOT1WNUTIUGD T ST A”V mridedd  TTRJe

JETROI}2 ¥ J8A0 PIINQTJIIETP ATWIOITUN pROT ® I9) BT A”V um1902g

*§37UT PwRs 25yl UL pessaxdXe 5591%€ pUR UOTIDRTISD YT a1
TTIA 2oTur anduy 2o pasn 8q AuW ITun Y3FUIT PUT ITIOZ IUDIAJZTIP
Yy r580.032P pPU®B BI{IUT .mwrﬂon aJ0 mimp 3ndut Iyl Fo S3ITUN SUL -G
‘PITY AUL AREUG 3enf fLaomed
oquy pJBa STlaulew ¥ EOIJ SIVIBTEIA YL PELT O PIVI U1 JJISUT PUE
yIva/m '3 ssaad ‘pawo OT3eUTRE B UC £4a%$730a AI0UREAYIJ EIODML OL
+61336785.1 253Y3 JBATO 9} sAEA IOJ TEOUUBW i aY3 ITNEUQD
‘EAPTE oA UO UBY] JIYIRI PIRD u«pocwaﬁ ¥ 4O OPTF 9US UG PAPIODSL
2q o3 Alomew SAOTT® 8743 POUTS IBITY 3q PINOUS 619151331 LIwpuodas
syj ‘pawd 913subEm B uC POPIoDaI 8q ©3 e wiwp Induf oyl JI
*pakey 9q peau Isgjouwered
aneiadosdde oyl ATuo puw ‘AI0m0MW OJUT PUIL 94 UBI PIBI YDBS ‘sUOTIWINA
~mod Burpesddng a0 WAYL 'pIwd ST3PuiBm W UOC PYOT UIWE 0] andut ayy
PAGDAZ 07 JUITUSAUCD 1T PUTF Amu 1ojmisdo ayl ‘afumys x3jaweded Isyle Jo

FEHUWOTUT ¥OT JUeLBJIIP B J0F pejeadad sq o0} ST UOT1RINdWODd 2L USYM

84




T

TO- SYTS96EL6° K 2 DIy 20~ |T2SLsnne 9= 1 DIy
T0= GETES9E2G"E L omg 0= 0T6g509N6" 9~ £ oMy
To- 00N099%6Y"2 9 o 10~ ZTRLIRENG 6 2 DAY

10= 99L9n6506" - [Pact’s ﬁor ggo290lag-z2 T o34

. 13I% T=2 JOJ E3ITMSAI Y .wroH 4% 385 LoBJINI0w Uy
[
voOU3TA UTINOIQNE (%) UTATSY 245 20 cewerfoxd ayj PupdIngop puw JuiNosye

Jo ssodmd sya ao03 papracad axw saTdwoexd TROjzammU FUTACITOS UL

6| dawxy

‘EATVRINIDE JIIYIO UITIQO

03 pefuuyy 9 Aow puw GET d8is U paJois 8% 9 jusucdxa 8yl .chH THS

§53T 69WOIIQ WIFF 36B] OYI USUm DBIBOUNIY R BojJec ay] X Zays(dex uy

(A*%) T 2413 TTTA BupjnoIqnE Y] ‘'3 ssaad pus ‘X Ja3epPar up x 1uonmdlw
Y3 *£ ze3s1dar uy £ jusmndoe Y3 S0uTd fsupsnozqns Ayl aIn0axo ol ‘A
SUTBAUOD T JL21878el aang aq ‘oJ0J2a18Y] ‘g I93STESL UT 99 04 DIUMEER £F
UDTUA 6R/G95TZLLS 0 = A 29qUMU 6, I8TNT BST OSTY BulsNOIqNs UL ‘61

uinoays QT PUR I g 'y 829387Fed EaSn SULINOIGNE STYT uwadoad

Jo 022 4Yfnoayy 1g sdais Up psaols ST (LX) I supjnoagns ayl
CESTOBINIOB IO U0 04 paiusyd 5q Anm
pus 651 dass U] psao3s 8% g jusuodxs Sy .wnoH UBY3 58937 BIWDDIQ Wiaq
18R AU USY4 DIJBOUNIY ST EHTI8 AL -EGET aunp ‘L9 qroday [BITUYISL
MIAYHD “BSATSEATIAIP 1TIY3 pUW SUOTIOUNS UTATIN JO £31485 ‘Toasy uog

woay s uopjeinduco Jo poyzsuw Sl 'y J93F[Hed Ul aq TTIM Z JusImAae ayg

*Ltanapyoedsass g yImoayy T sase73ar UL (2),73Q °(Z),19% *(z) tea (z) 1oX

(2),49q *(2),49% "({z) a3q ‘(%) aoy o3ndwoOd TIm BulIMOIGnE aYy 7F ssaxd

£Y

PUT I3351332 X oya Ul T judmBae ays 20w(d 'aUTINCIQRS YL S4NDIK
OL ‘A SUTBIUGD T JI03s18sd 3wyl amms o 'S0yl g JoisfPes up eq o3
PIENSERW BT UOTYA S9936T2LLS'0 = A daqunu &, J9TNI 635N OSTR |uTInoIqNE SYg
‘6 UInoxyl g puww ‘1 'g 'y ci23sfPoal €95N IUTINOINE UYL .A”v mezioad

Jo £Tg uPnoxyi g01 &d938 U PaJo}s ST FULINCLANE (2Z) UFATSY 2yl
rasodand §1U3 J0J IEN JI0UL MOTIW T8, 3803
82UTINCIQNE E3Y] JO UOTIdTINEDP J9Txq W 8} BuTaOTTO) oyl ‘swexFoxd

42430 UL ISN JO 3q ABm {A'X) I puU¥ (Z) UTATY SSULINGIQNS oY

a0 nuu meafosd Jaysye L9 pwot
TOUDT3IPPe Luw ssouoad ‘uwoiiesnducd v JO puOT umrﬁ Y3 JCU sem STHL
ST pafeldcolp BUToq s¥ [TAA €8 Y J918188X Ul paI03S E] esdsds wnm
=FXOT Syq PUR @ JajslBes ul pIIOAE BT X0UJID SU3 o a{iuw eyj ‘N
*PIPACIDI 3G TTTA LI0WSH Pum ‘pawd
wis Y3 JIasel  CpoLeideP BT (uD ‘sdojs wmaBoad Byl uayw g
‘pPIEd WhE 8yl JO FUTPEIL IUT S91TUIWITH PUT ums ayl gozaz YL wwidoad
AL 34Ls 03 g 8832l 1IN0 uorjeindwod ® 3o pewol OUINNICEL oY% Jo4
*PAIAEsUT BT AT T[T juedad TTta wealBoad ayy *asned ays Futanp
PI3JI3SUT 30U ST DIBO ums Uy JT "Pedl oq TTIA SWUNS @Y} pus ‘prud mng
o243 328Ul ‘esned SIU} PUTING QT AUd sLe(dEIpP DUT PUOIAS BUD noge
107 gasned weaBoad ayl ‘uwafoad Y3 3IW5E o} ¥ esaad ‘(uworiminduco v
Jo pwor BujuulPegq syz qdocxa pmol AuB) prol Suipsssons ® Jof Cf
'G wmadosd Aq pash jou ST Z 9Pl ‘pIED

OF3IudTw § Y3 Jo T Sp1E Fuijzasuf Aq Lsowsw oqui ¢ wexBoxd PERYy T

B5




18

ST

0 [o} TO+ HEGONERES T 6
00+ OEITLOET6" T~ 0+ 95LLGETOS" T~ 6 ¢ 0 0 8
0 o a 20+ cébgrelog e * 20+ 0ES0TSEEGT T0+ 652THER TR 9 L
20+ LLLEGLLGE T 10+ 0£209T122'9 L 10~ £09E2Q06L°9 10~ 0ZEEHNTIGL S T0- TIqLERRES "¢ 9
_ . P ‘. Oog<V O=d<¥ o=ved Brc)
10- 6606L68%L°9 0= 0LCGnEqLE"S Ed preuiiaisap
TR ST T 1509 @ mia®oad et wiTp ndanc oyl
1agm @ weIfoad wosl wywp Indino au)y
Q 00T - oLT 3
0 00T 01T g
oL oL o]
g2lT/n 29 orLT/n'ze @21 /n 79 v
ol al !
QT oT [£h8 6
g2LT/4" 29 gziT/N 29 v
/1 (¥ A £f1 2
' 01 ot 6 N
CT oT oT L 2]
£/t €/ 2 9 9 9
4 o2 5] Y
woﬂ wo.H L
0000T 0000T 00007 £
o2 oz n
0 coT 00T 2
20007 0CooT £
0 00T oot C
£9 0 2
RETT] Ge=ri<¥ T Tid
£9 0 T PITRRIITIM
z T o tHaE 105 ATl el
0fd<Y UFv<d odd o TT® J2A0D I SUTADIIOT
1908 BIRP ayl "aDTE 5q 20u fvm L0 AU UOTIMATISANS §,PIvedialss) ‘o PUR REE

anduy ol ¢ mwaoad ¥99YD 0% pPaEN Ag 0STB Uvy SUOTIdO oMl 3XSU aYg 0122 3G 10U ABG J0 LBU F ‘y<y I6J COL0Z SO 400 L8N X0 vy Sy dog

~pavosld B PINOYs USTUM SU0TIMlo STOLITA 9IR 5J0Y1 O puT O suvafodd 104



8T

[ ]
k¢
d T, taq
g
3 T, 58y
I T 1aq
3
1 Z Tay
1y 7,109
B~ 7,593
g T a2ag
3 Z 2oy
u u
P % xopug rs
A A A L
2TV {a-T}at a
14 W]
XK
2(2E) &d
mamxxu z=2/2
mzh\n>nﬂvmm
m\max= Ng;\ﬁ>+ﬂvmm
S TYE
[
a-x
Y =X \
m:m<=:xﬂ>+ﬁumm
gex K 62
Y4+ «gx H
#4T #AT
[EAES) H Tuw ﬂ (2} 4Tatey ?ﬂﬂg

IAJEN0 GNY LNanI 4od Id4I0Xd

qA9N HALSTONY XMOWIW

LLo T o8
—

—
faad

vl

OBy Yy
- P -

(]

CATEL < i = - T & T = R Ry

~

—

L |

—

]OH(‘JM

4]

(1)
e

LT

j#34] a

g g

gELT/ 29 v

To+ GOESLELEE T~ 0T &

00+ TROMALYTONL £/T g

[0+ £REEGTN95 G DOﬂ L
T0= IqGgnipd0t9 ot 9 4

4 S

v} h

000GT . &

o} 4

o] T

InIIng FnduT

wnadoxd ¥osys o7 aTduvXd ayl

i} . Ty

*20= IRESEALOn'g = (S'*TI) I 8T 3Ineax

sul o QT 3® 19z AORIMDIR S3 YITA MTINOIANS (KX} I sy 104

9
(5094%5p) aTFUB XORAD T+ OULOOOOOS N g
588118 WTLXRE g0+ 262STG649°2 v
o1 Tor 6T6n5£963°T - 7
m\ﬂmaxnuu .0 3

z7fes¥oys 20+ oog6LEsin'z

4
AT OO+ LyTestale'T b
TE

1308 § wWRLF0Id Jo S3Tnsai ayg

87



b = O A W D Oy

OLS

&6
g6
L6
96
1
N6
€6
26
6
06
6y
28
18
98
8

jol=4

¥ nou
| MaU
y

Nﬂ

qw.w < ufe

u/je mou
Sl9*

T+ U/ 20 9 T
H+Ns\mm g1

1

gHe® 9t

A”u VOO

mn

9T
EARY

128
108

-
+3
3

5 104
T OLO
k<X

[>T e

=
»JN
[ &)
[ |

L

"8
€9
<g
18
cg
6l

0fY
o
mn=\mﬂpuavm
m:n\mﬁpraum
mnw\&ﬁ>+ﬂvm
wpp\mam
ng\mpm
/e
o fIc

g "
£
m::xm
Nx
mux=\m
wfd

w o oo N

Jeted

=]
A= X

= XKD+ @ A O A

o

o4

0dg
T

1
0LS

108

CLS

+ o

0LS

I0d
d +

(@) veveooua

6T

£Y
e
o
oR
6t
gt
Le
9t
SE
e
£L
2
e
0t
62

KK

EC

(AT

A -
-
<

e

o, m

o
[ B R

T

4

LI

2 I |

[&]

(=9

L

L

rd Q0

OLS
YT
128

104
OIS
104
I
Tl

88




{(7) HIaTDd

5
m\ﬁhn+xou
on+hb

Ax
]

Ax
o
m:ac-xﬁ

LE-ER

mnr\ﬁ>:aumm
g. 1
a-"o

= (2 (=T S <} o B R A I SR o T Vs |

o m

o

10
o4

2Tt
ITI
oTT
601
got
lot
90T
[14)4
701
£0T
20T

e

ec

o}
¥ JI9% 30 Y I3q

B
mbl. [+

0=V

ks
®D+ o

o+ O

43
d T3y g0 y J91

AHV FYHDOUI

()

104
0Ls

0LS

X
104

L9
99

¥, 183 20 §,10q

a

73§ a0 g 18q
- T

b+ b

2l

3
Y 79 20 ¥ Teq

o= 0

a

H, 139 10 Y, 129
xapuy

&, I9¥~1N0

(®)

2540

jtess

jpter}
14
581

pasied
ors

Tod
104

Tod
te|
zs8d
Z5d

Tod
Tod
I1s

04

95
19
ns
£S
5

12

5, 430-11]

(4) NTATTR

a
¥
¥, 199-100

VL TANI
4]
ol
v

V. 199~LN0
V., IFA-HT

(¥) RINTEM

0=V
no
>V

2]

€50
ol

o

a w -~ A W
+
19

=<
=
[*TN %]
m om

vV I3H
N 1od
O id
£ 104
g 480
srd
& oLd
0=X
Q0 J4s
XX
L e
10"
T T
v ol

oA M T U D = o

89



2, 40y
2/2 439
T

7 a5Q
z,794
/% 139
z

z

[

z/%

Z 194G

2z a5y

z 133G nfu
Z §aq
nje

2,I9%

o

[}
GLS

T8
Tod
0Ls

0Ls

T
10d
OLS

o
108
ols

£12
<L
Tte
[
602
goz
oz
902
a2
woe
€0z
20z
102
oce
661
96T
L6T

we

m”u WYH00ud

Z,¥3q /4
z,199

n/u

z oy

z a8q hfu
2 xa8q

LTe

Z,19%
2,194 ffa
2,139
n/u

f/u

n
i

z 2%

FREC
(2/20T+4
z, I3

2,499
(2/2)NT+L
z 13%

z Faq
(2/2)0T+A
z,79%

~

o

Td
QLS

T
QL5

96T
461
16T
£6T
Z6T
61
06T
68t
it
gt
90T
SgT
nET
£QT
zoT
18T
ogt
811
3Lt
L
9LT
SLT
LIRS
LT
aLt
LT
LT
691

7,180
(2/2) NT + A
(2/3)0T+h

It

(g/2)N1

e/

|ld 9_vmucﬁ

1

1d

u2/z Id
Ld

ug/e

u

afz

u/tT

(%)

(%)

g

+

o

=+ = O

+

104
0LS

T4

Rl
108
ol5

t2

891
19T
99T
591
191
£91
Z3T
191
051
19

o
~

)
-l

S

ST
94T
84T
nsT
€8T
26T
161
05T
64T
Mt
nt
941
ant
8T
£nt
241
™t

m”v 0N

B-

T 'Id

1°'Ld ‘¢ '

L}

K

z jay
n/u

0¢7
2/
z J1aq,

&d

z, 791

z,19%

+

Mmoo

[LR B S« 41

m N < O o

o

—

1Y

ozt
611
8Tt
LTt
91T
STT
1t
£11

90




2

Y
;b
msm¢h4\ﬁ>-HWMm
fol
RS
¥+ X

T+ i

1%,

2 2% gou
VX
g-a

XX,

2¥*e%s o
Y- X

g+ X

H-Nb
AR
¥ - X
q-x
g-1x
g+x

k!

x

Y¥=-X

V- X

¥+ X

v

1 oA G MO AW

ETa = B < S« U TR S+

NN+

450
104
OL5

704
10
OL3

21T
11T
0Tt
60T
80T
lot
901
0T
HOT
£01
201
101
00T
66
gé
H )
96
cé
w6
L6
26
16
06
&g
88
ip
98
ag

-

- - O

uEyun/ (n=T)dg
Juevun/(a-1)de
yayun/(n+1)4g
ygyan /ade
ugyun/ede
SHTVIR/GE
msm¢=g\mm

N/t

(A Y]

o

2
4

w:m<=\m
Nﬂ@d
ms

HYHOOHd

.

o)

N oH U O D T O

o

(=

6 1oy

L
9l
Sl
1L
€l

e M M < M A K

ez
02
[

]
T
mcﬂmhh|0hvl
%
mwOuﬁhlohvu
(4-%8)-
%
o:ﬁmhxloxun
4
mwOuﬁx1oxv
]
gs00{X~ X}~
o
(x="x)=-

1

[
o4
24+
T ¢

—

T
te]
QLS

104
CLs
QLS
QL3
oLs
Iy
0LS

T3
0lLg
tH

-4
t ¥

t+ o
0L
SKHO
L
ToH
1048

14
0s
&
8N
Ln
9%
&h
n
£x
an
™
on
6€
gt
i
9t
<€
3
€€
2€
€
og
62

a2

Lot ]
&

N
[ IS R~ R =)

RY s BT

[

O

= t= n MO

M = N - o N O
B

La Y

51



ge

2" (9%
z T8y

T X3q,

n/u
b1
- '3

2 1oy

2 }8q
(2/2)NT1 + A
A

{g/z )01
2/

HI¥ L6T $

WO

A e
1

AT AN

%1

-

(7) +

L8
+d
81
o4

0Ls

1o

SHY
NIH
racid
015

ol

96T
S6T
16T
£61
26T
T61
06T
60T
68T
lgT
9gt
sgT
ngt
€8T
291
18T
0gt
61T
gLt
Lit
LY
LT
LIAY
€LT
2l
Tt
oLt
691

Z,719q
1d

ug/z Id
id
uz/z

a

z2jz

usg

3 Ld
144t
Id

La-

Lk

3'Ld
'L d'u
Xaput

nfu=
9/

(1) +

A = + + < O

m

Z5d
oLS
ols

te|

TH
TO™

50

SHD
104
€30
g50
ILS

Tl
0LD
SH2

go1
19T
g9t
st
Hot
€91
29T
91
09t
651
st

PCYT

95T
§eT
nét
€91
281
T8T
05T
641
T
4T
Mt
onT
LAAS
€Nt
el
™T

L

0§z
2/
z x99

€d

2, 19Q
2,79
z 18q
z jex%
2,189
2z, 389

Z a9y

2z
2/z

xetod

() vax

h
.\

d/z7Hag

o t— @ m N O

O A Mo

OLD
¥ X
el
oIS

0LS

0L

QL8

ols
CIs

Jiha-y

0L

09T
6ET
gET
LET
9eT
SET
HeT
£ET
ZET
€T
9ET
621
gzt
izt
921
caT
72t
g1
2zt
T2l
0zt
6TT
gTT
11T
§T1
81T
7Tt
€Tt

92




(T+w)/5°
T+u

T

u

g

(2/8)i+h
A
(2/9)K1
Z/

n/ M
mﬁw\xv
mﬁx\hw+a
T
2AX/5)

2 {¥/4)

o A oM

(2]

6]

1d1

[¢
&
3]

Fa S I

21t
T
01t
60T
g0t
Lot
90T
S0t
101
£01
20T

T™"T
LA

001
55
g6
L&

4
16
£
26
%
08
69
89
ig
2%
58

e}

x/K

[

B
(/R (5K vy
XA

SUBTPEI

(%R vl

/L

xR

0a X
(£¢x)1

9
2/ ..,.n ..hou

Hydgocud

2o

o

T
GLs

04

Koy

+d

"8
£g
28
8
og
6L
8l
i
9L
Sk
nl

P
o

=13

2/("o-"0)
1983
2/ o-%o)

e

g

92
2/ (*o= o)
ugven/(6=1)de
2/(*04%0)
msm¢haxﬁp+dvmm
2/(*o-%o)
2/(*os¥o)
{A*x)1

g4

Y+X

2/ (Fo-¥p)
2/(*o4¥o)
Ah.xum

-7

T4x

N\n»bnxbv
2/(*o+%o)
{5231

2

+ A o K o+ 1 m W O = OO0 U @

~ o K

T0d
108
108
10
TOH
0Ls
jgter
013
OLS
89
o8
o
oLs
0LS
80
T
1M
0L3
oLs
59

”
=1

14
%
£
2$
1%
0%
6
i
in
9
5
LLi
€N
e
13
on
6¢
gt
LE
9%
g€
RE
££
2€
&3
OE
62

62

Y+
23
2/(*e-%o)
2/ (%o
(R*x)1
VY

g+X

2/ (*o-%o)
2/(%0a%0)
ﬁh.va
Q41

v-X

2/ (Fo-%o)
2/ (Fo4¥o)

0}

I3k 3}

8-z
V=X

2/ (*o=%o)
z/(*orto)
{(£'%)1
=

a+x
2/(*e-%o)
2/ (*o4¥oy
{f*x)1
¥-X

g1

HYdO0Ud

+ N A K+ 4 A

< v |

= AN O I

<L ™ K[ =0 o |

it
jie-d
03
OIS
25D
oo
T
018
0lL3
450
e
OIS
QLS
0lIs
880
b
i
Ols
018
s
o
Tod
[shes)
0LS
€80
o8
T4
141

- N oW WO~ O D H N M T 1 D -
A A A A A A A A e NN Y YN

™M S U D = Dt O

T

a3



T

7
(Trazs7a
412

12

HOH N

Ea == N Ta Y

hte]

pY=
+ W0

[-=]

CLS

0Lg

oce
612
812
L2
912
12
nie

cT?

Tt

g21e
1te
012
602
g0e
lez
902
502
02
£02
0z
102
co2
66T
g6t
let

o
vy

B
oL
e}
i

%/ {Tra=n)~

12

®e

WYIO0Hd

£ 104
g ols
pytel
X 01s
SH)

-
3

LA TP S |
[
r
74

e
LY
B

¢ 104
Iy
+ OlS

oH +

[\H

o
1
104
ahits)

I A WY v

"

T
QLD
O 2

—

R/ (T+4T)
Ay

T+
™Y

-

L=

d

1)/, (2/%)
. -
u/1

u
(T+u)/5(2/%)
T+u

u

u

T
2(2r%)

M N O

+

Lig]

Iou
ZST

104

018
X/t
o

T

oA

134
THT

1€

g9t
131
991
591
w9t
£91
291
197
09T
GaT
geT

| Xk 4
w3

941
GeT
181
€6t
28t
14T
[+199
énT
gnt
X
ant
onT
e
EqT
KT
™t

ﬁ“u WYHDO0Yd

-0t

(Tru) /s +¢
o

=4
o8

N A
&
[}

> X
SH2

X33
sqv

T 1
= 0LS

-

L

£ 952
0 A2
2 0Lg

SHY
e 1
1191
+ QLS
f1 48D
o J8
+ 013

6 1od

oyt
6ET
geT
LET
9tT
SET
net
£ET
2T

ott

AT

Coe

82T
1r-44
9et
Get
Rt
g2t
221
et
0zt
61T
g1t
11T
o1t
€17
LA
£TT

94




#ar

4

o3
g/{"e="n)1
g/(To+"0)1

M3

Y
puo] ujlag

ny
»

Ny
=

213ue
ERe-lic]

05

¢ » 2T8uw

0
o

P4
Z/( o+ 033

Tetod

104
018
alg

A o Mo N O

vLVa/n
v 1704
4 ols

+ N o+ OO

o> X

¥ OLs

S T
d +

£5
25
34
08
&
an
Ly
gn
an
Lk
£n
2%
1
n
6&
gt
£
g€
4%
ne
£f
2L
1t
1}
62

9

£t

[Sug-talel:

£ =
g/(p-0)2 £ oy
£Kx
[ T

09t 0

Szd
03d 1D

_ A x
[4

i )
g/{ o-n
mxaho+xnuu z
27 (%0470}
Az T
n

#a1

L]

Mo A O - D b
£
n

>
" o

1
)

£ i
Isnvd
ket
0 104

£ Jd2

18

Y IEI

82
L2
92
¢z
"2

£

95






APPENDIX: IV

Tectinical- Report 67

JUNE, 1959

Tables of Kelvin Functions
~and their Derivatives

by D. E. Nevel

U. S. ARMY SNOW ICE AND PERMAFROST
RESEARCH ESTABLISHMENT

Corps of Engineers
Wilmette, 1llinois

97




TABLES OF KELVIN FUNCTIONS AND THEIR DERIVATIVES
by
D. E. Nevel

The bearing capacity of a floating ice sheet can be compﬁted by considering it a
plate on an elastic foundation. The differential equation describing this is

4
v w+w=3 where the operator
X k

2@ 1 a o 1d
Y TG T AF T x &

Assuming that the boundary conditions are symmetrical with respect to the origin,
the differential equation becomes

4 3 z
R N
where
q = uniform distributed load
k = foundation modulus
w = deflection
x, § = polar coordinates
X = x/4

4
_ [ _EB _ A
£= J17% g = characteristic length

E = modulus of elasticity

=
"

thickness of the plate

Poisson's ratio.

=
I

1
The solution of this differential equation is given in terms of Kelvin functions as
(Wyman, 1950):
w = Aber(y) + Bbei{y) + Cker(yx) + Dkei{y) +% .

These Kelvin functions are also important in other physical problems, for instance
_in the fields of electrical engineering, heat flow, and shell analysis. Because of the
wide application of Kelvin functions, there is a need for a detailed accurate table
presently unavailable,

The formulas for these functions and their first derivatives are:

o % X 2n - % X 2n
< (-1)7 (3) c (117 (3)
ber(x) = ) bery (x) = ) —grar— ()
n=0,2,4,6 r_1=2,4,6

98




TABLES OF KELVIN FUNCTIONS AND THEIR DERIVATIVES

n

= 2 Zn-1 «© = Zn-1
2 X , 2 (X
bert (x) = » 1) ber, () = » (G
L D) al ¢ Lo Ty
n=2,4,6 n=2,4,6 .
n-l n-1
® - Zn o — 2n
2 X 2 X
Lo ) | SIS
beilx) = ) —mrar— beiy () = ) —arar 6(n)
1'1:1,3,5 n:1’3,5
n-1 n-1
o ——  én-l o Ro:  2n-1
¢ -0 _ N 2%
bei' (X) > (n-l)' = hel(‘bl (x_) = 7 —(-‘n_—l“)—'——;l—l— ¢(1’1)
n=1,3,5 n=1,3,5
ker(x-) =ber¢(x) - ber(x)1n Xjﬁ“'gbei()()
ker' (x) = bery! (x) = ber' (x) In XX 4 Fbeir (x) -E%Lxl
kei{x) = bei¢(x) - bei{y) In % - E-ber(x)
keit (x) = beiy’ (x) - bei’ (x)1n L - Tber! () - betlx)
wwere sty =13 b L

and  Iny = 0.577215664901533 (Euler's constant)

Other important derivatives and integrals may be expressed in terms of the
functions and first derivatives.

ber'{x) = - bei{x) - ber! (x)

X

Wy} = - bei' bei(x) , 2ber' (x)
ber™ (x) = - bei'{x) + x + "

Jxber(x)dx = xbei' (x)

beil (X) - ber()() - PEL_'_(.X).

X

. o
bElm(X) =ber'(x) _be;()ﬂ +2'b)e(21 (Xl

[x pei{x)dx = - xber' (x)

ker"(x)} = - kei{yx) - ___‘kez)‘(‘ G |
ker™ (x) = - kei' (x) + kei(y) + z ke;—' ()

X X
[ x ker(x) dx = xkei' (x)
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kei" (x) =ker(x) - ket (x)

X
it
kei"'(x) :keri(x) -E_XI:.LX-).+E._E%1_(_X).

[x kei{x) dx = - x ker' (x)

Table I gives the Kelvin functions and their first derivatives. Table II gives
ber¢ {x) and bei¢ (x)} and their first derivatives. These functions were computed by

means of a Bendix G-15 D electronic computer.

The tabulated value consists of a sign, followed by two digits representing a
floating point exponent p as used in Bendix G-15 D Intercom 1000 D {Bendix Computer
Division, 1958}, followed by a twelve digit number. The correct value of the function
is

(sign) (12 digit number) (10) p-50

Example: ker' (0.050) = -52.199803991221 in fleating point
ar ~19.9803991221 in decimal notation.

The computed functions are accurate to the last digit; except that ker(x), ker' (%),
kei(x), and kei' (x) are occasionally in error only in the last digit.

The values of the functions are plotted in Figures 1-3.
The appendix gives the method used in"computing the functions.
The solution of the symmetrical plate problem is

w = Aber(x) + Bbei(y) + Cker(x) + Dkei{x) +%

radial slope = !_'l g—%

‘ ddw dw
radial mo t = - kg? s BEX
men . [-de X Ix

radial shear = -kg[— Abei' (x) + Bber'{x) - Ckei' (x} + Dker' (X)}

tangential slope = 0

1 dw azw
X

. _ _y,2l 1 dw
tangential moment = ~k¢ [X Ix tH g

tangential shear = 0

displaced vol of water = 2mf? f ¥ wdy.

REFERENCES

Bendix Computer Division of Bendix Aviation Corp* {1958) Manual CB-078, Intercom
1000 programming system for the Bendix G-15 computer.

McLachlan, N. W. (1934) Bessel functions for engineers, Oxford University Press.

Wyman, M. {1950) Deflections of an infinite plate, Canadian Journal of Research,
A28.293-302. '

% 5630 Arbor Vitae Street, Los Angeles 45, California.
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X
50 ] 2 3 4 3 85
4 4
3 -|3
bei ¢x)
2 I 2
~N
! £ e | ., -1
7\ % \
o A < . o
b, NG N
7 ~
-1 \ Cb \ 4
2 ™. )
\\ ' \ 2
-3 \ —-3
-4
\ —4
-5k \ —-+5
T —-7
-8 -8
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-0 -0
s ] 2 3 4 5 e
X
Fipure 1.
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X
22 4 = L2
1.0 — 1.0
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0
——2
4
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Figure 2.
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