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1. Introduction

Z3 u+ k n~ z!u = 0 �.1!

in the region 8> $ 0, where moreover, u x, z! must satisfy certain boundary

conditions on the ocean surface and ocean bottom. For the purposes of this

paper we assume that the ocean surface  z=0! is sound-soft; whereas, the

ocean bottom  z = zg! is sound-hard, i,e.

Bu
u x, y,O! = 0, and �  z. y, =s! = 0. �.'7'I

'This work is supported in part, by Sea Grant NASGAA-D-SC040.

In this paper we investigate the direct, or propagation problem associ-

ated with the scattering of an "plane wave" off of a submerged body Q. We

assume that the body is contained in an ocean of finite, constant depth,

which we refer to as 8>. The index of refraction, moreover, is assumed to

be dependent only on the depth. Consequently. we are seeking solutions to

the Helmholtz equation



~' x,z! = � u' x,z! 0n an. �.3!

This problem was already considerd by Gilbert and Xu [8],[9] for the

case of an ocean with a constant index of refraction. It is clear that the

above problexn leads to a kind of exterior Dirichlet problem in a slab 8, .

In order to make sure of the uniqeness of the problem, we should post a

radiating condition in addition.

It is known, for instance, see Ahluwalia and ICeiler [1] that the scattered

wave u' has the modal representation

~ = Py� z!u� x!, �.4!
n=0

where P� z! is the solution to the eigenvalue problem

+ k n   !Q = k'a Q, �.5!

~�! = 0, C. z» = O-

The problem �.4! has an infinite number of simple, real eigenvalues [1]

2 2 2
ao! a, ! a2! ...,

and corresponding eigenfunctions

~. z!, Oi z!, C. z!, ...,

which form a complete orthogonal set. An algorethm to construct the

modal solution 6� =j analytically by the method of transmuthtions has

been developed in Gi1bert-4Vood [7] and Dustin-Gilbert-Verma-AVood [Gj.

If the solution is decomposed into sum of the incident wave u' x, z!, and the

scattered wave u' x, z!, then on the object surface we have the additional

boundary condi tion



In view of the discussions in [1], [11],we know a proper radiating condi-

tion for our problem is that the n'" mode of «', «'�, satisfying the condition

lim r ~   � � i%a�«�! = 0, r =] x I, n = 0,1,,oo.i 2 >"n
I ~OO gr �.6!

We refer the problem �.1! �.3!, �.6! as problem  D!.

In the section 2 we prove the problem is uniqely solvable; further, we

prove a dense property of the farfield pattern.

2 The Uniqueness and Existence Theorem

Let R> � �   x, z! 6 R,O < z < h! where x =  z>, zz!, and h is a positive

constant. I et A be a bounded, connected domain in R~b with Cz bound-

4.=0 f< 0'. a!da
 ~ 1!

which satisfies

D G+ k n  z!G = 6 z � zo!b r!,
27I'r

� 2!

and �.2! as well as the radiating condition �.6!. Hence

BG 8«« � � G � d~ = �    «Z G � G Z «! dX
an Bv Bv Jn,

« x,=!  x,=! e n,I z «I ~r ~ Ie
0  x,z!EA

� 3!

ary BQ having an outward unit normal v. Moreover, define the relative

complement of 0 as 0,:= Rs> g K

As showed in [1], the Green's function G z, z<>, r! has the normal mode

representation:





A double-layer potential using the Levi function may be constructed in the

form

� 7!

The double-layer potential has a jump across the surface OD given by [10]

m+ X! � tv  X! = p X!.

Using these fact concerning single and double layer potentials we may con-

clude that the potential defined by �.4! satisfies the following two jump

conditions across the surface 8Q:

u+ � u =2g on BB,

and

= � i2gg on BQ. �.10!

It is now convenient for us to introduce certain singular operators S,K,

K' as was done in Gilbert-Xu[9]:

SP:= 2 G z, , ~ x �   I!$  , !dcrg,  x,z! C OQ, �.11!
ao

8
KP:= 2 J G z, , i x �   i!g  , !der ,  x, z! e OQ,

aO Bvt

and

potential is discontinuous across the surface OD. The jump discontinuity

obeys the rule  see for example Miranda [10] pg 35.!



It is clear that K' is the adjoint to K with respect to the pairing

g+ I~g � igSg = � 2u'.

Proof: It is easy to see that u X! defined by �.4! satisfies �.1!,�.2!, add

�.6!. If g is a solution to the integral equation �.15!, then  cf. [llj!

1
u X! - g+Kg � irlSg! = -u', as X XD Q 80.

2

To show that the equation �.15! has a solution, we need only to prove its

respective homogeneous equation has only trivial solution since A � irlS is

a compact operator in C 8Q!.

Let g 5 C BQ! be a solution to the homogeneous equation g + Ixg-

iqSg = 0, then u as defined by �.1! solves the homogeneous case of the

problem  D! . Hence from the uniqueness u = 0 in R> g Q.

Now by the jump condition we have

8u
= irlg, on 80

8v~
� u = g,

The first Green's formula implies that

Since k n  =! is real, it follows that g = 0 on BO.

Now we are in the position to prove the existence theorem:

Theorem 2.1: There is a unique solution to the exterior Dirichlet

problem,  D!, The solution can be represented in the form of combined dou-

ble and single layer potential  9.g! in which g e C 80! satisfie integral

equation



S A Dense Set in L,2 M!

Let 0 be a bounded connected object contained in Rz~. Moreover, we assume

that the boundary 8A is Cz, and the outward normal is designated by V.

The relative compliment of 0 is given by 0,:= R> $ A. For convenience we

may also refer to 0 as 0 and 0' as 0+. H~'~ r! are Hankel functions of

order n and the first kind, J�{r! are Bessel functions of order n, the 4� z!

are the modal solutions of the depth-variable equation �.5!, and the a�are

the corresponding eigenvalues. It is not difficult to prove

Theorem 3.1: Let A be a complex a<hose imaginary part is positive .

Thee the family of function given hy

8
  � + A![P� z! J  ka�r!cos m8!]

  � + A![4� z! J  ka�r!sin m8!]
BV

� 1!

�.2!

n,m = 0,1,...,oo,

f ag r,z,8!  � + A![P�{z! J  ka�r!cos m8!]da = 0,
sn Bv

a
g r,z,8!  � + A![P� z! J  ka�r!sin m8!]dhr = 0,an ' ' Bv

�.3!

�.4!

for m, n = 0,1, ..., oo, then g is equivalent to the zero function in L2 BA!.

If Zo .� � [ x, z! C R> ..] x ]= ro! is a cvlinder containing the object 0, then

for all points   x. =! 6 Zo the Green's function may h~ expanded as

are complete in L~ cia!.

Proof: 'Ihe proof varies only in several places from that given earlier

by Gilbert-Xu [9] for the constant index case. First we notice that if for a

given g 9 Lz BA! we have



~ , C I "� f I! = � 2 2
4.=o =0 II 4. II

[cos m8!cos m8'! + sin m8!sin m8'!]. �.S!

where we have used the cylindrical coordinates  r, 8, z! for  x, z! and  r',8',  !

for   ', t,"!. From �.3! and �.4! the function defined by

 x. !:=   � + >!G    I x � 4 l!~  '  ' 8'!«
BA Bvg

is identically zero in the unbounded component of R> $ Zo. Hormander [10]

showed that the uniqueness of Cauchy's problem holds for elliptic partial

difFerential equations under fairly general conditions. For our equation

�.1! these conditions convert into n2 z! being bounded and the surface on

which the Cauchy data is given may be written the forxn z = f r,8!, or

r = f z, 8! with f contained in the class C'. From the unique solvability of

Cauchy's problem follows the weak unique continuation property, namely

if u x, ! vanishes in a complete neighborhood then it vanishes identically

in its domain of definition. We may conclude therefore, as in the case [9],

that u x, ! vanishes identically in R> $ K

Using those fact concerning single and double layer potentials we re-

called in �.6! and �.8!, we may conclude that the potential defined by

�.6! satisfies the following two jump condition across the surface OA;



From this it follows that

Bu
  ! +Au =0 onBQ,

Bv
�.9!

2» h
A k, R !:=  u: u x, z! = g t,",H'! g P�  !P� z!e'"'" "dCdH',

0 0

where  x, z! E Rt�y =  cos8',sinH'!, g E L  Dz!, A E A }.

where N is any finite set of the natural numbers containing �,1,2,...,N }

and D,:= [0, h] x [0,2m]. Moreover, we set

T  k,Q,! =  u;u = u'+ ',u' E A k,R,!,u' E H k,Q,!,u =0, onBQ},

BT> k, Q,! Bu
4a k,Q.!:= ' ' lan=   � lan: u E TD k Qe!}.

Bv Bv

Following the procedure in Gilbert-Xu [9] it is now easy to show

Theorem 3.2:Th,e set 4'g k, Q,! is dense in L  BQ!.

Proof: The theorem will be established if we can show that if g E L  BQ !

and that

Bu
ds = 0, for all u E Tg k, Q,!, �.10!

an Bv

then g=G in L2 BQ!. From the fact that u E Tp k,Q,! and using the

properties of the operators S.K and K' the following integral equation

Bu x, =! Bu  x, z!
 I+ K'+ iS! = 2 +in' x.z!,  x.=! E OQ. �11I

Bv Bv

that u x,z! van.ishes identically in Q+, and that g = 1/2 u+ � u !

0 on BQ.

Now we let S, K and K' be operators defined by �.11! �,13!, and

introduce certain spaces that are useful:

H k, Q,!:= {u: u E C' Q,!AC' Q,!, nowhere u satis jies �.1!, �.2! and �.6! }



holds on 80. It can be shown that  j'.+K+iS! is invertible; hence, conditio~

�.10! may be rewritten as

8'tl
   I+ K+ iS! 'g, � + iu' != 0.

Bv
�.12!

Since the u' ~ A k, R>!, we may use the Jacobi-Anger expansion combined

with Theorem 3.1 to get

 Z+ K+ iS!-'g = 0;

from which our result follows.

4 Far-QeM Patterns for the Helmholtz Equa-
tion in a Stratified Finite Depth Ocean

We defme again as was done in [9]:

�! P: A C A k, R>! ~ V by g.=Pu where

, ~,.! = f g e,  ! p y� :!y�  !."
ncA

�.1!

where y ~ V". y =  cos8', sin8'!,  x, =! E R<. 4 = I «E A k, R!,!: g E

10

It is known [1] that the eigenvalue problem �.5! has an infinite number of

real eigenvalues and that only a finite number of these are positive. Hence,

the eigenvalues n�eventually become negative, as in the constant index

case, it follows because of the large argument asymptotics for the Hankel

functions of the first kind that only a finite number of modes can propagate.

Let N be the largest integer such that ai> ! 0,

:= I; [0,2'] x spQA gp, $g,...,P~j





XVe defiae F x,z; a, ! as:

iY

F x,z;a, ! = P 4  z!F x, ;m,a!,  x,z!,  a,t,'! C Dl

Theorem 4.2: For any  x, z!,  e, t,! E D~, ~e have

F x,z;~,C! = F -~,q; � x,z!.

Proof: Let F x, z; m, u! = Q�o $� z!F� x, m, u!, thea

B
F� x,m,a! =  u'  , ;m,e!  e '"'""' Q� j!!

BQ BVg

'""" ' -"-" ~.  !!!~-,
Bv 

  u'  , t,'; m, a! u'  , t,; n, � x!
BQ BVg

Bu'  , t,'; m,e!
'Bvg

B
 u'  ,  ,; m, o! u'  ,  ; n, � x!

""' '     !!~
Bvg

a
 tl'  , 1,'; m, 0! u'  , 1',; n, -x!

BA Bv 

  s � s ! g g
Bp 

B
  '    . ! '   »- !

8G BV 

a~   ,q;m,<!,
Ov 

= F  -Ot, n. � x!.

12



Hence,

F -u,q;-x,z! = P y. q!F ->,z -x!

 q! P y� z!F�  � o, m, -x!
m=0 a~0

= Q P� z!F x, ,n,u!

= F x,z; o,q!.

Now let   n�, C!!�~,   C [0, h] be a set of vectors on Dq such that  a�]

has an cluster point on ~q, Deice the sets

F =  F x,z;o�,q!: n=1,2,...,  + [o,h]!;

~ 80= ,f ~ *,*! K4. ~�. <!'" "*'«x.
Di ~o

�.6!

Theorem 4.3. If U defined by  g.6'! i~ not an eigenfunction of the

Dirichlet problem in Q, then the aef F ia den~e in V+,

Proof: We need only to show that if h x, z! C V such that

� 7!

13

for n = 1, 2, ...,  C [0, Ii], then h x, z! = 0 for  x, z! E D~.

As pointed out in last section, the uniqueness of Cauchy's problem holds

for our problem, therefore, for any  o,  ! C D< �,7! holds. Now by Theorem

4.2. we can see that



for any {cx,  ! -E 80. By changing variables, it follows

f ~ x,z;~, q!h{-~,q!d~. = 0
D>

Denote that g{a,  ! = h{ � a,  !, and define the generalized Herglotz wave

functions  » *! = f g a  ! 2 0- z�"   !z""*'da.
Dg

with Herglotz kernel g {Gilbert-Xu.[8],[9]!. And define the solution U =

U' + v to the problem {D! by

U' x,z! = g D, ! P u'{x, ;rn,a!y {z! do.
m=o

then from the representation of u' x, z; m, e! and the asymptotic behavior

of Hanl el functions, we know

U' x,z! = Q d  z! f g a, ! u  , x; tm, !ada
m=O

has the farfield pattern,

W

 z! f g a,j!F »j; m,a!d,a
m=O

g{a,  !F x, z; a,  !da
Di

which vanishes. Since U' E V+, it follows that U' x, z! = 0 in 0, {cf[9]!.

5'Ioreover,

L' = U'+v = f g a,j! Q d  z! u' x, ,m,a!+ u' x, ;m,a!]da
~=o

=0, o~ aO,

so v= � U' =Oon BQ.

Since v is not a Dirichlet eigenvalue of Q. we can conclude that, i

0 in A and hence g = 0. This implies h = 0,
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