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ABSTRACT

The fish echo integrator has been developed at the University of

Washington to assess the abundance of fish at various depth strata of

selected Northwest regional waters. The statistical characteristics of the

echo integrator are described herein, with respect to mode of operation.
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A Simplified Analysis of the Statistical

Characteristics of the Fish Echo Integrator

The fish echo integrator has been developed at the University under the Sea

Grant Program. This device is presently being used by several groups to assess,

quantitatively, the abundance of fish in selected depth strata in various regions

of the Northwest. The integrator, as presently configured, outputs a random

variable which corresponds to the integral of the output of a detected echo

sounder signal between time-in-ping intervals corresponding to the selected depth

strata. The integrated signal is summed for a number of transmissions as the

vessel proceeds on the desired course. At the end of the selected number of

pings, a new sum is begun The integrator output is normalized by the number of

pings and the thickness of the strata so that. the final output is volts per meter

per ping.

The purpose of this note is to analyze a reasonably simple model of this

system and determine certain statistical characteristics about the "goodness" of

the integrator as an estimator of fish abundance. In particular, we shall,

focus our attention on computation of the mean and variance of the integrator

signal. We shall show, within the framework and assumptions of our model that:

A.! The Integrator gives an unbiased estimate of the quantity p p where ~!

p is the average fish target strength and p is the number of fish per unit z!

volume. As expected, we must know g if we are to calculate p. Errors�!

introduced into the estimate by errors in estimating p are not considered in�!

this note.



B.! The integrator does not rovide a consistent estimate of . That is,

as the number of pings, P, tends to infinity, the variance does not tend to zero.

The dependence of the variance of the density p, on the pulse length and beam

pattern, on the length of the transec  the length, beam pattern and P determine

the degree of overlap! and on the distribution function of the fish reflectivity

coefficients for finite P is also determined. The most general result obtained

for the normalized variance , of the integrator,

includes the effects of both multiple echos and overlapping insonification vol-

umes. It is interesting to note the importance of the statistics of the target

reflectivity  y ! in this result as well as to note that as P ~4 the variance

reduces to 1/ADA . This is the variance of the density estimate if one could

count each of the fish in the total insonified volume, DA , and consequently

this would be the performance of an optimum estimation procedure.

The next section of this report presents the model of the system to be

used in the calculations. In the development of the model it becomes apparent

that various moments of certain sequences of rando~ variables are important.

Section III develops the required moments. In Section IV the mean and variance

of the integrator output are calculated for single pings and for multiple,

non-overlapping pings for arbitrary TVG and arbitrary density of fish versus

depth. These results are specialized for constant fish density and 20log R TVG.

With these specializations, the case of overlapping pings is considered and

results are obtained in a general form  see Eq. �2!! suitable for numerical

calculation and, with some approximation, in closed form  see Eq. �6!!. In

Section V we remark briefly on the approximations and their potential effect on

The normalized variance is defined as the ratio of the variance to the square
of the mean. The equation here only applied for 20log R TVG gain correction.



the results, on some problems of optimization and on future experimental and

theoretical problems of importance.

The echo-sounder transmits a short pulse of acoustical energy at an ultra-

sonic carrier frequency, The energy is concentrated, due to the transducer

aperture, into a narrow beam directed vertically downward. Energy reflected by

the fish returns to the transducer which again, due to its aperture, exhibits

maximum sensitivity in the same narrow beam. In reality, we should deal wi.th

spherical waves and transducer transmission and reception patterns which are

continuous functions of angle and with ship pitch and roll. For our model,

however,  see Figure I!,we shall assume an ideal ell.iptical beam pattern of

arthwartships width 28' and fore/aft width 2Br. Furthermore, we suppose that the

transmit/receive bandwidths are sufficiently wide to pass the pulse essentially

undistorted. Accordingly, the complex modulation envelope of the receiver output

at time, tk after transmission consists of the superposition of all echos from

fishes between ranges  depths!  t � 5!/2c and t/2c where d and c are the pulse

length and velocity of propagation, respectively.

Targets of equal size will have mean square levels at the transducer output

in inverse proportion to the fourth power  neglecting absorption losses! of the

time after transmission, However, the insonified volume increases in proportion

to the square of the time after transmission s" that the total mean square signal

level is, on the average, decreasing with time squared. Thus, if the receiver

power gain is increased as the square of time �0log t! after transmission, the

average signal level into the integrator will be constant throughout the range

gate period. These remarks are formalized as follows. Let X be the complex

modulation envej ppeof the transducer output at time tk after transmission.
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Then

Nk
Xk = QZ g e n

n l

1

where ctk  ek ~ tkz! represents the receiver output for a unit target at range

corresponding to tk, 6 is the reflection coefficient of the n � ' fish and Nk is
n

the number of fish insonified, that is with overlapping echos, at time tk.  See

Figure l!. We can approximate the integrator input signal for a single ping by

the stairstep signal of Figure 2, Thus

k~k k �!

where: tk � tk = d is the pulse length. In this way we account for all the
k- j.

K
fish, i.e., 2 N = total fish in the insonified depth strata yet different fish' k=s

contribute to each of the samples of signal return in �!. g is the power gain

of the receiver amplifiers at time tk.

The sampled approximation to the integrator output may be considered accu-

rate under the following circumstances. The sample sequence It.ghgh!! completely
describes a square law detected signal with frequencies less than f, < �. How-l

ever, the integrator is, in effect, a low pass filter with a cutoff frequency

f ~ � where Kd is the total length of the range gate. Thus, for range gates of

several pulse lengths or more, the approximation should be accurate within a few

percent. The sampled spectra for a single target , the integrator transfer2

function and region of contributing error are illustrated in Figure 3.

This is the worst case, since it contains the most high frequencies due to the
sharp leading and trailing edges of the pulse.
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Selection of the samples one pulse length apart assures that each of the K

terms of �! are statistically independent random variables if we assume that

the N are statistically independent, e.g., if the fish are Poisson distributed

throughout the volume. Consequently the mean and variance of �! are the sums

of the means and variances of the individual terms of �!. Similarly, if P

transmissions from non-overlapping regions are superimposed as the ship moves

forward along its track, the mean and variance of the sum will be the sums of

the means and variances from the individual soundings. If, however, the trans�

mission repetition rate and ships velocity are selected so that there is q.k
jk

th th thfractional overlap of the k � layer on the p � and p-j � transmissions  See

we study the mean and variance of the square of various overlapping and non-

overlapping Poisson sums of rando~ variables. This study is the purpose of the

next section.

III Moments of Certain Poisson Sums

The sum,

N
x = n=l"n �!

is known as a Compound Poisson Process and serves as an appropriate model not3

only for our problem but many other physical problems as well, including a

classical model of Brownian motion which leads to the well known Weiner Process.

Consequently, its properties have been studied extensively. It is assumed that

the y are independent, identically distributed random variables. In this
n

problem, the y correspond to ag e n and are independent and identically
n n

Emanuel Parzen, 1962, Stochastic Processes, Holden-Day, page 128.

Figure 4!,the means will still add but the variance will be increased due to the

ping-to-ping correlation. Accordingly, completion of the analysis requires that



distributed if we assume the $ are independent U: Qx,vier random variables and

to

XX* Z E gX* QE E E!
N~O �!

and

a' - E   xx* � Q $ - z E Pjzxg 'Ig E E! � E'
p 0

The conditional moments are

E xx* NJ = z ELy z ~3 = Nw

and

N N NE| xx*! gN=EE yy*!+Ex zE xx*!E vx*!n=l z-n n n l mal n n m m

N p " + 2 N N-1!  P !~!

where p is the k � moment of the identically distributed random variables k! . th

y 3. The terms in �! are obtained by accounting for all non-zero terms thatng'

remain in the expected value of the quadruple sum obtained in raising �! to the
th

4 � p ower.

The number of events, N, in �! is assumed to be a Poisson random variable

the 8 are independent and identi.cally distributed. Both are reasonable first-n

order assumptions for echos from fish.

In order to calculate the integrators' performance, we seek the mean and

variance of XX*. Note that these are given by the conditional moments according



wi th Poisson parameter A, i. e.,

N
P N! ~ X e

Nt
 8!

The first and second moments of  8! are

E N! - A

E  N! ~ A +
 9!

Combining �! &  9! wi th �! and �! &  9! with �! we ob tain

  !

  !»  �0!

E K!Xg + X2Kp

2 * * 2a = E  X>X>+ X2X2 U!

where

Ny

n 1 1n
 I2!

Ng
Xg IZ

n2 2n

and Nz & N come from overlapping regions.  See Figure 5!

To deal with the problem of overlap, we must calculate the mean and variance
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The mean is gust the sum of the individual means, i.e.,

 »E X1Kij + E QK2X2$ 2A! �3!

The variances also add plus a term due to the correlation of the two samples

such that

V = 2 the ~ + ~ � ! + 2E ~X1X1 X2K21 1 2 2 L y �4!

as

Ni Q+N,
Xi Z' y + E r y = Xi+Xi'

n=l in n~Ni+1 1n

%N,
K2 = Z ly + 2 Nr+1 y X2+X2qn=l 2n n=Nz+1 2n

and the ]oint moment of �4! can be rewritten as

* Sl p r w* r ~* *ELXIKiX2X2J ~ E IKiX1 X2X2J + E X1Xi X X
2q 2

+EX X X2X2 +EX X X K
E lg L il 10 2q 2q

�6!

Since the three intervals are independent, �6! reduces to

The co-variance term may be calculated as follows. Let Ni 5 N2 be the

number of fish in the non-overlapping portions of the first and second intervals

and Q be the number of fish in the overlapping portion. Now �2! may be rewritten
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E LXIXIX2X2g gk�-q! 4 g + 2q l-q!  Xp !
* ~l I �! 2

+EX X X X

E  NI ! E  N2! A  l-q!, E  Q! Xqsince

X |X] qX< qXzqX>]   QX tXl qX1 qX2qX2q ! QjP [Q] �8!

where the conditional 4 � moment is found to be
th

E tx X* X X IQt Q2 u  '!!
LIq Iq 2q 2q �9!

such that

Elx X* X X*  Xq +  ~q! !  u !
~l q Iq 2q 2q y �0!

Combining �0! with �7! we have

E XIXIX2X2! =  ~' + ~q!  u ' !'�! 2
�1!

sa that finally, the variance of the sum of the squares of two compound Poisson

are the average number of events expected in the three intervals of concern. The

last term is evaluated  if we take the ping-to-ping phases and amplitudes to be

uncorrelated! as,
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processes with lOOq X overlap is

c  2 ! p " +  !  + g2! �! 

y �2!

In the next section we will apply the results derived above to calculate the

mean and variance of the echo integrator.

IV Mean and Variance of the Inte rator Sl nal

The calculations presented in the previous section gave the mean and variance

of a single layer for one or two overlapping pings. We can extend these results

to the integrator by indexing the parameters with the layer no. and summing the

obtain

�!
K

f3 g k kgkk
2

�3!

r  <! =  u ! 6! [ j  pk Vk g~!,!  !. + ! !/p!, >!,j!

where p , the second moment of the g  reflectivities! is fust the average�!
e n

target stength of the fish and g~ 1! / p ! . g has been calculated for a ~!i �! 2
e s/g

number of common distributions by Ol'shevskii and was found to range from

1  8=constant! to 6  9 exponentially distributed!. A y gRa lie h distribution

yielded a 4 of 2 and a uniform distribution a X' of 1.8 ~

if the fish density is constant with depth over the integrated stratum, �4!

reduces to

4V.V. Ol'shevsicji, 1967, Characteristics of Sea Reverberation, p. 57. Consultants
Bureau, N.Y., translated from Russian.

means and variances from the k independent layers. The Poisson parameter Xk is

the mean no. of scatterers in the k � layer which is also given by p V where pth

th
is the Poisson density at the k � layer and V is the equivalent insonified volume

of the k � layer. Incorporating this nomenclature along with �0! and �! we
th
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K

P  f 1 kgkk!
�! 2

vs~  z! -  u> ' o!'L6' !   v~gp ! �+y~/pv~]! �5!

Eq. �5! illustrates one of the principal features of the device, i.e., that

the integrator  with square-law detection! produces an unbiased estimate of p,

the density of fish in the layer. That is, the integrator signal per ping is

proportional to the density p. The scale factor depends on the fish target

strength, p~ , the beam pattern and pulse length,  Vk, 6t see Pig. 1!, the�!

power gain of the receiver, g, and the source level and transmission loss in the

medium ~ . Given these system constants  easily measured except for p ! we

K 	K
1 Vkgka ! � + 10/PVk / L~ 1Vkgkg �6!

and see that it does depend on the constants of the system  g , V ,0 ! as well

as the statistics of the target reflectivity as embodied in y~ and the true value

of the density of fish p ~ In fact we notice immediately that

lim Tl

p W p K

 =1 k k k fc=l k k k
p

�7!

can estimate p from I and the unbiasedness of the estimate does not depend on the

choice of TVG  gk vs. k!.

The quality of the estimate is best studied by considering the r~lative

scatter of the data about the mean. Accordingly, we consider the normalized

variance  for constant p!
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and that rl increases monotonically wi.th Y . For 201og R TVG 8 4 V ~ and
8' k k k

�6! simplifies to

�8!1K 1
<A. '> � Z �,  A~A sin9 sine !where:

is the "average inverse area" of the beam in the insonified region and D is the

thickness of the stratum  see Fig. 1!.

An even more explicit representation is obtained if there are enough pulse

lengths, c6/p, in the depth stratum D so that the sum, <A >, in �8! may be

replaced by an integral in which case

 c</» + Y>
PDA

8

�9!

where A d Tr sinOq sine2 and d "d d is the geometric mean depth of the
8 8 g +0 KJ

stratum. The f i rat term is always one or less and can be made small by using

thick strata or narrow pulses or both. The second term is roughly inversely

proportional to the average total number of fish insonified in the range gate

 E No. of fish! ~ p DA . We also see how the second term depends critically on
8

the distribution function of the fish target strengths and accordingly on Y

If not many fish are insonified each ping, the second term could be much bigger

than the first and indeed may be greater than 1 particularly for large Y . This

situation, certainly recognized experimentally very early, led to averaging or

integrating the return from a number of pings along a given transec where the

fish are schooled. As mentioned previously, the means from sequential pings add
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directly as do the variances if they are non-overlapping. In the event of P

non--overlapping pings,

I ~PI
P

Var  IP P Var  I! �0!

q =q/p

limp 0
P

p ~g!
�l!

for an increasing number of non-overlapping pings. In order to determine the

effect of overlapping pings, we can make use of the analysis of Section III for

overlapping Poisson intervals. If the pings overlap, the normalized variance is

increased due to the ping-to-ping correlation such that S

p

 'q + � E  ]-] t'P! A >!
p pD 3-I

�2!

where <A. '> is the "average inverse area" of j � order overlap and is given

exactly by

K

I ~K k-z q~ J k �3!

See Appendix A for the derivation of �2!

where I, Var  I! and rl are as previously defined for single pings. The estimate

of p obtained from Ip is consistent, i.e.,
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ihere q k is the fractional area overlap of ping P with ping p-! at the k � layerth

and A� is the insonified area of the k � layer.th

It is interesting to consider the case where the boat does not move but

continues to get returns from the same set of fish ping after ping. In this

event  see eq. 29!,

q ~ 1; ]~1~2,� P, k~1 2~~<

R

A1! ~ $ 1/A ~A
K 1 4 g �4!

c6/2 +  y -1! / pDA + 1/pDAP P D 8 8 g

A
<A» � -2]�1 V

< A A
g g

A

2A
V

�5!

0 Otherwise

A 2 o+ K  sine2!vT
d

2

where

Kq. �4! illustrates that the minimum attainable normalized variance of the

estimate of the number of fish in a given volume, if the boat does not move, is

inversely proportional to the number of fish insonified and this limit is reached

according to �4! as P ~ 8 . This leads us to the conclusion that the echo

integrator is not a consistent estimator for p with increasing numbers of pings

P or with increasingly short pulses 6 for finite thickness depth strata,  D < 3 !

and finite length transecs. Our intnition would lead us to believe that the

minimum normalized variance for the moving ship case would be inversely propor-

tional to the total number of fish insonified. These suspisions are confirmed

by noting, with the help of Appendix B that
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With some manipulation, it can be shown that

2 ~ l ~c6/2 +  l~-1!/pDA + 1
P<P LD g pDA

�6!

where higher order terms in 1/P have been dropped and A ~ PA total area'
v

covered in the transec at the center of the depth stratum. Kq, �6! will be

generally valid if we choose for A the lesser of PA and PA . That is, if no
v g

overlap exists the ship is moving fast enough that A < A and in this case �6!
T g

reduces to �0!, the case of non-overlapping pings. If the ship does not move

Suppose we set our range gate for 10 to 40 meters. Let our transducer

pattern have an included angle of 10' and let it be circular. Let the vessel

traverse a 500 meter transec at 5 knots  ~2.5 meter/sec! and transmit 2 pulses/

sec., i.e., one every 1.25 meters of forward motion.

d ~10xd0 20 meters
g

2  sin 5o
 ~ ]0 m2
g g

PA ~ 4000 m > PA ~ 2150 m
g V

PA = 2150 m
v

Let the amplitude distribution be Rayliegh in which case p = 2. Let the pulses
8

at all, A, ~ A and �6! reduces to �4!. Or for P 1, A ~ A and �6! reduces'r '4 g

to �9!, the single ping case. Thus the approximations used in obtaining �6!

are neglible for all the previously calculated special cases. Accordingly, we

accept it as our central result.
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be one meter in length  M.2 m.s!. With these parameters

1 1 1
P 400 30 + 2 1!/P.300 + p�4 500!

  1 1 1 1 + 1
2 12,000 0 144,000 64,500

rl  p!  .8 + .2! x 10
P

The relative standard deviation, q  p! is plotted versus p for this example in
P

Figure 6. For p > .002, the relative accuracy of our estimate is + 10K of the

measured value. For less dense populations, the estimate deteriorates rapidly.

Regardless of the population density, the estimate will have at least a + 1X

error.

V Concludin Remarks

There are a number of approximations used in the foregoing analysis which

render it potentially inaccurate. Among the most important are:

1.! Sampled representation of integrator signal

2.! Ideal beam patterns, plane waves

3.! Poisson distribution of fish

4.! Independent amplitude as well phase fluctuations of the echos from the

same fish on subsequent pings  see p. 12!

Items �! and �! are not felt to be unrealistic assumptions, Item �! could
6

be serious if strong signals enter on side lobes of the beam patterns or if the

beam patterns are very broad and the density is not constant with depth. Item

�! is !ustified if the ping-to-ping variation of echo amplitude  due to relative

aspect, movement in the beam pattern, etc.! are large compared to the variations

J. Ehrenberg has not made the sampled data approximation in his work and obtains
similar results.
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introduced by variation of the size of the fish being assessed. Ehrenberg �970!

has worked the problem with perfect amplitude but no phase correlation from

ping-to-ping for echos from the same fish. This modifies our result  in particu-

lar Eq. �0!! and increases the variance above that given by �6!, However, his

result is probably pessimistic for large P. The ultimate answer to this question

depends on accurately characterizing the statistical properties of 8, the reflec-

tivity of the fish. Methods for experimental determination of these properties

in situ are presently being discussed.

Another matter being examined by Ehrenberg is the optimum choice of TVG

 g vs k!. Clearly  see Eq. �6!!, the optimum PlG depends on Yg and P as well

as Vk and Q. The other matter of interest is determining the optimum "unstruc-

tured" estimator for q  i.e. relief from square and integrate! as well as includ-

ing the effects of noise, both stationary ambient noise and reverberation noise.
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Glossa of Terms

t ~ time in ping

c propagation velocity

pulse length

I Integrator output per ping

I
P

Bq half-angle of pattern fore and aft

Bq half-angle of pattern athwartships

Expected value of I

E   ~ ! Expected value of   ~ !

Var   ~ ! Variance of   ~ !

 n!
x

th
~ moment of x

Poisson parameter

p Poisson parameter; fish/unit volume

th
volume of k � layer

D ~ Thickness o f dep th s tratum

8�

dk

g K
k

Nk

sample of complex modulationenvelope at time tk at transducer output

receiver output for a unit target at depth dk
th

reflection coefficient of n � fish

phase of echo from n � fish
th

depth corresponding to time in ping tk

power gain of receiver at time tk
thnumber of fish insonified  on a single ping! in the k � layer

 dk � dk-1!

Integrator output after P pings

th th thfractional overlap of k � layer on the p � and p � g � pings
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q ~ normalized variance of integrator output for a single ping

q normalized variance of integrator output for P pingsP

d ~ d d.< the geometric mean depth of the stratumg o Ã

d d +d., the mean depth of the stratum
m 0 L

2

A ll'd sina, sin~; area of beam at d
g g

A � d sin 0 !  v T!; area covered at mean depth fn one pingv m

total insonified area; the lessor of PA & PA
g V

v = velocity of ship

T = time between pings
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Appendix A

Derivation of E . 32

Consider the random variable

Z   > +  z+-- g !
P P

where the   are identically distributed but non-independent random variables
P

with means g and variances Var  <!. Accordingly

Z ~ P
P

Var Z ! E Z ! - P
P P

The variance may be written

P P i 1

i~i 1~2 !~1

P

Var Z ! ~ P Var �! + 2 Z  P-!! Go Var  g g !
g~l

In Section lII  see Eq �1!! we found that the co-variance of g and c.

   ~X X ! is

i i Go Var  ~ ~i ! -g- ~!
th thwhere q is the fractional overlap of the i � and i-! � intervals. Consequently



24

P

Var Z ! P Var  <! + 2 <! K  P-!! q /K
!=1

The degree of overlap q , !,  and Var  g! depend on the layer number k but

the layers are independent. Consequently, the total variance of I is the sum

of the K different terms from  A-5! and similarly with the means of  A-2!.

Accordingly, as in �8!, we obtain

P K

PDK ! 1 ~ k 1 ]k k

where the second term only simplifies for 201og R TVG.
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Appendix B

Overla Calculations

Consider the intersecting area of two identical displaced ellipses as shown

below.

2+

By direct integration,

A ~ 2ab sin �- -! ! / � 2 Eb l-  � ! ! ~
Q

so that the fractional overlap, q, is

q - A - � sin ].- -.'!' ~ - � �- -!'! ' *
ellipse

For E/a < 1,  8-2! can be approximated as

If the vessel is traveling with velocity v and pinging at a rate 1/T, then

+Interesting to note that q is independent of b, the ma!or axis of the ellipse

 athwartships beam width! ~
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And

where A ~ �d sin9z! x vT, d i d + d
V m m o k

2

is the average area covered between transmissions by the beam athwartships at

the center of the depth stratum.

4 > ~l- 4vT
mdk ein9>

> < v'dk sine>
4vT

A

~ ~'2A
v
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ABSTRACT

In the following discussion a mathematical model is developed for the

distribution of fish in a marine environment and for the echo-integrator

system used to estimate the fish population. This model is then analyzed

to show the mean and variance of the estimated parameter under a number of

conditions.
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is the unit step function

w ~! =
leo

2. Mpo

N  t! is the number of fish in the volume of water producing returns from

time to to time t
4

N  t! is a random variable which depends on the distribution of fish

in the volume of water being insonified. It will be assumed that the fish

are Poisson distributed in space. The properties of such a distribution are

I'm ~ EI fiSh i~bV! <khV
hV+O

where g is the Poisson density factory.

! The number of fish in a given volume is independent of the number of
fish in any other nonoverlappieg volume.

3!
-$VP N fish in Vj =~ C �!

The quantity at the transducer is the number of fish returns in a specified

time interval rather than the number of fish contained in a given volume.

When the problem is reformulated in terms of the number of signals received

in the time interval t to t , the distribution for N  t ! becomes
0

where

that the volume ensonified by the transducer is a cone with circular cross

section  Figure l!, the expression for V t! becomes,
4/e.

g t! e5 Jlr $ gO 5 y SiuOJI!
=g v�s ft~ tsjl~- s +!!

~here V velocity of sound in water

and

1Kt! = ~~~~ C I � cos{+!] t

fg! =l k y a!
Xi

�!
and V  t! is the volume producing returns from time to to t . If it is assumed
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Beam Cxoss

Section

FIGURE I
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The results can be further simplified by recalling that the volume ensonified,

V t! ~ is

v t! ~ v�* pe'-e']l1 c -s >!j

Salving for K

VA'! 3 >
�4!

Using this expression for K, the expected value of the integral and the

normalized variance are

a re~/ = L ! v t!T~
and z �5!

~6r z c,~I-
Ld*-4 ~7

~AR X<t>1 A
]elx ~Q!' Or !'! V <!

�6!

Nonuniform Fish Distribution

In the original formulation of the problem, the density of fish per

unit volume, !,, was assumed constant. In some situations, this will not

be the case. A reasonable assumption for the fish density may be that it

ia a function of depth, R. For this case, the distribution of the number

of signals returns in a time interval is still given by equation 3 where

5~~! is now given by

kWRg +% JLv ~w �7!

g V  t! is the expected number of fish in V t! . The first term in the

normalized variance decreases as the inverse of the number of fish. The second

term decreases as the inverse of the integration interval, t � t
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h
For multiple sounding, the sample mean, 1 < , of t' he individual return

estimates, i < , also gives an unbiased estimate of the density.

�1!

isj

where N is the number of individual soundings. Zf a different volume of water

is sampled wi th each sounding, the individual return es timates are independent
h

and the variance of ~> is

�2!

The total variance is inversely proportional to the number of independent sound-

ings. If there is beam overlap in the sampling scheme, the individual return

estimates are no longer independent and equation 42 does not hold.

Insight into the beam overlap problem can be gained by determining the

variance in the density estimate when the same volume of water is sampled many

times. It is assumed that the same fish are present in the volume insonified

during each integration. The phase of the acoustic return for any given fish

during one integration is assumed independent of the phase of the return of the

same fish during any other integration. 'The intensity of the return from a given

fish is assumed to be the same for each integration. With these assumptions, the

sample mean of the estimates is

X,tl .i . I�'J
where

A3!and

bee l
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A
The variance of g is

~ VARI +: jE� X~! � j X }Eft~!j �4!

The convariance between separate integrals, I~, X can be evaluated by

the same technique used to obtain the autocovariance of I. When the same

assumptions that were previously used are made, the expression for normalized

variance is

yngk 1+ y > 67 J.C eJ-
 g g�  h !*/V f! N �5!

This expression can be compared with equation �6! for the single integration

normalized variance. It is seen that multiple integration does not change

the first term but causes the second term to go down as 1/N ~ This is reason-

able since the first term accounts for the intensity of the fish returns which

was assumed to remain the same during each integration. The second term

accounts for the random phases of the returns which were assumed to be statis-

tically independent during different integrations. Beam overlap should

have the same effect on variance.
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Substituting this conditional expectation and the density function for n

into equation  A2!, it follows that

-5 y KA9' !s

 A6!>p�» 5, K»> EL >>0 >'~>»>J/>>»!
<o

$z +,f5, yc~!eleg  y' j!~~$
The suamation in  A7! is just the expansion for

e! P $, yc~! E L e> I f. p>.w!!JA>$
It therefore follows that

 A8! «�«! = exp! $ ye!fe cigar'prrg>- I71'Y
0

I f a  QP then

 A9!<«, «,>= eipg y r! Lee.!pi per� -i7'P'
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ABSTRACT

This analysis is an extension of one previously promulgated

under the title, "The Variance of Fish Population Estimates Using an Echo

Integrator". The principal result of the prior paper is an expression for

the normalized variance of the integrated acoustic returns from fish insoni-

fied by a single transducer pulse. Some special multiple pulse problems were

also considered. The prior analysis assumed a time varying gain control  TVG!

of 40 log R. The results presented herein are valid for the general multiple

pulse problem with a TVG of the form G Log R where G is a real variable.
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�9!

where VAR I. ! is the variance of the integrated returns from the insonified1

volume in the i layer. N. is the number of distinct insonified volumes in
1

the i layer,
.th

Mp
+i

�o!

where N is the total number of acoustic pulses and n. is the avez'age number
P i

of multiple countings in the i layer. The derivation of the expression for

VAR I.! is given below.
i

.thIf x.. t! is defined as the signal zeturned fzom a volume in the i

layer insonified by the j acoustic pulse and if I. is the corresponding
ij

integrator output, then

The total integrated output for this layez' is

and the variance of I. is
1

approximately independent. Since the layers are approximately independent,

it follows that the total variance is the sum of the variances for each layez .
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hPPENDIX h

Ia this appendix, the fera of the intensity correlation coefficient,

p < h !, is investigated, The exact fora of p < h ! is unknown and can only be2 2

deterained experimentally. Soae of the factors affecting the correlation of

signals on adjacent pulses are understood . They may be used to formulate a reason-

able expression foz p < h !. Qe tax'get stzength of the individual fish change2

Frcsi pulse to pulse because of the change in theiz angle of illuaEnation. The

distz ibution of fish in a particular volte has a aean target strength which

can diffax fr<a the target strength averaged over the total population being

surveyed. hn expression for h which accounts for the two facts noted above is
2

where a~ is a randoa variable accounting foz the dependence of h on an angle of2

iliuaination and 8 is a randoe variable accounting for the veziation in mean tar-

get strength. 8 is a function of the distz'ibution of fish which was assuaed to

reaain the saaa during aultiple countings. 8 is therefore not a function of $,

2Si.nce h a h it follows that e = l and 5 a 0. It is reasonable to asseae that

e and 8 are uncorrelated since the physical effects froa which they represent are

unx'elated.

The correlation coefficient defined by equation �8! is

 Z2!

Using the expression for h in  Al! and the assulsed properties of o and 8, it

follows that
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The resulting expression for A~k R! is

I/~

 R'!= zR,~St< W!si~�$
I~ I- ~

radii p!lz-iilV,i'[,  ~ii-i~ '' i * i ]
2 Rsiu ~<! I

g

R fl-killT,
aRsIu &a!

 B3!

FoR

For any set of operating conditions it is possible to obtain the proper

division of the depth stratum into layer by incrementing the limits of

integration in  Bl! until the desired conditions are satisfied. The

evaluation of �0! is straightforward once the depth stratum has been divided

into layers.

A F'ortran IV program has been written to evaluate �0! and plot the

normalized variance as a function of fish density. A listing of the program

and a typical output is given at the back of this appendix.



61

PROGRAM F ISHV  INPUT sUUTPUT e TAPE5=INPUT e TAPE6=OUTPUT !

THIS PROGRAM DE TERM I NES THE NQRMAl I ZED VARIANCE QF THE ECHO
INTEGRATION SYSTEi'i FOR A SPECI I IED SET OF INPUT CONDITIONS

DIMENSION F < 50! eCOUhIT < 5u! ~PVAI<< 50 > ~PLAMDA �0 >
DIMENSION NSCALE�! ~IMAGE 867!
COMMON NP ~ R I tRF e THETAA s THETABsDEI DwPIE sX>RMtDP
P I E = 3 ~ 1415926535
NTD = 50
READ�e90! NDATA

NDATA = NUMBER OF SETS QF INPUT DATA
UP TQ FIVE �! SETS OF DATA CAN BE EVALUATED

CALL OMIT�>
NSCALE�! = 1

NSC4LE�! = 0

NSCALE�! = 0
NSC4LE<4!=

NSCALE� > = 0
THE NEXT TWO INSTRUCTIONS DETERMINE THE PLOT GRID

CAL L P .OT1 < NSCALE i 5~ I u ~7 ~ 14!
CALL PLOT2  IMAGEe2 ~ e-deus~-5 ' !
DO 4o' IDATA = l~NDATA
READ � yl0u! R[ qHF y TVG,Ri~iI~PDUR

READ <5 eluu>ANGFA~ANGASeVBOAT RATES>ALAMDA
READ � e 1 10! NP yNPOIhIT INSTEP

Rl AND RF = INIT IAI AND F INAL DEPTH IN METERS
TVG = TIME VARING GAIN CONTROL  De!
RM = MOMENT RAT IO E V~~4! /< E < V++2 > ! ~+2
P DUR = SONAR PU L SE, DURA T I Oh! I N 5 EC a
ANGFA AND ANGAS = BEAM ANGLES ~ FORE-AFT AND ATHWARTSHIP
VBOAT = BOAT VELOCITY IN KNOTS

ALAMD4 = FIRST DENSITY TQ BE EVALUATED
NPOINT = NUMBER OF DENSITY POINTS TO BE CALCULATED
STEP = MULTIPLING FACTOR FQR INCREMENTING ALAMDA  ALAMD
NP = TOTAL hiUMBER OF ACOUSTIC PULSED

DELD = < VBOAT+ ~ 51444 ! /RATES
DP = PDUR+750 ~
THE TAA = AN GFA +P I E / 1 � 0 ~
THE TAB = ANGAS+P IE/l80 ~
CAL L LEVELS < F ~COUNT ~NTP ~ L !

LEVELS DEVILES DEPTH INTERVAL INTO SUBINTERVAL~ � E4CH
AN INTEGER NUMBER QF MULTIPLE COUNTINGS

X = <TVG 40 ~ !/10 ~

WRI TE�~120>
WRITE�~250!
WRI TE<6>13u!

WRI TE�~ 14u ! R I wRF
WRITE<6~250>
WRI TE�e15u!
WRI TE<69160! tv< .PDUR.RM
WRI TE�~250!
WRI TE�~170>

WRI TE�~175!

WR I EE< 6o 160! ANGFA ~ANGAS ~ VBQAT
WR I TE<6 250!

5   I hi DEGRE ES !

A = ALAMDA+STEPi

SUB INTERVAL HAS
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WRI TE�.180!
WRI TE�>19~! RATES ~NP
WRI TE�>250!
WRITE�.200!
WRI TE bs 210!
DO 30 I ~ 1~L
IF  I ~ EQ ~ 1! GO TO 20
OS = F I-1!

GO TO 30

DS ~ RI

WRITE�e220! DSrF I!ACCOUNT I!
WRI TE�e230!
CAL L INT VAR  F ~ COUNT iL ~ VAk T I i VAR T2 ~N TD!

NTVAR ELALUATES THE EXPRESSION FOR NORMALIZED VARIANCE
DO 10 I =1 oNPOINT
Al = 1 ~ /   ALAMDA+RF~+3 ~PIE!"SIN THETAA/2 ~ ! "SIN THETA8/2 ~ ! !
VAR = Al+VARTl + VART2
WR I TE  6 e 240 ! ALAMDA s VAR
ALA M DA= ALAMDA%S T E P

PVAR  I! = ALOG10 VAR!
Pl AMDA   I ! = ALOG10  ALAMDA !

20
30

C I

10
C
C T

300

301

302

303

304

~ 00001 ~ 0001 F 001
1 ~ 10 1 000+ !

F I SH DENSI TV PER CULTIC METER ~!

F 01

FORMAT   110 l
FORMAT < 2114 ~ 1E12 ~ 4!
FORMAT   5E12 ~ 4 !
FORMAT +1 ECHO INTEGRATOR VARIANCE AS A FUNCTION UF FISH DENSITY~!
FORMAT +- INITIAL DEPTH  METERS l FINAL DEPTH  METERS! +!

9v

1lv
104

12~

130

HE NEXT SET OF INSTRUCTIONS PLOT THE CURVE
DATA IHOL1 e IHOL2e I HOL3o IHOL4s IHOL5s IHOL6/6R ~ 00001 e6R ~ 0001 t6R ~ V01

t6R ~ <I >6R ~ I 16Rl ~
! MAGE  18! = IHOL1
IMAGE�88! = I HOL2
IMAGE�58 ! = IHOL3
I MAGE   528 ! = IHOL4
IMAGE�98 l = IHOL5

IMAGE  834! = IHOL6
GO TO �00e301g302e303 ~ 304! sIDATA
CALL Pl OT3 lHI v "LAMDA~PVARy50!
GO TO 40

CALL PLUT3   IH2 ~PLAMDA~PVAR ~ 50 !
GO TO 4~

CALL PLOT3�H3 PLAMDA>PVAR 5u!
GO TO 4U

CAL L PLOT3   IH4 y~LAMDA > PVAR s 5V !
GO TO 40
CALL PlOT3 IH5e~LAMDA~PVAR~5v!
CON T I NUE

PRINT 2
CAL L Pl OT4   20 ~ 20HNORMAL I ZED VAR I ANCE l
WRITE �s4!

WRITE �~5!

FORM AT   1H1 !
FORM AT   +

1 ~ 1
FORMAT +-
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BUAT SPEED

14~ FORMAT�H" ~ 1E18 ~ 5t lE25 ~ 5!
150 FORMAT +- TVG DB! PULSE LENGTH SEC! MOMENT RATIO+!
164 FORMAT �HO ~ 1E16 ~ 5e2E24 ~ 5!
17O FORM AT   +- BEAM ANGLE-DEGREES+!
175 FORMAT   + FVRE-AFT ATHWARTSHIPS

1KNO TS+ !
18' FORMAT   +- SUUND I NG RAT E ! ER SEC NUMBER UF SOUNDI t44S+ !
19~ FORM AT   1H~ > l E18 ~ 5 > I 22 !
20~ FORMAT »- THE DEPTH INTERVAL HAS BEEN SPLIT INTO LAYERS WITH AN IN

] TERGER NUiiBEH +/" OF CUUNTIivGSs THE DIVISION IS LISTED BELOW~!
21G FORMAT +- INITIAL DEPTH !- INAL UEPTH NUMBER vF +/

1  METERS!  METERS! COUNT I NQ S% !
22~ FORMAT   1HG ~3E15 ~ 4 !
23< FORMAT +I F I SH DENSITY NORMAL IZED +/

1 PER METER CU ~ VARIANCE +!
240 FORM AT   I HO o 2E 14 ~ 5 !
254 FORMAT  +-+ !

END
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SUBROUTINE IhlTVAR F ~ COUNT ~ LtVART1tVART2eNTD!
DIMENSION F NTD! ACCOUNT NTD!
COMMON NPeRI ~ RF ~ THETAAeTHETAB ~ DE .DaPIEaX ~ RMiDP
SUM 3 = 0 ~
SUM4 = 0 ~
DO 7G M = 1>L
I = INT COUNT M ! + ~ 5!
Al = I

IF  M ~ EQ ~ 1 } GO TO 50
DS = F  M-1!

GO TO 6G

DS = Rl

SUM3 ~ SUM3 +   f M!/RF!++� ' «X+3 ' !!+  1 ~  DS/F M!!««�e«X+3 ' !!
+  C  I !/Al !

SUM4 = SUM4 +   F M!/RF!++� A +X+A !!+  I ~ - DS/F M!!««�e«X+3 ' !!
+ AI-1 ' -C I!/AI!

CON T I NUE,

TR = RI/RF

ANP = NP

VAR1 = X+3 ' !«+2«  1 ' -TR««� A +X+A !!/ � A +X+A !+  1 ' -TR+  X+3 ' !!++2!
VAR2= X+3 ' !++2«�e TR «� A +X+A !!/ � ' «X+5 ' I« ] ~ TR  X+3 ' !! 2!
VAR3 =      X+3 ~ ! 2!/  � ~ X+3 ~ ! � ~ T<  X+3 ~ I I 2! ! SUM3
VA<4 =      X+3 ~ ! «2 ! /     2 ~ «X+3e !« l ~ -Tk«« X+3 ~ I !++2! ! «SUM4
VART1 =  ~M«VARI+RM«VAR3 + VAR4!/ANP
VAR T2 =  VAR2«2 ' «DP!/ S ~ «RF«ANP!
RETURN
END
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SUBROUTINE LEVELS  F ~ COUNT ehlTDeL!

C
C F L! IS THE END DEPTH OF THE. L SUBINTERVAI
C COUNT < L! IS THE AVERAGE NUMBER VF COUNT INGS FROM DEPTH L-1 TO L

C
DIMENSION F  NTD! eCOUNT  NTD!
COMMUN NPeR IeRFeTMETAAeTHETABeDELDePIEeXeRMeDP
ANG = THETAA /2 ~
ANP = NP

ANTD = NTD
DELR =  RF-RI!/ANTD
DO 8 L = leNTO

A . = L

SUMl = U ~

SUM 2 = 0 ~
AA = DELD/ < 2 ~ +SI N   ANG ! + < RI +AL eDELR ! !
NEND = INT<l ~ /AA!
SUMEND = 0 ~
NENDP = NEND + I
IF NEND ~ LT ~ I ! GO TO 140
DO 120 IEND = 1eNEND
DO I 10 JEND = leNENDP
IF<JEND ~ EQ ~ IEND! GO TO 110
DIFEND = IABS IEND-JEND!
IF<AA+DIFEND ~ GT ~ 1 ~ ! GO TO ll~
SUMEND = oUMEND + PIE/2 ~ -ASIN<AA+DIFtND!-AA+DIFEND+<   lo-<AA+

I DIFEND! ++2! +" ~ 5!
CON T I NUE

�%2 !+% ~ 5!

12J

140

3 5
15~

8

10

20

CON T I NUE
CONTINUE
AI = I ~

IF � I+AA oGT ~ I ~ ! GO TO 5
SUMl = SUMI + P IE/2 ~ ASIN AI+AA!-AI~AA+< < I ~ <AA+AI
AI = AI + I ~

GO TO 3
F   L ! =   2e /   P IE ANP ! !+     ANP-2 ~ +NE ND ! +SUMI + SUMEND !
FORMAT   1H0 ~ 2E15 ~ 6 !
CON T I NUE

NCOUNT = 1 + INT F�! !
ACOUNT = NCOUN T
K
AK = I ~

1

SUMN = 0,
SUMD = 0 ~
SUMN = SUMN +   RI + AK+DELR!++2!+F K!
SUMD = SUMD +   RI + AK+DELR!++2!
RATIO = SUMN/SUMD
K = K +1
IF   I NT   RAT IO ! ~ GT ~ NP-1 ! GO TO 50
AK = AK + 1 ~
IF < RAT IO ~ GE ~ ACOUNT ! GO TO 30
IF  RI + AK I ~ ! DELR eGT ~ RF! GQ TO t0
GO TQ 20
COUN T < L! = RAT Io +1 ~
F L! = RI +  AK le!+DELR
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33
36

~0

5v

60

7u

! ~ LT ~   10m+OP ! ! GQ TQ 10

NCOUNT = INT   RAT IO ! +1
ACOUNT = NCOUNT

IF  L ~ EQ ~ 1 ! GO TO 33
DS = F  L-1!

GO TO 36
DS = Rl

CON T I NUE

IF   F  L! -DS
L = L + 1

GO TO 10
COUNT L! = RATIO +] ~
F L! = RF

GO TO 60
F L! = RF

COUNT L! = ANP
L =   +1

DO 70 II = L~NTD
F  I I! = 0 ~

COUNT II! = 0 ~
L = L � 1

RETURN
END

FUNCT I ON C   I !
C = I+  I � I !
RETURN
END



ECHO IHTEGRATDR VARIANCE AS 4 FUNCTION Df FISH DENSIIT

INITIAL. DEPTH.  NEXERSl . FINAL DEPTH INEIERSl

P

~SOS

~OSH OO -Iljl
FORE-AFT ATHNARTSHIPS BOAT SPEED - KNOTS

2 ~ DGGDGEAGi ssoVGOOOE+002.!DGGGErDI

SOUO DING RATE PER SEC NUHBER DF SOUNDINGS

2 ~ OQQQQEAOD i00

'THE DEPTH INTERVAL HAS BEEN SPLIT INTO LAYERS NITH AN INTERGIER NUBBER
OF 'OIIITTI OS THE IITVISTOII SO~LOOTS ~ S Oll

NUBBER OF
COUNTING

i.0000Eia i 2. 260OE+Di 3.0391E+00

2 ' 26.0E+!L 3 T60OEu00 5 ~ 0092E+00

SH7600E+Di  SSOOQOEtOi 5 ~ 3707EAQO

1NI TEAL DEPTH
 NETERSI

FINAL DEPTH
  HIETE RSl

67
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