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ABSTRACT

The fish echo integrator has been developed at the University of
Washington to assess the abundance of fish at various depth strata of
selected Nerthwest regional waters. The statistical characteristics of the

echo integrator are described herein, with respect to mode of operation,
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A Simplified Analysis of the Statistical
Characteristics of the Fish Echo Integrator

I Summary

The fish echo integrator has been developed at the University under the Sea
Grant Program. This device is presently being used by several groups to assess,
quantitatively, the abundance of fish in selected depth strata in various regions
of the Northwest. The integrator, as presently configured, outputs a random
variable which corresponds to the integral of the output of a detected echo
sounder signal between time~in-ping intervals corresponding to the selected depth
strata. The integrated signal is summed for a number of transmissions as the
vessel proceeds on the desired course. At the end of the selected number of
pings, a new sum is begum. The integrater output is normalized by the number of
pings and the thickness of the strata sc that the final output is veolts per meter
per ping.

The purpose of this note is to analyze a reasonably simple model of this
system and determine certain statistical characteristics about the "goodness" of
the integrator as an estimator of fish abundance. 1In particular, we shall,

focus our attention on computation of the mean and variance of the integrator

signal. We shall show, within the framework and assumptions of our model that:

(2)

p where

A.) The Integrator gives an unbiased estimate of the quantity uB

(2)
Mg

volume. As expected, we must know uB

is the average fish target strength and p is the number of fish per unit

(2)

if we are to calculate p. Errors

(2)

introduced into the estimate by errors in estimating uB are not considered in

this note.



B.) The integrator does not provide a consistent estimate of p. That is,

as the number of pings, P, tends to infinity, the variance does not tend to zero.
The dependence of the variance of the density p, on the pulse length and beam
pattern, on the length of the transec (the length, beam pattern and P determine
the degree of overlap) and on the distribution function of the fish reflectivity
coefficients for finite P is also determined. The most general result obtained

1

for the normalized variance”, of the integrator,

2 c8/2 2L

ng =g 5=+ (g - 1) /pDA-_g] + ©DA,,
includes the effects of both multiple echos and overlapping insonification vol-
umes. It is interesting to note the importance of the statistics of the target
reflectivity (YB) in this result as well as to note that as P >« the variance
reduces to l/pDAT. This is the variance of the density estimate if one could
count each of the fish in the total insonified volume, DAT, and consequently
this would be the performance of an optimum estimation procedure.

The next section of this report presents the model of the system to be
used in the calculations, In the development of the medel it becomes apparent
that various moments of certain sequences of random variables are important.
Section III develops the required moments. In Section IV the mean and variance
of the integrator output are calculated for single pings and for multiple,
non-overlapping pings for arbitrary TVG and arbitrary density of fish versus
depth. These results are specialized for constant fish density and 20log R TVG.
With these specializations, the case of overlapping pings is considered and
results are obtained in a general form (see Eq. (32}) suitable for numerical
calculation and, with some approximation, in closed form (see Eq, (36)). 1In

Section V we remark briefly on the approximations and their potential effect on

!7he normalized variance is defined as the ratio of the varlance tothe square
Of the mean. The equation here only applied for 20log R TVG gain correction.



the results, on some problems of cptimization and on future experimental and
theoretical problems of importance.

System Model

The echo-sounder transmits a short pulse of acoustical energy at an ultra-
sonic carrier frequency. The energy is concentrated, due to the transducer
aperture, into a narrow beam directed vertically downward. Energy reflected by
the fish returns to the transducer which again, due to its aperture, exhibits
maximum sensitivity in the same narrow beam. In reality, we should deal with
spherical waves and transducer transmission and reception patterns which are
continuous functions of angle and with ship pitch and roll, For our medel,
however, (see Figure I},we shall assume an ideal elliptical beam pattern of
arthwartships width 20, and fore/aft width 287. Furthermore, we suppose that the
transmit/receive bandwidths are sufficiently wide to pass the pulse essentially
undistorted. Accordingly, the complex modulation envelope of the receiver output
at time, tk after transmission consists of the superposition of all echos from
fishes between ranges (depths) (t-6)/2c and t/2c where § and ¢ are the pulse
length and velocity of propagation, respectively.

Targets of equal size will have mean square levels at the transducer output
in inverse proportion to the fourth power (neglecting absorption losses) of the
time after transmission., However, the insonified volume increases in proportion
to the square of the time after transmissiou =2 that the total mean square signal
level is, on the average, decreasing with time squared. Thus, if the receiver
power gain is increased as the square of time (20log t) after transmission, the
average slgnal level into the integrator will be constant throughout the range
gate period. These remarks are formalized as follows. Let Xk be the complex

modulation envelopeof the transducer output at time tk after transmission.
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Then
N
k
Xk =g Z Bnej¢n
n=] (1)
1
where Oy (ak v tkz) represents the receiver output for a unit target at range

B
corresponding to ty s Bn is the reflection coefficient of the n£= fish and Nk is

the number of fish insonified, that is with overlapping echos, at time ty (See
Figure 1). We can approximate the integrator input signal for a single ping by

the stairstep signal of Figure 2, Thus
K
_ *
1-6 pog ] (2)

where: e ~ ¢t = 6 is the pulse length. In this way we account for all the
K

fish, i.e., k§1 Nk

k~1
= total fish in the insonified depth strata yet different fish
contribute to each of the samples of signal return in (1). 1 is the power gain

of the receiver amplifiers at time tk'
The sampled approximation to the integrater output may be considered accu-

rate under the following circumstances. The sample sequence %txkx;i}completely

describes a square law detected signal with frequencies less than fg < ig. How-

ever, the integrator is, in effect, a low pass filter with a cutoff frequency

fc W éﬁ where K& is the total length of the range gate. Thus, for range gates of
several pulse lengths or more, the approximation should be accurate within a few

percent. The sampled spectra for a single targetz, the integrator transfer

function and region of contributing error are illustrated in Figure 3.

’This is the worst case, since it contains the most high frequencies due to the
sharp leading and trailing edges of the pulse.
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Selection of the samples one pulse length apart assures that each of the K
terms of (2) are statistically independent random variables if we assume that
the Nk are statistically independent, e.g., if the fisgh are Poiseon distributed
throughout the volume. Consequently the mean and variance of (2) are the sums
of the means and variances of the individual terms of (2)., Similarly, if P
transmissions from non-overlapping regions are superimposed as the shilp moves
forward along its track, the mean and variance of the sum will be the sums of
the means and variances from the individual soundings. If, however, the trans-
mission repetition rate and ships velocity are selected so that there is qjk
fractional overlap of the lc-‘-:-l:l layer on the pEE and p—jEE transmissions (See
Figure 4),the means will still add but the variance will be increased due to the
ping-to-ping correlation. Accordingly, completion of the analysis requires that
we study the mean and va%iance of the square of various overlapping and non-
overlapping Poisson sums of random variables. This study is the purpese of the

next section.

I11 Moments of Certain Poisson Sums

The sum,

N
X =Ly, (3)

is known as a Compound Poisson Process® and serves as an appropriate meodel not
only for our problem but many other physical problems as well, including a
classical model of Brownlan motion which leads to the well known Weiner Process.
Consequently, its properties have been studied extensively. It is assumed that
the yn are independent, identically distributed random variables. In this

j¢

problem, the Y, correspond to aBne n and are independent and identically

3Emanuel Parzen, 1962, Stochastic Processes, Holden-Day, page 128.



distributed if we assume the ¢n are independent U : [}w,ﬁ] random variables and
the Bn are independent and identically distributed. Both are reasonable first-
order assumptions for echos from fish.

In order to calculate the integrators' performance, we seek the mean and

variance of XX*. Note that these are given by the conditional moments according

to
and
UZ'E(@X*-QE}‘EoEE&Xﬂ’IQ PO - w2 (5)
The conditional moments are
E fkxx |y =rzq E[¥,Yo*] = Mu (2) (6)
n=1 Un’n y
and
2] By E}
* = * * *
E E§x RN L, E [y v ® + 2 §=1 z 1 EORy*) Elyy %)
B2
{7}
(u) (2)y2
= N + 2 N(N-1
My (N-1) (uY )
(k) . th . .
where uy is the k— moment of the identically distributed random variables

iyé}. The terms in (7) are obtained by accounting for all non-zero terms that
remain in the expected value of the quadruple sum obtained in raising (3) to the
4£h power,

The number of events, N, in (3) 1s assumed to be a Poisson random variable



with Poisson parameter %, i.e.,

PN) = AN, (8)

N1

The first and second moments of (8) are

EMN) = A
(9)
E (N%) = A2 4+ ) .
Combining (6) & (9) with (4) and (7) & (9) with (5) we obtain
(z)
=2y
b (10)

2 o (43 2, (2)52
o A My + A (uy )

To deal with the problem of overlap, we must calculate the mean and variance

* &
u = E[}_hxl + sza

(11)
2

* * 5
E (X1X1+ XX - w)

It

o

where

N;
Xy =L oy

n=1 “1n (12)
N3

Xz = %-2 Yin

and N, & N, come from overlapping regions. (See Figure 3)
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The mean is just the sum of the individual means, i.e.,
* *
U= EEth_] + E[}_izxz:] - ZAUY(Z) (13)

The variances also add plus a term due to the correlation of the two samples

such that

2
o? = 2Euy(") + ;\z(uy(”)a + ZEEQ{T xzxg ~ ZEHY(ZH (14)

The co-variance term may be calculated as follows. Let N{ & Nf be the
number of fish in the non-overlapping portions of the first and second intervals
and Q be the number of fish in the overlapping portion. Now (12) may be rewritten

as

N Q] )
X1 o= §=ly1n + §=Nf+1 Yin = X1t¥ag
. (15)
X; = gﬁ + ?Nz = X3+X
2 = E=1"sn A=N3+1 Yon aTh2q
and the joiat moment of (14) can be rewritten as
* % * * *
EE{lxlxzxi] = EE{{X{ x{x{j + El-_)_(’lx'{ xqu;}
(16)

LI * *
+ EE{ X XX + EE( X X X
19" 1q 19 19729 2q

Since the three intervals are independent, (16) reduces to
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EE:XTX2X2J= 6(1-‘:{) uy(ﬂ 2 4 2q(1-q) O‘uy(z))z

+ EE(:'lr X X X* (a7
lg lq 2q 2q

since E(N;) = E(N2) = A(1-q), E(Q) = Xq

are the average number of events expected in the three intervals of concern. The
last term is evaluated (if we take the ping-to-ping phases and amplitudes to be

uncorrelated) as,

* * -] * *
EEQqX;qung = a-OEE{ququququ(ﬂP [Q] (18)

where the conditional kg—l moment is found to be

* * 1ol < 02y (2052
EEququququfg] Q2 (n, 2 19
such that
* * 2y . (2)
EE(quququZEl]g (g + GO7) Gy o (20)

Combining (20} with (17) we have

E(X1X1X2Xz2) = (2 + Ag) (uy(”)2 (21)

§0 that finally, the variance of the sum of the squares of two compound Poisson
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processes with 100q % overlap is

2 (x) 2 (2) {]
g = 2{X + (Ag + A
[uy (Aq )(uy ) (22)
In the next section we will apply the results derived above to calculate the
mean and varlance of the echo integrator.

LV Mean and Variance of the Integrator Signal

The calculations presented in the previous section gave the mean and variance
of a single layer for one or two overlapping pings. We can extend these results
to the integrator by indexing the parameters with the layer no. and summing the
means and variances from the k independent layers. The Poisson parameter Ak is
the mean no. of scatterers in the kEh layer which 18 also given by Py Vk where Py
is the Poisson density at the kEE layer and Vk is the equivalent insonified volume
of the ksh'layer. Incorporating this nomenclature along with (10) and (2) we

obtain

1= v 2
¥g fe1 Pk Tk B0k (23)

vor () = (02 o v mad? @+ Yylo, v

where ue(z)

, the second moment of the Bn (reflectivities) 1s just the average
target stength of the fish and XB = uB(ﬂ}?uB(z))z. YB has been calculated for a
number of common distributions by_Ol'shevski14 and was found to range from

1 (B=constant) to 6 (B exponentially distributed). A "Rayliegh distribution
yielded a i‘of 2 and a uniform distribution a ¥ of 1.8.

If the fish density is constant with depth over the integrated stratum, (24)

reduces to

AV.V. 01'shevskil, 1967, Characteristics of Sea Reverberation, p. 57. Consultants
Bureau, N.Y., tranaslated from Russian.
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() . % |
1=y, 28 L VB o8)

var @ = 6,057 g g0 (1+Y5/0Vkﬂ (25)

Eq. (25) illustrates one of the principal features of the device, i.e., that
the integrator (with square-law detection) produces an unbiased estimate of p,
the density of fish in the layer. That is, the integrator signal per ping is
proportional to the density p. The scale factor depends on the fish target

strength, HB(Z)

s the beam pattern and pulse length, (Vk, 81 see Fig. 1), the
power gain of the receiver, 82 and the source level and transmission loss in the
medium, Oy - Given these system constants (easily measured except for UB(Z)) we
can estimate p from I and the unbiasedness of the estimate does not depend on the
cholce of TVG (gk vs. k).

The quality of the estimate is best studied by considering the rslative

scatter of the data about the mean. Accordingly, we consider the normalized

variance (for constant p)

K K
n? = var. (1) = Eg_l(vkgkaﬁ) 1+ XB/ka)]/ [E-lvkgkaliﬁ (26)
I

and see that it does depend on the constants of the system (gk, Vk,aﬁ) as well
as the statistics of the target reflectivity as embodied in TB and the true value
of the density of fish p. In fact we notice immediately that

lim nz = ®
p*o

4 K
Hm n® = F_(Vg.00) 2/ [ﬁﬂvkgkai ’"]
p >

(27)
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and that n® increases monotonically with Yo- For 20log R TVG, g, ~ Vﬁlaii and

(26) simplifies to

1 -
n? = =+ (Y,/p) (<A71>/D)
K <
. N 1K 1 ) (28)
where: I Enl Ak? (Af‘"dk sinel sinez)
is the "average inverse ares” of the beam in the insonified region and D is the
thickness of the stratum (see Fig. 1),
An even more explicit representation is obtained if there are enough pulse

lengths, cf/2, in the depth stratum D so that the sum, <A”!>, in (28) may be

replaced by an integral in which case

Ny (e8/2) + (29)
D —_
PDA
g

;
where Ag - d; 7 sinf; sinB, and dg - [éodg]éis the geometric mean depth of the
stratum, The first term is always one or less and can be made small by using
thick strata or narrow pulses or both. The second term is roughly inversely
proportional to the average total number of fish insonified in the range gate
(E(No. of fish) X p DAS' We also see how the second term depends critically on
the distribution funciion of the fish target strengths and accordingly on YB.
If not many fish are insonified each ping, the second term could be much bigger
than the first and indeed may be greater than 1 particularly for large YB. This
situation, certainly recognized experimentally very early, led to averaging or
integrating the return from a number of pings along a given transec where the

fish are schooled. As mentloned previously, the means from sequential pings add
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directly as do the variances if they are non-overlapping. In the event of P

non--overlapping pings,

Var (IP) =P var (I) (30)

2 _ .2
ng=n/p
where I, Var (I) and n® are as previously defined for single pings. The estimate

of ¢ obtained from I_ 1s consistent, i.e.,

P

11mn§, =0
> (31)
P -

for an increasing number of non—overlapping pings. In order to determine the
effect of overlapping pings, we can make use of the analysis of Section III for
overlapping Poisson intervals. If the pings overlap, the normalized variance is

increased due to the ping-to-ping correlation such that®
n2 = 1 (n? + = (1-1/P)<a,7'>) (32)
: 5 :

where <Aj'“> is the "average inverse area" of th-order overlap and is given

exactly by

K
-1 1L
<Ay e i/ 33

5See Appendix A for the derivatiomn of (32)
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vhere qjk is the fractional area overlap of ping P with ping p-j at the kEh-layer
and Ak is the insonified area of the kEh layer.

It 18 Interesting to ;onsider the case where the boat does not move but
continues to get returns from the same set of fish ping after ping. In this

event (see eq. 29},

qjk =1 ; jwl,2,~==P, km]l,2, ==K
. 1 K
- o .—1
AY> = By Vi % A (34)

2 .1 -
T'[P PG@{)Z + (YB 1) / f.}aDA8 + l/pDAg

Eq. (34) illustrates that the minimum attainable normalized variance of the
estimate of the number of fish in a given volume, if the boat does not move, is
inversely proportional to the number of fish insonified and this limit is reached
according to (34) as P +&. This leads us to the conclusion that the echo
integrator is not a consistent estimator for p with increasing numbers of pings
P or with increasingly short pulses § for finite thickness depth strata, (D <)
and finite length transecs. Our intuition would lead us to believe £hat the
minimum normalized variance for the moving ship case would be Inversely propor-
tional to the total number of fish insonified. These suspisions are confirmed

by noting, with the help of Appendix B that

A

-1 1 b,V A

<af’> g EZj T ]; i<g (35)

g g 24
- 0 Otherwise

where Av - 2(?o+dK (sind, vl
2
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With some manipulation, it can be shown that

2. 1 ‘CG/Z v (r -1)/pDA] + 1 (36)
"X P [ D B Bl oba

where higher order terms in 1/P have been dropped and AT - PAv = total area“
covered in the tramsec at the center of the depth stratum. Eq. (36) will be
generally valid if we choose for AT the lesser of PAv and PAg. That is, 1f no

overlap exists the ship is moving fast enough that A, < Ag and in this case (36)

T
reduces to (30), the case of non-overlapping pings. If the ship does not move
at alil, AT v Ag and (36) reduces to (34). Or for P = 1, AT v Ag and (36) reduces
to (29), the single ping case. Thus the approximations used in obtaining {(36)
are neglible for all the previously calculated special cases. Accordingly, we
accept it as our central result.
Example:

Suppose we set our range gate for 10 to 40 meters. Let our transducer
pattern have an included angle of 10° and let it be circular. Let the vessel

traverse a 500 meter transec at 5 knots (V2.5 meter/sec) and tramsmit 2 pulses/

sec.,, 1.e., one every 1.25 meters of forward motion.

d =1‘10x40 = 20 meters

g
Ag = q d; (8in 5°)°% p 10 m?
PA = 4000 m? > PA = 2150 m?

£ — Ty

]

’ AL = PA_ = 2150 m?

Let the amplitude distribution be Rayliegh in which case YB = 2, Let the pulses
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be one meter in length (nl.2 m.s). With these parameters

2 N - N
ng @) 400[30 + Q@ 1)""3@ * 064,500

200 o 1 1 1 +_1
Ny (M) = 176506 * 5 144,000 €4,500

(.8+.2) x 107"

Y

ny (0)

ee

The relative standard deviation, np(p) is plotted versus p for this example in
Figure 6. For p > .002, the relative accuracy of our estimate is + 102 of the
measured value, For less dense populations, the estimate deteriorates rapidly.
Regardless of the population density, the estimate will have at least a + 1%
error.

V_Concluding Remarks

There are a number of approximations used in the foregoing analysis which
render it potentially inaccurate. Among the most important are:

1.) Sampled representation of integrator signal

2.) 1Ildeal beam patterns, plane waves

3.) Poisson distribution of fish

4.) Independent amplitude as well phase fluctuations of the echos from the

same fish on subsequent pings (see p. 12)

Items (1) and (3) are not felt to be unrealistic assumptions.5 Item (2) could
be serious if strong signals enter on side lobes of the beam patterns or if the
beam patterns are very broad and the density is not constant with depth. Item
(4) is justified if the ping-to-ping variation of echo amplitude (due to relative

aspect, movement in the beam pattern, etc.) are large compared to the variations

3. Ehrenberg has not made the sampled data approximation in his work and obtains
similar results.
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introduced by variation of the gize of the fish being assessed. Ehrenberg (1970)
has worked the problem with perfect amplitude but no phase correlation from
ping-to-ping for echos from the same fish. This modifies our result (in particu-
lar Eq. (20)) and increases the varilance above that given by (36)., However, his
result is probably pessimistic for large P. The ultimate answer to this question
depends on accurately characterizing the statistical properties of B, the reflec-
tivity of the fish. Methods for experimental determination of these properties
in situ are presently being discussed.

Another matter being examined by Ehrenberg is the optimum choice of TVG
(gk vs k). Clearly (see Eq. (26)), the optimum TUG depends on YB and P as well
as vV and Qk. The other matter of interest is determining the optimum "unstruc-
tured" estimator for p (i.e. relief from square and integrate) as well as includ-

ing the effects of nolse, both stationary ambient noise and reverberation noise.
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Glossary of Terms

t = time in ping

c = propagation velocity

$ = pulse length

Xk = sample of complex modulationenvelope at time t, at transducer output
a, = recelver output for a unit target at depth dk

B = reflection coefficient of nEh fish

% = phase of echo from nEE fish

dk = depth corresponding to time in ping t,

8, = Dpover gain of receiver at time tk

N = number of fish insonified (on a single ping) 1in the lcEh layer
d = dpy)

I = Integrator output per ping
1 = Integrator output after P pings
th th th
= fractional overlap of k— layer on the p— and p - j— pings
81 = half-angle of pattern fore and aft
G2 = half-angle of pattern athwartships
T = Expected value of I
E (+)= Expected value of (*)

Var (+) = Variance of (+)

Uin) = r:E}l moment of x
A = Poisson parameter
0 = Poisson parameter; fish/unit velume

V. =  wolume of k—EE layer

- (2)2
#B ”B;)(”B )

D = Thickness of depth stratum
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normalized variance of integrator output for a single ping
normalized variance of integrator output for P pings
Jdod.m the geometric mean depth of thestratum

do+dk y the mean depth of the stratum
2

Td' ein®, sine, ; area of beam at dg

(2 dm sin@, ) (v T) ; area covered at mean depth in one ping

total insonified area; the lessor of PAg & PAv
velocity of ship

time between pings
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Appendix A

Derivation of Eg. 32

Consider the random wvariable
ZP = (L) + Z2 + - Cp)

where the Cp are identically distributed but non-independent random variables
with means € and variances Var (). Accordingly

ZP =P L

- 2 _ p2r2
Var(Z;) = E(Z;) pPeC

The variance may be written

P P i=]1
Var(zp) =T (Ci" -TH +21 I @, Ci-j - 29
im]

=2 j=1
P

Var(ZP) = P Var (T} + 2 I (P-3}) Co Var (;iﬁi_

)
i=1 3

In Section III (see Eq (21)) we found that the co-variance of g; and Ei—j

(Ci -Xi xi ) is

- a (D)2
Co Var (5 Ci_j) ij(?;)

where q, is the fractional overlap of the iEh-and i—th-intervals. Consequently
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P
L (P~-1) qj/l
3=1

Var(ZP) = P Var (g) + 2(g)?2

The degree of overlap qj, A,E and Var (§) depend on the layer number k but

the layers are independent. Consequently, the totai variance of IP is the sum
of the K different terms from (A~5) and gimilarly with the means of (A-2),.

Accordingly, as in (28), we obtain

2 2 o2 : S

where the second term only simplifies for 20log R TVG.
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Appendix B

Overlap Calculations

Consider the intersecting area of two identical displaced ellipses as shown

below,

]

—_—

|

—
By direct integrationm,
A = 2ab sin—l(l—(-g-)z)l/z -2 r-:b(l-(i—)z)"2
so that the fractional overlap, ¢, 1is

2 -1 _E (1_(Ey2 V2 (*
q -%1 _=;):sin [-&Y¥ - - :[
ellipse

For €/a < 1, (B-2) can be approximated as

If the vessel is traveling with velocity v and pinging at a rate 1/T, then

*Interesting to note that q is independent of b, the major axis of the ellipse

(athwartships beam width).
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wRELE  fcrhes
! 4vT
And
- 1 K 1 Ao M
Ay TR Ee1 Yk “k%'&g FAT] I ;,
where Av - (2dm sinfz) x vI , dm - do + dk

2

is the average area covered between transmissions by the beam athwartships at

the center of the depth stratum.
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ABSTRACT

In the following discusaion a mathematical model is developed for the
distribution of fish in a marine environment and for the echo-integrator
system used to estimate the fish population. This model is then analyzed
to show the mean and variance of the estimated parameter under a number of

conditions.
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THE VARTANCE OF FISH POPULATION ESTIMATES USING AN ECHO INTEGRATOR

Variance in & Single Return

The analysis of variance in echo integration is started with the
solution of a simplified problem: the integration of a single acoustic
return from time tO to t. The problem is simplified further by assuming
that the statistical distribution of fish in the volume is not a function
of depth., The transducer is assumed to have a circular beam pattern with
a uniform intensity across the beam. After thia initial problem is solved,
the analysis is extended to include two additional factors: multiple sound-
ing wiéh beam overlap and nonuniform distribution of fish in the volume
being insonified. The nonuniform distribution problem is of importance
in estimating the abundance of fish in schools, The simpliffed model for
the beam pattern is used throughout the analysis. More realistic beam
patterns are difficult to handle analytically, This assumption does not
change appreciably the statistical conclusions of the analysis,

The echo integrator is assumed to have a time-varying-gain control of
40 log R which gancels the spreading loss. The effect of TVG on estimation
variance is being investigated.

The acoustic pressure as a function of time at the transducer can be

written as

e (1)
pE) = Z wéen R 6y)

mzy 4
where

WCE T, By, 6) = Poncoslert s0m) U Ct-Tim)=&le-To-Tp)]
Pm is a random variable representing the strength of the signal returned
from the mth fish. It is a function of the fish's size, aspect angle, etc.
e;his the phase of the signal return from the mth fish. It can be assumed

that &y is uniformly distributed from O to 27 and is independent of Pm'

T, is the time at which the return from the o fish first appears at

the transducer. Tp is the pulse length of the acoustic pulse., u(t)



is the unit step function

(8] <O
€) =
ule) {1 €30

N('t) 1s the number of fish in the volume of water producing returns from
time tg to time % .

N(t) 18 a random variable which depends on the distribution of fish
in the volume of water being insonified. It will be assumed that the fish

are Poisson distributed in space. The properties of such a distribution are

D tim P L1 fish inAv] = MV

AV=20
where ), is the Polsson density factory.

2) The number of fish in a given volume is independent of the number of
fish in any other nonoverlapping volume.

3) Y
PLN fish in V] =(L’x)_ e @)
The quantity at the transducer is the ﬂﬁmber of fish returns in a specified
time interval rather than the numher of fish contained in a given volume.
When the problem is reformulated in terms of the number of signals received

in the time interval t, ot , the distribution for N (t ) becomes

R - S5 reerdt
PINGY=R] = LS, m.-)M] e Je

where
¥€) =% %& V(¢) (3

and V( t) 1s the volume producing returns from time t, to t , If it is assumed

that the volume ensonified by the transducer is a cone with circular cross

section (Figure 1), the expression for V(t) becomes,

Yoth & /1 v 4
1
VO =Sy 8 3, 205, vt swedd

=3 v [¢3-t) ][I - cos ()] @

where V= velocity of sound in water

and

%) < MW [/ - cos(ge)] €



31

v
Depth 1 = g_t"

Beam Cross
Section

Volume insonified

FIGURE I
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Processes of the form of P(t), defined in equation 1, with N(t) defined in
equation 3 are referred to as filtered nonhomogeneous Poisson processes.

If it is assumed that the transducer has ideal linear reaponse character-
istics, then the voltage at the output of the transducer, X(t), i1s directly

proportional to p(t),

y(¢)
X(€)2 3 W(¢,¥m, Am &m) ©
Mms!
whete A 1is proportionm to P
m n

The output of the integrator at time t is given by

4 2¢) 4
Ters §, x*Ax @
®
The purpose of this analysis is to determine two of the statistical proper-

ties of T(€) ,'E[I(!ﬂand Vl‘[’l’(ﬂ]. By interchanging the order of integration

and expectation, it follows that

t
ElT¢)] = S‘ X2} fot (8)
£}
and

PN S —
ezl § § wrcangn - XX duds

(97
% %,

The required moments can be evaluated using the joint characteristic function
of X (&X), X ()!). The joint characteristic function of any two random variables

p & q 18 defined as

inﬁ (u,,4) = e ‘Cuprap) (10)
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Expanding the exponential in a power series,
Q‘f’:ﬁ(q'-‘q") =z [+ duq,p + ¢'u7_'?¢5 -é'g.((:f:

d gt ..
RIS 4 (11)
For the case where all odd order moments are zero (which is the case for

X (e¢) s X (}; )Y ) » the series becomes

9 f'*%(u"u‘) =1-4 “:17?‘ -4 “2? - “'l‘.f_i

+Lutul fz -rJ- u“f:" +'{'¢a"3"*"

¢
(12)
The serles expansion of ln‘é g (ul, ‘uz) can be cbtained from
the above series by using the series expansion for ln (1 + x)
In (14%) =% X" + 1 y3----
= 3 (13)
Therefore,
In @ pqlu,ua) = - utp ~4u; g - %4y Fy
Yl L ST oL i -l
MAAEE S S & B 10T Lt A
It therefore follows that
P = g In D pg Cu,as)
= - n a,,a,,
P a, r3 U= uys 0
(15)
and that
—_— — \ ]
B AR M K 2T ICALY
U, 9% U =0
T

+2[ 2
_:JQu.T«z 0p 7’(%“’)’«,:“;0]

(16)
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The joint characteristic functiom of X(x), X(B) which is derrived ia

Appendix A is

o (o, 8)

me,xtp) (u,,us) = exp{ ) Y) o a,,u,)Jtr}

Where a7

(I)(“Y, u,,u) = [ ex’?{"-a'wcum A,0) + ¢ u,_w(p,')-;q,a)}-;j

From equations 15, 16 and 17 it follows that

= . s
o0 = -5, e[ 3 depu,u woina] T

and that
X2 ()X *(B) ~ X' X (R) =
max(w, B) . 4
Uy,
‘o’(‘l‘)[h} bl )Iu.w;w] Y

i e p a9
+2 { S , ¥(T) [%.s“t O, ,u,)]u'w‘w] 3?3

The exponential part of ¢(’Y, U.,JU.,) can be expanded in a series to give

QLT w,1,) = Cu, Wl Y,A,8)+ < U, W(R,T;A,0)

(20)

L ult wre, 8,8) - £ 4l wia Y 40)

and
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Xi(x) = S Yér) wie, 7, A,0)48Y @D

o max (=, g)
() X*(B) - X)X (R) = St Y ) WGP @, 6,6) 41

May (oL, B)
+ Z[ S F(‘V)w@?',d,a)w{ﬁ,?,q,a)&r (22)

The moments of w(ﬂ?’;"ﬂ) and W(Pa"',ﬂ ;@) can be evaluated in a straight-

forward manner to yield

Wi, Y A,6YW(B,T,4,6) =
AL 4+ 4 cas wip-o]fuwt)- 467,
L «(p-7) ~u(p-T-7p)]"

T (23)

w2(x,7,A,6) = ﬁz__"[ u(o-T)- W(x-T-7p)]" (24)

w8 Wwlp,Y, A e)= 'f' cos w(«-p)

i (- = U Gat=T-7) [L (BV)-UGB-TTp)] (55,

X2 () and Xz (o) X2 (p) - Xz (&) X2 (#) can be obtained from

substituting ( 23), (24) and (25) into equations (21)and (22),

X COXZ(R) - Ko C)X (P = A? [ 4+ § coswip-o0] I'(w, B, Tp)

+ .é.-_ cos w(o- P) P (e, P_,Tp)_}z

(26)
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and
X2(x) = -? (4 7) (27)
where 3 « 8D
PC,8.%) = AU [ircos(Q)] § &8¢ rea § e
< 2 R Exr Ty
v * 8>
&
ATV [1- "’(?” Sff ' Y < 287
L 4 o & <ur7p
® g >
Y AL "*’(z')]s et L¢ ""*’{r‘ Lo,
"Z‘” «-To ’ oy
Y-
- anv,’ - "’(‘?JJS 2z Fee [ 7B
-—;""" '60 &)* 7;
~<ar 7
A simplifying assumption can be made for the case where the integration
interval, t - to » is much greater than the pulse length, Tp. This assump-

tion is generally satisfied for the University of Washington echo integrator
of which the pulse length, Tp, is .5 ms corresponding to a depth in water

of .375 m. For this case, it is not necessary to include the integrals

(28B and 28D) corresponding to the region of integration mear the start of the
time interval. When the starting time of the integration to is much greater
than Tp’ the integrand in equation 28 1s essentially conétant over the period

of integration and

S “r Ao La- %] ot-g 7] (28)
7

L Z]
When this approximation is used to simplify the expressions for X X (ﬂ"“x x!?)

and x"(-&.) the equations for VAR[I (t)] and E[I(l:)] become
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vAR[z(e)] = Sap 5 A KLp-TI [ 4+4 coszwr][7p-Y1aw
+$ ﬁpS (ﬁi‘)‘k [B-To]'[4+4 coszw™] [7,-Y] Ar
+ St‘ dp S_T' AT kpild + g coszwP][ Ve T,] BT
+ S:.&P SjT,.(?)l K‘P4[.$+-i-coszw'r'][?'ﬂ,;]‘h“ (29)
Ez®)]= Bk (* 7o [ To]* A
%

where
T = pr-u(

K’.___uc"ﬁva [1- ‘°s(%)1 (30)

The integrals may be evaluated using the previous assumption that

t-C, >>Tp

to >?TF
along with the fact that

So Y ‘ecos2wWr AL O (= onz

for Tf >)'2.ﬂ'

The resulting expressions are

P .
e AT peed] e RU0? ey O
Efxce) = .ﬁ':zg"_‘fz [¢*t3] (32)

A meaningful quantity to consider in determining the performance of the

Integrator is the normalized variance

vAR[Z@] _ 3 A* + 6Tple% ¢ ]
{E [I(_t)Bl A Keed] > [¢3-22]" (33)
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The results \can be further simpliffied by recalling that the volume ensonified,
V(t): is
3 3 2
v(e) = LYy [27-7, JL1- cos(2)]

= 5& (fa- f.s)

Solving for K

k= V(3 (34)

(€2 ¢3)

Using this expression for K, the expected value of the integral and the

normalized variance are

E[Zce)] = é—i MVEYTe

and (3
VAR[T®]  _ _ A* + 6 Tplef-t%]
felzen)” ~ (R)NVE) 5 Lenerl a6

AV (t)is the expected number of fish in V(t) . The first term in the
normalized variance decreases as the inverse of the number of fish. The second
term decreases as the inverse of the integration interval, t - t

oa

Nonuniform Figh Distribution

In the original formulation of the problem, the density of fish per
upit volume, ) , was agsumed constant. In some situations, this will not
be the case. A reasonable assumption for the fish density may be that it
is a function of depth, R. For this case, the distribution of the number
of signals returns in a time interval is still given by equation 3 where

3ff) is now given by

308 = 3‘)«&3) _%_}_ Av(e) (37)
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The rest of the analysis for finding VAR [I(t)] and E [I(t)] is the same
as before.

In some cases it may be reasonable to assume that the volume insonified
is divided into layers of constant density. The output of the integrator can
then be written as a sum of the integrals for each layer.

Ity =1, +I,*

where ¢
I,= St' xice)d¢
T, = §% xice) A¢

]
If the integration interval for each layer is much greater than the pulse

length,Tp s the integrals are approximately independent and

E[ze)]= Z ELL,] (38)
Var[zce)] = ZvARLT,] (39)

The mean value of the integral, E{I(t)], is again proportionate to the number
of fish in the volume of water ensonified. The total variance is the sum
of the variances for the individual layers.

Multiple Sounding

In the previous analysis, the mean and variance of the integration of
a return from a single acoustic pulse were considered. In this section, the
analysis will be extended to multiple sounding. It was shown (equation 35)
that the integration of a single return gives an unbiased estimate of the

Poisson density factor, A,

\ =z CELZ(6)]

where

C (40)

- l —
T V(YTpAY /2
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A
For multiple sounding, the sample mean, ).r s of the individual return
N
estimates, )E s also gives an unbiased estimate of the density.

A N A
=L -
[N 1=4 8 E[N] =N (41)
izl
where N is the number of individual soundings. If a different volume of water
is sampled with each sounding, the individual return estimates are independent

A
and the variance of )\.l. is

A i N oA (2 _ z=_L .
VAR)‘-;",:,HEL(é.)‘:‘)] N NVAR)\ w

The total variance is inversely proportional to the number of independent sound-
ings. If there is beam overlap in the sampling scheme, the individual return
estimates are no longer independent and equation 42 does not hold.

Insight into the beam overlap problem can be gained by determining the
variance in the density estimate when the same volume of water is sampled many
times. It is assumed that the same fish are present in the volume insonified
during each integration. The phase of the acoustic return for any given fish
during one integration is assumed independent of the phase of the return of the
same fish during any other integration. TAe intensity of the return from a given
fish 1s assumed to be the same for each integration, With these assumptions, the

sample mean of the estimates is

€ z
1, =Se x? ) dt
> ¥
and X (&) = F A cos (wet &y ) ak-N UG- T] 63
mst
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A
The variance of X 1is

VAR ; =E£_~_’~ {E [(I, +IL,+ IN]‘J
~[Fcz) + ECT,)+-~ E(I,ﬂz}

E‘!:Ti VART + ....._ = [ E( ... E(IJ.)E(Ik)] (44)
a*h

The convariance between separate integrals,Ij, I, can be evaluated by

the same technique used to obtain the autocovariance of I. When the same

assumptions that were previously used are made, the expression for normalized

varlance is

VAR X . A* + __!_Zr 7, [t"-—tfj}
R~ (A)\We) N ( §L€3-E5TF 45)

This expression can be compared with equation (36) for the single integration
normalized variance. It is seen that multiple integration does not change |
the first term but causes the second term to go down as ‘1/N . This 1s reason-
able since the first term accounts for the intensity of the fish returns which
was assumed to remain the same during each integration. The second term
accounts for the random phases of the returns which were assumed to be statis-
tically independent during different integrations. Beam overlap should

have the same effect on variance.
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APPENDIX A:
In this appendix, the joint characteristic function for a filtered non-

homogeneous Poisson process will be derived. With X(t) defined in equation

6
. M)
$ o p(wws) = E e ,_‘é $m C'rJ}]
Where ImCY) = U, W, Ay, 0) + Up WA Tm)Am, ®),) (A1)
And ﬂ 2

Equation Al can be rewritten as

§, (uu)=2 E[expf i 37 g m}fnep=n] PLucg=n]
«,f Y mz) ?
(A2)

The conditional expectation in A2 can be written as

EL le{c z g,.,mj/mp_ nj
S {E[up{;é SMW)}/"(PJ n,TxS, -

sl Jg-

‘f"":’f"z--'?‘n (S.,S¢,--Sp) s, ds, - &s, (A3)
Where ﬁLW}“ﬂ; are the arrival times ¢f the nonhomogeneous Polsson process.

The joint density function of the arrival time is*

| 4
TN 1 5 (£ NESP (CH B!
P‘Hﬁlz 'rn b ] L S. N(t) }tJ o

When this density function is used in (A3), the condition expectation becomes

E[exp{zé' 9,,.}/N(p) h] = [ r(mw]' S;‘S
S 7 [E{es,-(cg.,cr))}y(s,.,ﬂISRS s,

s.... M

= B x ¢
® [T LS, yE(er Leany do]

(45)

* The joint density dunction for the arrival times of a homogeneous
Polsson process is derrived in Stochastic Processes by Parzen. The
nonhomogeneous case is left as a problem,

% .1,]_}



43

Substituting this conditional expectation and the density function for n

into equation (A2), it follows that

B
© Ly e »
O aucaf o) = Z, € L Sé.m”!u_'d

(a6)

P : h
L 37k S, ¥ elesp L cqon 37

g o0 "
= C- S""rmm' [ ,.Z;o _”"—’ {S: ¥ () Eferp{ "9(7"}] ﬁ?.} ] (47)

The summation in (A7) is just the expansion for

exf{ 5:° Y(mE [ ex,o{ ‘ an-)}]ﬂ‘?’ }

It therefore follows that

(48)

g
Qt(ﬂ,%,ﬁ)cq"uz): exf{ 5150 ro) [E c::p{"a('??} - IJJ?’_}

If i(’-/ﬂ then

(A9)

R CPRELY 4 5; yr) L€ expf cqem) ~1 197
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ABSTRACT

This analysis is an extension of one previously promulgated
under the title, "The Variance of Fish Population Estimates Using an Echo
Integrator". The principal result of the priof paper is an expression for
the normalized variance of the integrated acoustic returns from fish insoni-
fied by a single transducer pulse, Some special multiple pulse problems were
also considered. The prior analysis assumed a time varying gain control (TVG)
of 40 log R. The results presented herein are valid for the general multiple

pulse problem with a TVG of the form G Log R where G 1s a real variable.
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DERIVATION AND NUMERICAL EVALUATION
OF A GENRAL VARIANCE EXPRESSION

FOR FISH POPULATION ESTIMATES USING AN ECHCO INTEGRATOR

VARIANCE OF A SINGLE PULSE IN TERMS OF A GENERAL T.V.G.

The assumptions made for this analysis are the same as those given in
reference 1 except for some generalizations which should be clear from a
comparison of the present and previous results. The transducer produces

a pressure wave of the form

£ (€) = {K “os wE O$< ST, W
o c<0 ¢ >

The received pressure wave at time t is

NE)
P
f,(t) = g, —f!!'- cos(we -fe,.,)[t((f-‘t'm)'f«t-z'h,-'rpﬂ (2)

where Pm is a random variable representing the strength of the signal
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th

returned from the m™ fish, Bm is the phase of the signal returned from

the mth fish. Tm is the time at which the mth

return first appears at the
transducer, N(t) is a Poisson distributed random variable representing
the number of fish preducing returns at the transducer through time t.

The 1/t? term accounts for the spreading loss of propagation. The voltage

produced by the transducer, x{(t), is assumed to be proportional to p (t).

NGe)
XC€) = MZ %{L cos(We+Om)utet-2m) ~ule-2m-%) (3
x|

All commercial echo sounders have time varying gain controls (T.V.G.)
of the form G log R. The case G=0 corresponds to no T.V.G. at all. G=40
is the case previously considered and it has the effect of canceling out
the spreading loss of propagation. For a TVG of G log R the output of the

echo integrator gated over the time interval to to te is

I(e) = S:" ¢ % x*(¢) a¢ (%)
where %}:: %%%.

The expected value and variance of the integrator output are

e[ Ice)] = S:F € ¥ E[ x*(2)] &t (5)

VAR ()] = §F % 383 f & [x*eIX(s)]

- E[x‘(f)]E[x‘(s)]}) At s  (6)

The necessary moments of x?(t) are evaluated from the joint characteristic

function of x(t)}, x(s) (see reference 1 for details),
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_— - —
X (¢) = € %‘p({)f) (7)

E [ x2¢e)X’(s)] - ELX*@E[x(s)] = ‘:—45_4[;;[3{' (8)

+—é cos2w®-5)]N(€5) +(/‘F)2[-;'_’- *;‘" coszw(e-sﬂf’z@S)}

where
Pes)sxK§ 282 ap AkeT[€-5+Tp]
-7,
S S< t+7
S 2z 5> )
MK VA 22 AKsLS-¢ +Te]
€T ¢ <s5+T
¢> S
v ? 8 8. .
where K = —8‘1 sin (-z-)sin (-;i) ®

Vw - velocity of sound in water

BA = transducer beam angle in the fore-aft direction
GB = transducer beam angle athwartships

A = fish density per unit volume

Substituting (7) and (8) into (5) and (6), the following expressions for

E[I{t)] and VAR[I(t}] are obtained

—_ - -1
E[ICf)] = NA" KTo Lfss -2} ] (10°
2 (9-1]

* In the original analyses, the transducer was assumed to have a circular
beam pattern. The general case of an elliptical beam has been considered

here,
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VAR[I(¢)] : 25’5 'ég 55'45-& Akeire- -S+7,]
Zo 5-Th
(E))« Kre¥[¢-5+7,] }&L‘.Ps

-2
= ﬂ?kkj e 5‘3“’5 €V [e-s+T,Jheds Qv
F S 5-Te
14 -¢ ¢S 2
LIV 8N e s, Teds
A é’ S-T’n
When the integrals are evaluated, the expression for VAR[I(t)] can be

written as

VAR[Z(¢)] = ATAKTS ( f:3“5- £l d '5)

4(23-6)
BRI 3 e 11 . (12)
# A2 VKT 2473 €] 1+ 0 (L)
6(23-3) z

where 0(1?) are terms of order 7?« Since Tp<<t for most operating conditions,
these higher order terms can be neglected,

The quantity of interest is the estimated fish density, i, rather than
the integrator output, I{t). From (10) it follows directly that am

unbiased estimate of A is

A>k - Z () (13)
Ekp [ ¢,8 -2,37]
%}“l
The normalized variance of the estimate, i, is
\’AR[;\] - a* (9-1)* Li- (to/f )13 5
CELRIY  (A) (29-5)AKCR [ (e /e,)9" ’]’
29-
+ 2(9-1)* 1, El‘(r'/fF)a ] (14)

3(2.3*3) <, [I'(fo/!‘;r)gﬂjz
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MULTIPLE SOUNDING ANALYSIS
Define IT as the output of the echo-integrator after the integration
of the returns frow Np pulses. Then
I = I,+1, "-+IHP (15)
where Ij is the integral of the returns from the jth pulse, If it is
assumed that the fish density factory, A, is the same for all N pulses and
that each pulse is range gated to the same depth interval, it follow that

B[IT] = NE

p°1 (16)

where E. is given by (10). It should be noted that (16) does not depend
on the Ij's being independent or uncorrelated.
VAR[IT], however, does depend upon the correlation between the individual
terms. When a different volume of water is sampled with each pulse, the
Ij's are independent and
VAR[IT] = NPVAR[I] (17)
where VAR[I] is given by (12).

A

The correspending normalized variance for the fish density estimate, X, is

VARE;\] o varR [T]
A T - 2
FECXIY  Ne  E

The expression for VAR[IT] is more difficult to obtain when there is

(18)

overlap of the volumes of water insonified by adjacent acoustic pulses.

For this analysis, it is convenient to consider the depth strata insonified

to be composed of several layers. The initial and final depth of each layer

is determined so as to satisfy the following two conditions: first, the average
number of times each layer is insonified is an integer, and second, the depth

of each layer is large compared to the pulse resolution depth, Vpr/Q. This

last condition insures that the integrator outpis for adjacent layers are
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approximately independent. Since the layers are approximately independent,

it follows that the total variance is the sum of the variances for each layer.

VAR(I,) =3 A, VAR(ZL,) (19)
<

where VAR(Ii) is the variance of the integrated returns from the insonified

volume in the ith layer. N, is the number of distinct insonified volumes in

the ith layer,

N - Np (20)

{ h"

where Np is the total number of acoustic pulses and n, is the average number
of multiple countings in the ith layer. The derivation of the expression for
VAR(Ii) is given below,

If X (t) is defined as the signal returned from a volume in the 1th

layer insonified by the j th acoustic pulse and if Iij is the corresponding

integrator output, then

S €9x 0570€) 8 (21)

‘-»l

The total integrated output for this layer is

I‘ Z‘ I (22)
;xl

and the variance of Ii is

VAR(T ) =E[I.] -‘{EII-]}-z

Z ELL;) +Z|§|E[Ic31e¢]
3. Tot

_‘glggz 1 zlz_ls[rfgjs[rcf}

(23)

ey
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When (21) is sustituted into (23), the expression for VAR(Ii) becomes

hy ¥i at; z
VARCZ) = 3. ) S et Erx crx]

J" o1 Te.

- (& Lxc-,-(eu)‘( ELx, 3(s))"} &¢ds

n, ng LT -2 2 2

+2 2 S 'ﬁg's}{li[xc'jff)xc-‘,(s)]
= =1 T, o

9;;';:

- (E[Xzé(t)])l(g Lx‘-g(s)])z} At 4s

(24)

The first sum in (24) is simply ng times the integrator output variance for a
single acoustic pulse, equation (12), The second order moments of x (t) and
xiE(S) in the second term of (24) can be evaluated from their joint charac-

teristic function. (The technique used is considered in detail in reference 1.)
2
ELxI,@XCe(8)] - CELxy7¢e)]) (EL X (s)J)

-4
{ 5 Elces* (it S j ) cosi(were )]

(¢s) + A;; (e (£ LeesCwts o)

(25)

cosCust+ e‘,-&)])i F’"(f, S)E

where I'(t,s) is defined in (9), A., and Aij are the random amplitude factors

on the £th and jth integration respectively. At this point, it is convenient
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to make some additional refinements of the model. For pulse repstition rates of
one or two per second it can be expected that the same sample of fish will remain
in an insonified volume for several consecutive pulses. The position of the fish
relative to the transducer beam and relative to one another will in general change
from pulse to pulse. The changes in relative position will be assumed to cause

the phases of the return signals for different pulses to be uncorrelated. That is

EL6: 5 Oyl =E[0:5]E[Oce]
™ E[ cos (ue+ @ j)cos(we +6,,)]=0 (26)

Using the assumption that 21-<< ‘1'p and equation (24), (25) and (26), the expression

for VAR (Ii) becomes

s .. z 24-5 -5
ALY [ R 43 AR AT TR

Jrr A e (29-5)
2 ¥4 ¢ (27)
4@1)2 )2 K T ( 2 -3 t{_{za-s)
6(z3-3)
Ve W

Aij Ail can be expressed in terms of A by means of an intensity correlation

coefficient, ij(Ai), which is defined as

T Lt
A Alg - Agg At (28)
A‘; - (‘4{1):

Pig(ﬂz) =

The mathematical form of pjl(Ai) is considered in Appendix A. Using this

definition for pj! (A:). the expression for VAR (Ii) becomes
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VAR(L) =L Cn;+ €n)AY 4 (nF-n, =€, XAL*] )\k'r;(c' Tz z’ )
4.(29-5)
+ RBAD N T2 (2" 3 ¢, 23 3)
6(29-3)

(29)

vhere

Z§ Pa; (AC)
ok

The normalized variance of the estimated fish density after the integration of

N pulses can be determined from equations (16), (19), (20) and (29).

N -3 - -5
VARIAY  _ ([ A ] (o=t L& 52097
{ELN1Y "’rl(;‘)‘ ] kx(z9-5 [e% _¢%-']*

] -3
L 2T.(g- neLef?? -0

TV 3(29-2) [£,9 ~£,91° (o)
- 23 ~5

1 -| 1 n [F 2§75 1 jl
TN No )\Kfz_g-S) Z[ 7t _‘]Lt,: - "to "]

Equation (30)is a germral expression for the normalized variance of the density
estimate. The numerical evaluation of equation (30) for any particular set of
system parameters is considered in appendix B,

The purpose of this paper is to give the mathematical details of the
derivation of the general varjance expression for fish population estimates using

echo-integration. Some conclusions which maybe drawn from the variance expressici.s

obtained in this paper are given in reference 2.
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APPENDIX A

In this appendix, the form of the intensity correlation coefficient,
pjl(Az), is investigated. The exact form of pjn(az) is unknown and can only be
determined experimentally. Some of the factors affecting the correlation of
signals on adjacent pulses are understoed. They may be used to formulate a reason-
able expression for ij(Az).the target strength of the individual fish change
from pulse to pulse because of the change in their angle of illumination. The
distribution of fish in a particular volume has a mean target strength which
can differ from the target strength averaged over the total population being

surveyed, An expression for A§ which accounts for the two facts noted above is

A; 2 (A +p) (A1)
where aj is a random variable accounting for the dependence of A§ on an angle of
illumination and 8 is a random variable accounting for the variation in mean tar-
get strength, B8 is a function of the distribution of fish which was assumed to
remain the same during multiple countings. B is therefore not a function of §.
Since ;§-= ;fhit follows that E;'= 1and § » 0. It is reasonable to assume that
a and B are uncorrelated since the physical effects from which they represent are

unrelated,

The correlation coefficient defined by equation (28) is

.n A Y - —-i A_‘-
(R = Bih - A (A2)
Paf( ) A* - A:)‘

Using the expression for Aj in (Al) and the assumed properties of uj and B, it

follows that
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ATAY = g g L(AY)™+p] (A%)

;‘i' = BZ;'[ (ﬁ)g “;é-i] (A%)

AE- A} = AT (AS)
and that

boy(R) = Ty ()4 BET - (R3)? o)

L3 [(A%) + B2] -(A%)*
Equation (A6) can be written as the sum of two terms, one which is dependent
on j and % and another which is not.
cov (%4 %y) [@1)1-*}-9_"]
K [(A) e+ Br]-(AY)* (A7)
Az
YOI B AR

COV(ajal) has a maximum of u2 when § = £ and decreases as |j-%| increases. When

FQI(A.‘) =

a, and a, are uncorrelated, the firat term in (A7) goes to zerc. An assumed

3
typical plot of pjl(Az) is shown in figure Al.
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APPENDIX B

An expression for the normalized variance of the estimated fish density
is given in eq. (30), The first step in the evaluation of (30) is to divide
the depth stratum into layers with an integer amount of overlap and a depth
that is large compared to the pulse resolution depth. The mathematical
relationship between the system operating parameters and the volume overlap
is determined below.

The average volume overlap in a depth interval dl to d2 is

&
V(4,,4,) = S ZAO,_(R)&R (B1)

where AOL(R) is the overlapping area at a depth R. AOL(R) is given by

Mp
AOL(R’) =§% A«"k(R) (B2)
LK

where Aik(R) is the amount of overlap between the eliptical beams of Eth
and kP transducer pulses at a depth R and Np is the total number to
transmitted pulses, The geometry necessary to determine Aﬂk(R) in terms

of the system parameters is shown in figure B1,

Agr(R)

VB = boat aneed
RS!N(fhﬁz) g = time betweer pulses
eB = beam angle

athartships

&. = beam angle
fore-aft

Rsiv(28)

Figure Bl
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The resulting expression for ALk(R) is

7
(R)= zR‘sw(ﬁl sw(.Qa)sw [l-—( 2-RIVaTs )L] -

AM st:u(_ﬁ)
- RsIN(22)]4- k| Vg T, R s
i ( ) s 5[' (stw(_a))] (B3)
FOR I’R‘YQT: < |
stw(en)

= 0 FOR 14-R|ygT, > |
zRSw({AS

For any set of operating conditions it is possible to obtain the proper
division of the depth stratum into layer by incrementing the limits of
integration in (Bl) until the desired conditions are satisfied. The
evaluation of (30) is straightforward once the depth stratum has been divided
into layers.

A Fortran IV program has been written to evaluate (30) and plot the

normalized variance as a function of fish density. A listing of the program

and a typical output is given at the back of this appendix.
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PROGRAM FISHV{INPUTsOUTPUTsTAPES=INPUT s TAPES6=0QUTPUT)

THIS PROGRAM DETERMINES THE NORMALIZED VARIANCE OF THE ECHO
INTEGRATION SYSTEM FOR A SPECIFIED SET QOF INPUT CONDITIONS

DIMENSION F(50)sCOUNT(5U)sPVARI50)sPLAMDA{(50)
DIMENSION NSCALE(5)sIMAGE(BST)
COMMON NPsRISRFsTHETAASTHETABDELD*PIEsXsRMsDP
PIE = 3,1415926535
NTD = 50
READ (5+s90) NDATA

NDATA = NUMBER OF SETS OF INPUT DATA

JP TO FIVE (5) SETS OF DATA CAN BE EVALUATED
CALL OMITI(3)

NSCALE({1) = 1
NSCALE(2) = O
NSCALE{3) = 0
NSCALE(4)= U
NSCALE{5) = O

THE NEXT TwWO INSTRUCTIONS DETERMINE THE PLOT GRID
CALL PLOT1(NSCALE»Sslus7214)
CALL PLOTZ2{IMAGEs2es—SsrlUus~5,)
DO 40U [DATA = 1+NDATA
READ (510U} RIsRFesTVGsRMePDUR
READ {5s1luv)ANGFA+ANGASsVBOATSRATESsALAMDA
READ(59110) NP JNPOINT+STEP
R1 AND RF = INITIAL AND FINAL DEPTH IN METERS
TvG = TIME VARING GAIN CONTROL (DB
RM = MOMENT RATIO — E{V##4)/(E(VX%D))*%)
PDUR = SONAR PULSE DURATION IN SEC.
ANGFA AND ANGAS = BEAM ANGLESs FORE-AFT AND ATHWARTSHIPS ( [N DEGREES)
VBOAT = BOAT VELOCITY IN KNOTS
ALAMDA FIRST DENSITY TO BE EVALUATED
NPOINT = NUMBER OF DENSITY POINTS TO BE CALCULATED
STEP = MULTIPLING FACTOR FOR INCREMENTING ALAMDA (ALAMDA = ALAMDA*STER)
NP = TOTAL NUMBER OF ACQUSTIC PULSES
DELD = (VBOAT*,51444)/RATES
DP = PDUR¥*T50,
THETAA = ANGFA*PIE/180.
THETAB = ANGAS*PIE/180.
CALL LEVELSUIFsCOUNTNTDL)
LEVELS DEVIDES DEFPTH INTERVAL INTO SUBINTERVALS - EACH SUBINTERVAL HAS
AN INTEGER NUMBER OF MULTIPLE COUNTINGS
X = {TVG = 4061710
WRITE(6s120)
WRI TE(6+250)
WRITE(&s13U)
WRI TE(&6914U) R+ RF
WRI TE(69250)
WRITE{&+15U)
WRITE(H92160} TVGPDURSRM
WRITE{(6s250)
WRITE(&+170)
WRITE{G6+175)
WRITE(69160) ANGFAsANGASsVBUAT
WRITE(Hs250)
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WRITE(62180)
WRITE(6s19V) RATESsNP
WRITE(6+250)
WRI TE(6+200)
WRITE(69210)
b0 30 I = 1L
IF{1.EQel) GO TO 20
DS = F(I-1)
GO TO 30
20 DS = RI
30 WRITE(69220) DSeF(I)sCOUNTI(])
WRITE(6+230)
CALL INTVAR(F»CUUNTsLsVARTIPVARTZsNTD)
C INTVAR ELALUATES THE EXPRESSIUN FOR NORMALIZED VARIANCE
DO 10 I=1sNPOINT
Al = 1e/{(ALAMDAXRF*%3  #PIE%SIN(THETAA/2+)*SINI{THETAB/24«})
VAR = A1%VART1 + VART2
WRITE(69240) ALAMDASVAR
ALAMDA= ALAMDA®STEP
PVAR(I) = ALOGI0{VAR)
10 PLAMDA(I) = ALOGIO(ALAMDA)

C THE NEXT SET OF INSTRUCTIONS PLOT THE CURVE
DATA THOL1sIHOLZ9JHOL3 s IHOL4s IHULS» IHOLE6/6R0000136ReQ001 »6R. 001

1 ’6RIUI ’6R.1 ’6R1. /
IMAGE( 181 = [HOL]
IMAGE(188} = IHOL?2
IMAGE{358) = THUL3
IMAGE(528) = IHUL4
IMAGE(698) = THOLS
IMAGE(B34) = THULSG

GO TO (300+30143029303,304)sIDATA
300 CALL PLOT3(1H]1+PLAMDA,PVAR,50)
GO TO 40
301 CALL PLOT3(1H2+sPLAMDASPVARS0)
GO TO 4v
302 CALL PLOT3(1H3sPLAMDASPVARs50)
GO TO 4v
303 CALL PLOT3({1H4PLAMDA»PVAR,50)
GO TO 40
304 CALL PLOT3(1H5+PLAMDA» PVARYSV)
44 CONTINUE
PRINT 2
CALL PLOT4(20420HNORMALIZED VARIANCE )
WRITE (64} :

WRITE (6s5)

2 FORMAT(1H1)

4 FORMAT(* « 00001} «0001 «001 e 01
1 o1 1. 10 1000#*)

5 FORMAT { %~ FISH DENSITY PER CUBIC METER ¥*)

9J FORMAT(11U)

11v FORMAT (211Us1E1244)

10 FORMAT (SEl2.4)

12U FORMAT(*]1 ECHO INTEGRATOR VARIANCE AS A FUNCTION OF FISH DENSITY#®)
130 FORMAT(¥- INITIAL DEPTH (METERS) FINAL DEPTH (METERS)¥*)}
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14V FORMAT{1HYs1E184591E25,.5}

150 FORMAT( %- TVGIDB) PULSE LENGTHISEC)H MOMENT RAT]O*)

160 FORMAT(1HOUS1E16¢532F20.5)

170 FORMAT (%~ BEAM ANGLE-DEGREES*)

175 FORMAT(* FURE-AFT ATHWARTSHIPS BUAT SPEED -
1EKNOTS*)

18v FORMAT{#*-~ SOUNDING RATE PER SEC NUMBER UF SOUNDINGS*)

19v FORMATI(1HUS1E1845+122)
20v FORMATI(#- THE DEPTH INTLRVAL HAS BEEN SPLIT INTO LAYERS WITH AN IN
1TERGER NUMBER */% OF CUUNTINGSs THE DIVISION IS LISTED BELOwW*)

210 FORMAT(%- INITIAL DEPTH FINAL DEPTH NUMGER wF %y
1 * (METERS) (METERS) COUNTINGSH )
22v FORMAT (1HOU»3E15e4)
23v FORMATI(*] FISH DENSITY NORMALIZED %/
1 ¥ PER METER CU. VARTANCE *)

240 FORMAT(1HUs2E14e5)
250 FORMAT{*-¥)
END
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SUBRUUTINE INTVAR(FsCUOUNTsLsVART] sVART 2sNTD)
DIMENSION FINTD) sCOUNTINTD)
COMMON NP sRIsRFsTHETAAs THETABIDELD*PIE s XsRM»DP
5UM3 = 0.
SUM4 = O,
DO 70 M = 1L
I INTICOUNTIM )} + 45)
Al = 1
IF(M«EQel) GO TO 80
DS = Fi{M-1)
GO TO 60
50 DS = RI
6Y SUM3 = SGUM3 + ((FIM}/RF)*H(2,%X43,) )% 1,—{DS/F{My ) ¥%(2,%X41,1)
1 *{ClI}/Al)
SUM4 = SUM4 + ({FIMI/RFI¥H(2,%X+3,) )% {1, (DS/F{M)I1%*%{2,%X+34))
1 *¥{AI-1.-C({I1}/Al}
70 CONTINUE
TR = RI/RF
ANP = NP
VART = (X434 ) ¥ ¥ 2% [ 1, —TR*¥¥ (2, %X+34)) /{1 [24% X+ )% (],~TR¥¥(X43,))%#%D)
VARZ2= (X+3a J ¥ ¥ 2% (] (~TR*¥% (2, ¥X454)) /({2 %¥X+50 1% ( 14— TRE¥ (X423, )}#%2)
VARZ = ({1 (X434)%%2 )/ ({2.%X+34 )% (1, TRE#¥(X43,))#%2) ) ¥SUM3a
VARG = {{[X+34)%%2 1/ ({2e%X+30 )% (]~ TREF[X+3,))%%2) )5 M4

VART1 = (RM#VARI+RM*VAR3 + VAR4)/ANP
VART2 = (VAR2%2.%DP)/ (3. *RF %ANP)
RETURN

END
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SUBROUTINE LEVELS (FsCOUNTsNTDsL)

L) IS THE END DEPTH OF THE L SUBINTERVAL
UNT(L) IS THE AVERAGE NUMBER UF COUNTINGS FROM DEPTH L-1 7O L

DIMENSION FINTD)sCOUNTI(NTD}
COMMUN NPsRTIsRFsTHETAAsTHETABSDELDsPIE s XsRMsDP
ANG = THETAA /2.

ANP = NP

ANTD = NTD

DELR = (RF=R1)/ANTD
DO B8 L = 1¢NTD

Al = L

SUM1 = U,

SUMZ = 0.

AA = DELD/{2.*SINIANG)Y*(RI <+AL*DELR))
NEND = INT(1la./AA)
SUMEND = 0.
NENDP = NEND + 1l
IF{NENDeLTel) GO TO 140
DO 120 IEND = 1+NEND
DO 110 JEND = 1sNENDP
IF{JEND.EQG.IEND) GO TO 110
DIFEND = IABS(IEND-JEND)
IF(AAXDIFENDSGTels) GO TO 11w
SUMEND = SUMEND + PIE/2«~ASIN(AAXDIFEND)-AAXDIFEND*({{1s—(AAN
1 DIFEND)*¥2)%%,5)
CONTINUE
CONTINUE
CONTINUE
Al = 1.
TE{AT*AA «GTa 1e) GO TC 5
SUMY = SUMY + PIE/2. — ASINIATXAAI-AI*AA¥ ([ 1.~ (AARA] ) #¥D 2% 5
Al = Al + 1l
GO TO 3
FIL) = (2e/(PIE*ANP) ) * L {ANP-2,*NEND } ¥SUM] + SUMEND}
FORMAT {(1HUs2E1546)
CON TINUE
NCOUNT = 1 + INT{F{1})
ACOUNT = NCOUNT

K = 1

AK = 1

L =1

SUMN = 00

sSUMD = 0.

SUMN = SUMN + ((RI 4+ AK*DELR)¥#2)%F (K)
SUMD = SUMD + ((R1 + AK*DELR)#*¥2)

RATIO = SUMN/SUMD

K = K +1

IF [INTIRATIO) «GT«NP-1) GO TO 50

AK = AK + 1o

IF(RATIO «GELACOUNT) GO TO 3V

IF{ RI +(AK-1.}*DELR «GT« RF) GO TO 40
GO TO 20

COUNTI(LY = RATIO +1.

F(L} = RI + [AK~1+}%DELR
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40
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NCOUNT INTIRATIO ) +1
ACOUNT NCOUNT

IF (L,EQ.1) GO TO 33
DS = FiL~-1)

GO TO 36

DS = RI

CONTINUE

IFC{F(L) ~DS }eLT«(10«%DP)) GO TCO 10
L=L +1

GO TO 10

COUNT(L) = RATIO +1.
F(L) = RF

GO0 TO 60

F(L) = RF

COUNTI{L) = ANP

L =L +1

DO 70 II = L»NTD

FEII) = Qo

COUNTI(II) = O,

L =L -1

RETURN

END

FUNCTION C(I}

C = I*t(I - 1)

RETURN

END

L)
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- ECHO INTEGRATOR WARIANGE AS A FUNCTION OF. FISH DEMSILY

—.INITIAL DEPTH {MEIERS} __ FINAL DEPTH_(METERS)

_1.00000E+01 4. 0UQROE+Dd
TY¥GIDR) PULSE LENGTHCSEC)  MOMENT RATIO
— —2.00000FE+0) 1.0Q800DE=-D3 2.00000E+00 -
SCAM AWGLE-DEGREES
FORE-AFT ATHHARTSHIPS BOAT SPEED - «NOTS
2.390L0E+IL 24JGJUCE4DL " 4.ulCOGE+DQ o

SOUNDING RATE PER SEC NUMBER OF SOUNDINGS

2, 000D0E+0D i03

THE DEPTH INTERVAL HAS BEEN SPLIT INTO LAYERS WITH AN
OF CDUNTINGS, THE OIVISION IS LISTED BELOW

INTERGER NUMBER

T TINITIAL DERTH  FINAL DEPTH NUNBER OF
{METERS) (METERS} COUNTINGS
1.00006401 2.26D0E+Df __ _3.0397E+00 o
. 22606431 3.76DDEFQL _ 5.0092E+00 3 B
3.7600E¢01 4 0DDOE+D1 5,3707E+G0
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