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ABSTRACT
Faraday induction in a wind-driven Ekman spiral in the presence of
the earth's fixed magnetic field produces electric currents, charge accumu-’
lations, and fields., The electric field thue induced may be calculated by
analytic methods. The vertical profile of the field predicted by this result
is similar o observations by other investigators.

The electric fields induced by the motion of various surface streams

_are also calculated. The fluid current speeds which would be inferred, by

measuring and interpreting theae fielde by the method of horizontally-towed
surface electrodes {GEK), are found to be accurate for broad, shallow:
streams in deep water, but are not valid in shallow water except under
certain highly restrictive assumptions. Furthermore, shallow-water GEK
data are not uniquely invertible to fluid current information.

The vertical electric field, which may be useful for measurement of
induction in the Ekman spiral, wo uld invariably lead to accurately inferred
fluid current speeds in both deep and shallow water. However, the measure-
ment of the vertical field is considerably more difficult than that of the

horizontal field.



INTRODUCTION

Oae widely used method of measuring ocean currents is the
method of towed electrodes {(GEK)} developed by von Arx {1950} and dis-
cussed further by Longuet-Higgins, Stern,and Stommel (1954), Sanford
{1967, and several other authors. Essentially, the ocean sﬁriace
currents are deduced from the measured e.m.f.’'s which ari.sé from
Faraday induction in ocean currents in the earth's magnetié field, The
measurement is made with horizontally towed electrodes.

We present here an examination of the validity of the present '
methods used fox; deducing ocean surface currents from towed electrode
{GEK) data. Also, theoretical advantages of vertical electric potential
gradient measarements, of which there have been relatively few, are
demonstrated. The vertical electric field in an Ekman spiral is derived;
its existence may be confirmed by such vertical measurements. The

feasibility of vertical meaguremente is discussed brieily.

"EXMAN LAYER

Derivation
Stommel (1948) derived a fundamental differential equation for
the electric potential ¢:
vzqo; BV xVW (1}
where the resistivity, p, is assumed to be uniform, B is the uni-

form and conatant magnetic field vector, and W is the fluid velocity

vector. The auxiliary equation for the electric current densily, J, is

J==(Wx B-Ve) _ ()

i
P



Stormmel solved for the potential using a velocity of the form

rv' r 0 N
x
' hiJ
{Vyr = gV cos o xp
v 0
LzJ ~ P

for the upper layer above a layer at rest,
We have used the velocity in a wind-driven Ekman current

on an infinitely deep and laterally infinite ocsan to derive its induced electric

potential

we v e"2/D [sin (0 + /4 - 72/D) 1t 4 cos @+ n/4 - me/D)j ] (3)

where 2 io positive upward, i and j are the unit vectors in the x- and y-
directicrs, and 8 is the azimuth of the wind measured from the y- axis,
D is the depth of the Ekman layer, and Vo i{s the surface speed. D and
VO depend on the eddy viacosity, the earth's rotation, latitude, the s.urface
stress, and the water density,

By substituting this Ekman curreat (3) intc the fundamental
differential equation (1) and applying the boundary conditicr. at the surface

z = 0 of zero vertical electrical current,

J
)

_Lr, %1 _
0 ® p[(w xB)_ - = lzo_o @)

and the condition that ¢ = 0 as z — -<we finally obtain the solution



2V D

olx) = __5_3__ en/? [ax oin © - xz/D) + B_ cos (8 - %2 /D) ] | )
It is a feature of this solution that the vertical potential gridi-
ent everywhere balances the vertical in&uc_tion term, so the vertical electric
current dersity vanishes. Thers is :slero horizontal potential gradieat, eo the
horisvatal current denslity is everywhere equal to the horizontal component
of the induc tion divided by p. |
The sclution (5) is plotted in Figure ) and may be compue&
with Sanford's data for the Northwest Providence Channel in Figure 2¢
(Sanford, p. 40, Fig. 21). In plotting Figure 1 we assumed Sanford's values

for Vo and B.  The constants used are

v, =0.3 mfeec |

B=0.25 x10°%, wever /m? horizontal

D =55,6m.
Figure | was plotted for three é-i_'ifferent wind dirsctions., Sanford's drift-
corrected and temperafure- and salinity -corrected data show strong gradi-
ente in the first 50 m which indicates the possible influence of a fluid flow
field, perhaps an Ekman spiral. Sanford's low .resolution makas it difficult

to confirm this effect.



The strong electrochemical effects on vertical elect_rodés un-
fortunately makes it necessary to make accurate cdrrectiann. in Figure 2
Sanford has plotted the contxﬂmfion to the potential due to temperature and
salinity. His data follow the TS effects closely. The effect of motional in-
duction is actually lesa than the correction for T-S eifects. Thus vertical
electrode measurements demand very good simultaneocus hydrographic mea-
surements enabling temperature and salinity corrections. |

Bogoruv et al (1969} have alao derived an expression for the
vertical potential gradient dve to an Ekman spiral, 'I‘hﬁae authors also
point to the difficulty of resolving such a potential gradiaat tup to 10pv
per meter for a 0.2 m/sec surface current) for they used weakly polar-
izing chlcride --lead electrodes claiming an accuracy of within 1 mv.
Bogorov et alalso emphasize that in certain oceanic regions, a bio-
electric «ffect (accumulation of phytoplankton and bacteria) and an electro-
chemical effect {diffusion of iona) in additicn to the magaetohydrodynamic
effect, cuntribute to the magnitude of the electric potential.

THE ELECTRIC FIELD ASSOCIATED WITH SURFACE STREAMS

Background

In the typlcal application of the towed e]e;:trdde method, aa
discussed by Longuet-Higgins, Stern, and Stommel (1954); the signai ia
the potential difference between the two GEK electrodes plus the emf in- |
duced in the meaauripg system by its motion through the earth's magnetic

" field, Thie signal, divided by the distance separating the electrzdes, is the



apparent electric field. Under certain conditions, this hpparent electric

field 18 the product of the surface current speed, V, and the vertical mag-
netic field, The apparent velocit_:z_ is therefore the apparent electric field
divided by the vertical magaetic field. |

More generally, however, the apparent electric field is the pro-

duct of V -V and the vertical magnetic field, where V is the surface cur-
| rent speed and v i@ the vertically -averaged, conductivity -weighted current
speed. This basic principle is Approximately correct whenaver the hori-
zontal scale of the fluid current is iarge-r than its vertical scale, V.V
may thus be dotermined under this general condition by dividing the apparent
electric field by the vertical magnetic field, This'paran;etar is of intrineic
interest to the oceancugrapher, |

When Vv, itaélf, is the odject of the measurement, it tvo may
be determined under certsin conditions, If the vertica! prefile of currant
speed is of constant hha_pe throughout a region, V and V.V will have a
constant ratio, The corracted ipparent velocity is therefore determined
by multiplying the apparent velocity by this ratio, once the ratio hus becen
measured for a reglon,

An analytic solution for the electric field agsociated with surface
streams was numerically evaluated for several specific examples to illustrate
these principlen, and to evaluate the validity of surface t;:urrent speecds deter-

‘mined by GEK methodsa. These results are presented and discussed in the

ensuing sections,



A simple stream in infinitely deep watar

A numerical routine was developed for the rapid computation
of the electric field and cu:-rent denaity associated with a streamlike flow
concentrated near the surface of 2 half space. The shape of the flow ie

defined by the following parameter expression:

-2 VD(SJW)jj Wexe -8
W = V,) (1 +cecns (mx/S) exp az) - 25/W) j -5 X 8 (&)
-2V S8/W)§ . S<x < W

where fi ia the unit vector in the y-direch‘.ox;. S is the half-width of the
siream, and ZW is a dietance many times greater than S, with the stz;eam
repeating itself every ZW in the x-direction,

To solve for the electric potential, \y is first re-expressed

as 2 Fourier sum:

N
s mx .
W= lim Z a <¢ous <o ) exp faz)i ., {7)
Nwa = % ( w )

where
VOW sinnaS/W

a = (8]
A mrz(l-(nS/W)z)

In summing aumerically, N muat be substantiaily larger than
W/S. The suiutivn of the boundary value problem cbtained by substituting
(7) into differential equation (1), and applying the boundary conditions (4)

and ¢{-w)= 0, ia readily fcund toc bLe



_1’5_ an(gen:p (nwz /W) -nu /W exp(a:.])stin(nnx/W)

¢= - 2 ) *
N-a™ = o - (an/W)
N
\ lim anﬂanW)axp. (amz /W) - gexp{az)) Bx cos (nmx /W)
Nt & - an/w)

As explained above, in the typical application of the towed electrode
method the apparent speed in the y-direction of the stirface fluid motion
is taken to be the apparent horizuntal electric field divided by the verti-
cal componant of the magnetic fieid.

From (%), the appareni velocity is thereforeé

a i oz (nw/W)B _a
app _ lim R S | 'BPa _
Vh " Newo 2o a-nniW con {pmx /W) - m sininwx/Wi
n=if ' n=1i

Comparing this expression with that for the actual velocity

{7) evaluated at £ = 0, one obaerves that the first sum in (10) is identical

with the acrtual surface speod, except that each term i3 multiplied by a

factecr which will be close to unity unless the horizontal scale of the flow

(9)

{10}

bacomes comparable with the vertical scale. The gsecond, additional sum

in (10} alst will be significant only when the horizontsl scale approaches the

vertical, «r near the equatur. Within the limits of applicability of this



infinitaly deep ocean model, then, surface currents which are broad com-
pared to their depth may be studied quantitatively by the GEK, in non-equa-
torial regicns far from lateral inhomogeneities such as coast lines, This
conclusion is consistent with, and may be arrived at from, the general
principal that the apparent eleciric field is the pruduct of the V-V and

B .
z

L4

- If one were to use fixed, vefti.cally spaced electrodes, the
apparent velocity would be ﬂ;a vertical electric field divided by the hori-
zontal component of the n;a,gnetic field. According to (9).' this apparent
velocity at the surface is pr.e::isely the sa.me;.as expression (7), the actual
velocity ., Verticai eleci.:ric' field measurements, within the limits of ap- |
plicability of the infipitéiy deep lé.f:e.r‘;illy unbounded vcean rﬁodel,' can
therefore tie trahsf_or_zjncd dir e&.ly into fiuid c..u:_.'r_ent meaauremelnts.,_ even
in equatorial regions. | |

The conclusions abuve are'{liuutrated by Fig. 3. The dashed
line in each case represen;:s v;pp' 'vihile.‘ﬂxe' solid cu;-ves represent the
actual current speed, It was assumed here that g = 1/500m, W = 1000 Eni,
and Bx/Bm = i8. The hurizontal m.easureméni;h An oul; infin:.tel;-. Igiaep
"ocean' led to very accurate current inferences, with only smsll errora’

in current strength and pesition, The vertical measurements buth at the
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surface and at & depth of 500 m are exactly correct--the dashed and solid
curves are indistinguishable, However, if one were to generalize from
the conclusions reached by this simple model, serious error would result,

a2s will be shown in the following sections.

A simple stream in gshallow water
It iz of practical int.e:.rest to determine how the conclusions of
the previous section are modified by introducing into our hypothetical ocean
a_non-conducting bottom at a finite depth, Mathematically, the only change
in the problem .s that the boundary condition at z = - is repiaced by the
condition that the vertical electric current density is zero at a depth H.
As a result of the addition of a non-conducting bottom at z = -H, the

previous expression for the potential (9) ia now modified by the addition of

N an{exp(~anfW)-cxp(-aH))(desM(nnx/W)ﬂmr/W)Bxcoa(nwx/W)}c_osh(nnsz)
M= % :
n=l (@° - (ar/W)*) sinhinrH/W)

(11}

Expression (10), for the apparent velocity from horizontal measurements,
is replaced by an expression identical with (10}, except for multiplication

by a factor

| . (am/W){exp(-nvH /W) - exp(-aH
{a - ox/W) simh{nrH/

If H (total depth) is large compared with both 1/a {(current depth) and W /A

(current width}, this factor will be close to unity, and vipp will be closely
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approximatec by (10), which {8 consistent with the nature of the modification
which led to (11). Hewever, if H is small compared with i /g and for W/nR,
and not very large compared with either, v:pp in the wcean of finite depth
may differ zcngiderably from ﬂmtlin an infinitely deep "cecean', and therefore
from the actual velucity, This conciusion is coneistent with the principle relat-
ing the apparant clectric field to v-'\?,

To illustrate the effect of finite depth, the same surface stream
used in the calculaticns for Fig, 3 was re-used, this time with a nun-conduct-
ing bottum: ot a depth of 750m. The apparent velocity whizh would be irferred
from GEK mcaauremenrﬁ in this shallow water current is illuatrated in Fig, 4.
Using horizontally tcwed electrodes, the inferred current (cbviously incorrect)
is not only slightly diastorted, as in the infinitely deep cceun, dbut is reduced in
magnitade by a facter of 2.0, The'current speeds inferred frum the vertical
electric field, in contras!, are still indistinguighable frem the actual current
apeeds (in reality, there is a very small difference between the twe). The
generalizatica that cne rﬁight be témpted to draw from the results based on
the simple current model of the previvus section {y “hus iavalid, {asofar as
herizonizl measurements are t:unc-.-rn.e_d, except under the additional candi-

~ ticn that vhe current depth is 2 small fraction of the tota) depth.
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It might be reascned that the reduction vt vi-?p by & factor
(2.0, in tres case) {rom the actual veiscity does not prde 2 sericus pi.olem,
Since the effect o8 nesrly uniform across the width of the strearn, a few
irdependent measwrements :f carrent speed made concuerently with GEK
weagsurersiris can be uded to eve !.u.ate the fudge factor by which all later
dEK—infs-rrect apeeds rmay be muitiplied (0 give presumably ¢orrect cur-
rent speeds. This fudge factor is euphemistically referred to in the litera -
ture as a k-fach.r, In general, such & procedure weuld be required exceopt
where the current depth s known to be much less than the total depth., This
line «f reas:aing, sugpested by the resuits bused an the relaiively sumple
current model used here, will be se rutinized further after studysing ar ad-
diticnal corrent model in the fcllewing section, and shown tc be vaiid only
wunder furthec highly restriciivae assumptions,
A complex stream in shallew water

In th:s gecticn, we use the resulis chtained ak-.ve to find the
ciectric fisid and current densities induced Dy the retisn of twe wuprrimposed
paraliel fizws i water of 750 m deptk. The first fluw is the sarme a3 the
atrear used above.i100km wide and decaying exponentially with depth by a
factor e every 500m. The second fiow is a stream with haif the maximum
speed of the first, and the same shape as the filrst, but with a width of 25km
and a } /e depth of 50m, Its mmxiraum is lucatked on the shouider of the first

stronger, breader siream, halfway herwern itd center and ity edge.



i3

In Fig. 5, the sclid curve agan represents the actual surface
curvent speed, in this case the sum of fwo Faratiel streams. Tre danhed
iine again shows that Yricusly incorrect current which would te inferred
by horizenda) towed eiectrcdes before "correcrion’ by the k-facter. I
thu experimenisc hay access t> data from which a k-fact r mey YHYe oo -
prted, anc Maked usasl fecedfary adsumpting cuncerping the spatial
invariance of k cver lacge regi;:-ns, he wil: multiply the inferced speedd
by k o <Stain "cirrestea! infrrred speeds. Aa showr in the previcus
gsetioa, this fa. v r is 2,0 fir the stsoager, broader stream alone, The
resuiting "sorrected” Inferred speed (gtill chvicusly moorrents 8 ROW Eglven
by the i sh-dor oorve, which cverestimares the speed of the rarriw stream
vy & lavtor _2. C0,%ur corractly measuree the previcesiy kaown speed of
the broader, stronger current,

Restating these results in termy of the uriguensss prublems
familiar 1n not waty this Yranch of gecphysics: There is ne anique ¢urrent
gyaters whishk can acsiuet for the horizontzily -towed surface eluciride data
in this probiem, Indeed, there is an infinity of inversioﬁs of the data,
Three have been shuwn: {i) the actual current; (2} a current whoge gurface
speed 18 gr.{rf:-.n by the dashed curve and which decays expuonentially with depth
to i fe in much Jesa than 750 meters at all positions: and (3) s current whose
gurface speed js given by the dash-det curve and which decays exponentially

with depth to 1 fe 1n 500 meters at all positions.
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Tha tentative conziusiine based on the propecties uf the Tela-
tivesy, simple current model sivdies in the previcus geciiun are therefvre
shewn, Wy coupter-exarmgple, te e invaiid untess the vertica: ~roas-gection
¢f pelazive current apeed {relaiive ¢ the incal surface spéed) 1s independert
of horizentz : pramion. This is the Lighiy restrictive adduiional cundition
wnder which one most operate in crder ¢ validly infer carrent speed from
GEK data, The bastc principlas relating she apparent eieitrie frela o V-V
relraing ¢ naistent with this conclusion,

The vurrent that would be :nferred by rrea gorirens of the verti-
cal wlectr.c field is once again indistinguishavle frem the aciual current,

both at the surface and ata depth of 500 m.

SUMMARY AND CONCLUSIONS

1. 1 the depth f a current 18 small relative tc buth s bread:sh and the total
water depth, then the surface apeeds which weuld be inferred from the
appast e hurizonal eleciric field at the surface, which 8 rouiinely mea-
sured by horizonially towed etectrodes (CGEK), wiil be valwd,

2. 1f ihe cepih of & current becornes comparable with the trtz] water depth,
but smrall « srnpared with the h-rizonis) scale of the current, then sur-
face speeds can be uniguely inferred frem the apparent hoerizerial
elactr.c field at the surface and ar independently determired k -factor

oply i the veryical prfule of relative current speed ig fhe same acrisyd

the antire width of the current,




3.
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If the highly restrictive condition necessary fe.r the interpreation of GEK
measurements in shallow warer (Conclusion 2} is not satlisﬁe.d, the infinite
number of highly dissimilar currents which can account for the same sur -
face data will nct be resolvabdble.

Conclusions 1-3, above, are consistent with, and may alsc be derived from,
the basic principle that the appareat hurizental electr:: ficld at the surface
is equal tov the prc;duct of V-V and Bz, in any current broaa compared
wnth its depth. | | |
Current specds inferred frem the vertical electric field are always exactly
accurate near the surface, and highly accurate at great depth whenever

{he hurizonial scale of the current is much greater than the total depth.
This method may be valuable for cbserving the Ekman spirel at sea,
although exisiing dat2 are not sufficientiy accurate and unambiguous for
this purpose. Furthermcre, while the ezsily vatisfied cunditions for the
uniqueness of data inversicas are an advantage in interpreting the vertical
electric field, the practical problems in its measureinent and correction

for TS effects may at this time be a more impertant ccntra -indication.
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Fig. 2. Observed clectric potential as a function of depth.
{a} Drift-corrected potential (fom Sanford, 1967, Fig, 213,
(b} T-S correction ffrom Sanford, 1967, Fig. 213,
{c} Potentia) corrected for buth drift and T-5 effeci,
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Fig. 3. The actual {solid curve) and apparent (dashed curve) current speeds
for a broad shallow stream in deep water, The apparent cdrrent speed
has been infurred from horizontally towed surface electrodes (upper
figure}, fixed veriwcally-spaced electrodes at the surface (center
figurel and fixed vertically-gpaced cloctrodes at a depth of 500 m
dowe r tigure. ’
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Fig. 5. Same as Fig, 3 for a compléx-sfream in shallow witer; The

dash.dot curve in the uppex figure represents the inferred speed
after "correction" by a k-facior,






