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ELECTROMAGNETIC INDUCTlON JN THE EKMAN LA YRR

Eric $. Posmentier

PhDipp A. Lange
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ABSTRACT

Faraday induction in a wind-driven Ekman spiral in the presence of

the earth' s fixed magnetic field produces electric currents, charge accumu-'

lations, and fields. The electric field thus induced may be calculated by

analytic methods. The vertical profile of the fieM predicted by this result

is similar to obstsrvations by other investigators.

The electric fieMs induced by the motion of various surface streams

are also calculated. The Quid current speeds which would be inferred, by

measuring and interpreting these fields by the method of horisontaUy-towed

surface electrodes fGEK!, are found to be accurate for broad, shallow;

streams in deep water, but are not valid in shallow water except under

certain highly restrictive assumptions. Furthermore, shallow-water GZK

data are not uniquely invertible to Quid current information.

The vertical electric field, which may be useful for measurement of

induction b'i the Ekman spiral, m uld invariably lead to accurately inferred

Quid current speeds in both deep and shallow ~ster. However, the measure-

ment of the vertical fie16 is considerably mote difficult than that of the

horisontal field.



INTRODUCTION

Oae widely used method of measuring ocean currents is t' he
method of towed electrodes  GEK! developed by von Arm jl950! and dis-
cussed further by Longuet-Higgins, Stern,and Stommel  l9S4!, Sanford
 i967!, and several other authors. Essentially, the ocean surface
currents are deduced from the measured e.m. f.'s which arise from
Faraday induction in ocean currents in the earth's magnetic field. The
measurerr~nt is made with horisontally towed electrodes.

We present here an examination of the validity of the present
methods iised for deducing ocean surface currents from towed electrode
 GEKj data. Also, theoretical advantages of vertical electric potential
gradient measurements, of which there have been relatively fe~, are
demonstrated. The vertical electric field in an Elanan spiral is derived;
its existence may be confirmed by such vertical measurements. The
feasibility of vertical measurements is discussed briefly.

De r ivacion

Stommel �948! derived a fundamental differential equation for

the ele~tri~ potential P;

B.gx W2

where the resistivity, p, is assumed to be uniform, B is the uni-
form and constant magnetic field vector, and !U is the Quid velocity
vector. The amuliary equation for the electric current density, J, is



Stommel solved for the potential using a velocity of the form

V cos >x

iy = V e sin  8+ «/4 - «s/9! i + cas  8+ «/4 - «z/D! J«z/D
O

�!

where z is positive upward, i and j «re the unh vectors in the x- and y-

directions, and 8 is the azimuth of the wind measured from the y- axis.

D ia the depth of the Hcnmn layer, and V is the surface speed. D and
0

V depend on the eddy viscosity, the earth's rotation, latitude,.the surface
0

stress, and the water density,

By substituting this Zkman current �! into the fundamental

differenfzal equation  l ! and applying the boundary condit>on at the surface

z = 0 of zero vertical electrical current,

l 84
 iV xs! - � = 0

z zD p z 8z
=0

and the condition that P = 0 as z ~ -~we f~Hy' obtain the solution

for the upper layer above a layer at rest.

% e have used the velocity in a wind-driven Zkman current

on an infinitely deep and laterally infinite ocean to derive its induced electric

potentia l



Pv D
~in! = e IS ~ tn N -as/D! t 8 cos  8-vs/D! ]

2%. ~ QK y

Lt is a faatmre of this so!union that the vertical potential gradi-

ent ewerywhero ha&aces the vertical induction terxn, «o the vertical electric

current derLslty vanishes. There is sero borisontal potential gradient, so the

horkavntal c~reat density is everpvhere equa.l to 4e horiaoatal component

of the induction divided by p.

Tha ablution �! is plotted in Figure l and may be compared

vridh Sanford's data for the North~est Providence Channel in Figure Zc

 Saafotd, p. 40, Fig, Zl!. Za plott~ Figure l me assumed Sanford's values

for V and B. The constants used are
0

V = 0. 35 m/sec
0

2
8 = 0,25 x l0, ~cher/m horimonta,k

D = 55.6m.

Figure l was plotted for thre» d~dfareat +lad directions. Sanford's drift-

corracted aalu tempr-,~bee- and salinity-corrected data sho~ strong gradi-

ents ia the first 50 m which indicates the possible influeaca of a Quid Qovr

field, perhaps «a Rknaa spiral. Sanford's low resolution makes it diffk/cult

ko confkrM Shit effect



The strong electrochemical effects on vertical electrodes un-

fortunately makes it necessary to make accurate corrections. Ln Figure?

Sanford h«s plotted the contribution to the potential due to temperature and

salinity. His data follow the TS effects closely. The effect of zeotional in-

duction is «ctu«By Less than the correction for T-S effecte. Thus vertical

electrode measurements demand very good simultaneous hydrographic znea-

aurements enabling temperature and sa3 inity corrections.

Bogota'ov et al  l969! have also derived an erpreeaion for the

vertical potentiaL gradient due to «n Ekrnan spiv«L. These authors «Lao

point to Oie difficulby uf resolving such a potential gradient  up ta l Opv

per meter for «O.Z m/sec surface current! for they. used weakly po!ar-

ising chlctide --'ke«ct electrodes claiming an accur«cy of within l mv.

Bogorov et a1 also emphasise that in certain oceanic regions, a bio-

electric «Qect  accumulation of phytoplankten and bacteria l and an electro-

chemic«L effect  diffusion of tons! ia, addi.ticn to the magnetobydrodyn«mic

effect, contribute to the magnitude af the eLectric potenti«L.

THE Kl KCTRLC FIELD ASSOCIATED VKTH SURFACE STREAMS

Back g round

Ln Qte typical application of the towed ejectrode method, as

discussed by Longuet-Hilggins, Stern, and Stommel {1954!, the signal is

the potent:i«L difference between the two GZK electrodes plus the elf in-

duced in the measuring system by its motion through the earth's magnetic

field. This signal, divided by the distance separating the electrodes, is the



~a~rent electric field. Under certain coed ilioas, this apparent electric

field is the product of the surface current speed, V, and the vertical xnag-
netkc field, The~alpRR'ont ve1o~ci 14 therefore the apparent electric field
divided by the vert ical magnetic fkeM.

More generaQy, however, the apparent electric fieM is the pro-
duct of V - V and the vertical magnetic field, where V is the surface cur-
rent speed ancl V is the vertically-averaged, conductivity-weighted current
speed. 'Ibis 4e,sic principle is approxbnatsly correct whenever the hori-
«ontal scale of the fluid current is Larger than its vertical scale. V - V

may thus be determined under this general condition by dividing the apparent
electric Held k~ the vertical magnetic field. This parameter is of intrinsic
interest to the oceanographer.

%Peen V, itself, is the object of the measurement, it t~ may
be determined under cerfsin conditions. 8 the vertical profile ef current
speed is of constant i%ape throughout a region, V and V - V will have a

consta.nt ratio. The corrected a~irent valo~ci g is therefore determined

by tnuitiplying Se apparent velocity by this ratio, once the ratio ha a been
measured for a region.

An analytic solution for the electric field associated with surface

streams was numerically evaluated for several specific examples to iBustrate
these principles, and to evaluate the validity of surface current speeds deter-
mined by GEK methods. These results are presented and discussed in the
ensuing sections.



A sixnple stream in infiniteEy deep water

A numerical routine was developed for the rapid computation

of the electric field and current density associated with a streamlike flam

concentrated near the surface of a half space. The shape of the Qaw ks

defined by the fallowing parameter expr ession;

-Z V tS/W! j -%'< xc -S

~,y = V'  i + cos {mx/S! exp az! - ZS/W! j W «x -.S

-Z V  S/W! 1 S x <W

*s a F our e'er s um..

N

Iim a cos exp  ez! j
a

N a
n=!

where

V W sinneS/%'
0

2
nm � - nS /W! !

Z {8!

Ln. summing numerically, N must be subatanth,iiy larger than

%'/S, The s>iution cf &e boundary va!ue problem cbtaiaed by subst>tuting

�} into difA'rentia1 equatk n �!, and applying the boundary conditions �!

and $ -~! = 0, is readily found to be

where j is the unit. vector in %e y-direction. S is the half-widtt of the

stream, and ZW ia a distance many times greater than S, with the stream

repeating itself every ZW ia the "-direction.

To Halve for the eLectric potential, !g is first re-expressed



a  g~p  nvz/W! - ne/W eacp  gz!! 8 sin  atilt./4'!N

1 im n z

z
N

x'=: l
-  nm/%!

a   nm/W! exp  nmz/%'! -oexp gz jj 8 cos  n~/W!

Z Z
O -  as/W!

1 1 Ill

N � ~
n= 1

As explained above, in the typica't application of the towed electrode

raeihod the apparent speed in the y-direction of the surface fluid motion

is taken to 'oe the apparent horizontal electric field divided by the verti-

cal componsnt of the magnetic field.

Frown  '», the apparent velocity is therefor*:
N

ca  n+/W! B a
CCS {nba/W'! - > W. sinlnmx/Wig-n~iVf 8 a- nor W>"z

N

app lirn
h N-m

n=1

Comparing this expression with that for th». actual velocity

�! evaluated at z = 0, one observes that the first sum in �0! is identical

with the acmal surface speed, except that each term is multiplied by a

factor which will b~ close to unity unless the horizontal scale of the Row

becomes comparable with the vertical scale. The second, additional sum

in �0! alsc wQ1 be s gnificant only when the hc rizontal scale approaches &e

vertical, or near the equator. Within the limits of applicability of this



infinitely deep ocean mcdel, @en, surface currents wh''ch are broad carn-

pazed ta their depth may be studied quantitatively by the GEK, in non-equa-

torial regicns far from lateral inhornogeneit''es such ae coast lines. This

conclusion is consistent ~ith, and may be arrived at from, the general

principal that the apparent e}ec,ric fieM is the prcWct of the V-V and

Lf one were to use fixed, vertically spaced electrodes, the

apparent velocity would be the vertical electric field divided by the hori-

zontal component of the magnetic field. According to  9!, this apparent

veiocity «t the surface i» precisely the sarre «s expr essien  ".!,, the actual

velocity. Vertical electric field me surements, withe the limit~ of ap-

plicabxiiiy of the infinitely deep la.tera?ly unbounded ocean model, can

there&.ra ba transformed directly into f'uid current measurements, even

aqua,torial rag'c ns.

The conclusions ab;va are illustrated by F'g, 5. The dashed

line in aac:4 case represents Vh, whUe the solid curves represent theapp

actual current speed, It was assumed here that o = l /500 m, W' = l000 km,

and B /8 = l8. The horizontal. measurements,in our infin:.teiy deep
x, z

"ocean" led to vary accurate currant inferences, with only smail errors

in curr ent strength and position. The vertical znes.surernents bc th at the



io

surface and at a dcyth of 500 m are exactly correct--the dashed and solid

curves are indistinguishab4. However, if one were to general!ac from

the conclusions reached by this simple model, serious error would result,

as will be shown in the foQowjng sections.

A simple stream in shanow water

It is of practical interest to determine how the conclusions of

the previous section are modified by in/ roducing into our hypothetical ocean

a non-conducting bol:tom at a finite depth. Mathematically, the only change

in the problem;Ls that the boundary condition at s = -~ is replaced by the

condition that the vertical electric current density is sero at a depth H.

As a result of the addition of a non-conducting bottom at s � Hy the

previous expression & r the potential  9! is now modified by the addition of

N a  exp -neHW!-c:xp -eH!!�.9 s& next!+ ne/W!B cos nexhV!cosgn~ahV!
B C X

 o -  m/%! ! sM n~H/'g!

Expression  iG!, for the apparent velocity from horizontal measuremcnts,

is replaced by an expression icientical with  i0!, except for multiplication

by a factor

If H  total dept'! is large compared, with both 1/a  current depth! and Vfke

 current width!, this factor wkH be close to unity, and Vhp wiH be closely>pp



appreocimatee. by  LO!, which is consistent with the nature of the mcdificatirn

which led to i.'l l!. However, if H is smaU compared with i /~ and jar V/nR.

and not very !arge cor. pared with either V in the ocean rf finite depthJ

may differ cnsid~rabiy from that in an ini'nit@ay deep "c;cean", and therefore

from the actva1 velocity, This conciusion is consistent with the principle relat-

ing ~e apparent electric field to V-V.

To illustrate the effect of finite c}epfh, the same surya< e stream

used in the c~~lcu>atfcns for Fig, .3 was re-used, this time; with a n~n-conduct-

ing bottorr= ~t a depth of 750rri. The apparent vel~ci..y wh:..h wc'uld be inferred

from GEK m~~surernents in this aha!'Luw water iwrrent is illustrated in Fig. 4.

Us&g horixon>wily tcwed electr~des, tne inferred current {obviously incorrect!

is not only sbght]y distorted, as in the infinitely deep ocean, but is reduced in

magnitude by a factcr of 2.0. The current speeds inferred fr'.m %e vert-cal

electric fie.'d, in c-'>sitrasl, are still «ndistingu<shable from t'lie actual current

speeds  in rea!ity, there is a very small differ~wce be~can the twc!. The

generakiz t'.oia that one might be tempted to draw from the result s based on

the simple current model af the previous section '.s +us inva'M, .'<sofar as

horixon&1 rr.c asur emente are concerned, except under the additional condi-

ticn thar;he current depth is a small fractkrn of the total depth.



Lx xr~.'.ghtbe ress~.r.ed that the red~cticn ~i' V ~y a fa;torapp

 Z. 0,. in t".:s;as«} fr. x-..* the actua.' vei",~crt;. d..es a~-. pose a ser.'.cus p..b!exo.

Si"ce C>~ ef.'ac~:s nc-.=rly ~iform acr >so fN~ width ..f the str ear., a few

ij..depende:..t r'.ieasvrements;f current speed made "cnuvrre ',:ly w;t. GEK

xreasvrer",.=r~s ian be used tu evs.luate '.he f~ dye b,cx r M w3..'.c.s aI' later

GZK-.'r f~rrea speeds rray be meit.;.piied j~ g.'ve Z resumab.'y. correct mur-

ray t speeds..Th s fx',dge factor is eaphetxiisticaily refer red t' in. the '.itex'a-

h.re as a k-far.ii.r. La general, su h a. prccedove wcvM be r«quired accost

where the -'u:."r~nr, depth::.s known tv be rm<h!ass 9.ar. the to'.ak dep'.~. This

3.ine f re>s;..wg, s~gtIested by t'h~ rc si;its base8 ' n the rema ".'.ve'y simple

currert xr:<..d~.l ~eed here, will be scr" t:ra>led fgr~her aft*r study-'rg ar' ad-

dit;c nal <errant rn.,del:n the fc,Orw!xg sec'=i;rr., and sh wI tc 'be va:id only

+ader b.r~h» r highly .rest. itive. asslxmpt-;ovs,

A c ''rr..~le.x s..ra-err. ir. shai7~.w voter

Tr. 9:s secti n, we use tNe . as@its r.%tain.ed a~:..ve t- fmd the

c:,iectr~c f;~id and ci;rr~. t densities in'" . ed by the m~ti-..e cf t wc si.pi r;:xrpvsed

paralyze-.> fi:;ws u'. water cf 750xx'. dept.. The first flew is & sara+ as the

stream used aha,;ve-100>xr.. wt.de and decay'in9 exp~ner.gaia'.!,y x". h dip;h by a

factor e e~ery 500m. The second flow is a stxeam v'i' haH the rr~xirniim

speed vf t.". e fir sf,, and the same shape as the fi.rst., but w."! 4 a widt> . f ? 5 kxxi
and a f/e dept> of 50m. Its ~x;r �r,. is i~cats-.d .-.n. t~e sh,.a!dc.r ~f 9.e first

str;nba-r., br~'ader strearri, halfway berweer .s "er.!'er ~nd -'::s edg».



L".:F';~. 5, t e scl|d curve. a~am repress'.".is 'Ke. ac+@a! shitface

ntrrer.t speed, s. aliis case the sow vf twt- garaQel stre-ms. 7" e dash'

live at,a iL= shrtws eba'.,:.>r zitnusly ir .sr re- t eg. rent q'>.; '~ w..caid bd; uJ'err ed

by hor.'zcr!~ l "'~red 0 intr.0des bef."r e "carr act.".r A" by. tJr, i' -fa-.t: re U

the caper:me~'. r +a~ access t= da% frit. orhigh a k -fac  r my be c~srr.-

pY't~t m.i6 1 ~Re-.W 'Lt.~ wc@;688ki~' Ads'szIY}pt -; A8 c' Pce "P.:rg &0 «p4'~J

irrvax'i net; r.,f k:v:ir Ia'rgb: IegQLs, 'he wd.' macr'p4y ate '+fer f 0..c spe<H

;Qv&,.X: 'C:: s". 0. -f ~'' " d.!'rM htpeeC}8, AS ShCPVn W t+e pre~"!- aS5

sect.=.. e, f"..'.s {a. r'r;:s 2.0 Sttr h%e. s"..",:.ager, brmder st'earn a.'cue. The

resu3f: J y "-'v xeet0d" 'nferred spa-:-ed <s,.'"t -:-bv+' sky .~-r rre;",,t .is nc w given,

by &~ d=~ s'"-et t .. rx e, w.".ac:5 ever estz.+"..0-.00 otic speed .-f the rArr-:w ~tr~~m

vy a ia0, t~nt ..f Z, 0,'"~.. r:-, sr~;CI.y. m~sor0 s ~e pre;i.i.. sjy 'r~;.wn ay~ed;;f

the br.',eadd c, sf,:..-..4 er ~ rent.

R0 statmg iaese results fa terx s ~..f. 8000 ur".'q~e.".~ss prt.b1eras

famBwr ~n.". t n.y this bran<.-b:>f ge".physi s: There is nc. '~n-.'q'.e cwrreat

syster,. wh: ., �-..an ~t -.wi f-"r th» hirtsor hLky-t~wsd surface eI0tcfr::de data

:n &is prtpb.'err., I.",.dp'ed, there is an infin:fy of irversi~ns ~f the data,

Three have beer s'hewn:  i ! fhe ac Ma! = mrrer.t;  Zl a err rent +hose st rfa=:e

speed zs given by the dashed curv~ and which decays ~pt..r.er.tia!|y with depth

to i re in mech iess titan 750 meters at a!i hoaitxot'.a; and i' t! a err cwsnhtose

surface speed s given by the dash-dot curve and chid. decays expunentiaHy

wsih dep6. 'lu t/r rn 500 meters at aii positions.



Th> tenfat.;.Ye'. cc'n".1v 51:n8 based ~n the pr e.pelf".~s !'f foie. 1'84k-

t:~e.'y s..xnan.e. c~rxerf. rr del aivdf~N >~ the previiwa seA;f jc:n are 9:eref~xe
sh- wn, by .;-.'anf: r -e~mpfe., to be;rvaiui vrleess the vext:. ai . '.Bd Beef,! n
<�-f ra..la:;~"e! ci.:re..~ ape e d  re ia;..~;e t- f.he' -'-'.-ca' surface speed!:s:-'nd.pende-'t
vf h~.r!z~n.» ' y".a:;:.rn. T}:fs kv Ae htgh'!y restraint:ee add'.f.;:, ~ah c'-rd'-tie
unde:x wh:.<h one- est cepe'rate m;xder .- n i.did irfer;,~rT4.rf sge'ed fx..m

The ha~'o pr'.nc:p!~ relating, =1:e apparent eie=tr:.~ f:.e'.ef !;; V-~'
GKK da'.a,

xc-r. ~ ns c ..-:s;a-.en:. m.".A f;h a;"r.cia~''c:n.
The:-arrant ~t wc>d be .nfe-.xr ed by x ease..-f".;en-.. e f the ver'L'x-

cal e'le~'.: c f'.'end =s 'nce sgam ir.d.sta:gefshaMe fxvxn t%» ac-.wa.:current,
both ar. the aux fa~ e aj.d af; a deeps'h of 50G xn.

SUMMARY AND CONCLUSIONS

appai rn'., h..:r'.zcnfaf elec'.:ric field at &e svrfac e.-, w'hfcb:a r~+"nely xnea-
shred by her z~n'..afiy freed e}ee;trcdes  GKK!, w:.L! be iolvd.

2. U fusee ceps.. cf o" iutre,rf: be;comes ccxrparabIe w;.fa~ the f~.fa3 water depth,
buf, corral; e -xrpared wiQ' k~e h r'zonal ee -ale of' Q.e c'-'r. en'.:, &en s~-
fge e spePds ccen >. e vIkeg&gly 'x fE rx ~g f Te,',xx| gee apnea%+~+ �'r zc r '~j
eJ~ctr'.c fie'ld at;ke serfae:e, and an inde pendenf'y dele-,re'.x eo 4-factor
~h! .:! ':!:". vr..L. a! t!BI:. L.! re]1!; ICcilrreei S ~ed:s .9-.«shirr~, bcNsS

1. lf th» d.;pfh e f a c~rxerX x8 sxxaa.'! r e/atfve te b~th its br wd:ff *nd the total
water deaf>, >3:en the surface speeds which wield be nferxed from the



3. !f fhe highly restrictive condition necessary ft'.r the inter preation af GEK
measurements in shallow water  Conclusion Z! is not satisfied, the infinite

nor.ber of highly dissimilar currents which can account for i%e same sur-

face data will nct be r esalvable.

4. Conclustons L-3, above, are consistent with, and may also be derived from,

the bas .c principle that' the appar ent horizontal electr>: fieM at the surface

is eclual tv the product of V-V and 8, in any current broad coxnpared

with its dup'.h.

5. Current speeds mferred fram the vertical electric field are always eKactly

accurat» near the surface, and highly accurate at gaea. dep'h whenever

the her; ron<a! sc.ale if the current is much greater than the total depth.

This xnethod rrs y be valuable fo". observing the Kkxran spiral at sea,

although existing data as'e r.at sufitcient'.y accurate and unatnb.guous for

this purpose. FurQ.errnore, while the e~si]y satisfied ct nditions for the

uniqueness of data inversions are an advantage in interpretrng the vertical

electric field, the practical problems in its xneasurement and correction

for T4 effects raay at this tbne be a more important centra -indication.
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Fig, ?. 0'bserved e!e rtxic pote.ntia1 aa a fun';tiov of elepth.
la} Diift-corrected potential  fom Sanford, <967, Fig. Zl;-.
 b! T-S corre c tiom ffrom Samforci, >967, Fig. 214.
 <.I Pote mtia! corrected for both driEt aud T-S effeot..
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Fig. ~. Th~ actual jso3icf <urve! and apparent  dashed curie! current speeels

f'<ir a breiad shallo~ stream im deep ~ater. The apparent i;errent speed
has been infe-rred from horirontalky towed surface eiectrodus  upper
figure !, fixe d v< r ic-any-spaced e}e r trode.s at the surface  c~ntcr
figure> and fi~"8 vc.rtical!y-space'd i.}uvt rod<es at a depth <if '500 m
~ lid%'e. r tiglil'~ ~ ~
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Fig. S. Same as Fig. 3 for a <.ompiex stream in shaljow water. Thedash-dot <;us-ve: in fhv upper figure represents the inferred speed
«ate r. "correction" by a k-factor.




