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An acoustic scattering model for stratification interfaces

Elizabeth Weidnera) and Thomas C. Weber
Center for Coastal and Ocean Mapping, University of New Hampshire, 24 Colovos Road, Durham, New Hampshire 03824, USA

ABSTRACT:
Stable fluid bodies, such as the ocean and atmosphere, are composed of a series of increasingly dense layers, defined

by density stratification interfaces in which the medium properties (e.g., temperature, salinity) change. The intensity

of the stratification between the layers influences the internal mixing dynamics and entrainment, facilitating the

transport of dissolved constituents within the fluid medium. Acoustic systems offer the means for high resolution

observations of these interfaces, which allow for continuous data collection over broad spatial scales. Here, a one-

dimensional acoustic scattering model is presented for predicting acoustic backscatter from stratification interfaces,

which is widely applicable to the acoustic water column data collected with ship-mounted sonars. Model predictions

based on hydrographic profiles suggest that in many oceanic cases, the density gradient perturbations can be disre-

garded, and sound speed perturbations alone drive the majority of the acoustic scattering. A frequency-dependent

scattering intensity based on the sharpness of the stratification interface is predicted by the model, suggesting a path

to remote estimations of the physical medium properties through broadband acoustic inversion.
VC 2021 Acoustical Society of America. https://doi.org/10.1121/10.0009011
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I. INTRODUCTION

Stable fluid bodies, such as the atmosphere and much of

the ocean, are composed of a series of increasingly dense

layers, defined by density stratification interfaces where the

medium properties (e.g., temperature, salinity) change. The

intensity of the stratification interfaces between the water

column layers influences the internal mixing dynamics and

entrainment (Cronin et al., 2013; Qiu et al., 2004), facilitat-

ing the transport of dissolved constituents, such as nutrients

(Fu et al., 2016), heat (de Lavergne et al., 2014), oxygen

(Keeling et al., 2010; Breitburg et al., 2018), pollutants, and

carbon (DeVries et al., 2017), over the vertical scales, rang-

ing from microstructure to full ocean depth (Li et al., 2020).

The upper ocean stratification has been altered by human-

induced climate change through increasing sea surface tem-

peratures (Rhein et al., 2013; Cabr�e et al., 2015; Moore

et al., 2018; Yamaguchi and Suga, 2019; Li et al., 2020),

modification of storm patterns (Marsooli et al., 2019), and

larger river runoff (Graham, 2004). Quantifying the ocean

stratification with high vertical resolution and across large

areas is a necessary part of understanding the ocean, includ-

ing its response to climate change.

Sonars (active acoustic systems) offer the opportunity

for nonintrusive, synoptic observations of the water column,

allowing for continuous, high resolution monitoring of the

region over a broad spatial scale. High frequency (>10 kHz)

acoustic systems have been used to collect informative data-

sets on the water column phenomena such as internal waves

(Proni and Apel, 1975; Farmer and Smith, 1980; Sandstrom

et al., 1989; Orr et al., 2000), the zooplankton community

composition (Holliday and Pieper, 1995; Medwin and Clay,

1998), and a turbulence-induced oceanic microstructure

(Munk and Garrett, 1973; Proni and Apel, 1975; Goodman

and Kemp, 1981; Thorpe and Brubaker, 1983; Goodman,

1990; Seim et al., 1995; Lavery et al., 2003). The acoustic

observations of stratification interfaces have been reported

for decades (e.g., Barraclough et al., 1969; Fisher and

Squier, 1975; Penrose and Beer, 1981; Holbrook et al.,
2003). The recent studies with calibrated broadband acoustic

systems have unequivocally linked the scattering observed

at the stratification interface to changes in the water column

density and sound speed (Stranne et al., 2017; Stranne et al.,
2018; Weidner et al., 2020). These studies have modeled

the regions stratification as slightly rough surfaces and the

inversion of these models has provided estimates of the

stratification intensity (Shibley et al., 2020). Although pre-

dicting the scattering from discrete layers is straightforward,

through the use of the simple reflection coefficients (e.g.,

Kinsler et al., 1999), when this same theory is applied to

smooth gradients, it predicts no reflections.

Here, we present a model for describing the scattering

from smooth stratification interfaces (e.g., no discontinuities

in the first, second, etc. derivatives), which incorporates the

characteristic scale of the interface as well as the frequency

at which the interface is ensonified. The model, derived in

Sec. II A, is based on the weak scattering model initially

developed to describe the scattering from random perturba-

tions in medium density and compressibility (Morse and

Ingard, 1968), which is not specific to ocean stratification

and could be applied in other cases for the scattering from
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perturbations in weakly scattering media such as a turbulent

oceanic microstructure or atmospheric turbulence-induced

scattering of the electromagnetic waves (Morse and Ingard,

1968; Lavery et al., 2003). The assumptions specific to oce-

anic stratification conditions are discussed in Sec. II B,

where the importance of the acoustic forcing terms in the

expression for the scattered pressure are defined for particu-

lar ocean environments. The final model expression is given

in term of changes in the acoustic wave number (k), a func-

tion of the medium bulk modulus and density, to facilitate

its application to ocean stratification interfaces.

II. SCATTERING FROM OCEANIC STRATIFICATION
INTERFACES

In the following derivation of the model for the scattered

pressure (ps) from the stratification interface, we assume that the

range (r) to the region of stratification is far from the source/

receiver. Additionally, we assume that the stratification interface

varies only in the r-direction. The result is an incident pressure

wave (pi), which appears locally planar, and a one-dimensional

acoustic scattering model, a common approach for the scattering

from discrete layers (e.g., Lavery and Ross, 2007).

A. Weak scattering by stratification interfaces

Consider a sound wave traveling through a fluid

medium with a background density (q0) and bulk modulus

(b0), which encounters a region of stratification at some

range (rd). The region of stratification is defined by a

medium density (qe) and bulk modulus (be), differing from

the background values such that qe ¼ q0 þ dq and be ¼ b0

þdb (Fig. 1). These changes in the medium density and

compressibility are assumed to be small compared to the

background values such that dq=q0 � 1 and db=b0 � 1.

The sound wave will be scattered from the changes in

the medium arising from the stratification interface, and the

nature of the scattered pressure can be described by the one-

dimensional acoustic wave equation. Following steps that

are similar to those outlined in Morse and Ingard (1968), we

obtain an expression for the one-dimensional forced,

reduced wave equation,

d2

dr2
pT rð Þ þ k0

2pT rð Þ ¼ �dk
2pT rð Þ þ 1

q0 þ dq

ddq

dr

d

dr
pT rð Þ;

(1)

where pT rð Þ is the total pressure, and k0 is the acoustic wave

number of the background medium, a function of the

angular frequency (x) and speed of sound (c) ðk ¼ x=c
¼ x=

ffiffiffiffiffiffiffiffi
b=q

p
Þ. dk

2 is the total change in the squared acoustic

wave number, arising from the stratification structure, which

is defined as

d2
k ¼ 2k0Dk þ Dk2; (2)

where Dk represents the change in the acoustic wave num-

ber between the background and stratification structure. A

full derivation for Eq. (1) can be found in the Appendix.

Given that the changes in the medium density and bulk

modulus are small compared to the background values, we

assume a weakly scattering medium, where the Born

approximation is valid, and define our complete model for

the scattered pressure as

ps rð Þ ¼
ð
�d2

kpi r0ð Þ þ 1

q0 þ dq

ddq

dr0
d

dr0
pi r0ð Þ

� �
G rjr0
� �

dr0;

(3)

where r0 is the range over the distributed source of scatter-

ing, in this case, the stratification structure, pi is the incident

pressure, ps is the scattered pressure, and Green’s function is

defined for the one-dimensional wave as

G rjr0
� �

¼ j

2k0

e�jk0jr�r0 j: (4)

B. Application to oceanic stratification structure

The scattered pressure defined in Eq. (3) is a function

of two forcing terms, �d2
kpi r0ð Þ and ð1=q0 þ dqÞðddq=

drÞðd=drÞpi r0ð Þ, which we will refer to as the sound speed

forcing term and density gradient forcing term, respectively.

The sound speed forcing term is defined by changes in

acoustic wave number which, as noted previously, arises

from changes in medium sound speed. Sound speed, a func-

tion of density and bulk modulus, is a commonly measured

parameter in oceanography. The density gradient term is

defined during the derivation of Eq. (1) when taking the

divergence of the force equation, often referred to as the

dipole term (see Morse and Ingard, 1968). The relative

importance of these terms for the scattered pressure for a

specific stratification interface will be defined by the envi-

ronmental conditions unique to that location, specifically the

local temperature, salinity, and their gradients over the strat-

ification interface. The ratio of the forcing terms, fcq,

describes their relative importance to the scattered pressure

FIG. 1. The scattering geometry for a

one-dimensional, far field, backscattering

system, where an incident plane wave

scatters from a region of stratification

interface composed of changes in the den-

sity and bulk modulus. The profiles of the

system density and bulk modulus along

the vector r are shown. The stratification

interface is centered at position r ¼ rd .

4354 J. Acoust. Soc. Am. 150 (6), December 2021 Elizabeth Weidner and Thomas C. Weber

https://doi.org/10.1121/10.0009011

https://doi.org/10.1121/10.0009011


and can be explored for different ocean stratification condi-

tions by evaluating

fcq ¼ d2
k

�
k0

1

q0 þ dq

ddq

dr

� 	

¼ 2k0Dk þ Dk2
� ��

k0

1

q0 þ dq

ddq

dr

� 	
; (5)

where k0 ¼ x=c0, Dk ¼ x=c0 � x=ce, and pi rð Þ is assumed

to be of the form P0e�jk0r, such that ðd=drÞpi rð Þ
¼ �jk0pi rð Þ. The magnitude of Eq. (5) provides the means

to evaluate the relative importance of these two terms on the

scattered pressure.

To predict the relative importance of the perturbations

in the sound speed and density gradients for the different

oceanic conditions, five locations with strong, discrete

stratification interfaces were identified from the literature

(Table I): thermohaline staircase steps in the western tropi-

cal Atlantic (THSC-Tropics; Schmitt et al., 2005), the Baltic

Sea (THSC-Baltic; Weidner et al., 2020), and the Arctic

Ocean (THSC-Arctic; Stranne et al., 2017), as well as the

base of the mixed layer in the Baltic Sea (BML-Baltic;

Weidner et al., 2020) and the interface between a surface

glacial meltwater layer and Fjord water in a high-latitude

fjord (SGML-Fjord; Jakobsson et al., 2014; Jakobsson et al.,
2020). These locations are regions in which the medium

density and sound speed rapidly change because of intense

stratification interfaces and are, therefore, likely candidates

for strong acoustic scattering and model evaluation. They do

not represent all of the cases of the oceanic stratification

structure or the end member cases. The temperature and

salinity gradients and the depth extent of the stratification

interface reported in the literature for the test cases were

used to calculate the environmental and perturbation densi-

ties and sound speed values using the Gibbs-SeaWater

(GSW) Oceanographic Toolbox for MATLAB 2020a,1 and

those values were used to inform the forcing terms described

in Eq. (5). Using the values from the literature, the relative

importance of the forcing terms was computed for the five

stratification test cases (Table I).

The sound speed forcing term dominates in almost all

of the cases, and the relative impact of this term increases

with the increasing frequency. In the lowest frequency

example (f0 ¼ 1 kHz), for all of the environmental test cases

except the surface glacial meltwater layer, the sound speed

term is at least an order of magnitude greater than the den-

sity gradient forcing term. The only location where the mag-

nitude of the density gradient term approaches that of the

sound speed term is in the high-latitude fjord system, where

a fresh layer of glacial meltwater sits atop the salty fjord

water. There is minimal temperature contrast in this system,

which is the stratification structure driven almost entirely by

the salinity gradient; in this case, the two forcing terms

approach each other in relative importance at low frequen-

cies (<10 kHz). Nevertheless, the results suggest that the

model for the scattered pressure [Eq. (3)] from the oceanic

stratification interfaces can often be simplified by ignoring

the contribution from the density gradient forcing term. This

simplification breaks down in regions where there is strong,

salinity-driven stratification and the frequencies of ensonifi-

cation are low.

In addition to disregarding the density gradient forcing

term, we can further simplify the model by ignoring the con-

tribution in the sound speed forcing term from Dk2. The rel-

ative importance of the two terms in the sound speed forcing

term can be compared with the ratio

fk ¼ 2k0Dk=Dk2: (6)

The ratio, fk, was evaluated for all of the test cases (Table I)

and in all of the cases, the Dk2 term was several orders of

magnitude smaller than the 2k0Dk term. By ignoring the

contributions to the scattered pressure from the density gra-

dient forcing term and dropping Dk2 from the sound speed

forcing term, the model for the scattered pressure measured

at the receiver can be simplified to

ps r ¼ 0ð Þ ¼ �j

ð
P0e�2jkr0Dkdr0; (7)

where P0 is the amplitude of the incident wave, the propaga-

tion direction of Green’s function is written assuming

r > r0, which would be the case for the backscatter, and the

scattered pressure is measured at the source/receiver posi-

tion (r ¼ 0). The integral in Eq. (7) is the spatial Fourier

transform of the disturbance, Dk, at half-wavelength scales

as would be appropriate for the backscatter (i.e., the Bragg

wave number), similar to that in previous work (e.g.,

Oeschger and Goodman, 1995).

Equation (7) is widely applicable to the horizontally flat

regions of the sound speed change such as those in the oce-

anic echo sounding datasets from hull-mounted systems, in

TABLE I. The relative importance of the forcing terms in Eqs. (5) and 6 was determined from the fluid medium values for the temperature and salinity gra-

dients (rT; � C=m; rS; PSU=m), vertical extent of the stratification structure, Dz mð Þ, and environmental and stratification density (q0; qe) and sound speed

(c0; ce) values. fcq was computed using an acoustic frequency range of 1–500 kHz; the first value reported for fcq is for the 1 kHz case and the second value

reported is for the 500 kHz case.

Case ID rT rS Dz q0 qe c0 ce fcq fk

THSC-Tropics 0.3 1.1 2 1029.6 1030.0 1488.2 1489.9 49.6/2.48e4 1.75e3

THSC-Baltic 1.15 1 1.3 1006.5 1008.8 1429.6 1437.7 28.3/1.42e4 354

THSC-Arctic 0.25 0.07 0.2 1028.1 1028.2 1442.7 1444.0 16.1/8.07e3 2.22e3

BML-Baltic 0.4 �0.25 1 1014.1 1013.9 1452.7 1454.0 39.2/1.96e4 2.24e3

SGML-Fjord 2.9 31.8 0.5 1001.6 1027.0 1421.2 1450.0 3.59/1.79e3 101
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which the stratification interface is far from the projector/

receiver and has minimal spatial variability relative to the

ensonified area. However, in regions with strong salinity-

driven stratification, such as estuaries or high-latitude fjords,

neglecting the density gradient forcing term may lead to an

underestimation of the scattering strength especially at low

frequencies, and fcp should be revisited in these cases.

III. DEFINING AN IDEALIZED DK PROFILE

To evaluate the model for the scattered pressure derived

in Sec. II, the position and extent of the stratification inter-

face relative to the acoustic projector/receiver must be

defined. Additionally, the sound speed profile across the

stratification interface as a function of the range from the

projector/receiver should be defined to evaluate the Dk term

in the integral of Eq. (7). The individual stratification inter-

faces in much of the Earth’s oceans can be approximated as

two-layer stratifications such as those illustrated in Fig. 1, in

which a well-mixed upper layer is separated from a denser,

homogeneous bottom layer by a thin region (Wessels and

Hutter 1996; Michallet and Ivey, 1999). Taking into account

the molecular diffusivity of the temperature and salinity, the

structure would be a smooth interface between the two well-

mixed bodies of water. Previous experiments have approxi-

mated the two-layer density distributions by a hyperbolic

tangent profile (Troy and Koseff, 2005) and an error func-

tion profile (Thorpe 1971). Here, we describe the smooth

stratification interface solely in terms of Dk with an inverse

tangent functional form given as

Dk ¼ x
c0 � ce

c0ce

1

2
þ 1

p
tan�1 a r � rdð Þð Þ

� �
; (8)

where a defines the sharpness of the interface (i.e., the magni-

tude of the gradient between the layers). Equation (8) can used

to evaluate the right-hand side of Eq. (7) to determine the scat-

tered wave from the interface centered at rd. Neglecting the

non-propagating term, this results in the expression

psðrÞ ¼ �
jx
p

c0 � ce

c0ce

ð
P0e�2jkr0 tan�1 a r � rdð Þð Þdr0: (9)

Equation (9) is the Fourier transform of the inverse tangent

function and simplifies to

ps r ¼ 0ð Þ ¼ �P0

c0 � ce

2c0

e�j2k=aje�2jkrd : (10)

Equation (10) represents a frequency domain solution, and

assuming that the incident wave can be represented by the

Fourier transform pair p0 $ P0, the scattered wave in the

time domain is given by

ps t; r ¼ 0ð Þ ¼ � c0 � ce

2c0

ð
P0e�j2k=aje�2jkrd ej2pftdf : (11)

In the limit a!1, the interface approaches the form of

a discrete layer, the inverse tangent in Eq. (8) approaches

p/2, the exponentially decaying term in Eqs. (10) and (11)

approaches unity, and the expression for the scattered pres-

sure becomes

ps t; r ¼ 0ð Þ ¼ � c0 � ce

2c0

ð
P0e�2jkrd ej2pftdf : (12)

The resulting integral in Eq. (11) is a delayed version of the

source waveform, where the delay is twice the distance to

the sound speed anomaly, 2rd=c. The magnitude of the

expression, ðc0 � ceÞ=2c0; is (to a good approximation) the

reflection coefficient in the case where the density gradient

term is negligible.

A. Frequency dependence of the scattered pressure

Equation (10) can be rearranged to give a reflection

coefficient, R ¼ ps=P0; whose amplitude is

jRj ¼ jce � c0j
2c0

e�j2k=aj: (13)

Equation (13) establishes a relationship between the sharp-

ness of the interface (i.e., the magnitude of the gradient

between the layers) and the frequency. If, for example, the

intent is to find a frequency for which the difference in

reflection between a discontinuous boundary (a ¼ 1) and a

smooth boundary, such as that shown in Fig. 1, is 0.05 (5%),

then

2k

a
� 0:05 (14)

or

f0 � 0:05
c

4p
a: (15)

Further, note that �95% of the change between c0 and

ce in Eq. (8) occurs for �25=a < r < 25=a. Using this as a

measure of the width (L) of the stratification interface (see

Fig. 1), Eq. (15) becomes

f0 � 0:05
c0

4p
50

L
� 0:2

c0

L
: (16)

Thus, to treat a smooth step such as that described by Eq.

(8) as a sharp discontinuity, the gradient should have a spa-

tial extent that is approximately 0.2k or less. This condition

is, obviously, harder to meet for the increasing frequencies:

if a frequency f0 exactly satisfies Eq. (15) such that the expo-

nentially decaying term in Eq. (13) is 0.95, then this same

term is 0.90 for 2 f0, 0.82 for 4 f0, 0.67 for 8 f0, and so on,

suggesting a gradual decay in the reflected wave amplitude

with an increasing frequency (see Fig. 2). It may even be

possible to match the frequency-dependent scattered wave

amplitude to an exponential function to estimate L from the

acoustic data alone provided that Eq. (8) was a good repre-

sentation of the layer discontinuity and a wide range of fre-

quencies was available.
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IV. MODELED PREDICTIONS FOR OCEANIC
STRATIFICATION INTERFACES

In the ocean, weak scattered acoustic waves from a

smooth interface, like those described in Sec. III A, may be

observable in a number of ocean scenarios, including those

examples from Sec. II: reflections from thermohaline stair-

cases (Lavery and Ross, 2007; Stranne et al., 2017; Weidner

et al., 2020) or high-latitude melt water lenses (Jakobsson

et al., 2014; Jakobsson et al., 2020). Weak scattered waves

may also be observable in other scenarios, including, for

example, reflections from the boundary of the base of the

mixed layer (Stranne et al., 2018) or other stratification

interfaces such as the permanent halocline (Ross and

Lavery, 2012). Regardless of the underlying cause of the

variation in the sound speed, a prediction of the scattered

wave can be found using Eq. (7) after defining the nature of

the stratification interface.

The stratification interface can be defined directly from

the oceanographic data, such as conductivity, temperature,

depth (CTD) profiles or high resolution microstructure data,

collected in situ. In these datasets, CTD profilers or free-

falling microstructure profiles collect discrete samples of the

continuous physical properties of the water column, where

the sampling frequency of the equipment determines the

FIG. 2. (A) A vertical profile of the sound speed (m/s) from the upper water column of the central Arctic Ocean (Stranne et al., 2017) is illustrated. The

dashed box in (A) highlights the region of the thermohaline staircases structure and is shown in more detail in (B), The highlighted step in (B), marked

“THSC-Arctic” is used for the idealized profile calculations found in Sec. IV A. The predicted acoustic reflections from the full water column and zoomed

region of the thermohaline staircases are shown in (C)–(F). The model results described in Sec. IV B are depicted for the 2 kHz pulse in (C) and (D) and for

the 20 kHz pulse in (E) and (F).

J. Acoust. Soc. Am. 150 (6), December 2021 Elizabeth Weidner and Thomas C. Weber 4357

https://doi.org/10.1121/10.0009011

https://doi.org/10.1121/10.0009011


vertical resolution of the resulting data set. From these in situ
datasets of the water column temperature, conductivity (salin-

ity), and depth, the vertical sound speed profile can be calcu-

lated using any number of oceanographic toolboxes such as

the GSW toolbox1 or Seabird software.2 Here, we define an

in situ sound speed profile from a CTD cast collected in the

Central Arctic Ocean, which defines the test case THSC-

Arctic (Table I). The sound speed profile was used to numeri-

cally evaluate Eq. (10) to illustrate the potential scattered char-

acteristics from the oceanic stratification interfaces (Fig. 2).

In Fig. 2, at a depth of approximately 25 m, there is a

rapid increase in the sound speed, �3 m/s, associated with the

base of the mixed layer. Additionally, between the depths of

180 and 230 m, there are a series of step-like features (thermo-

haline staircases). These staircases consist of a series of well-

mixed layers separated by thin interfaces (�5–10 cm), between

which the sound speed increases between 0.1 and 0.3 m/s. The

sound speed profile has a vertical resolution of 10 cm, defined

by the CTD lowering speed and post-processing data density.

To apply the model for the scattered pressure, two defi-

nitions for Dk were defined and run through the model:

(1) an idealized sound speed profile of an individual thermo-

haline staircase step defined by the THSC-Arctic case

(Table I), which is explored in Sec. IV A, and (2) the numer-

ical integration of the model for the full sound speed profile

illustrated in Fig. 2, which is explored in Sec. IV B. Two

acoustic pulses, one at 2 kHz and one at 20 kHz, were sent

through the model space. Each pulse consisted of 15 cycles

of a continuous wave complex sinusoid, weighted by a

Tukey window with a 50% taper.

A. Idealized sound speed profile

An idealized sound speed profile was created using

Eq. (11), the sound speed values outlined in Table I for the

THSC-Arctic case, and an interface “sharpness factor” ðaÞ
of 347, such that the spatial extent of the discontinuity is

0.2k at 2 kHz (Fig. 3). Using the sound speed step identified

in Fig. 2, an idealized profile Dk was defined, and the model

was evaluated using the acoustic pulses described above.

The acoustic backscattering results reflect the predictions

made for the frequency dependence of the model in Sec. II A:

the scattered wave looks like a delayed version of the source

waveform and the scattering intensity is a function of the

acoustic frequency. As the frequency of the acoustic pulse

decreases, the magnitude of the scattered wave from the strat-

ification interface increases and approaches the magnitude of

the “idealized” reflection coefficient. In predicting the char-

acteristics of the scattering waves from an idealized func-

tional form of the sound speed profile described here, we

assume the stratification is horizontally smooth.

B. In situ sound speed profile

The vertical resolution of the in situ sound speed profile

was increased from the original 10 cm spacing to 0.01 m

spacing using linear interpolation. Using the interpolated

sound speed profile, the Dk profile was computed, and the

acoustic scattering model was evaluated using the 2 and

20 kHz acoustic pulses described above (Fig. 2).

The results of the acoustic scattering in Fig. 2 show that

the scattered wave from the 2 kHz pulse is considerably

higher than the reflections from the 20 kHz pulse. The bot-

tom of the mixed layer at a depth of �25 m causes, by far,

the strongest reflection. There are several other locations

with large reflections, including the region with the thermo-

haline staircases between 180 and 250 m. In this depth

range, there are strong but unresolved reflections in the

2 kHz model output, whereas in the 20 kHz model output,

the individual step features are resolved as individual

FIG. 3. In (A), a “step” change from a

sound speed of 1442.7 to 1444.0 m/s

with a ¼ 347 is shown. In (B), the

scattered pressure waves from the dis-

continuity for a 15 cycle sinusoid at

2 kHz (dashed line) and 20 kHz (thin

solid line) are shown. The “ideal”

reflection coefficient, in this case,

equal to R ¼ 4:51e� 4 given by Eq.

(13) when a ¼ 1, is shown as the

thick black line in (B).
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reflections. The results of our model indicate that the acous-

tic waves appear to be sensitive to small variations in the

sound speed profile as observed in previous studies (e.g.,

Stranne et al., 2017). This result suggests that high fre-

quency acoustic systems could provide the means to explore

the water column microstructure (<10 cm, depending on the

frequency). This “acoustic microstructure probe” approach

could provide high resolution information on the oceanic

water column structure without the need for in situ data col-

lection, although it will be important to differentiate the

scattering from the stratification interfaces and other scatter-

ing mechanisms such as biology, turbulent microstructure,

etc. It is worth noting that the resulting scattering profile

assumes that the in situ sound speed profile captures all of

the relevant changes in the sound speed from the stratifica-

tion interfaces. For high frequencies, even high resolution

microstructure profiles cannot provide in situ observations

of the temperature and salinity structure at comparable spa-

tial scales.

V. SUMMARY AND CONCLUSIONS

In this work, we have defined a one-dimensional acous-

tic scattering model for predicting the acoustic backscatter

from the stratification interfaces, driven by changes in the

medium density and sound speed, which is widely applica-

ble to the acoustic data collected with ship-mounted sonars.

Based on five typical oceanic stratification examples, we

suggest that the scattering from the oceanic stratification

interfaces will often be dominated by the wave number forc-

ing term. The scattering from the density gradient forcing

term can often be neglected. However, in regions with

strong salinity-driven stratification, such as estuaries or

high-latitude fjords, neglecting the density gradient term

may lead to an underestimation of the scattering strength,

particularly at low frequencies.

Our derivation of the acoustic scattering model presented

in this work assumes that the Born approximation is valid,

based on the far field, weak scattering assumptions. These

assumptions require the density and sound speed perturba-

tions arising from the stratification interface to be small com-

pared to the background medium values and only vary as a

function of the depth (range from the transceiver/receiver

unit) with respect to the ensonified area. These assumptions

will start to break down where the structure of the stratifica-

tion interface diverges from the spatial homogeneity in cases

where the strong external forcing (e.g., wind, tides) locally

modifies the interface or in the presence of short period inter-

nal waves, which displace the interface vertically. In addi-

tion, the interfaces in which the changes in the medium

sound speed and density are large, such as the air–sea or

water–seabed interfaces, cannot be appropriately described

with this model as they may violate the assumptions made in

the derivation of the reduced, forced acoustic wave equation.

Similarly, in the cases of strong salinity-driven stratification,

such as estuaries or the high-latitude fresh water lens, the

simplifications made in Sec. II B may start to break down,

and the forcing caused by the density gradient term in Eq. (3)

should be reconsidered.

We have made predictions for the scattered pressure

based on an oceanographic sound speed profile collected in

the central Arctic Ocean, containing stratification interfaces

expressed as the base of the mixed layer near the surface and

a series of thermohaline staircases deeper in the water col-

umn. Using the in situ sound speed profile, we numerically

evaluated the model for the scattered pressure and deter-

mined that the acoustic waves are sensitive to small changes

in the sound speed. The validity of these results is reinforced

by the observations from previous acoustic studies of the

ocean stratification structure with calibrated broadband back-

scatter data (e.g., Stranne et al., 2017; Weidner et al., 2020).

In addition to the evaluation of this model for an in situ sound

speed profile, we adopted an idealized function form for a

typical central Arctic Ocean thermohaline staircase. The

model predictions of the scattered pressure from the idealized

form indicate the frequency-dependent scattering intensity

based on the sharpness of the stratification interface as antici-

pated from the derivation. Using this model, the broadband

acoustic inversion could provide high resolution, remote esti-

mations of the physical water column properties of the oce-

anic stratification. This model can be used to build on the

previous acoustic inversion efforts of the ocean stratification

structure (e.g., Shibley et al., 2020) by considering the verti-

cal extent of the interface and frequency-dependent scatter-

ing. Combining the measurements from the acoustic

inversion efforts with the existing in situ observational plat-

form, such as gliders and buoys (Qiu et al., 2004; Boyer

et al., 2013), as well as the publicly available worldwide

datasets ocean temperature (T) and salinity (S) profiles such

as The World Ocean Database (Boyer et al., 2013), will allow

for the quantification of the ocean stratification with a high

vertical resolution and across large areas. The broadband

acoustic measurements can provide the information neces-

sary for the interpolation between profiles and provide the

spatial coverage necessary to describe the oceanic stratifica-

tion interfaces across basins and the actively evolving tempo-

ral and spatial changes in the stratification due to the ongoing

climate change.
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APPENDIX: DERIVATION OF THE FORCED, REDUCED
WAVE EQUATION

To model the backscattering from the changes in the

density and bulk modulus brought about by the stratification

interfaces, we must incorporate the perturbations from the
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acoustic wave and the environmental inhomogeneity into

our derivation of the acoustic wave equation. We follow the

derivation of the forced, reduced wave equation from Morse

and Ingard (1968). This derivation deviates from that of

Morse and Ingard (1968) at Eq. (8.1.10) to define the final

expression in terms of the acoustic wave number rather than

the compressibility.

Equation (A1) is identical to Eq. (8.1.10) in Morse and

Ingard (1968) after substituting the medium bulk modulus

(b0) for the compressibility,

� 1

b0 þ db

@p

@t
þr 1

q0 þ dq
rp

� 	
¼ 0; (A1)

where db is the perturbation in the bulk modulus away from

the medium background values, and dp is the density pertur-

bation brought about by the acoustic wave’s pressure (p).

The expansion of Eq. (A1) results in

� 1

b0 þ db

@p

@t
þ 1

q0 þ dq
r2pþr 1

q0 þ dq

� 	
rp ¼ 0:

(A2)

Taking the divergence of the q0 þ dqð Þ�1 term in Eq. (A2)

and multiplying by both sides by q0 þ dqð Þ results in

r2pþ ke
2 @p

@t
¼ rdq

q0 þ dq
rp; (A3)

where ke
2 ¼ ðq0 þ dqÞ=ðb0 þ dbÞ ¼ k0

2 þ dk
2, and from

this expression and Eq. (A2), the final expression for the

acoustic wave equation in Eq. (1) can be reached.
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