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ABSTRACT

This paper is a summary of some rather extensive comparisons
1,2

of plume rise observations with plume rise formulas. The con­

clusions drawn from these comparisons should be useful to meteor­

ologists and engineers who need to estimate the dispersion of gas­

eous effluents that, owing to vertical momentum or buoyancy, rise 

above their height of emission.

It is shown that the rise of non-buoyant jets is proportional 

to the one-third power of the distance downwind of the source, as 

is predicted by a simple adaptation of the Morton, Taylor and 

Turner model to include the effect of wind. The "entrainment 

constant" appears to depend on the ratio of efflux velocity to 

mean wind speed. This dependence disappears when buoyancy forces 

begin to dominate the rise, as is shown by data on buoyant plumes 

which are initially momentum-dominated. A simple, semi-empirical 

expression is proposed to approximate this transition to buoyancy- 

dominated rise.

Various formulas for the rise of buoyant plumes in stable, 

windy conditions are compared with observations; quite clearly, 

the best agreement is obtained with a simple formula derived



from the modified Morton, Taylor and Turner model. This model 

is extended to neutrdl conditions by means of an inertial range 

atmospheric turbulence entrainment (IRATE) assumption, and is 

shown to give better agreement with observations than older 

formulas.



Introduction

Good estimates of plume rise are required to predict the 

dispersion of continuous gaseous emissions having large buoy­

ancy or a high efflux velocity. The rise of such emissions above 

their source height often accounts for a considerable reduction of 

the concentrations experienced at the ground.
According to a recent critical survey1 on the subject, sev­

eral dozen programs of plume rise observations have been carried 

out and the results published. This alone does not solve the pro­

blem, however. The quality of these observations varies consider­

ably, and in some cases important parameters were not measured.

The picture is also blurred by the presence of turbulence in the 

atmosphere, which causes the plume rise to fluctuate rapidly in 

many situations. The great number of empirical plume rise formu­

las in the literature reflect these uncertainties . Each formula 

is based on an analysis of one or more sets of observations, but 

each time a different style of analysis or a different collection 

of observations is used, a different empirical formula results. 

When applied to new situations, the predictions of these formulas 

sometimes differ by a factor of ten. Obviously, great care in the 

analysis of available observations is required.

The present paper is a summary of some of the analyses of
observations made in my recent critical review on plume rise1

2and in my doctoral dissertation . Both of these works include 

extensive comparisons of observations with formulas; care was 

taken to categorize the data according to the type of source and
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the meteorological conditions, and to weight the data according 

to the quality and quantity of observations they represent.

Momentum Conservation and the "l/jj Law" For Jets

One of the major findings of researchers in the field of plume 

rise is that the radius of a plume bent over in a wind is approx­

imately proportional to the rise of the plume centerline above 

its source height., This is true for a considerable distance

downwind of the source, at least several stack heights. Mathemat­

ically, we can express this by

r = Vz ( 1 )

where r is a characteristic plume radius, 7 is a constant (dimen­
sionless), and z is the rise of the plume centerline. Surprisingly, 

this simple relationship accounts very well for the great bulk of 

observed plume rises, when it is used with appropriate conservation 

assumptions.

For instance, no outside forces act on a non-buoyant plume
(jet), rising through unstratified surroundings, so we might expect

that the total flux of vertical momentum in the plume is conserved.

If the plume is only slightly inclined above the horizontal, is

nearly the same density as the ambient air, p, and has a horizontal

component of motion nearly equal to the mean wind speed at that
2height, u, then the flux of mass is approximately pitr u. The flux

2of vertical momentum is then w(pjtr u), where w = udz/dx, the verti­

cal velocity of the centerline of a plume segment moving downwind at
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a speed u; x is the distance downwind of the source. We then 

have
2 2 2 2w u r = u Y z dz/dx = F = constant, ( 2 )m

where F is the initial vertical momentum flux divided by jtp. m
For a jet having the same density as the ambient air, which

must be true if it is non-buoyant, F is given bym
F =w2r2=w2 D2/4 , ( 3 )
moo o

where w is the mean efflux velocity, r is the radius of the o o
stack, and D is its diameter, assuming a circular, vertical 

source. Integration of Equation 2 yields the prediction that

?2z =(3F/yu)x m

, 2 2.., 2 2.1/3 1/3 , , .Ah = z = (3 D /4> u ) x (4)

Ah/D * (3/4>2)1/3 R2/3 (x/D)1/3
9

where R = wQ/u, the ratio of the efflux velocity to the wind speed. 

In this paper, the "plume rise," Ah, is identified with the height 

of the plume centerline above the source (Ah = z).

The above prediction that the rise of a jet is proportional 
to the one-third power of distance downwind, the "1/3 law," is 
very well confirmed by the available observations on jets. They
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are plotted in Figure 1 for data in which R = 2, 4, 8, l6 and 40. 
(the code identifying the six experiments is given in Reference 2). 

Surprisingly, the dotted lines representing the "l/3 law" give 

fair agreement with observations even in the upper-left part of 

the figure, where the plumes are more nearly vertical than hori­

zontal (the derivation of Equation 4 utilizes the assumption that 

the plumes are only slightly inclined). However, the data indicate 

a stronger dependence on R than the two-thirds power. Specifically, 

the dotted lines represent Equation 4 with

Y = 1/3 + R_1 . ( 5 )

Thus, it appears that the "entrainment constant," y, varies with 

the ratio of efflux velocity to wind speed for a jet. This turns 

out not to be true for a buoyant plume. Substituting this expres­

sion for 7 into Equation 4, we have finally

Ah/D = 1.89 (—rY/3 (x/D)1/3 . ( 6 )
\1+3R V

Buoyancy Conservation and the "2/3 Law" For Buoyant Plumes

If a buoyant plume is rising through unstratified surroundings 

and it neither gains nor loses buoyancy through radiation, ordinar­

ily the total flux of buoyancy is conserved (for an exception, see 

Reference 5)- Applying Newton's Second Law to a segment of a bent- 

over plume moving downwind with the mean speed of the wind, we find
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that the rate of vertical momentum flux increase equals the 

buoyancy flux:

d(w u r2)/dt = ud(w u r2)/dx = b u r2 , ( 7 )

where b is a characteristic buoyant acceleration of the plume 
2and bur is the buoyancy flux divided by jtp. The initial value 

2of bur is given by

F = g(l-pQ/p) wQro2 , ( 8 )

where g is gravitational acceleration and pQ is the density of 

the effluent at the stack. A better determination of F, that 

accounts for alteration of buoyancy due to dilution with ambient 

air, is given by

F = g (1-m /m) (T/T )w r 2 + gQ / (ire pT) , ( 9 )
o o o o H p

where m is the mean ambient molecular weight (28.9), T is the 

ambient absolute temperature, c^ is the specific heat capacity 

of air (0.2k cal/gm - °K), and is the heat emission; subscript 

"o" denotes values for the efflux gas, instead of the ambient air. 
The quantity g/(rtc^pT) is just a constant, 3.7*10 ? (m /cal-sec ), 

times the ratio of standard sea level pressure to the ambient 

pressure. If the effluent has considerable latent heat due to 

water vapor and condensation of the plume is likely to occur 

near the source, as would be expected in cold or wet weather, this 

latent heat may be included in the determination of otherwise,
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only dry heat should he considered. If the process producing the 

effluent is uniform, F is proportional to the rate of production. 

For instance, for modern fossil fuel power plants, F is about 1.5 

m /sec^ times the megawatts per stack generated.

2When bur = F = constant, Equation (7) integrates to

wur2 = F + F x/u ( 10 )m

This relation implies that buoyancy becomes more important than

the initial momentum flux when x > uF /F. For a hot effluentm
with about the same heat capacity and mean molecular weight as 

air, this occurs at x = uwQ/(g(To/T - l)), a distance of the 

order of 5 seconds times the wind speed for most hot plumes.

Then the effect of Fm quickly becomes negligible, and for the 

region in which Equation (l) applies we have

z3 = (3F/2y2u3)x2

Ah = z = (3F/2y2)1/3 u_1 x2/3 ( 11 )

Ah/L = (3/2y2)1/3 (x/L)2/3

where L = a characteristic length for the rise of buoyant

plumes.
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Most of the observations available on buoyant plume rise 

approximate this "2/3" of rise with distance downwind. This 

is illustrated in Figure 2, which is a superposition of curves 

hand drawn through scatter diagrams of Ah/L versus x/L for 16 

individual sources1 (the sources are identified in Reference l). 

Only data for stable atmospheric conditions are omitted. There 

is considerably greater scatter about the "2/3 law" in this 

figure than there is about the "l/3 law" for jets in Figure 1.

The difference is probably due to the fact that all the experiments 

represented in Figure 1 were made under controlled conditions 

in wind tunnels or modeling channels, while all the observations 

shown in Figure 2 were made on plumes from real stacks in the 

atmospnere. This introduces the possibility of aerodynamic 

effects caused by buildings near the stack and uneven terrain, 

and also assures greater fluctuations about the mean plume rise 

due to large, turbulent eddies in the atmosphere. Atmospheric 

turbulence should also lead to more rapid mixing of plumes with 

ambient air, and therefore a downward departure from the "2/3 

law" should occur at some point downwind; however, Figure 2 

offers no particular support for this expectation. This means 

either that L does not correlate well with the distance of down­

ward departure ("leveling off"), or that "leveling off" occurs 

at greater values of x/L than those measured up until now.
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There is no evidence that 7 is dependent on R for buoyant 

plumes, at least when R > 1.2. Below this value, downwash of the 

plume into the low pressure region in the wake of the stack is 

likely to occur. The reciprocal wind speed relationship pre­

dicted by Equation 11 with y constant is well established1 for 

buoyant plumes in neutral conditions. An analysis1 of photo­

graphed plume diameters and concurrent plume rises of TVA plumes 

from single stacks showed that y = 0.5. Bringfelv obtained simi­

lar results, finding an average value of 7 of O.53 for eleven 

plumes in slightly stable or windy conditions and 0.46 for ten 

plumes in strongly stable or weak wind conditions. The behavior 

of buoyant plumes in stable conditions is well predicted by 7 = 
0.5, as will be shown, but the optimum fit1 to the "2/3 law" at 

large distances downwind in neutral and unstable conditions corre­

sponds closer to 7 = 0.6, or

1/3 -1 2/3Ah = 1.6 F u x ( 12

Transition to Buoyancy-Dominated Rise

Equation 10 implies that a transition from the "1/3 law" for

momentum-dominated rise to the "2/3 law" for buoyancy-dominated
rise occurs as Fx/uFm grows from small to large values. This

prediction is confirmed by Figure 3, which plots observations of
7plume rise modeled in a channel by Fan. The rises are divided by 

Lm ^ x x ly^, bo there should be no variation
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2with Fx/uF = Lx/Lm in the momentum-dominated region. This is 

seen to be approximately true in the left-hand side of the figure,
p

where Lx/L < 0.5. However, there is a separation of the points m
for different values of R in this region; this is easily accounted 

for by letting 7 = 1/5 + R_1, as was done for jets. There is a 

clear upswing and sane convergence of the points in the right- 

hand side of the figure, and they appear to asymptotically ap­

proach the line representing the "2/5 law," Equation 11, with 

7 = 0.5.

The simplest way to describe this transition mathematically 

is to integrate Equation 10, after substituting r = yz and w = 

udz/dx, and then substitute the empirical value of 7 for jets in 
the momentum term (7 = l/5 + R-1) and the empirical value for 7 

for buoyant plumes in the buoyancy term (7 = 0-5)- The result 

is

.1/3 ( X 1 Fx2 1/3Ah = z = 3 \ ----- 'r -r t---------- ( 13 )
(1/3+R ) u 2(0.5)

This equation is represented as solid lines in Figure 5> for 

R = 4, 8 and l6. It is seen to describe the transition region

fairly well.
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Stability-Limited Rise

VJhen a plume rises in a stable environment, it entrains 

air and carries it upwards into regions of relatively warm 

ambient air. Eventually, the plume's buoyancy becomes nega­

tive and its rise is terminated. If heat is conserved, that 

is, the motion is adiabatic, the rate at which each plume ele­

ment loses temperature relative to the ambient temperature is 

just its rate of rise times the ambient potential temperature 

gradient (potential temperature, 9, is the temperature that air 

would acquire if it were compressed adiabatically to a standard 

pressure, usually the mean pressure at sea level; the potential 

temperature gradient is just the real temperature gradient plus 

the adiabatic lapse rate, i.e., de/dz = 3t/Sz + 1 °c/lOQm in 

our lower atmosphere). The resulting decay of the buoyancy 

flux is expressed by

d(bur^)/dt = ud(bur^)/dx = - w sur^ ( 14 )

where s = (g/T) Sg/oz.

If we differentiate Equation (7) with respect tot and sub­

stitute Equation (l4), we find that

9 2 ? 2 2 2 2 2 d (wur ) /d t = u d (wur )/dx = - s(wur ) ( 15 )
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This equation establishes the fact that s is a characteristic

time for the decay of the momentum flux. If s is positive and

approximately constant with height, the momentum flux is a har-
1/2monic function of s t:

( 16 )

Since r always increases, the plume centerline behaves like a 

damped harmonic oscillator. If the wind speed is constant with 

height, a jet (F = 0) reaches its maximum rise at x = ut =

(jt/2) us ' , and a buoyant plume (Fm = 0) reaches its maximum
-1/2rise at x = jtus

The above conclusions are based on conservation assumptions 

alone, and do not depend on the behavior of r. Equation 1, r = yz, 
is still a good approximation for r up to the point of maximum rise 

obviously, it cannot apply beyond this point, as it would imply a 

shrinking plume. With u constant, w = udz/dx, and r = yz, Equation 

(16) can easily be integrated. For a jet we find that

( 17 )

(maximum rise) ,
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where x' = us-1'2 and 7 = l/3 + R_1. For a "buoyant plume we find

that

.. ( 3F 
/
\/3 .. , , tvvl/3Ah = z = (—^/ (1 - cos (x/x ))

A/y  11us c ( 18 )

= 2.9 x'2^ (maximum rise).

There are sufficiently detailed data to verify Equation (18), 
which is shown as dotted lines in Figures 4 and 5* Both these

figures show plume rise, divided by L ' x', versus x/x'. To

determine s, the measured potential temperature gradients were 

averaged throughout the layer of plume rise (from the top of the 

stack to the top of the plume). The first figure shows centerlines
g

of TVA plumes from single stacks that were observed to level off

in stable air. It also shows the observed rises of the plume tops.

The second figure shows the longest plume centerlines observed in
5very stable air by Bringfelt. Both of these figures give excellent 

support to the prediction that the maximum rise is obtained at 

x = nx'. There is only a little evidence of oscillation beyond 

this point; evidently, most plume centerlines experience consid­

erable damping through continued mixing beyond this point. The 

leveled-off plume rises, which range from l4o to 290m for the TVA 

data and from 60 to l60m for the Bringfelt data, seem to be well
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approximated by Equation (l8) on the average. For the TVA data, 

the scatter about the predicted rise seems to be greatest in the 
rising stage, which approximates the "2/3 law" when x < 2x'.

There is less scatter in this stage in the Bringfelt data, which 

utilized more representative wind speed measurements and were 

taken during much more stable conditions.

Reference 2 also compares these observations with other

formulas for buoyant plume rise in stable conditions, namely:
the Holland formula,^ minus 20$ as suggested for stable conditions

Priestley's equation,"^ reduced to the case of a buoyant, point

source; Bosanquet's formula,similarly reduced; and Schmidt's 
12formula, with his parameter "m" set equal to 0 and l/2. The 

centefline plume rises at a standard distance x = 5x' were inter­
polated and averaged for periods in which there were at least five 

photographs of the plume at this distance. This yielded five peri 

ods each from the TVA and the Bringfelt observations. The ratios 

of calculated to observed plume rises were then calculated for 

each formula and each period. The median ratio and the average 

percentage deviation from the median ratio for each formula are

shown in Table 1.



Table 1

Ratios of Calculated to Observed Plume Rises in Stable Conditions

Formula

Holland

Bringfelt

0.53 + 73$

TVA

0.81 + 7$

Bringfelt & TVA

0.72 + 39$

Priestley 0.74 + 22$ 0.44 + 5$ 0.47 + 35$

Bosanquet 1.09 + 24$ 1.22 + 12$ 1.20 + 18$

Schmidt, m=0 0.29 + 7$ 0.28 +
3-O

J 0.28 + 16$

Schmidt, m=l/2 0.94 + 27$ O.85 + 25$ O.90 + 27$

Equation 18 O.89 + 7$ O.96 + 8$ O.93 + 8$

The TVA heat emissions were substantially higher than those 

observed by Bringfelt, so the high percentage deviation exhibited 

by the Holland and Priestley formulas may be because of too much 

and too little predicted dependence of rise on heat emission, 

respectively. Clearly, Equation 18 for maximum rise gives the 

most consistently good predictions for buoyant, stability-limited 

plume rise.

Turbulence - Limited Rise

The simple plume rise model outlined in the preceding section, 

based on r = 7Z and conservation assumptions, succeeds in predicting 

the approximate rise behavior of all available observations of 

plumes bent over in a wind. It is very similar to the successful 

model for nearly vertical plumes suggested by G. I. Taylor in 1945 

and later developed by Morton, Taylor and Turner, However, as it
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stands, it predicts unlimited rise in neutral (s =0) and unstable 

environments (s < 0). This is contrary to the expectations of many 

plume rise observers, some of whom have assumed that the plume rise 

is the rise of the plume at the point that it becomes hard to fol­

low. Yet, no observations made so far show any leveling-off ten­
dencies, except in stable conditions.'''

Nonetheless, it is quite reasonable to expect more rapid 

growth of the plume radius in neutral and unstable conditions, 

due to the presence of considerable environmental turbulence.

This, in turn, leads to a reduced rise velocity and perhaps to 

a limited plume rise, at least in neutral conditions. The ques­

tion is how to account for the enhanced growth of the plume radius. 

One way is to assume that only eddies of the same order of size as 

the plume radius are effective at mixing ambient air into the plume, 

and that these eddies are predominantly in the inertial subrange 

of the atmospheric turbulence spectrum. This part of the spectrum 

is adequately characterized by the eddy energy dissipation rate, e, 

and eddies of the order of r in size have velocities of the order 
of €"'’^r^'>. This suggests the relationship

dr/dt = ee1/3r1/3 , ( 19 )

where 3 is a constant (dimensionless). This should not apply at 

small distances, where r is small and w is large; Equation 1 gives
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sl faster growth rate at first (r = yz implies that dr/dt = yw).

In References 1 and 2, I developed a model identical to the one 

outlined so far, except for the assumption that Equation 19 

applies instead of Equation 1 beyond the distance at which

becomes equal to yw. Since this model is based on 

an inertial range atmospheric turbulence entrainment assumption,
pI called this the "IRATE" plume rise model.

2For rise in neutral conditions, in which bur = F = constant, 

the "IRATE" model predicts a very gradual leveling of the plume 
centerline beyond the distance that Se'^r1^ becomes equal to yw, 

designated by x*. For a buoyant plume, the "2/3 law," Equation 
11, applies to the first stage of rise. The distance of transi­

tion to the second stage is then given by

x* = (2/3)7/5(yF)2/5 u3/5 (Be1/3) 9/5 ( 20 )

If e is approximately constant above the height at which this
*.transition occurs, the second stage rise (x > x ) is given by
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Ah , (3F/2r2)X/3 U-1 /2/3 [g . 24| (xA" 4- 3/8)
(x/x* + 5/h)2 J (21)

While this not a very simple formula, note that it is just

the "2/3" law times a function of x/x . A final rise, equal to

55/l6 times the rise at the transition point, is approached, hut

only at a very great distance; 90$ of the asymptotic rise is
* *

achieved at x = 20x , and x can he as large as a kilometer for 

a very buoyant or very high source. It is likely that the maximum 

ground concentration occurs well before this point, especially
-x

since Equation 19 predicts an extremely large radius at x = 2Qx .

If 7 = 0.5 and the bottom of the plume is taken to be a distance

(Ah - r) above the source height, we find that the plume bottom

begins to descend at about x = 2x and spreads down to the source

height (r = Ah) at x = 5x . Since the growth of the plume radius

is quite rapid at this point, the highest ground concentration

should ordinarily occur in this neighborhood. It therefore seems
■x

prudent to use the rise at x = 5x , 2.3 times the rise at the 

transition point, as the "final" plume rise in neutral conditions.
*This rise is the same as that given by the "2/3 law" with x = 3*5* >

and Equation 21 deviates from the "2/3 law" by only 11$ at x = 
x-

3-5x . This suggests a much more practical prediction procedure 

for buoyant plume rise in neutral conditions:
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Ah = (3F/2 7 )A1/3 u-1 //3 when x < 3-5x

Ah = (3F/2 72)1,/:) u"1 (3.5x’X)2//^ -X

when x > 3*5* . (22)

With this approach, in a simple way we recognize the observed 

fact that plume rise is substantially a function of distance, 

yet we have a usable "final" rise formula.

In order to use the formulas based on the "IRATE" model, an
*

estimate of x is needed; this requires values of 0 and e for 

substitution into Equation 20. In Reference 1, p was conserva­

tively estimated to be about unity, on the basis of observations 

on the growth rates of puffs and particle clusters (in order to 

infer the value of p from Equation 19, it was necessary to esti­

mate values of e, as this quantity was not measured in the puff

and particle experiments). It is well known that e = 2.5u*^/z

13in the neutral surface layer, but this layer extends only to a
—2 -x-height of the order of 10" u /f in neutral conditions (u is the 

friction velocity, z is the height above the ground, and f is the 

Coriolis parameter); in mid-latitudes, this height is of the 

order of 10 seconds times the wind speed. However, most plumes 

rise to heights above this layer, where e is less dependent on 

wind speed and height.
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In a convective mixing layer, such as exists the lowest

few hundred to few thousand meters on any sunny, non-windy day,

the average value of e is about (l/2) gH/(c^pT), where H is the
2heat flux transported upwards from the ground; a fairly strong

2 2 3 heat flux, 1 cal/cm -min, corresponds to e = 30cm /sec ; the eddy

dissipation rate is relatively constant with height, except near

the ground, where the neutral surface layer expression dominates.

Less is known about the variation of e above the surface layer in

neutral conditions. If e ceased to decrease with height at the
*2top of this layer, it would be proportional to fu , which is

2approximately proportional to fu • In Reference 1, measurements

of e at heights from 15 to 1200m were shown to fit e a u slightly
better than e a u or e = constant (measurements made in stable or

convective conditions were excluded from this analysis). This

result was especially convenient for application to the IRATE

plume rise model, as e“u cancels out the wind speed in Equation
*

20; above the neutral surface layer, x is approximately indepen­

dent of u. However, the great variation in £ at these heights, 

of the order of +50$, can be expected to account on considerable 

variations in the plume rise.

In the above analysis, definite decrease of e values with 

height above the ground was also noted. Above a height some­

where between 100 and 300m the variation become much less . The 

best fit in the 15 to 300m range was given by
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e = 0.068 (m/sec) u/z (23)

Substituted ir Equation 20, this gives

x = 2.16 m(r/ m^/sec^)2^ (z/m)'^''
(24)

In References 1 and 2, it was suggested that conservative values
*

of x and Ah would result by evaluating e at the source height,

h • Thus, z = h , but no more than z = 300m, was substituted s s
in Equation 24; for the present, leu us designate this estimation

* * * 
of x by x . A simpler estimate of x is suggested by a plot of

8total plume height, h + Ah, versus buoyancy flux. Using TVA,
CERL^^'’ Bringfelt^0 and other observations, a quite conservative 

value for z is given by

z = 22 m (F/ m^/sec^)3̂/8/0 < 100 m (25)

The 100m maximum value of z may be overly conservative when the 

stack height itself is greater than 100m, but consider also the 

fact that e does not diminish very much with height above this

elevation. The predicted final value for only depends on
—0.4z ' , and the scatter in the few plume rise data at large dis­

tances renders tentative any conclusion about the best evaluation 
■x

of x for these purposes. Equations 23 and 25 give a particularly
-V.

simple way to evaluate x , and can even be applied to ground
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sources without difficulty. Let us designate this estimate 

of x by x2 :

XgX = l4m (F/ m^/secwhen F < 55 m^/sec"’
(26)

* = 31+m (f/ m^/sec^)^^ when F > 55 mVsec'

A number of plume rise formulas for buoyant plumes in neutral

conditions were compared with all available observations in
Reference 1; TVA^ and CERLli|, ^ data each comprised about

one-third of the data analyzed. The more recent observations 
3 l6by Bringfelt ’ were added to the comparisons in Reference 2.

A similar analysis is summarized here in Thble 2. Since the 
relationship Ah®u ^ seemed well verified'*' for neutral conditions, 

the average value of uAh for each source was calculated at the 

greatest distance downwind that was represented by a least three 

30-120 min periods of observations with at least five Ah determina­

tions each. The Bringfelt data had to be handled differently, 

because there was only one period of observation for many of 

the sources; accordingly, they are weighted only one-third as 

much as the "Reference 1" observations in the last column of 

Table 2. I,Tien appropriate measurements were available, it was
T

required that x < 2x., in order to exclude cases of stability- 

limited plume rise. Cases of probable downwash, terrain effects,
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etc. were eliminated in "select" set of observations in Reference

1, and agreement with almost every formula improved. Of 25 periods
3chosen by Bringfelt for analysis, only 12 are selected here 

(periods 7, 8, lib, 15, 18, 27a, 27b, 31, 29, 4l, 47a, and 27b); 

the periods rejected greatly increase the scatter in the ratios of 

calculated to observed values for every formula tested, tending to 

obscure the comparison. Table 2 shows the median value of the ratio 

of calculated to observed plumes rises, and the average percentage 

deviation of these ratios from the median, for eight different 
formulas of the Ah* u ^ type. The last column combines the two 

sets of select data, with appropriate weighting.

Table 2

Ratios of Calculated to Observed Plume Rises in Neutral Conditions

Formula
Reference 1 Reference 1
(all data) (select)

Bringfelt
(select)

Weighted,
Select Data

Holland ^ 0.44 + 37i 0.47 + 2 0.26 + 32$ 0.40 + 35$
.. , 17Stumke 0.79 ± 271 0.72 + 24$ 0.82 + 35/i 0.74 + 29$

Moses & jp 0.54 + M 0.48 + 19% 0.53 + 28$ 0.48 + 2%
Carsor

Priestley ’ y 1.44 + 2 6<?o 1.41 :• 18$ 1.42 + 15$ 1.41+ 17$
l4

Lucas, et.al. 1.36 + 21 <jo 1.24 + 22$ 1.36 + 13$ 1.35 + 1956
T Lucas20 1.18 + 20# 1.16 + 14 $ 1.12 + 17$ 1.16 + 15$

*
Equation 11 1.17 + 231o 1.17 + 12 $ 1.08 + 13$ 1.17 + 1%

*
Equation 22

<** = v>*
Equation 22

1.12 + 21 $ 1.13 + 8$
1.12 + ulo 1.13 + 6$

O.99 + 15$

1.00 + 13 $

l.ll + 10$

1.11 + 9$
(x* = x2*)

*with 7 = 0.5
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Of the first three formulas, which are empirical, it is
seen that the Moses and Carson1^ formula in which Ah Q^1^2 gives

the most consistent fit to the select data; the fit would he

optimized by multiplying by a correction factor of 2. The next
three formulas are based on the Priestley^ model, the first

19being the asymototic prediction of the first stage that
Ah VA. This formula and the "2/3 law," Equation 11,

are very similar, and neither predict any "final" rise; yet.
both of these formulas give better agreement than the empirical

formulas. The scatter in the Bringfelt lata makes it difficult

to conclude that any one of the last six formulas is superior,

as about + 15$ seems to be the lowest possible scatter. The

differences between the last five formulas are also slight in

the Reference 1 data, except in the select set. In this set, as

well as in the weighted select data, it is seen that Equation 22

gives the best fit; this equation is simply the "2/3 law," Equation
*

11, terminated at a distance x = 3-5* • The second estimate for

x , x^ , as given by Equation 26, seems to have a slight edge 
* -x-

over x = xq ; the amount of scatter and the scarcity of data
•X- -X- -X-at large values of x/x makes this comparison of x = and

* * *
x = X2 inconclusive. Which value of x to be preferred is

mostly just a matter of convenience.

When it is not clear whether plume rise is turbulence-
2limited or stability limited, an analysis of the IRATE model
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with both factors included shows that Equation l8 or Equation 22,
whichever gives the lowest rise in a given situation, offers a

good approximation of the very complicated prediction that results

when both e and s are greater than zero. In unstable conditions,

there is no strong evidence that the average plume rise differs

much from its value at the same wind speed in neutral conditions,
1 2but the rise is more variable. ’

Summary and Conclusions

Direct analysis of plume rise observations and several 

comparisons of observations with a number of empirical and 

theoretical formulas have shown that very satisfactory predic­

tions of plume rise are given by a rather spare physical-mathe­

matical model. This model was briefly outlined here and is more 

rigorously developed in Reference 2; it basically consist of the 

assumptions that momentum, buoyancy and potential temperature are 

conserved, that the horizontal component of motion of plume ele­

ments is essentially equal to the mean wind speed, u, and that 
r = 7Z in a first stage of rise and dr/dt = Pe^^r'*"^ in a second 

stage of rise (r is a characteristic plume radius, z is the rise 

of the plume centerline above the source height, e is the eddy 

dissipation rate of ambient atmospheric turbulence, and y and (3 

are dimensionless constants). Empirical guidance is used in 

evaluating y, 3, and e.

The assumptions that r = yz and that momentum is conserved 

in a non-buoyant plume (jet) in unstratified surroundings lead
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to a simple "1/3 law" of rise that fits a large variety of observed 
jet center lines:

(6)

where x is the distance downwind, D is the stack diameter, and R 

is the ratio of efflux velocity to wind speed. To derive Equation

6, one must assume that 7 = 1/3 + R On the other hand, there

is no evidence that 7 is a function of R for buoyant plumes. The 

assumptions that buoyancy is conserved and that the initial plume 

momentum is neglible for a very buoyant plume in unstratified 

surroundings lead to the often-cited "2/3 law" of rise:

^ a’1 x2/5Ah = 1.6f' (11)

where F is the initial buoyancy flux divided by np; complete 

expressions for F are given by Equations 8 and 9- The constant 

in Equation 11 is based on the best fit to data shown in Table 2, 

and corresponds to 7 = 0.6. Only equations that include the second 
stage entrainment assumption that dr/dt = Pe'^r'^ give a better 

fit to observations of the rise of hot plumes is near-neutral 

conditions. For plumes in which both momentum and buoyancy are 

significant, Equation 13 gives a semi-empirical transition between 

Equations 6 and 11. Buoyancy becomes the dominant factor for most 

hot plumes at a distance downwind of the order of 5 seconds times

the wind speed.



The assumption that the potential temperature of entrained

air is conserved leads to the prediction that a buoyant plume
-l/2attains a maximum rise at a distance x = itus ' in stable air 

(s = (g/T)8©/8z, g is gravitational acceleration, T is the absolute 

ambient temperature, 0 is the ambient protential temperature, and 
cS©/8z = St/Bz l°C/l00m). This prediction is very well confirmed 

by plots of plume rise versus distance in stable conditions (d©/dz 

and u are averaged from the top of the stack to the top of the 

plume). These plots also indicate that the "2/j law" is approxi-
-1/2mated when x < 2us and that the plume centerlines level off 

at a height

£h = 2.9 (18)

This corresponds to the maximum rise given by r = yz with 7 = 0.5.

Equation 18 gives substantially better agreement with observations

than other formulas tested for buoyant, stability-limited rise.
1 2It should be noted that in very light winds the well-proven ’

21formula of Morton, Taylor and Turner best applies if it gives 

a lower plume rise than Equation 18:

« - 5.0 F1/1' s-5/8 (27)
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In neutral conditions, a limited rise results only after 

the second stage entrainment assumption is utilized. A good 

approximation to the complete prediction for buoyant plumes in 

neutral conditions is given by

Ah = 1.6 u"1 x2/3 when x < 3-5x

(22)

Ah = 1.6 F1/3 u"1 (3.5x*)2//3 when x > 3-5x ,

*where x is the distance of transition from the first stage to

the second stage of rise. This equation gives a somewhat oetter
*

fit to observations than any other formula tested when x is 

estimated by:

x* = l4m (F/ mVsec3)5/8 when F < 35 m'/sec3

(26)

xX = 34m (F/ m^/sec-3)2^3 when F > 55 nA/sec3 

This equation for x should be considered tentative, since it is

based on limited empirical determinations of £ and e, and there
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is too much scatter in the few observed plumes rises at large
. * *•values of x/x to make any strong conclusions about x . Equations

22 and 26 apply satisfactorily to the mean rise in unstable con­
ditions as well, and also in slightly stable conditions if they 

give a lower rise than Equation 18.
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