Abstract

It is demonstrated that in Fourier domain the Navier-Stokes equations
for an incompressible fluid can be reduced to a single complex scalar equa-
tion. An advantage of this equation is that any solution of this equation
(approximate or exact) automatically represents real incompressible ve-
locity field. An attempt was undertaken to check that in the absence
of viscosity this equation represents a Hamiltonian system expressed in
non-canonical variables. However, only one of two necessary conditions
was shown to hold; the question of fulfillment of the second necessary
condition (the Jacobi identity) remains open. Using the new represen-
tation it was demostrated that in the inviscous case there are only two
translationally-invariant, second-order integrals of motion which corre-
spond to conservation of energy and helicity.
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1 Introduction

The Navier-Stokes equations for an incompressible fluid consist of four equa-
tions. In some cases, it may be desirable to have a more compact representation
of this set. This paper demonstrates that in Fourier domain, the Navier-Stokes
equations can be reduced to a single complex scalar equation, which is, how-
ever, non-local. A corresponding equation for the probability density functional
which may be used for studying hydrodynamic turbulence was obtained. An
attempt was also made to check that in the absence of viscosity the derived
equation represents a Hamiltonian system expressed in non-canonical variables.
However, only one of two necessary conditions was demonstrated to hold; the
question of fulfillment of the second necessary condition (the Jacobi identity)
was unanswered. Using the new representation it was demonstrated that in
the inviscid case there are only two translationally-invariant, second-order in o
integrals of motion which correspond to conservation of energy and helicity.

2 Derivation
The Navier-Stokes equations for an incompressible fluid in usual notations read:
QT+ (V)T — Vi = —Vp+ F (1)

V=0 (2)

where p is a pressure normalized by a constant fluid density and F' is an external
force per unit mass. Let us consider these equations in Fourier domain:

by = / e dk (3)
where due to the velocity field being real

g =" ¢ (4)



(equations similar to (3),(4) hold for the external force F as well). The conti-
nuity equation (2) reads:

() =0 (5)

where from now on (,) stands for the dot product. Let us introduce two unit
real vectors éﬁl)

K
vectors ES’Z) obey the following conditions:

and é(;) which are orthogonal to k and to each other. Let

= (6)
and

= (7
Vectors 6%1,2) can be selected, for example, as vectors tangential to meridians

and parallels on a sphere in the E—space:
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where [,] stands for the cross product, N is an arbitrary constant unit real
vector, and k = )E‘ One can easily see that kE =k [é%l),é;)} and that all
conditions imposed on é%l’z) are satisfied. Instead of using the vectors ég’z) it

will be convenient to use the vectors g‘(];’z) which follow from é%m) after rotation

by /4 and reflection:

7 = % \/;;; 7P = % \;;E (10)
The real unit vectors g*(];’z) are also orthogonal to each other and to k:
(gg”,k’) =0 (11)
=(1,2)

The set of two basis vectors gEl’2 considered for all k can be expressed in terms

of a single real vector field gz:

— £k (12)



since due to Eq. (7)
i =ig (13)

The explicit expression for g;: reads:
N — (5 N) Fobk [EA]

g = =
91/2k, 2 — (E ]\7)

Note that unit vector g; in Eq. (14) is discontinuous at k = 0 since Fi_o

(14)

depends on the direction along which k tends to zero; gy is also discontinuous
when k becomes parallel to N (i.e. at [E, ]\7] —0).

Any vector field satisfying the condition of Eq. (5) can be represented as
follows:

— — 1 1 - (2 2 - o\ o - o -
U = (vg,ﬁ,%)>gj%)+( ,;,g,%)>§,(;) = (v, ,;)g,;+( ,;,g_,;> g (1)

Let us introduce a complex scalar field

ag = (U, ) (16)
Then due to Egs. (4)
o ¢ = (79.5) (1)
and Eq. (15) becomes:
Up = agli T o g9k (18)

On the other hand, if #;; is defined by Eq. (18) where aj is an arbitrary complex

scalar field (no relation between aj; and a_j; is assumed), then the condition Eq.

(4) is apparently satisfied and as a result the corresponding velocity field in the

spatial domain ¥ will be real; the incompressibility condition Eq. (5) is also

satisfied. Thus, any real solenoidal vector field in 3D can be represented in

terms of a scalar complex field and vice versa with the help of Egs. (16), (18).
Let us introduce the following notation:

ag, s=1
a%{ k (19)

a%, s=-—1

Then Eq. (18) can be rewritten as
%= ) 4l (20)
s==£1

with the inverse transformation being

ap = (U5, 97) (21)



In Fourier domain Eq. (1) reads:
8t171-€‘ + / (17122,1];;1) 1_)']21 (SEIJFE dkldkz + Uk‘z’l_)'k + ’Lk?p-‘ — F-‘ =0 (22)

Differentiating Eq. (16) with respect to time and using Egs. (22), (20) one
obtains an evolution equation for a;:

= (/ (1712271];;1) 6E1651+E2 kdkldk2 + Uk Uk k’gE) =
) . o - . o
= —vk a,;—i—( gk Z / I; Gsokin> k ) ( 7 9eiRyo E) 6E1+E2—Edk1»2
512 :tl
(23)
Taking into account that El - k- Eg and that (g*l;/,l?’ > = 0 for any k' and

replacing the integration variables Ky — slgl, ko — SQEQ, we can represent Eq.
(23) in the following form:

k2 = =\ (7
%— —vk aé—i—(Fsk,gk) 18 Z / (9579121) (912 ,k;) ai“llai“zéslkﬁmb Skdkzl 9
S1 2::t1

(24)
Symmetrizing the integrand in this equation with respect to 1, 2 indices we can
also represent the evolution equation as follows:

S 2 s S S
ap = —vk ap + < g ” — s Z / kk1];2akiakz661];1+62k2 6kdk1 2 (25)
81,2= il
where 1
Ve, =35 | (9092, ) (9, F) + (90 92,) (,0F) (26)

Note that if £ — 0, then according to Eq. (26) Vgg 1}:;’12 — 0. For this reason if in
1R2
the initial moment of time az_, (¢ = 0) = 0, then in the absence of the spatially

uniform external forces F: 7o = 0 it will always be az_, () = 0.
The kernel (vertex) Vi 7. is a real function symmetric with respect to per-

mutation of the two last indices: k1 < ko. Although Vi, s is defined for any k
kl, k2 it has a meaning only at the subspaces slkl + 52k2 — sk =0. Just as Jx

is a discontinues function of N at [k:, N ] — 0, Vigi, I8 also discontinues when

any of its arguments become parallel to N. Nevertheless, it is obvious that this
function is limited:

)sz Fa

< )E) —k (27)

Note that the pressure field p does not enter Eq. (23); its effect is implicit by
ensuring that in the course of evolution the velocity field is kept solenoidal. The



price is the equation in Fourier domain being non-local. An explicit expression
for pressure p;; follows after projecting Eq. (22) on vector k.

From Eq. (18) one finds
2
7] = (5.7_%) = lag|” +|a_g] (28)

so that the expression for the kinetic energy reads:

%/}g,;f dF; = / Jag|* dF (20)

Let us neglect in Eq. (25) the viscosity and the external force terms. Setting
in Eq. (25) a% = Reaj +islmap and separating the real and imaginary part
one finds:

0: Re ap = 2 Z /SQVEEIEQ Re ag, Im a,;2581];1+82];2_s];dk1,2 (30)
Sl’gzil
Oy Imay = Z /VEIZ1E2 (5132 Ima,;1 Ima,;2 — Rea,;1 Re a,;2> 531E1+521€2—3Edk1»2
8112:i1

(31)
whence

dReay dImag
O <6Rea,;1 +5Ima121) o

ki=k

=2 Z /V];.'E];.‘zesz (Sl + 1) Im aEzésﬂs-&-sﬂ;z—Edkz =

=4 Z /VEEE2$2 ImaEQc?SQEZdEQ =2 <§E2:07E> Im‘%:o Z s2 =0 (32)
SzZil SzZil

Thus, the phase volume defined as
dr = Hd (Reay) d (Imay) (33)
E

in the course of evolution in the absence of viscosity is conserved.
Let us write down the equation for the probability density function P:

dW = P (a,g, a}%) dr (34)

where dW is a probability of the system to belong to dI'. Derivation of corre-
sponding (Liouville’s) equation takes one line and for convenience it is repro-
duced below. If equation of motion reads @ = f (u) one has:

86 (U — u (t)) =
=0 (U—u(t)u(t) =0 [f (u)d(U—u)] =y [f([U)s(U —-u)] (35)



where in Eq. (35) U is a scalar parameter. Generalization of this equation
for the case of u being a vector is straightforward. Averaging this equation
with respect to a statistical ensemble of initial conditions and returning to the
original notation: U — u one obtains the continuity equation for P:

QP+ Oy, (1P) =0 (36)

If wy, is split into two components: ur = (x, yx), where xp = Reag, yr = Imay,
Eq. (36) becomes

0P +2Re  da, (axP) =0 (37)
k

With respect to Eq. (25) with F}; =0, Eq. (37) reads:

8tP+2Re/(—vk2P+d,;§f)dE:0
k

or

O P — QU/kQPdk + Im Z /Vglslgga%iazz581E1+82E2—E§Tpkdkdkl72 =0
s1,2==%1
(38)
If one assumes that the external forces F, i in Eq. (25) are d-correlated in time
and possess spatially homogeneous statistics, Eq. (38) acquires in the RHS a
corresponding diffusion term:

/ ‘5—20— Pdk (39)
5(1,350% k

(the Fokker-Plank equation) where the diffusion coefficient o is proportional

to the intensity of the random force F, pa

Note also, that in contrast to the well-known Hopf equation [3] no extra
conditions on the amplitudes a% which ensure incompressibility are imposed
here. This pertains also to the basic Eq. (25) any solution of which (either
exact or approximate) represents real incompressible flow.

According to the theory of the linear, first-order partial differential equations
(PDE) any function of the integrals of corresponding characteristic equations is
a solution of the PDE. Thus, in the inviscid case any function of the integrals of
Eq. (25) is a solution of Eq. (38). In particular, any function of kinetic energy
given by Eq. (29) will be a solution; such solution was written down in [3] and
it was checked there that it does satisfy to the Hopf equation. This solution,
however, has no relation to real turbulent flows (as it was acknowledged in [3]
as well).

Let us mention also that if one considers a two-dimensional motion of an
incompressible fluid and introduces a stream function v so that velocity is given



by ¥ = [Vz/},]\ﬂ, then using Eq. (16) one finds that in the Fourier domain a;

and 9 are proportional to each other:

a = % w2 - (F, 1\7)2% (40)

In the spatial domain relation between a and ¥ will be, however, non-local.

3 Conservation laws

Let us consider translationally-invariant, second-order in a integral of motion:
y ) z

1 S1S S 6
1:5 Z /FEIIEQ Ell kz661g1+52k2dk1dk2 (41)
S51,82 il
where Ffli2 = 5251. Horizontal translation of the velocity field: 77 — 'U~+ 3

apparently Teads to the following transformation of the corresponding Fourier
components U Up — vkelkd. According to Eq. (21) the amplitudes a? trans-

form as follows: a2 — a%e“g‘z. Thus, the J-function in Eq. (41) ensures that
the integral I is invariant with respect to the translation of the velocity field.
Then one obtains:

I:%Z f’féaaasdk+2Z/Ff‘5E% ~dk =

s==+1 s==+1

1 -
=3 > [ (Azaz® + Bia® [)aidk (42)
=+1
_ 1,—-1 1,—-1 _ 1,—-1 _ S,8 S,s _
where Ag = (Fi' +Feb™) /2 = Fiztand By = (F2° + F72 ) /2 =
kaiE Apparently, functlon Aj in Eq. (42) does not depend on s and function
B}% is an even function of k:

S=DB . (43)

Differentiating Eq. (42) with respect to time in the case of inviscid flow without
external forces one finds:

Z/Aaa + Bia® [)aldk

s==+1

f—zz /Aag Bs‘ia)z

s=+1 s1,2==*1

S92 Z
/VkI;l,;Zak @28, ko, sidbLodk = < 2 > / sA Vier, + 5148 Vit

$,81,52==*1

s 81,8 i SV
+s2 45 Vi ik > RO, 5 0% 26sk+slk1+52k dkdk, dk — 3 Z / ‘SB —RE R T

$,81,82==*1



8 BEV g, + 52 BEV ppp) araa¥o g o x dRdRidR,  (44)
Since aE are arbitrary, to have dI/dt = 0 one has to have
sA iz o, T 5145 Vi, T 5240 Vi =0 (45)
or
SB;’V—EIQEQ + SlBgi V—Ell?k BS2V R Rk T 0 (46)
where in both cases . . .
sk + s1k1 + s2ko =0 (47)

One can easily check that the condition Eq. (45) is satisfied for A; =
2 (SVEE1E2 + SIVEJZEQ + SQVEQEIE) = (_};, _’131> (g@, sk + 81k1> +
+ (5575;22) (§E275E+ 82@) + ( _}g ) (45781]_6'1 + 82E2> =

G,
= —s (97;@31) (5132,7%’2) — 51 <§,;797;2> (*;z ) -5 <§;§1,§;;2> (ﬁg,k> =0

(48)
since (Q’E, E) = 0 always. The second condition Eq. (46) is satisfied for
B: = s|k| = sk. (49)
In this case Eq. (46) reads:
WV ier YRV ggs, HRVogrp =0 (50)

Using the representation Eq. (20) one can check that the related conservation
law in spatial domain corresponds to conservation of helicity:

- 1 R R N
I= Im/kza,;a_gdk =162 / (T,V x 0) d*F (51)

To make sure that the condition Eq. (50) holds as compared to transforma-
tion Eq. (48) requires more involved algebra. Those who would like to check Eq
(50) would better do this numerlcally, by choosing three arbitrary 3D vectors kl,
kz, and N normalizing N calculating k according to Eq. (47) for an arbitrary
set of s, s1, so indices, and then calculating the LHS of Eq. (50) according to
Egs. (26) and (14). The result will turn to zero to the machine precision for all
eight different combinations of s-indices.

Such course of action allows also to obtain another result. Eq. (46) can be

considered as a linear equation with respect to BS Depending on selection of s-

indices this equations generally links such Values as BjEl Bil B:ik , %1 P
1—R2

eight variables altogether (note the condition Eq. (43)) Eq (46) for all different

combination of s-indices provides eight equations. The replacement of (El, Eg)



by (:l:lgl, :I:Eg) which will be linking the same B-values, increases total number

of equations to 32. Thus, one obtains 32 homogeneous linear equations with
respect to 8 unknowns. Calculating numerically rank of this linear system using
a standard function, one finds that the rank equals to 7. Hence, there might be
no more than one nontrivial solution of these 32 equations. The conclusion is
that there exist only one solution of functional equation (46) which is given by
Eq. (49).

Similar analysis applied to condition Eq. (45) also shows that the solution
Ap = 1 is the only non-trivial one. Thus, there exist only two translationally-
invariant, second-order conservation laws for the Euler equations.

4 Does the scalar equation represent a Hamil-
tonian system?

The question which might be asked, if Eq. (25) with v = 0 and F;; = 0 represents
a Hamiltonian system expressed in non-canonical variables. One would expect
the answer to be affirmative, since the Euler equations for a compressible fluid
are Hamiltonian [1], and for an incompressible fluid they are explicitly Hamil-
tonian if the velocity field is represented in terms of the Clebsch variables [2].
In this section an attempt is made to check directly if Eq. (25) is Hamiltonian.
The canonical, finite-dimensional Hamiltonian equations can be cast into a
complex form as follows:
. OH
is o

where by = (qx + ipr) /v/2 and index s = +1 is defined in Eq. (19). In arbitrary
complex coordinates ay = ay, (b1, b7, b2, b5, ...) Eq. (52) reads:

b, = (52)

al = —i{a3, H} (53)

where the Poisson bracket is defined as follows:

=33 g2 % (54)

o/ —al
K s'=%1 b}, Oby,”

where f, g are arbitrary smooth complex functions. It is obvious that {f, g} =
—{g, f} and one can easily check that the Jacobi identity with respect to this
Poisson bracket is also satisfied. Substituting into Eq. (53) the equation

OH OH Oat,
= Y (55)
(%k, K s aak-// (%k,
one obtains: OH
i =iy i (56)



where

i = {abai } (57)
Apparently, J is skew-symmetric:
T = I (58)
and .
(i) =—aon (59)
Let us consider the case where (cf. Eq. (29)):
I .
H=3 > aja; (60)
s,k
and
Tim =D Criniaai,” (61)
s2,k2
where
Craks = ~Chikks (62)
(Lie-Poisson bracket [1]). Then Eq. (56) reads:
af = —i Z Ciriizap ™ a (63)
s1,2,k1,2

Comparing Egs. (63) and (24) in which we replace summation variables s; o —
—51,2 one finds:

88182 __ oV . - . =
CEE?EZ - Sckk1k258k+81k1+82k2 (64)
where N )
Crii, = (97};7 1) (97};27’6) (65)

Let us check that the skew-symmetry condition Eq. (62) holds:

Crrr, =51 (97217972) (5E2vk1> OsFporFytoaks = (97:17912) (91 —sk — 32k2> X
X63E+81E1+32E2 = (§E17§E> (§E27 _Sk) 65E+81E1+82E2 = _C]?Zi%z (66)

Now let us consider the Jacobi identity:
S1 So EES S2 S3 S1 S3 S1 52 —
at,3a?, a* a?,3a, a¥ a?, 3alt, a> =
{ k‘l’{ ks’ ks}}+{ k‘2’{ ks’ kl}}+{ k‘s’{ ki’ k?}}
_ S1 8283 S2 8381 83 S182 —
={az szt {op gpn e ap ) =

5Jf2§3 6:]33‘31 5Jf1§2
o 7 koks 7S1S/ ksky 7S2S/ k1ko 7S3S/ o
=>_ / dk <—‘5a%/ Tik T Sar Tw T Saz Jm) =0 (67)

s/
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Using in this equation the representation Eq. (61) one obtains:

k1, k?g K’ K’ k: k‘ k‘g,k:g K’ k' k: k‘ ks, k:hkz’ K’ k:2

—s g S1, 527*5 s’ 1838 527537*5 s’ 181,58 537517*5 s’ 82,8\ _
oz Z/dk (Cppalcpnv oo opurs o) =0
s/

(68)
Since algs is arbitrary, the whole factor multiplying a}%s should turn to zero.
Substituting into this equation Eq. (64) one obtains:

/ ~ ~s' 53,8 ~
Z s (Slc’kth)S,(slk'l +82k‘2)Cs/(sllzlJrsQEz)ﬁ&E + 820k27k3,8’(82k2+83k3) x
s'==+1

XCor (saFatsshs) ik T 830123,@1,s/(53;z3+slzzl)Cs/(s3123+51121),122,;z> 05\ Ryt sk tssFatsk =
(69)

Direct numerical check of Eq. (69) for C defined by Eq (65) for an arbltrary

set of vectors k1 2,3 and k satisfying to the relation s; kl + 32k2 + 33k3 +sk=0

shows that Eq. (69) in fact does not hold. This, however, does not necessarily

mean that Eq. (24) and equivalent to it Eq. (25) are not Hamiltonian. The

reason is that C7p13% in Eq. (63) is not supposed to be symmetric with respect

0

to permutation of the second and third columns of indices: <sl, El> > <32, Eg) .

As a result comparison of Egs. (63) and (24) does not define C7!'}2 uniquely:
one can add to C};*;2 any function E};M;2 which is skew-symmetric with respect
1~h2 1~h2

to permutations of all three columns of indices. Such addition will not affect
the expression for Vi 7 in Eq. (25) which due to its symmetry with respect to
permutation of the second and third indices is defined uniquely. Thus, if Eq.
(69) with C, k, replaced by Ckr, k, +Ep;} 32 (with E77152 being skew-symmetric
with respect to permutations of all three columns of indices) has a solution with
respect to Ey;'%2, Eq. (25) is Hamiltonian; otherwise it is not. The author has
not found such a solution, and the issue of a direct check of Eq. (25) being
Hamiltonian remains unsolved.

5 Summary

It was demonstrated that the Navier-Stokes equations for an incompressible
fluid can be represented in terms of a single complex scalar equation (25). The
equation is formulated in Fourier domain and is non-local. Due to the former
reason, this equation could be most useful for studying motions of unbounded
fluid, or (after proper discretization of the E—index) of motions within a rec-
tangular parallelepiped finite along some (or all) coordinate axis. Numerical
solution of this equation is also feasible. The advantage of doing this is twofold.
The first is saving memory: instead of four variables (three components of ve-
locity and pressure) one has only two (real and imaginary parts of amplitudes
a). The second is that the resulting solution automatically represents incom-
pressible motion. The disadvantage is that the equation in k-space is non-local
and calculation of its RHS will be more time consuming,.
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A corresponding linear Liouville equation Eq. (38) for the probability density
function corresponding to Eq. (25) was derived as well. Since using a-variables
automatically ensures incompressibility, no external restrictions on solutions of
Eq. (38) are imposed. In author’s opinion, an attempt to build approximate
solutions of this equation is potentially the main advantage of the suggested
form of the Navier-Stokes equation.

The translationally-invariant, second-order in @} integrals of motion are con-
sidered in the inviscid case. There are two types of conservation laws possible.
Each of two possibilities is realized; they correspond to energy- and helicity con-
servation. It was demonstrated that these two integrals exhaust translationally-
invariant, second-order integrals.

A direct check was attempted to demonstrate that the derived scalar evolu-
tion equation Eq. (25) in a non-viscous case represents a Hamiltonian system. It
was demonstrated that one of the two necessary conditions (the skew-symmetry
of an appropriate coefficient function) does hold. However, check of the sec-
ond necessary condition (the Jacobi identity) requires finding a solution of a set
of second-order algebraic equations Eq. (69) (or a proof of existence of such
solution), which was not accomplished.
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