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On Surface Gravity Wave Spectra

Observed in a Moving Frame of Reference

Robert Bryan Long

Abstract. Spectral analyses of one- or two-dimensional records of
sea surface elevation yield one- or two-dimensional encounter
spectra that are, in fact, weighted integrals over the two-dimen-
sional surface wave spectrum. These integral relationships are
determined by the type of record and the motion of the observer
relative to the water on which the waves are running. We derive
the relevant relationships for uniform translation of the observer
at arbitrary velocity and for arrays of discrete or linearly dis-
tributed sensors. The problem of estimating the wave spectrum,
given the encounter spectrum, is considered in detail for the two
cases exemplified by a wave gage array in a current and by a side-

looking surface-imaging radar.

1. INTRODUCT ION

A classic procedure for observing ocean wave spectra is to place
wave gages in the sea to obtain time series of surface elevation from
which various moments of the full two-dimensional surface wave spectrum
may be estimated. This procedure has in recent years been augmented by
several remote-sensing techniques (e.g., airborne radar and laser alti-
meters, stereophotography, side-looking imaging radars, etc.), each of

which provides information on some moment of the full two-dimensional



spectrum. The nature of the moment is determined by the type of ob-
servation (discrete or distributed sensors, as defined in the following
sections) and the motion of the observer relative to the water on which
the waves are running. These relationships have been worked out in
detail for several specific cases: for fixed instruments and stereo-
photography, see, e.g., Kinsman (1965) and references there; for non-
scanning laser/radar altimeters, the relevant theory is developed in the
context of shipborne wave gages by St. Denis and Pierson (1953) and in
Cartwright (1963); for a scanning laser altimeter translating at large
velocity, see Snyder (1973); for surface-imaging devices, such as side-
looking radars, translating at large velocity, see Pierson (1975). The
type of observations produced by surface-imaging devices translating at
arbitrary velocity has not been treated in adequate detail, nor has the
problem of wave gage arrays in a current. This paper presents a unified
formulation within which all the above examples appear as special cases.
The generality of the results is restricted only by the requirement that
the motion of the observer be limited to translation at constant velocity

and that distributed sensors be distributed along straight lines.

2. FORMULATING THE PROBLEM

We consider the sea surface elevation, £, to be a Gaussian random
function of the three-dimensional vector, x(x,y,t), where x and y are

horizontal space coordinates and t (the "vertical™ coordinate) is time.

The statistics of £(x) are taken to be homogeneous and stationary;

hence, ensemble averages (indicated here by angle brackets < >) are
independent of x. These statistics have the general form

(Pi,P2>eee >PN)=<£(X)t(X+PD). . .t(X+Pn)>,

i.e., mean lagged products of order n+l. The p®"s are three-dimensional

lag vectors, e.g., p=(p,CT,T). At the lowest order,



ch=<C(x)>

is just the mean surface elevation, which we may set to zero without

loss of generality. At the next order,

"2(p)=<C()C(x+p)> (2-1)

is the covariance function. For a Gaussian process, the statistics are
completely specified by these two averages, and we need not consider

higher order mean products.

The wave spectrum is the three-dimensional Fourier transform of the

covariance function, viz.,

F(K)=JdpCr2(p)e" 1P 2.2)

where K=(Kx,K ,f), k=2rtk=(kx,ky,U)), and

00
/dp. . .=3//dpdCTdx———

-00

The inverse transform is

Cr2(p)=/dKF(K)el *pP (2.3)

where

00

JdK. ..=//JdK dK dFf-—-
0 Xy

We note from (2.1) that C™2(0) is the mean square surface displacement.

From (2.3) with p=0, we conclude that dK dK dfF(K) may be interpreted as
Xy



the contribution to mean square surface displacement due to the complex

surface wave component with wave number vector K.

Thus, corresponding to the random function, £, defined in physical
space, X, we have the covariance function, C"2, defined in lag space,
p, and the spectrum defined iIn wave number space, K. We have treated
the wave spectrum so far as though it were fully three-dimensional. In
fact, the physics of small-amplitude surface gravity waves prohibits the
existence of waves at wave numbers not satisfying the dispersion relation,

which has the form

£=£Q(K)

where K=(K{2+Ky2)'2. This constraint reduces the region in K space where
F is non-zero from three to two dimensions. We shall incorporate the
dispersion constraint later, but for the moment it is convenient to
ignore it and continue to treat the spectrum as though it were fully

three-dimensional.

The discussion above assumes that the complete data set is available,
i.e., that we have all the realizations of £(x) for all x. No physi-
cally realizable experiment can provide such extensive data. The limi-
tations can be separated into three categories: (a) instruments generally
provide knowledge of £(x) only along curves or on surfaces in (X,y,t)
space, (b) these regions cannot extend to infinity, and (c) we generally
have only a few such finite realizations of the process to work with.

The effect of (b) and (c) is to limit the resolution and precision with
which the wave spectrum can be estimated from a given sample of data, a
topic widely explored in the literature and, hence, of no concern to us

here. We shall ignore (b) and (¢) and focus our attention on (a).

Limiting the available knowledge of £(x) to some subspace of

(x,y,t) results in a corresponding limitation on knowledge of C"2(p)-



Consequently, it is not possible under these conditions to carry out
the three-fold integration necessary to transform C”2 into F. However
if we restrict sensor motion to translation at constant velocity, there
exists at least one direction in (X,y,t) and, consequently, in (p,a,x),
along which one dimension of a Fourier transformation may be carried
out. If, further, the sensor is distributed along a straight line
(i.e., measures £ along an instantaneous profile rather than at an
instantaneous point), two dimensions of Fourier transformation may be
carried out. These operations yield one- or two-dimensional encounter
spectra; the integral relationships between these encounter spectra and
the fTull three-dimensional surface wave spectrum are the objects of

primary interest in the next two sections.

3. THE EFFECT OF LIMITED DATA: DISCRETE SENSORS

Consider now the case of J discrete surface elevation sensors
maintained in a rigid geometry relative to each other and undergoing
translation at constant velocity relative to the water on which the
waves are running. Examples of this type of experiment include arrays
of bottom-mounted wave gages in the presence of a current and non-
scanning ailrborne laser or radar altimeters. We can, without loss of
generality, let (U,0) be the translation velocity vector, 1i.e., specify

the translation to be in the x direction.

Such an experiment can provide information on £(x) only along the J

parallel lines in (X,y,t) defined by the constraints

xX=Ut+X,
J

j—1.2,....3

y=Yij

where x. and y. are the spatial coordinates of the fthsensor at t-0
J J



Figure la. Geometry of the
discrete sensor problem.
Figure la shows data lines in
physical space for a three-
element discrete sensor array
translating along x at U=cot(y).
Only the positive t half space
is shown.

(see Fig. la). We are free to take either x or t as the iIndependent
variable defining the data lines. The choice we make determines whether
we arrive at the encounter frequency spectrum or an encounter wave number
spectrum as the relevant statistic of the data. Both representations
are needed if we are to consider the full range of translation speeds

O<U<e°.
In the present case, then, the data subspace is defined by either
x=Ut+Xj ,t)=X3 () G.1)

or, equivalently,

x=(X,y-J, T )EJ () (3.2)

where tj=-jjXj- With such limited knowledge of we can compute the
covariance function only for a limited region in lag space. Specifically,

we have from (3.1)

c2(PI(D))=<CCXJ () E(XK(t+T))> (3.3)



Figure Ib. Geometry of the dis-

crete sensor problem

(cont.).

Figure Ib shows covariance lines
in lag space corresponding to

the data lines

in Fig.

la. Only

the positive t half space is

shown.

where

p.(T)=(Ut+pi (i, 1)

pr:xk—xj, and 01 WK

Alternately, from (3.2) we may write
CE2(Pi (P))=<E(XJ (X)) (XK (x+P))>
where
Pi(p)=(p,"1,8+ti)
and
T -D(xk-X.)

Thus, corresponding to the J data lines in (X,y,t)

1)+1 lines in (p,CT,t) along which we know C™2 (see Fig.

G-4)

there are J(3-

1b).

Because of



the rigid geometry and uniform translation velocity (U,0), the lines are

all straight, parallel, perpendicular to the y (or ct) axis, and inclined
to the x (or p) axis at arctan ().

Subjecting the available covariance data to straightforward Fourier

transforming with respect to the selected independent variable gives

E*(f’;p ,a )=/dTCt2(Pi(t))e (3.5)
1 -00 A
where E' is the one-dimensional encounter frequency spectrum, or alter-

nately,

F* (k* st ,T.)=fdpCc.2(p (p))e” Ikxp (3.6)

X 1 1 -00 »

where F* is the one-dimensional encounter wave number spectrum, and

f"=— m’' and K"=~—k" are encounter frequency and wave number component,
2n X 27t X
respectively.

We may interpret (3.5) and (3.6) as line integrals carried out
along the only direction in (p,a,T) for which C™2 is known with suf-
ficient density to make possible integration, but with distance along
the line parameterized by either T or p. An alternate and,® in some
ways, more useful point of view is to consider Egs. (3.1) and (3.2) to
be mappings that project the data lines defined in (Xx,y,t) onto cor-
responding one-dimensional spaces (t) or (x). Each such mapping, tagged
by the sensor initial coordinates (X.,y.), constitutes an appropriate
way to display the data record produced by the j sensor. Egs. (3.3)
and (3.A) are then equivalent to computing the covariance between these
one-dimensional records; equivalently, they may be interpreted as the
result of mappings that project the known covariance lines in (p,CT,x)
onto corresponding one-dimensional lag spaces (t) or (p), each such

projection being tagged by the "initial"™ lags (p",CT"). From this point



of view, (3.5) and (3.6) become cross spectra between the j and k“”

data records.

In either case, (3.5) and (3.6) are exactly equivalent to the full,

three-dimensional transforms

E* (F";pi CTi)=/dpCr2(p)6(p-Ut-pi)

Seer-errye ~ TR R K LT G.7)

and

7 (k; et , . )=;dpc"2(p)6(T-|-xi)

ta-arye T RTKy O T .9

provided that we identify the encounter frequency as the Doppler-shifted

frequency
f"=F+K U (3.9)
X
and take
K’=K +£ . (3.10)
X x U

Note with respect to (3.9) that, with the sign convention we have used
for the Fourier transform kernel, exp[i(k p+k attui)], positive T implies
wave propagation in the direction opposité toythe vector (K*,K ). We
may now use (2.3) for C™2(p), and then execute the integrationS over p.

We get, after some manipulation,



E*(F 3p;,0-)=0"dKF(K)B(F -F-K U)

ei(kxPi+kya1) (3.11)

and

F (K ;a.,Ti)=/dKF(K)6(r
ei(kya_i+u)Xi) (3.12)

where we have used the fact that, for any u and v,

6(u):/dveii27lvu

-0a

Thus, the encounter spectrum represents a weighted integral pro-
perty of the full three-dimensional spectrum, the integration being
over the plane in (Kx,K",f) space defined by the delta function in the
integrand. The plane is parallel to the axis and inclined to the Kx
axis at arctan (-U), i.e., it is perpendicular in K to the direction of
the data lines in x and the covariance lines in p (see Fig. 1lc¢). In the
limit U-»0, the plane becomes "horizontal™ in K space, whence E*(f";p",an)
becomes the summed effect of all waves with f=F", regardless of wavelength
or propagation direction; F=*(K™c™,”) becomes meaningless in this limit.
As U-*», the plane becomes "vertical,” and F*(K"JCNjtp becomes the summed
effect of all waves with Kx=Kx, regardless of frequency or propagation
direction; in this limit, E~NFT jp™) becomes meaningless. For any

finite, non-zero U, both E* and F* are equally valid representations.

We need now to incorporate the constraint of dispersion, but
before doing so, we consider the case of linearly distributed sensors

in the next section.

10



Figure Ic. Geometry of the dis-
crete sensor problem (cont.).
Figure Ic shows a patch of the
encounter plane in wave number
space corresponding to Figure la.

Ky Contributions to encounter spectra
at f* (or K*) arise from all surface
wave numbers lying in the plane.

The angle Y"=arctan (-U).

KX

4. THE EFFECT OF LIMITED DATA: LINEARLY DISTRIBUTED SENSORS

Suppose, now, that each sensor iIn an array such as we considered
above measures an essentially instantaneous profile of surface elevation
along a straight line at angle T to the y axis (instead of instantaneous
surface elevation at a point). We could approximate such an experiment
by arranging a field of bottom-mounted wave gages into a set of parallel,
dense, line arrays. A more relevant example might be a rigidly maintained
Fformation of aircraft carrying laterally scanning radar or laser latimeters
or side-looking imaging radars, Tlying over the sea in the presence of a
crosswind that causes heading to be displaced by an angle T from the
direction of the groundspeed vector (U,0). (To be precise, the imaging
radars sense variations in radar reflectivity of the sea surface, not
surface elevation. These variations are, however, demonstrably related
to the surface wave field, although the nature of the relationship is not

yet fully understood and is an area of active research at this time.)

Now, the set of data lines in x associated with the previous array
of discrete sensors is replaced by a set of data planes (see Fig. 2a),

each defined by the following relationship:

11



Figure 2a. Geometry of the
linearly distributed sensor
problem. Figure 2a shows
data planes in physical space
for a two-element linearly
distributed sensor array trans
lating along x at U=cot vy.

At each instant t, each
element measures a sea
surface profile along a line
at angle ¥ to the y-t plane.
Only the positive y/positive

t quarter space is shown.

x-Xj+Cy-y™)tan V=Ut, 4.1

where (Xg’y;) are the coordinates of the down-track centerline of the
jth data plane at t=0 (e.g., the t=0 coordinate of the jth aircraft in
the example above). We have three choices for independent variable
pairs in (4.1), viz., (x,t), (y,t), or (X,y), each choice equivalent to
projection of the data plane in (X,y,t) onto the corresponding two-
dimensional subspace. Each such mapping, tagged by the initial coordi-
nates (X.,y.), constitutes an appropriate way to display the two-dimen-
sional data record produced by the j sensor. Cross-spectral analysis
of the resulting "imagesll yields two-dimensional encounter spectra.
Under limiting conditions U-»0 or », or tan or t°°, one or two of the
three encounter spectra become meaningless; for this reason, we consider
all three possibilities in parallel. (Although we could treat one of
the three possibilities, and then derive the transformations necessary
to obtain the other two results from the one, the level of effort would

be about the same as we shall require below.)

This type of experiment, then, provides knowledge of £(x) only on

the parallel planes in (X,y,t) defined equivalently by

12



AWS TECHNICAL LIBRARY
FL 4414
SCOTT AFB, IL 62225-5453

x=(x, (Ut-x+Xj)/tan “F+y" ,t)=x" (X, t) ,

x=(Ut-(y-y.)tan f+x™Ny, t)ex" (v, 1),

or
x=(X,Y,(X-x +(y-y dtan "F)/U)ex (X,y)
J J J

With such limited information, we can compute the covariance function

only in a limited region in (p,CT,l1); specifically, we have
Cr2(PT(P>D))=<t(Xj (X, ))C(Xk(x+p, t+t))>

where
pi(p,t)=cp, ="\ Xy

and

Xk”Xt
ai=taiTV+yk~yj

is the displacement in the y direction from the jthto the kthdata plane.

Alternately, we can write

CA2(Pi (cF,X))=<C(Xi (Y, T)IE(XK(y+a, tH))>

where
Pi(a,x)=(Ux-a tan f+pi,(CT,x),
and
=X, =X+ (y--y.) tan
Ri ™% %5 Ok %)
is the displacement in the x direction from the j to the k data

plane. Finally, we may choose

13



Figure 2b. Geometry of the lin-
early distributed sensor problem
(cont.). Figure 2b shows covari
ance planes in lag space corre-
sponding to the data planes in
Fig. 2a. Only the positive
a/positive t quarter space is
shown.

C2(Pi(p,CT))=<t(Xj (X, Y))E(XK(X+p,y+CT))>,

where

p-(p>a) = (P>g>™Ng-—">-"TL Y

and

t .= (-x. +X.-(y. -y.) tan V)
iU k j wk

is the displacement in the t direction from the jth to the kth data

plane.

Thus, corresponding to the data planes in x, there is a set of
planes in p on which we know the covariance (see Fig. 2b). These may
be specified by any pair of the three variables, p,a,T. The choice of a
pair effectively maps the covariance planes into the corresponding two-
dimensional subspace; alternately, we may consider the lag-variable pair
to be the consequence of the covariance having been computed between the

projected images of the data planes.

14



In any case, transforming each of the three versions of C”2 with
respect to the chosen pair of independent lag variables is exactly

equivalent to the full three-dimensional transforms

D""(F",r ;ai)=/dpC*2(p)6(a-g™-a.)

e-i(k-p-kya.)

where
KXU
P e T
and
K
K'=K - y~
X X tan t
or
En(FF, KN P1)=JdpC™2(p)6(p-Ut+a tan Y-p.)
-i(k*p-k p.
e i( P XQI)
where
" =F+K U
X
and
K*=K -K tan ¥
y y X
or
F(r ;T.)=3-dpC*2(p)6(T-P+g —-T.)
—-i(k*p-u)t.)
e r 1
where
Kx:Kx U

K"=K +*+ tan F
y yu

15



the double primes indicating two-dimensional encounter spectra. Using
(2.3) for C"2(p) and carrying out the integration over p give, after

some manipulations,

D" (F~,K";CT.)=/dKF(K)6(K"-K +r-5L-)
X i) X tan V

KU ik o,
y 1 1 (4-2)

E"(F ;p-)=/dKF(K)6(r-K +Kxtan Y)

ik p.
6(F-f-KU)e X 1 , 4.3)

or

(F"K*® ,K";T.)=3dKF(K)6(K"-K -£)
x 'y i J X x U

f it
6(K"-K -~tan Y)e 1.
y yu

4.9

Thus, contributions to each of the three encounter spectra arise only
from surface wave numbers lying on the line in K space fixed by the
intersection of the two planes defined by the pair of delta functions in

the respective integrand (see Fig. 2c¢).

Note the properties of the three encounter spectra for limiting
values of U and tan ijii For example, when (4.3) and (4.4) are
meaningless. (This corresponds to the case of a set of dense wave gage
line arrays oriented end-on to the current, a possible but not very
desirable experimental arrangement.) Contributions to the encounter
spectrum (4.2) then arise from all surface wave numbers lying on the

"horizontal™ line in K space defined by f=ff and Kx=K”~, regardless of K~.

16



Figure 2c. Geometry of the lin-
early distributed sensor problem
(cont.). Figure 2c shows a
section of an encounter line in
wave number space corresponding
to Fig. 2a. Contributions to
F*"(K*,K",X.) arise from all
surfaceJwave numbers lying on
the intersection of the two
planes defined by the two delta
functions in (4.4). Although
the orientation of the planes is

different, similar drawings can

be constructed for D" (fr,K*;a.)
and E"(F ;p-) X 1

This reflects the fact that the data, or covariance, planes are undis-
torted in this case by the projection onto (x,t), or (p,t). When 7=0,
(4.2) is meaningless; in (4.3) and (4.4), Ky=Ky, reflecting the fact
that the data (covariance) planes are undistorted in the cross-track
direction by either of the related projections. The down-track direc-
tion corresponds to f"=F+K U in (4.3) and K"=K f in (4.4), 1identical, as
one would expect, to (3.9) and (3.10) for all This situation is
typified by the example of the array of airborne scanning laser/radar
altimeters in the absence of a crosswind (or more precisely, when the

scan sweep is perpendicular to the ground track).

When U-*», (4.2) and (4.3) become meaningless; in (4.4), K"=Kx and
Ky=Ky, again reflecting the fact that in this limit the data (covariance)
planes are undistorted by the projection. Contributions to the encounter
spectrum arise only from the "vertical”™ line in K space defined by these
conditions. This case is exemplified by a sequence of stereophotograph

pairs taken at intervals in time corresponding to X..

Finally, when U-K), (4.4) is meaningless, and for (4.2) and (4.3)

f=F", i.e., the down-track axis in the data (covariance) plane is

17



undistorted by these projections in this limit. Contributions to the

encounter spectra arise only from the "horizontal” line defined by f=f*
and

-— for (4.2), K=K -K tan ¥ for (4.3).
tan V Yy Yy X

We have now obtained the moments of the full three-dimensional
surface wave spectrum corresponding to encounter spectra obtained by
both discrete and linearly distributed sensors. For discrete sensors,
the appropriate moments are surface integrals; for linearly distributed
sensors the additional dimension of data reduces the appropriate moments
to line integrals. We next iIncorporate the dispersion constraint, which
further reduces the dimensions of these moments by one to line integrals
for discrete sensors and to the sum of several discrete points for the

linearly distributed case.

5. THE EFFECT OF SURFACE GRAVITY WAVE DISPERSION

The physics of small-amplitude surface gravity waves prohibits the

existence of waves at wave numbers K not satisfying the dispersion

relation
=£F1(K) (5.1)
where
K=(K 2+K 2)»
X Yy
and
Q2=f§ tanh (27tKh)ssf* . (5.2)

18



In (5.2), h is the mean water depth, and the approximate form is accurate
to for h greater than -~ = ™ wavelength. Thus, contributions to in-

tegral properties of the full three-dimensional wave spectrum can arise
only from the surface in K space defined by (5.1). IT these integral
properties are to be non-vanishing, then F(K) must exhibit the charac-
teristics of a weighted delta function located on the dispersion sur-

face. We can make this explicit by writing
F(K)=F(Kx,Ky ;)6 (ftfi) (5.3)

where 6(f+Q) is shorthand for [6(F+fi)+6(F-fi)]. Then, for example, the

mean square surface displacement becomes, from (2.3) with p=0,

00

CN2(0)=/IJdKxdKY [F(Kx,Ky; fi)+F(KX,Ky;-0)]

where F(K ,K :+Q) is the two-dimensional surface wave number spectral
XYy

density for waves propagating parallel (for -fi) or antiparallel (for +0)

to the vector (K ,K ).
Xy
Alternately, we can, in principle , invert (5.1) to get
K=K(F2), G4

which we interpret as a constraint on the magnitude of (K ,K ), given f.

- X
This suggests the use of polar coordinates to describe K spage, whence

we write

F(K)="E(O, F;K)B6(K-K) (5.5)

and

dK=KdOd . (5.6)

19



Then, if we use these in (2.3) with p=0, we get the mean square surface

displacement
27t 00
Cf2(0)=J do J df E(O,F;K)
0 -00

where E(O,f;K) is the two-dimensional wave directional frequency spec-
trum. We may choose 0 to be the direction of the vector (_Kxf_Ky);

then, dOdf E(O,f;K) is the contribution to mean square surface displace-
ment due to the complex wave component with frequency f and propagation
direction 0 for >0, 0+rt for f<0. Whether we choose to specify the
dispersion constraint in rectangular or polar coordinates is a question
of convenience; we shall have reason to use both forms in the next

section.

For the moment, we incorporate the form (5.3) into the results of

Sections 3 and 4. From (3.11) and (3.12), we get for discrete sensors

E”(F";pi,a.)=XdKF(Kx,Ky;F)6(F+Q)

ik p.+k a.
( WP )

6(F"-f-KxU)e y 17, (5.7

and

F*(K;;a.,xi)=/dKF(Kx,Ky;T)6(f+Q)

6(Ki—Kx—T)"(kyCEJW'1)- <5-8>
From (4.2) through (4.4), we have for linearly distributed sensors

D" (F", r;0.)=/dKF(Kx,Ky;F)6(Ffi)

K .
6(K*-K +~—5 m y i (5.9)
>X>< tan ¢

20



Figure 3. The effect of dispersion.
For the discrete sensor case,
contributions to encounter
spectra arise only from the
intersection of the encounter
plane (shaded) and the dispersion
surface (the unshaded paraboloid
of revolution). The region
inside a box centered on the
origin is shown. The case
illustrated corresponds to
O<f’/fo<-25. For linearly
distributed sensors, the plane
is replaced by a line that
penetrates the dispersion
surface at as many as four
discrete wave numbers.

E"(F",r;p-)=3dKF(KX,Ky ;)6 (f+Q)

ik p.
6(K"-K +K tan F)6(f"-f-K U)e X X, (5.10)
Yy y X X
and

F(K; , KM =/dKF (KX, Ky ; F)6(F+Fi)

6(K’-K -£)6(K’-K <%tan A)eiU)Tx. (5.11)

Vvxx><U " wvyyu

Geometrically, (56.7) and (56.8) mean that contributions to these one-
dimensional encounter spectra arise only from surface wave numbers lying
on the several branches of the curve defined by the intersection of the
encounter plane and the dispersion surface (see Fig. 3). Thus, these
two moments reduce to line integrals. Contributions to (5.9) through
(5.11) arise only from the intersection of the line defined by the last
two delta functions in each integrand with the dispersion surface. Thus,
these moments reduce to the weighted sum of as many as four discrete

values of F(K K ;f).
Xy
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6. SPECIFIC CASES

Given the surface wave spectrum, we may use any of the Egs. (5.7)
through (5.11) to calculate the corresponding encounter spectrum by a
straightforward integration. The inverse problem is more difficult: to
calculate the corresponding wave spectrum, given a set of space- and/or
time-lagged encounter spectra. This is particularly true for the discrete
sensor case, where the inverse problem involves the solution of a set of
integral equations. The set is incomplete in that we generally have
encounter spectra for only a few space/time lags. We can make the
problem determinate only by the iIntroduction of additional constraints
on the nature of the surface wave spectrum. In order to illustrate the

difficulties involved in the inverse problem and to suggest ways of

dealing with them, we shall consider the cases corresponding to (5.7)

and (56.11) in some detail; these two are of particular interest, since
they represent frequently encountered experimental situations (wave gage
arrays in a finite current, non-scanning laser/radar altimeters translat-
ing at finite velocity, laterally scanning laser/radar altimeters and

imaging radars translating at non-zero velocity, and stereophotography).

The case represented by (5.7) is most conveniently treated in polar

coordinates. Accordingly, we substitute (56.5) and (5.6) into (3.11) and

get, upon integrating over 0<K<«>,

271 00
E*(f;r.)=/ d0 ¥ df E(CO,F;K)6(F-q)
1 o w

-127TKr. cos (0-a.)
e 1 1

(6-1)

where g=f-KU cos 0, and or is the direction of the "initial™ sensor dis-
placement vector r~=(p”n,cr ,0) relative to the x direction. To integrate

out the remaining delta function, we must transform to q as one of the
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integration variables, replacing either f or 0. In the deep water ap-

proximation, K=2rtf2/g, and the relevant transformation Jacobians are

9(9,f) = 1 fo= _g_
0(0,q) (1-4 cos 0 7a)3s 27tV
t0
and
9(o>f) = ., T 0= arccos L[F2(f-a)]

0(q. f2sin O

Transforming, and then carrying out the integration over both branches

of the transform g=q(f) or g=q(0) gives, after some manipulation,

21T H.(O,T_(0,T"))+Hi(0,f+(0,F"))
E"(F7;r.)=X do (6.2)
1 o (1-4 cos 0 |—)h
to

or, equivalently,

0  Fo[H.(O(CF,f"),FH+H (-0(F,f"),N]

E* (F ;r.)=ddf ———m oo , (6.3)
17w 2 Sin 6(F,F)

where

H.(0,F)=E(0,F;K)e 8
£4(9°£,)= 2“—~ [1£<1"4 cos 6 1

O(Ff,f")= arccos [|&8(F-F")] ,

and E(O,f;H) is taken to be identically zero for f=Ff+(0,f") complex or

0=0(f,f") imaginary (i.e., <cos 0 >1). Both integrands have singularities,
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for (6.2) at 0= arccos 4~ and for (6.3) at cos 0=t1l, where one or the

other transformation Jacobian diverges.

We may now introduce the additional constraints necessary to make
the problem determinate by replacing E(0,f;K) by a model spectrum,
£(0,F), having degrees of freedom less than or equal to the number of
independent pieces of information in the set of space-lagged encounter
spectra. An especially convenient representation uses a linear expan-
sion in a finite set of basis functions, allowing the remaining inte-
grations (6.2) and (6.3) to be executed and reducing the set of integral
equations to a tractable set of algebraic equations that may subsequen-
tly be solved for the parameters of the model. Several examples of this
procedure exist in the literature for the special case U=0 (e.g., a wave
gage array in still water) and for a single moving sensor (e.g., one
airborne non-scanning laser or radar altimeter). See, for example,
Barber (1963), Gilchrist (1966), Barnett and Wilkerson (1967), and
Snyder (1974). Snyder (1973), in considering a scanning laser altimeter,
formulated a problem similar to the present one but derived results
applicable only to the case of large U. In order to obtain results for

unrestricted U, consider the following:

In general, Fourier analysis of a realizable data set provides
estimates of E!(FFf;r") at evenly spaced discrete encounter frequencies,
say f£,~L<f<L, and for the J(J-1)+1 initial displacement vectors r”.

(Recall that J=number of instruments in the array.) We can make this

explicit by writing

E* (ff ,r™)=EI™, Jd= integer closest to T /Aff. (6.4)

But from (3.5) and(3.11),

E,(-F,;ri)=[EJ(F";?.)]*

and
E*(F,;-?i)=[Et(f" ;r.)I\
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Consequently, we have only (L+1) (™2 +1) encounter spectral values

that are independent. This establishes the upper limit on the number of

degrees of freedom the model may have.

Suppose we consider a model that is step-wise discontinuous in T
but continuous in 0, i.e.,E(0,f) is assumed constant at fixed 0 over
frequency bands of width Af. (The choice of a constant bandwidth Af is
notationally convenient but not necessary; a modest modification of the
development below could accommodate a model with frequency-dependent
bandwidths.) Its distribution in 0 we represent by an expansion in a

finite set of basis functions, ®m(0), whence we take

'E(o,f):“f/ u ¢ (0), (6.5)
v =1 nurm ’

where n is the integer closest to f/Af. The constants Emn are then the

free parameters of the model. Entering (6.4) and (6.5) into (6.2) and

(6.3), we get, after some algebra,

N / M
FREE N ] AmnNEMN] (6.6)
n=1 \ m=1

where, from (6.2),

oTi e'in,n<e-f+(e’fP>+Glnm(e’f-(6°fP

*IEmn- o do
(1-4 cos 6

(1+4 cos 6 ™

6.7

25



or, equivalently, from (6.3),

AVE o GT (O(F,f1),H+G7 (-0(F,F.) ,f)
1.0 = S df M imn * 8t Imn "8
Emn QAL sin OCF,fp

n 2

G, (OCF,~TL). D6, (-0(F,-T). D)

sin O(F,-fp (6.8)
We have used the abbreviations

*i—r. cos (0-a.)
4> (0)e 8L 1

m

, For

f and 0 real and f -~<f<F

GTmn(e,f)= n 2 n 2

0, otherwise

Further, we have taken E(0,0;0)=0 and used the fact that E(O,-F;K)=
E(0+7t,F;K) to eliminate the Emn for n<O.

The integrals (6.7) and (6.8) are constants determined by the array
geometry and the choice of basis functions, ¢m, and frequency sets,
f~=nAf and FpM¥ . They are alternate ways of evaluating the coefficients
of the linear problem (6.6). Both formulas are necessary because each
integrand is singular for some combinations of n and 8; whenever this
difficulty arises with one formula (indicating a breakdown of the trans-
formation from f or 0 to ), the other is called into service to compute
the coefficient for that band. IT 1#0, (6.8) is the more convenient
form, except for the bands in which O0(f,f")-K) or f7t, for which (6.7)
must be used; in general, the integrals must be evaluated numerically,
and if AT is sufficiently small and the (m sufficiently smooth, the

numerical integration may be approximated by the single term Af times

26



the integrand evaluated at fQ. No such simplification is appropriate
with (6.7) because the 0 ranges contributing vary in size from one n to

another and are not necessarily small.

Note that, in general, (6.6) involves the entire set of data points
and model parameters in a single matrix problem. Important simplifications

occur for the special case U=0, for which (6.7) reduces to

2rtfn)2
211 -i r. cos (0-a.)
J do (p (0)e 8 i i
0 m

- AT AT
AN N _ -
1£mn for fn : <f£<fn+ ;

0, otherwise

v
and, hence, (6.6) is just

M
E'n=T E I..,
i£ mn  1£mn
m=1
with n fixed by the value of . Thus, the surface wave frequencies are
decoupled, and the single MNxXMN matrix problem decomposes into N MxM
matrix problems, numerically much less troublesome to deal with. The
question then arises: Under what conditions on U may we neglect a slow

translation of our array relative to the water for the sake of the

simpler formulation above?

A qualitative answer can be had by comparing the exact integration
contour defined by the delta function in (6.1) with the approximate one
obtained by letting U-»0. The equation for the exact contour in (f,0)

space is (for deep water)
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f*=F-(—— cos 0)Ff2.
g

The several branches o* the curve are plotted in Fig. 4. As U-K), the
term in 2 vanishes and the contours become circles. We may safely

treat the problem as if U=0, provided the exact contour for a given f*
does not deviate significantly from the circle F,=f anywhere within the
region in (f,0) where significant surface wave spectral density exists.
The test, then, consists of estimating the directional range of the sur-
face wave field and the highest frequency with signifiéant spectral den-

27t cos 6 £2

sity, and then verifying that is no larger than one or

8
two times Af for that frequency and range of 0 values.

Other, more familiar results for particular instrument geometries
can be obtained from (6.5) through (6.8) in a reasonably straightforward
way. For example, a procedure that has been used for dealing with
records obtained with a single, non-scanning laser/radar altimeter is to
choose for the basis function set, 0°(0), a single assumed spreading
factor for each surface wave frequency band (which may differ from one
band to the next). The equivalent model is established in (6.5) through
(6.8) by, e.g., setting i=l, r”=0, and for mn. We may further
choose each (™“(0) to be normalized so that its integral over 2n radians
equals unity; then (6.6) reduces to an NxN matrix problem for the discrete
surface wave frequency spectral values, Enn* This is essentially the
procedure used by Barnett and Wilkerson (1967) (except that they invoked
the additional simplifying assumption that no waves propagate upwind or
outrun the translating sensor). For some of their calculations, they
chose a totally unidirectional model, ((})"=6(0-©¢"), where 0" is the wind
direction. We can show that the use of this choice in (6.7) and the
assumption that no wave outruns the sensor will reduce (6.6) to a one-

to-to-one correspondence between encounter spectrum and wave Tfrequency

spectrum,
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Figure 4. Integration contours for discrete sensors. The contours of

this figure are obtained by projecting the lines of iIntersection of
the encounter plane and the dispersion surface shown in Fig. 3 onto
the (K , K ) plane, and then mapping the result from (Kx> K ) into
(f,6). Ea?h contour is labeled with the corresponding valufe of f/fce
0 is wave propagation direction relative to the translation direc-
tion, and the radial coordinate is f/fo- The contour has three
branches for O0<f"/fo”0-25, two for F1/fo”0-25. See also Cartwright;
1963, St. Denis and Pierson, 1953.)
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nn
N +4 - &

cos 9

where Enn is, iIn this case, most conveniently defined as the frequency

spectral density at

f = ia —V— (i+

i
n 2 cos 0 cos 0W \ w I

\lJ

We have now formulated the discrete sensor example in considerable
detail. What remains, in general, is to solve the set (6.6) for the
free parameters. For MxN large, this problem is almost always ill-
conditioned even though it may be theoretically determinate. Ways to
deal with this practical difficulty include reducing the number of free
parameters and then solving the set in some best-fit sense (minimizing
the mean square error between the observed and values computed by
integrating the model, for example) and schemes that impose additional
constraints on the solution (see Phillips, 1962; Twomey, 1963). These
real difficulties lie in the area of numerical analysis, and we

shall not pursue them further here.

We next consider the case represented by Eq. (5.11). This example
is more conveniently treated in rectangular coordinates; we can, in

fact, Immediately execute the integrations over Kx and to get

iuwT.
F(r, r; 1i)=JdfF(Kx, Ky ; )6(fcfid)e X

where

< (6-9)
K =K* - £ tan f.
y v U
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To iIntegrate out the remaining delta functions, we must transform from
f to
q+x=F*Q

as the integration variable; when the deep water approximation (5.2) for

Q is used, the transformation Jacobian is

(#K-372) CIN(Kx+Ky tan ¥)]

Transforming, and then carrying out the integration over all branches of
q+=g+(f), we get a contribution to the integral for each value of f for

which g+=0, whence

F"CK™ K T)L\l/JF(KKf)iU)PT'l
"CKT LK 3 T.)= K 3 F e
where
-
1+4 T Uk U tan V) ,f  real
2 f iV x y y p
P !
= = (6.11)

0, fp complex,

and fp, p=1,2,3,4, are the four roots of g+=0, equﬂvalent to the quartic

equation

F4=F02 J(K4I-F)2+(irU-F tan (6.12)

Thus, there may be as many as four surface wave components contri-
buting to encounter spectral density at (KM,KT). To parcel out the
observed encounter spectral density among the several contributing
surface wave numbers, we may need FM(K",K™;t~) for as many as four

distinct values of . But for moderately large U, only two of the
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roots of (6.12) are important, the others being either complex or so
small that the spectral density of these very long waves may safely be
assumed zero. Then, only two distinct woulld be sufficient. In
most real-life cases, only one is available, T7=0. (Formations of
aircraft bearing scanning altimeters or imaging radars are difficult to
assemble.) In that case, some additional assumption must be made to
make the problem determinate; we may, for example, prohibit the exis-

tence of waves propagating in the upwind semicircle of directions.

Nice simplifications are possible if we can treat the record as
though it were acquired instantly. In our formulation this is equiva-
lent to letting U-*», in which case Jp-»1 for the real roots of (6.12);

moreover, from (6.9), K =Kf and K =Kf, whence (6.12) reduces to
y NN/ . XX AAYS

fa=(f—-)2 K,2+K"2
27T X y

This has only two real distinct roots, f=x(~-) , corresponding to waves
of wavelength 1/K* propagating antiparallel and parallel to (K, ,Kt).
Choosing the sign corresponding to propagation in the downwindxse%i—
circle of directions is generally sufficient to reduce (6.10) to a one-
to-one equivalence between encounter and surface wave spectra. This
treatment ignores the refraction-like effects of finite U, which result
in contributions to F"Kl,Kf;T}) from surface wave numbers (K ;K )/(K,,Kt)
X"y i X"y X"y
and a transformation Jacobian f 1.

As one might expect, the error occurring from neglect of the finite
U effect is a function of the ratio C/U, where C is the surface wave

phase speed. We can, in fact, rewrite (6.11) in the form

(cos 9+ sin 0 tan ¥) real

- |
'C = K(fp)
J =< (6.13)

0, otherwise
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where 0 is the direction of propagation of the surface wave defined,
through (6.9), by IC, K*, and f . Moreover, this contribution to en-
counter spectral density will appear at an apparent propagation direc-

tion 0*, which from (6.9) we can show to be

icl
sin 0 - tan 4*
0O,= arctan (6.14)
cos e -
and at an apparent wavelength
0+ sin 0 tan ™)+ (jp*
Lol 95 (eos )+ AP gecot (6.15)

K* K

Thus, if —jj-«1 for the longest surface wave with significant spectral
density, we may safely ignore the Tfinite U effects and treat the images
acquired by translating linearly distributed sensors as if they were

acquired instantly.

7.  CONCLUSIONS

Arrays of suitable discrete or linearly distributed instruments
translating at constant velocity provide one- or two-dimensional records
of sea surface elevation. Cross-spectral analyses of such record sets
yield encounter spectra that are, in fact, integral properties of the
full two-dimensional surface wave spectrum. We have derived these in-
tegral relationships in Eqgs. (56.7) through (5.11) and provided a geo-
metrical interpretation of the derivations. The problem of extracting
an estimate of the surface wave spectrum, given a corresponding set of
encounter spectra, has been treated in detail for cases corresponding to
wave gage arrays in a current, in Egs. (6.6) through (6.8), and to
arrays of laterally scanning surface-imaging devices, in Egs. (6.9)
through (6.12). These detailed results reduce under limiting conditions
U-0 or o to well-known and much simpler forms, and we have provided a
means of evaluating the effects of using these simpler versions (instead

of the more exact but much more complicated forms) for any given problem.
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